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1 Eisagwg 

Oi shmei¸seic autèc gr�fthkan gia na kalÔyoun thn an�gkh twn foitht¸n tou ma-
j matoc �Grammik� Majhmatik�� gia èna dwre�n sÔsthma upologistik c �lgebrac
to opoÐo ja touc epitrèpei na k�noun sumbolikèc pr�xeic thc morf c:

Aν =


1 2 ν 4 ν − ν2

0 1 −ν
0 0 1


Epilèqjhke, an�mesa se pollèc upoyhfiìthtec eÐnai al jeia, to wxMaxima pio
polÔ gia lìgouc hjik c t�xhc: ìla ta emporik� progr�mmata pou diadèqjhkan
to DOE Macsyma1 eÐnai aut� pou qrhsimopoioÔntai apì thn akadhmaðk  koinìthta
s mera, qwrÐc ìmwc na eÐnai arket� gnwstì ìti basÐsthkan sto anwtèrw prìgramma
sumbolik c �lgebrac. O �lloc lìgoc gia ton opoÐo to epilèxame eÐnai diìti eÐnai
arket� filikì me touc qr stec twn Windows kai ètsi mporeÐ na qrhsimopoihjeÐ
apì perissìterouc foithtèc.
Prìkeitai loipìn gia �eleÔjero logismikì�   alli¸c �logismikì anoiqtoÔ k¸dika�, to
opoÐo exakoloujeÐ na erg�zetai me thn gl¸ssa sumbolik c �lgebrac LISP akìma
kai s mera. M�lista me thn qr sh kat�llhlhc entol c mporoÔme na doÔme akrib¸c
pwc metafr�zetai h k�je entol  mac sthn anwtèrw gl¸ssa programmatismoÔ.

1
Λογισμικό που αναπτύχθηκε στο Μ.Ι.Τ. την δεκαετία του `60 και κατέστη ελεύθερο λογισμικό

το 1998 από τον Bill Schelter.
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2 OrismoÐ kai stoiqei¸deic pr�xeic

DÐnoume tim  se mÐa metablht  me to sÔmbolo : kai amèswc topojeteÐtai èna erw-
thmatikì ; sto tèloc, poÔ shmaÐnei ìti ja emfanisteÐ h tim  sthn ojình. E�n den
jèloume na emfanisteÐ h tim  tìte b�zoume to sÔmbolo $ sto tèloc.
Up�rqoun oi entolèc �eisìdou� input, (%i1) kai oi entolèc �exìdou� output, (%o1)
me arÐjmhsh gia k�je arqeÐo. E�n jèloume na anakalèsoume thn teleutaÐa entol 
plhktrologoÔme ton qarakt ra % kai emfanÐzetai amèswc:

MÐa lÐsta eis�getai me agkÔlec kai kìmmata an�mesa sta stoiqeÐa thc. Ac
k�noume stoiqei¸deic pr�xeic me tic metablhtèc a,b pou èqoume  dh orÐsei:

MporoÔme pat¸ntac to kentrikì enter tou plhktrologÐou na k�noume polla-
plèc eisagwgèc orism�twn kai sto tèloc me shift + enter   me to enter tou arij-
mhtikoÔ plhktrologÐou na oloklhrwjeÐ h eisagwg  kai na ektelestoÔn oi entolèc
ìlec mazÐ. EpÐshc e�n prosèxete to trigwn�ki dÐpla se k�je om�da entol¸n kai to
pat sete ja gÐnei apìkruyh twn gramm¸n entol¸n pou autì èqei. To wxMaxima
dèqetai ellhnikoÔc qarakt rec gia orÐsmata.
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(αʹ) Εμφάνιση (βʹ) Απόκρυψη

'Otan anoÐxoume mÐa arister  parènjesh tìte to wxMaxima autìmata emfanÐzei
kai thn dexi� parènjesh, ¸ste na mac bohj sei na mhn thn xeq�soume.

(γʹ) Παρένθεση (δʹ) Συμπλήρωση κι αποτέλεσμα
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3 LÔsh exis¸sewn

'Estw h exÐswsh:
x2 − 5x+ 6 = 0 (1)

H lÔsh gÐnetai me thn entol  solve. Qrhsimopoi same kai thn entol  “kill all” gia
na k�noume ekkaj�rish thc mn mhc.

Sq ma 1: LÔsh thc exÐswshc x2 − 5x+ 6 = 0

Sq ma 2: LÔsh thc exÐswshc x3 − x2 + 4x− 4

O qarakt rac %i eÐnai h fantastik  mon�da, i2 = −1.
EpÐshc lÔnoume sust mata oswnd pote exis¸sewn me osousd pote agn¸stouc.
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Sq ma 3: LÔsh sust matoc 3× 3

4 Parag¸gish

MporoÔme na paragwgÐsoume (differentiate) mÐa par�stash p wc proc k�poia me-
tablht  x me thn entol  diff(p,x). E�n prin apì k�poia entol  jèsoume to sÔmbolo
tou eujèoc tìnou ′, tìte h entol  den ekteleÐtai, all� parousi�zetai mìnon.

Sq ma 4: Parag¸gish

To olikì diaforikì mÐac sun�rthshc p poll¸n metablht¸n mporeÐ na brejeÐ
apl� me thn entol  diff(p), en¸ ta epimèrouc diaforik� dx, dy, . . . parousi�zontai
wc del(x), del(y), · · · . MporoÔme na orÐsoume mÐa sun�rthsh poll¸n metablh-
t¸n me ton telest  := na akoloujeÐtai apì thn èkfrash pou dÐnei ton tÔpo thc
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sun�rthshc. E�n jèloume apl� to diaforikì gr�foume diff(f), e�n jèloume
na gÐnoun oi merikèc paragwgÐseic gr�foume kai to ìrisma thc sun�rthshc, dhl.
diff(f(x,y,z)).

Sq ma 5: Diaforikì sun�rthshc poll¸n metablht¸n

MporoÔme na upologÐsoume eÔkola tic merikèc elastikìthtec (partial elastici-
ties) thc f wc proc x, y, z.
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Sq ma 6: Upologismìc merik¸n elastikot twn sun�rthshc poll¸n metablht¸n

MporoÔme na k�noume sÔnjeth parag¸gish. Ac upojèsoume ìti sthn Ðdia su-
n�rthsh isqÔei x(t) = t2 + 2 s3, y(t) = t3 − 5 s7, z(t) = t4 + 6 s2. Tìte mporoÔme
na upologÐsoume to olikì diaforikì   apl� tic merikèc parag¸gouc wc proc t, s.

Sq ma 7: SÔnjeth parag¸gish sun�rthshc poll¸n metablht¸n
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Par�deigma 4.1. DÐnoume èna par�deigma miac exairetik� epÐponhc parag ģi-
shc, e�n thn k�noume qwrÐc k�poio CAS. 'Estw h sun�rthsh:

f(x) =
x5 + 7x+ 5

x8 + x3 + x2 + 1

Ja upologÐsoume thn par�gwgì thc wc proc x.

Sq ma 8: MÐa �kourastik � parag¸gish

Par�deigma 4.2. 'Estw h sun�rthsh paragwg c Cobb-Douglas:

Q(K,L) = 100K
3
5 L

2
5

Na upologÐsete thn klÐsh twn isoôy¸n kampul¸n aut c (twn kampul¸n iso-
paragwg c)

Sq ma 9: KlÐsh kampÔlwn Ðsou proðìntoc gia thn Q(K,L) = 100K
3
5 L

2
5
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5 Olokl rwsh

UpologÐzoume to aìristo olokl rwma miac sun�rthshc f(x) plhktrolog¸ntac
apl� thn entol  integrate(f(x),x).

To wxMaxima dÐnei pollèc forèc ta pio komy� apotelèsmata olokl rwshc
sugkritik� me touc � epigìnouc � autoÔ, dhl. to Mathimatica kai to Maple, epeid 
diajètei polÔ kaloÔc algìrijmouc sumbolik c olokl rwshc kai aplopoÐhshc.

Par�deigma 5.1. UpologÐzoume to olokl rwma:∫
sin3x dx =

∫
sin2x sinx dx =

∫
(1− cos2x) d(−cosx) = · · · = cos3x

3
− cosx

kai me ta trÐa progr�mmata:

(αʹ) wxMaxima (βʹ) Maple (γʹ) Mathimatica

Sq ma 10: Upologismìc tou oloklhr¸matoc
∫
cos3x dx = cos3x

3
− cosx

Diapist¸noume ìti to wxMaxima akoloÔjhse ton pio apotelesmatikì kai èxupno
trìpo.
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Me thn Ðdia sqedìn entol  upologÐzoume kai èna orismèno olokl rwma.

MporoÔme na upologÐsoume genikeumèna oloklhr¸mata me apìluth akrÐbeia,
ìtan aut� sugklÐnoun, dhl. den apeirÐzontai.

Tèloc, èqoume arketoÔc trìpouc na upologÐsoume èna orismèno olokl rwma
arijmhtik�.

Par�deigma 5.2. Ja upologÐsoume to fainomenik� �aplì� orismèno olokl rwma:∫ 1

0

√
1 + x3 dx

Sthn lÐsta pou dìjhke wc ap�nthsh o pr¸toc ìroc eÐnai to apotèlesma, o
deÔteroc ìroc to anamenìmeno sf�lma thc arijmhtik c mejìdou, o trÐtoc ìroc eÐnai
o arijmìc twn oloklhrwm�twn pou upologÐsthkan kai o tètartoc ìroc shmaÐnei ìti
den up rxe k�poio prìblhma.
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6 PÐnakec

6.1 OrismoÐ kai pr�xeic Pin�kwn

Eis�goume ènan pÐnaka kat� grammèc ([...]) me thn entol  matrix([...],[...],...,[...]).

Oi pr�xeic stoiqeÐo me stoiqeÐo eÐnai oi gnwstèc prìsjesh (+), afaÐresh (-),
pollaplasiasmìc (*) kai diaÐresh (/).

14



H dÔnamh k�je stoiqeÐou tou pÐnaka dÐnetai me aplì sÔmbolo Ôywshc se dÔnamh
(̂ ) , en¸ h dÔnamh A2 = A ·A, pou eÐnai pollaplasiasmìc pin�kwn dÐnetai me diplì
sÔmbolo Ôywshc se dÔnamh (̂ )̂.

O pollaplasiasmìc pin�kwn gÐnetai me to sÔmbolo thc telÐtsac. UpenjumÐzou-
me ìti b�zontac ton eujÔ tìno ′ prin apì mÐa entol  aut  h entol  adranopoieÐtai,
ki ètsi mporoÔme na gr�youme ton pollaplasiasmì pin�kwn sthn Ðdia gramm  me
to apotèlesma thc pr�xhc.

H anastrof  pÐnaka gÐnetai me thn entol  transpose.

MporoÔme na orÐsoume upo-pÐnakec apì opoiond pote pÐnaka.

15



O antÐstrofoc enìc pÐnaka dÐnetai me thn (−1) dÔnamh pÐnaka   me thn entol 
invert. P.q. gia ton 4× 4 pÐnaka A pou orÐsame prohgoumènwc èqoume:
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(αʹ) ως δύναμη (βʹ) ως εντολή

Sq ma 11: AntÐstrofoc tetragwnikoÔ pÐnaka

To ginìmeno Kronecker dÔo pin�kwn A⊗ B gÐnetai polÔ apl� me thn entol 
kronecker product (A,B).

IsqÔoun orismènec idiìthtec, ìpwc h prosetairistik  kai h epimeristik  wc proc
thn prìsjesh:
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H orÐzousa enìc pÐnaka A dÐnetai me thn entol  determinant(A). O n × n
monadiaÐoc pÐnakac dÐnetai me thn entol  ident(n). To qarakthristikì polu¸-
numo brÐsketai kai me thn entol  charpoly(A,x)   pio analutik� me ton orismì.

MporoÔme na upologÐsoume tic idiotimèc kai ta idiodianÔsmata tou te-
tragwnikoÔ pÐnaka A:
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EpÐshc mporoÔme na broÔme mìno tic idiotimèc me thn pollaplìtht� touc:

Ac jewr soume ènan pÐnaka pou den diagwnopoieÐtai. Ja upologÐsoume thn
kanonik  morf  Jordan tou pÐnaka:

A =



0 0 0 0 4

1 0 0 0 −16

0 1 0 0 25

0 0 1 0 −19

0 0 0 1 7


afoÔ �fort¸soume� pr¸ta to pakèto load("diag")kai ja k�noume epal jeush:
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(αʹ) Jordan form (βʹ) Επαλήθευση

Sq ma 12: Kanonik  morf  Jordan tetragwnikoÔ pÐnaka

Pio sunoptik� mporoÔme me mÐa mìno entol  na èqoume ìla ta apotelèsmata:

AxÐzei na shmeiwjeÐ ìti me ton trìpo pou mìlic eÐdame mporoÔme na k�noume
diagwnopoÐhsh enìc pÐnaka A:
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Par�deigma 6.1. 'Estw ìti èqoume na lÔsoume to 2× 3 sÔsthma:

x− y + 2z = 12

2x+ 3y − 2z = 4

UpologÐzoume ton yeudoantÐstrofo enìc pÐnaka, afoÔ pr¸ta �fort¸soume� to pa-
kèto Grammik c 'Algebrac linearalgebra tou wxMaxima kai èpeita lÔnoume to sÔ-
sthma me ènan pollaplasiasmì:
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Sq ma 13: LÔsh elaqÐstwn tetrag¸nwn sust matoc 2× 3 me yeudoantÐstrofo

6.2 An�lush Pin�kwn (Matrix Decomposition)

Ektìc apì thn diagwnopoÐhsh / “jordanopoÐhsh” pou èqoume  dh parousi�sei,
up�rqoun pollèc akìmh analÔseic   paragontopoi seic pin�kwn.

1. LU paragontopoÐhsh pÐnaka.
GÐnetai me thn entol 

[P,L,U]:get_lu_factors (lu_factor(A));
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Sq ma 14: LU paragontopoÐhsh pÐnaka

2. Cholesky paragontopoÐhsh jetik� orismènou summetrikoÔ pÐnaka.

Sq ma 15: Cholesky paragontopoÐhsh pÐnaka

Me kat�llhlh efarmog  thc jewrÐac mporoÔme na k�noume kai opoiad pote
�llh paragontopoÐhsh pin�kwn.

Par�deigma 6.2. Na gÐnei h an�lush idiazous¸n tim¸n (singular value decom-
position - SVD) tou pÐnaka:

A =

(
1 2 0

2 0 2

)
UpologÐzoume diadoqik�, prosèqontac na b�zoume tic idiotimèc sthn swst  jèsh
k�je for�:
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Sq ma 16: An�lush idiazous¸n tim¸n pÐnaka
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6.3 Logismìc Pin�kwn

MporoÔme na orÐsoume �sun�rthsh pÐnaka� kai mèsw aut c na k�noume exairetik�
epÐponec pr�xeic pin�kwn, ìpwc l.q. h pr�xh eA   eA t, pou qrei�zetai gia na lÔ-
soume èna sÔsthma grammik¸n diaforik¸n exis¸sewn me stajeroÔc suntelestèc.
Ac upojèsoume ìti èqoume ton pÐnaka:

A =



0 0 0 0 4

1 0 0 0 −16

0 1 0 0 25

0 0 1 0 −19

0 0 0 1 7


Fort¸noume ta pakèta eigen,diag,facexp kai upologÐzoume:

Sq ma 17: Ekjetikìc PÐnakac eA t

UpologÐzoume mÐa tetragwnik  rÐza enìc tetragwnikoÔ pÐnaka A, dhl. thn lÔsh
thc exÐswshc X2 = A, e�n fusik� up�rqei:
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Sq ma 18: Tetragwnik  rÐza PÐnaka
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MporoÔme na upologÐsoume ton log�rijmo enìc pÐnaka, l.q. gia ton Ðdio pÐnaka
A tou opoÐou upologÐsame thn tetragwnik  rÐza, o log�rijmoc eÐnai:

Sq ma 19: Fusikìc log�rijmoc PÐnaka

6.4 Grammik  Algebra

UpologÐzoume mÐa b�sh tou dianusmatikoÔ q¸rou pou par�getai apì tic st lec
enìc pÐnaka:

Sq ma 20: B�sh tou q¸rou sthl¸n enìc PÐnaka
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BrÐskoume ton pur na tou Ðdiou pÐnaka:

Sq ma 21: Pur nac enìc PÐnaka

Epomènwc o bajmìc tou pÐnaka A ja eÐnai rank(A) = 4, ìpwc kai brÐskoume:

Sq ma 22: Bajmìc PÐnaka

MporoÔme na broÔme thn klimakwt  morf  tou A k�nontac apaloif  Gauss
kai na epalhjeÔsoume ta anwtèrw apotelèsmata:

Sq ma 23: Klimakwt  morf  PÐnaka
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7 Diaforikèc Exis¸seic

LÔnoume thn sun jh diaforik  exÐswsh:

d2y

d x2
+ 4

dy

d x
+ 4 y = 3x

Sq ma 24: LÔsh sun jouc diaforik c exÐswshc

MporoÔme na lÔsoume to Prìblhma Arqik¸n Tim¸n:

d2y

d x2
+ 4

dy

d x
+ 4 y = 3x, y(0) = 1, y

′
(0) = −1

Sq ma 25: LÔsh P.A.T.
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8 Grafik�

K�noume me treic trìpouc to gr�fhma thc sun�rthshc miac metablht c:

f (x) =
1

1 + x2

Sq ma 26: Gr�fhma inline 2 diast�sewn
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Sq ma 27: Gr�fhma xmaxima 2 diast�sewn
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Sq ma 28: Gr�fhma gnuplot 2 diast�sewn
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Kai èna gr�fhma miac sun�rthshc dÔo metablht¸n:

f (x, y) = cos

(
−x2 +

y3

4

)

Sq ma 29: Gr�fhma 3 diast�sewn

34



9 Telik�

Oi anwtèrw polÔ sÔntomec shmei¸seic den exantloÔn se kamÐa perÐptwsh ton ploÔ-
to kai thn èktash efarmog¸n tou wxMaxima. Gr�fthkan gia na kentrÐsoun to
endiafèron thc akadhmaðk c koinìthtac, ¸ste na asqolhjeÐ kai me k�ti mh empori-
kì, all� axiìpisto kai pl rwc leitourgikì. E�n tic br kate endiafèrousec, mhn
dist�sete na epikoinwn sete me ton gr�fonta2 gia na ekfr�sete thn �poy  sac,
¸ste na emploutistoÔn me jèmata kai efarmogèc pou sac endiafèroun.

Stìqoc mac eÐnai na anaptuqjeÐ kai sthn Ell�da mÐa koinìthta qrhst¸n tou
wxMaxima, h opoÐa ja anaptÔxei efarmogèc qr simec gia ta maj mata pou di-
d�skontai sta Ellhnik� Panepist mia, all� kai sthn pragmatopoÐhsh basik c
èreunac sta Ereunhtik� IdrÔmata genikìtera.

2
Δημήτριος Θ. Χριστόπουλος, dchristop@econ.uoa.gr
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