
8 Metr simec Sunart seic

Orismìc 8.1 Q¸roc mètrou eÐnai mia tri�da (X,M, µ) ìpou X eÐnai èna
sÔnolo,M mia σ-�lgebra uposÔnìlwn tou X kai µ èna σ-prosjetikì (jetikì)
mètro orismèno sthn M.

Sta epìmena stajeropoioÔme ènan q¸ro mètrou (X,M, µ). Ja mac apasqo-
l sei kurÐwc to

Par�deigma 8.1 X = Rd   X = [a, b] ⊆ R, M = M(m) kai µ = m, to
mètro Lebesgue.

Ta apotelèsmata pou akoloujoÔn efarmìzontai ìmwc genikìtera, ìpwc sto

Par�deigma 8.2 X = N, M = P(N) kai m(A) = #A, to pl joc twn stoi-
qeÐwn tou A, ìtan eÐnai peperasmèno, kai m(A) = ∞, ìtan eÐnai �peiro.

Orismìc 8.2 Mia sun�rthsh s : X → R lègetai apl  an to sÔnolo tim¸n
thc s(X) eÐnai peperasmèno.

An s(X) = {c1, c2, . . . , cn} tìte

s =
n∑

k=1

ckχEk

ìpou Ek = {x ∈ X : s(x) = ck} (h kanonik  morf  thc s). H oikogèneia
{E1, E2, . . . En} eÐnai diamèrish tou X.

Orismìc 8.3 Mia sun�rthsh f : X → R lègetai metr simh an gia k�je
a ∈ R,

{x ∈ X : f(x) > a} ∈ M.

Parathr seic 8.3 (i) An X = Rd   X = [a, b] ⊆ R, k�je suneq c sun�r-
thsh eÐnai metr simh.

[Apìdeixh: 'Askhsh.]

(ii) Mia apl  sun�rthsh se kanonik  morf  s =
∑

k ckχEk
eÐnai metr simh

an kai mìnon an Ek ∈M gia k�je k = 1, . . . , n.
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Pr�gmati an upojèsoume ìti c1 < c2 < . . . < cn kai jewr soume bohjhtik�
arijmoÔc b1, . . . , bn me c1 < b1 < c2 < b2 < . . . < cn−1 < bn−1 < cn tìte

En = {x ∈ X : s(x) > bn−1}
En−1 = {x ∈ X : s(x) > bn−2} \ {x ∈ X : s(x) > bn−1}

. . .

E1 = {x ∈ X : s(x) > b1}c.

(iii) Epomènwc an oi s, t eÐnai aplèc metr simec, to Ðdio isqÔei kai gia tic

s + t, s · t, max{s, t}, min{s, t}, |s|, s+, s−.

[Apìdeixh: 'Askhsh.]

L mma 8.4 Mia sun�rthsh f : X → R eÐnai metr simh an kai mìnon an gia
k�je a ∈ R to sÔnolo

{x ∈ X : h(x) ≥ a}
eÐnai metr simo, isodÔnama an gia k�je a ∈ R to sÔnolo

{x ∈ X : h(x) < a}

eÐnai metr simo.

Apìdeixh Parat rhse ìti an h h eÐnai metr simh, tìte gia k�je a ∈ R, an
h(x) ≥ a tìte gia k�je n ∈ N isqÔei h(x) > a − 1

n
kai antÐstrofa, dhlad 

isqÔei h isìthta

{x ∈ X : h(x) ≥ a} =
⋂
n

{x ∈ X : h(x) > a− 1

n
}

kai �ra to {x : h(x) ≥ a} an kei sthn M. 'Epetai ìti to sÔnolo

{x ∈ X : h(x) < a} = {x : h(x) ≥ a}c

an kei epÐshc sthn M.
An tèloc gia k�je b ∈ R to sÔnolo {x : h(x) < b} an kei sthn M tìte,

epeid 

{x ∈ X : h(x) > a} =

(⋂
n

{x ∈ X : h(x) < a +
1

n
}

)c

gia k�je a ∈ R, to sÔnolo {x ∈ X : h(x) > a} an kei sthn M, �ra h h eÐnai
metr simh. 2
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Prìtash 8.5 An (fn) eÐnai akoloujÐa metr simwn sunart sewn kai oi f, g
orÐzontai apì tic sqèseic f(x) = supn fn(x) kai g(x) = infn fn(x) gia k�je
x ∈ X tìte oi f kai g eÐnai metr simec.

Apìdeixh (i) Gia k�je a ∈ R, an f(x) > a tìte up�rqei n ¸ste fn(x) > a
kai antÐstrofa, dhlad 

{x ∈ X : f(x) > a} ⊆ {x ∈ X : ∃n : fn(x) > a} =
⋃
n

{x ∈ X : fn(x) > a}

⊆ {x ∈ X : f(x) > a}

�ra isqÔei h isìthta

{x ∈ X : f(x) > a} =
⋃
n

{x ∈ X : fn(x) > a}

kai sunep¸c h f eÐnai metr simh.
(ii) OmoÐwc gia k�je a ∈ R isqÔei h isìthta

{x ∈ X : g(x) < a} =
⋃
n

{x ∈ X : fn(x) < a},

sunep¸c h g eÐnai metr simh.

Prìtash 8.6 An (fn) eÐnai akoloujÐa metr simwn sunart sewn kai an to
ìrio f(x) = limn fn(x) up�rqei gia k�je x ∈ X tìte h f eÐnai metr simh.

Apìdeixh Gia k�je x ∈ X kai n ∈ N orÐzoume

un(x) = sup{fk(x) : k ≥ n} = sup{fn(x), fn+1(x), . . .}
vn(x) = inf{fk(x) : k ≥ n}.

Apì thn prohgoÔmenh Prìtash, oi un kai vn eÐnai metr simec.
Epeid  {fk(x) : k ≥ n} ⊇ {fk(x) : k ≥ n + 1}, èqoume un(x) ≥ un+1(x)

kai vn(x) ≤ vn+1(x). Epomènwc oi akoloujÐec (un(x)) kai (vn(x)) sugklÐnoun.
IsqurÐzomai ìti kai oi dÔo sugklÐnoun sto f(x). Pr�gmati, ac upojèsoume
pr¸ta ìti f(x) ∈ R. Tìte, gia k�je ε > 0 up�rqei nx ∈ N ¸ste gia k�je
k ≥ nx na isqÔei

f(x)− ε < fk(x) < f(x) + ε

�ra
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f(x)− ε ≤ inf{fk(x) : k ≥ nx} ≤ sup{fk(x) : k ≥ nx} ≤ f(x) + ε

dhlad  f(x)− ε ≤ vnx(x) ≤ unx(x) ≤ f(x) + ε.

All� an n ≥ nx, èqoume vnx(x) ≤ vn(x) kai un(x) ≤ unx(x) opìte

f(x)− ε ≤ vnx(x) ≤ vn(x) ≤ un(x) ≤ unx(x) ≤ f(x) + ε

�ra f(x)− ε ≤ vn(x) ≤ un(x) ≤ f(x) + ε.

Sthn perÐptwsh f(x) = +∞ h apìdeixh eÐnai an�logh: gia k�je M > 0
up�rqei nx ∈ N ¸ste gia k�je k ≥ nx na isqÔei

M < fk(x)

�ra M ≤ inf{fk(x) : k ≥ nx} = vnx(x).

All� gia k�je n ≥ nx èqoume vn(x) ≥ vnx(x) �ra vn(x) → +∞ opìte
un(x) → +∞ afoÔ un(x) ≥ vn(x).

Me an�logo trìpo qeirizìmaste kai thn perÐptwsh f(x) = −∞.

DeÐxame loipìn ìti

f(x) = lim
n

un(x) = inf
n

un(x) gia k�je x ∈ X

(h (un) eÐnai fjÐnousa akoloujÐa). Epeid  k�je un eÐnai metr simh, apì thn
prohgoÔmenh Prìtash èpetai ìti kai h f = infn un ja eÐnai metr simh. 2

Je¸rhma 8.7 'Estw f : X → [0, +∞] mia sun�rthsh. Tìte up�rqei aÔxou-
sa akoloujÐa (sn) apl¸n me sn(X) ⊆ [0, +∞) gia k�je n tètoia ¸ste

sn(x) → f(x) gia k�je x ∈ X.

An f fragmènh, mporoÔme na dialèxoume tic sn ¸ste sn → f omoiìmorfa sto
X.

H idèa thc apìdeixhc: Gia k�je n ∈ N jètw

Fn = {x ∈ X : f(x) ≥ n}

QwrÐzw to [0, n) se n · 2n diast mata [0, 1
2n ), [ 1

2n , 2
2n ), . . . , [n2n−1

2n , n2n

2n ) kai je-
wr¸ tic antÐstrofec eikìnec mèsw thc f :

En,i =

{
x ∈ X :

i− 1

2n
≤ f(x) <

i

2n

}
, i = 1, 2, . . . , n2n.
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OrÐzw

sn =
n2n∑
i=1

i− 1

2n
χEn,i

+ nχFn . 2

Je¸rhma 8.8 Mia sun�rthsh f :→ R eÐnai metr simh an kai mìnon an eÐnai
to ìrio miac akoloujÐac1 (pragmatik¸n) metr simwn apl¸n sunart sewn.

Apìdeixh An f(x) = lim sn(x) ìpou sn metr simh apl  tìte h f eÐnai metr -
simh apì thn Prìtash 8.6.

AntÐstrofa, èstw f metr simh. An epiplèon f ≥ 0 tìte apì to Je¸rhma
8.7 èqw f(x) = lim sn(x) ìpou

sn =
n2n∑
i=1

i− 1

2n
χEn,i

+ nχFn

me ta En,i kai Fn ìpwc sto je¸rhma. AfoÔ h f eÐnai metr simh, k�je En,i kai
Fn eÐnai sthn M kai sunep¸c (Parat rhsh 8.3 (ii)) h sn eÐnai metr simh.

'Epetai t¸ra ìti genik� an f : X → R eÐnai metr simh, tìte, epeid  oi f+

kai f− eÐnai metr simec, up�rqoun aplèc metr simec sunart seic gn, hn ¸ste
f+(x) = lim gn(x) kai f−(x) = lim hn(x), kai �ra f(x) = lim sn(x) ìpou
sn = gn − hn eÐnai metr simh apl  sun�rthsh. 2

Sumpèrasma H kl�sh twn metrhsÐmwn sunart sewn perièqei tic suneqeÐc
sunart seic kai epÐshc eÐnai kleist  wc proc tic algebrikèc pr�xeic:

f, g metr simec ⇒ f+g, f ·g, max{f, g}, min{f, g}, |f |, f+, f− metr simec

kaj¸c kai ta kat� shmeÐo ìria akolouji¸n

fn (n ∈ N) metr simec ⇒ sup
n

fn, inf
n

fn, lim
n

fn metr simec

(an to teleutaÐo ìrio up�rqei).

1ìqi kat�an�gkhn monìtonhc
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9 Olokl rwsh

Orismìc 9.1 'Estw s : (X,M, µ) → R apl  metr simh, s(X) = {c1, c2, . . . , cn},

s =
n∑

k=1

ckχEk
.

An E ∈M, orÐzoume

IE(s) =
n∑

k=1

ckµ(E ∩ Ek).

Orismìc 9.2 An f ≥ 0 metr simh kai E ∈M, orÐzoume∫
E

fdµ =

∫
E

f(x)dµ(x) = sup{IE(s) : s apl  metr simh, 0 ≤ s ≤ f}.

Den apokleÐetai h perÐptwsh
∫

fdµ = +∞.

Parat rhsh 9.1 An s apl  metr simh, tìte
∫

E
sdµ = IE(s).

[Apìdeixh: 'Askhsh.]

An f metr simh kai E ∈ M, gr�fw f = f+ − f−, kai jewr¸ ta oloklh-
r¸mata

∫
E

f+dµ kai
∫

E
f−dµ. An k�poio apì ta dÔo eÐnai peperasmèno, èqei

nìhma h diafor� touc.

Orismìc 9.3 'Estw f metr simh kai E ∈ M. An k�poio apì ta
∫

E
f+dµ

kai
∫

E
f−dµ (ìpou f+ = max{f, 0} kai f− = −min{f, 0}) eÐnai peperasmèno,

orÐzoume ∫
E

fdµ =

∫
E

f+dµ−
∫

E

f−dµ.

H f lègetai (apolÔtwc) oloklhr¸simh   ajroÐsimh an kai ta dÔo oloklh-
r¸mata

∫
E

f+dµ kai
∫

E
f−dµ eÐnai peperasmèna (isodÔnama an

∫
E

fdµ ∈ R).
Gr�foume tìte f ∈ L(µ) sto E   f ∈ L(E, µ).

Parathr seic 9.2 (a) An f metr simh, E ∈M, µ(E) < ∞ kai f |E frag-
mènh, tìte f ∈ L(E, µ).

(b) An f metr simh, E ∈ M, µ(E) < ∞ kai a ≤ f(x) ≤ b gia k�je
x ∈ E, tìte

aµ(E) ≤
∫

E

fdµ ≤ bµ(E).
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(g) An f, g ∈ L(E, µ) kai f(x) ≤ g(x) gia k�je x ∈ E, tìte∫
E

fdµ ≤
∫

E

gdµ.

(d) An f ∈ L(E, µ) kai a ∈ R, tìte af ∈ L(E, µ) kai
∫

E
afdµ = a

∫
E

fdµ.
(e) An f metr simh kai µ(E) = 0, tìte f ∈ L(E, µ) kai

∫
E

fdµ = 0.
(st) An L(E, µ) kai A ∈M, A ⊆ E, tìte f ∈ L(A, µ).

Skiagr�fhsh apìdeixhc (a) An |f | ≤ M sto E, tìte f+|E ≤ M kai
f−|E ≤ M , �ra gia k�je apl  metr simh s me 0 ≤ s ≤ f+ èqoume 0 ≤ s ≤ M
sto E �ra

∫
E

sdµ ≤ Mµ(E). 'Epetai ìti
∫

E
f+dµ < ∞. OmoÐwc gia thn f−.

(b) IsqÔei a + f− ≤ f+ ≤ b + f− sto E. Gia k�je apl  metr simh s
me 0 ≤ s ≤ f− èqoume 0 ≤ a + s ≤ f+ sto E kai h a + s eÐnai apl 
me olokl rwma aµ(E) +

∫
E

sdµ, �ra aµ(E) +
∫

E
sdµ ≤

∫
E

f+dµ. Sunep¸c
aµ(E) +

∫
E

f−dµ ≤
∫

E
f+dµ.

OmoÐwc gia k�je apl  metr simh t me 0 ≤ t ≤ f+ èqoume 0 ≤ t ≤ b + f−

sto E �ra
∫

E
tdµ ≤ bµ(E)+

∫
E

f−dµ. Sunep¸c
∫

E
f+dµ ≤ bµ(E)+

∫
E

f−dµ.
Epeid  apì to (a) ìla ta oloklhr¸mata eÐnai peperasmèna, to zhtoÔmeno

apodeÐqjhke.

(g) Upojètw pr¸ta ìti f ≥ 0 (opìte kai g ≥ 0 sto E). Tìte gia k�je apl 
metr simh s me 0 ≤ s ≤ f èqoume 0 ≤ s ≤ g sto E �ra

∫
E

sdµ ≤
∫

E
gdµ.

Sunep¸c
∫

E
fdµ ≤

∫
E

gdµ.
Sthn genik  perÐptwsh, parathr¸ ìti f+ ≤ g+ kai f− ≥ g−. Pr�gmati, an

f+(x) = 0 tìte f+(x) = 0 ≤ g+(x), kai an f+(x) > 0 tìte f+(x) = f(x) ≤
g(x), �ra g(x) > 0 opìte g+(x) = g(x) ≥ f+(x). H anisìthta f− ≥ g−

prokÔptei omoÐwc apì th sqèsh −g ≤ −f .
Apì thn prohgoÔmenh par�grafo èqoume loipìn

∫
E

f+dµ ≤
∫

E
g+dµ kai∫

E
f−dµ ≥

∫
E

g−dµ kai epomènwc∫
E

f+dµ−
∫

E

f−dµ ≤
∫

E

g+dµ−
∫

E

g−dµ.

(d) H apìdeixh gia a ≥ 0 eÐnai eÔkolh. H sqèsh
∫

E
(−f)dµ = −

∫
E

fdµ
apodeiknÔetai parathr¸ntac ìti (−f)+ = f− kai ìti (−f)− = f+.

Prìtash 9.3 An s apl  metr simh kai s ≥ 0, orÐzoume

φ(A) =

∫
A

sdµ (A ∈M).
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Tìte h φ : M→ R eÐnai σ-prosjetik  sunolosun�rthsh.

Ja deÐxoume argìtera ìti to sumpèrasma isqÔei gia opoiad pote f ∈ L(µ).

Apìdeixh thc Prìtashc An A1, A2, . . . eÐnai xèna an� dÔo metr sima sÔ-
nola kai A =

⋃∞
n=1 An, prèpei na deiqjeÐ ìti

φ

(
∞⋃

n=1

An

)
=

∞∑
n=1

φ(An).

'Estw pr¸ta s = χE, ìpou E ∈M. Tìte

φ(A) =

∫
A

χEdµ = IA(χE) = µ(A ∩ E)

= µ

(
∞⋃

n=1

(An ∩ E)

)
=

∞∑
n=1

µ(An ∩ E) =
∞∑

n=1

φ(An)

apì thn σ-prosjetikìthta tou µ.
Genikìtera an s =

∑N
k=1 ckχEk

eÐnai se kanonik  morf  tìte p�li

φ(A) =

∫
A

sdµ = IA(s) =
N∑

k=1

ckµ(A ∩ Ek)

=
N∑

k=1

ck

∞∑
n=1

µ(An ∩ Ek) =
∞∑

n=1

(
N∑

k=1

ckµ(An ∩ Ek)

)
=

∞∑
n=1

φ(An). 2

Ta shmantikìtera pleonekt mata tou oloklhr¸matoc Lebesgue se sqèsh
me to olokl rwma Riemann sqetÐzontai me thn enallag  orÐou kai oloklh-
r¸matoc, dhlad  me to er¸thma, se poièc peript¸seic isqÔei ìti

lim
n

∫
fndµ =

∫
(lim

n
fn)dµ

(ìtan to ìrio limn fn up�rqei kat� shmeÐo).
Ac parathr soume ìti h isìthta aut  den mporeÐ na isqÔei oÔte gia a-

plèc sunart seic (ìpwc ja deÐxoume me to epìmeno par�deigma) qwrÐc k�poiec
epiplèon sunj kec. Oi piì shmantikèc tètoiec sunj kec eÐnai

(a) h akoloujÐa (fn) na eÐnai monìtonh (Je¸rhma 9.5 kai Pìrisma 9.10)  
(b) h akoloujÐa (fn) na kuriarqeÐtai apì mia oloklhr¸simh sun�rthsh g,

dhlad  na isqÔei |fn| ≤ g gia k�je n (Je¸rhma 9.13).
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Par�deigma 9.4 'Estw fn = nχ(0, 1
n

], dhlad  fn(x) = n ìtan 0 < x ≤ 1
n
kai

fn(x) = 0 alli¸c. EÔkola apodeiknÔetai ìti fn(x) → 0 gia k�je x ∈ R, all�∫
fn(x)dx = 1 gia k�je n, �ra

∫
fn(x)dx 9 0.

ParathroÔme ìti ed¸ den ikanopoieÐtai oÔte h sunj kh (a) oÔte h (b).

Je¸rhma 9.5 (Monìtonhc SÔgklishc) An (fn) akoloujÐa metrhsÐmwn su-
nart sewn ¸ste 0 ≤ f1 ≤ f2 ≤ . . ., tìte

lim
n

∫
fndµ =

∫
(lim

n
fn)dµ.

Apìdeixh Gia k�je x ∈ X h akoloujÐa (fn(x)) eÐnai aÔxousa kai sunep¸c
èqei ìrio f(x) ∈ [0, +∞]. Apì thn Prìtash 8.6 h f eÐnai metr simh, kai
sunep¸c to

∫
fdµ up�rqei (mporeÐ na eÐnai +∞). Epeid  fn ≤ fn+1 ≤ f ,

èqoume
∫

fndµ ≤
∫

fn+1dµ ≤
∫

fdµ (Parat rhsh 9.2, (g)). Epomènwc to
ìrio a ≡ limn

∫
fndµ up�rqei (mporeÐ na eÐnai ∞) kai

a ≤
∫

fdµ.

Mènei na deiqjeÐ h antÐstrofh anisìthta. Apì ton orismì tou
∫

fdµ arkeÐ na
deÐxoume ìti gia k�je apl  metr simh sun�rthsh s me 0 ≤ s ≤ f isqÔei∫

sdµ ≤ a.

StajeropoioÔme èna c ∈ (0, 1) kai ja deÐxoume ìti

c

∫
sdµ ≤ a.

Jètoume
En = {x ∈ X : fn(x) ≥ cs(x)} (n = 1, 2, . . .).

ParathroÔme ìti En ∈ M afoÔ h fn − cs eÐnai metr simh kai E1 ⊆ E2 ⊆ . . .
afoÔ f1 ≤ f2 ≤ . . ..

Isqurismìc:
∞⋃

n=1

En = X.
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Pr�gmati, èstw x ∈ X. An f(x) = 0 tìte s(x) = 0 �ra x ∈ En gia k�je
n. An p�li f(x) > 0 tìte f(x) ≥ s(x) > cs(x), opìte efìson fn(x) ↗ f(x)
up�rqei n ∈ N ¸ste fn(x) ≥ cs(x), �ra x ∈ En. O isqurismìc apodeÐqjhke.

JewroÔme to mètro ν pou orÐzetai apì th sqèsh

ν(E) =

∫
E

sdµ, E ∈M

'Eqoume

cν(En) = c

∫
En

sdµ =

∫
En

csdµ ≤
∫

En

fndµ ≤
∫

fndµ.

'Otan n →∞, èqoume ν(En) → ν(X) =
∫

sdµ apì thn σ-prosjetikìthta tou
ν (Prìtash 9.3 kai Prìtash 7.2). EpÐshc

∫
fndµ → a. Sunep¸c c

∫
sdµ ≤ a.

AfoÔ h anisìthta aut  isqÔei gia k�je c ∈ (0, 1), jewr¸ntac c ↗ 1 prokÔptei∫
sdµ ≤ a

gia k�je apl  metr simh sun�rthsh s me 0 ≤ s ≤ f , kai sunep¸c∫
fdµ = sup

{∫
sdµ : s apl  metr simh, 0 ≤ s ≤ f

}
≤ a

�ra telik¸c
∫

fdµ = a. 2

Pìrisma 9.6 An f, g eÐnai mh arnhtikèc kai metr simec, tìte∫
(f + g)dµ =

∫
fdµ +

∫
gdµ.

Apìdeixh PerÐptwsh (i) f, g ≥ 0, aplèc: Ed¸ to olokl rwma eÐnai èna
aplì �jroisma, ki ètsi to zhtoÔmeno prokÔptei apì thn antÐstoiqh idiìthta
tou ajroÐsmatoc. Sugkekrimèna: An

f =
n∑

i=1

ciχEi
g =

m∑
j=1

djχFj
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ìpou {Ei} kai {Fj} eÐnai diamerÐseic tou X tìte

f =
n∑

i=1

m∑
j=1

ciχEi∩Fj
g =

n∑
i=1

m∑
j=1

diχEi∩Fj

�ra f + g =
n∑

i=1

m∑
j=1

(ci + dj)χEi∩Fj

kai sunep¸c∫
(f + g)dµ=

n∑
i=1

m∑
j=1

(ci + dj)µ(Ei ∩ Fj)

=
n∑

i=1

m∑
j=1

ciµ(Ei ∩ Fj) +
n∑

i=1

m∑
j=1

djµ(Ei ∩ Fj) =

∫
fdµ +

∫
gdµ.

PerÐptwsh (ii) f, g ≥ 0 metr simec: up�rqoun tìte aÔxousec akoloujÐec
apì aplèc metr simec mh arnhtikèc sunart seic (sn), (tn) me sn ↗ f kai tn ↗ g
(Prìtash 8.6). Apì to Je¸rhma Monìtonhc SÔgklishc èqoume

∫
sndµ ↗∫

fdµ kai
∫

tndµ ↗
∫

gdµ. EpÐshc (sn + tn) ↗ f + g opìte
∫

(sn + tn)dµ ↗∫
(f + g)dµ. All� gia k�je n èqoume

∫
(sn + tn)dµ =

∫
sndµ +

∫
tndµ apì

thn PerÐptwsh (i), �ra∫
(f + g)dµ = lim

∫
(sn + tn)dµ = lim

n

(∫
sndµ +

∫
tndµ

)
=

∫
fdµ +

∫
gdµ.

Prìtash 9.7 'Estw f : X → R metr simh kai E ∈ M. An f ∈ L(E, µ)
tìte |f | ∈ L(E, µ) kai ∣∣∣∣∫

E

fdµ

∣∣∣∣ ≤ ∫
E

|f |dµ.

Apìdeixh 'Eqoume f+ = max(f, 0) kai f− = −min(f, 0) opìte |f | = f++f−.
An f ∈ L(E, µ) tìte

∫
E

f+dµ < +∞ kai
∫

E
f−dµ < +∞ �ra

∫
E

f+dµ +∫
E

f−dµ < +∞. All� apì to Pìrisma 9.6∫
E

|f |dµ =

∫
(f+ + f−)dµ =

∫
f+dµ +

∫
f−dµ < +∞.

EpÐshc,
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−|f | ≤ f ≤ |f |

�ra

∫
E

(−|f |)dµ ≤
∫

E

fdµ ≤
∫

E

|f |dµ

apì thn Parat rhsh 9.2 (g). 'Omwc apì thn Ðdia parat rhsh èqoume
∫

E
(−|f |)dµ =

−
∫

E
|f |dµ �ra telik�

−
∫

E

|f |dµ ≤
∫

E

fdµ ≤
∫

E

|f |dµ. 2

Prìtash 9.8 'Estw f metr simh, E ∈ M, g ∈ L(E, µ) kai |f | ≤ g. Tìte
f ∈ L(E, µ).

Apìdeixh AfoÔ g ∈ L(E, µ) kai |f | ≤ g èqoume∫
E

|f |dµ ≤
∫

E

gdµ < +∞.

Efìson f+ ≤ |f | èqoume
∫

E
f+dµ ≤

∫
E
|f |dµ < +∞ (Parat rhsh 9.2 (g))

kai gia ton Ðdio lìgo
∫

E
f−dµ ≤

∫
E
|f |dµ < +∞. Sunep¸c f ∈ L(E, µ). 2

Je¸rhma 9.9 An f, g ∈ L(µ), tìte f + g ∈ L(µ) kai∫
(f + g)dµ =

∫
fdµ +

∫
gdµ.

Apìdeixh An h = f + g èqoume |h| ≤ |f |+ |g| �ra, efìson∫
(|f |+ |g|)dµ =

∫
|f |dµ +

∫
|g|dµ < +∞,

h sun�rthsh h eÐnai oloklhr¸simh. Gr�foume

h = h+ − h− = f+ − f− + g+ − g−

opìte h+ + f− + g− = f+ + g+ + h−

ìpou oi sunart seic h+, f−, g−, f+, g+, h− eÐnai mh arnhtikèc. Apì to Pì-
risma 9.6,∫

h+dµ +

∫
f−dµ +

∫
g−dµ =

∫
f+dµ +

∫
g+dµ +

∫
h−dµ.
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Epeid  ìla ta oloklhr¸mata eÐnai peperasmèna (diìti f, g, h ∈ L(µ)), èpetai
ìti ∫

h+dµ−
∫

h−dµ =

∫
f+dµ−

∫
f−dµ +

∫
g+dµ−

∫
g−dµ

�ra

∫
hdµ =

∫
fdµ +

∫
gdµ.

Pìrisma 9.10 An (fn) eÐnai monìtonh akoloujÐa metrhsÐmwn sunart sewn
me fn ∈ L(µ) kai f(x) = limn fn(x), tìte

lim
n

∫
fndµ =

∫
fdµ.

Apìdeixh An h (fn) eÐnai aÔxousa, jètw gn = fn − f1. An eÐnai fjÐnousa,
jètw gn = f1 − fn. Kai stic dÔo peript¸seic h (gn) eÐnai aÔxousa akoloujÐa
mh arnhtik¸n oloklhr¸simwn sunart sewn. Apì to Je¸rhma Monìtonhc
SÔgklishc èqoume

lim
n

∫
gndµ =

∫
lim

n
gndµ.

Sthn pr¸th perÐptwsh, qrhsimopoi¸ntac kai to Je¸rhma 9.9 (efìson fn, f1 ∈
L(µ)) èpetai

lim
n

(∫
fndµ−

∫
f1dµ

)
= lim

n

∫
(fn − f1)dµ =

∫
lim

n
(fn − f1)dµ

=

∫
(f − f1)dµ =

∫
fdµ−

∫
f1dµ

kai sthn deÔterh perÐptwsh

lim
n

(∫
f1dµ−

∫
fndµ

)
=

∫
f1dµ−

∫
fdµ

�ra kai stic dÔo peript¸seic

lim
n

∫
fndµ =

∫
fdµ. 2
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Je¸rhma 9.11 (Beppo Levi) An fn ≥ 0 metr simec kai2 f(x) ≡
∑

n fn(x),
tìte ∫

fdµ =
∞∑

n=1

∫
fndµ.

Apìdeixh Jètoume gn =
∑n

k=1 fn. Tìte k�je gn eÐnai mh arnhtik  kai me-
tr simh kai h akoloujÐa (gn) aux�netai proc thn f , �ra apì to Je¸rhma
Monìtonhc SÔgklishc, ∫

gndµ →
∫

fdµ.

All� apì to Pìrisma 9.6 epagwgik� èqoume gia k�je n ∈ N∫
gndµ =

∫ n∑
k=1

fndµ =
n∑

k=1

∫
fndµ

kai sunep¸c

lim
n→∞

n∑
k=1

∫
fndµ =

∫
fdµ. 2

Pìrisma 9.12 An f metr simh kai f ≥ 0   f ∈ L(X,µ), tìte h sunolosu-
n�rthsh φ ìpou

φ(A) =

∫
A

fdµ, A ∈M

eÐnai σ-prosjetikì mètro.

Apìdeixh An A1, A2, . . . eÐnai xèna an� dÔo metr sima sÔnola kai A =⋃∞
n=1 An, prèpei na deiqjeÐ ìti

φ

(
∞⋃

n=1

An

)
=

∞∑
n=1

φ(An).

Jètw fn = fχAn , opìte oi fn eÐnai metr simec kai f =
∑

n fn kat� shmeÐo.
Parathr¸ ìti ∫

X

fndµ =

∫
An

fdµ.

2to ìrio thc seir�c up�rqei sto [0,+∞] giatÐ h akoloujÐa twn merik¸n ajroism�twn
eÐnai aÔxousa
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Sthn perÐptwsh f ≥ 0, efarmìzw to Je¸rhma Beppo Levi kai èqw

φ(A) =

∫
X

fdµ =
∞∑

n=1

∫
X

fndµ =
∞∑

n=1

∫
An

fdµ =
∞∑

n=1

φ(An).

Sthn perÐptwsh f ∈ L(X, µ) oi sunart seic f+ kai f− èqoun kai oi dÔo
peperasmèna oloklhr¸mata kai efarmìzontac to Je¸rhma Beppo Levi stic
f+ kai f− kai to Je¸rhma 9.9 èqoume

φ(A) =

∫
(f+ − f−)dµ =

∫
f+dµ−

∫
f−dµ =

∞∑
n=1

∫
f+

n dµ−
∞∑

n=1

∫
f−n dµ

=
∞∑

n=1

(∫
An

f+dµ−
∫

An

f−dµ

)
=

∞∑
n=1

φ(An). 2

Je¸rhma 9.13 (Kuriarqhmènhc SÔgklishc) 'Estw (fn) akoloujÐa me-
tr simwn sunart sewn pou sugklÐnei gia k�je x ∈ X kai èstw f(x) =
limn fn(x).

An up�rqei g ∈ L(µ) ¸ste3 |fn| ≤ g gia k�je n, tìte f ∈ L(µ) kai

lim
n→∞

∫
|fn − f |dµ = 0

lim
n→∞

∫
fndµ =

∫
fdµ.

Apìdeixh H f eÐnai metr simh diìti k�je fn eÐnai metr simh. Efìson |fn| ≤ g
kai g ∈ L(µ), èqoume fn ∈ L(µ) (Prìtash 9.8). Gia ton Ðdio lìgo (efìson
|f | = limn |fn| ≤ g) èqoume epÐshc f ∈ L(µ). Epomènwc∣∣∣∣∫ fndµ−

∫
fdµ

∣∣∣∣ =

∣∣∣∣∫ (fn − f)dµ

∣∣∣∣ ≤ ∫ |fn − f | dµ

ìpou h pr¸th isìthta prokÔptei apì to je¸rhma 9.9 kai h deÔterh anisìthta
apì thn Prìtash 9.7.

3upenjumÐzoume ìti h upìjesh |fn| ≤ g den mporeÐ en gènei na paraleifjeÐ
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ArkeÐ loipìn na deÐxoume ìti∫
|fn − f | dµ → 0.

Jètoume hn = |fn−f | kai parathroÔme ìti 0 ≤ hn ≤ 2g kai ìti hn(x) → 0
gia k�je x. Gia k�je n,m ∈ N me n ≥ m orÐzoume

un,m = max{hm, hm+1, . . . , hn}.

Oi sunart seic autèc eÐnai metr simec. ParathroÔme ìti gia k�je m èqoume
un,m ≤ u(n+1),m �ra to ìrio

um(x) = lim
n

un,m(x)

up�rqei gia k�je x kai orÐzei metr simh sun�rthsh. EpÐshc apì thn sqèsh
0 ≤ hn ≤ 2g gia k�je n èpetai ìti 0 ≤ un,m ≤ 2g gia k�je n ≥ m. Epomènwc
un,m ∈ L(µ). Apì to Je¸rhma Monìtonhc SÔgklishc,∫

umdµ = lim
n

∫
un,mdµ.

ParathroÔme ìti um = sup{hm, hm+1, . . .} �ra um ≥ um+1 gia k�je m. 'Opwc
sthn apìdeixh thc Prìtashc 8.6 brÐskoume4 ìti limm um(x) = limn hm(x) = 0
gia k�je x ∈ X. Efarmìzontac p�li to Je¸rhma Monìtonhc SÔgklishc (gia
thn akrÐbeia to Pìrisma 9.10),

lim
m

∫
umdµ =

∫
(lim

m
um)dµ = 0

Telik� èqoume

0 ≤ hm ≤ um �ra 0 ≤
∫

hmdµ ≤
∫

umdµ

gia k�je m ∈ N �ra h akoloujÐa
(∫

hmdµ
)
sugklÐnei sto limm

∫
umdµ = 0.

4An 0 ≤ hk(x) < ε gia k�je k ≥ mo tìte 0 ≤ umo(x) ≤ ε opìte gia k�je m ≥ mo

èqoume 0 ≤ um(x) ≤ umo
(x) ≤ ε.
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SÔnola mètrou mhdèn

Parat rhsh 9.14 An f metr simh kai f ≥ 0   f ∈ L(X, µ), tìte gia k�je
A, B ∈M me A ⊆ B kai µ(B \ A) = 0 isqÔei ìti∫

A

fdµ =

∫
B

fdµ.

Apìdeixh Epeid  B = A∪ (B \A) kai A∩ (B \A) = ∅, apì to Pìrisma 9.12
èqoume ∫

B

fdµ =

∫
A

fdµ +

∫
B\A

fdµ.

All� µ(B \ A) = 0, �ra
∫

B\A fdµ = 0 apì thn Parat rhsh 9.2 (e). 2

Orismìc 9.4 'Estw (X,M, µ) q¸roc mètrou kai E ∈ M. Ja lème ìti mia
idiìthta P (x) alhjeÔei µ-sqedìn pantoÔ sto E   µ-sqedìn gia k�je
x ∈ E an up�rqei èna metr simo uposÔnolo A ⊆ E me µ(A) = 0 ¸ste h P (x)
na alhjeÔei gia k�je x ∈ E \ A.

DÔo metr simec sunart seic f, g tautÐzontai sqedìn pantoÔ an kai mìnon an
to sÔnolo {x ∈ X : f(x) 6= g(x)} èqei mètro mhdèn.

S�aut  thn perÐptwsh h f eÐnai oloklhr¸simh an kai mìnon an h g eÐnai
oloklhr¸simh, kai tìte ta oloklhr¸mat� touc eÐnai Ðsa.

Dhlad  to olokl rwma miac sun�rthshc den metab�lletai, an all�xoume
tic timèc thc s�èna sÔnolo mhdenikoÔ mètrou.

Parat rhsh 9.15 An h f eÐnai oloklhr¸simh kai
∫

E
|f |dµ = 0 tìte h f

mhdenÐzetai sqedìn pantoÔ sto E (kai antÐstrofa).

Apìdeixh An gia k�je n ∈ N onom�sw

Fn = {x ∈ E : |f(x)| > 1

n
},

tìte k�je Fn eÐnai metr simo kai∫
E

|f |dµ ≥
∫

Fn

|f |dµ ≥ 1

n
µ(Fn)
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�ra µ(Fn) = 0 gia k�je n ∈ N. Epomènwc µ(∪nFn) = 0. All�⋃
n

Fn = {x ∈ E : up�rqei n ¸ste |f(x)| > 1

n
} = {x ∈ E : f(x) 6= 0}

�ra h f mhdenÐzetai sqedìn pantoÔ sto E. 2

'Epetai ìti dÔo oloklhr¸simec sunart seic tautÐzontai sqedìn pantoÔ an
kai mìnon an

∫
|f − g|dµ = 0.

ParathroÔme epÐshc ìti mÐa metr simh sun�rthsh f eÐnai oloklhr¸simh an
kai mìnon an paÐrnei sqedìn pantoÔ pragmatikèc timèc, dhlad  an kai mìnon
an to sÔnolo {x ∈ X : f(x) = +∞} ∪ {x ∈ X : f(x) = −∞} èqei mètro
mhdèn. [Apìdeixh: 'Askhsh.]

Epeid  ta sÔnola mètrou mhdèn den suneisfèroun sthn olokl rwsh, kai
epeid  h ènwsh arijm simou pl jouc sunìlwn mètrou mhdèn èqei mètro mhdèn,
ta perissìtera apotelèsmata pou anafèrontai se olokl rwsh exakoloujoÔn
na isqÔoun an stic upojèseic touc h fr�sh {gia k�je x} antikatastajeÐ apì
thn fr�sh {sqedìn gia k�je x}. ParadeÐgmata apoteloÔn ta Jewr mata
Monìtonhc sÔgklishc, Beppo Levi kaj¸c kai to Je¸rhma Kuriarqhmènhc
SÔgklishc.
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