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ABSTRACT 

Thompson, M. and Howarth, R.J., 1978. A new approach to the estimation of analytical 
precision. J. Geochem. Explor., 9: 23--30. 

Methods used for the estimation of analytical precision commonly suffer from two 
deficiencies which give rise to misleading results. These are: (1) the methods take no 
account of changes in absolute or relative error over the concentration range, and (2) 
they tend for other reasons to produce optimistically-biassed results. The difficulties 
can be avoided by the correct use of duplicate determinations. One method presented 
allows precision parameters to be estimated. The other gives rise to a simple control chart 
for use in geochemical analysis. 

INTRODUCTION 

In prev ious  w o r k  it  has been  s h o w n  t h a t  when  the re  is a wide range o f  
c o n c e n t r a t i o n  in a set  o f  samples ,  b o t h  the  abso lu te  and  relat ive errors  in 
ana ly t ica l  d e t e r m i n a t i o n s  can vary  s ignif icant ly  over  the  range ( T h o m p s o n  
and H o w a r t h ,  1976) .  In such a case,  the  s t anda rd  dev ia t ion  a lone  c a n n o t  
p r o p e r l y  descr ibe  ana ly t ica l  precis ion.  An e q u a t i o n  or p lo t  re la t ing  s t anda rd  
dev ia t ion  to  c o n c e n t r a t i o n  is m o r e  a p p r o p r i a t e .  This  a p p r o a c h  leads to  a 
realist ic e s t ima te  in c o n t r a s t  t o  the  usual  a s s u m p t i o n  o f  e i ther  a c o n s t a n t  
abso lu te  e r ro r  (by  using the  s t anda rd  dev ia t ion) ,  or  a c o n s t a n t  relat ive 
e r ro r  (by  using the  coe f f i c i en t  o f  var ia t ion) .  I t  has been  s h o w n  t h a t  a mean-  
ingful  e s t i m a t i o n  o f  prec is ion  over  a range  of  c o n c e n t r a t i o n s  can be o b t a i n e d  
by  the  dup l i ca t ion  o f  analyses .  In add i t ion ,  m a n y  aspec ts  o f  the  m e t h o d s  
cu r r en t ly  used  t end  to  p rov ide  op t imis t i ca l ly  biassed es t ima tes  o f  ana ly t ica l  
prec is ion .  Such es t ima tes  m a y  be  i m m e d i a t e l y  c o m f o r t i n g ,  bu t  are u l t i m a t e l y  
unhe lp fu l .  P r o p e r  use o f  dup l i ca t ed  da t a  can avoid  these  diff icult ies .  

In this  p a p e r  w o r k i n g  ins t ruc t ions  are p re sen ted  fo r  t w o  s imple  p r o c e d u r e s  
uti l ising dup l i ca te  analyses .  A de ta i led  discuss ion o f  the  p r o c e d u r e s  wi th  
e x a m p l e s  o f  the i r  app l i ca t ion  can  be f o u n d  e l sewhere  ( T h o m p s o n  and 
H o w a r t h ,  1976) .  In the  first  m e t h o d  to  be  used,  where  50 or  m o r e  dup l i ca t ed  
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results are available, the variation of standard deviation of the determina- 
tion (Sc) is expressed as a function of the concentration (c) and the stan- 
dard deviation at zero concentration (So), thus: 

Sc = So + k c  (1) 

The parameters So and k can be used to quantify the precision (Pc) at 
concentration c, by means of the definition Pc  = 2Sc/C.  

This gives the expression: 

Pc  = 2So/C + 2 k  (2) 

Thus, the value 2k corresponds to the precision which is observed at concen- 
trations well above the detection limit. 

In suitable cases, i.e. when there are observations at low concentrations, 
the practical detection limit Cd (when P c  = 1.0) can also be estimated from 
the expression: 

Cd = 2s0/(1 -- 2k) (3) 

This method thus enables the precision characteristics of an analytical sys- 
tem to be estimated. 

The second method is appropriate when the number of duplicate observa- 
tions available is insufficient for the valid estimation of the parameters 
So and k to be made. In this case the data are tested against an empirical 
standard of precision, again expressed in the form of equation (1). The 
method consists of a rapid graphical procedure which can be used as a 
useful control chart for within-batch precision when about 10 or more 
duplicated results are available. 

The success of either of these methods depends critically upon the du- 
plication being properly carried out, according to the following conditions: 

(1) The duplicate analyses must be performed on splits of all the actual 
samples, or a random selection of them. 

(2) Each of the two sub-samples must be taken through the whole ana- 
lytical procedure as if it were an independent sample. 

(3) The position of the second sub-sample in the analytical sequence 
must not  be systematically related to that  of the first, but should be dis- 
tr ibuted at random in the batch of samples passing through the analytical 
process. This makes the methods generally easier to use for within-batch 
precision studies. 

(4) The data must not  be rounded off  too severely. At least one signif- 
icant figure containing uncertainty must be retained. 

(5) Sub-zero measurements when obtained must be recorded and used 
as such and not  set to zero or other arbitrary value. The same applies to 
values falling below a presumed detection limit. 

(6) The sub-samples should be numbered so that  it is impossible for them 
to be identified as such at the time of  analysis. 

The omission of any of  these steps will give optimistically-biassed esti- 
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mates which will not  truly reflect the precision behaviour of the system. 
A computer  program for the automatic randomisation of samples and 
selection of duplicates has been published (Howarth, 1977). 

If an assessment of the total effect of field error plus sampling error is 
required, then duplicate samples taken at the field site should be treated 
as the two sub-samples. Further splitting of the field samples is not  required. 

M E T H O D  1: F O R  50 OR M O R E  D U P L I C A T E D  R E S U L T S  

P r o c e d u r e  

(1) From the (N>50) pairs of  results ai, bi (i = 1, 2 , . .  iV), form lists of 
the pair means (ai + b i ) / 2  and the corresponding absolute differences 
i ai - -  bi I (do n o t  logtransform the data). 

(2) Sort the list of the means into increasing order and the differences 
into the corresponding order. 

(3) Select the first eleven results and calculate the mean of the pair means 
and the median (i.e. the central value, n o t  the average) of the differences. 

(4) Repeat this procedure for successive groups of eleven results, and ob- 
tain corresponding lists of means and medians. Ignore any terminal group 
of less than eleven results. 

(5) E i t h e r :  plot the medians as a function of the means and obtain the 
intercept and slope of the line graphically by eye; or:  obtain the same param- 
eters by regression. These parameters correspond respectively with So and h 
in equation (1). 

D i s c u s s i o n  

The whole procedure is illustrated in Fig. 1, which shows means versus 
differences, plotted as small squares, for a set of 100 pairs of duplicated 
results. The data set is divided into groups of eleven individual points by the 
vertical lines, and the mean concentrations and median differences of each 
group are shown by the large squares. Regression of the medians on the 
means gives the values so = 5.20 (standard error = 1.53) and k = 0.046 
(standard error = 0.014). There are a few technical details which need 
emphasising. For strictly unbiassed estimates, the parameters obtained 
by regression must be multiplied by 1.048, which is a factor derived from 
the properties of the half-normal distribution. However, omission of this 
step is unlikely to lead to problems, as the difference is rarely outside the 
95% confidence limits of the estimates. The parameters are valid for esti- 
mating precision only within the concentration range spanned. Thus for 
meaningful estimates of so (and therefore detection limit) a reasonable 
proportion of the samples must have concentrations approaching the de- 
tection limit. When estimating the parameters by regression it is good prac- 
tice to calculate in addition the standard errors, and thereby determine 
whether So and k are significantly greater than zero. Additional refinements 
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Fig. 1. P rocedu re  for  m e t h o d  1 (>  50 dup l i ca ted  resul ts  available).  Small  squares  are 
indiv idual  results .  Large squares  show the  m e d i a n  abso lu te  d i f fe rence  and  m e a n  con-  
c e n t r a t i o n  for  each  range b o u n d e d  by  vert ical  lines. The  diagonal  l ines are the  regres- 
s ion line wi th  c o n f i d e n c e  l imits  of  -+ 1.0 s t a n d a r d  error .  

consist  of  test ing l ineari ty,  and the normal  dis t r ibut ion of  error. A compute r  
program DUPAN3 for  performing all of  these operat ions is available 
(Thompson,  1978). 

M E T H O D  2: F O R  10 TO 50 D U P L I C A T E D  R E S U L T S  

P r o c e d u r e  

(1) Specify the precision required in the form:  

S c = S o + k c  

Either  So or k could be zero if  appropriate.  
(2) Fo rm two  new equat ions  f rom this, namely:  

dg0 = 2.326 (So + kc )  

d99 = 3.643 (So + kc )  

(3) Plot  dg0 and d99 over a suitable range of  c, to  form the control  chart.  
(4) As in Method  l ,  obta in  the pair means (a i + b i ) /2  and absolute  differ- 

ences Jai - -  biJ of  the duplicate  results. 
(5) Plot  these points  on the  cont ro l  chart .  
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D i s c u s s i o n  

This procedure is illustrated in Fig. 2 for the specification Sc = 1.0 + 0.05c 
i.e. a system with a detection limit of 2.2 units (from equation 3) and a 
precision approaching 10% at high concentrations (from equation 2). The 
lines dg0 and d99 are respectively the 90th and 99th percentiles of the ab- 
solute difference between duplicates as a function of concentration, assum- 
ing a normal distribution of  error. If the duplicate analytical data comply 
with the specification, on average 90% of the points will fall below the 
d90 line and 99% below the d99 line. If the precision is better, then a higher 
proportion will tend to fall below the lines. If the precision is worse, the 
opposite will tend to occur. 

Statistical variations in the number of points falling in each area will 
occur, and it may be desirable to calculate the probability of any partic- 
ular occurrence by the binomial theory.  Tables I and II list the binomial 
probabilities associated with this type of chart, giving the chance that  
M or more more points from a total of N will fall above the specified per- 
centile, i.e., dg0 or d99 • As an example, in Fig. 2, three of the 14 points 
plotted on the chart fall above the 90th percentile (d90), and one falls 
above d99 • This distribution can be interpreted by reference to Table I 
under N = 14 and M = 3, which gives the value 0.158. This signifies that  
only in about 16% of cases will this distribution (or worse) occur if the 
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Fig. 2. P rocedure  for  m e t h o d  2 ( < 5 0  dup l i ca ted  resul ts  available).  Lines  m a r k e d  d,0 
and  d,9 are pe rcen t i l e s  for  abso lu t e  differences in the specification s c = 1.0 ÷ 0.05c.  
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analytical data comply with the specification. Likewise the corresponding 
value obtained from Table II for the single point falling above d99 is about 
13%. The implication is that the precision is probably worse than the spec- 
ification. 

For general geochemical purposes we have had printed a control chart 
for 10% precision (i.e. with percentile lines drawn for the specification 
S c  = 0.05c)  on logarithmic axes. This chart is shown in Figure 3, and it has 
been consistently useful for rapid precision control over the course of  
several years. The points plotted in Fig. 3 are the same data as plotted in 
Fig. 2. However, the distribution of  the points between the three areas 
is different, because of  the more stringent specification in Fig. 3. 

C O N C L U D I N G  R E M A R K S  

A full account of  the theoretical background to the method,  its scope 
and robustness will be found in Thompson and Howarth (1976}.  Examples 
discussed include determination of  lead, arsenic and zinc by emission spec- 

T A B L E  I 
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TABLE II 

The  probabi l i ty  that  M or more  po ints  ou t  o f  N wil l  fall above  the 9 9 t h  percent i le  o f  the 
chart  (s ingle  event  probabi l i ty  = 0 . 0 1 0 0 0 0 )  

H > '= l  M=2 " '=3 D1=4 *'75 ~=6 M : ]  ' I : ~  M : 9  r l c i C  H = I ]  rl ] 2  

1 
2 
3 
4 
5 

6 
7 

8 
9 

] 0  

11 
12 
13 
l a  

i s  

18 
17 
18 
19 
2 0  

}D 
2 3  
2 4  
2 9  

~6  

2 7  
2 8  
2 9  
3O 

3 3  
3 4  
3S 

3a  . 3 0 3 ~ 0 7  . 0 5 0 3 4 6  . 0 0 ~ 5 8 1  . 0 O 0 4 5 6  . O 0 0 0 2 9  . 0 0 0 0 0 2  . 0 0 0 0 0 0  .OOO000 . 0 0 0 0 0 0  . 0 0 0 0 0 0  . 0 0 0 0 0 0  .OOO000  
37 .3~0~i .0S2878 .00602B .000507 ,000033 .000002 .000000 .000000 .000000 .000000 .O00000 .000000 
38 .317,1~ .05~455 ,006497 ,000563 .O0003B .OOOO02 ,000000 .000000 .000000 .000000 .000000 .000000 
39 .324271 ,0~8075 .005986 .000522 .000043 ,000002 .000000 .000000 ,OODO00 .O000OO .O000DO .000000 
40  . 3 3 1 0 2 8  . 0 6 0 7 3 7  . 0 0 7 4 9 7  , 0 0 0 6 8 6  , 0 0 0 0 4 9  . 0 0 0 0 0 3  , 0 0 0 0 0 0  . 0 0 0 0 0 0  . 0 0 0 0 0 0  , 0 0 0 0 0 0  . 0 0 0 0 0 0  . O 0 0 0 0 0  

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

. o i o o o o  

. O i g g O 0  . O O O l O 0  

. o 2 9 7 O l  . o o o 2 9 8  . o o o o c J  

.039JC4 .000592 .000004 . o o o o o o  

.0490i0 .000980 .O000iO .000000 .000000 

. 0 ~ 8 ~ 2 0  . O 0 ] d 6 0  . 0 0 0 0 2 0  . 0 0 0 0 0 0  . 0 0 0 0 0 0  . 0 0 0 0 0 0  

.06793S .00203i .000034 ,o0000e .000000 .000000 .000000 

.07725S .D02690 .000054 .OODO0] .000000 ,000000 ,ooo000 .000000 

.086483 ,003436 .O000BO .00000~ .000000 .000000 ,000000 .000000 .o0000c 
, 0 9 5 6 1 8  . 0 0 4 2 6 6  . 0 0 0 1 1 4  . 0 0 0 0 0 2  . 0 0 0 0 0 0  , 0 0 0 0 0 0  . 0 0 0 0 0 0  . 0 0 0 0 0 0  . 0 0 0 0 0 0  . 0 0 0 0 0 0  

. ] 0 " ~ 5 6 2  , 0 0 5 1 8 0  , 0 0 0 1 5 5  . 0 0 0 0 0 3  . 0 0 0 0 0 0  , 0 0 0 0 0 0  .O00DO0 . 0 0 0 0 0 0  . 0 0 0 0 0 0  , 0 0 0 0 0 0  . 0 0 0 0 0 0  

.ii3615 .00617S .000206 .O0000S ,000000 .000000 .000000 .O0000O .000000 .000000 ,000000 ,000000 
, i 2 2 4 7 9  . 0 0 7 2 4 9  , 0 0 0 2 6 5  . 0 0 0 0 0 7  . 0 0 0 0 0 0  , 0 0 0 0 0 0  , 0 0 0 0 0 0  , 0 0 0 0 0 0  . 0 0 0 0 0 0  , 0 0 0 0 0 0  . 0 0 0 0 0 0  . 0 0 0 0 0 0  
131254 .008401 ,000335 .000009 .000000 .000000 .000000 .000000 .000000 +000000 .000000 .000000 
. 1 3 9 9 4 2  . 0 0 9 G 3 0  . 0 0 0 4 1 6  , 0 0 0 0 1 2  . 0 0 0 0 0 0  , 0 0 0 0 0 0  . 0 0 0 0 0 0  . 0 0 0 0 0 0  . O 0 0 0 0 0  . O 0 0 0 0 0  . O 0 0 0 0 O  . 0 0 0 0 0 0  

.i,461Sq2 .010933 ,000508 .000017 .000000 .OOOO00 .000000 .OOOOOO .OOO000 .000000 .O0000O .000000 

. 1 5 7 0 5 7  . 0 1 2 3 0 9  . 0 0 0 6 1 2  . 0 0 0 0 2 1  , 0 0 0 0 0 1  . 0 0 0 0 0 0  . 0 0 0 0 0 0  . 0 0 0 0 0 0  , D O 0 0 0 0  , 0 0 0 0 0 0  . 0 0 0 0 0 0  . 0 0 0 0 0 0  

. 1 6 S 4 8 6  . 0 ~ 3 7 5 6  . 0 0 0 7 2 9  . 0 0 0 0 2 7  . O 0 0 O O l  . 0 0 0 0 0 0  , 0 0 0 0 0 0  . 0 0 0 0 0 0  . D O 0 0 0 0  . 0 0 0 0 0 0  . 0 0 0 0 0 0  . O O O 0 0 0  
,173B31 .015274 .000859 .000034 .000001 ,000000 ,000000 ,000000 .000000 .000000 .000000 .000000 
.182093 .016859 .001004 ,000043 .000001 ,000000 ,O000OO .000000 .000000 .O0000O .OOOO00 .OOO000 

, 1 9 0 2 7 2  , 0 1 8 5 1 2  . 0 0 1 1 6 2  , 0 0 0 0 5 2  , 0 0 0 0 0 2  . 0 0 0 0 0 0  . 0 0 0 0 0 0  . 0 0 0 0 0 0  . 0 0 0 0 0 0  . 0 0 0 0 0 0  , 0 0 0 0 0 0  . 0 0 0 0 0 0  
.198369 .020229 ,001336 .000063 ,000002 .000000 .000000 .000000 .000000 .000000 .000000 .000000 
. 2 0 6 3 8 6  . 0 2 2 0 1 ]  . 0 0 1 ~ 2 5  . 0 0 0 0 7 5  .DO00O3 . 0 0 0 0 0 0  . O 0 0 0 0 O  . 0 0 0 0 0 0  . 0 0 0 0 0 0  . 0 0 0 0 0 0  . 0 0 0 0 0 0  . 0 0 0 0 0 0  
.214322 .023854 .00172g .000091 .000004 .OO0000 .OO0000 .000000 .000000 +O00000 .OOO000 .DO0000 
.222179 ,025759 ,001951 .000107 .000004 .000000 .O000OO .000000 .000000 .ODO000 .O00000 .000000 

,229957 .027723 ,002189 >000125 ,000005 .000000 .000000 .DO0000 .000000 .000000 ,000000 .000000 
.237697 .029746 .002444 ,0001"16 .000007 ,000000 ,000000 ,000000 ,000000 ,000000 .000000 ,000000 
.245281 .031825 .002717 ,000169 ,000008 .000000 ,000000 .000000 .000000 .000000 .O00000 ,000000 
.252828 .0339~9 ,O0300B .000194 .000010 .000000 .000000 .000000 .O000DO .000000 .000000 .000000 
, 2 6 0 3 0 0  . 0 3 6 1 ~  . 0 0 3 3 1 0  , 0 0 0 2 2 3  , 0 0 0 0 1 2  , 0 0 0 0 0 0  , O 0 0 0 0 O  . 0 0 0 0 0 0  . 0 0 0 0 0 0  , 0 0 0 0 0 0  , 0 0 0 0 0 0  .OCO000  

,267697 .038390 .0036~ . 0 0 0 2 5 4  .000014 .O00OOl ,000000 .000000 .000000 .000000 .000000 .000000 
.275020 .040683 .003993 .000287 .ODO016 .O000Ol .000000 .000000 ,000000 .000000 .OOOO00 .000000 
.282269 .043026 .004360 ,0~0325 .000019 .000001 .O0000O .O00000 .000000 .000000 .000000 .OODO00 
. 2 8 9 ~ 7  , 0 4 5 4 1 B  . 0 0 4 7 4 7  . 0 0 0 3 6 5  . 0 0 0 0 2 2  . O 0 0 O O i  . O 0 0 0 0 D  .OOO000  .O00OO0 . O 0 0 0 0 O  . O 0 0 0 0 O  .OOO000  
. 2 9 6 5 5 2  , 0 4 7 8 5 9  . 0 0 5 1 5 4  . 0 0 0 4 0 9  . 0 0 0 0 2 5  . 0 0 0 0 0 1  . O 0 0 0 0 D  .OOO000 . 0 0 0 0 0 0  ~ O 0 0 0 0 0  , 0 0 0 0 0 0  . O O 0 0 0 0  

I00 

sc 

L 

. 0  

0.1 

I 

I I I I ] I  I I  lti 
I [ I [ 1 1  I I I ] 1  I 

I II I]I D-" 
I]11]1 II I I I / Y  

I I I I l I  f f  l m , I  . . . . .  l 
I l l l l l  Z I / l - I  I l J l  
1 /1111 / I  ~ I I llll~l 
I [1111 / i " / i "  lill I 1G I 

~ i . i l l  i i ,f Jq I I l l  I I  I 
/ ]  IJ~ I I  

" l i l l  I I  

A l II 
• I III 

mean of duplicate results 

I/ 
1 

Z 

fl~ll 
"~I II 
ifl II 

II 
II 
II 

II 
i| 

II 
II 

El 
II 
]I 

II 
I 
II 

I 
io 
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trography, colorimetry and atomic absorption respectively. Computations 
were carried out  on the Imperial College Computer Centre CDC 7314/6400 
facility. 
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