
5 Mèsh tetragwnik  sÔgklish

Ac jumhjoÔme ìti mia akoloujÐa (suneq¸n) sunart sewn (fn) sugklÐnei se
mia sun�rthsh f omoiìmorfa sto [−π, π] an kai mìnon an

‖fn − f‖∞ ≡ sup{|fn(t)− f(t) : t ∈ [−π, π]} → 0.

Dhlad , ston (grammikì) q¸ro C[−π, π], h omoiìmorfh sÔgklish tautÐzetai
me thn sÔgklish wc proc th metrik  d∞ pou orÐzetai wc ex c:

d∞(f, g) ≡ ‖f − g‖∞ = sup{|f(t)− g(t) : t ∈ [−π, π]}.

Up�rqei ìmwc kai mia �llh qr simh metrik  ston C[−π, π], legìmenh me-
trik  d2 thc mèshc tetragwnik c sÔgklishc pou orÐzetai wc ex c:

d2(f, g) ≡ ‖f − g‖2 ≡
(

1

2π

∫ π

−π

|f(t)− g(t)|2dt

)1/2

.

Gia na deÐxoume ìti h d2 eÐnai pr�gmati metrik  ston C[−π, π], parathroÔme
amèswc apì ton orismì thc ìti

d2(f, g) = d2(g, f) kai d2(f, g) ≥ 0

gia k�je f, g. EpÐshc, an oi f, g eÐnai suneqeÐc kai diaforetikèc, tìte up�rqei
δ > 0 kai (a, b) ⊆ [−π, π] ¸ste |f(t)− g(t)|2 ≥ δ gia k�je t ∈ (a, b), opìte

d2(f, g)2 =
1

2π

∫ π

−π

|f(t)− g(t)|2dt ≥ 1

2π

∫ b

a

|f(t)− g(t)|2dt ≥ 1

2π
δ(b− a) > 0

�ra d2(f, g) = 0 an kai mìnon an f = g. Apomènei na apodeiqjeÐ h trigwnik 
anisìthta:

L mma 5.1 An

〈f, g〉 ≡ 1

2π

∫ π

−π

fḡ

tìte gia k�je f, g, h èqoume

(a) | 〈f, g〉 | ≤ ‖f‖2 ‖g‖2

(b) d2(f, g) ≤ d2(f, h) + d2(h, g).
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Apìdeixh (a) Gia na deÐxw ìti | 〈f, g〉 | ≤ ‖f‖2 ‖g‖2 arkeÐ na upojèsw ìti
‖g‖2 = 1. An λ ∈ C, apì ton orismì tou 〈f, g〉 upologÐzoume

0 ≤ 〈f − λg, f − λg〉 = ‖f‖2
2 − λ̄ 〈f, g〉 − λ 〈g, f〉+ |λ|2 ‖g‖2

2

= ‖f‖2
2 − λ̄ 〈f, g〉 − λ 〈g, f〉+ |λ|2

opìte, jètontac λ = 〈f, g〉), èqoume 0 ≤ ‖f‖2
2 − 2| 〈f, g〉 |2 + | 〈f, g〉 |2 �ra

| 〈f, g〉 |2 ≤ ‖f‖2
2 = ‖f‖2

2 ‖g‖
2
2 kai h zhtoÔmenh anisìthta apodeÐqjhke.

(b) Gia k�je f, g, h èqoume

‖f + g‖2
2 = 〈f + g, f + g〉 = 〈f, f〉+ 〈f, g〉+ 〈g, f〉+ 〈g, g〉

= 〈f, f〉+ 2Re 〈f, g〉+ 〈g, g〉
≤ 〈f, f〉+ 2| 〈f, g〉 |+ 〈g, g〉
≤ ‖f‖2

2 + 2 ‖f‖2 ‖g‖2 + ‖g‖2
2 = (‖f‖2 + ‖g‖2)

2

apì to (a), �ra

d2(f, g) = ‖(f − h) + (h− g)‖2 ≤ ‖f − h‖2 + ‖h− g‖2 = d2(f, h) + d2(h, g).

2

Parat rhsh 5.2 An fn → f omoiìmorfa tìte fn
d2−→ f kai fn(t) → f(t)

gia k�je t. To antÐstrofo den isqÔei en gènei.

Apìdeixh An fn → f omoiìmorfa tìte

d2(fn, f) =

(
1

2π

∫ π

−π

|fn(t)− f(t)|2
)1/2

≤
(

sup{|fn(t)− f(t)|2 : t ∈ [−π, π]}2π

2π

)1/2

= d∞(fn, f) → 0

kai gia k�je t ∈ [−π, π],

|fn(t)− f(t)| ≤ sup{|fn(x)− f(x)| : x ∈ [−π, π]} = d∞(fn, f) → 0.

Gia na deÐxoume ìti to antÐstrofo den isqÔei p�nta, jewroÔme thn akoloujÐa
(fn) ìpou

fn(t) =


sin2

(
π
t

)
an 1

n+1
≤ t ≤ 1

n

0 alli¸c
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H fn eÐnai suneq c sto [−π, π] kai epeid  gia k�je t ∈ [−π, π] up�rqei no

¸ste gia k�je n ≥ no na èqoume t /∈ [ 1
n+1

, 1
n
], isqÔei limn fn(t) = 0. EpÐshc∫ π

−π

|fn(t)|2dt ≤
∫ 1

n

1
n+1

1dt ≤ 1

n
,

�ra d2(fn, 0) → 0. 'Omwc sup{|fn(t)| : |t| ≤ π} = fn( 2
2n+1

) = 1 gia k�je n
�ra limn d∞(fn, 0) = 1 6= 0.

L mma 5.3 (Bèltisthc mèshc tetragwnik c prosèggishc [Ap 30.6])
'Estw f : [−π, π] → C sun�rthsh ¸ste

∫
|f |2 < ∞ kai n ∈ N. Tìte gia k�je

trigwnometrikì polu¸numo p bajmoÔ to polÔ n isqÔei

1

2π

∫ π

−π

|f − p|2 ≥ 1

2π

∫ π

−π

|f − Sn(f)|2.

Isìthta isqÔei an kai mìnon an p = Sn.

Apìdeixh 'Estw p(t) =
∑n

k=−n cke
ikt. IsqurÐzomai ìti

1

2π

∫ π

−π

|f − p|2 =
1

2π

∫ π

−π

|f − Sn(f)|2 +
1

2π

∫ π

−π

|Sn(f)− p|2 (1)

Apì thn (1) èpetai amèswc ìti

1

2π

∫ π

−π

|f − p|2 ≥ 1

2π

∫ π

−π

|f − Sn(f)|2

kai ìti isìthta isqÔei an kai mìnon an o teleutaÐoc ìroc sthn (1) mhdenÐzetai,
pr�gma pou sumbaÐnei an kai mìnon an p = Sn.

Apìdeixh IsqurismoÔ An jèsoume g = f −Sn(f) kai h = Sn(f)−p èqoume

f − p = f − Sn(f) + Sn(f)− p = g + h.

ParathroÔme ìti, an ek(t) = eikt,

1

2π

∫ π

−π

fek = f̂(k) =
1

2π

∫ π

−π

Sn(f)ek

ìtan |k| ≤ n (apì ton orismì tou Sn(f)), �ra

1

2π

∫ π

−π

gek = 0, |k| ≤ n.

3



'Epetai ìti
1

2π

∫ π

−π

gh̄ = 0 giatÐ h =
n∑

k=−n

(f̂(k)− ck)ek

opìte

1

2π

∫ π

−π

|f − p|2 =
1

2π

∫ π

−π

|g + h|2 =
1

2π

∫ π

−π

(g + h)(g + h)

=
1

2π

∫ π

−π

gg +
1

2π

∫ π

−π

gh +
1

2π

∫ π

−π

hg +
1

2π

∫ π

−π

hh

=
1

2π

∫ π

−π

|g|2 +
1

2π

∫ π

−π

|h|2

kai h (1) apodeÐqjhke.
H epìmenh Prìtash, ìpwc ja deÐxoume argìtera, isqÔei gia mia kl�sh

sunart sewn polÔ eurÔterh apì tic suneqeÐc.

Prìtash 5.4 An h f eÐnai suneq c, tìte

Sn(f)
d2−→ f

dhlad 

lim
n

1

2π

∫ π

−π

|Sn(f)− f |2 = 0.

Apìdeixh Efìson h f eÐnai suneq c, apì to Je¸rhma tou Féjer xèroume ìti
σn(f) → f omoiìmorfa, dhlad  d∞(σn(f), f) → 0. 'Epetai (bl. Parat rhsh
5.2) ìti d2(σn(f), f) → 0. Efarmìzontac ìmwc to L mma gia p = σn(f),
èqoume 0 ≤ d2(Sn(f), f) ≤ d2(σn(f), f) �ra d2(Sn(f), f) → 0.

Parat rhsh 5.5 An p(t) =
∑n

k=−n cke
ikt eÐnai trigwnometrikì polu¸numo,

tìte
1

2π

∫ π

−π

|p|2 =
n∑

k=−n

|ck|2.

Apìdeixh Efìson p̂(k) = ck gia |k| ≤ n, èqoume

1

2π

∫ π

−π

|p|2 =
1

2π

∫ π

−π

pp̄ =
1

2π

∫ π

−π

p
n∑

k=−n

c̄kēk

=
n∑

k=−n

c̄k
1

2π

∫ π

−π

pēk =
n∑

k=−n

c̄kck =
n∑

k=−n

|ck|2.
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Prìtash 5.6 (Anisìthta Bessel [Ap 30.7]) 'Estw f : [−π, π] → C su-
n�rthsh ¸ste

∫
|f |2 < ∞. Tìte

+∞∑
k=−∞

|f̂(k)|2 ≤ 1

2π

∫ π

−π

|f |2.

Apìdeixh 'Estw n ∈ N. Efarmìzoume thn (1) gia p = 0 kai èqoume

1

2π

∫ π

−π

|f |2 =
1

2π

∫ π

−π

|f − Sn(f)|2 +
1

2π

∫ π

−π

|Sn(f)|2 ≥ 1

2π

∫ π

−π

|Sn(f)|2 (2)

All� to Sn(f) eÐnai trigwnometrikì polu¸numo me suntelestèc f̂(k) gia |k| ≤
n kai 0 gia |k| > n, �ra apì thn prohgoÔmenh Parat rhsh èqoume

1

2π

∫ π

−π

|f |2 ≥ 1

2π

∫ π

−π

|Sn(f)|2 =
n∑

k=−n

|f̂(k)|2.

Efìson h anisìthta aut  isqÔei gia k�je n ∈ N, h anisìthta Bessel apodeÐ-
qjhke.

Ja deÐxoume argìtera ìti sthn pragmatikìthta isqÔei isìthta.

'Ameso pìrisma thc anisìthtac Bessel eÐnai to jemeli¸dec

Je¸rhma 5.7 (Riemann - Lebesgue [Ap 30.8]) An f : [−π, π] → C eÐ-
nai mia sun�rthsh ¸ste

∫
|f |2 < ∞, tìte

lim
k→+∞

f̂(k) = lim
k→−∞

f̂(k) = 0.

Pìrisma 5.8 (Isìthta Parseval [Ap 30.41]) An f : [−π, π] → C eÐnai
suneq c sun�rthsh, tìte

1

2π

∫ π

−π

|f |2 =
∞∑

k=−∞

|f̂(k)|2.

Apìdeixh 'Eqoume deÐxei ìti d2(Sn(f), f) → 0. Efìson h d2 eÐnai metrik ,
apì thn trigwnik  anisìthta èqoume

|d2(f, 0)− d2(Sn(f), 0)| ≤ d2(Sn(f), f)
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�ra d2(Sn(f), 0) → d2(f, 0), dhlad 

1

2π

∫ π

−π

|Sn(f)|2 → 1

2π

∫ π

−π

|f |2.

All� apì thn Parat rhsh 5.5 èqoume 1
2π

∫ π

−π
|Sn(f)|2 =

∑n
k=−n |f̂(k)|2, �ra

∞∑
k=−∞

|f̂(k)|2 = lim
n→∞

n∑
k=−n

|f̂(k)|2 =
1

2π

∫ π

−π

|f |2.

6 Sumplhr¸mata

Prìtash 6.1 (Ru 8.14) 'Estw f : [−π, π] → C Riemann-oloklhr¸simh
kai x ∈ [−π, π]. An up�rqei δ > 0 kai M < ∞ ¸ste

|f(x + t)− f(x)| ≤ M |t| gia k�je t ∈ (−δ, δ)

tìte Sn(f, x) → f(x).

H upìjesh ikanopoieÐtai p.q. ìtan up�rqei h f ′(x).

Apìdeixh StajeropoioÔme to x kai orÐzoume thn g : [−π, π] → C apì tic
sqèseic g(0) = 0 kai

g(t) =
f(x− t)− f(x)

sin(t/2)
t 6= 0.

'Eqoume deÐxei ìti

Sn(f)(x)=
1

2π

∫ π

−π

f(x− t)Dn(t)dt

ìpou

Dn(s) =
n∑

k=−n

exp(iks) =
sin(n + 1

2
)s

sin s
2

ìtan s 6= 2kπ
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kai Dn(0) = 2n + 1. Epomènwc (f(x− t)− f(x))Dn(t) = g(t) sin
((

n + 1
2

)
t
)

gia k�je t. Epeid  1
2π

∫ π

−π
Dn(x)dx = 1 èqoume

sn(f, x)−f(x) =
1

2π

∫ π

−π

(f(x− t)− f(x))Dn(t)dt

=
1

2π

∫ π

−π

g(t) sin

((
n +

1

2

)
t

)
dt

=
1

2π

∫ π

−π

(
g(t) cos

t

2

)
sin(nt)dt +

1

2π

∫ π

−π

(
g(t) sin

t

2

)
cos(nt)dt

= bn(h1) + an(h2)

ìpou h1(t) = g(t) cos t
2
kai h2(t) = g(t) sin t

2
. ParathroÔme ìmwc ìti oi h1 kai

h2 eÐnai oloklhr¸simec se k�je di�sthma thc morf c [−π, x − ε]   [x + ε, π]
(ìpou ε > 0), kai (apì thn upìjesh) eÐnai fragmènec sto [−π, π], �ra eÐnai
oloklhr¸simec sto [−π, π]. Epomènwc, apì to L mma Riemann-Lebesgue, ta
dÔo oloklhr¸mata teÐnoun sto 0 kaj¸c n →∞.

Pìrisma 6.2 (Arq  topikìthtac tou Riemann) An oi f kai g tautÐzo-
ntai se k�je shmeÐo enìc anoiktoÔ diast matoc J , tìte Sn(f, x)−Sn(g, x) → 0
gia k�je x ∈ J .

Apìdeixh JewroÔme thn h = f−g. Gia k�je x ∈ J up�rqei h h′(x) (kai eÐnai
0), �ra apì thn prohgoÔmenh prìtash h (Sn(h, x))n sugklÐnei sto h(x) = 0.
2

Prìtash 6.3 An f : [−π, π] → C eÐnai 2π-periodik  kai èqei oloklhr¸simh
par�gwgo sto [−π, π], tìte Sn(f) → f omoiìmorfa.

Apìdeixh Xèroume ìti f̂ ′(k) = ikf̂(k) gia k�je k ∈ Z (Prìtash 2.11). Efì-

son
∑

k |f̂ ′(k)|2 < ∞, èpetai ìti
∑

k |kf̂(k)|2 < ∞, �ra, apì thn anisìthta
Cauchy-Schwarz,(∑

k 6=0

∣∣∣f̂(k)
∣∣∣)2

=

(∑
k 6=0

∣∣∣∣kf̂(k)
1

k

∣∣∣∣
)2

≤

(∑
k 6=0

∣∣∣kf̂(k)
∣∣∣2)(∑

k 6=0

1

|k|2

)
.

AfoÔ oi dÔo seirèc dexi� sugklÐnoun, èpetai ìti
∑

k 6=0

∣∣∣f̂(k)
∣∣∣, kai �ra h

(Sn(f))n sugklÐnei omoiìmorfa sth f (Prìtash 3.1). 2
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