
MATrixLABoratory
∗

Dhm trioc J. Qristìpouloc1,2

1Ejnikì Kapodistriakì Panepist mio Ajhn¸n, Tm ma Oikonomik¸n Episthm¸n
2dchristop@econ.uoa.gr

'Anoixh 2011

Shmei¸seic ErgasthrÐou Grammik¸n Majhmatik¸n3

∗MATLAB είναι σήμα κατατεθέν της MathWorks Inc, Natick, Massachusetts, USA.
3
Οι ηλεκτρονικές σημειώσεις που ακολουθούν περιέχουν υπερσυνδέσεις, με ένα απλό κλικ,

εσωτερικά ή εξωτερικά του κειμένου.

1

mailto:dchristop@econ.uoa.gr


Perieqìmena

1 Arijmhtik  Kinht c Upodiastol c kai
Sumbolik  Upologistik  'Algebra 6
1.1 Oi arijmoÐ kinht c upodiastol c . . . . . . . . . . . . . . . . . . . 6
1.2 To sf�lma stic stoiqei¸deic arijmhtikèc pr�xeic . . . . . . . . . . 8

1.2.1 H dhmiourgÐa tou sf�lmatoc stroggÔleushc (rounding) . . 9
1.2.2 To prìblhma thc anapar�stashc enìc dekadikoÔ arijmoÔ

apì ton plhsièstero rhtì . . . . . . . . . . . . . . . . . . . 11
1.2.3 H di�dosh (propagation) tou sf�lmatoc stroggÔleushc . . 16

1.3 H Sumbolik  Upologistik  'Algebra . . . . . . . . . . . . . . . . . 19
1.4 Ask seic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2 To perib�llon ergasÐac tou MATLAB 25
2.1 To grafikì perib�llon allhlepÐdrashc . . . . . . . . . . . . . . . 25
2.2 Oi basikèc entolèc tou MATLAB . . . . . . . . . . . . . . . . . . 28
2.3 Ask seic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

3 Grammik  'Algebra me to MATLAB 33
3.1 DianÔsmata kai PÐnakec . . . . . . . . . . . . . . . . . . . . . . . . 33
3.2 Pr�xeic me PÐnakec . . . . . . . . . . . . . . . . . . . . . . . . . . 42

3.2.1 AntÐstrofoc kai YeudoantÐstrofoc enìc PÐnaka . . . . . . 45
3.3 An�lush Pin�kwn (Matrix Decomposition) . . . . . . . . . . . . . 49
3.4 Ask seic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

4 Programmatismìc me to MATLAB:
sunart seic kai m-files 59
4.1 Sunart seic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

4.1.1 Ep¸numec sunart seic . . . . . . . . . . . . . . . . . . . . 59
4.1.2 An¸numec sunart seic . . . . . . . . . . . . . . . . . . . . 62
4.1.3 Grafikèc parast�seic . . . . . . . . . . . . . . . . . . . . . 63

4.2 M-files: h kardi� tou MATLAB . . . . . . . . . . . . . . . . . . . 67
4.2.1 Entolèc sugkrÐsewn . . . . . . . . . . . . . . . . . . . . . 67
4.2.2 H entol  for . . . . . . . . . . . . . . . . . . . . . . . . . . 68
4.2.3 H entol  if . . . . . . . . . . . . . . . . . . . . . . . . . . 71
4.2.4 H entol  while . . . . . . . . . . . . . . . . . . . . . . . . 71
4.2.5 H entol  switch . . . . . . . . . . . . . . . . . . . . . . . . 72

4.3 Ask seic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

5 Grammik� Sust mata me to MATLAB 76
5.1 Tetragwnik� Sust mata . . . . . . . . . . . . . . . . . . . . . . . 77

5.1.1 Omogen  tetragwnik� sust mata . . . . . . . . . . . . . . . 77
5.1.2 Mh omogen  tetragwnik� sust mata . . . . . . . . . . . . . 85

2



5.2 Mh Tetragwnik� Sust mata . . . . . . . . . . . . . . . . . . . . . 94
5.3 Grammik� sust mata meg�lwn diast�sewn . . . . . . . . . . . . . . 98
5.4 Sqetik� me periorismoÔc akrÐbeiac sto MATLAB . . . . . . . . . . 105
5.5 Ask seic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

3



Kat�logoc Pin�kwn

1 H anapar�stash twn rht¸n arijm¸n xi = 100 + 100+i
1000

, i = 1, . . . , 30 14
2 H anapar�stash twn rht¸n arijm¸n yi = 100 + 96+2i

210
, i = 0, . . . , 29 15

3 Sqetikì sf�lma di�doshc basik¸n pr�xewn arijm¸n mhqan c . . . 19
4 Stoiqei¸deic sunart seic sto MATLAB . . . . . . . . . . . . . . . 30
5 Majhmatikèc stajerèc sto MATLAB . . . . . . . . . . . . . . . . 30
6 Stoiqei¸deic 'Etoimoi PÐnakec MATLAB, . . . . . . . . . . . . . . 37
7 An�lush Pin�kwn sto MATLAB . . . . . . . . . . . . . . . . . . . 56
8 SÔmbola majhmatik¸n sugkrÐsewn sto MATLAB. . . . . . . . . . 67

4



Kat�logoc Sqhm�twn

1 SÔgkrish apl¸n pr�xewn rht¸n se MATLAB kai Octave. . . . . 16
2 Ta 4 basik� par�jura ergasÐac tou MATLAB. . . . . . . . . . . . 25
3 H gramm  plo ghshc tou MATLAB. . . . . . . . . . . . . . . . . . 26
4 DhmiourgÐa m-file apì to istorikì tou MATLAB. . . . . . . . . . 27
5 O epexergast c entol¸n tou MATLAB. . . . . . . . . . . . . . . . 27
6 Trìpoc kajarismoÔ twn parajÔrwn ergasÐac tou MATLAB. . . . 27
7 Gr�fhma thc an¸numhc sun�rthshc 15 me to MATLAB . . . . . . . 64
8 Gr�fhma thc an¸numhc sun�rthshc 16 me to MATLAB . . . . . . . 65
9 Gr�fhma isoôy¸n kampul¸n sto xy epÐpedo thc 16 me to MATLAB 65
10 Gr�fhma kampul¸n iso-paragwg c thc Cobb-Douglas 17 me to MA-

TLAB . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
11 Sunduasmèno gr�fhma thc Cobb-Douglas 17 me to MATLAB . . . 67
12 Gr�fhma twn merik¸n ajroism�twn thc 18 me to MATLAB . . . . 70
13 LÔsh omogenoÔc sust matoc me to wxMaxima . . . . . . . . . . . 78

5



1 Arijmhtik  Kinht c Upodiastol c kai

Sumbolik  Upologistik  'Algebra

1.1 Oi arijmoÐ kinht c upodiastol c

Apì thn emf�nish twn pr¸twn upologist¸n èqoun eisaqjeÐ oi legìmenoi arijmoÐ
kinht c upodiastol c, h genik  morf  twn opoÐwn eÐnai:

x = ± (0.d1d2 . . . dt) · βe (1)

To β eÐnai h b�sh tou arijmhtikoÔ sust matoc ( β = 2, 10   16) kai o ekjèthc e
paÐrnei timèc apì L èwc U an�loga me to prìtupo pou qrhsimopoieÐtai. To t eÐnai to
pl joc twn shmantik¸n yhfÐwn kai onom�zetai ‘mantissa’. To sÔsthma leitourgÐac
twn upologist¸n eÐnai to legìmeno duadikì (binary), to opoÐo ousiastik� diajètei
dÔo katast�seic, 0 :den dièrqetai hlektrikì reÔma kai 1 :dièrqetai hlektrikì reÔma
apì k�poio tranzÐstor, to opoÐo apoteleÐ ton domikì lÐjo k�je epexergast . H
anwtèrw posìthta plhroforÐac 0   1 onom�zetai 1 bit. To prìtupo pou qrhsimo-
poieÐtai s mera apì ta perissìtera progr�mmata arijmhtik c kinht c upodiastol c
kai apì ìlec sqedìn tic gl¸ssec programmatismoÔ gia arijmhtikèc pr�xeic eÐnai to
IEEE 754-2008 1 kai pio sugkekrimèna to prìtupo binary64 . Se autì to prìtu-
po dipl c akrÐbeiac, èqoume ìti ènac arijmìc katalamb�nei 64 bits = 8 bytes sthn
mn mh tou upologist :

• 1 bit katalamb�nei to prìshmo 0→ (−1)0 = +1   1→ (−1)1 = −1

• 11 bits katalamb�nei o ekjèthc tou 2

• 52 bits katalamb�nei h mantissa

EpÐshc èqoume ìti β = 2, L = −1022, U = +1023 to opoÐo antistoiqeÐ se 16
shmantik� yhfÐa sthn sunhjismènh dekadik  anapar�stash twn arijm¸n. Se k�je
prìtupo {β, t, L, U} o plhsièsteroc arijmìc sto mhdèn eÐnai o arijmìc .1 · βL
kai o plhsièsteroc arijmìc sto +∞ eÐnai o βU . Sthn pr�xh p�ntwc, paÐrnontac
to dekadikì sÔsthma, èqoume ìti −∞ ≈ −10308, 0 ≈ 10−308 kai ∞ ≈ 10308.
ParadeÐgmata arijm¸n mhqan c:

• Me b�sh to β = 10

14.75 = 10 + 4 +
7

10
+

5

100
= 1 · 101 + 4 · 100 + 7 · 10−1 + 5 · 10−2 = (14.75)10

• Me b�sh to β = 2

14.75 = 8+4+2+
1

2
+

1

4
= 1·23+1·22+1·21+0·20+1·2−1+1·2−2 = (1110.11)2

1 Institute of Electrical and Electronics Engineers, περισσότερες λεπτομέρειες εδώ.
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'Otan plhktrologeÐte ton arijmì −12345.678 se ènan upologist  me t = 8 autìc
metatrèpetai amèswc eswterik� sthn morf  −.12345678 · 105.

EpÐshc prèpei na èqete upìyin sac ìti to pl joc twn shmantik¸n yhfÐwn t enìc
upologist  eÐnai anex�rthto tou trìpou graf c tou arijmoÔ l.q. sthn ojình. San
par�deigma o arijmìc 12.345678 se ènan upologist  me t = 8 mporeÐ na emfanisteÐ
eÐte san .12345678 · 10+2 eÐte san 1.2345678 · 10+1. To teleutaÐo eÐnai autì pou
èqoume sunhjÐsei na lème episthmonik  graf , all� den prèpei na xeqn�te ìti ta
shmantik� yhfÐa eÐnai 8. E�n sto MATLAB gr�yete ton parap�nw arijmì en¸
èqete b�lei pr¸ta thn entol  >>format long h opoÐa deÐqnei touc arijmoÔc me
t = 16 shmantik� yhfÐa ja deÐte san ap�nthsh:

ans =

12.345677999999999

T¸ra o upologist c emfanÐzei ton arijmì me 8 shmantik� yhfÐa, en¸ ta upì-
loipa 8 mèqri ta 16 diajèsima paÐrnoun thn tim  0. Blèpete loipìn ìti gia na èqete
komy� apotelèsmata prèpei na gnwrÐzete pwc antilamb�netai ènac upologist c ki-
nht c upodiastol c touc arijmoÔc. EpÐshc eÐnai fanerì ìti den eÐnai dunatìc o
qeirismìc enìc arijmoÔ thc morf c 10309 giatÐ antistoiqeÐ sto +∞ → Inf. Se
autèc tic peript¸seic to prìtupo binary64 èqei sugkekrimèno trìpo qeirismoÔ,
p.q.:

>> Inf+25

ans =

Inf

To MATLAB èqei tic entolèc

>> realmin

ans =

2.225073858507201e-308

>> realmax

ans =

1.797693134862316e+308
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pou dÐnoun ton mikrìtero kai ton megalÔtero jetikì arijmì, 2.225073858507201 ·
10−308 kai 1.797693134862316 · 10+308 antÐstoiqa. E�n k�poioc jewreÐ ìti eÐnai
ikanopoihmènoc me arijmoÔc se autì to eÔroc, tìte pijanìn na mhn katanoeÐ ton
skopì suggraf c tou parìntoc kefalaÐou. Ja doÔme ìmwc ìti to periorismèno
eÔroc twn arijm¸n mhqan c den eÐnai to monadikì touc prìblhma.

'Ena shmantikì er¸thma eÐnai to ex c:
Pìso kont� mporoÔme na plhsi�soume se ènan arijmì mhqan c;
Gia na apant soume se autì to er¸thma xekin�me apì ènan arijmì p.q. apì to 1
kai prosjètoume k�je for� ènan arijmì ε > 0 o opoÐoc diark¸c mikraÐnei mèqri
telik� stouc arijmoÔc mhqan c tou upologist  na isqÔsei 1 + ε = 1, dhl. tìte
to ε pou ja èqoume brei ja eÐnai h mikrìterh apìstash sthn opoÐa mporoÔme na
plhsi�soume kont� sto 1. Sto MATLAB gr�foume tic akìloujec entolèc:

>> e=1;

>> while (1+e)>1

em=e;

e=e/2;

end

>> em

em =

2.220446049250313e-016

Autì pou br kame eÐnai to èyilon thc mhqan c kai eÐnai exairetik� shmantikì diìti
kajorÐzei to sf�lma diakritopoÐhshc ìlwn twn arijmhtik¸n mejìdwn. Prèpei na
shmeiwjeÐ ìti akrib¸c to Ðdio ε diajètei l.q. to Mathematica 2, to opoÐo eÐnai
$MachineEpsilon = 2.22045 ∗ 10−16.
Qrhsimopoi¸ntac ìmwc sto Mathematica tic entolèc:
e = 1; i = 0; While[1 + e >1, e = e/(10ˆ308); i++]; {e, i} kai diakìptontac thn
ektèlesh met� apì 20.717 sec brÐskoume, se i = 3930 b mata, e = 1. · 10−1210440,
dhl. praktik� mporoÔme na plhsi�zoume osod pote kont� sto 1 arkeÐ na diajè-
toume upologistik  isqÔ/qrìno. Autì eÐnai èna pr¸to meg�lo �lma twn mejìdwn
thc Upologistik c Sumbolik c 'Algebrac ènanti twn mejìdwn thc Arijmhtik c
Kinht c Upodiastol c.

1.2 To sf�lma stic stoiqei¸deic arijmhtikèc pr�xeic

Ja anafèroume sunoptik� qwrÐc apodeÐxeic orismèna qr sima sumper�smata sqe-
tik� me to sf�lma pou gÐnetai ìtan k�noume tic sun jeic pr�xeic me arijmoÔc
mhqan c. O anagn¸sthc pou endiafèretai gia peraitèrw emb�junsh kaleÐtai na

2
Σήμα κατατεθέν της Wolfram Research, Inc., Champaign, Illinois, USA.
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anatrèxei eÐte sta biblÐa AkrÐbhc & Dougal c (2005), Stoer & Bulirsch (2002) ,
Hildebrand, Prausnitz & Scott (1970) eÐte sto �rjro Goldberg (1991).

1.2.1 H dhmiourgÐa tou sf�lmatoc stroggÔleushc (rounding)

'Otan ènac arijmìc eÐnai �jroisma dun�mewn tou 2, tìte eÐnai logikì na anamè-
noume ìti sthn duadik  anapar�stash den ja èqoume sf�lma, arkeÐ na brÐsketai
entìc twn orÐwn arijm¸n mhqan c tou protÔpou mac. To prìblhma eÐnai ìti den
qrhsimopoioÔme sthn kajhmerin  zw  to duadikì, all� to dekadikì sÔsthma. E-
�n anatrèxete sto diadiktuakì ergaleÐo thc IEEE gia thn metatrop  arijm¸n se
gl¸ssa mhqan c kai eis�gete orismènouc stoiqei¸deic rhtoÔc arijmoÔc ìpwc to
1
3

= .3333333333333333 . . . ja deÐte ìti den anaparÐstatai akrib¸c, all� katalam-
b�nei ìla ta diajèsima shmantik� yhfÐa3 me thn morf  0.010101010101 . . .. A-
nagkastik� to prìtupo binary64 ja proseggÐsei ton arijmì me b�sh to teleutaÐo
shmantikì yhfÐo tou. EÐjistai autì na gÐnetai me stroggulopoÐhsh (rounding)
proc ton plhsièstero akèraio me ton kanìna tou ‘5’, dhl. otid pote eÐnai <5
gÐnetai 0 kai otid pote eÐnai ≥ 5 gÐnetai 10, dhl. aux�netai o arijmìc sto epìme-
no dekadikì yhfÐo. E�n t = 8 kai eÐmaste sto dekadikì sÔsthma tìte o arijmìc
+0.123456784→ +0.12345678, en¸ o arijmìc +0.123456785→ +0.12345679.

K�je arijmìc x pou kat' apìluto tim  brÐsketai sto di�sthma
[
.1 · βL, βU

]
proseggÐzetai apì ton plhsièstero se autìn diajèsimo arijmì mhqan c, sumbolik�
fl(x). To sqetikì sf�lma aut c thc prosèggishc mporeÐ na deiqjeÐ ìti eÐnai:

|εx| =
∣∣∣∣fl(x)− x

x

∣∣∣∣ ≤ 1

2
β1−t (2)

blèpe AkrÐbhc & Dougal c (2005)   Stoer & Bulirsch (2002). EpÐshc mporoÔme
na apokìptoume ta dekadik� yhfÐa pou �perisseÔoun�, opìte ènac arijmìc strog-
guleÔetai ston plhsièstero arjmì mhqan c kai tìte to sqetikì sf�lma eÐnai:

|εx| =
∣∣∣∣fl(x)− x

x

∣∣∣∣ ≤ β1−t (3)

OrÐzoume thn posìthta monadiaÐo sf�lma stroggÔleushc wc ex c:

u =

{
1
2
β1−t stroggÔleush

β1−t apokop 
(4)

Me ìlouc touc parap�nw orismoÔc, an jewr soume thn pr�xh *, o arijmìc
mhqan c pou ja prokÔyei sto tèloc k�nontac thn pr�xh x ∗ y ston upologist  ja
eÐnai z = fl(fl(x) ∗ fl(y)).

3
Πηγαίνετε στο πλαίσιο “Significand” του “Double precision (64 bits)” και πολλαπλασιάστε

τον αριθμό με 2−2
όπου −2 ο εκθέτης.
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Par�deigma 1.1. Ac jewr soume ènan upologist  ìpou β = 10, t = 3 kai touc
arijmoÔc mhqan c x = 1 = .1 · 10+1, y = .003 = 3 · 10−3 = .3 · 10−2, z = .004 =
4 · 10−3 = .4 · 10−2. Tìte èqoume ìti y + z = .7 · 10−2 = 7 · 10−3 = .007, �ra
x+(y+z) = 1.007 = .101 ·10+1 = 1.01, lìgw stroggÔleushc tou 7 proc ta p�nw.
'Omwc èqoume akìmh ìti: x+y = 1.003 = .100 ·10+1 = 1.00, lìgw stroggÔleushc
tou 3 proc ta k�tw, �ra (x+y)+z = 1.003 = 1.00 6= x+ (y + z), dhl. h prìsjesh
paÔei na eÐnai prosetairistik .

Perissìtera paradeÐgmata p�nw sta �par�doxa� twn arijm¸n mhqan c mporeÐte
na breÐte sta agglik� k�nontac klik ki ed¸.

MporoÔme na upologÐsoume ta sf�lmata stroggÔleushc stic basikèc pr�xeic
kai na ta sugkrÐnoume me to u, dhl. to monadiaÐo sf�lma stroggÔleushc. Tìte
èqoume sunoptik� ta akìlouja sumper�smata:

1. Pollaplasiasmìc   DiaÐresh
Ston pollaplasiasmì   sthn diaÐresh dÔo arijm¸n to sqetikì sf�lma pou
prokÔptei eÐnai mikrìtero   Ðso tou 3u.

2. Prìsjesh omos mwn arijm¸n
Sthn prìsjesh omos mwn arijm¸n to sqetikì sf�lma eÐnai mikrìtero   Ðso
tou 2u.

3. Prìsjesh eteros mwn arijm¸n (afaÐresh)
Sthn prìsjesh eteros mwn arijm¸n to sqetikì sf�lma eÐnai mikrìtero  

Ðso tou |x|+|y||x+y| 2u.

Blèpoume loipìn ìti se k�je perÐptwsh pou ja qreiasteÐ na k�noume afaÐresh
arijm¸n arket� kontin¸n metaxÔ touc, epeid  tìte |x+ y| ≈ 0, to anwtèrw kl�-
sma tou sqetikoÔ sf�lmatoc gÐnetai polÔ meg�lo, me apotèlesma thn ap¸leia  
katastrof  thc ìpoiac akrÐbeiac. Ac upojèsoume ìti k�poioc jèlei na k�nei thn
pr�xh

√
x−√y me x ≈ y. Pwc ja apofÔgoume to meg�lo sf�lma pou prokÔptei ;

Par�deigma 1.2. OrÐste sto MATLAB touc arijmoÔc x = 10025.01562 =
(100.1252) , y = 10024.81538 = (100.1242), opìte profan¸c

√
x −√y = 0.001 =

1. · 10−3 kai dokim�ste na breÐte to apotèlesma.

Mìlic k�nete thn pr�xh sto MATLAB brÐskete:
√
x−√y = 9.999550559882664 · 10−4

Ac pollaplasi�soume kai diairèsoume me thn �suzug  posìthta�
√
x +
√
y kai ac

upologÐsoume:

√
x−√y =

x− y√
x+
√
y

= 9.999550559808786 · 10−4
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Dhlad  èqoume mÐa oriak  beltÐwsh thc akrÐbeiac apì to 10o dekadikì yhfÐo kai
met�.
E�n k�noume tic antÐstoiqec pr�xeic sto Mathimatica brÐskoume:

√
x−√y = 0.0009999550559882664

√
x−√y =

x− y√
x+
√
y

= 0.0009999550559808789

Ta apotelèsmata eÐnai sqedìn Ðdia. Gia na apofÔgoume autì to sf�lma sto Math-
imatica prèpei na metatrèyoume touc arijmoÔc se rhtoÔc kai katìpin na k�noume
sumbolik� pr�xeic me apìluth akrÐbeia:

x =

(
100 +

125

1000

)2

=
641601

64

y =

(
100 +

124

1000

)2

=
626550961

62500

√
x−√y =

1

1000
= 0.001

To tèqnasma thc metatrop c se rhtì prèpei na efarmìsoume gia na k�noume me
apìluth akrÐbeia thn Ðdia pr�xh kai sta progr�mmata Axiom 4 kai wxMaxima 5.
E�n qrhsimopoi soume to Maple 6 tìte mporoÔme na èqoume �mesa to apìluta
akribèc apotèlesma, qwrÐc na qreiasteÐ pr¸ta na metatrèyoume touc arijmoÔc x, y
se rhtoÔc.

1.2.2 To prìblhma thc anapar�stashc enìc dekadikoÔ arijmoÔ
apì ton plhsièstero rhtì

E�n qrhsimopoi soume sto MATLAB thn entol  >>format rat ¸ste na metatrè-
youme touc arijmoÔc se rhtoÔc ja èqoume:

x = 10025.01562 =
641601

64

y = 10024.81538 =
110273

11
√
x−√y =

22

22001
= 9.999550559882664 · 10−4

Dhlad  den kerdÐsame tÐpota se akrÐbeia. EpÐshc eÐdame ìti to MATLAB den ka-
t�fere na k�nei me akrÐbeia pr�xeic apl¸n rht¸n, ìpwc o upologismìc tou arijmoÔ

4
Ελεύθερο λογισμικό, μπορείτε να το ‘κατεβάσετε’ από εδώ ή εδώ, ανάλογα με το λειτουργικό

που χρησιμοποιείτε.
5
Ελεύθερο λογισμικό, μπορείτε να το ‘κατεβάσετε’ από εδώ.

6
Σήμα κατατεθέν της Waterloo Maple Inc., Waterloo, Ontario, CANADA.
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y anwtèrw, k�nontac m�lista èna apìluto sf�lma:

∣∣y(mat) − y
∣∣ =

∣∣∣∣110273

11
− 626550961

62500

∣∣∣∣ =
1929

687500
= 0.002805818182

Se autì to shmeÐo ac sugkrÐnoume to MATLAB me èna prìgramma pou eÐnai
�kl¸noς� tou kai lègetai Octave7. K�nontac tic Ðdiec pr�xeic to apotèlesma eÐnai
pio akribèc, dedomènou ìti to sf�lma eÐnai treic t�xeic megèjouc mikrìtero:

∣∣y(oct) − y
∣∣ =

∣∣∣∣651613

65
− 626550961

62500

∣∣∣∣ =
7

812500
= 0.000008615385

Prìkeitai �rage gia k�poio software bug, dhlad  gia sf�lma   astoqÐa tou phgaÐ-
ou k¸dika tou MATLAB   èqoume k�poia astoqÐa tou protÔpou IEEE 754-2008 /
binary64 ; Gia na apant soume se autì to er¸thma ja p�me xan� sto diadiktuakì
ergaleÐo metatrop c dekadik¸n se duadikoÔc arijmoÔc kai ja doÔme ìti:

100.125 = 64 + 32 + 4 + 125
1000

= 801
8

= 26 + 25 + 22 + 1
8

= 26 + 25 + 22 + 2−3

100.125 = (1100100.0010000000000000000000000000000000000000000000)2

100.124 = (1100100.0001111110111110011101101100100010110100001110)2

E�n p�roume t¸ra aut n thn duadik  anapar�stash, k�noume tic pr�xeic gia
ìlec tic dun�meic tou 2 pou èqoun suntelest  1 kai ajroÐsoume blèpoume ìti oi
arijmoÐ èqoun thn rht  prosèggish:

100.125 = 801
8

100.124 = 3522800071022215
35184372088832

To deÔtero apotèlesma se opoiad pote efarmog    prìgramma kai an to upo-
logÐsoume ja d¸sei akrib¸c 100.124. H diafor� twn rht¸n proseggÐsewn eÐnai
gia ta dÔo progr�mmata:∣∣∣(100.125)(mat) − (100.125)

∣∣∣ =

∣∣∣∣12115

121
− 3522800071022215

35184372088832

∣∣∣∣
=

140737488335

4257309022748672
= .00003305785123∣∣∣(100.124)(oct) − (100.124)

∣∣∣ =

∣∣∣∣25031

250
− 3522800071022215

35184372088832

∣∣∣∣
=

21

4398046511104000
= .4774847184 · 10−14

7
Ελεύθερο λογισμικό το οποίο μπορείτε να ‘κατεβάσετε’ από εδώ με κλικ και ‘αποθήκευση’.
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MporoÔme na k�noume ènan genikìtero èlegqo gia ton trìpo me ton opoÐo to
MATLAB   to Octave metatrèpoun aploÔc arijmoÔc se rhtoÔc. DhmiourgoÔme
touc arijmoÔc:

xi = 100 +
100 + i

1000
, i = 1, 2, . . . , 30 (5)

Ston PÐnaka 1 faÐnontai oi arijmoÐ xi kaj¸c kai oi antÐstoiqec proseggÐseic touc.

An upologÐsoume thn mèsh tim  kai thn tupik  apìklish twn laj¸n

e
(mat)
i = xi − x(mat)

i kai e(oct)
i = xi − x(oct)

i èqoume ìti:

e(mat) = −.1950433939 · 10−5, σ(mat) = 0.00004089444627
e(oct) = −.4256585548 · 10−5, σ(oct) = 0.00002144390164

E�n k�noume to endeiknuìmeno statistikì F-test blèpoume ìti aporrÐptetai h mh-
denik  upìjesh thc isìthtac twn diakum�nsewn se epÐpedo statistik c shman-
tikìthtac 0.08%, epomènwc pr�gmati h diaspor� sf�lmatoc tou MATLAB eÐnai
megalÔterh apì thn diaspor� sf�lmatoc tou Octave.
EpÐshc k�nontac to statistikì t-test blèpoume ìti gÐnetai dekt  h mhdenik  upì-
jesh thc isìthtac twn mèswn tim¸n (to sf�lma tÔpou α eÐnai 78.5%), epomènwc
pr�gmati h mèsh tim  sf�lmatoc tou MATLAB eÐnai Ðsh me thn mèsh tim  sf�lma-
toc tou Octave.
E�n antÐ gia touc arijmoÔc xi thc 5 eÐqame epilèxei touc arijmoÔc:

yi = 100 +
96 + 2i

210
, i = 0, 1, . . . , 29 (6)

oi opoÐoi eÐnai �jroisma dun�mewn tou 2, dhl. anaparÐstantai akrib¸c sto duadikì
sÔsthma, �ra den up�rqei sf�lma8 sto prìtupo IEEE 754-2008 / binary64 , ja
èprepe na èqoume mhdenikì sf�lma sta progr�mmat� mac, pr�gma pou epitugq�netai
mìnon sto Octave, ìpwc faÐnetai ston PÐnaka 2.

Katal goume loipìn sto sumpèrasma ìti o trìpoc pou qrhsimopoieÐ eswterik�
to MATLAB gia na metatrèyei ènan dekadikì ston plhsièstero rhtì den eÐnai
akrib c, diìti adunateÐ na parast sei rhtoÔc pou ekfr�zontai akrib¸c sto prì-
tupo IEEE 754-2008 / binary64 me apìluth akrÐbeia sto dikì tou perib�llon
ergasÐac. To Octave apì thn �llh pleur�, molonìti den eÐnai p�nta akribèc stouc
rhtoÔc, entoÔtoic anaparist� p�nta touc akribeÐc rhtoÔc arijmoÔc mhqan c me a-
pìluth akrÐbeia sto perib�llon ergasÐac tou.
Bèbaia, to telikì apotèlesma den eÐnai arket� diaforetikì, all� prèpei p�nta na
eÐmaste prosektikoÐ sto mègejoc tou sf�lmatoc stroggÔleushc sta endi�mesa
st�dia, diìti to fainìmeno thc apìsbeshc sf�lmatoc (error damping) den eÐmaste
sÐgouroi ìti èqei pragmatopoihjeÐ sthn akoloujÐa pr�xewn mhqan c pou exet�-
zoume k�je for�. H sÔgkrish twn apotelesm�twn twn dÔo programm�twn faÐnetai

8
Μπορείτε να εξηγήσετε γιατί ;
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PÐnakac 1: H anapar�stash twn rht¸n arijm¸n xi = 100 + 100+i
1000

, i = 1, . . . , 30

xi x
(mat)
i x

(oct)
i xi − x(mat)

i xi − x(oct)
i

100101
1000

9910
99

9910
99

− 1
99000

− 1
99000

50051
500

4905
49

50051
500

− 1
24500

0
100103
1000

6807
68

23324
233

1
17000

− 1
233000

12513
125

12513
125

12513
125

0 0
20021
200

20021
200

20021
200

0 0
50053
500

6607
66

50053
500

− 1
16500

0
100107
1000

24326
243

24326
243

1
243000

1
243000

25027
250

25027
250

25027
250

0 0
100109
1000

5506
55

21123
211

− 1
11000

− 1
211000

10011
100

10011
100

10011
100

0 0
100111
1000

100111
1000

901
9

0 − 1
9000

12514
125

12514
125

12514
125

0 0
100113
1000

6207
62

17720
177

3
31000

1
177000

50057
500

11413
114

50057
500

− 1
28500

0
20023
200

8710
87

20023
200

1
17400

0
25029
250

6908
69

25029
250

1
17250

0
100117
1000

9411
94

54764
547

− 1
47000

− 1
547000

50059
500

16119
161

50059
500

− 1
80500

0
100119
1000

4205
42

47957
479

− 1
21000

1
479000

2503
25

2503
25

2503
25

0 0
100121
1000

15719
157

28134
281

−3
157000

1
281000

50061
500

4105
41

50061
500

1
20500

0
100123
1000

6508
65

18723
187

− 1
13000

1
187000

25031
250

12115
121

25031
250

1
30250

0
801
8

801
8

801
8

0 0
50063
500

12716
127

50063
500

1
63500

0
100127
1000

6308
63

6308
63

1
63000

1
63000

12516
125

12516
125

12516
125

0 0
100129
1000

3104
31

3104
31

− 1
31000

− 1
31000

10013
100

10013
100

10013
100

0 0
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PÐnakac 2: H anapar�stash twn rht¸n arijm¸n yi = 100 + 96+2i
210

, i = 0, . . . , 29

yi y
(mat)
i y

(oct)
i yi − y(mat)

i yi − y(oct)
i

3203
32

3203
32

3203
32

0 0
51249
512

9409
94

51249
512

− 1
24064

0
25625
256

4104
41

25625
256

1
10496

0
51251
512

26126
261

51251
512

− 1
133632

0
12813
128

12813
128

12813
128

0 0
51253
512

2903
29

51253
512

1
14848

0
25627
256

25627
256

25627
256

0 0
51255
512

12113
121

51255
512

− 1
61952

0
6407
64

6407
64

6407
64

0 0
51257
512

51257
512

51257
512

0 0
25629
256

5306
53

25629
256

1
13568

0
51259
512

26931
269

51259
512

− 1
137728

0
12815
128

12815
128

12815
128

0 0
51261
512

4205
42

51261
512

1
10752

0
25631
256

25631
256

25631
256

0 0
51263
512

6508
65

51263
512

− 1
33280

0
801
8

801
8

801
8

0 0
51265
512

6308
63

51265
512

− 1
32256

0
25633
256

25633
256

25633
256

0 0
51267
512

10714
107

51267
512

1
54784

0
12817
128

12817
128

12817
128

0 0
51269
512

14119
141

51269
512

1
72192

0
25635
256

11716
117

25635
256

− 1
29952

0
51271
512

13719
137

51271
512

− 1
70144

0
6409
64

6409
64

6409
64

0 0
51273
512

51273
512

51273
512

0 0
25637
256

8312
83

25637
256

− 1
21248

0
51275
512

15723
157

51275
512

− 1
80384

0
12819
128

12819
128

12819
128

0 0
51277
512

13320
133

51277
512

1
68096

0
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sto 1.
Ektìc apì thn anwtèrw perÐptwsh h opoÐa ousiastik� anafèretai se arnhtikèc

(αʹ) MATLAB (βʹ) Octave

Sq ma 1: SÔgkrish apl¸n pr�xewn rht¸n se MATLAB kai Octave.

dun�meic tou 2, mporeÐte na beÐte k�poia �llh perÐptwsh gia thn opoÐa na up�rqei
pl rhc anapar�stash apì to Octave all� ìqi apì to MATLAB; E�n breÐte, tìte
mhn dist�sete na epikoinwn sete me ton gr�fonta9, ¸ste na up�rxei plhrèsterh
diereÔnhsh tou jèmatoc.

1.2.3 H di�dosh (propagation) tou sf�lmatoc stroggÔleushc

Endiaferìmaste na exet�soume pwc �metadÐdetai� to sf�lma stroggÔleushc twn
arijm¸n pou summetèqoun se mÐa seir� apì pr�xeic mhqan c. EÐdame ìti den isqÔei
h prosetairistik  idiìthta sthn prìsjesh arijm¸n mhqan c. Parak�tw ja doÔme
analutik� pwc mporeÐ na exhghjeÐ kai autì to fainìmeno. E�n èqoume mÐa sun�r-
thsh n metablht¸n f (x1, x2, . . . , xν) tìte gnwrÐzoume ìti h metabol  thc mporeÐ
proseggistik� na parastajeÐ wc:

∆f ≈ ∂f

∂x1

dx1 +
∂f

∂x2

dx2 + . . .+
∂f

∂xν
dxν (7)

9
Δημήτριος Θ. Χριστόπουλος, dchristop@econ.uoa.gr
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K�je par�stash pou prèpei na upologisteÐ me arijmoÔc mhqan c thn jewroÔme wc
sun�rthsh poll¸n metablht¸n kai orÐzoume san apìluto sf�lma ∆f thn diafor�
fl(f)− f   |fl(f)− f |.
Wc sqetikì sf�lma εf orÐzoume to phlÐko fl(f)−f

f
 
∣∣∣fl(f)−f

f

∣∣∣, sun jwc ekfrasmèno
wc posostì %.
EpÐshc mporoÔme na apodeÐxoume, all� den eÐnai skìpimo na to k�noume ed¸ 10, ìti
gia to sqetikì sf�lma thc anwtèrw sun�rthshc èqoume ìti:

εf ≈
ν∑
i=1

xi
f

∂f

∂xi
εxi =

x1

f

∂f

∂x1

εx1 +
x2

f

∂f

∂x2

εx2 + . . .+
xν
f

∂f

∂xν
εxν (8)

Par�deigma 1.3. San genikì par�deigma jewroÔme ton upologismì twn riz¸n
thc deuterob�jmiac exÐswshc :

1

2
x2 + βx− 1

2
γ = 0 (9)

Oi rÐzec thc 9 eÐnai:

ρ1 = −β +
√
β2 + γ

ρ2 = −β −
√
β2 + γ

(10)

Jewr¸ntac thn sun�rthsh:

f (α, β) = −β +
√
β2 + γ (11)

UpologÐzoume to apìluto sf�lma gia thn rÐza ρ1:

∆f =

(
−1 +

β√
β2 + γ

)
dβ +

(
1

2
√
β2 + γ

)
dγ (12)

Apì thn morf  tou sf�lmatoc 12 parathroÔme ìti ja èqoume sÐgoura prìblhma
ìtan isqÔei γ ≈ −β2. UpologÐzoume kai to sqetikì sf�lma thc arijmhtik c
prosèggishc gia thn rÐza ρ1:

εf =

(
−β√
β2 + γ

)
εβ +

 γ

2
(
−β +

√
β2 + γ

)√
β2 + γ

 εγ

=
−β√
β2 + γ

εβ +
β +

√
β2 + γ

2
√
β2 + γ

εγ

(13)

lìgw kai thc 11. Epomènwc p�li èqoume prìblhma akrÐbeiac ìtan γ ≈ −β2.

10
Ο παρατηρητικός αναγνώστης ας προσέξει ότι ο τύπος που γράψαμε δεν είναι τίποτα άλλο

παρά ένα άθροισμα ελαστικοτήτων ως προς όλες τις μεταβλητές.
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Par�deigma 1.4. Na melethjeÐ h pr�xh f(x, y) = x+y+z wc proc thn di�dosh
tou sqetikoÔ sf�lmatoc twn x, y, z.
'Eqoume ìti f(x, y, z) = x + y + z kai to sqetikì sf�lma di�doshc upologÐzetai
eÔkola:

εf =
x

x+ y + z
εx +

y

x+ y + z
εy +

z

x+ y + z
εz (14)

Apì thn morf  14 blèpoume ìti k�je for� pou ènac prosjetèoc eÐnai meg�loc
sqetik� me to sunolikì �jroisma, tìte to sf�lma tou antÐstoiqou prosjetèou
megenjÔnetai sto telikì sf�lma. Gi autì to lìgo prèpei na apofeÔgoume na pro-
sjètoume polÔ meg�louc me polÔ mikroÔc arijmoÔc.
Lìgw autoÔ tou gegonìtoc ermhneÔetai kai to meg�lo sf�lma pou eÐdame na k�nei

to MATLAB ston upologismì tou rhtoÔ y =
(
100 + 124

1000

)2
sthn prohgoÔmenh

upo-enìthta 1.2.1.
EpÐshc t¸ra mporoÔme na ermhneÔsoume kai thn mh Ôparxh thc prosetairistikì-
thtac sthn prìsjesh arijm¸n mhqan c. E�n x + y >> z kai o ìroc x + y èqei
autotel¸c meg�lo sf�lma stroggÔleushc, tìte to sqetikì af�lma di�doshc sto
sf�lma thc pr�xhc (x + y) + z ja eÐnai x+y

x+y+z
εx+y + z

x+y+z
εz kai mporeÐ na eÐnai

megalÔtero apì to x
x+y+z

εx + y+z
x+y+z

εy+z pou antistoiqeÐ sthn pr�xh x+ (y + z).
To �llo sumpèrasma pou prokÔptei eÐnai ìti prèpei panta na k�noume thn prì-
sjesh tou mikrìterou me ton megalÔtero arijmì ki ìqi to antÐstrofo, giatÐ tìte
to telikì sf�lma eÐnai mikrìtero. Se èna �jroisma poll¸n prosjetèwn loipìn,
o algìrijmoc pou ja prèpei na anaptÔxoume ja eÐnai tètoioc ¸ste na k�nei tic
prìsjèseic se aÔxousa seir� twn prosjetèwn kai ìqi se fjÐnousa seir�.
Anakefalai¸nontac parajètoume sugkentrwtik� touc kanìnec pou prèpei na ako-
loujoÔntai ¸ste na na up�rqoun oi mikrìterec dunatèc ap¸leiec akrÐbeiac.

GenikoÐ Kanìnec qeirismoÔ arijm¸n mhqan c.

1. QrhsimopoioÔme algebrikèc tautìthtec, teqn�smata kaj¸c kai trigwnome-
trikèc tautìthtec gia na metatrèyoume mÐa afaÐresh se sunduasmì �llwn
pr�xewn.

2. ApofeÔgoume na prosjètoume ènan meg�lo me ènan mikrì arijmì.

3. 'Otan èqoume na upologÐsoume èna �jroisma, anadiat�ssoume touc ìrouc
ètsi ¸ste h prìsjesh na gÐnetai me auxanìmenouc prosjetèouc.

4. 'Otan jèloume na lÔsoume èna prìblhma se èna plègma arijm¸n, frontÐzou-
me oi arijmoÐ autoÐ na eÐnai parast�simoi me apìluth akrÐbeia sto duadikì
sÔsthma.

5. 'Otan sqedi�zoume ènan algìrijmo lamb�noume upìyin mac ìlec tic anwtèrw
parathr seic.
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Genikìtera an jewr soume tic pr�xeic mhqan c f(x, y) pou akoloujoÔn kai upo-
logÐsoume to sqetikì sf�lma, ja èqoume ton PÐnaka 3 apì ton opoÐo blèpoume
ìti h mình pr�xh pou praktik� mporeÐ na katastrèyei thn sunolik  akrÐbeia enìc
algorÐjmou pr�xewn mhqan c eÐnai h prìsjesh. E�n p�roume apìlutec timèc, tìte
gia thn prosjesh èqoume ìti:

|εf | ≤
∣∣∣∣ x

x+ y

∣∣∣∣ |εx|+ ∣∣∣∣ y

x+ y

∣∣∣∣ |εy|
E�n o ènac prosjetèoc eÐnai mikrìc men se sÔgkrish me ton �llo, èqei meg�lo
sqetikì sf�lma ìmwc, tìte eÐnai dunatìn na èqoume apaloif  sf�lmatoc error
damping, sto sunolikì apotèlesma. E�n ìmwc prosjètoume arijmoÔc me diafo-
retikì prìshmo, dhl. k�noume afaÐresh, tìte up�rqei meg�lh pijanìthta o ìroc
x + y stouc paronomastèc na gÐnei polÔ meg�loc ki ètsi na up�rxei shmnantik 
ap¸leia akrÐbeiac se mÐa kai mìnon pr�xh.

f (x, y) εf

x · y εx + εy

x/y εx − εy
√
x 1

2
εx

x± y x
x±y εx ±

y
x±y εy (x± y 6= 0)

PÐnakac 3: Sqetikì sf�lma di�doshc basik¸n pr�xewn arijm¸n mhqan c

1.3 H Sumbolik  Upologistik  'Algebra

To 1954 emfanÐsthke apì thn IBM11 h arqaiìterh gl¸ssa programmatismoÔ, h
FORmulaTRANslation h opoÐa exakoloujeÐ na uposthrÐzetai akìmh. 'Enan qrì-
no met� �rqise na dhmiourgeÐtai sta plaÐsia enìc progr�mmatoc ulopoÐhshc para-
g¸gishc sunart sewn mèsw upologist  h ìqi kai tìso gnwst  gl¸ssa program-
matismoÔ LIStProcessing (LISP). H ulopoÐhsh thc pr¸thc èkdoshc xekÐnhse to
1958 mèsa apì to prìgramma Teqnht c NohmosÔnhc tou PanepisthmÐou M.I.T.12.
Prìkeitai basik� gia mÐa gl¸ssa pou qeirÐzetai Domèc List¸n me perieqìmeno eÐte
arijmhtikì eÐte alfabhtikì, h opoÐa mporeÐ na orÐzei kai na diaqeirÐzetai anadromi-
kèc sunart seic.

'Ena par�deigma, to opoÐo brÐsketai ed¸, me ton k¸dika (arister�) kai to apo-
tèlesma (dexi�) eÐnai autì pou akoloujeÐ:

11International Business Machines, Armonk, New York, USA.
12Massachusetts Institute of Technology, Cambridge, Massachusetts, U.S.A..
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(PLUS X (TIMES 3 Y) Z) → x+ 3y + z

'Ena apì ta pr¸ta progr�mmata pou proèkuyan apì thn efarmog  aut c thc
gl¸ssac  tan to Reduce to 1970, to opoÐo apì to 2008 eÐnai eleÔjero logismikì.
To 1971 xekÐnhse thn stadiodromÐa tou kai to Axiom, to opoÐo ègine eleÔjero
logismikì to 2001. P�li apì to M.I.T. sta tèlh thc dekaetÐac tou '60 èqoume thn
emf�nish tou DOE Macsyma, to opoÐo eÐnai o koinìc prìgonoc twn Mathimatica
kai Maple. Met� to 1998 od ghse sto eleÔjero logismikì Maxima, to opoÐo
uposthrÐzetai plèon wc wxMaxima. Akìmh pio analutik  parousÐash gia thn
gl¸ssa LISP mporeÐ kaneÐc na brei ed¸.

Prèpei na tonÐsoume ìti molonìti ìla ta emporik� Sust mata Upologistik c
'Algebrac (Computer Algebra Systems - CAS) èqoun thn rÐza touc se efar-
mogèc pou anaptÔqjhkan se LISP, entoÔtoic s mera eÐnai grammèna kat� to mega-
lÔtero mèroc touc se gl¸ssa programmatismoÔ C,C++. Gia par�deigma to Math-
imatica, ìpwc anafèretai ed¸, eÐnai grammèno perÐpou kat� 50% apì C,C++,LISP,
(gl¸ssa Mathimatica + algebrikoÐ upologismoÐ), en¸ to upìloipo 50% eÐnai to
legìmeno perib�llon Grafik c AllhlepÐdrashc Qr sth (Graphical User Interface
- GUI), to opoÐo eÐnai grammèno se gl¸ssa Mathimatica kai se JAVA13. To Maple
eÐnai qwrismèno se dÔo perib�llonta, to legìmeno klassikì fÔllo ergasÐac, to
opoÐo �trèqei� se C kai to tupikì fÔllo ergasÐac to opoÐo erg�zetai me JAVA.

To MATLAB mèqri to 2008 eÐqe enswmatwmèno pur na (kernel) tou Maple gia
na uposthrÐzei to legìmeno �KoutÐ ErgaleÐwn Sumbolik¸n� upologism¸n, dhlad 
to “Symbolics Toolbox”, all� èktote agìrase to MuPad, aporrìfhse thn etaireÐa
pou to par gage kai t¸ra plèon oi sumbolikoÐ upologismoÐ sto MATLAB gÐnontai
me to MuPad.

Ektìc apì th dunatìthta sumbolik¸n pr�xewn ìpwc a + a = 2a, ìla ta pro-
gr�mmata CAS èqoun ìpwc  dh parathr same thn legìmenh arijmhtik  oiasd pote
akrÐbeiac (arbritrary - precision arithmitic)   �peirhc akrÐbeiac arijmhtik  (infini-
te - precision arithmetic), dhl. mporoÔme na k�noume pr�xeic me oiad pote akrÐbeia
dekadik¸n yhfÐwn epijumoÔme, arkeÐ na diajètoume epark  upologistik  isqÔ kai
qrìno. Shmantikèc parathr seic:

• 'Ola ta progr�mmata CAS apofeÔgoun na metatrèpoun �mesa �rrhtouc arij-
moÔc, ìpwc l.q. π, e,

√
2   mh rhtèc sunart seic, p.q. sin(1), e−1, ln(2) se

arijmoÔc kinht c upodiastol c, all� dÐnoun to apotèlesma san sun�rthsh
aut¸n.

• EpafÐetai katìpin ston qr sth na zht sei dekadik  anapar�stash me ìsa
dekadik� yhfÐa epijumeÐ ekeÐnoc.

Gia par�deigma an gr�youme sto Mathimatica:

13
Σήμα που ανήκει σήμερα στην Oracle Corporation , Redwood Shores, California, USA
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Sin[2*Pi*Sqrt[3]] + Exp[-5]*Log[7]

autì ja d¸sei to akribèc algebrikì apotèlesma:

Log[7]

e5
+ Sin

[
2
√

3π
]

An ìmwc gr�youme:

Sin[2*Pi*Sqrt[3]] + Exp[-5]*Log[7] // N

autì ja d¸sei to proseggistikì arijmhtikì apotèlesma:

-0.980536

Up�rqoun dÔo meg�lec oikogèneiec pakètwn logismikoÔ ta opoÐa k�noun sum-
bolikèc pr�xeic:

• Ta legìmena emporik� pakèta, ta opoÐa pwloÔntai wc proðìnta logismikoÔ
kai sun jwc diajètoun kai mÐa foithtik  èkdosh me meiwmènh tim . Sun -
jwc den epidèqontai allagèc ston phgaÐo k¸dik� touc. Merik  dunatìthta
epèmbashc up�rqei sto Maple. Se aut n thn kathgorÐa xeqwrÐzoun ta pro-
gr�mmata Mathimatica kai Maple.

• Ta legìmena �eleÔjera progr�mmata�   alli¸c �logismikì anoiqtoÔ k¸dika�,
ta opoÐa diatÐjentai qwrÐc qrèwsh mèsw diadiktÔou kai epidèqontai allagèc
ston phgaÐo k¸dik� touc. Se aut n thn kathgorÐa xeqwrÐzoun to wxMaxima
(to opoÐo uposthrÐzei kai ellhnikì perib�llon ergasÐac) kai to Sage14. To
teleutaÐo pollèc forèc antagwnÐzetai se taqÔthta ta emporik� progr�mmata,
all� eÐnai kurÐwc grammèno gia to leitourgikì sÔsthma Linux15 kai den eÐnai
tìso filikì me ta Windows16

Perissìterec leptomèreiec gia ta Sust mata Upologistik c 'Algebrac (CAS)
kaj¸c epÐshc kai mÐa sÔgkrish metaxÔ touc mporeÐte na breÐte ed¸. Telei¸nontac
thn sunoptik  parousÐash twn (CAS) anafèroume ta basik� pleonekt mat� touc
ènanti twn paradosiak¸n porgramm�twn arijmhtik c kinht c upodiastol c.

14
Ελεύθερο λογισμικό, μπορείτε να το ‘κατεβάσετε’ από εδώ.

15
Σήμα κατατεθέν του Φινλανδού Linus Torvalds.

16
Σήμα κατατεθέν της Microsoft Corporation, Redmond, Washington, USA.
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Pleonekt mata twn Susthm�twn Upologistik c 'Algebrac
(CAS)

1. EÐnai ikan� na k�noun pr�xeic rht¸n arijm¸n me apìluth akrÐbeia.

2. Up�rqei h dunatìthta epilog c thc epijumht c akrÐbeiac dekadik¸n yhfÐwn
stouc �rrhtouc arijmoÔc, p.q. to π = 3.1415926253 . . . me ìsa dekadik�
yhfÐa epijumoÔme.

3. Dunatìthta sumbolik¸n pr�xewn,p.q. x+ x = 2x,
∫
xdx = x2

2
.

4. MporoÔn na lÔsoun akrib¸c sÔnjeta majhmatik� probl mata, p.q. Diafo-
rikèc Exis¸seic.

To meg�lo pleonèkthma bèbaia twn programm�twn arijmhtik c kinht c upo-
diastol c ìpwc to MATLAB eÐnai h taqÔthta epexergasÐac meg�lou megèjouc
arijmhtik¸n pin�kwn, k�ti pou eÐnai idiaÐtera qr simo sthn epexrgasÐa eikìnac,
 qou kai opoud pote jèloume na epexergastoÔme meg�lo ìgko dedomènwn. Autìc
eÐnai kai o lìgoc pou akìma kai ta (CAS) ìpwc to Maple l.q. èqoun anaptÔxei
perib�llon diasÔndeshc me to MATLAB gia thn taqÔtath ulopoÐhsh metasqhma-
tism¸n ìpwc o TaqÔc Metasqhmatismìc Fourier - (F.F.T.).

Tèloc, èna apì ta dunat� shmeÐa tou pl rouc pakètou MATLAB eÐnai h ika-
nìthta diasÔndeshc tou progr�mmatoc me k�je eÐdouc perifereiak�: mikrìfwna,
k�merec, hlektronik� mikroskìpia kai k�je eÐdouc hlektronik� episthmonik� ìr-
gana. Me autìn ton trìpo kai thn qr sh tou kat�llhlou “Toolbox” eÐnai dunat 
h eisagwg , epexergasÐa kai montelopoÐhsh tautìqrona me èna prìgramma.
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1.4 Ask seic

1. Eis�gete sto MATLAB èqontac format rat touc rhtoÔc arijmoÔc:

p = 100 +
24

1000
= 100.024, p = 100 +

23

1000
= 100.023

kai k�nete tic pr�xeic p + q, p − q, pq, p
q
. UpologÐste ta apìluta sf�lmata

twn �nw pr�xewn, èqontac k�nei me to qèri   me èna CAS tic pr�xeic me
apìluth akrÐbeia. Ti parathreÐte; Pwc exhgeÐte to gegonìc ìti to MATLAB
anaparèsthse swst� mìnon ton p;.

2. GnwrÐzoume ìti h parak�tw seir� MacLaurin gia thn ekjetik  sun�rthsh:

e−x = 1− x+
1

2
x2 − 1

6
x3 +

1

24
x4 − 1

120
x5 +

1

720
x6 − 1

5040
x7 + . . .

sugklÐnei sthn pragmatik  tim  tou e−x gia k�je pragmatikì arijmì x kai
jèloume na upologÐsoume ton arijmì e−5 paÐrnontac touc anwtèrw 8 pr¸touc
ìrouc thc. Na k�nete tic pr�xeic me to MATLAB kai na sugkrÐnete to
apotèlesma me thn tim  exp(−5) tou Ðdiou progr�mmatoc. Katìpin na k�nete
tic pr�xeic gia x = 5 sthn akìloujh isodÔnamh par�stash:

e−x =
1

ex
=

1

1 + x+ 1
2
x2 + 1

6
x3 + 1

24
x4 + 1

120
x5 + 1

720
x6 + 1

5040
x7 + . . .

MporeÐte na exhg sete giatÐ t¸ra to apotèlesma eÐnai kont� sto pragmatikì;

3. Qrhsimopoi¸ntac pr¸ta fromat rat ki èpeita fromat long e na per�sete sto
MATLAB touc parak�tw rhtoÔc arijmoÔc:

α = 1063 +
431

1201
, β = 10 +

225

100000
, γ = 17 +

333

10007

Na k�nete tic pr�xeic me apìluth akrÐbeia kai na sugkrÐnete autì pou br kate
me thn èxodo tou MATLAB. EÐste ikanopoihmènoi apì to apotèlesma;

4. Qrhsimopoi¸ntac kat�llhlec algebrikèc   trigwnometrikèc tautìthtec na
breÐte trìpouc uplogismoÔ twn parak�tw parast�sewn sto MATLAB ¸ste
na èqoume thn mikrìterh dunat  ap¸leia akrÐbeiac:

(aþ) sin(u+ x)− sin(u), |x| << 1

(bþ) 1− cosx, |x| << 1

(gþ) ln(x)− ln(y), x, y >> 1

(dþ) ex−y, x, y >> 1
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5. Jewr ste ìti sto tri¸numo x2 − 2β · x + γ isqÔei β, γ > 0 kai β2 >> γ.
AfoÔ exhg sete giatÐ o tÔpoc twn riz¸n triwnÔmou ja emfanÐsei probl mata
akrÐbeiac, na breÐte ènan �llo isodÔnamo tÔpo o opoÐoc na mhn parousi�zei
tètoia probl mata. San efarmog , na lÔsete to tri¸numo me β = 106, γ = 10
qrhsimopoi¸ntac to MATLAB kai me touc dÔo trìpouc. Pìte parathreÐte
megalÔterh akrÐbeia;
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2 To perib�llon ergasÐac tou MATLAB

2.1 To grafikì perib�llon allhlepÐdrashc

To MATLAB diajètei èna perib�llon grafik c allhlepÐdrashc (GUI) to opoÐ-
o apoteleÐtai apì 4 basik� �par�jura�, to par�juro trèqwn f�kelloc (Current
Folder), to par�juro entol¸n (Command Window), to par�juro q¸rou ergasÐ-
ac (Workspace) kai to par�juro istorikoÔ entol¸n (Command History), ìpwc
faÐnetai se èna stigmiìtupou autoÔ sto 2.

Sq ma 2: Ta 4 basik� par�jura ergasÐac tou MATLAB.

1. Current Folder
'Otan egkajÐstatai17 to MATLAB dhmiourgeÐtai ènac upì-f�kelloc ston
f�kello �'Eggrafa�, o opoÐoc apoteleÐ kai ton proepilegmèno (“default”)
f�kello ergasÐac k�je for� pou anoÐgete to prìgramma. E�n jèlete na al-
l�xete f�kello ergasÐac kai na ergasteÐte ston f�kello pou brÐsketai sthn
epif�neia ergasÐac tou upologist  sac me ìnoma p.q. MatlabWorks1, ph-
gaÐnete sthn gramm  plo ghshc sto p�nw mèroc olìklhrou tou parajÔrou,
blèpe 3, kai pat ste tic 3 telÐtsec: anoÐgei èna par�juro plo ghshc ston u-
pologist  sac apì ìpou epilègete ton f�kello MatlabWorks1 me aplì klik.
T¸ra autìc eÐnai o trèqwn f�kelloc ergasÐac sac.

2. Command Window
EÐnai to kentrikì par�juro ergasÐac, ìpou plhktrologeÐte tic entolèc kai
faÐnetai to apotèlesma thc ektèles c touc. Me thn entol 

17
Οι τρέχουσες σημειώσεις αφορούν εγκατάσταση και λειτουργία του MATLAB αποκλειστικά

σε λειτουργικό σύστημα Windows.
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Sq ma 3: H gramm  plo ghshc tou MATLAB.

>> clc

�kajarÐzete� tic entolèc pou  dh èqete plhktrolog sei.

3. Workspace
Ed¸ mporeÐte na deÐte poiec metablhtèc èqete  dh orÐsei, ti tÔpoc eÐnai,
k�poia perigrafik� stoiqeÐa touc ìpwc el�qisth-mègisth tim , ki an jèlete
mporeÐte me diplì klik na deÐte analutik� to perieqìmenì touc. Me thn
entol :

>> whos

Name Size Bytes Class Attributes

A 4x4 128 double

e 1x1 8 double

em 1x1 8 double

mporoÔme na doÔme ìlec tic metablhtèc mac sunoptik� qwrÐc th qr sh pon-
tikioÔ.

4. Command History
'Ena polÔ qr simo par�juro eÐnai autì tou istorikoÔ entol¸n, diìti epilè-
gontac mÐa entol  kai pat¸ntac to pl ktro F9 autìmata ekteleÐtai h entol 
sto par�juro entol¸n. EpÐshc èna �atoÔ� tou istorikoÔ eÐnai ìti mporeÐte na
epilèxete mÐa om�da apì entolèc, na k�nete dexÐ klik kai na epilèxete “Create
Script”, blèpe 4. E�n s¸soume to arqeÐo pou emfanÐzetai ston epexerga-
st  (“editor”), blèpe 5 me ìnoma p.q. epsilon.m, tìte plhktrolog¸ntac sto
par�juro entol¸n

>> epsilon

em =

2.220446049250313e-016

ekteloÔntai ìlec oi entolèc mazÐ kai brÐskoume to � èyilon thc mhqan c �
gia to MATLAB. SugkrÐnete to apotèlesma me thn ètoimh stajer� tou pro-
gr�mmatoc:
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Sq ma 4: DhmiourgÐa m-file apì to istorikì tou MATLAB.

Sq ma 5: O epexergast c entol¸n tou MATLAB.

>> eps

ans =

2.220446049250313e-016

MporoÔme na kajarÐsoume to perieqìmeno twn parajÔrwn entol¸n, ergasÐac
kai istorikoÔ me thn antÐstoiqh epilog  sto 6.

Sq ma 6: Trìpoc kajarismoÔ twn parajÔrwn ergasÐac tou MATLAB.
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Ed¸ ac d¸soume lÐgh barÔthta ston epexergast  entol¸n “editor” tou MATLAB
tou 5. Prìkeitai gia idi�itera eÔqrhsto epexergast , o opoÐoc qrhsimopoieÐ dia-
foretik� qr¸mata gia di�forec entolèc kai me thn arÐjmhsh pou diajètei bohj�
shmantik� sthn eÔresh k�poiou l�jouc ston programmatismì.

2.2 Oi basikèc entolèc tou MATLAB

To MATLAB akoloujeÐ ton tÔpo twn basik¸n entol¸n pou èqoun kajierwjeÐ lÐgo
polÔ apì ìla ta progr�mmata ta teleutaÐa qrìnia. E�n gnwrÐzete to EXCEL18,
den ja antimetwpÐsete kamÐa duskolÐa stic basikèc arijmhtikèc pr�xeic. Prìsjesh
(+), AfaÐresh (−), Pollaplasiasmìc (∗), 'Uywsh se DÔnamh (ˆ) eÐnai koin�.
Sto MATLAB ektìc apì thn apl  diaÐresh, pou lègetai kai dexi� diaÐresh giatÐ
gr�fetai a/b, up�rqei kai h �arister  diaÐresh�, pou gr�fetai a\b kai shmaÐnei apl�:

a\b = a−1b =
b

a

'Ena aplì par�deigma twn dÔo eid¸n diairèsewn:

>> 4/2

ans =

2

>> 4\2

ans =

0.5000

Prìkeitai gia mÐa arket� qr simh entol  sthn lÔsh grammik¸n susthm�twn. EpÐ-
shc qrhsimopoioÔme tic parenjèseic p�li ìpwc sto EXCEL kai prosèqoume p�ntote
stic diairèseic:

a+ b

c
→ (a+ b) /c kai ìqi→ a+ b/c

Pollèc forèc jèloume na p�roume tic timèc mÐac sun�rthshc p.q. tou hmitìnou
sin(), gia ìlouc touc arijmoÔc mÐac lÐstac   enìc dianÔsmatoc   enìc pÐnaka. Stic
paradosiakèc gl¸ssec programmatismoÔ autì mporeÐ na gÐnei me mÐa entol  thc
kathgorÐac “do”, dhl. me thn qr sh k�poiwn gramm¸n k¸dika. Sto MATLAB
autì mporeÐ na gÐnei apl� me thn Ðdia sun�rthsh, all� me ìrisma thn lÐsta arijm¸n.
P.q. e�n:

18
Σήμα κατατεθέν της Microsoft Corporation, Redmond, Washington, USA.
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x =

-2 -1 0 1 2

>> sin(x)

ans =

-0.9093 -0.8415 0 0.8415 0.9093

E�n t¸ra jèloume na uy¸soume ìla ta stoiqeÐa tou x sto ter�gwno, apl� b�zoume
mÐa telÐtsa prin apì to sÔmbolo thc pr�xhc, dhl. gr�foume:

>> x.^2

ans =

4 1 0 1 4

Oi stoiqei¸deic sunart seic, dhl. autèc pou qrhsimopoioÔntai pio suqn�, parou-
siazontai ston PÐnaka 4. EpÐshc k�poiec majhmatikèc stajerèc, arket� suqn�
qrhsimopoioÔmenec, eÐnai autèc pou parousi�zontai ston PÐnaka 5.

Perissìterec leptomèreiec kai paradeÐgmata gia tic basikèc arijmhtikèc pr�xeic
mporeÐte na breÐte kai sto biblÐo GewrgÐou & Xenof¸ntoc (2007).

EpÐshc to MATLAB antilamb�netai tic metablhtèc qarakt rwn (“string va-
riables”), arkeÐ na tic eis�goume me to sÔmbolo ', p.q.:

>> S1=’this is a string’

S1 =

this is a string

29



f (x) MATLAB
√
x sqrt(x)

n
√
x nthroot(x, n)

sin (x) sin(x)

cos (x) cos(x)

tan (x) tan(x)

sin−1 (x) asin(x)

cos−1 (x) acos(x)

tan−1 (x) atan(x)

ex exp(x)

ln (x) log(x)

log10 (x) log10(x)

log2 (x) log2(x)

|x| abs(x)

x! factorial(x)

PÐnakac 4: Stoiqei¸deic sunart seic sto MATLAB

π pi

i i, j

∞ Inf

PÐnakac 5: Majhmatikèc stajerèc sto MATLAB
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Prosoq !

To MATLAB den dèqetai ellhnik� onìmata gia metablhtèc, parìlo pou dèqetai
ellhnikoÔc qarakt rec se metablhtèc qarakt rwn.

MporeÐte na gr�yete:

Den mporeÐte na gr�yete:

To MATLAB èbgale diagnwstikì l�jouc me kìkkino kai upodeiknÔei akrib¸c me
èna | thn phg  l�jouc: ton ellhnikì qarakt ra Σ ston orismì thc metablht c Σ2.
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2.3 Ask seic

1. Eis�gete sto MATLAB touc parak�tw arijmoÔc :

a = 3

√
27 +

(100+ 7
8

)2√
123+ 254

73

b = cos2
(

3π
8

)
+ tan

(
2π
3

)
c = e−

1
3

[
25 + 48 ln

(
28
7

)
− 12

]
2. Eis�gete sto MATLAB se xeqwristèc metablhtèc to onomatep¸numì sac

kai ton arijmì mhtr¸ou sac.

3. Na upologÐsete to phlÐko:

y =
1− 1

6
x+ 1

120
x2 − 1

5040
x3 + 1

362880
x4

1 + 1
2
x2 + 1

24
x4 + 1

720
x6 + 1

40320
x8

ìtan x = 0.123 kai ìtan x = −1.25.

4. Na k�nete thn arijmhtik  pr�xh:

ln

[
sin
(

37
93
π − 12

)
1 + e−

2
7 + e−

4
49

]

5. Na upologÐsete ton arijmì:

P =
n!

k! (n− k)
(0.05)k (0.95)n−k!

gia ìlouc touc sunduasmoÔc twn tim¸n n = 10, 20, 30 kai k = 0, 1, 2, 3.
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3 Grammik  'Algebra me to MATLAB

3.1 DianÔsmata kai PÐnakec

MporoÔme na eis�goume èna di�nusma gramm  me tic entolèc:

>> r=[10,20,30,40]

r =

10 20 30 40

>> r=[10 20 30 40]

r =

10 20 30 40

EpÐshc mporoÔme na eis�goume èna di�nusma st lh:

>> c=[15;25;35;45]

c =

15

25

35

45

>> c=[15

25

35

45]

H anastrof  (Transpose) gÐnetai me mÐa apìstrofo dÐpla sto di�nusma   ston
pÐnaka:

>> r’

ans =

10

20

30

40
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>> c’

ans =

15 25 35 45

IsqÔoun ìla ta gnwst� apì ton pollaplasiasmì pin�kwn, l.q. mporoÔme na k�-
noume thn pr�xh:

>> r*c

ans =

3500

afoÔ h pr�xh (1× 4) · (4× 1) gÐnetai, all� den mporoÔme na k�noume thn pr�xh:

>> r*r

??? Error using ==>mtimes
Inner matrix dimensions must agree.
diìti den tairi�zoun oi diast�seic twn pin�kwn ((1×4) · (1×4) den mporeÐ na gÐnei).
OmoÐwc mporoÔme na eis�goume ènan pÐnaka gr�fontac tic grammèc:

>> A=[1,2,3;4,5,6;7,8,9]

A =

1 2 3

4 5 6

7 8 9

>> A=[1 2 3;4 5 6;7 8 9]

A =

1 2 3

4 5 6

7 8 9

eÐte gr�fontac tic st lec:

>> A=[[1;4;7],[2;5;8],[3;8;9]]

A =
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1 2 3

4 5 8

7 8 9

M�llon eÐnai protimìterh h graf  � kat� grammèc � diìti qrei�zontai ligìterec plh-
ktrolog seic, all� kalì eÐnai na gnwrÐzoume kai ton �llo trìpo eisagwg c pÐnaka.

Genikìc kanìnac sqhmatismoÔ pin�kwn sto MATLAB:
H qr sh tou erwthmatikoÔ   tou enter sto MATLAB shmaÐnei �llaxe gramm .

H qr sh tou kìmmatoc   tou kenoÔ sto MATLAB shmaÐnei �llaxe st lh.

E�n loipìn èqoume sthn epif�neia ergasÐac mac touc 2×2 pÐnakec A kai B, tìte gia
na kataskeu�soume touc pÐnakec C,D prèpei na d¸soume tic antÐstoiqec entolèc:

C =
[
A B

]
>> C=[A,B]

>> C=[A B]

D =

[
A

B

]
>> D=[A;B]

>> D=[A

B]

'Ena arijmhtikì par�deigma:

>> A=[1,2;3,4]

A =

1 2

3 4

>> B=[-1,7;4,8]

B =

-1 7

4 8

>> C=[A,B]
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C =

1 2 -1 7

3 4 4 8

>> C=[A B]

C =

1 2 -1 7

3 4 4 8

>> D=[A;B]

D =

1 2

3 4

-1 7

4 8

>> D=[A

B]

D =

1 2

3 4

-1 7

4 8

Oi stoiqei¸deic ètoimoi pÐnakec tou MATLAB brÐskontai ston PÐnaka 6. EpÐshc
an antÐ tou orÐsmatoc n b�loume to genikìtero m,n, tìte emfanÐzetai o antÐstoiqoc
mh tetragwnikìc pÐnakac. ParadeÐgmata:

>> eye(3)

ans =

1 0 0

0 1 0

0 0 1
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eye(n) MonadiaÐoc PÐnakac n× n
ones(n) PÐnakac n× n me stoiqeÐa mon�dec

zeros(n) Mhdenikìc PÐnakac n× n
rand(n) TuqaÐoc PÐnakac n× n - omoiìmorfh katanom  U(0, 1)

rand(n) TuqaÐoc PÐnakac n× n - kanonik  katanom  N(0, 1)

PÐnakac 6: Stoiqei¸deic 'Etoimoi PÐnakec MATLAB,

>> eye(3,2)

ans =

1 0

0 1

0 0

>> ones(3)

ans =

1 1 1

1 1 1

1 1 1

>> ones(2,3)

ans =

1 1 1

1 1 1

>> zeros(2)

ans =

0 0

0 0

>> zeros(2,4)
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ans =

0 0 0 0

0 0 0 0

>> rand(5)

ans =

0.3500 0.3517 0.2858 0.0759 0.1299

0.1966 0.8308 0.7572 0.0540 0.5688

0.2511 0.5853 0.7537 0.5308 0.4694

0.6160 0.5497 0.3804 0.7792 0.0119

0.4733 0.9172 0.5678 0.9340 0.3371

>> randn(5)

ans =

-1.7947 0.3035 -0.1941 0.9610 -1.2078

0.8404 -0.6003 -2.1384 0.1240 2.9080

-0.8880 0.4900 -0.8396 1.4367 0.8252

0.1001 0.7394 1.3546 -1.9609 1.3790

-0.5445 1.7119 -1.0722 -0.1977 -1.0582

DhmiourgoÔme ton omoiìmorfa katanemhmèno tuqaÐo pÐnaka 1000x 1000 frontÐzon-
tac na b�loume èna erwthmatikì sto tèloc gia na mhn emfanisteÐ sthn ojình:

>> A=rand(1000);

T¸ra me thn akìloujh entol  brÐskoume thn mèsh tim  gia tic mèsec timèc twn
1000 sthl¸n tou A, h opoÐa jewrhtik� prèpei na eÐnai 1

2
= 0.5. Pr�gmati:

>> mean(mean(A))

ans =

0.500306113473453

E�n k�noume to Ðdio gai ènan kanonik� katanemhmèno tuqaÐo pÐnaka 1000 × 1000
ja prèpei na broÔme mèsh tim  perÐpou mhdèn, ìpwc kai brÐskoume:

>> B=randn(1000);
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>> mean(mean(B))

ans =

0.001775366619321

Fusik� k�je for� pou ekteleÐte tic �nw entolèc ja èqete diaforetik� apotelè-
smata, afoÔ oi pÐnakec eÐnai sqedìn tuqaÐoi (� yeudo - tuqaÐoi � gia thn akrÐ-
beia). H Ôparxh entol¸n gia dhmiourgÐa tuqaÐwn pin�kwn eÐnai exairetik� qr -
simh ston sqediasmì statistik¸n peiram�twn kai ston èlegqo oikonomik¸n u-
podeigm�twn. H genikìterh morf  thc entol c dhmiourgÐac tuqaÐou pÐnaka eÐnai
rand(m,n,k,...)   randn(m,n,k,...), ìpou m,n, k, . . . oi diast�seic tou pÐnaka kai
h kat�lhxh randn(m,n,k,...) shmaÐnei kanonik  katanom  twn tuqaÐwn arijm¸n.
P.q. gia èna tuqaÐo di�nusma st lh 10× 1 gr�foume:

>> rand(10,1)

ans =

0.1493

0.2575

0.8407

0.2543

0.8143

0.2435

0.9293

0.3500

0.1966

0.2511

>> randn(10,1)

ans =

0.4882

-0.1774

-0.1961

1.4193

0.2916

0.1978

1.5877

-0.8045

0.6966
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0.8351

an�loga an jèloume omoiìmorfh   kanonik  katanom .
MporoÔme na orÐsoume dianÔsmata   pÐnakec me sugkekrimèno �b ma�, dhl. ta stoi-
qeÐa touc na isapèqoun. Autì gÐnetai wc ex c:

>> v=[1:2:10]

v =

1 3 5 7 9

>> A=[1:2:10;20:3:32]

A =

1 3 5 7 9

20 23 26 29 32

MporoÔme na epilèxoume ta pr¸ta 3 stoiqeÐa tou dianÔsmatoc v kai ta teleutaÐa
trÐa stoiqeÐa thc deÔterhc gramm c tou pÐnaka A:

>> v(1:3)

ans =

1 3 5

>> A(2,5:-1:3)

ans =

32 29 26

Ed¸ to -1 shmaÐnei arnhtikì b ma 1, dhl. xekÐna apì to tèloc kai emf�nise ta stoi-
qeÐa an� 1 mèqri to 3o stoiqeÐo. Up�rqei kai h dunatìthta qr shc tou bohj matoc
end pou upodeiknÔei thn teleutaÐa gramm  enìc pÐnaka. Ac orÐsoume ton pÐnaka A
ki ac qrhsimopoi soume to bo jhma autì:

>> A=[1,2,3,4,5;11,22,33,44,55;111,222,333,444,555]

A =
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1 2 3 4 5

11 22 33 44 55

111 222 333 444 555

>> A(end)

ans =

555

>> A(end,:)

ans =

111 222 333 444 555

>> A(end-1,:)

ans =

11 22 33 44 55

Genikìtera o sumbolismìc:
A(i, :)

shmaÐnei emf�nise ìla ta stoiqeÐa thc i-gramm c. O sumbolismìc:

A(:, j)

shmaÐnei emf�nise ìla ta stoiqeÐa thc j-st lhc. 'Otan antÐ gia to : b�loume mÐa
entol  k : l : m autì shmaÐnei emf�nise ta stoiqeÐa apì to k me b ma l èwc to m,
p.q. me thn entol :

>> A(2,1:2:end)

ans =

11 33 55

emfanÐsame apì th 2h gramm  tou A ìla ta stoiqeÐa me b ma 2 èwc to tèloc thc
2hc gramm c. E�n jèloume na krat soume sugkekrimènec mìno grammèc, èstw tic
1,5,8 kai st lec, èstw tic 3,6,9, apì èna pÐnaka, den èqoume par� na to zht soume
me thn entol  A([1 5 8],[3 6 9]).
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3.2 Pr�xeic me PÐnakec

Ektìc apì tic 4 pr�xeic thc arijmhtik c, oi opoÐec gÐnontai ìtan to epitrèpoun oi
diast�seic twn pin�kwn, p.q.:

>> A=ones(3,2)

A =

1 1

1 1

1 1

>> B=eye(2,4)

B =

1 0 0 0

0 1 0 0

>> A*B

ans =

1 1 0 0

1 1 0 0

1 1 0 0

>> B*A

??? Error using ==>mtimes
Inner matrix dimensions must agree.
(m numa l�jouc diìti den tairi�zoun oi diast�seic twn pin�kwn), sto MATLAB
èqoume kai �llec dunatìthtec.
'Estw λ ènac arijmìc kai A ènac pÐnakac. Tìte oi parak�tw pr�xeic sto MATLAB:

A+ λ, A− λ,A ∗ λ, A/λ
ìlec shmaÐnoun na gÐnei h antÐstoiqh pr�xh se ìla ta stoiqeÐa aij tou A. 'Omwc h
pr�xh:

Ak = A ∗ A ∗ · · · ∗ A
shmaÐnei na uy¸soume ton pÐnaka sthn k dÔnamh. MporoÔme ìmwc na qrhsimopoi-
 soume thn entol :
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A.^k →


ak1,1 ak1,2 . . . ak1,n

ak2,1 ak2,2 . . . ak2,n
...

...
. . .

...

akn,1 akn,2 . . . akn,n


me thn opoÐa mporoÔme na k�noume thn Ôywsh se dÔnamh gia k�je stoiqeÐo tou
pÐnaka, p.q. gia ton pÐnaka C akoloÔjwc èqoume:

>> C=[2:2:12;3:3:18]

C =

2 4 6 8 10 12

3 6 9 12 15 18

>> C.^2

ans =

4 16 36 64 100 144

9 36 81 144 225 324

>> C.^0.5

ans =

1.4142 2.0000 2.4495 2.8284 3.1623 3.4641

1.7321 2.4495 3.0000 3.4641 3.8730 4.2426

>> D=[1:1:5;2:4:20;3:3:15;4:4:20]

D =

1 2 3 4 5

2 6 10 14 18

3 6 9 12 15

4 8 12 16 20

>> D.^3

ans =
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1 8 27 64 125

8 216 1000 2744 5832

27 216 729 1728 3375

64 512 1728 4096 8000

>> D.^(-1)

ans =

1.0000 0.5000 0.3333 0.2500 0.2000

0.5000 0.1667 0.1000 0.0714 0.0556

0.3333 0.1667 0.1111 0.0833 0.0667

0.2500 0.1250 0.0833 0.0625 0.0500

MporoÔme na upologÐsoume thn orÐzousa enìc pÐnaka A me thn entol  det(A) ,
par�deigma o legìmenoc tetragwnikìc pÐnakac Hilbert19, p.q. gia n = 10 èqoume:

H =



1 1/2 1/3 1/4 1/5 1/6 1/7 1/8 1/9 1/10

1/2 1/3 1/4 1/5 1/6 1/7 1/8 1/9 1/10 1/11

1/3 1/4 1/5 1/6 1/7 1/8 1/9 1/10 1/11 1/12

1/4 1/5 1/6 1/7 1/8 1/9 1/10 1/11 1/12 1/13

1/5 1/6 1/7 1/8 1/9 1/10 1/11 1/12 1/13 1/14

1/6 1/7 1/8 1/9 1/10 1/11 1/12 1/13 1/14 1/15

1/7 1/8 1/9 1/10 1/11 1/12 1/13 1/14 1/15 1/16

1/8 1/9 1/10 1/11 1/12 1/13 1/14 1/15 1/16 1/17

1/9 1/10 1/11 1/12 1/13 1/14 1/15 1/16 1/17 1/18

1/10 1/11 1/12 1/13 1/14 1/15 1/16 1/17 1/18 1/19


>> A=hilb(10);

>> det(A)

ans =

1/46202068362411145000000000000000000000000000000000000

>> format long e

19
΄Ορίζεται σαν ο n× n πίνακας H με στοιχεία που δίνονται από τη σχέση Hi,j = 1

i+j−1
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>> det(A)

ans =

2.164405264621389e-053

H akrib c tim  thc orÐzousac me th qr sh tou wxMaxima eÐnai:

1
46206893947914691316295628839036278726983680000000000

= 2.1641792264314919 10−53

MporeÐte na breÐte kai �llouc pÐnakec, parìmoiouc me ton pÐnaka Hilbert; E�n nai,
tìte epikoinwn ste me ton suggrafèa20 twn shmei¸sewn aut¸n.

3.2.1 AntÐstrofoc kai YeudoantÐstrofoc enìc PÐnaka

EpÐlush tetragwnikoÔ sust matoc n× n me to MATLAB

MÐa polÔ shmantik  pr�xh sta majhmatik� eÐnai h antistrof  enìc pÐnaka n × n,
ìtan autìc mporeÐ na antistrafeÐ. 'Ena aplì krit rio antistrof c eÐnai h orÐzousa
tou pÐnaka na mhn eÐnai mhdèn. Ja orÐsoume ton 3 × 3 tetragwnikì pÐnaka A, ja
upologÐsoume thn orÐzous� tou kai ton antÐstrofo autoÔ me di�forouc trìpouc
kai ja k�noume epal jeush ìti pr�gmati eÐnai antÐstrofoc tou A:

>> format rat

>> A=[1,-1,2;-1,1,0;2,0,-1]

A =

1 -1 2

-1 1 0

2 0 -1

>> det(A)

ans =

-4

>> Ainv1=A^(-1)

Ainv1 =

1/4 1/4 1/2

1/4 5/4 1/2

20
Δημήτριος Θ. Χριστόπουλος, dchristop@econ.uoa.gr
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1/2 1/2 0

>> A*Ainv1

ans =

1 0 0

0 1 0

0 0 1

>> Ainv2=inv(A)

Ainv2 =

1/4 1/4 1/2

1/4 5/4 1/2

1/2 1/2 0

>> A*Ainv2

ans =

1 0 0

0 1 0

0 0 1

'Ena grammikì sÔsthma n × n, dhl. n exis¸sewn me n agn¸stouc thc morf c
Ax = b   pio analutik�:

a1,1 a1,2 · · · a1,n

a2,1 a2,2 · · · a2,n

...
...

. . .
...

an,1 an,2 · · · an,n


︸ ︷︷ ︸

A

·


x1

x2

...

xn


︸ ︷︷ ︸

x

=


b1

b2

...

bn


︸ ︷︷ ︸

b

èqei monadik  lÔsh ìtan o A eÐnai antistrèyimoc kai aut  prokÔptei wc ex c:

Ax = b⇒ x = A−1b

An loipìn jewr soume èna opoiod pote di�nusma b mporoÔme na èqoume thn lÔsh
tou sust matoc wc ex c sto MATLAB:

>> format compact
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>> b=[12;4;6]

b =

12

4

6

>> sol=A^(-1)*b

sol =

7

11

8

>> sol=inv(A)*b

sol =

7

11

8

>> sol=A\b

sol =

7

11

8

Prosèxte thn emf�nish tou format compact me thn opoÐa apofeÔgoume na emfa-
nÐzontai kenèc grammèc an�mesa sthn ektèlesh di�forwn entol¸n. An jèloume
na emafanÐzontai kenèc grammèc plhktrologoÔme format loose. H diaforopoÐhsh
tou MATLAB apì ta �lla progr�mmata stic entolèc epÐlushc enìc tetragwnikoÔ
grammikoÔ sust matoc ègkeitai apl� sthn Ôparxh thc �arister c diaÐreshc �, A\b
anwtèrw.

EpÐlush mh tetragwnikoÔ sust matoc m× n me to MATLAB

Ac jewr soume t¸ra to genikìtero sÔsthma m exis¸sewn me n agn¸stouc thc
morf c Ax = b   pio analutik�:

a1,1 a1,2 · · · a1,n

a2,1 a2,2 · · · a2,n

...
...

. . .
...

am,1 am,2 · · · am,n


︸ ︷︷ ︸

A

·


x1

x2

...

xn


︸ ︷︷ ︸

x

=


b1

b2

...

bm


︸ ︷︷ ︸

b

Autì to sÔsthma mporeÐ na lujeÐ me thn qr sh tou genikeumènou antistrìfou  
yeudoantistrìfou   antistrìfou Moore - Penrose tou pÐnaka A. O yeudoantÐ-
strofoc enìc pragmatikoÔ pÐnaka A orÐzetai san ekeÐnoc o pÐnakac A† o opoÐoc
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ikanopoieÐ tic sqèseic:

AA†A = A

A†AA† = A†(
AA†

)T
= AA†(

A†A
)T

= AA†

Perissìtera gia ton yeudoantÐstrofo pÐnaka mporeÐte na breÐte ed¸. H lÔsh tou
sust matoc eÐnai t¸ra:

Ax = b⇒ x = A†b

H lÔsh aut  mporeÐ na deiqjeÐ ìti eÐnai h lÔsh me to mikrìtero eukleÐdio m koc
(akribèstera nìrma   st�jmh).

Par�deigma 3.1. 'Estw ìti èqoume na lÔsoume to sÔsthma:

x− y + 2z = 12

2x+ 3y − 2z = 4

UpologÐzoume me thn entol  pinv(A) tou MATLAB ton yeudoantÐstrofo, èpeita
thn lÔsh kai sto tèloc k�noume epal jeush:

>> A,b

A =

1 -1 2

2 3 -2

b =

12

4

>> Pinv=pinv(A)

Pinv =

27/77 17/77

-2/77 13/77

24/77 -2/77

>> sol=Pinv*b

sol =

56/11

4/11

40/11

>> A*sol

ans =
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12

4

Ja melet soume perissìtero analutik� ta Grammik� Sust mata sto Kef�laio
5, ìpou kai ja anaptÔxoume mìnoi mac algorÐjmouc epÐlushc aut¸n twn susthm�-
twn.

3.3 An�lush Pin�kwn (Matrix Decomposition)

Pollèc forèc èqoume na lÔsoume k�poio prìblhma ìpou parousi�zetai ènac pÐna-
kac o opoÐoc den eÐnai tìso eÔkoloc ston qeirismì tou. MporoÔme ìmwc p�ntote
na broÔme ènan pio aplì ìmoio pÐnaka21 ètsi ¸ste o arqikìc pÐnakac na analÔetai
se ginìmeno �llwn stoiqeiwd¸n pin�kwn. Katìpin lÔnoume to prìblhm� mac gia
ton aploÔstero ìmoio pÐnaka kai sto tèloc epistrèfoume sto arqikì prìblhma me
thn bo jeia tou pÐnaka R. EpÐshc pollèc forèc mac endiafèrei apl� na paragonto-
poi soume ton pÐnak� mac se ginìmeno dÔo aploÔsterwn pin�kwn, ¸ste na lÔsoume
to prìblhm� mac se dÔo st�dia. Ed¸ ja parousi�soume sunoptik� tic basikèc
analÔseic (decompositions) pou mporoÔme na k�noume se ènan pÐnaka me th qr sh
tou MATLAB.

1. DiagwnopoÐhsh tetragwnikoÔ pÐnaka (omoiìthta me diag¸nio pÐnaka)

AP = PD ⇔ A = PDP−1, D diag¸nioc

O diag¸nioc pÐnakac èqei gia stoiqeÐa tic idiotimèc(eigenvalues) tou A:

D =



λ1 0 0 · · · 0

0 λ2 0 · · · 0
...

...
. . . . . .

...

0 0 · · · λn−1 0

0 0 · · · 0 λn


en¸ o diagwnopoi¸n pÐnakac R èqei, se antistoÐqish proc tic idiotimèc, gia
st lec ta antÐstoiqa idiodianÔsmata(eigenvectors) tou A. EÐnai qrhsimìtath
an�lush gia lÔsh poll¸n problhm�twn, p.q lÔsh sust matoc diaforik¸n
exis¸sewn. Sto MATLAB gÐnetai me eÐte thn entol  eig(A):

>> A=[1 0 0; 0 1 0; -4 8 -1]

A =

1 0 0

21
΄Ο πίνακας Α είναι όμοιος με τον Β όταν υπάρχει αντιστρέψιμος πίνακας Ρ τέτοιος ώστε

AP = PB ⇔ A = PBP−1

49



0 1 0

-4 8 -1

>> [P,D]=eig(A)

P =

0 1292/2889 0

0 0 528/2177

1 -2584/2889 2112/2177

D =

-1 0 0

0 1 0

0 0 1

>> P*D*inv(P)-A

ans =

0 0 0

0 0 0

0 0 0

eÐte me thn entol  eig(A,’nobalance’):

>> [P,D]=eig(A,’nobalance’)

P =

0 -1/2 0

0 0 1/4

1 1 1

D =

-1 0 0

0 1 0

0 0 1

>> P*D*inv(P)

ans =

1 0 0

0 1 0

-4 8 -1

H pr¸th entol  k�nei k�poia epexergasÐa sta stoiqeÐa tou A kai gia autì
ìtan up�rqoun mikroÐ arijmoÐ pou proèrqontai apì ta sf�lmata stroggÔ-
leushc touc megejÔnei me apotèlesma na lÔnei �llo prìblhma telik�. Pro-
teÐnetai h deÔterh entol , h opoÐa ìmwc den uposthrÐzetai apì to Octave.

2. TrigwnopoÐhsh tetragwnikoÔ pÐnaka (omoiìthta me �nw trigwnikì pÐna-
ka)

AP = PT ⇔ A = PTP−1, T �nw trigwnikìc pÐnakac

Sto MATLAB gÐnetai thn entol  schur(A):
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>> A=[1 0 0; 0 1 0; -4 8 -1]

A =

1 0 0

0 1 0

-4 8 -1

>> [P,T]=schur(A)

P =

0 -1 0

0 0 1

1 0 0

T =

-1 4 8

0 1 0

0 0 1

>> P*T*inv(P)-A

ans =

0 0 0

0 0 0

0 0 0

H trigwnopoÐhsh eÐnai pollèc forèc to mìno pou mporÔme na k�noume me
k�poion tetragwnikì pÐnaka, ìtan autìc den èqei apl  dom 22. Se aut n
thn perÐptwsh mÐa morf  pou mporeÐ na p�rei o trigwnikìc pÐnakac eÐnai h
legìmenh kanonik  morf  Jordan, dhl.:

AP = PJ ⇔ A = PJP−1

J =



λ1 1 0 · · · 0

0 λ2 1 · · · 0
...

...
. . . . . .

...

0 0 · · · λn−1 1

0 0 · · · 0 λn


Dustuq¸c to basikì pakèto tou MATLAB den diajètei entol  gia eÔresh
kanonik c morf c Jordan enìc tetragwnikoÔ pÐnaka, all� eÐnai aparaÐthth h
qr sh tou SymbolicsToolbox gia to skopì autì.

3. LU paragontopoÐhsh opoioud pote pÐnaka

A = LU, L k�tw trigwnikìc, U �nw trigwnikìc

Sto MATLAB gÐnetai me thn entol  lu(A):

22
Δηλαδή όταν δεν υπάρχουν τόσα ιδιοδιανύσματα όσες και οι ιδιοτιμές μαζί με την πολλαπλό-

τητά τους.
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>> A=[1,3,3;-2,-5,1;0,1,7]

A =

1 3 3

-2 -5 1

0 1 7

>> [L,U] = lu(A)

L =

-1/2 1/2 1

1 0 0

0 1 0

U =

-2 -5 1

0 1 7

0 0 0

>> L*U-A

ans =

0 0 0

0 0 0

0 0 0

EÐnai axioshmeÐwto ìti to MATLAB den kat�fere na k�nei thn an�lush pou
jèlame, prosèxte ìti o L den eÐnai k�tw trigwnikìc. H swst  ap�nthsh me
th qr sh p.q. tou wxMaxima eÐnai:

L =


1 0 0

−2 1 0

0 1 1

 , U =


1 3 3

0 1 7

0 0 0


4. LUP paragontopoÐhsh opoioud pote pÐnaka

PA = LU ⇔ A = P−1LU, U �nw trigwnikìc, P antistrèyimoc,

O L eÐnai t¸ra k�tw trigwnikìc me diag¸nia stoiqeÐa Ðsa me 1. Sto MATLAB
gÐnetai me thn entol  lu(A), gia ton Ðdio pÐnaka me prin èqoume:

>> [L,U,P] = lu(A)

L =

1 0 0

0 1 0

-1/2 1/2 1

U =

-2 -5 1

0 1 7
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0 0 0

P =

0 1 0

0 0 1

1 0 0

>> L*U-P*A

ans =

0 0 0

0 0 0

0 0 0

H paragontopoÐhsh LU eÐnai qr simh sthn epÐlush grammik¸n susthm�twn
se dÔo st�dia: {

Ax = b

A = LU

}
⇒

{
L (Ux) = b

Ux = y

}
⇒

{
Ly = b

Ux = y

}

To sÔsthma Ly = b lÔnetai me emprìc antikat�stash, dhl. brÐskoume pr¸ta
to y1 apì thn pr¸th exÐswsh kai sto tèloc to yn:

L1,1y1 = b1

L2,1y1 +L2,2y2 = b2

. . .

Ln,1y1 +Ln,2y2 + · · · +Ln,nyn = bn


en¸ katìpin to sÔsthma Ux = y lÔnetai me pÐsw antikat�stash, dhl. brÐ-
skoume pr¸ta to xn apì thn teleutaÐa exÐswsh kai sto tèloc to x1:

U1,1x1 +U1,2x2 + · · · +U1,nxn = y1

U2,2x2 + · · · +U2,nxn = y2

. . .

Un,nxn = yn


5. LDLT paragontopoÐhsh summetrikoÔ pÐnaka

A = LDLT , L k�tw trigwnikìc, D diag¸nioc

Sto MATLAB gÐnetai me thn entol  ldl(A):

>> A=[1,3,5;3,-2,4;5,4,7]

A =
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1 3 5

3 -2 4

5 4 7

>> [L,D] = ldl(A)

L =

5/7 -1/30 1

4/7 1 0

1 0 0

D =

7 0 0

0 -30/7 0

0 0 -77/30

>> L*D*L’-A

ans =

* * *

0 0 0

* 0 0

6. Cholesky paragontopoÐhsh summetrikoÔ jetik� orismènou23 pÐnaka

A = UTU, A summetrikìc kai jetik� orismènoc,U �nw trigwnikìc

H paragontopoÐhsh Cholesky eÐnai qr simh sthn epÐlush grammik¸n susth-
m�twn se dÔo st�dia:{

Ax = b

A = UTU

}
⇒

{
UT (Ux) = b

Ux = y

}
⇒

{
UTy = b

Ux = y

}
To sÔsthma UTy = b lÔnetai me emprìc antikat�stash (brÐskoume pr¸ta
to y1 kai sto tèloc to yn), en¸ katìpin to sÔsthma Ux = y me pÐsw an-
tikat�stash (brÐskoume pr¸ta to xn kai sto tèloc to x1), ìpwc kai sthn
paragontopoÐhsh LU. Sto MATLAB gÐnetai me thn entol  chol(A):

>> A=[2 -1 0 0; -1 2 -1 0; 0 -1 2 -1; 0 0 -1 2]

A =

2 -1 0 0

-1 2 -1 0

0 -1 2 -1

0 0 -1 2

>> U=chol(A)

U =

1393/985 -985/1393 0 0

23
΄Ενας n× n πίνακας Α λέγεται θετικά ορισμένος όταν ισχύει xTAx > 0,∀x ∈ Rn
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0 1079/881 -881/1079 0

0 0 1351/1170 -1170/1351

0 0 0 2889/2584

>> U’*U-A

ans =

* 0 0 0

0 * 0 0

0 0 0 0

0 0 0 *

Prosèxte thn èlleiyh akrÐbeiac tou MATLAB, to aster�ki sthn epal jeu-
sh. H pragmatik  tim  tou L me thn qr sh tou wxMaxima eÐnai:

L =


√

2 − 1√
2

0 0

0
√

3√
2
−
√

2√
3

0

0 0 2√
3
−
√

3
2

0 0 0
√

5
2


7. QR paragontopoÐhsh opoioud pote pÐnaka

A = QR, Q orjog¸nioc , R �nw trigwnikìc

Orjog¸nioc lègetai o pÐnakac Q ìtan QQT = I, ìpou I o antÐstoiqoc mo-
nadiaÐoc n × n pÐnakac. E�n oi st lec tou A eÐnai grammik� anex�rthtec ,
tìte mporoÔme na apodeÐxoume 24 ìti to sÔsthma mporeÐ na grafeÐ sth morf :{

Rx = QT b

c = QT b

}
⇒ Rx = c

kai katìpin na lujeÐ me pÐsw antikat�stash.

Sto MATLAB gÐnetai me thn entol  qr(A):

>> A=[1,3,3,8;-2,-5,1,-8;0,1,7,8]

A =

1 3 3 8

-2 -5 1 -8

0 1 7 8

>> [Q,R]=qr(A)

Q =

1292/2889 505/1383 881/1079

24
Κοιτάξτε λ.χ. εδώ.
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-2584/2889 461/2525 881/2158

0 461/505 -881/2158

R =

2889/1292 2279/392 1292/2889 3499/326

0 505/461 1756/229 2261/258

0 0 * *

>> Q*R-A

ans =

* * 0 *

0 * * *

0 0 * *

Prosèxte xan� thn èlleiyh akrÐbeiac tou MATLAB, sta aster�kia thc e-
pal jeushc. Oi pragmatikèc timèc twn Q,R me thn qr sh tou Mathimatica
eÐnai:

Q =


1√
5

√
2
15

− 2√
5

1√
30

0
√

5
6


R =

 √5 13√
5

1√
5

24√
5

0
√

6
5

7
√

6
5

8
√

6
5


Anakefalai¸nontac parousi�zoume ston PÐnaka 7 tic basikèc analÔseic stic opoÐ-
ec mporoÔme na proboÔme gia ènan pÐnaka A me to MATLAB.

An�lush Majhmatik� MATLAB

DiagwnopoÐhsh A = PDP−1 [P,D]=eig(A)

TrigwnopoÐhsh A = PTP−1 [P,T]=schur(A)

LU A = LU [L,U]=lu(A)

LUP PA = LU [L,U,P]=lu(A)

LDLT A = LDLT [L,D]=ldl(A)

Cholesky A = UTU U=chol(A)

QR A = QR [Q,R]=qr(A)

PÐnakac 7: An�lush Pin�kwn sto MATLAB
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3.4 Ask seic

1. 'Estw oi pÐnakec:

A =


1
8
−3

7
5
9
− 7

11
1
18

2
9

5
8

3
4

7
11
− 3

17
1
20

5
7

6
13

2
7
−1

8
1
4

 , B =


−2 1 11

3 0 −5

−6 −11 2

2 3 −7

 , v =


1

2

3

4


(aþ) Na k�nete tic akìloujec pr�xeic sto MATLAB afoÔ pr¸ta èqete jèsei

format rat:

A ·B,A23, BTA,BTB,Av, vTv, vvT , vTB, vTAv

(bþ) Na epanal�bete tic Ðdiec pr�xeic me to Octave kai na sugkrÐnete ta
apotelèsmata me aut� tou MATLAB.

(gþ) Na k�nete t¸ra me k�poio pakèto upologistik c �lgebrac tic Ðdiec pr�-
xeic me apìluth akrÐbeia kai na upologÐsete to apìluto kai to sqetikì
sf�lma tou MATLAB kai tou Octave. BrÐskete k�poia axioshmeÐwth
diafor� an�mesa sta dÔo progr�mmata;

2. DÐnontai oi pÐnakec :

A =



−1 2 5 8 −9

7 3 4 −2 6

1 0 3 2 8

7 4 −2 3 5

1 0 5 0 6


, b =



1

2

3

4

5


(aþ) Xekin¸ntac apì ton A na ex�gete me kat�llhlec entolèc tou MATLAB

ta akìlouja:

i. Ta trÐa pr¸ta stoiqeÐa thc deÔterhc gramm c tou

ii. Ta tèssera teleutaÐa stoiqeÐa thc trÐthc st lhc tou

iii. Olìklhrh thn tètarth gramm  autoÔ

(bþ) Na dhmiourg sete touc upopÐnakec:

i. Ton upopÐnaka pou prokÔptei me diagraf  thc deÔterhc gramm c
kai deÔterhc st lhc tou A

ii. Touc dÔo diag¸niouc upopÐnakec 3× 3 kai 2× 2 antÐstoiqa tou A

iii. Ton epauxhmèno pÐnaka [A|b]
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3. DÐnetai o pÐnakac:

A =



751
1386

625
1386

323
1386

−172
693

−151
693

3305
2772

3557
2772

821
1386

−4817
5544

−1751
5544

−142
63
−142

63
−263

252
1261
504

295
504

5
42

5
42

5
84

95
168

− 31
168

−1
3
−1

3
−1

6
5
12

5
12


(aþ) Na diagwnopoihjeÐ o pÐnakac me ìlec tic diajèsimec entolèc twn pro-

gramm�twn MATLAB kai Octave, p�ntote se format rat.

(bþ) Na gÐnei to Ðdio me k�poio pakèto CAS thc areskeÐac sac kai na sug-
krijoÔn ta apotelèsmata me ekeÐna tou a' erwt matoc.

(gþ) Na trigwnopoihjeÐ o pÐnakac me MATLAB, Octave kai k�poio CAS. Na
sugkrijoÔn ta apotelèsmata.

(dþ) Na gÐnei h LU paragontopoÐhsh tou A me MATLAB, Octave kai k�poio
CAS. Na sugkrijoÔn ta apotelèsmata.

(eþ) Na gÐnei h QR paragontopoÐhsh tou A me MATLAB, Octave kai k�poio
CAS. Na sugkrijoÔn ta apotelèsmata.

4. 'Estw o pÐnakac:

A =



106 87 38 34 16

87 102 49 60 24

38 49 34 48 12

34 60 48 97 16

16 24 12 16 16


(aþ) Na gÐnei h LDLT paragontopoÐhsh tou A me MATLAB kai k�poio CAS.

Na sugkrijoÔn ta apotelèsmata.

(bþ) Na gÐnei h paragontopoÐhsh Cholesky tou A me MATLAB, Octave kai
k�poio CAS. Na sugkrijoÔn ta apotelèsmata.
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4 Programmatismìc me to MATLAB:

sunart seic kai m-files

4.1 Sunart seic

Up�rqoun dÔo eÐdh sunart sewn sto MATLAB. Oi sunart seic me sugkekrimèno
ìnoma kai oi an¸numec sunart seic, oi opoÐec èqoun anaptuqjeÐ stic teleutaÐec
ekdìseic tou MATLAB.

4.1.1 Ep¸numec sunart seic

H genik  morf  miac ep¸numhc sun�rthshc, dhl. mÐac sun�rthshc pou mporoÔme
na thn kalèsoume apì opoiod pote k¸dika MATLAB, eÐnai h akìloujh:

function [out1, out2, ...] = name-of-the-function(in1, in2, ...)

Gr�foume tic entolèc mac eÐte me ton epexergast  editor tou MATLAB, eÐte me
opoiond pote �llo epexergast  keimènou o opoÐoc mporeÐ na s¸zei to arqeÐo se
opoiond pote tÔpo, p.q. me to shmeiwmat�rio twn Windows, kai to s¸zoume me
kat�lhxh name-of-the-function.m.
Epibebai¸noume apì thn gramm  plo ghshc tou MATLAB ìti ergazìmaste ston
f�kello ston opoÐo èqoume apojhkeÔsei to anwtèrw arqeÐo.
'Otan katìpin eÐte sto par�juro entol¸n Command Window eÐte mèsa se k�poio
�llo arqeÐo gr�youme:

[out1, out2, ...]=name-of-the-function(in1, in2, ...)

tìte ja prokÔyei h ap�nthsh:

out1=...

out2=...

...

Par�deigma 4.1. Na grafeÐ kat�llhlh sun�rthsh tou MATLAB h opoÐa na
dèqetai san ìrisma touc suntelestèc α, β, γ tou triwnÔmou αx2 + β x+ γ = 0 kai
na epistrèfei tic rÐzec tou triwnÔmou, an up�rqoun.

Gr�foume ton ex c k¸dika gia thn lÔsh prwtob�jmiac exÐswshc kai ton s¸-
zoume me to ìnoma arqeÐou solve1.m:

function r=solve1(a, b)

%Solve equation: ax+b=0

%Call: r=solve1(a,b)

if a~=0

r=-b/a;
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elseif b~=0

r=NaN;

disp(’no solution’)

else r=NaN;

disp(’undefined solution’)

end

Katìpin gr�foume ton akìloujo k¸dika kai ton s¸zoume me to ìnoma arqeÐou so-
lve2.m:

function [r1,r2,det] = solve2(a,b,c)

%Solution of a polynomial of first or second degree

%Calls: r = solve2(a,b), (ax+b=0)

% [r1,r2] = solve2(a,b,c), (ax^2+bx+c=0)

% [r1,r2,det] = solve2(a,b,c), det=determinant

if nargin==2

r1=solve1(a,b);

%1st degree, number of input parameters=2

else

if a==0

%1st degree

disp(’1st degree’)

r1=solve1(b,c);

r2=NaN;

det=NaN;

else

%2nd degree, number of input parameters=3

d=b^2-4*a*c;

if d==0

r1=-b/(2*a);

r2=r1;

disp(’double root’);

else

r1=(-b+sqrt(d))/(2*a);

r2=(-b-sqrt(d))/(2*a);

end;

%if output parameters = 3,then export also the determinant

if nargout==3

det=d;

end

end

end

Sto par�juro entol¸n gr�foume di�forec peript¸seic triwnÔmwn kai paÐrnoume
tic apant seic:
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>> r=solve2(3,12)

r =

-4

>> r=solve2(0,12)

no solution

r =

NaN

>> r=solve2(0,0)

undefined solution

r =

NaN

>> [r1,r2]=solve2(1,-5,6)

r1 =

3

r2 =

2

>> [r1,r2,det]=solve2(1,-5,6)

r1 =

3

r2 =

2

det =

1

>> [r1,r2]=solve2(0,-5,6)

1st degree

r1 =

1.200000000000000e+000

r2 =

NaN

>> [r1,r2,det]=solve2(0,-5,6)

1st degree

r1 =

1.200000000000000e+000

r2 =

NaN

det =

NaN

>> [r1,r2,det]=solve2(0,0,6)

1st degree

no solution

r1 =

NaN

r2 =
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NaN

det =

NaN

>> [r1,r2,det]=solve2(0,0,0)

1st degree

undefined solution

r1 =

NaN

r2 =

NaN

det =

NaN

Blepoume ìti gia opoiond pote sunduasmì tim¸n dÐnei thn swst  ap�nthsh kai
ìtan den ufÐstatai k�poia metablht  exìdou tìte t c dÐnei thn tim  NaN=Not a
Number. EpÐshc èqoume  dh dhmiourg sei bo jeia gia thn sun�rths  mac:

>> help solve2

Solution of a polynomial of first or second degree

Calls: r = solve2(a,b), (ax+b=0)

[r1,r2] = solve2(a,b,c), (ax^2+bx+c=0)

[r1,r2,det] = solve2(a,b,c), det=determinant

H entol  nargin = number of arguments input dÐnei ton arijmì twn orism�twn
eisìdou, ¸ste na katalabaÐnei h sun�rthsh e�n èqoume polu¸numo pr¸tou   deu-
tèrou bajmoÔ.
H entol  nargout = number of arguments output dÐnei ton arijmì twn orism�twn
exìdou, ¸ste na katalabaÐnei h sun�rthsh e�n jèloume mìnon tic dÔo rÐzec   e�n
jèloume kai thn diakrÐnousa tou triwnÔmou.
Otid pote arqÐzei me % jewreÐtai sqìlio.
EÐnai polÔ shmantikì na tonÐsoume ìti h opoiad pote ep¸numh sun�rthsh ja ekte-
lesteÐ mìnon ìtan o trèqwn f�kelloc ergasÐac (Current Folder) perièqei aut n
thn sun�rthsh.

4.1.2 An¸numec sunart seic

Stic teleutaÐec ekdìseic tou MATLAB mporoÔme na orÐsoume mÐa an¸numh sun�r-
thsh, me thn ènnoia ìti den ja dhmiourg soume k�poio antÐstoiqo m-file, opoted -
pote thn qreiastoÔme kai thn kaloÔme apì opoud pote.

Par�deigma 4.2. Na grafeÐ kat�llhlh an¸numh sun�rthsh tou MATLAB h
opoÐa na dèqetai san ìrisma touc suntelestèc α, β, γ tou triwnÔmou αx2+β x+γ =

0 kai na epistrèfei tic rÐzec ρ1,2 = −β±
√

∆
2α

.
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OrÐzoume sto par�juro entol¸n thn ex c sun�rthsh kai èqoume ta akìlouja
apotelèsmata apì thn kl sh thc:

>> sol2=@(a,b,c)[(-b+sqrt(b^2-4*a*c))/(2*a),(-b-sqrt(b^2-4*a*c))/(2*a)]

sol2 =

@(a,b,c)[(-b+sqrt(b^2-4*a*c))/(2*a),(-b-sqrt(b^2-4*a*c))/(2*a)]

>> sol2(1,-5,6)

ans =

3 2

>> sol2(1,-2,1)

ans =

1 1

>> sol2(0,0,1)

ans =

NaN NaN

>> sol2(0,0,0)

ans =

NaN NaN

Prosèxte pìso ligìterec grammèc k¸dika qrei�sthke na gr�youme gia na epitÔqou-
me ousiastik� ta Ðdia apotelèsmata me ton ogkwdèstato k¸diak tou ParadeÐgmatosn
ton lìgo protim�me p�ntote tic an¸numec sunart seic gia k�ti sqetik� aplì.

EÐnai autonìhto ìti den mporoÔme na èqoume pollèc epilogèc ìtan orÐzoume
mÐa an¸numh sun�rthsh, gi' autì kai den mporoÔme na tic qrhsimopoi soume gia
proqwrhmènec programmatistik� ergasÐec. MporoÔme ìmwc �neta na tic qrhsimo-
poi soume gia opoiond pote aplì orismì majhmatik c sun�rthshc qreiastoÔme.

4.1.3 Grafikèc parast�seic

MporoÔme na orÐsoume an¸numec sunart seic kai na k�noume thn grafik  touc pa-
r�stash me to MATLAB, me thn aparaÐthth proôpìjesh ìti orÐzoume tic pr�xeic
dianusmatik�, dhl. me qr sh thc telÐtsac. 'Estw h sun�rthsh:

f(x) = x3 − 7x2 + 4x+ 12 (15)

Gr�foume tic entolèc:

>> f=@(x)x.^3-7*x.^2+4*x+12

f =

@(x)x.^3-7*x.^2+4*x+12

>> x=linspace(-5,10);

>> plot(x,f(x),’-’)

set(gca,’XTick’,-5:10)
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xlabel(’x’)

ylabel(’{x}^{3}-7{x}^{2}+4x+12’)

title(’f(x)={x}^{3}-7{x}^{2}+4x+12’)

grid(’on’)

H grafik  par�stash pou prokÔptei eÐnai:

Sq ma 7: Gr�fhma thc an¸numhc sun�rthshc 15 me to MATLAB

MporoÔme na k�noume grafik  par�stash sun�rthshc dÔo metablht¸n, ìpwc
h akìloujh:

f(x, y) =
sin (x2 + y2)

x2 + y2
(16)

Gr�foume tic entolèc:

>> f=@(x,y)sin(x.^2+y.^2)./(x.^2+y.^2)

f =

@(x,y)sin(x.^2+y.^2)./(x.^2+y.^2)

>> ezsurf(f)

kai prokÔptei h grafik  par�stash:
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Sq ma 8: Gr�fhma thc an¸numhc sun�rthshc 16 me to MATLAB

Gia thn Ðdia sun�rthsh mporoÔme na k�noume gr�fhma isoôy¸n kampul¸n sto
xy epÐpedo:

>> ezcontourf(f),colorbar

Sq ma 9: Gr�fhma isoôy¸n kampul¸n sto xy epÐpedo thc 16 me to MATLAB

'Estw h sun�rthsh paragwg c Cobb-Douglas:

Q(K,L) = 100K
3
5L

2
5 (17)

Ja k�noume grafik  par�stash twn isoôy¸n kampul¸n aut c (twn kampul¸n
iso-paragwg c):
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>> Q=@(K,L)100*K.^(3/5).*L.^(2/5)

Q =

@(K,L)100*K.^(3/5).*L.^(2/5)

>> [K,L] = meshgrid(0:1:20,0:1:20);

>> Qp=Q(K,L);

>> contour(Qp)

>> xlabel(’L’),ylabel(’K’),title(’Q(K,L)’)

Sq ma 10: Gr�fhma kampul¸n iso-paragwg c thc Cobb-Douglas 17 me to MA-
TLAB

EpÐshc mporoÔme na èqoume thn grafik  par�stash thc sun�rthshc paragwg c
kai tic isoôyeÐc kampÔlec thc tautìqrona me tic epiplèon entolèc:

>> close

>> surfc(Qp)

>> xlabel(’L’),ylabel(’K’),title(’Q(K,L)’)
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Sq ma 11: Sunduasmèno gr�fhma thc Cobb-Douglas 17 me to MATLAB

4.2 M-files: h kardi� tou MATLAB

PÐsw apì opoiad pote ergasÐa, apotèlesma   grafikì tou MATLAB brÐsketai,
èstw ki an den faÐnetai �mesa, èna m-file, dhl. èna arqeÐo me entolèc pou anti-
lamb�netai to MATLAB. MporoÔme na poÔme ìti to sÔnolo aut¸n twn entol¸n
sunjètoun kat� k�poio trìpo mÐa gl¸ssa programmatismoÔ h opoÐa èqei poll� koi-
n� stoiqeÐa me thn FORTRAN kai thn C. Tic basikèc programmatistikèc entolèc
aut c thc gl¸ssac ja doÔme sunoptik� akoloÔjwc.

4.2.1 Entolèc sugkrÐsewn

'Olec oi majhmatikèc isìthtec, anisìthtec kai arn seic aut¸n mporoÔn na grafoÔn
me sÔmbola parìmoia me ta majhmatik� sÔmbola, ìpwc faÐnetai ston PÐnaka 8 .

Majhmatikì sÔmbolo MATLAB

= ==

6= ∼=

> >

≥ >=

≤ <=

PÐnakac 8: SÔmbola majhmatik¸n sugkrÐsewn sto MATLAB.
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E�n gr�youme sto par�juro entol¸n l.q. mÐa sÔgkrish arijm¸n to MATLAB
ja �apant sei� me 1 e�n eÐnai swst  kai me 0 e�n eÐnai l�joc autì pou gr�yame:

>> 5==5

ans =

1

>> 5==6

ans =

0

>> 5>4

ans =

1

>> 5>7

ans =

0

>> 8~=9

ans =

1

To Ðdio mporeÐ na k�nei kai gia dÔo pÐnakec, dhl. exet�zei stoiqeÐo proc stoiqeÐo
e�n isqÔei h sÔgkrish pou b�lame kai bg�zei san apotèlesma 1(isqÔei) h 0(den
isqÔei):

>> A=[1,2,3;6,5,4;9,8,7]

A =

1 2 3

6 5 4

9 8 7

>> B=[1,-2,3;-6,5,-4;9,-8,-7]

B =

1 -2 3

-6 5 -4

9 -8 -7

>> A==B

ans =

1 0 1

0 1 0

1 0 0

4.2.2 H entol  for

H for lèei sto MATLAB na k�nei k�poiec enèrgeiec pou èqoun na k�noun me ènan
deÐkth, p.q. i, o opoÐoc paÐrnei timèc se sugkekrimèno eÔroc akeraÐwn arijm¸n. Ac

68



upojèsoume ìti jèloume na upologÐsoume sto MATLAB to merikì �jroisma:

Sn =
n∑
i=1

1

i2
(18)

gia n = 100. Tìte arkeÐ na gr�youme ton akìloujo k¸dika kai ja èqoume to
apotèlesma pou anafèretai katwtèrw:

>> s=0;for i=1:100 s=s+1/i^2;end

>> s

s =

1.6350

MporoÔme bèbaia na fti�xoume mÐa mikr  sun�rthsh me ìrisma to n kai mÐa an¸-
numh sun�rthsh, f(i) = 1

i2
sthn prokeimènh perÐptwsh, ¸ste na upologÐzoume ta

ajroÐsmata gia opoiod pote n jel soume:

function sn=san(n,f)

%Calculates the sum(f(i),i=1..n)

%for a given anonymous function f(n)

%Call: s=san(n,f)

format long

sn=0;

for i=1:n

sn=sn+f(i);

end

T¸ra èqoume ta ex c gia thn an¸numh sun�rthsh:

>> f=@(i)1/i^2

f =

@(i)1/i^2

>> san(100,f)

ans =

1.634983900184892

>> san(1000,f)

ans =

1.643934566681562

>> tic;san(10^6,f),toc

ans =

1.644933066848770

Elapsed time is 1.193813 seconds.

MporoÔme epÐshc na k�noume grafik  par�stash twn merik¸n ajroism�twn Sn:
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nn=[100:100:10000];sn=[];for i=1:size(nn,2) sn=[sn;sanf(nn(i),f)];end

plot(nn,sn)

xlabel(’n’)

ylabel(’S_{n}’)

title(’S_{n}=Sum(f(i),i=1..n)’)

grid(’on’)

Sq ma 12: Gr�fhma twn merik¸n ajroism�twn thc 18 me to MATLAB

Blèpoume ìti ìso aux�noume ton arijmì twn prosjetèwn n sto �jroisma 18 tìso
h tim  tou ajroÐsmatoc deÐqnei na sugklÐnei se mÐa sugkekrimènh tim . Autì eÐnai
anamenìmeno gia thn sun�rthsh ζ(2) tou Riemann gia thn opoÐa gnwrÐzoume25 ìti
èqei thn tim :

∞∑
i=1

1

i2
= ζ(2) =

π2

6
= 1.644934066848226 (19)

Me autìn ton trìpo �rage èqoume brei mÐa mèjodo gia na exet�zoume e�n mÐa seir�
sugklÐnei; MporeÐte na breÐte mÐa seir� pou akìma kai me to MATLAB na mhn eÐnai
dunatìn na doÔme an sugklÐnei; E�n nai, tìte epikoinwn ste me ton gr�fonta26 tic
shmei¸seic autèc.

25
Βλέπετε λ.χ. εδώ.

26
Δημήτριος Θ. Χριστόπουλος, dchristop@econ.uoa.gr
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4.2.3 H entol  if

EÐnai mÐa apì tic basikìterec entolèc giatÐ mac dÐnei th dunatìthta na elègqoume
k�je for� an èqei epiteuqjeÐ o stìqoc mac   apl� mac dÐnei th dunatìthta na
k�noume poll� pr�gmata upì sunj khn. H genik  morf  thc entol c if eÐnai:

if expression

statement1

statement2

...

elseif expression

statement1

statement2

...

else

statement1

statement2

...

end

Exart�tai k�je for� apì thn poluplokìthta tou probl matoc to pìsa elseif ja
qrhsimopoi soume. Ac upojèsoume ìti jèloume na upologÐsoume to ginìmeno:

10∏
i=1,i 6=3

(xi − x3)2 (20)

ArkeÐ gi' autìn ton skopì h qr sh enìc aploÔ if mèsa se èna aplì for:

>> p=1;

for i=1:10

if i~= 3

p=p*(x(i)-x(3))^2;

end

end

>> p

p =

101606400000000000000000000

4.2.4 H entol  while

'Otan den gnwrÐzoume pìsa b mata ja apaithjoÔn gia thn lÔsh enìc probl matoc,
tìte qrhsimopoioÔme thn entol  while. H genik  morf  thc entol c eÐnai:

while expression
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statement1

statement2

...

end

Ac upojèsoume ìti jèloume na doÔme gia poia tim  tou n to n! gÐnetai megalÔtero
apì 10100. Tìte arkeÐ mÐa entol  while kai el�qistoc k¸dikac:

>> p=10^100;i=1;while factorial(i)<p i=i+1; end

>> i

i =

70

>> factorial(i-1)-p,factorial(i)-p

ans =

-9.828877547571859e+099

ans =

1.978571669969890e+099

ìpou k�name kai thn epal jeus  mac.
Shmantik  parat rhsh: mporoÔme p�nta na diakìyoume thn ektèlesh tou progr�m-
matoc plhktrolog¸ntac CONTROL + C.

4.2.5 H entol  switch

H entol  aut  eÐnai jumÐzei arket� thn entol  GO TO thc gl¸ssac programma-
tismoÔ FORTRTAN, apl� dèqetai san ìrisma ìqi mìnon arijmoÔc ìpwc h entol 
GO TO, all� kai metablhtèc qarakt rwn. H genik  morf  thc entol c eÐnai:

switch key

case {for execution if key=key_1}

statement1

statement2

...

case {key_1, key_2, key_3,...}

statement1

statement2

...

otherwise,

statement1

statement2

...

end

Sn par�deigma ja dhmiourg soume ènan metatropèa jermokrasi¸n apì bajmoÔc
Celsius, Fahrenheit, Kelvin se opoiad pote apì tic treic klÐmakec. Ja dÐnoume mÐa
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jermokrasÐa kai ja mac thn metatrèpei stic upìloipec dÔo klÐmakec jermokrasi¸n.
ApojhkeÔoume ton k¸dika me to ìnoma alltemps.m.

format short

T=input(’Give the temperature: ’);

deg=input(’Give scale in quotes: C(Celsius), F(Fahrenheit), K(Kelvin): ’)

switch deg

case {’C’}

F=9/5*T+32;

disp(’In Fahrenheit scale (F) it is:’)

disp(F)

disp(’ ’)

K=T+273.15;

disp(’In Kelvin scale (K) it is:’)

disp(K)

case {’F’}

C=(T-32)*5/9;

disp(’In Celsius scale (C) it is:’)

disp(C)

disp(’ ’)

K=(T+459.67)*5/9;

disp(’In Kelvin scale (K) it is:’)

disp(K)

case {’K’}

C=T-273.15;

disp(’In Celsius scale (C) it is:’)

disp(C)

disp(’ ’)

F=T*9/5-459.67;

disp(’In Fahrenheit scale (F) it is:’)

disp(F)

otherwise

disp(’ ’)

disp([’unknown scale: ’ deg])

end

Trèqoume t¸ra ton k¸dika gia thn mhdenik  jermokrasÐa kai èqoume:

>> alltemps

Give the temperature: 0

Give scale (in quotes): C(Celsius),F(Fahrenheit),K(Kelvin): ’C’

deg =

C

In Fahrenheit scale (F) it is:
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32

In Kelvin scale (K) it is:

273.1500

>> alltemps

Give the temperature: 0

Give scale in quotes: C(Celsius), F(Fahrenheit), K(Kelvin): ’F’

deg =

F

In Celsius scale (C) it is:

-17.7778

In Kelvin scale (K) it is:

255.3722

>> alltemps

Give the temperature: 0

Give scale in quotes: C(Celsius), F(Fahrenheit), K(Kelvin): ’K’

deg =

K

In Celsius scale (C) it is:

-273.1500

In Fahrenheit scale (F) it is:

-459.6700

>> alltemps

Give the temperature: 0

Give scale in quotes: C(Celsius), F(Fahrenheit), K(Kelvin): ’R’

deg =

R

unknown scale: R

Den enswmat¸same thn klÐmaka jermokrasi¸n Rankine.
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4.3 Ask seic

1. Na dhmiourg sete me qr sh thc entol c for touc pÐnakec kai na touc emfa-
nÐsete ìpwc paratÐjentai akoloÔjwc:

A =



1 1
2

1
3

1
4

1
5

2 1 2
3

1
2

2
5

3 3
2

1 3
4

3
5

4 2 4
3

1 4
5

5 5
2

5
3

5
4

1


, B =



1
3

1
5

1
7

1
9

1
11

2
5

2
7

2
9

2
11

2
13

3
7

1
3

3
11

3
13

1
5

4
9

4
11

4
13

4
15

4
17

5
11

5
13

1
3

5
17

5
19


2. Na upologÐsete me thn entol  for to �jroisma:

20∑
n=1

(−1)n
xn

n!

gia thn tim  x = 5. MporeÐte na anagnwrÐsete thn sun�rthsh pou krÔbetai
pÐsw apì to �jroisma autì ; Poiì eÐnai to apìluto sf�lma thc prosèggishc
pou br kame ;

3. Na breÐte pìsouc ìrouc N prèpei na p�roume ¸ste to akìloujo �jroisma:

N∑
k=1

1

k

na gÐnei megalÔtero apì 10.

4. Na dhmiourg sete k¸dika sto MATLAB o opoÐoc ìtan plhktrologreÐte to
ìnom� tou sto par�juro entol¸n na k�nei ta akìlouja:

(aþ) Na diab�zei mÐa apìstash se qiliìmetra   mÐlia   nautik� mÐlia

(bþ) Na metatrèpei thn apìstash stic �llec dÔo mon�dec kai na emfanÐzei ta
apotelèsmata sthn ojình.
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5 Grammik� Sust mata me to MATLAB

Ja exet�soume thn genik  morf  enìc grammikoÔ sust matoc m × n, dhl. m
exis¸sewn me n agn¸stouc:

a1,1x1 + a1,2x2 + . . .+ a1,nxn = b1

a2,1x1 + a2,2x2 + . . .+ a2,nxn = b2

... =
...

am,1x1 + am,2x2 + . . .+ am,nxn = bm

(21)

to opoÐo san exÐswsh pin�kwn gr�fetai wc Ax = b   pio analutik�:
a1,1 a1,2 · · · a1,n

a2,1 a2,2 · · · a2,n

...
...

. . .
...

am,1 am,2 · · · am,n


︸ ︷︷ ︸

A

·


x1

x2

...

xn


︸ ︷︷ ︸

x

=


b1

b2

...

bm


︸ ︷︷ ︸

b

(22)

Ja doÔme e�n mporoÔme na l�boume thn lÔsh tou sust matoc 21   22 me to
MATLAB �mesa   èstw se peperasmèno arijmì bhm�twn pou emeÐc ja orÐsoume. H
genik  jewrÐa twn grammik¸n susthm�twn prokeimènou na exet�sei e�n to sÔsthma
21 èqei lÔsh exet�zei e�n to di�nusma b ∈ Rm an kei ston upìqwro tou Rm pou
par�goun oi st lec tou pÐnaka A, dhl. jewreÐ to sÔsthma san thn akìloujh
dianusmatik  anapar�stash:

b1

b2

...

bm


︸ ︷︷ ︸

b

= x1 ·


a1,1

a2,1

...

am,1


︸ ︷︷ ︸

A1

+x2 ·


a1,2

a2,2

...

am,2


︸ ︷︷ ︸

A2

+ · · ·+ xn ·


a1,n

a2,n

...

am,n


︸ ︷︷ ︸

An

(23)

Epomènwc ìtan gnwrÐzoume ton q¸ro sthl¸n enìc pÐnaka mporoÔme kai na e-
xet�soume e�n to di�nusma st lh twn dexi¸n mer¸n twn exis¸sewn an kei ston
upìqwro tou Rm o opoÐoc par�getai apì autèc tic st lec. Sthn pr�xh bèbaia ta
pr�gmata eÐnai polÔ pio apl�. To mìno pou èqoume na k�noume eÐnai na orÐsoume
ton epauxhmèno pÐnaka:

A|b =


a1,1 a1,2 · · · a1,n | b1

a2,1 a2,2 · · · a2,n | b2

...
...

. . .
... | ...

am,1 am,2 · · · am,n | bm

 (24)
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Katìpin brÐskoume thn anhgmènh klimakwt  morf  autoÔ kai tìte blèpoume pwc
anaparÐstatai to b wc grammikìc sunduasmìc twn sthl¸n Ai, i = 1, . . . , n tou
pÐnaka A. E�n ìmwc k�pou endi�mesa doÔme mÐa gramm  thc morf c:(

0 0 · · · 0 | χ
)

(25)

me χ 6= 0, tìte to sÔsthma eÐnai adÔnato. EpÐshc k�je for� pou blèpoume mÐa
mhdenik  gramm , sutì shmaÐnei ìti up�rqei ènac eleÔjeroc �gnwstoc.

5.1 Tetragwnik� Sust mata

'Otan èqoume m = n tìte to sÔsthma lègetai tetragwnikì kai omoÐwc tetragw-
nikìc eÐnai kai o pÐnakac A tou sust matoc. H epÐlush dieukolÔnetai lìgw thc
Ôparxhc arket¸n paragontopoi sewn gia touc tetragwnikoÔc pÐnakec.

5.1.1 Omogen  tetragwnik� sust mata

GnwrÐzoume ìti èna tetragwnikì omogenèc sÔsthma èqei mh mhdenik  lÔsh mìnon
ìtan o pÐnakac eÐnai mh antistrèyimoc, dhl. mìnon ìtan h orÐzous� tou eÐnai mhdèn.
Diaforetik� to sÔsthma èqei monadik  lÔsh pou eÐnai h mhdenik . Sthn perÐptwsh
twn omogen¸n susthm�twn h mình ètoimh entol  pou mporoÔme na qrhsimopoi -
soume sto MATLAB eÐnai h entol  null(A), h opoÐa dÐnei mÐa b�sh gia ton pur na
tou A. JewroÔme ènan pÐnaka me thn pr¸th kai thn trÐth st lh tou Ðdiec, ¸ste na
èqei opwsd pote mhdenik  orÐzousa kai upologÐzoume thn lÔsh tou antÐstoiqou
omogenoÔc sust matoc me to MATLAB:

8x+ y + 8z = 0

3x+ 5y + 3z = 0

4x+ 9y + 4z = 0

(26)

Sto MATLAB gr�foume kai paÐrnoume ta akìlouja apotelèsmata:

>> A=[8,1,8;3,5,3;4,9,4]

A =

8 1 8

3 5 3

4 9 4

>> x=null(A)

x =

0.707106781186548

0

-0.707106781186548

>> A*x
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ans =

1.0e-015 *

0.888178419700125

0

0.444089209850063

To MATLAB dÐnei mÐa orjokanonik  b�sh27 gia ton pur na tou pÐnaka A. 'E-
nac èmpeiroc anagn¸sthc ja anagnwrÐsei sthn anwtèrw lÔsh tou MATLAB to
di�nusma:

x =


1√
2

0

− 1√
2


Aut n thn lÔsh mporoÔme na l�boume �mesa me to wxMaxima gr�fontac tic en-
tolèc pou akoloujoÔn:

Sq ma 13: LÔsh omogenoÔc sust matoc me to wxMaxima

27
΄Ενα σύνολο διανυσμάτων {vi, i = 1, . . . , n} λέγεται ορθοκανονικό όταν vi · vj = 0, i 6= j και

vi · vi = 1, όπου με τελίτσα συμβολίζουμε το εσωτερικό γινόμενο
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MporoÔme na lÔsoume èna omogenèc sÔsthma sto MATLAB k�nontac apaloif 
Gauss-Jordan me merik  od ghsh gramm¸n, ¸ste to sÔsthma k�je for� na eÐnai
isodÔnamo me to prohgoÔmeno. Gia ton skopì autì dhmiourgoÔme thn sun�rthsh
me ìnoma showechelon.m, h opoÐa lamb�nei san ìrisma ton opoiod pote pÐnaka A
kai epistrèfei thn anhgmènh klimakwt  morf  tou A. O pl rhc k¸dikac akoloujeÐ:

function B=showechelon(A)

%Shows all the steps of Gauss-Jordanian elimination

%with partial row pivoting

%Call: B=showechelon(A)

%Demetrios T. Christopoulos, dchristop@econ.uoa.gr, Spring 2011

format rat

format compact

more off

disp(’Let the matrix be:’)

A

[m,n] = size(A);

% Compute the numerical tolerance.

tol = max([m,n])*eps*norm(A,’inf’);

% Loop over the entire matrix.

i = 1;

j = 1;

k = 0;

while (i <= m) && (j <= n)

% Find the pivot element of column j.

[mx,k] = max(abs(A(i:m,j)));

k = k+i-1;

if (mx <= tol)

% The column is negligible, zero it out.

disp([’ The column ’ int2str(j) ’

is numerically negligible’])

A(i:m,j) = zeros(m-i+1,1)

j = j + 1;

else

if (i ~= k)

% Do partial pivoting: Swap i-th and k-th rows.

disp([’ Do partial row pivoting:

Swap rows ’ int2str(i) ’ and ’ int2str(k) ’ : ’ ])

disp([’ Row(’ int2str(i) ’) <--> Row(’ int2str(k) ’) ’])

A([i k],:) = A([k i],:)

end

%Make the pivot element equal to unity
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%by dividing the pivot row with the pivot element.

disp([’ Make pivot element A(’ int2str(i) ’,’ int2str(j) ’)

equal to unity:’ ])

disp([’ Row(’ int2str(i) ’) --> Row(’ int2str(i) ’)

/ A(’ int2str(i) ’,’ int2str(j) ’) ’])

A(i,j:n) = A(i,j:n)/A(i,j)

%Construct the unit vector at column j

%by subtracting proper multiples of the pivot row

from all other rows.

disp([’ Do eliminations in column ’ int2str(j) ’ : ’])

for k = 1:m

if k ~= i

disp([’ Row(’ int2str(k) ’) --> Row(’ int2str(k) ’)

- A(’ int2str(k) ’,’ int2str(j) ’) * Row(’ int2str(j) ’)’])

A(k,j:n) = A(k,j:n) - A(k,j)*A(i,j:n)

end

end

i = i + 1;

j = j + 1;

end

end

B=A;

San efarmog  lÔnoume to prohgoÔmeno prìblhma:

>> format compact

>> format rat

>> A=[8,1,8;3,5,3;4,9,4],b=zeros(3,1)

A =

8 1 8

3 5 3

4 9 4

b =

0

0

0

>> Ab=[A,b]

Ab =

8 1 8 0

3 5 3 0

4 9 4 0

>> C=showechelon(Ab);

Let the matrix be:

A =
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8 1 8 0

3 5 3 0

4 9 4 0

Make pivot element A(1,1) equal to unity:

Row(1) --> Row(1) / A(1,1)

A =

1 1/8 1 0

3 5 3 0

4 9 4 0

Do eliminations in column 1 :

Row(2) --> Row(2) - A(2,1) * Row(1)

A =

1 1/8 1 0

0 37/8 0 0

4 9 4 0

Row(3) --> Row(3) - A(3,1) * Row(1)

A =

1 1/8 1 0

0 37/8 0 0

0 17/2 0 0

Do partial row pivoting: Swap rows 2 and 3 :

Row(2) <--> Row(3)

A =

1 1/8 1 0

0 17/2 0 0

0 37/8 0 0

Make pivot element A(2,2) equal to unity:

Row(2) --> Row(2) / A(2,2)

A =

1 1/8 1 0

0 1 0 0

0 37/8 0 0

Do eliminations in column 2 :

Row(1) --> Row(1) - A(1,2) * Row(2)

A =

1 0 1 0

0 1 0 0

0 37/8 0 0

Row(3) --> Row(3) - A(3,2) * Row(2)

A =

1 0 1 0

0 1 0 0

0 0 0 0
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The column 3 is numerically negligible

A =

1 0 1 0

0 1 0 0

0 0 0 0

The column 4 is numerically negligible

A =

1 0 1 0

0 1 0 0

0 0 0 0

Blèpoume ìti to arqikì omogenèc sÔsthma eÐnai isodÔnamo me to �mesa epilÔsimo
sÔsthma pou akoloujeÐ:

x+ z = 0

y = 0

0 = 0

⇔

x = −z
y = 0

z = z

 (27)

Sunep¸c mÐa lÔsh eÐnai:

x =


−1

0

1


kai an thn kanonikopoi soume diair¸ntac me to m koc tou dianÔsmatoc, dhl. me√

2, lamb�noume thn lÔsh pou èdwse kai to wxMaxima.

Par�deigma 5.1. Na brejeÐ me thn bo jeia tou MATLAB, k�nontac apaloif 
Gauss-Jordan me merik  od ghsh, h genik  lÔsh tou omogenoÔc sust matoc:

2x+ 3y − z + w = 0

8x+ 12y − 9z + 8w = 0

4x+ 6y + 3z − 2w = 0

2x+ 3y + 9z − 7w = 0

 (28)

LÔsh:

QrhsimopoioÔme thn sun�rthsh showechelon.m kai lamb�noume:

>> A=[2,3,-1,1;8,12,-9,8;4,6,3,-2;2,3,9,-7],b=zeros(4,1)

A =

2 3 -1 1

8 12 -9 8

4 6 3 -2
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2 3 9 -7

b =

0

0

0

0

>> Ab=[A,b]

Ab =

2 3 -1 1 0

8 12 -9 8 0

4 6 3 -2 0

2 3 9 -7 0

>> Ab=[A,b]

Ab =

2 3 -1 1 0

8 12 -9 8 0

4 6 3 -2 0

2 3 9 -7 0

>> C=showechelon(Ab);

Let the matrix be:

A =

2 3 -1 1 0

8 12 -9 8 0

4 6 3 -2 0

2 3 9 -7 0

Do partial row pivoting: Swap rows 1 and 2 :

Row(1) <--> Row(2)

A =

8 12 -9 8 0

2 3 -1 1 0

4 6 3 -2 0

2 3 9 -7 0

Make pivot element A(1,1) equal to unity:

Row(1) --> Row(1) / A(1,1)

A =

1 3/2 -9/8 1 0

2 3 -1 1 0

4 6 3 -2 0

2 3 9 -7 0

Do eliminations in column 1 :

Row(2) --> Row(2) - A(2,1) * Row(1)

A =

1 3/2 -9/8 1 0
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0 0 5/4 -1 0

4 6 3 -2 0

2 3 9 -7 0

Row(3) --> Row(3) - A(3,1) * Row(1)

A =

1 3/2 -9/8 1 0

0 0 5/4 -1 0

0 0 15/2 -6 0

2 3 9 -7 0

Row(4) --> Row(4) - A(4,1) * Row(1)

A =

1 3/2 -9/8 1 0

0 0 5/4 -1 0

0 0 15/2 -6 0

0 0 45/4 -9 0

The column 2 is numerically negligible

A =

1 3/2 -9/8 1 0

0 0 5/4 -1 0

0 0 15/2 -6 0

0 0 45/4 -9 0

Do partial row pivoting: Swap rows 2 and 4 :

Row(2) <--> Row(4)

A =

1 3/2 -9/8 1 0

0 0 45/4 -9 0

0 0 15/2 -6 0

0 0 5/4 -1 0

Make pivot element A(2,3) equal to unity:

Row(2) --> Row(2) / A(2,3)

A =

1 3/2 -9/8 1 0

0 0 1 -4/5 0

0 0 15/2 -6 0

0 0 5/4 -1 0

Do eliminations in column 3 :

Row(1) --> Row(1) - A(1,3) * Row(3)

A =

1 3/2 0 1/10 0

0 0 1 -4/5 0

0 0 15/2 -6 0

0 0 5/4 -1 0

Row(3) --> Row(3) - A(3,3) * Row(3)
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A =

1 3/2 0 1/10 0

0 0 1 -4/5 0

0 0 0 0 0

0 0 5/4 -1 0

Row(4) --> Row(4) - A(4,3) * Row(3)

A =

1 3/2 0 1/10 0

0 0 1 -4/5 0

0 0 0 0 0

0 0 0 0 0

The column 4 is numerically negligible

A =

1 3/2 0 1/10 0

0 0 1 -4/5 0

0 0 0 0 0

0 0 0 0 0

The column 5 is numerically negligible

A =

1 3/2 0 1/10 0

0 0 1 -4/5 0

0 0 0 0 0

0 0 0 0 0

Blèpoume ìti to arqikì omogenèc sÔsthma eÐnai isodÔnamo me to �mesa epilÔsimo
sÔsthma pou akoloujeÐ:

x+ 3
2
y + 1

10
w = 0

z − 4
5
w = 0

0 = 0

0 = 0

⇔

x = −3

2
y − 1

10
w

y = y

z = 4
5
w

w = w

 (29)

5.1.2 Mh omogen  tetragwnik� sust mata

'Otan epiplèon isqÔei ìti b 6= 0m×m, tìte to sÔsthma lègetai mh omogenèc. S' aut n
thn perÐptwsh e�n o pÐnakac A eÐnai antistrèyimoc, mporoÔme �neta na qrhsimo-
poi soume to MATLAB gia thn epÐlush tou sust matoc. H lÔsh eÐnai monadik 
kai prokÔptei wc ex c:

Ax = b⇒ x = A−1b (30)

H lÔsh me to MATLAB mporeÐ na dojeÐ me ìlec tic parak�tw entolèc:

>> x=inv(A)*b
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>> x=A^(-1)*b

>> x=A^-1*b

>> x=A\b

San par�deigma jewroÔme ton akìloujo pÐnaka:

>> A=magic(3)

A =

8 1 6

3 5 7

4 9 2

>> b=[1;2;3]

b =

1

2

3

>> x=inv(A)*b

x =

1/20

3/10

1/20

>> x=A^(-1)*b

x =

1/20

3/10

1/20

>> A^-1*A

ans =

1 0 *

0 1 0

0 * 1

>> x=A\b

x =

1/20

3/10

1/20

>> A*x-b

ans =

0

0

-1/2251799813685248

>> format long e

>> A*x-b

ans =
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0

0

-4.440892098500626e-016

'Opou blèpoume thn epÐdrash twn sfalm�twn thc arijmhtik c kinht c upodiastol c
pou qrhsimopoieÐ to MATLAB. Shmei¸noume ìti o pÐnakac èqei orÐzousa det(A) =
−360, ìqi polÔ kont� sto mhdèn. EpÐshc o deÐkthc kat�stashc28 eÐnai 4.33, ìqi
idiaÐtera meg�loc. Epomènwc o pÐnakac den eÐnai se kamÐa perÐptwsh � perÐpou
an¸maloc �, dhl. kont� sto na mhn antistrèfetai.

Me thn Ðdia diadikasÐa thc apaloif c Gauss-Jordan me merik  od ghsh mpo-
roÔme na lÔsoume kai èna sÔsthma sto opoÐo o pÐnakac den antistrèfetai, ìpwc
faÐnetai sta paradeÐgmata pou akoloujoÔn.

Par�deigma 5.2. Na epilujeÐ to sÔsthma:
5x− 2y + 8z + w = 12

x+ y + z − w = 2

3x− 4y + 6z + 3w = 8

7x− 7y + 13z + 5w = 18

 (31)

LÔsh:

DhmiourgoÔme ton epauxhmèno pÐnaka Ab kai katìpin qrhsimopoioÔme thn sun�r-
thsh showechelon.m gia na l�boume ta apotelèsmata:

>> A=[5,-2,8,1;1,1,1,-1;3,-4,6,3;7,-7,13,5]

A =

5 -2 8 1

1 1 1 -1

3 -4 6 3

7 -7 13 5

>> b=[12;2;8;18]

b =

12

2

8

18

>> Ab=[A,b]

Ab =

5 -2 8 1 12

1 1 1 -1 2

3 -4 6 3 8

28
Για τετραγωνικό πίνακα Α ο δείκτης κατάστασης κ(A) ορίζεται ως κ(A) = ||A|| ·

∣∣∣∣A−1
∣∣∣∣.
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7 -7 13 5 18

>> C=showechelon(Ab);

Let the matrix be:

A =

5 -2 8 1 12

1 1 1 -1 2

3 -4 6 3 8

7 -7 13 5 18

Do partial row pivoting: Swap rows 1 and 4 :

Row(1) <--> Row(4)

A =

7 -7 13 5 18

1 1 1 -1 2

3 -4 6 3 8

5 -2 8 1 12

Make pivot element A(1,1) equal to unity:

Row(1) --> Row(1) / A(1,1)

A =

1 -1 13/7 5/7 18/7

1 1 1 -1 2

3 -4 6 3 8

5 -2 8 1 12

Do eliminations in column 1 :

Row(2) --> Row(2) - A(2,1) * Row(1)

A =

1 -1 13/7 5/7 18/7

0 2 -6/7 -12/7 -4/7

3 -4 6 3 8

5 -2 8 1 12

Row(3) --> Row(3) - A(3,1) * Row(1)

A =

1 -1 13/7 5/7 18/7

0 2 -6/7 -12/7 -4/7

0 -1 3/7 6/7 2/7

5 -2 8 1 12

Row(4) --> Row(4) - A(4,1) * Row(1)

A =

1 -1 13/7 5/7 18/7

0 2 -6/7 -12/7 -4/7

0 -1 3/7 6/7 2/7

0 3 -9/7 -18/7 -6/7

Do partial row pivoting: Swap rows 2 and 4 :

Row(2) <--> Row(4)
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A =

1 -1 13/7 5/7 18/7

0 3 -9/7 -18/7 -6/7

0 -1 3/7 6/7 2/7

0 2 -6/7 -12/7 -4/7

Make pivot element A(2,2) equal to unity:

Row(2) --> Row(2) / A(2,2)

A =

1 -1 13/7 5/7 18/7

0 1 -3/7 -6/7 -2/7

0 -1 3/7 6/7 2/7

0 2 -6/7 -12/7 -4/7

Do eliminations in column 2 :

Row(1) --> Row(1) - A(1,2) * Row(2)

A =

1 0 10/7 -1/7 16/7

0 1 -3/7 -6/7 -2/7

0 -1 3/7 6/7 2/7

0 2 -6/7 -12/7 -4/7

Row(3) --> Row(3) - A(3,2) * Row(2)

A =

1 0 10/7 -1/7 16/7

0 1 -3/7 -6/7 -2/7

0 0 0 0 *

0 2 -6/7 -12/7 -4/7

Row(4) --> Row(4) - A(4,2) * Row(2)

A =

1 0 10/7 -1/7 16/7

0 1 -3/7 -6/7 -2/7

0 0 0 0 *

0 0 * 0 *

The column 3 is numerically negligible

A =

1 0 10/7 -1/7 16/7

0 1 -3/7 -6/7 -2/7

0 0 0 0 *

0 0 0 0 *

The column 4 is numerically negligible

A =

1 0 10/7 -1/7 16/7

0 1 -3/7 -6/7 -2/7

0 0 0 0 *

0 0 0 0 *
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The column 5 is numerically negligible

A =

1 0 10/7 -1/7 16/7

0 1 -3/7 -6/7 -2/7

0 0 0 0 0

0 0 0 0 0

E�n den jèlame tìsh poll  leptomèreia, all� kateujeÐan to apotèlesma ja gr�fame
apl¸c:

>> C=rref(Ab)

C =

1 0 10/7 -1/7 16/7

0 1 -3/7 -6/7 -2/7

0 0 0 0 0

0 0 0 0 0

T¸ra eÐnai fanerì ìti to arqikì sÔsthma 31 eÐnai isodÔnamo me to saf¸c aploÔ-
stero sÔsthma:

x+ 10
7
z − 1

7
w = 16

7

y − 3
7
z − 6

7
w = −2

7

0 = 0

0 = 0

⇔

x = 16

7
− 10

7
z + 1

7
w

y = −2
7

+ 3
7
z + 6

7
w

z = z

w = w

 (32)

to opoÐo mporeÐ na grafeÐ epÐshc dianusmatik� wc ex c:
x

y

z

w

 =


16
7

−2
7

0

0

+ z ·


−10

7
3
7

1

0

+ w ·


1
7
6
7

0

1

 (33)

'E�n y�qname thn lÔsh tou antÐstoiqou omogenoÔc sust matoc ja brÐskame touc
dÔo teleutaÐouc ìrouc thc lÔshc, en¸ o prwtoc ìroc eÐnai h merik  lÔsh tou mh
omogenoÔc sust matoc. EpÐshc prèpei na parathr soume ìti to MATLAB den
kat�fere na upologÐsei thn orÐzousa tou pÐnaka A wc mhdèn, all� èdwse mÐa polÔ
mikr  tim  gi' aut n:

>> det(A)

ans =

1/257554407665418070000000000000

>> format long e

>> det(A)

ans =

3.882674767884667e-030
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Autìc eÐnai kai o lìgoc pou to MATLAB mac dÐnei tic ex c lÔseic:

>> x=A\b

Warning: Matrix is close to singular or badly scaled.

Results may be inaccurate. RCOND = 3.589083e-018.

x =

-36/35

10/7

12/5

4/5

>> A*x-b

ans =

0

0

0

0

>> x=inv(A)*b

Warning: Matrix is close to singular or badly scaled.

Results may be inaccurate. RCOND = 3.589083e-018.

x =

-4

-2

0

-1

>> A*x-b

ans =

-29

-7

-15

-37

>> x=pinv(A)*b

x =

52/69

1/23

73/69

-10/69

>> A*x-b

ans =

-1/112589990684262

-1/450359962737050

-1/160842843834661

-1/93824992236885

O algìrijmoc pou qrhsimopoieÐtai sthn lÔsh x=A\beÐnai h paragontopoÐhsh LU

91



kai faÐnetai na epalhjeÔei to sÔsthma. Pr�gmati mporoÔme na broÔme ìti gia tic
timèc twn z = 4

5
, w = 4

5
h genik  lÔsh 33 dÐnei thn lÔsh pou br ke to MATLAB.

EpÐshc h lÔsh pou brèjhke me ton yeudoantÐstrofo epalhjeÔei to sÔsthma kai
mporoÔme na deÐxoume ìti prokÔptei apì thn genik  lÔsh gia tic timèc twn z =
73
69
, w = −10

69
. H mình �lÔsh� pou den epalhjeÔei to sÔsthma eÐnai aut  me thn

qr sh tou antistrìfou, afoÔ o pÐnakac den èqei antÐstrofo.

MporeÐte na breÐte �lla sust mata, ta opoÐa en¸ gnwrÐzoume ìti o pÐnak�c touc
den eÐnai antistrèyimoc, entoÔtoic to MATLAB dÐnei lÔsh me qr sh antistrìfou;
An nai, mhn dist�sete na epikoinwn sete me ton suggrafèa29 twn shmei¸sewn
aut¸n.

Par�deigma 5.3. Na epilujeÐ to sÔsthma:
x− y + z = 1

3x+ y − z = 2

5x− y + z = 4

 (34)

LÔsh:

DhmiourgoÔme ton epauxhmèno pÐnaka Ab kai katìpin qrhsimopoioÔme thn sun�r-
thsh showechelon.m gia na l�boume ta apotelèsmata:

>> A=[1,-1,1;3,1,-1;5,-1,1],b=[1;2;4]

A =

1 -1 1

3 1 -1

5 -1 1

b =

1

2

4

>> Ab=[A,b]

Ab =

1 -1 1 1

3 1 -1 2

5 -1 1 4

>> C=showechelon(Ab);

Let the matrix be:

A =

1 -1 1 1

3 1 -1 2

29
Δημήτριος Θ. Χριστόπουλος, dchristop@econ.uoa.gr
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5 -1 1 4

Do partial row pivoting: Swap rows 1 and 3 :

Row(1) <--> Row(3)

A =

5 -1 1 4

3 1 -1 2

1 -1 1 1

Make pivot element A(1,1) equal to unity:

Row(1) --> Row(1) / A(1,1)

A =

1 -1/5 1/5 4/5

3 1 -1 2

1 -1 1 1

Do eliminations in column 1 :

Row(2) --> Row(2) - A(2,1) * Row(1)

A =

1 -1/5 1/5 4/5

0 8/5 -8/5 -2/5

1 -1 1 1

Row(3) --> Row(3) - A(3,1) * Row(1)

A =

1 -1/5 1/5 4/5

0 8/5 -8/5 -2/5

0 -4/5 4/5 1/5

Make pivot element A(2,2) equal to unity:

Row(2) --> Row(2) / A(2,2)

A =

1 -1/5 1/5 4/5

0 1 -1 -1/4

0 -4/5 4/5 1/5

Do eliminations in column 2 :

Row(1) --> Row(1) - A(1,2) * Row(2)

A =

1 0 0 3/4

0 1 -1 -1/4

0 -4/5 4/5 1/5

Row(3) --> Row(3) - A(3,2) * Row(2)

A =

1 0 0 3/4

0 1 -1 -1/4

0 0 0 *

The column 3 is numerically negligible

A =
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1 0 0 3/4

0 1 -1 -1/4

0 0 0 *

The column 4 is numerically negligible

A =

1 0 0 3/4

0 1 -1 -1/4

0 0 0 0

T¸ra eÐnai fanerì ìti to arqikì sÔsthma 31 eÐnai isodÔnamo me to saf¸c aploÔ-
stero sÔsthma: 

x = 3
4

y − z = −1
4

0 = 0

⇔

x = 3

4

y = −1
4

+ z

z = z

 (35)

to opoÐo mporeÐ na grafeÐ epÐshc dianusmatik� wc ex c:
x

y

z

 =


3
4

−1
4

0

+ z ·


0

1

1

 (36)

5.2 Mh Tetragwnik� Sust mata

H genik  perÐptwsh mh tetragwnik¸n susthm�twn diafèrei sto gegonìc ìti den
mporoÔme na k�noume qr sh tou antistrìfou pÐnaka. K�noume ki ed¸ akrib¸c
thn Ðdia diadikasÐa thc apaloif c Gauss-Jordan me merik  od ghsh gramm¸n, ìpwc
faÐnetai sto par�deigma pou akoloujeÐ.

Par�deigma 5.4. Na epilujeÐ to sÔsthma:
x+ y = 2

2x− y = 1

4x− 5y = −1

7x− 11y = −4

 (37)

LÔsh:

DhmiourgoÔme ton epauxhmèno pÐnaka Ab kai katìpin qrhsimopoioÔme thn sun�r-
thsh showechelon.m gia na l�boume ta apotelèsmata:
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>> A=[1,1;2,-1;4,-5;7,-11],b=[2;1;-1;-4]

A =

1 1

2 -1

4 -5

7 -11

b =

2

1

-1

-4

>> Ab=[A,b]

Ab =

1 1 2

2 -1 1

4 -5 -1

7 -11 -4

>> C=showechelon(Ab);

Let the matrix be:

A =

1 1 2

2 -1 1

4 -5 -1

7 -11 -4

Do partial row pivoting: Swap rows 1 and 4 :

Row(1) <--> Row(4)

A =

7 -11 -4

2 -1 1

4 -5 -1

1 1 2

Make pivot element A(1,1) equal to unity:

Row(1) --> Row(1) / A(1,1)

A =

1 -11/7 -4/7

2 -1 1

4 -5 -1

1 1 2

Do eliminations in column 1 :

Row(2) --> Row(2) - A(2,1) * Row(1)

A =

1 -11/7 -4/7

0 15/7 15/7
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4 -5 -1

1 1 2

Row(3) --> Row(3) - A(3,1) * Row(1)

A =

1 -11/7 -4/7

0 15/7 15/7

0 9/7 9/7

1 1 2

Row(4) --> Row(4) - A(4,1) * Row(1)

A =

1 -11/7 -4/7

0 15/7 15/7

0 9/7 9/7

0 18/7 18/7

Do partial row pivoting: Swap rows 2 and 4 :

Row(2) <--> Row(4)

A =

1 -11/7 -4/7

0 18/7 18/7

0 9/7 9/7

0 15/7 15/7

Make pivot element A(2,2) equal to unity:

Row(2) --> Row(2) / A(2,2)

A =

1 -11/7 -4/7

0 1 1

0 9/7 9/7

0 15/7 15/7

Do eliminations in column 2 :

Row(1) --> Row(1) - A(1,2) * Row(2)

A =

1 0 1

0 1 1

0 9/7 9/7

0 15/7 15/7

Row(3) --> Row(3) - A(3,2) * Row(2)

A =

1 0 1

0 1 1

0 0 0

0 15/7 15/7

Row(4) --> Row(4) - A(4,2) * Row(2)

A =
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1 0 1

0 1 1

0 0 0

0 0 0

The column 3 is numerically negligible

A =

1 0 1

0 1 1

0 0 0

0 0 0

T¸ra faÐnetai �mesa ìti to arqikì sÔsthma 37 eÐnai isodÔnamo me to saf¸c aploÔ-
stero sÔsthma: 

x = 1

y = 1

0 = 0

0 = 0

⇔
{
x = 1

y = 1

}
(38)

pou eÐnai kai h lÔsh autoÔ. Shmei¸noume ìti h lÔsh mporoÔse na brejeÐ kai me
thn qr sh tou yeudoantÐstrofou:

>> x=pinv(A)*b

x =

1

1

>> A*x-b

ans =

-1/1125899906842624

-1/1801439850948199

0

0

>> format long e

>> A*x-b

ans =

-8.881784197001252e-016

-5.551115123125783e-016

0

0

>> x=pinv(A)*b

x =

9.999999999999996e-001

9.999999999999997e-001

97



apl� den eÐnai apìluta akrib c lìgw twn sfalm�twn thc arijmhtik c kinht c
upodiastol c pou qrhsimopoieÐ to MATLAB.

5.3 Grammik� sust mata meg�lwn diast�sewn

MporoÔme p�ntote na kataskeu�soume èna genikì sÔsthma m × n pou na èqei
gnwst  ek twn protèrwn mÐa lÔsh tou. Gia ton skopì autì lamb�noume ènan ka-
t�llhlo pÐnaka A, m×n, èna opoiod pote di�nusma st lh x, n×1 kai epilègoume
to di�nusma twn dexi¸n mer¸n twn exis¸sewn na eÐnai to b = A · x. Met� lÔnoume
to sÔsthma A · x = b me to MATLAB   opoiod pote �llo prìgramma kai k�noume
tic parathr seic mac. Mac endiafèrei na doÔme ti gÐnetai gia polÔ meg�la sust -
mata, �nw twn 1000 exis¸sewn toul�qiston. OrÐzoume loipìn tuqaÐouc pÐnakec
A, elègqoume e�n èqoun bajmì Ðso me thn mikrìterh di�stas  touc kai katìpin
orÐzoume thn lÔsh x thc areskeÐac mac, kataskeu�zoume to di�nusma b kai sto
tèloc brÐskoume thn lÔsh me to MATLAB:

>> format compact

>> format long e

>> A=randn(2500);

>> tic;rank(A)

ans =

2500

>> toc

Elapsed time is 10.197189 seconds.

>> x=ones(2500,1);

>> b=A*x;

>> tic;xmat1=A\b;

>> toc

Elapsed time is 3.017956 seconds.

>> xmat1(1:10,1)

ans =

9.999999999997149e-001

9.999999999982921e-001

1.000000000001966e+000

1.000000000000744e+000

1.000000000000900e+000

9.999999999991314e-001

9.999999999965370e-001

1.000000000000292e+000

9.999999999995043e-001

1.000000000000193e+000

>> min(abs(x-xmat1)),max(abs(x-xmat1))

ans =
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4.440892098500626e-016

ans =

5.520695012251053e-012

>> tic;xmat2=inv(A)*b;

>> toc

Elapsed time is 4.603429 seconds.

>> xmat2(1:10,1)

ans =

9.999999999975577e-001

9.999999999984452e-001

1.000000000001581e+000

1.000000000007093e+000

1.000000000001212e+000

9.999999999954019e-001

9.999999999808535e-001

1.000000000001183e+000

9.999999999992693e-001

9.999999999972261e-001

>> min(abs(x-xmat2)),max(abs(x-xmat2))

ans =

1.776356839400251e-015

ans =

4.750688731292030e-011

>> tic;xmat3=pinv(A)*b;

>> toc

Elapsed time is 16.714703 seconds.

>> xmat3(1:10,1)

ans =

9.999999999998086e-001

1.000000000000083e+000

9.999999999996239e-001

1.000000000000149e+000

9.999999999995852e-001

1.000000000000385e+000

1.000000000000633e+000

9.999999999996074e-001

9.999999999999893e-001

9.999999999999716e-001

>> min(abs(x-xmat3)),max(abs(x-xmat3))

ans =

0

ans =

1.609379296496627e-012
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>> mean(x-xmat1),std(x-xmat1)

ans =

-6.666671659161239e-014

ans =

1.520535060612883e-012

>> mean(x-xmat2),std(x-xmat2)

ans =

-1.362339130395185e-013

ans =

6.302509159865352e-012

>> mean(x-xmat3),std(x-xmat3)

ans =

1.315036968208005e-014

ans =

2.906646963869463e-013

Blèpoume ìti h plèon akrib c lÔsh dìjhke me thn qr sh tou yeudoantÐstrofou,
all� qrei�sthke perÐpou tetrapl�sio qrìno apì tic �llec dÔo mejìdouc. T¸ra
k�noume thn Ðdia ergasÐa gia ènan tuqaÐo pÐnaka 1500× 1000:

>> format compact

>> format long e

>> A=randn(1500,1000);

>> tic;rank(A)

ans =

1000

>> toc

Elapsed time is 2.951011 seconds.

>> x=ones(1000,1);b=A*x;

>> tic;xm=pinv(A)*b;

>> toc

Elapsed time is 9.058941 seconds.

>> xm(1:10,:)

ans =

1.000000000000003e+000

9.999999999999867e-001

1.000000000000004e+000

9.999999999999990e-001

1.000000000000000e+000

9.999999999999980e-001

9.999999999999993e-001

1.000000000000004e+000

9.999999999999909e-001

1.000000000000001e+000
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>> min(abs(x-xm)),max(abs(x-xm))

ans =

0

ans =

1.731947918415244e-014

>> mean(x-xm),std(x-xm)

ans =

2.051692149507289e-016

ans =

5.600241980340997e-015

>> tic;C=rref([A,b]);

>> toc

Elapsed time is 82.360330 seconds.

>> min(min(C)),max(max(C))

ans =

0

ans =

1.000000000000361e+000

>> min(C(1:1000,1001)), max(C(1:1000,1001))

ans =

9.999999999996948e-001

ans =

1.000000000000361e+000

>> min(min(C(1001:1500,:))), max(max(C(1001:1500,:)))

ans =

0

ans =

0

To MATLAB brÐskei thn akrib  lÔsh me sf�lma sta ìria tou èyilon thc mhqa-
n c, ìpwc faÐnetai apì tic timèc elaqÐstou kai megÐstou sf�lmatoc.
E�n jel soume kalÔterh akrÐbeia ja qrhsimopoi soume thn entol  rref([A,b]),
all� ja qreiasteÐ qrìnoc p�nw apì èna leptì. Pr�gmati tìte o anhgmènoc klima-
kwtìc pÐnakac apoteleÐtai apì dÔo upopÐnakec:

• 'Enan monadiaÐo 1000× 1000 pÐnaka, èstw I1000×1000

• 'Ena di�nusma st lh 1000 × 1 me stoiqeÐa mon�dec, èstw x1000×1, gia thn
akrÐbeia arijmoÔc sto di�sthma

[9.999999999996948 · 10−1, 1.000000000000361 · 100]
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pou eÐnai kont� stic pragmatikèc lÔseic

• 'Enan mhdenikì pÐnaka 500× 1001, èstw O500×1001

Dhlad  èqoume telik�, ìpwc mporeÐ na dei k�poioc kai me ton editor ìti:

C =

(
I1000×1000 x1000×1

O500×1001

)

E�n ìmwc dokim�soume na ergastoÔme me pÐnakec pou èqoun polÔ meg�lo deÐkth
kat�stashc   polÔ mikr  orÐzousa, tìte mìnon me thn qr sh tou yeudoantÐstrofou
epitugq�noume k�ti axiìpisto. 'Ena tètoio par�deigma eÐnai o pÐnakac Hilbert pou
orÐzetai wc hi,j = 1

i+j−1
, i, j = 1, . . . , n. E�n jewr soume ton pÐnaka Hilbert

1000hc t�xhc tìte èqoume sto MATLAB:

>> A=hilb(1000);

>> tic;rank(A)

ans =

24

>> toc

Elapsed time is 1.593930 seconds.

>> det(A)

ans =

0

>> x=ones(1000,1);

>> b=A*x;

>> xmat1=A\b;

Warning: Matrix is close to singular or badly scaled.

Results may be inaccurate. RCOND = 5.093585e-022.

>> xmat1(1:10,:)

ans =

9.999941791639468e-001

1.000823867771569e+000

9.735646145715009e-001

1.295309971016756e+000

4.010338329795076e-001

-1.222266852760478e+001

1.246083578243988e+002

-4.926062559835395e+002

1.020377427038031e+003

-9.553407337000234e+002

>> xmat1(end:-1:end-10,:)

ans =

2.796606085889057e+003
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-1.779381861345185e+003

-1.190212791621301e+003

-1.930102388652020e+003

1.915231986134224e+003

-2.694017643689261e+003

2.034054115380765e+003

1.090666991604106e+003

-6.994819998806054e+002

-9.593164444739699e+001

2.697303619546813e+002

>> min(abs(x-xmat1))

ans =

5.820836053160861e-006

>> max(abs(x-xmat1))

ans =

7.641232048806722e+003

>> mean(x-xmat1),std(x-xmat1)

ans =

-1.435229632988921e-007

ans =

1.758679412581018e+003

>> tic;xmat2=pinv(A)*b;

>> toc

Elapsed time is 3.194751 seconds.

>> xmat2(1:10,1)

ans =

1.000000080923201e+000

9.999928623437882e-001

1.000152081251144e+000

9.986419677734375e-001

1.005836486816406e+000

9.885635375976563e-001

1.005134582519531e+000

1.007173538208008e+000

9.984831809997559e-001

9.934272766113281e-001

>> xmat2(end:-1:end-10,:)

ans =

9.978170394897461e-001

9.976177215576172e-001

9.979848861694336e-001

9.982118606567383e-001

9.978456497192383e-001
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9.979496002197266e-001

9.981336593627930e-001

9.984436035156250e-001

9.983091354370117e-001

9.984359741210938e-001

9.985251426696777e-001

>> min(abs(x-xmat2))

ans =

8.092320058494806e-008

>> max(abs(x-xmat2))

ans =

1.143646240234375e-002

>> mean(x-xmat2),std(x-xmat2)

ans =

-9.967702353606000e-007

ans =

1.176583656753686e-003

O pÐnakac èqei bajmì Ðso me 1000 kai ìqi Ðso me 24. EpÐshc h orÐzous� tou eÐnai
mh mhdenik .
E�n jel soume na qrhsimopi soume thn entol  rref() h opoÐa èdeiqne na douleÔei
jaum�sia gia mikrìtera sust mata to apotèlesma eÐnai èna par�deigma katastro-
f c thc lÔshc lìgw sfalm�twn arijmhtik c kinht c upodiastol c:

>> tic;B=rref(A);

>> toc

Elapsed time is 33.173741 seconds.

>> format rat

>> B(12,12:19)

ans =

Columns 1 through 4

1 0 -4978/201 0

Columns 5 through 8

9054/59 124587/154 0 -9057/10

Blèpoume ìti èqei dhmiourg sei mon�dec sthn diag¸nio mèqri to stoiqeÐo (13,13),
èqei mìnon 16 mh mhdenikèc grammèc antÐ gia 1000 kai epÐshc to k�je diag¸nio
stoiqeÐo den èqei mhdenik�, all� meg�louc arijmoÔc. Kanonik� èprepe o pÐnakac
apotèlesma na eÐnai austhr� diag¸nioc me mon�dec sth diag¸nio kai teleutaÐo
stoiqeÐo k�je gramm c p�li Ðso me èna, ¸ste na èqoume brei thn pragmatik  lÔsh.
Katal goume loipìn sto ìti h plèon axiìpisth mèjodoc gia thn epÐlush polÔ
meg�lwn susthm�twn me to MATLAB eÐnai h mèjodoc tou yeudoantÐstrofou, dhl.
h qr sh thc entol c pinv(A)*b.
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5.4 Sqetik� me periorismoÔc akrÐbeiac sto MATLAB

Ja parousi�soume sunoptik� aut� pou prèpei na prosèqei k�poioc qrhsimopoi¸n-
tac to MATLAB ¸ste na eÐnai sqetik� sÐgouroc gia thn akrÐbeia twn apotele-
sm�twn tou.

1. Mhn qrhsimopoieÐte klasmatikèc dun�meic tou 2.

To MATLAB adunateÐ na metatrèyei arijmoÔc pou anaparÐstantai akrib¸c sto
prìtupo IEEE 754 - 2008 / binary64 se akribeÐc arijmoÔc mhqan c.

Par�deigma 5.5. Na eisaqjeÐ sto MATLAB o pÐnakac:

A =



257
16

4097
256

65537
4096

1048577
65536

16777217
1048576

513
16

8193
256

131073
4096

2097153
65536

33554433
1048576

769
16

12289
256

196609
4096

3145729
65536

50331649
1048576

1025
16

16385
256

262145
4096

4194305
65536

67108865
1048576

1281
16

20481
256

327681
4096

5242881
65536

83886081
1048576


(39)

1. Na gÐnoun stoiqei¸deic pr�xeic, ìpwc A2, kai na melethjeÐ h akrÐbei� touc

2. Na dhmiourghjeÐ to antÐstoiqo sÔsthma me lÔsh tic mon�dec kai na lujeÐ.
Pìso eÐnai to sf�lma;

LÔsh:

(a')Eis�goume sto MATLAB ton pÐnaka kai blèpoume ìti:

>> A=[257/16, 4097/256, 65537/4096, 1048577/65536, 16777217/1048576;

513/16, 8193/256, 131073/4096, 2097153/65536, 33554433/1048576;

769/16, 12289/256, 196609/4096, 3145729/65536, 50331649/1048576;

1025/16, 16385/256, 262145/4096, 4194305/65536, 67108865/1048576;

1281/16, 20481/256, 327681/4096, 5242881/65536, 83886081/1048576]

A =

257/16 4097/256 65537/4096 16 16

513/16 8193/256 131073/4096 32 32

769/16 12289/256 196609/4096 48 48

1025/16 16385/256 262145/4096 64 64

1281/16 20481/256 327681/4096 80 80
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To sf�lma pou èqei k�nei  dh to MATLAB kat� thn eisagwg  tou pÐnaka eÐnai:

Amat − A =



0 0 0 − 1
65536

− 1
1048576

0 0 0 − 1
65536

− 1
1048576

0 0 0 − 1
65536

− 1
1048576

0 0 0 − 1
65536

− 1
1048576

0 0 0 − 1
65536

− 1
1048576



=



0.0 0.0 0.0 −1.52587890625 10−5 −9.5367431640625 10−7

0.0 0.0 0.0 −1.52587890625 10−5 −9.5367431640625 10−7

0.0 0.0 0.0 −1.52587890625 10−5 −9.5367431640625 10−7

0.0 0.0 0.0 −1.52587890625 10−5 −9.5367431640625 10−7

0.0 0.0 0.0 −1.52587890625 10−5 −9.5367431640625 10−7


H tim  tou A2 me thn qr sh tou MATLAB eÐnai:

>> A^2

ans =

26923/7 76829/20 72982/19 138281/36 111393/29

53838/7 161317/21 130580/17 53768/7 53768/7

80753/7 149787/13 57606/5 80648/7 80648/7

107668/7 76812/5 215057/14 107528/7 107528/7

134583/7 192027/10 76805/4 134408/7 134408/7

H pragmatik  tim  tou A2, me thn qr sh tou wxMaxima, eÐnai:

A2 =



64527554065
16777216

1031181525265
268435456

16497645064465
4294967296

263961061691665
68719476736

4223375727726865
1099511627776

129035949585
16777216

2062057562385
268435456

32990403367185
4294967296

527843936243985
68719476736

8445500462272785
1099511627776

193544345105
16777216

3092933599505
268435456

49483161669905
4294967296

791726810796305
68719476736

12667625196818705
1099511627776

258052740625
16777216

4123809636625
268435456

65975919972625
4294967296

1055609685348625
68719476736

16889749931364625
1099511627776

322561136145
16777216

5154685673745
268435456

82468678275345
4294967296

1319492559900945
68719476736

21111874665910545
1099511627776


To sf�lma kat' apìluto tim  tou MATLAB ston upologismì tou tetrag¸nou tou
pÐnaka, p�nta qrhsimopoi¸ntac to wxMaxima, kumaÐnetai apì thn el�qisth tim 

4522001
4294967296

= .1052860403 · 10−2 èwc thn mègisth tim  491852049
68719476736

= 0.7157389322 ·
10−2.
(b')Kataskeu�zoume to di�nusma twn mon�dwn x, to di�nusma twn dexi¸n mel¸n
b = A · x, ton epauxhmèno pÐnaka A|b kai brÐskoume tic lÔseic pou mporoÔme na
broÔme me to MATLAB:

>> x=ones(5,1);b=A*x
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b =

1201/15

2401/15

3601/15

4801/15

6001/15

>> Ab=[A,b];

>> C=rref(Ab);

>> C(:,1:5)

ans =

1 0 -1/16 -17/256 -273/4096

0 1 17/16 273/256 4369/4096

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

>> C(:,6)

ans =

3295/4096

944/225

0

0

0

Epomènwc sÔmfwna me to MATLAB to sÔsthma A · x = b eÐnai isodÔnamo me:

x1 − 1
16
x3 − 17

256
x4 − 273

4096
x5 = 3295

4096

x2 + 17
16
x3 + 273

256
x4 + 4369

4096
x5 = 944

225

0 = 0

0 = 0

0 = 0


Sunep¸c h lÔsh mac ja eÐnai:

x1 = 3295
4096

+ 1
16
x3 + 17

256
x4 + 273

4096
x5

x2 = 944
225
− 17

16
x3 − 273

256
x4 − 4369

4096
x5

x3 = x3

x4 = x4

x5 = x5


EÐnai aut  ìmwc h pragmatik  genik  lÔsh;. H ap�nthsh dustuq¸c eÐnai ìqi. E�n
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ergastoÔme me to wxMaxima ja èqoume thn lÔsh:

1 0 − 1
16
− 17

256
− 273

4096
3295
4096

0 1 17
16

273
256

4369
4096

17185
4096

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0


Dhlad  analutik�:

x1 = 3295
4096

+ 1
16
x3 + 17

256
x4 + 273

4096
x5

x2 = 17185
4096
− 17

16
x3 − 273

256
x4 − 4369

4096
x5

x3 = x3

x4 = x4

x5 = x5


Up�rqei èna apìluto sf�lma thc t�xhc tou 1

921600
= −.1085069444 · 10−5 sthn

lÔsh tou x2, m�lista esti�zetai sthn merik  lÔsh tou mh omogenoÔc sust matoc,
k�ti pou den ja to jèlame gia èna tìso aplì sÔsthma 5× 5.

ShmeÐwsh 1. Sqetik� me to Octave.
Prèpei na shmei¸soume ed¸ ìti to Octave kat�fere na deqjeÐ ta stoiqeÐa tou pÐnaka
A ìpwc ta eisag�game, qwrÐc na ta alloi¸sei:

octave-3.2.4.exe:1> format compact

octave-3.2.4.exe:2> format rat

octave-3.2.4.exe:3> A=[257/16, 4097/256, 65537/4096,

1048577/65536, 16777217/1048576;

513/16, 8193/256, 131073/4096, 2097153/65536, 33554433/1048576;

769/16, 12289/256, 196609/4096, 3145729/65536, 50331649/1048576;

1025/16, 16385/256, 262145/4096, 4194305/65536, 67108865/1048576;

1281/16, 20481/256, 327681/4096, 5242881/65536, 83886081/1048576]

A =

257/16 4097/256 * * *

513/16 8193/256 * * *

769/16 12289/256 * * *

1025/16 16385/256 * * *

1281/16 20481/256 * * *

octave-3.2.4.exe:4> for j=1:5 A(3,j),A(4,j),A(5,j) end

ans = 769/16
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ans = 1025/16

ans = 1281/16

ans = 12289/256

ans = 16385/256

ans = 20481/256

ans = 196609/4096

ans = 262145/4096

ans = 327681/4096

ans = 3145729/65536

ans = 4194305/65536

ans = 5242881/65536

ans = 50331649/1048576

ans = 67108865/1048576

ans = 83886081/1048576

octave-3.2.4.exe:5>

Den kat�fere ìmwc na lÔsei akrib¸c to antÐstoiqo sÔsthma, par� mìnon me thn
qr sh yeudoantÐstrofou:

octave-3.2.4.exe:5> x=ones(5,1);b=A*x;Ab=[A,b]

Ab =

257/16 4097/256 * * * 1201/15

513/16 8193/256 * * * 2401/15

769/16 12289/256 * * * 3601/15

1025/16 16385/256 * * * 4801/15

1281/16 20481/256 * * * 6001/15

octave-3.2.4.exe:6> C=rref(Ab)

C =

1 0 -1/16 -17/256 -273/4096 3295/4096

0 1 17/16 273/256 4369/4096 944/225

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

octave-3.2.4.exe:7> xoct=pinv(A)*b

xoct =

1

1

1

1
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octave-3.2.4.exe:8>

EÐqe dhlad  ta Ðdia apotelèsmata sthn genik  lÔsh tou sust matoc me to MA-
TLAB (Prosèxte thn Ôparxh tou lanjasmènou ìrou 944

225
). Kat�fere ìmwc na

epitÔqei kalÔterh akrÐbeia ston upologismì tou A2:

octave-3.2.4.exe:8> A^2

ans =

26923/7 349572/91 341863/89 138281/36 111393/29

53838/7 291907/38 130580/17 437825/57 222753/29

80753/7 610670/53 645187/56 80648/7 334113/29

107668/7 276523/18 568365/37 107528/7 445473/29

134583/7 192027/10 326421/17 134408/7 556833/29

E�n elègxoume to sf�lma blèpoume ìti brÐsketai entìc tou diast matoc:

[.1018996465 · 10−2, .1422409785 · 10−2]

saf¸c kalÔtero apì to antÐstoiqo di�sthma tou MATLAB, pou  tan:

[.1052860403 · 10−2, 0.7157389322 · 10−2]

2. Na qrhsimopoieÐte p�nta kai thn entol  x=pinv(A)*b

Se ìla ta prohgoÔmena paradeÐgmata, eidik� m�lista sta meg�lwn diast�sewn su-
st mata, eÐdame ìti h plèon axiìpisth lÔsh pou mporeÐ na brejeÐ me to MATLAB
eÐnai aut  pou qrhsimopoieÐ ton yeudoantÐstrofo tou pÐnaka A tou sust matoc,
dhl. h entol  lÔshc x=pinv(A)*b. Autì sumbaÐnei giatÐ gia autìn ton uplo-
gismì to MATLAB k�nei ousiastik� an�lush idiazous¸n tim¸n30(Singular Value
Decompsition - SVD) tou pÐnaka, h opoÐa eÐnai mÐa diadikasÐa pou deÐqnei na epitug-
q�nei pollèc forèc kalÔtera apotelèsmata. Den mporoÔme ìmwc na basistoume
se aut n thn an�lush gia ìla. Gia par�deigma eÐdame ìti gia ton pÐnaka Hilbert
diast�sewn 1000 × 1000 to MATLAB èdwse bajmì tou pÐnaka Ðso me 24 kai ìqi
1000. Shmei¸noume ìti to MATLAB brÐskei ton bajmì enìc pÐnaka k�nontac thn
anwtèrw an�lush.
EpÐshc akìma kai aut  h mèjodoc gia orismènouc tÔpouc pin�kwn apotugq�nei pl -
rwc, san par�deigma mporeÐte na lÔsete thn 'Askhsh 2 gia ν = 140.

30
Για τον m × n πίνακα Α η ανάλυση ιδιαζουσών τιμών είναι A = U · Σ · V T

, όπου U είναι τα

αριστερά και V είναι τα δεξιά ιδιοδιανύσυματα του Α, ενώ Σ είναι ο πίνακας με διαγώνια στοιχεία

τις ιδιοτιμές του ATA ή ATA.
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Genik¸c o kanìnac eÐnai na qrhsimopoioÔme to MATLAB gia polÔ meg�louc
pÐnakec me stoiqeÐa arket� mikrìtera apì to eps = 2.220446049250313 · 10−16, e�n
eÐmaste sÐgouroi ìti to prìblhm� mac eÐnai kal� topojethmèno apì thn skopi� thc
arijmhtik c an�lushc.

Se k�je perÐptwsh pou den isqÔei k�ti apì ta parap�nw   pou den gnwrÐzoume
se ti eÔroc ja kumanjeÐ h lÔsh enìc probl matoc, tìte ja prèpei na qrhsimopoioÔ-
me ta Sust mata Upologistik c 'Algebrac ( Computer Algebra Systems - CAS )
gia na eÐmaste apìluta sÐgouroi gia ta apotelèsmat� mac.
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5.5 Ask seic

1. Na brejeÐ h genik  lÔsh tou sust matoc:
3x+ 9 y − 3 z = 12

−7x− 23 y + 8 z = −29

2x− 4 y + 3 z = 3


qrhsimopoi¸ntac apaloif  Gauss-Jordan me merik  od ghsh gramm¸n sto
MATLAB. Katìpin na prospaj sete na to lÔsete me ìlec tic diajèsimec
entolèc tou MATLAB. Ti parathreÐte ;

2. Na kataskeuasteÐ kai na epilujeÐ to sÔsthma A · x = b me:

A =


1 1 1 · · · 1

2 22 23 · · · 2ν

...
...

...
. . .

...

ν ν2 ν3 · · · νν

 , b =


1

2
...

ν


gia ν = 20, 40, 80, 100, 140 me thn qr sh ìlwn twn diajesÐmwn mejìdwn
tou MATLAB kai na gÐnei epal jeush. Poia mèjodoc èqei to mikrìtero
sf�lma; Poia mèjodoc apètuqe na lÔsei to sÔsthma me akrÐbeia apodekt  se
arijmhtik  kinht c upodiastol c;

3. Na brejeÐ h genik  lÔsh tou omogenoÔc sust matoc:

5x1 + 9x2 − 3x3 − 4x4 − 13x5 = 0

5x1 + 5x2 − x3 + 4x5 = 0

−4x1 − 2x3 − 4x4 − 12x5 = 0

5x1 + 10x2 − 3x3 − 5x4 − 9x5 = 0

3x1 + 3x2 + 5x3 − 5x5 = 0


4. Na brejeÐ h genik  lÔsh tou sust matoc:

2x1 − 3x2 + 8x3 + 6x4 + 4x5 + x6 = 4

17x1 − 21x2 + 23x3 − 15x4 − 11x5 + 22x6 = 4

6x1 + 7x2 − 6x3 − 10x4 − 12x5 + x6 = 2

−2x1 − 5x2 + 7x3 + 8x4 + 8x5 = 1
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