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'Askhsh 1 Na apodeiqjeÐ ìti kajèna apì ta sÔnola

{sin n : n ∈ N} kai {cos n : n ∈ N}

eÐnai puknì sto [−1, 1].

'Askhsh 2 Na deiqjeÐ ìti gia k�je n = 1, 2, . . . kai x 6= 2kπ,

sn(x) =
n∑

k=1

sin kx = sinx + sin 2x + . . . + sinnx =
cos x

2 − cos(n + 1
2)x

2 sin x
2

cn(x) =
1
2

+
n∑

k=1

cos kx =
1
2

+ cos x + cos 2x + . . . + cos nx =
sin(n + 1

2)x
2 sin x

2

.

'Askhsh 3 An

S(f, x) ≡ ao(f)
2

+
∞∑

k=1

ak(f) cos kx +
∞∑

k=1

bk(f) sin kx kai Sc(f, x) =
∞∑

k=−∞
f̂(k)eikx

deÐxte ìti ta merik� ajroÐsmata twn dÔo aut¸n seir¸n tautÐzontai.

'Askhsh 4 An mia oloklhr¸simh sun�rthsh f : [−π, π] → C eÐnai �rtia, tìte h seir� Fourier thc eÐnai
seir� sunhmitìnwn (dhlad  bn = 0 gia k�je n ∈ N). An eÐnai peritt , tìte h seir� Fourier thc eÐnai seir�
hmitìnwn (dhlad  an = 0 gia k�je n ∈ N). An h f paÐrnei pragmatikèc timèc, tìte c−k = ck gia k�je k ∈ Z.

'Askhsh 5 Na exetasjeÐ an sugklÐnei h trigwnometrik  seir�1

4
π

(
sinx +

1
3

sin 3x +
1
5

sin 5x + . . .

)
kai na brejeÐ to ìriì thc, an up�rqei.

'Askhsh 6 DÐdontai oi sunart seic

f1 :(0, 2π] → R me f1(t) = t, f2 : [0, 2π) → R me f2(t) = t2 − π2,

f3 :[−π, π] → R me f3(t) = t2 − π2.

Na epektajoÔn periodik� sto R kai na brejoÔn oi seirèc Fourier touc. Na exetasjeÐ an oi seirèc autèc
sugklÐnoun kai poÔ. Efarmìzontai oi Prot�seic thc Paragr�fou 3 stic sunart seic autèc?

'Askhsh 7 An h f : R → C eÐnai oloklhr¸simh kai 2π-periodik , tìte∫ π

−π
f(t)dt =

∫
I
f(t)dt

ìpou I ⊆ R opoiod pote di�sthma m kouc 2π. Eidikìtera, f̂(k) = 1
2π

∫
I f(t)e−iktdt.

'Askhsh 8 An eÐnai gnwst  h seir� Fourier miac sun�rthshc g, na brejoÔn oi seirèc Fourier twn sunart -
sewn g1(t) = g(t)− a, g2(t) = g(t− b), g3(t) = g(ct), g4(t) = eidtg(t), ìpou a, b, c, d kat�llhlec stajerèc.

'Askhsh 9 An Dn(x) =
n∑

k=−n

eikx eÐnai o pur nac tou Dirichlet, deÐxte ìti up�rqei stajer� c ¸ste

1
2π

∫ π

−π
|Dn(t)|dt ≥ c log n.

[Upìdeixh: |Dn(x)| ≥ c | sin((N+1/2)x)|
|x| .]
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