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1 Grammik� Sust mata me to MATLAB

Ja exet�soume thn genik  morf  enìc grammikoÔ sust matoc m × n, dhl. m
exis¸sewn me n agn¸stouc:

a1,1x1 + a1,2x2 + . . .+ a1,nxn = b1

a2,1x1 + a2,2x2 + . . .+ a2,nxn = b2
... =

...

am,1x1 + am,2x2 + . . .+ am,nxn = bm

(1)

to opoÐo san exÐswsh pin�kwn gr�fetai wc Ax = b   pio analutik�:
a1,1 a1,2 · · · a1,n

a2,1 a2,2 · · · a2,n
...

...
. . .

...

am,1 am,2 · · · am,n


︸ ︷︷ ︸

A

·


x1

x2
...

xn


︸ ︷︷ ︸

x

=


b1

b2
...

bm


︸ ︷︷ ︸

b

(2)

Ja doÔme e�n mporoÔme na l�boume thn lÔsh tou sust matoc 1   2 me toMATLAB
�mesa   èstw se peperasmèno arijmì bhm�twn pou emeÐc ja orÐsoume. H genik 
jewrÐa twn grammik¸n susthm�twn prokeimènou na exet�sei e�n to sÔsthma 1 èqei
lÔsh exet�zei e�n to di�nusma b ∈ Rm an kei ston upìqwro tou Rm pou par�goun
oi st lec tou pÐnaka A, dhl. jewreÐ to sÔsthma san thn akìloujh dianusmatik 
anapar�stash:

b1

b2
...

bm


︸ ︷︷ ︸

b

= x1 ·


a1,1

a2,1
...

am,1


︸ ︷︷ ︸

A1

+x2 ·


a1,2

a2,2
...

am,2


︸ ︷︷ ︸

A2

+ · · ·+ xn ·


a1,n

a2,n
...

am,n


︸ ︷︷ ︸

An

(3)

Epomènwc ìtan gnwrÐzoume ton q¸ro sthl¸n enìc pÐnaka mporoÔme kai na e-
xet�soume e�n to di�nusma st lh twn dexi¸n mer¸n twn exis¸sewn an kei ston
upìqwro tou Rm o opoÐoc par�getai apì autèc tic st lec. Sthn pr�xh bèbaia ta
pr�gmata eÐnai polÔ pio apl�. To mìno pou èqoume na k�noume eÐnai na orÐsoume
ton epauxhmèno pÐnaka:

A|b =


a1,1 a1,2 · · · a1,n | b1

a2,1 a2,2 · · · a2,n | b2
...

...
. . .

... | ...

am,1 am,2 · · · am,n | bm

 (4)
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Katìpin brÐskoume thn anhgmènh klimakwt  morf  autoÔ kai tìte blèpoume pwc
anaparÐstatai to b wc grammikìc sunduasmìc twn sthl¸n Ai, i = 1, . . . , n tou
pÐnaka A. E�n ìmwc k�pou endi�mesa doÔme mÐa gramm  thc morf c:(

0 0 · · · 0 | χ
)

(5)

me χ 6= 0, tìte to sÔsthma eÐnai adÔnato. EpÐshc k�je for� pou blèpoume mÐa
mhdenik  gramm , sutì shmaÐnei ìti up�rqei ènac eleÔjeroc �gnwstoc.

1.1 Tetragwnik� Sust mata

'Otan èqoume m = n tìte to sÔsthma lègetai tetragwnikì kai omoÐwc tetragw-
nikìc eÐnai kai o pÐnakac A tou sust matoc. H epÐlush dieukolÔnetai lìgw thc
Ôparxhc arket¸n paragontopoi sewn gia touc tetragwnikoÔc pÐnakec.

1.1.1 Omogen  tetragwnik� sust mata

GnwrÐzoume ìti èna tetragwnikì omogenèc sÔsthma èqei mh mhdenik  lÔsh mìnon
ìtan o pÐnakac eÐnai mh antistrèyimoc, dhl. mìnon ìtan h orÐzous� tou eÐnai mhdèn.
Diaforetik� to sÔsthma èqei monadik  lÔsh pou eÐnai h mhdenik . Sthn perÐptwsh
twn omogen¸n susthm�twn h mình ètoimh entol  pou mporoÔme na qrhsimopoi -
soume sto MATLAB eÐnai h entol  null(A), h opoÐa dÐnei mÐa b�sh gia ton pur na
tou A. JewroÔme ènan pÐnaka me thn pr¸th kai thn trÐth st lh tou Ðdiec, ¸ste na
èqei opwsd pote mhdenik  orÐzousa kai upologÐzoume thn lÔsh tou antÐstoiqou
omogenoÔc sust matoc me to MATLAB:

8x+ y + 8z = 0

3x+ 5y + 3z = 0

4x+ 9y + 4z = 0

(6)

Sto MATLAB gr�foume kai paÐrnoume ta akìlouja apotelèsmata:

>> A=[8,1,8;3,5,3;4,9,4]

A =

8 1 8

3 5 3

4 9 4

>> x=null(A)

x =

0.707106781186548

0

-0.707106781186548

>> A*x
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ans =

1.0e-015 *

0.888178419700125

0

0.444089209850063

To MATLAB dÐnei mÐa orjokanonik  b�sh1 gia ton pur na tou pÐnaka A. 'Enac
èmpeiroc anagn¸sthc ja anagnwrÐsei sthn anwtèrw lÔsh tou MATLAB to di�nu-
sma:

x =


1√
2

0

− 1√
2


Aut n thn lÔsh mporoÔme na l�boume �mesa me to wxMaxima gr�fontac tic en-
tolèc pou akoloujoÔn:

Sq ma 1: LÔsh omogenoÔc sust matoc me to wxMaxima

1
΄Ενα σύνολο διανυσμάτων {vi, i = 1, . . . , n} λέγεται ορθοκανονικό όταν vi · vj = 0, i 6= j και

vi · vi = 1, όπου με τελίτσα συμβολίζουμε το εσωτερικό γινόμενο
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MporoÔme na lÔsoume èna omogenèc sÔsthma stoMATLAB k�nontac apaloif 
Gauss-Jordan me merik  od ghsh gramm¸n, ¸ste to sÔsthma k�je for� na eÐnai
isodÔnamo me to prohgoÔmeno. Gia ton skopì autì dhmiourgoÔme thn sun�rthsh
me ìnoma showechelon.m, h opoÐa lamb�nei san ìrisma ton opoiod pote pÐnaka A
kai epistrèfei thn anhgmènh klimakwt  morf  tou A. O pl rhc k¸dikac akoloujeÐ:

function B=showechelon(A)

%Shows all the steps of Gauss-Jordanian elimination

%with partial row pivoting

%Call: B=showechelon(A)

%Demetrios T. Christopoulos, dchristop@econ.uoa.gr, Spring 2011

format rat

format compact

more off

disp(’Let the matrix be:’)

A

[m,n] = size(A);

% Compute the numerical tolerance.

tol = max([m,n])*eps*norm(A,’inf’);

% Loop over the entire matrix.

i = 1;

j = 1;

k = 0;

while (i <= m) && (j <= n)

% Find the pivot element of column j.

[mx,k] = max(abs(A(i:m,j)));

k = k+i-1;

if (mx <= tol)

% The column is negligible, zero it out.

disp([’ The column ’ int2str(j) ’

is numerically negligible’])

A(i:m,j) = zeros(m-i+1,1)

j = j + 1;

else

if (i ~= k)

% Do partial pivoting: Swap i-th and k-th rows.

disp([’ Do partial row pivoting:

Swap rows ’ int2str(i) ’ and ’ int2str(k) ’ : ’ ])

disp([’ Row(’ int2str(i) ’) <--> Row(’ int2str(k) ’) ’])

A([i k],:) = A([k i],:)

end

%Make the pivot element equal to unity
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%by dividing the pivot row with the pivot element.

disp([’ Make pivot element A(’ int2str(i) ’,’ int2str(j) ’)

equal to unity:’ ])

disp([’ Row(’ int2str(i) ’) --> Row(’ int2str(i) ’)

/ A(’ int2str(i) ’,’ int2str(j) ’) ’])

A(i,j:n) = A(i,j:n)/A(i,j)

%Construct the unit vector at column j

%by subtracting proper multiples of the pivot row

from all other rows.

disp([’ Do eliminations in column ’ int2str(j) ’ : ’])

for k = 1:m

if k ~= i

disp([’ Row(’ int2str(k) ’) --> Row(’ int2str(k) ’)

- A(’ int2str(k) ’,’ int2str(j) ’) * Row(’ int2str(j) ’)’])

A(k,j:n) = A(k,j:n) - A(k,j)*A(i,j:n)

end

end

i = i + 1;

j = j + 1;

end

end

B=A;

San efarmog  lÔnoume to prohgoÔmeno prìblhma:

>> format compact

>> format rat

>> A=[8,1,8;3,5,3;4,9,4],b=zeros(3,1)

A =

8 1 8

3 5 3

4 9 4

b =

0

0

0

>> Ab=[A,b]

Ab =

8 1 8 0

3 5 3 0

4 9 4 0

>> C=showechelon(Ab);

Let the matrix be:

A =
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8 1 8 0

3 5 3 0

4 9 4 0

Make pivot element A(1,1) equal to unity:

Row(1) --> Row(1) / A(1,1)

A =

1 1/8 1 0

3 5 3 0

4 9 4 0

Do eliminations in column 1 :

Row(2) --> Row(2) - A(2,1) * Row(1)

A =

1 1/8 1 0

0 37/8 0 0

4 9 4 0

Row(3) --> Row(3) - A(3,1) * Row(1)

A =

1 1/8 1 0

0 37/8 0 0

0 17/2 0 0

Do partial row pivoting: Swap rows 2 and 3 :

Row(2) <--> Row(3)

A =

1 1/8 1 0

0 17/2 0 0

0 37/8 0 0

Make pivot element A(2,2) equal to unity:

Row(2) --> Row(2) / A(2,2)

A =

1 1/8 1 0

0 1 0 0

0 37/8 0 0

Do eliminations in column 2 :

Row(1) --> Row(1) - A(1,2) * Row(2)

A =

1 0 1 0

0 1 0 0

0 37/8 0 0

Row(3) --> Row(3) - A(3,2) * Row(2)

A =

1 0 1 0

0 1 0 0

0 0 0 0
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The column 3 is numerically negligible

A =

1 0 1 0

0 1 0 0

0 0 0 0

The column 4 is numerically negligible

A =

1 0 1 0

0 1 0 0

0 0 0 0

Blèpoume ìti to arqikì omogenèc sÔsthma eÐnai isodÔnamo me to �mesa epilÔsimo
sÔsthma pou akoloujeÐ:

x+ z = 0

y = 0

0 = 0

⇔

x = −z
y = 0

z = z

 (7)

Sunep¸c mÐa lÔsh eÐnai:

x =


−1
0

1


kai an thn kanonikopoi soume diair¸ntac me to m koc tou dianÔsmatoc, dhl. me√
2, lamb�noume thn lÔsh pou èdwse kai to wxMaxima.

Par�deigma 1.1. Na brejeÐ me thn bo jeia tou MATLAB, k�nontac apaloif 
Gauss-Jordan me merik  od ghsh, h genik  lÔsh tou omogenoÔc sust matoc:

2x+ 3y − z + w = 0

8x+ 12y − 9z + 8w = 0

4x+ 6y + 3z − 2w = 0

2x+ 3y + 9z − 7w = 0

 (8)

LÔsh:

QrhsimopoioÔme thn sun�rthsh showechelon.m kai lamb�noume:

>> A=[2,3,-1,1;8,12,-9,8;4,6,3,-2;2,3,9,-7],b=zeros(4,1)

A =

2 3 -1 1

8 12 -9 8

4 6 3 -2
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2 3 9 -7

b =

0

0

0

0

>> Ab=[A,b]

Ab =

2 3 -1 1 0

8 12 -9 8 0

4 6 3 -2 0

2 3 9 -7 0

>> Ab=[A,b]

Ab =

2 3 -1 1 0

8 12 -9 8 0

4 6 3 -2 0

2 3 9 -7 0

>> C=showechelon(Ab);

Let the matrix be:

A =

2 3 -1 1 0

8 12 -9 8 0

4 6 3 -2 0

2 3 9 -7 0

Do partial row pivoting: Swap rows 1 and 2 :

Row(1) <--> Row(2)

A =

8 12 -9 8 0

2 3 -1 1 0

4 6 3 -2 0

2 3 9 -7 0

Make pivot element A(1,1) equal to unity:

Row(1) --> Row(1) / A(1,1)

A =

1 3/2 -9/8 1 0

2 3 -1 1 0

4 6 3 -2 0

2 3 9 -7 0

Do eliminations in column 1 :

Row(2) --> Row(2) - A(2,1) * Row(1)

A =

1 3/2 -9/8 1 0
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0 0 5/4 -1 0

4 6 3 -2 0

2 3 9 -7 0

Row(3) --> Row(3) - A(3,1) * Row(1)

A =

1 3/2 -9/8 1 0

0 0 5/4 -1 0

0 0 15/2 -6 0

2 3 9 -7 0

Row(4) --> Row(4) - A(4,1) * Row(1)

A =

1 3/2 -9/8 1 0

0 0 5/4 -1 0

0 0 15/2 -6 0

0 0 45/4 -9 0

The column 2 is numerically negligible

A =

1 3/2 -9/8 1 0

0 0 5/4 -1 0

0 0 15/2 -6 0

0 0 45/4 -9 0

Do partial row pivoting: Swap rows 2 and 4 :

Row(2) <--> Row(4)

A =

1 3/2 -9/8 1 0

0 0 45/4 -9 0

0 0 15/2 -6 0

0 0 5/4 -1 0

Make pivot element A(2,3) equal to unity:

Row(2) --> Row(2) / A(2,3)

A =

1 3/2 -9/8 1 0

0 0 1 -4/5 0

0 0 15/2 -6 0

0 0 5/4 -1 0

Do eliminations in column 3 :

Row(1) --> Row(1) - A(1,3) * Row(3)

A =

1 3/2 0 1/10 0

0 0 1 -4/5 0

0 0 15/2 -6 0

0 0 5/4 -1 0

Row(3) --> Row(3) - A(3,3) * Row(3)
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A =

1 3/2 0 1/10 0

0 0 1 -4/5 0

0 0 0 0 0

0 0 5/4 -1 0

Row(4) --> Row(4) - A(4,3) * Row(3)

A =

1 3/2 0 1/10 0

0 0 1 -4/5 0

0 0 0 0 0

0 0 0 0 0

The column 4 is numerically negligible

A =

1 3/2 0 1/10 0

0 0 1 -4/5 0

0 0 0 0 0

0 0 0 0 0

The column 5 is numerically negligible

A =

1 3/2 0 1/10 0

0 0 1 -4/5 0

0 0 0 0 0

0 0 0 0 0

Blèpoume ìti to arqikì omogenèc sÔsthma eÐnai isodÔnamo me to �mesa epilÔsimo
sÔsthma pou akoloujeÐ:

x+ 3
2
y + 1

10
w = 0

z − 4
5
w = 0

0 = 0

0 = 0

⇔

x = −3

2
y − 1

10
w

y = y

z = 4
5
w

w = w

 (9)

1.1.2 Mh omogen  tetragwnik� sust mata

'Otan epiplèon isqÔei ìti b 6= 0m×m, tìte to sÔsthma lègetai mh omogenèc. S' aut n
thn perÐptwsh e�n o pÐnakac A eÐnai antistrèyimoc, mporoÔme �neta na qrhsimo-
poi soume to MATLAB gia thn epÐlush tou sust matoc. H lÔsh eÐnai monadik 
kai prokÔptei wc ex c:

Ax = b⇒ x = A−1b (10)

H lÔsh me to MATLAB mporeÐ na dojeÐ me ìlec tic parak�tw entolèc:
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>> x=inv(A)*b

>> x=A^(-1)*b

>> x=A^-1*b

>> x=A\b

San par�deigma jewroÔme ton akìloujo pÐnaka:

>> A=magic(3)

A =

8 1 6

3 5 7

4 9 2

>> b=[1;2;3]

b =

1

2

3

>> x=inv(A)*b

x =

1/20

3/10

1/20

>> x=A^(-1)*b

x =

1/20

3/10

1/20

>> A^-1*A

ans =

1 0 *

0 1 0

0 * 1

>> x=A\b

x =

1/20

3/10

1/20

>> A*x-b

ans =

0

0

-1/2251799813685248

>> format long e

>> A*x-b
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ans =

0

0

-4.440892098500626e-016

'Opou blèpoume thn epÐdrash twn sfalm�twn thc arijmhtik c kinht c upodiastol c
pou qrhsimopoieÐ to MATLAB. Shmei¸noume ìti o pÐnakac èqei orÐzousa det(A) =
−360, ìqi polÔ kont� sto mhdèn. EpÐshc o deÐkthc kat�stashc2 eÐnai 4.33, ìqi
idiaÐtera meg�loc. Epomènwc o pÐnakac den eÐnai se kamÐa perÐptwsh � perÐpou
an¸maloc �, dhl. kont� sto na mhn antistrèfetai.

Me thn Ðdia diadikasÐa thc apaloif c Gauss-Jordan me merik  od ghsh mpo-
roÔme na lÔsoume kai èna sÔsthma sto opoÐo o pÐnakac den antistrèfetai, ìpwc
faÐnetai sta paradeÐgmata pou akoloujoÔn.

Par�deigma 1.2. Na epilujeÐ to sÔsthma:
5x− 2y + 8z + w = 12

x+ y + z − w = 2

3x− 4y + 6z + 3w = 8

7x− 7y + 13z + 5w = 18

 (11)

LÔsh:

DhmiourgoÔme ton epauxhmèno pÐnaka Ab kai katìpin qrhsimopoioÔme thn sun�r-
thsh showechelon.m gia na l�boume ta apotelèsmata:

>> A=[5,-2,8,1;1,1,1,-1;3,-4,6,3;7,-7,13,5]

A =

5 -2 8 1

1 1 1 -1

3 -4 6 3

7 -7 13 5

>> b=[12;2;8;18]

b =

12

2

8

18

>> Ab=[A,b]

Ab =

5 -2 8 1 12

1 1 1 -1 2

2
Για τετραγωνικό πίνακα Α ο δείκτης κατάστασης κ(A) ορίζεται ως κ(A) = ||A|| ·

∣∣∣∣A−1
∣∣∣∣.
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3 -4 6 3 8

7 -7 13 5 18

>> C=showechelon(Ab);

Let the matrix be:

A =

5 -2 8 1 12

1 1 1 -1 2

3 -4 6 3 8

7 -7 13 5 18

Do partial row pivoting: Swap rows 1 and 4 :

Row(1) <--> Row(4)

A =

7 -7 13 5 18

1 1 1 -1 2

3 -4 6 3 8

5 -2 8 1 12

Make pivot element A(1,1) equal to unity:

Row(1) --> Row(1) / A(1,1)

A =

1 -1 13/7 5/7 18/7

1 1 1 -1 2

3 -4 6 3 8

5 -2 8 1 12

Do eliminations in column 1 :

Row(2) --> Row(2) - A(2,1) * Row(1)

A =

1 -1 13/7 5/7 18/7

0 2 -6/7 -12/7 -4/7

3 -4 6 3 8

5 -2 8 1 12

Row(3) --> Row(3) - A(3,1) * Row(1)

A =

1 -1 13/7 5/7 18/7

0 2 -6/7 -12/7 -4/7

0 -1 3/7 6/7 2/7

5 -2 8 1 12

Row(4) --> Row(4) - A(4,1) * Row(1)

A =

1 -1 13/7 5/7 18/7

0 2 -6/7 -12/7 -4/7

0 -1 3/7 6/7 2/7

0 3 -9/7 -18/7 -6/7

Do partial row pivoting: Swap rows 2 and 4 :
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Row(2) <--> Row(4)

A =

1 -1 13/7 5/7 18/7

0 3 -9/7 -18/7 -6/7

0 -1 3/7 6/7 2/7

0 2 -6/7 -12/7 -4/7

Make pivot element A(2,2) equal to unity:

Row(2) --> Row(2) / A(2,2)

A =

1 -1 13/7 5/7 18/7

0 1 -3/7 -6/7 -2/7

0 -1 3/7 6/7 2/7

0 2 -6/7 -12/7 -4/7

Do eliminations in column 2 :

Row(1) --> Row(1) - A(1,2) * Row(2)

A =

1 0 10/7 -1/7 16/7

0 1 -3/7 -6/7 -2/7

0 -1 3/7 6/7 2/7

0 2 -6/7 -12/7 -4/7

Row(3) --> Row(3) - A(3,2) * Row(2)

A =

1 0 10/7 -1/7 16/7

0 1 -3/7 -6/7 -2/7

0 0 0 0 *

0 2 -6/7 -12/7 -4/7

Row(4) --> Row(4) - A(4,2) * Row(2)

A =

1 0 10/7 -1/7 16/7

0 1 -3/7 -6/7 -2/7

0 0 0 0 *

0 0 * 0 *

The column 3 is numerically negligible

A =

1 0 10/7 -1/7 16/7

0 1 -3/7 -6/7 -2/7

0 0 0 0 *

0 0 0 0 *

The column 4 is numerically negligible

A =

1 0 10/7 -1/7 16/7

0 1 -3/7 -6/7 -2/7

0 0 0 0 *
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0 0 0 0 *

The column 5 is numerically negligible

A =

1 0 10/7 -1/7 16/7

0 1 -3/7 -6/7 -2/7

0 0 0 0 0

0 0 0 0 0

E�n den jèlame tìsh poll  leptomèreia, all� kateujeÐan to apotèlesma ja gr�fame
apl¸c:

>> C=rref(Ab)

C =

1 0 10/7 -1/7 16/7

0 1 -3/7 -6/7 -2/7

0 0 0 0 0

0 0 0 0 0

T¸ra eÐnai fanerì ìti to arqikì sÔsthma 11 eÐnai isodÔnamo me to saf¸c aploÔ-
stero sÔsthma:

x+ 10
7
z − 1

7
w = 16

7

y − 3
7
z − 6

7
w = −2

7

0 = 0

0 = 0

⇔

x = 16

7
− 10

7
z + 1

7
w

y = −2
7
+ 3

7
z + 6

7
w

z = z

w = w

 (12)

to opoÐo mporeÐ na grafeÐ epÐshc dianusmatik� wc ex c:
x

y

z

w

 =


16
7

−2
7

0

0

+ z ·


−10

7
3
7

1

0

+ w ·


1
7
6
7

0

1

 (13)

'E�n y�qname thn lÔsh tou antÐstoiqou omogenoÔc sust matoc ja brÐskame touc
dÔo teleutaÐouc ìrouc thc lÔshc, en¸ o prwtoc ìroc eÐnai h merik  lÔsh tou mh
omogenoÔc sust matoc. EpÐshc prèpei na parathr soume ìti to MATLAB den
kat�fere na upologÐsei thn orÐzousa tou pÐnaka A wc mhdèn, all� èdwse mÐa polÔ
mikr  tim  gi' aut n:

>> det(A)

ans =

1/257554407665418070000000000000

>> format long e
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>> det(A)

ans =

3.882674767884667e-030

Autìc eÐnai kai o lìgoc pou to MATLAB mac dÐnei tic ex c lÔseic:

>> x=A\b

Warning: Matrix is close to singular or badly scaled.

Results may be inaccurate. RCOND = 3.589083e-018.

x =

-36/35

10/7

12/5

4/5

>> A*x-b

ans =

0

0

0

0

>> x=inv(A)*b

Warning: Matrix is close to singular or badly scaled.

Results may be inaccurate. RCOND = 3.589083e-018.

x =

-4

-2

0

-1

>> A*x-b

ans =

-29

-7

-15

-37

>> x=pinv(A)*b

x =

52/69

1/23

73/69

-10/69

>> A*x-b

ans =

-1/112589990684262

-1/450359962737050
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-1/160842843834661

-1/93824992236885

O algìrijmoc pou qrhsimopoieÐtai sthn lÔsh x=A\beÐnai h paragontopoÐhsh LU
kai faÐnetai na epalhjeÔei to sÔsthma. Pr�gmati mporoÔme na broÔme ìti gia tic
timèc twn z = 4

5
, w = 4

5
h genik  lÔsh 13 dÐnei thn lÔsh pou br ke to MATLAB.

EpÐshc h lÔsh pou brèjhke me ton yeudoantÐstrofo epalhjeÔei to sÔsthma kai
mporoÔme na deÐxoume ìti prokÔptei apì thn genik  lÔsh gia tic timèc twn z =
73
69
, w = −10

69
. H mình �lÔsh� pou den epalhjeÔei to sÔsthma eÐnai aut  me thn

qr sh tou antistrìfou, afoÔ o pÐnakac den èqei antÐstrofo.

MporeÐte na breÐte �lla sust mata, ta opoÐa en¸ gnwrÐzoume ìti o pÐnak�c touc
den eÐnai antistrèyimoc, entoÔtoic to MATLAB dÐnei lÔsh me qr sh antistrìfou;
An nai, mhn dist�sete na epikoinwn sete me ton suggrafèa3 twn shmei¸sewn au-
t¸n.

Par�deigma 1.3. Na epilujeÐ to sÔsthma:
x− y + z = 1

3x+ y − z = 2

5x− y + z = 4

 (14)

LÔsh:

DhmiourgoÔme ton epauxhmèno pÐnaka Ab kai katìpin qrhsimopoioÔme thn sun�r-
thsh showechelon.m gia na l�boume ta apotelèsmata:

>> A=[1,-1,1;3,1,-1;5,-1,1],b=[1;2;4]

A =

1 -1 1

3 1 -1

5 -1 1

b =

1

2

4

>> Ab=[A,b]

Ab =

1 -1 1 1

3 1 -1 2

5 -1 1 4

>> C=showechelon(Ab);

3
Δημήτριος Θ. Χριστόπουλος, dchristop@econ.uoa.gr
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Let the matrix be:

A =

1 -1 1 1

3 1 -1 2

5 -1 1 4

Do partial row pivoting: Swap rows 1 and 3 :

Row(1) <--> Row(3)

A =

5 -1 1 4

3 1 -1 2

1 -1 1 1

Make pivot element A(1,1) equal to unity:

Row(1) --> Row(1) / A(1,1)

A =

1 -1/5 1/5 4/5

3 1 -1 2

1 -1 1 1

Do eliminations in column 1 :

Row(2) --> Row(2) - A(2,1) * Row(1)

A =

1 -1/5 1/5 4/5

0 8/5 -8/5 -2/5

1 -1 1 1

Row(3) --> Row(3) - A(3,1) * Row(1)

A =

1 -1/5 1/5 4/5

0 8/5 -8/5 -2/5

0 -4/5 4/5 1/5

Make pivot element A(2,2) equal to unity:

Row(2) --> Row(2) / A(2,2)

A =

1 -1/5 1/5 4/5

0 1 -1 -1/4

0 -4/5 4/5 1/5

Do eliminations in column 2 :

Row(1) --> Row(1) - A(1,2) * Row(2)

A =

1 0 0 3/4

0 1 -1 -1/4

0 -4/5 4/5 1/5

Row(3) --> Row(3) - A(3,2) * Row(2)

A =

1 0 0 3/4
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0 1 -1 -1/4

0 0 0 *

The column 3 is numerically negligible

A =

1 0 0 3/4

0 1 -1 -1/4

0 0 0 *

The column 4 is numerically negligible

A =

1 0 0 3/4

0 1 -1 -1/4

0 0 0 0

T¸ra eÐnai fanerì ìti to arqikì sÔsthma 11 eÐnai isodÔnamo me to saf¸c aploÔ-
stero sÔsthma: 

x = 3
4

y − z = −1
4

0 = 0

⇔

x = 3

4

y = −1
4
+ z

z = z

 (15)

to opoÐo mporeÐ na grafeÐ epÐshc dianusmatik� wc ex c:
x

y

z

 =


3
4

−1
4

0

+ z ·


0

1

1

 (16)

1.2 Mh Tetragwnik� Sust mata

H genik  perÐptwsh mh tetragwnik¸n susthm�twn diafèrei sto gegonìc ìti den
mporoÔme na k�noume qr sh tou antistrìfou pÐnaka. K�noume ki ed¸ akrib¸c
thn Ðdia diadikasÐa thc apaloif c Gauss-Jordan me merik  od ghsh gramm¸n, ìpwc
faÐnetai sto par�deigma pou akoloujeÐ.

Par�deigma 1.4. Na epilujeÐ to sÔsthma:
x+ y = 2

2x− y = 1

4x− 5y = −1
7x− 11y = −4

 (17)

LÔsh:
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DhmiourgoÔme ton epauxhmèno pÐnaka Ab kai katìpin qrhsimopoioÔme thn sun�r-
thsh showechelon.m gia na l�boume ta apotelèsmata:

>> A=[1,1;2,-1;4,-5;7,-11],b=[2;1;-1;-4]

A =

1 1

2 -1

4 -5

7 -11

b =

2

1

-1

-4

>> Ab=[A,b]

Ab =

1 1 2

2 -1 1

4 -5 -1

7 -11 -4

>> C=showechelon(Ab);

Let the matrix be:

A =

1 1 2

2 -1 1

4 -5 -1

7 -11 -4

Do partial row pivoting: Swap rows 1 and 4 :

Row(1) <--> Row(4)

A =

7 -11 -4

2 -1 1

4 -5 -1

1 1 2

Make pivot element A(1,1) equal to unity:

Row(1) --> Row(1) / A(1,1)

A =

1 -11/7 -4/7

2 -1 1

4 -5 -1

1 1 2

Do eliminations in column 1 :

Row(2) --> Row(2) - A(2,1) * Row(1)
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A =

1 -11/7 -4/7

0 15/7 15/7

4 -5 -1

1 1 2

Row(3) --> Row(3) - A(3,1) * Row(1)

A =

1 -11/7 -4/7

0 15/7 15/7

0 9/7 9/7

1 1 2

Row(4) --> Row(4) - A(4,1) * Row(1)

A =

1 -11/7 -4/7

0 15/7 15/7

0 9/7 9/7

0 18/7 18/7

Do partial row pivoting: Swap rows 2 and 4 :

Row(2) <--> Row(4)

A =

1 -11/7 -4/7

0 18/7 18/7

0 9/7 9/7

0 15/7 15/7

Make pivot element A(2,2) equal to unity:

Row(2) --> Row(2) / A(2,2)

A =

1 -11/7 -4/7

0 1 1

0 9/7 9/7

0 15/7 15/7

Do eliminations in column 2 :

Row(1) --> Row(1) - A(1,2) * Row(2)

A =

1 0 1

0 1 1

0 9/7 9/7

0 15/7 15/7

Row(3) --> Row(3) - A(3,2) * Row(2)

A =

1 0 1

0 1 1

0 0 0
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0 15/7 15/7

Row(4) --> Row(4) - A(4,2) * Row(2)

A =

1 0 1

0 1 1

0 0 0

0 0 0

The column 3 is numerically negligible

A =

1 0 1

0 1 1

0 0 0

0 0 0

T¸ra faÐnetai �mesa ìti to arqikì sÔsthma 17 eÐnai isodÔnamo me to saf¸c aploÔ-
stero sÔsthma: 

x = 1

y = 1

0 = 0

0 = 0

⇔
{
x = 1

y = 1

}
(18)

pou eÐnai kai h lÔsh autoÔ. Shmei¸noume ìti h lÔsh mporoÔse na brejeÐ kai me
thn qr sh tou yeudoantÐstrofou:

>> x=pinv(A)*b

x =

1

1

>> A*x-b

ans =

-1/1125899906842624

-1/1801439850948199

0

0

>> format long e

>> A*x-b

ans =

-8.881784197001252e-016

-5.551115123125783e-016

0

0

>> x=pinv(A)*b

x =

24



9.999999999999996e-001

9.999999999999997e-001

apl� den eÐnai apìluta akrib c lìgw twn sfalm�twn thc arijmhtik c kinht c
upodiastol c pou qrhsimopoieÐ to MATLAB.

1.3 Grammik� sust mata meg�lwn diast�sewn

MporoÔme p�ntote na kataskeu�soume èna genikì sÔsthma m × n pou na èqei
gnwst  ek twn protèrwn mÐa lÔsh tou. Gia ton skopì autì lamb�noume ènan ka-
t�llhlo pÐnaka A, m×n, èna opoiod pote di�nusma st lh x, n×1 kai epilègoume
to di�nusma twn dexi¸n mer¸n twn exis¸sewn na eÐnai to b = A · x. Met� lÔnoume
to sÔsthma A · x = b me to MATLAB   opoiod pote �llo prìgramma kai k�noume
tic parathr seic mac. Mac endiafèrei na doÔme ti gÐnetai gia polÔ meg�la sust -
mata, �nw twn 1000 exis¸sewn toul�qiston. OrÐzoume loipìn tuqaÐouc pÐnakec
A, elègqoume e�n èqoun bajmì Ðso me thn mikrìterh di�stas  touc kai katìpin
orÐzoume thn lÔsh x thc areskeÐac mac, kataskeu�zoume to di�nusma b kai sto
tèloc brÐskoume thn lÔsh me to MATLAB:

>> format compact

>> format long e

>> A=randn(2500);

>> tic;rank(A)

ans =

2500

>> toc

Elapsed time is 10.197189 seconds.

>> x=ones(2500,1);

>> b=A*x;

>> tic;xmat1=A\b;

>> toc

Elapsed time is 3.017956 seconds.

>> xmat1(1:10,1)

ans =

9.999999999997149e-001

9.999999999982921e-001

1.000000000001966e+000

1.000000000000744e+000

1.000000000000900e+000

9.999999999991314e-001

9.999999999965370e-001

1.000000000000292e+000

9.999999999995043e-001

1.000000000000193e+000
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>> min(abs(x-xmat1)),max(abs(x-xmat1))

ans =

4.440892098500626e-016

ans =

5.520695012251053e-012

>> tic;xmat2=inv(A)*b;

>> toc

Elapsed time is 4.603429 seconds.

>> xmat2(1:10,1)

ans =

9.999999999975577e-001

9.999999999984452e-001

1.000000000001581e+000

1.000000000007093e+000

1.000000000001212e+000

9.999999999954019e-001

9.999999999808535e-001

1.000000000001183e+000

9.999999999992693e-001

9.999999999972261e-001

>> min(abs(x-xmat2)),max(abs(x-xmat2))

ans =

1.776356839400251e-015

ans =

4.750688731292030e-011

>> tic;xmat3=pinv(A)*b;

>> toc

Elapsed time is 16.714703 seconds.

>> xmat3(1:10,1)

ans =

9.999999999998086e-001

1.000000000000083e+000

9.999999999996239e-001

1.000000000000149e+000

9.999999999995852e-001

1.000000000000385e+000

1.000000000000633e+000

9.999999999996074e-001

9.999999999999893e-001

9.999999999999716e-001

>> min(abs(x-xmat3)),max(abs(x-xmat3))

ans =

0
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ans =

1.609379296496627e-012

>> mean(x-xmat1),std(x-xmat1)

ans =

-6.666671659161239e-014

ans =

1.520535060612883e-012

>> mean(x-xmat2),std(x-xmat2)

ans =

-1.362339130395185e-013

ans =

6.302509159865352e-012

>> mean(x-xmat3),std(x-xmat3)

ans =

1.315036968208005e-014

ans =

2.906646963869463e-013

Blèpoume ìti h plèon akrib c lÔsh dìjhke me thn qr sh tou yeudoantÐstrofou,
all� qrei�sthke perÐpou tetrapl�sio qrìno apì tic �llec dÔo mejìdouc. T¸ra
k�noume thn Ðdia ergasÐa gia ènan tuqaÐo pÐnaka 1500× 1000:

>> format compact

>> format long e

>> A=randn(1500,1000);

>> tic;rank(A)

ans =

1000

>> toc

Elapsed time is 2.951011 seconds.

>> x=ones(1000,1);b=A*x;

>> tic;xm=pinv(A)*b;

>> toc

Elapsed time is 9.058941 seconds.

>> xm(1:10,:)

ans =

1.000000000000003e+000

9.999999999999867e-001

1.000000000000004e+000

9.999999999999990e-001

1.000000000000000e+000

9.999999999999980e-001

9.999999999999993e-001

1.000000000000004e+000
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9.999999999999909e-001

1.000000000000001e+000

>> min(abs(x-xm)),max(abs(x-xm))

ans =

0

ans =

1.731947918415244e-014

>> mean(x-xm),std(x-xm)

ans =

2.051692149507289e-016

ans =

5.600241980340997e-015

>> tic;C=rref([A,b]);

>> toc

Elapsed time is 82.360330 seconds.

>> min(min(C)),max(max(C))

ans =

0

ans =

1.000000000000361e+000

>> min(C(1:1000,1001)), max(C(1:1000,1001))

ans =

9.999999999996948e-001

ans =

1.000000000000361e+000

>> min(min(C(1001:1500,:))), max(max(C(1001:1500,:)))

ans =

0

ans =

0

To MATLAB brÐskei thn akrib  lÔsh me sf�lma sta ìria tou èyilon thc mhqa-
n c, ìpwc faÐnetai apì tic timèc elaqÐstou kai megÐstou sf�lmatoc.
E�n jel soume kalÔterh akrÐbeia ja qrhsimopoi soume thn entol  rref([A,b]),
all� ja qreiasteÐ qrìnoc p�nw apì èna leptì. Pr�gmati tìte o anhgmènoc klima-
kwtìc pÐnakac apoteleÐtai apì dÔo upopÐnakec:

• 'Enan monadiaÐo 1000× 1000 pÐnaka, èstw I1000×1000

• 'Ena di�nusma st lh 1000 × 1 me stoiqeÐa mon�dec, èstw x1000×1, gia thn
akrÐbeia arijmoÔc sto di�sthma

[9.999999999996948 · 10−1, 1.000000000000361 · 100]
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pou eÐnai kont� stic pragmatikèc lÔseic

• 'Enan mhdenikì pÐnaka 500× 1001, èstw O500×1001

Dhlad  èqoume telik�, ìpwc mporeÐ na dei k�poioc kai me ton editor ìti:

C =

(
I1000×1000 x1000×1

O500×1001

)

E�n ìmwc dokim�soume na ergastoÔme me pÐnakec pou èqoun polÔ meg�lo deÐkth
kat�stashc   polÔ mikr  orÐzousa, tìte mìnon me thn qr sh tou yeudoantÐstrofou
epitugq�noume k�ti axiìpisto. 'Ena tètoio par�deigma eÐnai o pÐnakac Hilbert pou
orÐzetai wc hi,j = 1

i+j−1 , i, j = 1, . . . , n. E�n jewr soume ton pÐnaka Hilbert
1000hc t�xhc tìte èqoume sto MATLAB:

>> A=hilb(1000);

>> tic;rank(A)

ans =

24

>> toc

Elapsed time is 1.593930 seconds.

>> det(A)

ans =

0

>> x=ones(1000,1);

>> b=A*x;

>> xmat1=A\b;

Warning: Matrix is close to singular or badly scaled.

Results may be inaccurate. RCOND = 5.093585e-022.

>> xmat1(1:10,:)

ans =

9.999941791639468e-001

1.000823867771569e+000

9.735646145715009e-001

1.295309971016756e+000

4.010338329795076e-001

-1.222266852760478e+001

1.246083578243988e+002

-4.926062559835395e+002

1.020377427038031e+003

-9.553407337000234e+002

>> xmat1(end:-1:end-10,:)

ans =

2.796606085889057e+003
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-1.779381861345185e+003

-1.190212791621301e+003

-1.930102388652020e+003

1.915231986134224e+003

-2.694017643689261e+003

2.034054115380765e+003

1.090666991604106e+003

-6.994819998806054e+002

-9.593164444739699e+001

2.697303619546813e+002

>> min(abs(x-xmat1))

ans =

5.820836053160861e-006

>> max(abs(x-xmat1))

ans =

7.641232048806722e+003

>> mean(x-xmat1),std(x-xmat1)

ans =

-1.435229632988921e-007

ans =

1.758679412581018e+003

>> tic;xmat2=pinv(A)*b;

>> toc

Elapsed time is 3.194751 seconds.

>> xmat2(1:10,1)

ans =

1.000000080923201e+000

9.999928623437882e-001

1.000152081251144e+000

9.986419677734375e-001

1.005836486816406e+000

9.885635375976563e-001

1.005134582519531e+000

1.007173538208008e+000

9.984831809997559e-001

9.934272766113281e-001

>> xmat2(end:-1:end-10,:)

ans =

9.978170394897461e-001

9.976177215576172e-001

9.979848861694336e-001

9.982118606567383e-001

9.978456497192383e-001
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9.979496002197266e-001

9.981336593627930e-001

9.984436035156250e-001

9.983091354370117e-001

9.984359741210938e-001

9.985251426696777e-001

>> min(abs(x-xmat2))

ans =

8.092320058494806e-008

>> max(abs(x-xmat2))

ans =

1.143646240234375e-002

>> mean(x-xmat2),std(x-xmat2)

ans =

-9.967702353606000e-007

ans =

1.176583656753686e-003

O pÐnakac èqei bajmì Ðso me 1000 kai ìqi Ðso me 24. EpÐshc h orÐzous� tou eÐnai
mh mhdenik .
E�n jel soume na qrhsimopi soume thn entol  rref() h opoÐa èdeiqne na douleÔei
jaum�sia gia mikrìtera sust mata to apotèlesma eÐnai èna par�deigma katastro-
f c thc lÔshc lìgw sfalm�twn arijmhtik c kinht c upodiastol c:

>> tic;B=rref(A);

>> toc

Elapsed time is 33.173741 seconds.

>> format rat

>> B(12,12:19)

ans =

Columns 1 through 4

1 0 -4978/201 0

Columns 5 through 8

9054/59 124587/154 0 -9057/10

Blèpoume ìti èqei dhmiourg sei mon�dec sthn diag¸nio mèqri to stoiqeÐo (13,13),
èqei mìnon 16 mh mhdenikèc grammèc antÐ gia 1000 kai epÐshc to k�je diag¸nio
stoiqeÐo den èqei mhdenik�, all� meg�louc arijmoÔc. Kanonik� èprepe o pÐnakac
apotèlesma na eÐnai austhr� diag¸nioc me mon�dec sth diag¸nio kai teleutaÐo
stoiqeÐo k�je gramm c p�li Ðso me èna, ¸ste na èqoume brei thn pragmatik  lÔsh.
Katal goume loipìn sto ìti h plèon axiìpisth mèjodoc gia thn epÐlush polÔ
meg�lwn susthm�twn me to MATLAB eÐnai h mèjodoc tou yeudoantÐstrofou, dhl.
h qr sh thc entol c pinv(A)*b.
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1.4 Sqetik� me periorismoÔc akrÐbeiac sto MATLAB

Ja parousi�soume sunoptik� aut� pou prèpei na prosèqei k�poioc qrhsimopoi¸n-
tac to MATLAB ¸ste na eÐnai sqetik� sÐgouroc gia thn akrÐbeia twn apotele-
sm�twn tou.

1. Mhn qrhsimopoieÐte klasmatikèc dun�meic tou 2.

To MATLAB adunateÐ na metatrèyei arijmoÔc pou anaparÐstantai akrib¸c sto
prìtupo IEEE 754 - 2008 / binary64 se akribeÐc arijmoÔc mhqan c.

Par�deigma 1.5. Na eisaqjeÐ sto MATLAB o pÐnakac:

A =



257
16

4097
256

65537
4096

1048577
65536

16777217
1048576

513
16

8193
256

131073
4096

2097153
65536

33554433
1048576

769
16

12289
256

196609
4096

3145729
65536

50331649
1048576

1025
16

16385
256

262145
4096

4194305
65536

67108865
1048576

1281
16

20481
256

327681
4096

5242881
65536

83886081
1048576


(19)

1. Na gÐnoun stoiqei¸deic pr�xeic, ìpwc A2, kai na melethjeÐ h akrÐbei� touc

2. Na dhmiourghjeÐ to antÐstoiqo sÔsthma me lÔsh tic mon�dec kai na lujeÐ.
Pìso eÐnai to sf�lma;

LÔsh:

(a')Eis�goume sto MATLAB ton pÐnaka kai blèpoume ìti:

>> A=[257/16, 4097/256, 65537/4096, 1048577/65536, 16777217/1048576;

513/16, 8193/256, 131073/4096, 2097153/65536, 33554433/1048576;

769/16, 12289/256, 196609/4096, 3145729/65536, 50331649/1048576;

1025/16, 16385/256, 262145/4096, 4194305/65536, 67108865/1048576;

1281/16, 20481/256, 327681/4096, 5242881/65536, 83886081/1048576]

A =

257/16 4097/256 65537/4096 16 16

513/16 8193/256 131073/4096 32 32

769/16 12289/256 196609/4096 48 48

1025/16 16385/256 262145/4096 64 64

1281/16 20481/256 327681/4096 80 80
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To sf�lma pou èqei k�nei  dh to MATLAB kat� thn eisagwg  tou pÐnaka eÐnai:

Amat − A =



0 0 0 − 1
65536

− 1
1048576

0 0 0 − 1
65536

− 1
1048576

0 0 0 − 1
65536

− 1
1048576

0 0 0 − 1
65536

− 1
1048576

0 0 0 − 1
65536

− 1
1048576



=



0.0 0.0 0.0 −1.52587890625 10−5 −9.5367431640625 10−7

0.0 0.0 0.0 −1.52587890625 10−5 −9.5367431640625 10−7

0.0 0.0 0.0 −1.52587890625 10−5 −9.5367431640625 10−7

0.0 0.0 0.0 −1.52587890625 10−5 −9.5367431640625 10−7

0.0 0.0 0.0 −1.52587890625 10−5 −9.5367431640625 10−7


H tim  tou A2 me thn qr sh tou MATLAB eÐnai:

>> A^2

ans =

26923/7 76829/20 72982/19 138281/36 111393/29

53838/7 161317/21 130580/17 53768/7 53768/7

80753/7 149787/13 57606/5 80648/7 80648/7

107668/7 76812/5 215057/14 107528/7 107528/7

134583/7 192027/10 76805/4 134408/7 134408/7

H pragmatik  tim  tou A2, me thn qr sh tou wxMaxima, eÐnai:

A2 =



64527554065
16777216

1031181525265
268435456

16497645064465
4294967296

263961061691665
68719476736

4223375727726865
1099511627776

129035949585
16777216

2062057562385
268435456

32990403367185
4294967296

527843936243985
68719476736

8445500462272785
1099511627776

193544345105
16777216

3092933599505
268435456

49483161669905
4294967296

791726810796305
68719476736

12667625196818705
1099511627776

258052740625
16777216

4123809636625
268435456

65975919972625
4294967296

1055609685348625
68719476736

16889749931364625
1099511627776

322561136145
16777216

5154685673745
268435456

82468678275345
4294967296

1319492559900945
68719476736

21111874665910545
1099511627776


To sf�lma kat' apìluto tim  tou MATLAB ston upologismì tou tetrag¸nou tou
pÐnaka, p�nta qrhsimopoi¸ntac to wxMaxima, kumaÐnetai apì thn el�qisth tim 
4522001

4294967296
= .1052860403 · 10−2 èwc thn mègisth tim  491852049

68719476736
= 0.7157389322 ·

10−2.
(b')Kataskeu�zoume to di�nusma twn mon�dwn x, to di�nusma twn dexi¸n mel¸n
b = A · x, ton epauxhmèno pÐnaka A|b kai brÐskoume tic lÔseic pou mporoÔme na
broÔme me to MATLAB:

>> x=ones(5,1);b=A*x
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b =

1201/15

2401/15

3601/15

4801/15

6001/15

>> Ab=[A,b];

>> C=rref(Ab);

>> C(:,1:5)

ans =

1 0 -1/16 -17/256 -273/4096

0 1 17/16 273/256 4369/4096

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

>> C(:,6)

ans =

3295/4096

944/225

0

0

0

Epomènwc sÔmfwna me to MATLAB to sÔsthma A · x = b eÐnai isodÔnamo me:

x1 − 1
16
x3 − 17

256
x4 − 273

4096
x5 = 3295

4096

x2 +
17
16
x3 +

273
256

x4 +
4369
4096

x5 = 944
225

0 = 0

0 = 0

0 = 0


Sunep¸c h lÔsh mac ja eÐnai:

x1 = 3295
4096

+ 1
16
x3 +

17
256

x4 +
273
4096

x5

x2 = 944
225
− 17

16
x3 − 273

256
x4 − 4369

4096
x5

x3 = x3

x4 = x4

x5 = x5


EÐnai aut  ìmwc h pragmatik  genik  lÔsh;. H ap�nthsh dustuq¸c eÐnai ìqi. E�n
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ergastoÔme me to wxMaxima ja èqoume thn lÔsh:

1 0 − 1
16
− 17

256
− 273

4096
3295
4096

0 1 17
16

273
256

4369
4096

17185
4096

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0


Dhlad  analutik�:

x1 = 3295
4096

+ 1
16
x3 +

17
256

x4 +
273
4096

x5

x2 = 17185
4096
− 17

16
x3 − 273

256
x4 − 4369

4096
x5

x3 = x3

x4 = x4

x5 = x5


Up�rqei èna apìluto sf�lma thc t�xhc tou 1

921600
= −.1085069444 · 10−5 sthn

lÔsh tou x2, m�lista esti�zetai sthn merik  lÔsh tou mh omogenoÔc sust matoc,
k�ti pou den ja to jèlame gia èna tìso aplì sÔsthma 5× 5.

ShmeÐwsh 1. Sqetik� me to Octave.
Prèpei na shmei¸soume ed¸ ìti to Octave kat�fere na deqjeÐ ta stoiqeÐa tou pÐnaka
A ìpwc ta eisag�game, qwrÐc na ta alloi¸sei:

octave-3.2.4.exe:1> format compact

octave-3.2.4.exe:2> format rat

octave-3.2.4.exe:3> A=[257/16, 4097/256, 65537/4096,

1048577/65536, 16777217/1048576;

513/16, 8193/256, 131073/4096, 2097153/65536, 33554433/1048576;

769/16, 12289/256, 196609/4096, 3145729/65536, 50331649/1048576;

1025/16, 16385/256, 262145/4096, 4194305/65536, 67108865/1048576;

1281/16, 20481/256, 327681/4096, 5242881/65536, 83886081/1048576]

A =

257/16 4097/256 * * *

513/16 8193/256 * * *

769/16 12289/256 * * *

1025/16 16385/256 * * *

1281/16 20481/256 * * *

octave-3.2.4.exe:4> for j=1:5 A(3,j),A(4,j),A(5,j) end

ans = 769/16

35



ans = 1025/16

ans = 1281/16

ans = 12289/256

ans = 16385/256

ans = 20481/256

ans = 196609/4096

ans = 262145/4096

ans = 327681/4096

ans = 3145729/65536

ans = 4194305/65536

ans = 5242881/65536

ans = 50331649/1048576

ans = 67108865/1048576

ans = 83886081/1048576

octave-3.2.4.exe:5>

Den kat�fere ìmwc na lÔsei akrib¸c to antÐstoiqo sÔsthma, par� mìnon me thn
qr sh yeudoantÐstrofou:

octave-3.2.4.exe:5> x=ones(5,1);b=A*x;Ab=[A,b]

Ab =

257/16 4097/256 * * * 1201/15

513/16 8193/256 * * * 2401/15

769/16 12289/256 * * * 3601/15

1025/16 16385/256 * * * 4801/15

1281/16 20481/256 * * * 6001/15

octave-3.2.4.exe:6> C=rref(Ab)

C =

1 0 -1/16 -17/256 -273/4096 3295/4096

0 1 17/16 273/256 4369/4096 944/225

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

octave-3.2.4.exe:7> xoct=pinv(A)*b

xoct =

1

1

1

1
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1

octave-3.2.4.exe:8>

EÐqe dhlad  ta Ðdia apotelèsmata sthn genik  lÔsh tou sust matoc me to MA-
TLAB (Prosèxte thn Ôparxh tou lanjasmènou ìrou 944

225
). Kat�fere ìmwc na

epitÔqei kalÔterh akrÐbeia ston upologismì tou A2:

octave-3.2.4.exe:8> A^2

ans =

26923/7 349572/91 341863/89 138281/36 111393/29

53838/7 291907/38 130580/17 437825/57 222753/29

80753/7 610670/53 645187/56 80648/7 334113/29

107668/7 276523/18 568365/37 107528/7 445473/29

134583/7 192027/10 326421/17 134408/7 556833/29

E�n elègxoume to sf�lma blèpoume ìti brÐsketai entìc tou diast matoc:

[.1018996465 · 10−2, .1422409785 · 10−2]
saf¸c kalÔtero apì to antÐstoiqo di�sthma tou MATLAB, pou  tan:

[.1052860403 · 10−2, 0.7157389322 · 10−2]

2. Na qrhsimopoieÐte p�nta kai thn entol  x=pinv(A)*b

Se ìla ta prohgoÔmena paradeÐgmata, eidik� m�lista sta meg�lwn diast�sewn
sust mata, eÐdame ìti h plèon axiìpisth lÔsh pou mporeÐ na brejeÐ me toMATLAB
eÐnai aut  pou qrhsimopoieÐ ton yeudoantÐstrofo tou pÐnaka A tou sust matoc,
dhl. h entol  lÔshc x=pinv(A)*b. Autì sumbaÐnei giatÐ gia autìn ton uplo-
gismì to MATLAB k�nei ousiastik� an�lush idiazous¸n tim¸n4(Singular Value
Decompsition - SVD) tou pÐnaka, h opoÐa eÐnai mÐa diadikasÐa pou deÐqnei na epitug-
q�nei pollèc forèc kalÔtera apotelèsmata. Den mporoÔme ìmwc na basistoume
se aut n thn an�lush gia ìla. Gia par�deigma eÐdame ìti gia ton pÐnaka Hilbert
diast�sewn 1000 × 1000 to MATLAB èdwse bajmì tou pÐnaka Ðso me 24 kai ìqi
1000. Shmei¸noume ìti to MATLAB brÐskei ton bajmì enìc pÐnaka k�nontac thn
anwtèrw an�lush.
EpÐshc akìma kai aut  h mèjodoc gia orismènouc tÔpouc pin�kwn apotugq�nei pl -
rwc, san par�deigma mporeÐte na lÔsete thn 'Askhsh 2 gia ν = 140.

4
Για τον m × n πίνακα Α η ανάλυση ιδιαζουσών τιμών είναι A = U · Σ · V T

, όπου U είναι τα
αριστερά και V είναι τα δεξιά ιδιοδιανύσυματα του Α, ενώ Σ είναι ο πίνακας με διαγώνια στοιχεία
τις ιδιοτιμές του ATA ή ATA.
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Genik¸c o kanìnac eÐnai na qrhsimopoioÔme to MATLAB gia polÔ meg�louc
pÐnakec me stoiqeÐa arket� mikrìtera apì to eps = 2.220446049250313 · 10−16, e�n
eÐmaste sÐgouroi ìti to prìblhm� mac eÐnai kal� topojethmèno apì thn skopi� thc
arijmhtik c an�lushc.

Se k�je perÐptwsh pou den isqÔei k�ti apì ta parap�nw   pou den gnwrÐzoume
se ti eÔroc ja kumanjeÐ h lÔsh enìc probl matoc, tìte ja prèpei na qrhsimopoioÔ-
me ta Sust mata Upologistik c 'Algebrac ( Computer Algebra Systems - CAS )
gia na eÐmaste apìluta sÐgouroi gia ta apotelèsmat� mac.
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1.5 Ask seic

1. Na brejeÐ h genik  lÔsh tou sust matoc:
3x+ 9 y − 3 z = 12

−7x− 23 y + 8 z = −29
2x− 4 y + 3 z = 3


qrhsimopoi¸ntac apaloif  Gauss-Jordan me merik  od ghsh gramm¸n sto
MATLAB. Katìpin na prospaj sete na to lÔsete me ìlec tic diajèsimec
entolèc tou MATLAB. Ti parathreÐte ;

2. Na kataskeuasteÐ kai na epilujeÐ to sÔsthma A · x = b me:

A =


1 1 1 · · · 1

2 22 23 · · · 2ν

...
...

...
. . .

...

ν ν2 ν3 · · · νν

 , b =


1

2
...

ν


gia ν = 20, 40, 80, 100, 140 me thn qr sh ìlwn twn diajesÐmwn mejìdwn
tou MATLAB kai na gÐnei epal jeush. Poia mèjodoc èqei to mikrìtero
sf�lma; Poia mèjodoc apètuqe na lÔsei to sÔsthma me akrÐbeia apodekt  se
arijmhtik  kinht c upodiastol c;

3. Na brejeÐ h genik  lÔsh tou omogenoÔc sust matoc:

5x1 + 9x2 − 3x3 − 4x4 − 13x5 = 0

5x1 + 5x2 − x3 + 4x5 = 0

−4x1 − 2x3 − 4x4 − 12x5 = 0

5x1 + 10x2 − 3x3 − 5x4 − 9x5 = 0

3x1 + 3x2 + 5x3 − 5x5 = 0


4. Na brejeÐ h genik  lÔsh tou sust matoc:

2x1 − 3x2 + 8x3 + 6x4 + 4x5 + x6 = 4

17x1 − 21x2 + 23x3 − 15x4 − 11x5 + 22x6 = 4

6x1 + 7x2 − 6x3 − 10x4 − 12x5 + x6 = 2

−2x1 − 5x2 + 7x3 + 8x4 + 8x5 = 1
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