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1. Isokatanemhmènec akoloujÐec arijm¸n An x ∈ R jètoume 〈x〉 = x− [x] ∈ [0, 1), ìpou [x] to
akèraio mèroc tou x. 'Estw a /∈ Q. Stìqoc: na deÐxoume ìti h akoloujÐa

(xn) = (〈x〉 , 〈2x〉 , 〈3x〉 , . . . )

eÐnai ìqi mìno pukn  (giatÐ?) sto [0, 1] all� isokatanemhmènh me thn akìloujh ènnoia:
(a) Na deiqjeÐ ìti:
Gia k�je di�sthma [a, b] ⊆ [0, 1], {to posostì twn ìrwn thc (xn) pou brÐskontai sto [a, b] teÐnei proc to

m koc tou [a, b]}. Akribèstera

lim
n→∞

1
n

#{m ∈ [1, n] : xm ∈ [a, b]} = b− a

ìpou me #A sumbolÐsame to pl joc twn stoiqeÐwn enìc sunìlou A.
(b) Na deiqjeÐ ìti:
An f : T→ C eÐnai suneq c (ed¸, T = {z ∈ C : |z| = 1}), tìte

lim
n→∞

1
n

n∑
m=1

f(e2πimx) =
1

2π

∫ π

−π
f(eit)dt.

Upìdeixh: 'Iswc dieukolÔnei na deÐxei kaneÐc pr¸ta to (b).

BibliografÐa: [1, 1.7.6], [2, Kef. 3]

2. To isoperimetrikì prìblhma Apì ìlec tic kleistèc aplèc leÐec kampÔlec sto epÐpedo me to Ðdio
m koc, o kÔkloc perikleÐei thn epif�neia me to megalÔtero embadìn.

Akribèstera: An γ : [0, 1]→ R2, γ(t) = (x(t), y(t)) eÐnai mia C1-kampÔlh pou eÐnai:

• kleist , dhl. γ(0) = γ(1)

• apl  (den tèmnei ton eautì thc), dhl. an γ(t) = γ(s) kai t 6= s tìte   t = 0 kai s = 1,   s = 0 kai t = 1

• m kouc 1, dhl.
∫ 1

0
(x′(t)2 + y′(t)2)1/2dt = 1,

tìte to embadìn E pou perikleÐei h γ ikanopoieÐ E ≤ 1
4π kai isìthta isqÔei an kai mìnon an h γ eÐnai kÔkloc.

BibliografÐa: [1, 1.7.7], [2, Kef. 3]

3. Poujen� paragwgÐsimec sunart seic An

f(t) =
∞∑
n=0

1
n!

sin((n!)2t)

h seir� sugklÐnei omoiìmorfa sto R kai �ra orÐzei suneq  sun�rthsh. 'Omwc h f ìqi mìnon den paragwgÐzetai
se kanèna shmeÐo, all�:

Gia k�je t ∈ R up�rqei akoloujÐa (tn) me

tn → t all� lim
n

∣∣∣∣f(tn)− f(t)
tn − t

∣∣∣∣ =∞.

BibliografÐa: [2, Kef. 11]



4. To fainìmeno Gibbs Up�rqei jetikìc arijmìc δ ¸ste:
An f : [−π, π] → C kat� tm mata diaforÐsimh kai 2π-periodik  kai se k�poio x ∈ (−π, π) h f èqei jetikì
�lma: f(x+)− f(x−) = a 6= 0,

tìte up�rqoun akoloujÐec (xn), (yn) me xn ↗ x kai yn ↘ x ¸ste

lim
n
Sn(f, xn) ≤ f(x−)− δa

lim
n
Sn(f, yn) ≤ f(x+) + δa

en¸, ìpwc gnwrÐzoume,

lim
n
Sn(f, x) =

f(x+) + f(x−)
2

.

'Opwc eÐpe o Gibbs: 'Allo to gr�fhma tou orÐou (dhl. thc sun�rthshc limn Sn(f)) ki �llo to ìrio twn
grafhm�twn (twn sunart sewn Sn(f)).

Sqìlia: (1) ProsdioreÐste arijmhtik� thn tim  tou δ. EÐnai 1.17   1.09?
(2) DeÐte to endiafèron �rjro sthn Wikipedia
http://en.wikipedia.org/wiki/Gibbs’_phenomenon

(me k�je epifÔlaxh gia thn akrÐbeia tou perieqomènou!)

BibliografÐa: [1, 1.6], [2, Kef. 17].

5. To prìblhma Dirichlet ston dÐsko tou R2 Na lujeÐ h diaforik  exÐswsh tou Laplace s' ènan
dÐsko me dojeÐsa suneq  sunoriak  sun�rthsh.

Analutikìtera, an D = {(x, y) ∈ R2 : x2 + y2 < 1} kai dojeÐ mia suneq c sun�rthsh φ : ∂D = {(x, y) ∈
R2 : x2 + y2 = 1} → R, na brejeÐ mia sun�rthsh ψ : D̄ = {(x, y) ∈ R2 : x2 + y2 ≤ 1} → R ¸ste

• H ψ na eÐnai suneq c ston kleistì dÐsko D̄ kai C2 ston anoiktì dÐsko D

• Se k�je (x, y) ∈ D na ikanopoieÐ

4ψ(x, y) ≡ ∂2ψ

∂x2
(x, y) +

∂2ψ

∂y2
(x, y) = 0

• Se k�je (s, t) ∈ ∂D na ikanopoieÐ ψ(s, t) = φ(s, t).

Sqìlio: Oi sunart seic pou ikanopoioÔn th diaforik  exÐswsh tou Laplace (p.q. sto dÐsko) lègontai
armonikèc (sto dÐsko). To prìblhma Dirichlet diatup¸netai isodÔnama kai wc ex c: Na deiqjeÐ ìti k�je
suneq c sun�rthsh orismènh sto ∂D dèqetai suneq  epèktash sto D̄ pou eÐnai armonik  sto D.

BibliografÐa: [2, Kef. 28].
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