Askăseic I: Seirèc Fourier

27 FebrouarÐou 2005

’Askhsh 1 Na apodeiqjeÐ ìti kajèna apì ta sÔnola {sin n : n ∈ N} kai {cos n : n ∈ N} eÐnai puknì sto [−1, 1].

’Askhsh 2 Na deiqjeÐ ìti gia kĹje n = 1, 2, . . . kai x ≠ 2kπ,

s_n(x) = n∑ k=1 sin kx = sin x + sin 2x + . . . + sin nx = cos^x_2 − cos(n +^1_2 )x 2 sin^x_2

c_n(x) = 1 2 + n∑ k=1 cos kx = 1 2 + cos x + cos 2x + . . . + cos nx = sin(n +^1_2 )x 2 sin^x_2 . ’Askhsh 3 An

S(f, x) ≡ a_o(f) 2 + ∞∑ k=1 a_k(f) cos kx + ∞∑ k=1 b_k(f) sin kx kai S_c(f, x) = ∞∑ k=−∞

f̂(k)e^{ikx}

deÐxte ìti ta merikĹ ajroÐsmata twn dÔo autÿn seirÿn tautÐzontai.

’Askhsh 4 An mia oloklhrÿsimh sunĹrthsh f : [−π, π] → C eÐnai Ĺrtia, tìte h seirĹ Fourier thc eÐnai seirĹ sunhmitìnwn (dhladă b_n = 0 gia kĹje n ∈ N). An eÐnai perittă, tìte h seirĹ Fourier thc eÐnai seirĹ hmitìnwn (dhladă a_n = 0 gia kĹje n ∈ N). An h f paÐrnei pragmatikèc timèc, tìte c_{−k} = c_k gia kĹje k ∈ Z. ’Askhsh 5 Na exetasjeÐ an sugklÐnei h trigwnometrikă seirĹ^1 4 π ( sin x + 1 3 sin 3x + 1 5 sin 5x + . . . )

kai na brejeÐ to ìriì thc, an upĹrqei. ’Askhsh 6 DÐdontai oi sunartăseic f_1 :(0, 2π] → R me f_1(t) = t, f_2 : [0, 2π) → R me f_2(t) = t^2 − π^2, f_3 :[−π, π] → R me f_3(t) = t^2 − π^2.

Na epektajoÔn periodikĹ sto R kai na brejoÔn oi seirèc Fourier touc. Na exetasjeÐ an oi seirèc autèc sugklÐnoun kai poÔ. Efarmìzontai oi ProtĹseic thc ParagrĹfou 3 stic sunartăseic autèc? ’Askhsh 7 An h f : R → C eÐnai oloklhrÿsimh kai 2π-periodikă, tìte ∫_π −π f(t)dt = ∫ I f(t)dt

ìpou I ⊆ R opoiodăpote diĹsthma măkouc 2π. Eidikìtera, f̂(k) =^1_{2π} ∫ I f(t)e^{−ikt}dt.

’Askhsh 8 An eÐnai gnwstă h seirĹ Fourier miac sunĹrthshc g, na brejoÔn oi seirèc Fourier twn sunartăsewn g_1(t) = g(t) − a, g_2(t) = g(t − b), g_3(t) = g(ct), g_4(t) = e^{idt}g(t), ìpou a, b, c, d katĹllhlec stajerèc.

’Askhsh 9 An D_n(x) = n∑ k=−n

e^{ikx} eÐnai o purănac tou Dirichlet, deÐxte ìti upĹrqei stajerĹ c ÿste 1 2π ∫_π −π |D_n(t)|dt ≥ c log n.

[Upìdeixh: |D_n(x)| ≥ c^{| sin((N+1/2)x)|}_{|x|} .]

1bl. tic grafikèc parastĹseic sthn hlektronikă selÐda tou majămatoc