4 Ajroisimìthta katĹ Féjer

Paratărhsh 4.1 UpĹrqei parĹdeigma suneqoÔc kai 2π-periodikăc sunĹrthshc f pou h seirĹ Fourier thc den sugklÐnei, oÔte kan katĹ shmeÐo [Ap 30.35].

Ac jumhjoÔme ìti an mia akoloujÐa (s_n) (arijmÿn ă sunartăsewn) sugklÐnei sto s, tìte kai h akoloujÐa (σ_n) twn mèswn ìrwn thc sugklÐnei sto Ðdio ìrio, enÿ to antÐstrofo den isqÔei (parĹdeigma: s_n = (−1)^n). Dhladă paÐrnontac mèsouc ìrouc beltiÿnoume genikĹ th sÔgklish: eÐnai dunatìn apì mia mh sugklÐnousa akoloujÐa na katalăxei kaneÐc se mia sugklÐnousa.

Ja deÐxoume ìti gia kĹje suneqă kai 2π-periodikă sunĹrthsh f, an antikatastăsei kaneÐc thn (S_n(f)) apì thn akoloujÐa (σ_n(f)) twn mèswn ìrwn thc, tìte h (σ_n(f)) sugklÐnei sthn f, kai mĹlista omoiìmorfa.

Jeÿrhma 4.2 (Féjer) An f : R → C eÐnai suneqăc kai 2π-periodikă sunĹrthsh, tìte h akoloujÐa (σ_n(f)) ìpou

σ_m(f) = 1 m + 1 m∑ n=0 S_n(f) (m ∈ N)

sugklÐnei sthn f omoiìmorfa.

Gia thn apìdeixh, ja qreiasjoÔme merikèc parathrăseic.

Paratărhsh 4.3 An t ∈ [−π, π], tìte

σ_m(f)(t) = 1 2π ∫_π −π f(t − s)K_m(s)ds

ìpou K_m(x) = 1 m + 1 m∑ n=0 n∑ k=−n

exp(ikx) .

H akoloujÐa trigwnometrikÿn poluwnÔmwn (K_m) lègetai purănac tou Féjer.

Apìdeixh ’Eqoume

S_n(f)(t) = k=n∑

k=−n

f̂(k) exp(ikt)

= k=n∑

k=−n ( 1 2π ∫_π −π f(s) exp(−iks)ds ) exp(ikt)

= 1 2π ∫_π −π (_{k=n} ∑ k=−n

exp(ik(t − s)) ) f(s)ds Ĺra σ_m(f)(t) = 1 m + 1 m∑ n=0 S_n(f)(t)

= 1 2π ∫_π −π ( 1 m + 1 m∑ n=0 k=n∑

k=−n

exp(ik(t − s)) ) f(s)ds = 1 2π ∫_π −π f(s)K_m(t − s)ds.

An tÿra sto teleutaÐo oloklărwma pragmatopoiăsoume thn allagă metablhtăc x = t − s, prokÔptei

σ_m(f)(t)= − 1 2π ∫_{t−π} t+π f(t − x)K_m(x)dx = 1 2π ∫_{t+π} t−π f(t − x)K_m(x)dx = 1 2π ∫_π −π f(t − x)K_m(x)dx

diìti h oloklhrwtèa sunĹrthsh eÐnai 2π-periodikă^1. �

Paratărhsh 4.4 An x ≠ 2kπ, k ∈ Z tìte

K_m(x) = 1 m + 1 ( sin(^{m+1}_2 x) sin^x_2

)_2

kai K_m(0) =m + 1 .

Apìdeixh ’Estw x ≠ 2kπ. Paratărhse ìti h parĹstash n∑ k=−n

exp(ikx)

1’Askhsh 2.14.

eÐnai Ĺjroisma gewmetrikăc proìdou me prÿton ìro exp(−inx) kai teleutaÐo exp(inx), epomènwc n∑ k=−n

exp(ikx) = exp(i(n + 1)x) − exp(−inx) exp(ix) − 1 = exp(i(n +^1_2 )x) − exp(−i(n +^1_2 x)) exp(i^x_2 ) − exp(−i^x_2 ) = sin(n +^1_2 )x sin^x_2 . AllĹ m∑ n=0 sin(n + 1 2 )x = 1 2 sin^x_2 m∑ n=0 2 sin x 2 sin(n + 1 2 )x

= 1 2 sin^x_2 m∑ n=0 (cos nx − cos(n + 1)x) = 1 2 sin^x_2

(1 − cos(m + 1)x)

epomènwc

K_m(x) = 1 m + 1 · 1 2 sin^{2 x}_2

(1 − cos(m + 1)x) = 1 m + 1 · 2 sin^2(^{m+1}_2 x) 2 sin^{2 x}_2 . Tèloc,

K_m(0) = 1 m + 1 m∑ n=0 k=n∑

k=−n

exp 0 = 1 m + 1 m∑ n=0 (2n + 1) = m + 1 . �

Paratărhsh 4.5 O purănac tou Féjer èqei tic exăc idiìthtec^2:

(a) K_m(x) ≥ 0 gia kĹje x.

(b) An δ ∈ (0, π), h akoloujÐa (K_m) teÐnei sto 0 omoiìmorfa sto sÔnolo [−π, −δ] ∪ [δ, π].

(g)^1_{2π}

∫_π −π K_m(x)dx = 1 gia kĹje m.

2bl. kai to sqăma (fejerk.pdf) sthn istoselÐda tou majămatoc

Apìdeixh To (a) eÐnai profanèc apì thn prohgoÔmenh paratărhsh. Gia to (b), parathroÔme ìti an δ ≤ |x| ≤ π, tìte

|K_m(x)| = K_m(x) = 1 m + 1 sin^2(^{m+1}_2 x) sin^{2 x}_2 ≤ 1 m + 1 1 sin^{2 x}_2 ≤ 1 m + 1 1 sin^{2 δ}_2 . Epomènwc gia kĹje ϵ > 0 an n_0 > (ϵ sin^{2 δ}_2 )^{−1}, tìte gia kĹje m ≥ n_o kai kĹje x ∈ [−π, −δ] ∪ [δ, π] ja èqoume |K_m(x)| < ϵ.

To (g) èpetai apeujeÐac apì ton orismì tou K_m, an parathrăsoume ìti 1 2π ∫_π −π exp(iks)ds = 0 ìtan k ≠ 0. � H idèa thc apìdeixhc tou Jewrămatoc Féjer eÐnai h exăc: An δ > 0, gia arketĹ megĹlo m ∈ N to K_m(s) eÐnai sqedìn 0 èxw apflto diĹsthma [−δ, δ] (apì to (b)). Sunepÿc

σ_m(f)(t) = 1 2π ∫_π −π f(t − s)K_m(s)ds ≈ 1 2π ∫_δ −δ f(t − s)K_m(s)ds

ìpou to sÔmbolo ≈ shmaÐnei {perÐpou Ðso}. AllĹ h f eÐnai omoiìmorfa suneqăc, Ĺra an to δ eÐnai arketĹ mikrì, ìtan |s| < δ èqoume f(t − s) ≈ f(t). Epomènwc 1 2π ∫_δ −δ f(t − s)K_m(s)ds ≈ f(t) ( 1 2π ∫_δ −δ K_m(s)ds )

kai, pĹli apì to (b), 1 2π ∫_δ −δ K_m(s)ds ≈ 1 2π ∫_π −π K_m(s)ds = 1

apì to (g). Sunepÿc telikĹ σ_m(f)(t) ≈ f(t).

Paratărhse ìti h idèa thc apìdeixhc (allĹ kai h austhră apìdeixh pou akoloujeÐ) qrhsimopoieÐ mìnon tic treic idiìthtec thc teleutaÐac paratărhshc gia ton purăna tou Féjer.

Apìdeixh tou Jewrămatoc Féjer

’Estw ε > 0. Epeidă h f eÐnai suneqăc sto sumpagèc [−π, π], eÐnai omoiìmorfa suneqăc. Sunepÿc upĹrqei δ > 0 ÿste

|x − y| < δ =⇒ |f(x) − f(y)| < ε/2 , isodÔnama |s| < δ =⇒ |f(t − s) − f(t)| < ε/2 gia kĹje t. (1) Mporÿ fusikĹ na upojèsw ìti δ <π. ’Eqoume tÿra, qrhsimopoiÿntac thn (g),

σ_m(f)(t) − f(t) = 1 2π ∫_π −π f(t − s)K_m(s)ds − ( 1 2π ∫_π −π K_m(s)ds ) f(t) = 1 2π ∫_π −π (f(t − s) − f(t))K_m(s)ds = I_1 + I_2 ,

ìpou I_1 eÐnai to oloklărwma sto [δ, δ],

I_1 = 1 2π ∫_δ −δ (f(t − s) − f(t))K_m(s)ds

kai I_2 eÐnai to oloklărwma sto {upìloipo} sÔnolo, Y = [−π, −δ] ∪ [δ, π]:

I_2 = 1 2π ∫ Y (f(t − s) − f(t))K_m(s)ds = 1 2π ∫_{−δ} −π (f(t − s) − f(t))K_m(s)ds + 1 2π ∫_π δ (f(t − s) − f(t))K_m(s)ds .

’Eqoume

|I_1| ≤ 1 2π ∫_δ −δ |f(t − s) − f(t)|K_m(s)ds (diìti K_m(s) ≥ 0) ≤ ϵ 2 1 2π ∫_δ −δ K_m(s)ds (apì thn 1) ≤ ε 2 1 2π ∫_π −π K_m(s)ds = ϵ 2 (apì thn (g)). (2)

EpÐshc

|I_2| ≤ 2 sup{|f(x)| : |x| ≤ π} · 1 2π ∫ Y K_m(s)ds = 2‖f‖_∞ 1 2π ∫ Y K_m(s)ds .

AllĹ apì thn (b) mporÿ na brw m_o ∈ N ÿste, gia kĹje m ≥ m_o kai kĹje s me δ ≤ |s| ≤ π na isqÔei K_m(s) < ε/(4‖f‖_∞). Tìte ja èqoume

|I_2| ≤ 2‖f‖_∞ 1 2π ∫ Y ε 4‖f‖_∞ ds ≤ ε 4π ∫ Y ds ≤ ε 2 (3)

(afoÔ Y ⊆ [−π, π]). TelikĹ loipìn, gia kĹje m ≥ m_o kai kĹje t ∈ [−π, π], èqoume apì tic (2) kai (3),

|σ_m(f)(t) − f(t)| ≤ |I_1| + |I_2| ≤ ε . �

Paratărhsh 4.6 ApodeÐxame to Jeÿrhma tou Féjer sth morfă pou ja mac qreiasjeÐ, dhladă gia suneqeÐc sunartăseic. Mia genikìterh morfă tou eÐnai h akìloujh

Jeÿrhma 4.7 (Féjer, [Ap 30.34]) ’Estw f : R → C oloklhrÿsimh kai 2π-periodikă sunĹrthsh. An gia kĹpoio x_o ∈ R ta pleurikĹ ìria f(x_o−) kai f(x_o+) upĹrqoun, tìte h akoloujÐa (σ_n(f, x_o)) sugklÐnei kajÿc n → ∞ ston mèso ìro^1_2 (f(x_o−) + f(x_o+)).

To Jeÿrhma Monadikìthtac 3.2 eÐnai Ĺmeso pìrisma: PrĹgmati, an f kai g eÐnai suneqeÐc kai 2π-periodikèc sunartăseic me ĝ(k) = f̂(k) gia kĹje k ∈ Z, tìte

S_n(f, x) = n∑ k=−n

f̂(k)e^{ikx} =^n ∑ k=−n

ĝ(k)e^{ikx} = S_n(g, x)

gia kĹje x kai n kai sunepÿc σ_n(f) = σ_n(g) gia kĹje n.

AllĹ apì to Jeÿrhma Féjer èqoume f = lim_n σ_n(f) kai g = lim_n σ_n(g) omoiìmorfa, Ĺra f = g. �