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Assignment no. 2: Answer all questions

Question 1

a) Consider a mini-society consisting of five individuals. They earn respectively 5, 20, 25, 10,
and 40. Draw the Lorenz curve for this mini-society.

b) Assume that the government implements a programme yielding the following distribution:
20, 5, 15, 40, and 20. How did the programme impact the distribution as measured by the
Lorenz curve?

¢) Assume that instead of the programme in c), the government implements a redistribution
programme resulting in the following incomes: 5, 30, 30, 5, and 30. How did this
programme change the distribution in b) as measured by the Lorenz curve?

Answer to Question 1

Share of <02|<04|<06]|<08|<10
population

a) | Shareofincome | 0.05| 0.15| 0.35| 0.60 | 1.00

b) | Share ofincome | 0.05| 0.20| 0.40| 0.60 | 1.00

c) | Shareofincome | 0.05| 0.10| 0.40| 0.70 | 1.00
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Results: Distribution b) more even than a). Distribution c) cannot be ranked vs. distribution a)

using a Lorenz curve as the curves cross.

Question 2.

Sketch the indifference curves of the Bergson-Samuelson social welfare function W = U* + U2
What do these indifference curves imply about the degree of concern for equity of the social
planner? Repeat for the welfare function W = min{U?, U?}.

Answer Question 2.

Take a given level of social welfare W . The indifference curve for the social welfare function

W=U+U? at this level of social welfare is defined by the values U* and U? that satisfy: U*= W -
Ul

The indifference curves are downward-sloping straight lines with gradient -1. These curves
are shown in Figure 1. The indifference curves imply that the social planner does not care

about equity. For instance, the inequitable allocation U'= W, U?= 0 is judged as no worse

w w
than the equitable allocation U= EK U=—

2
The indifference curves for the social welfare function W=min{ U%, U? } are sketched in Figure
2 This welfare function represents an extreme concern for equity. Social Welfare is
determined by the utility level of the worst-off consumer. Raising the utility of the better-off
has no effect on social welfare.
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Figure 1: Indifference curves of W= U'+U? Figure 2: : Indifference curves of W=
min(UY, U?)
Question 3.

There are H consumers who each have utility function U" = log (M"). If the social welfare
function is given W = ZU" , show that a fixed stock of income will be allocated equitably.

Explain why this is so.
Answer Question 3.

Substituting in the individual utility functions allows the social welfare function to be written
as

U" =) log(M")

1

M=

W =

H
h=

=
1l
—

If the total stock of income is M, the optimisation problem for allocating income is

H H
max z log(M") subjectto M = z M"
h=1

h=1

Denote the Langrange multiplier on the constraint by A. The necessary condition for the
optimisation are

1

h

-A=0, h=1,.,H.

1
Therefore, M" = Z for all h.

This implies that all consumers must be allocated the same income level.

The calculations have shown that the unique optimum is to allocate income equitable and yet
the social welfare function is not one that values equity. The explanation for this apparent
paradox is that the welfare function does not care about equity of allocation of utility but only



that the sum of utilities is maximized. It does not care about the allocation of income since the
individual utility functions are strictly concave in income. This makes social welfare a strictly
concave function of incomes and hence results in the unique and equitable optimal allocation.

Question 4.

Consider a community with ten persons.

a. Plot the Lorenz curve for the income distribution (2, 4, 6, 8, 10, 12, 14, 16, 18, 20).

b. Consider an income redistribution that takes two units of income from each of the four
richest consumers and gives two units to each of the four poorest. Plot the Lorenz curve again
to demonstrate that inequality has decreased.

c. Show that the Lorenz curve for the income distribution (2, 3, 5, 9, 11, 12, 15, 17, 19, 20),
crosses the Lorenz curve for the distribution in part a.

d. Show that the two social welfare functions W = ZM" and W = Zlog(M") rank the

income distributions in parts a and c differently.

Answer Question 4.

a. The total value of income in the populationis2+4+6+8+10+12+ 14+ 16+ 18 + 20=110.
This is used to compute the first three columns of Tablel. Plotting the third column (Y axis)
against the fourth column (X axis) produced the (outer) Lorenz curve in Figure 1.

Table 1.

Data for Lorenz Curve

Proportion of Proportion of
Income Sum total population
2 2 1,8 10
4 6 5,5 20
6 12 10,9 30
8 20 18,2 40
10 30 27,3 50
12 42 38,2 60
14 56 50,9 70
16 72 65,5 80
18 90 81,8 90

20 110 100,0 100
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Figure 1. Lorenz curves

b. The new income distribution is (4, 6, 8, 10, 10, 12, 12, 14, 16, 18). The data for this are given
in Table 2. Plotting the Lorenz curve for this income distribution gives the inner Lorenz curve in
Figure 1. The inner curve represents a lower degree of inequality.

Table 2.
Proportion of Proportion of
Income Sum total population
4 4 3,6 10
6 10 9,1 20
8 18 16,4 30
10 28 25,5 40
10 38 34,5 50
12 50 45,5 60
12 62 56,4 70
14 76 69,1 80
16 92 83,6 90
18 110 100,0 100

c. The data are shown in Table 3. A comparison with the data in Table 1 shows that the two
Lorenz curves cross. The curve from part a is initially above that from part c but falls below for
population proportions in excess of 80 percent.

Table 3.
Proportion of Proportion of
Income Sum total population
2 2 1,8 10
3 5 4,4 20
5 10 8,8 30
9 19 16,8 40

11 30 26,5 50



12 42 37,2 60
15 57 50,4 70
17 74 65,5 80
19 93 82,3 90
20 113 100,0 100

d. For the income distribution in part a,
W=>M"=110
W =>log(M")=22.036

For the income distribution in part c,

w=>M"=113
W =>log(M")=21.963

The two welfare functions do rank the income distributions differently.

Question 5.

Consider the utility function U = a log(x1) + 8 log(x2) -/ and budget constraint
wl = gix1 + gax2.

a. Show that the price elasticity of demand for both commodities is equal to -1.

b. Setting producer prices at p1 = p2 = 1, show that the inverse elasticity rule implies

ti/t2 = q1/qa.
c. Letting w = 100 and a + 8 = 1, calculate the tax rates required to achieve revenue of
R =10.

Question 5. Solution.

a. The consumer’s demands solve

max o log(x1) + 8 log(xz) - | over x1,x2, | subjectto w/= gix1 + g2x2.
Or max a log(x1) + 8 log(x2) — (g1/w)x1 — (g2/w)x2

Equating the partial derivatives to zero gives
a/xi=qi/w,B8/x2=q/w.

The demands are therefore a / x1 = aw/q1 , x2 = 6w/q2



dx. q.
The elasticity of demand is defined by &/ = i 4i
dq; x;
Calculating this for good 1 obtains
g
q, ¥
q,

The same calculation holds for good 2.

b. The inverse elasticity rule states that

t. a-11 .

! =—_d ,I=1,2.
1+1¢, A g
Hence

t a—-A t
T,
1+1¢, A 1+1¢,

But &/ =—-1 and1+ti=gq,so ti/ta=q1/q.

c. Revenue is defined by R = tix1 + taxa.
Using the solutions for demands obtains

aw w
R=t1—+t2'B—

q, q,

t t t
1% this becomes R="2oaw+-2pw
q, q q

Since ¢, =

Finally, sincea+ 8 =1, R=10 and w = 100, the optimal tax on good 2 is
10 = (100t)/(1+t2), which has solution t; = 1/9, and therefore t1 = 1/9.

Question 6.

“If all commodities are taxed at the same rate, the distortion in prices is minimized.”
Explain why this statement does not act as a guide for setting optimal commodity taxes.

Question 6. Answer.

The statement is formally true. What drives consumer decisions are the relative prices
of the commodities, since relative prices measure the rate at which one commodity can
be traded for another. Taxing all commodities at the same rate does not distort relative
prices. Think of an example with just two commodities.

It does not follow from this statement that such a tax system is efficient. We have
shown in the lectures that, is all commodities, including labour, are taxed at the same
rate, no revenue is raised. Hence, at least one commodity must be taxed differently if
revenue is to be raised. The analysis has shown that one commodity has to be chosen
as an untaxed numeraire. Assume that this is labour. The uniform tax on all



commodities excluding labour then distorts prices relative to labour. The tax system
will thus alter the trade-offs faced by consumers between labour and other
commodities. In general different commodities have different relations to labour: some
may be substitutes, and other may be compliments. These relations should be reflected
in how the trade-off is changed by commodity taxation. Taxing all goods but one at the
same rate is therefore rarely inefficient.

Question 7.

One country has a tax rate of 10% on the first 20,000 euros of taxable income, then
25% on the next 30,000 euros, then 50% on all taxable income above 50,000 euros. This
country also provides a 4,000 euro exemption per family member. Mario’s family has
3 members and earns 50,000 euros per year. What is the marginal and average tax
rates faced by this family?

Question 7. Solution.

First, we calculate Mario’s family’s taxable income: before exemptions, its income is
50,000. It gets a 4,000 euro exemption for each of the three family members, for a
total of 12,000 in exemptions. Hence, taxable income is 50,000 — 12,000 = 38,000.
Since this is between 20,000 and 50,000, the family faces a 25% marginal tax rate.

To compute the average tax rate, first compute the total tax liability. The first 20,000
of taxable income is taxed at 10%. The next 18,000 is taxed at 25%. The total tax is thus
.1 x 20,000 + .25 x 18,000 = 2,000 + 4,500 = 6,500. The average tax rate is thus 100% x
6,500/50,000 = 13%.

Question 8.

Consider an economy with two consumers who have skill levels s1 =1 and s, =2 and
utility function U = 10xY/2 - [, Let the government employ an income tax function that
leads to the allocation x =4, z =5 for the consumer of skill s =1 and x =9, z = 8 for the
consumer of skill s = 2.

a. Show that this allocation satisfies the incentive compatibility constraint that each
consumer must prefer his allocation to that of the other.

b. Keeping incomes fixed, consider a transfer of 0.01 units of consumption from the
high-skill to the low-skill consumer.

i. Calculate the effect on each consumer’s utility.

ii. Show that the sum of utilities increases.

iii. Show that the incentive compatibility constraint is still satisfied.

iv. Use parts i throughiii to prove that the initial allocation is not optimal for a utilitarian
social welfare function.

Question 8. Solution.

a. To show that the allocation satisfies incentive compatibility, the utility of both
consumers is evaluated at the two consumption-income pairs. For consumer 1,
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U(xl,z—l =10x"2 —(z—‘ = -5,

Sy

2
U(xz,z—z =10x;/2—(z—2 = -34,

Sy

So U[xl,z—l] > U[xz,z—zj.
Sy 5y

2
For consumer 2, U[xz,z—zJ =10x)? - [Z_ZJ =14,

S, S,

2
U(xl,z—lj =10x!* - (Z—IJ =13.75,
52 52

< < . . - . . L
U(xz,—z] > U[xl,—'] . Hence the incentive compatibility constraint is satisfied.
S, Sy

b.i. After the transfer of consumption the utility of consumer 1 is
5 2
10x(4+0.01)"? _(Tj =-4.975
And the utility of consumer 2 is
8 2
10x(9+0.01)"* _(Tj =13.983.
The initial utility levels were -5 and 14. After the reallocation the change to -4.975 and

13.983.

b.(ii). The sum of the two utility levels is 9 before the transfer and 9.008 after the
transfer. The sum has increased.

b.(iii) Incentive compatibility is clearly still satisfied for consumer 1 after the transfer,
since x1 has risen and x; has fallen. For consumer 2 selecting the allocation intended for
consumer 1 gives

2 2
U(xl,Z—IJ=10xl”2—[ij =10><(4+0.01)”2—Gj =13.775.

S Sy

This is below the value (13.983) obtained from selecting the correct allocation, so
incentive compatibility is maintained.
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b(iv) Since the new allocation satisfies incentive compatibility and the sum of utilities
has increased, the original allocation could not have been optimal for a utilitarian social
welfare function.

Question 9.

A consumer has a choice between two occupations. One occupation pays a salary of
€80,000 but gives no chance for tax evasion. The other pays €75,000 but does permit
evasion. With the probability of detection p = 0.3, the tax rate t = 0.3, and the fine rate
F = 0.5, which occupation will be chosen if U = Y/2?

Question 9. Answer.

The first step is to compute the expected utility from choosing the occupation than
permits evasion. This involves choosing the optimal declaration. The choice of income
declared, X, solves the optimisation

Max EU = (1-0.1)(75000-0.3X)/2+.1((1-0.3)75000-0.5(75000-X)) /2

Differentiation with respect to X provides:

(0.5)> = (0.7)%0.2
0.5(0.7) + (0.5)%0.3

X = 75000 [ ] = 35625

The value of expected utility is

EU = 0.7(75000-0.3*35625)%2 + 0.3((1-0.3)75000 — 0.5(75000-35625))1/2 = 231.86.
Accepting the occupation that provides no possibility of evasion gives utility:

U = Y~2 = (80000-0.3*80000) ** = 236.64.

Combining these number shows that the consumer will choose the occupation that
does not permit tax evasion.

Question 10.

Are the following statements true or false?
(a) The theory of optimal commodity taxation argues that tax rates should be set

equal across all commodities so as to maximize efficiency by “smoothing taxes”.
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(a) False. The inverse elasticity rule makes it very clear that taxes should generally be
differentiated between commodities in order to minimize excess burden. In
particular, a commodity with a low elasticity of demand should be tax at a higher rate

than a commodity with a high elasticity.

(b) In the United States prescription drugs and CDs are taxed at the same rate of

10 percent. The Ramsey rule suggests that this is the optimal tax policy.
(b) False if we interpret prescription drugs as a necessity (low elasticity of demand)
and CDs as a luxury (high elasticity). The Ramsey rule would most likely place the
heavier tax burden on prescription drugs (but note all cross-effects in demand would

have to be considered to completely justify this answer).

(c) Some economists have proposed replacing the income tax with a consumption tax

to avoid taxing savings twice. This is a good policy both in terms of efficiency and equity.

(c) True. A consumption tax is equivalent in its effect to an income tax that
exempts income from savings. A tax on the income from savings has the effect
of raising the price of future consumption relative to the price of current
consumption. This is a distortion in prices that creates inefficiency. Unless
there is reason for taxing future consumption more heavily than present
consumption (such as a difference in the elasticity of demand or in the
distribution across consumers of different income) then this distortion should

be eliminated.

Question 11.

Suppose that the tax rate is 30%. Suppose also that the probability of getting caught
evading taxes is 10% plus an additional 2.5% for every €1,000 in tax evasion. (Hence,
the probability of been caught P = 0.1 + 0.025X, where X is the number of euros (in
thousands) of evasion.) Individuals who are caught evading taxes will be forced to pay
the taxes they owe in addition to a €10,000 penalty. How much evasion will a risk-
neutral taxpayer engage in? How would your answer change for a risk-averse
taxpayer?
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Question 11. Answer

Letting X denote the number of thousands of euros of evasion, the probability of
getting caught is (0.1 + 0.025X). The cost of evasion and getting caught is €10,000. So
the expected cost of evasion, in thousands of dollars, is thus 10 x (0.1 + 0.025X). The
probability of not getting caught is 1 — (0.1 + 0.025X), so the expected benefit from
evasion, again in thousands of euros, is X(0.90 — 0.025X).

We find the marginal costs and benefits by differentiating the costs and benefits with
respect to X. The marginal cost of evasions is thus MC = 0.25 and the marginal benefit
is MB = 0.90 — 0.05X. Setting them equal and solving yields X = 13 or about €13,000.

Question 12.

1. Marmara, Inc., is a monopolist whose cost of production is given by 10Q + Q2.
Demand for Marmara’s products is Q = 200 — 2P.

a. What price will the monopolist charge and what profits will the monopolist earn?
What will consumer surplus be?

First we calculate the profit-maximizing quantity by setting marginal cost equal to
marginal revenue. Marginal cost is 10 + 2Q. Marginal revenue can be found by solving
for the inverse demand curve,

P = 100 - %Q and noting that the marginal revenue curve has the same P-axis
intercept and is twice as steeply sloped. Hence, marginal revenue is 100 — Q. Setting
MR = MC and solving for Q, 10 + 2Q = 100 — Q, or 3Q = 90, or Q = 30. Therefore, the
profit-maximizing quantity is 30, and the profit-maximizing price can be found from
the inverse demand curve: P = 100 — % (30) = €85. Profits are computed as the
difference between total revenue and total cost, or €85 (30) — 10(30) — 302 = 2,550 -
1,200 = 1,350. Consumer surplus can be computed as the area of the triangle with
width Q = 30 and height 100 — 85 = 15 (the difference between the P-intercept of
demand and the price paid). Computing, consumer surplus = % (30)(15) = 225.

b. How will the monopolist’s price and profits change if a tax of €15 per unit is imposed
on the buyers of the product?

Imposing a €15 tax on buyers will change their demand curve to Q = 200 — 2(P+15), or
Q = 170 — 2P, where P is the pretax (“sticker”) price. The new inverse demand is P =
85 - % Q, and the new marginal revenue is P = 85 — Q. Setting equal to marginal cost
and solving gives
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10+2Q=85-Q,0r3Q=75,0rQ-=25.

The profit-maximizing price is thus P = 85 — % Q = €72.50. Profits are given by €72.50
(25) — 10(25) — 252 = 1,812 - 875 = 937.5.

c. What is the excess burden of the tax?

To compute the excess burden of the tax, we look at the change in total surplus
(including tax revenue as surplus). The after-tax consumer surplus can be computed
from the new demand curve:

% (25)(12.50) = 156.25, where 25 is the quantity purchased and 12.50 = 85 — 72.5 is
the difference between the P-intercept of demand and the price paid. The tax revenue
is 25(15) = 375. Hence, the excess burden of the tax is (1,350 + 225) — (937.5 + 156.25
+375) =1575-1468.75 = 106.25.

Question 13.

In an effort to reduce alcohol consumption, the government is considering a €1 tax on
each litre of liquor sold (the tax is levied on producers). Suppose that the demand curve
is Q° = 500,000 -20,000P (where QP is the number of litres of liquor demanded and P is
the price per litre), and the supply curve for liquor is Q° = 30,000P (where Q° is the
number of litres supplied).

a. Compute how the tax affects the price paid by consumers and the price received by
producers.

b. How much revenue does the tax raise for the government? How much of the revenue
comes from consumers, and how much from producers?

c. Suppose that the demand for liquor is more elastic for younger drinkers than for
older drinkers. Will the liquor tax be more, less, or equally effective at reducing liquor
consumption among young drinkers? Explain.

Question 13. Answer
a. Before-tax equilibrium: P = €10 and Q = 300,000
After-tax equilibrium: P =€10.60 and Q = 288,000.

Consumers pay €10.60 and producers receive €9.60.
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b. Revenue = €288,000. Consumers bear 60 percent of the tax burden and producers
bear 40 percent. So, €172,800 comes from consumers and €115,200 from producers.

c. With a more elastic demand curve, quantity consumed will decrease even more as
a result of the tax, so the liquor tax will be more effective at reducing consumption
among young drinkers.

Question 14.

A good is traded in a competitive market. The demand function is given by X =75 — 5P and
supply is perfectly elastic at the price P = 10.

a. A specific tax of value t = 2 is introduced. Determine the tax incidence.
b. An ad valorem tax at a rate of t = 0.2 is introduced. Determine the tax incidence.

c. How do the incidence of the specific tax and the ad valorem tax differ if supply is given by Y
=2.5P

Question 14. Answer

First, we need to calculate the equilibrium price and quantity without tax. In the first case,
with the perfectly elastic supply, the equilibrium price is P° = 10, and the equilibrium
quantity is X° =75 — 5 x 10 = 25. In the second case, with the supply given by Y = 2.5P, the
equilibrium price is determined by

75-5P =2.5P,
P =10,
and the equilibrium quantity is X = 25, i.e. the same as in the first case.

a. Since the supply is perfectly elastic, the price received by the seller does not change, P* =
10. The price paid by the buyer, P8, satisfies

X =75-5P8,
(PB-PS=2.
This gives PB = 12 and X = 15. The tax revenue is given by
TR=2x15=30,
and the tax incidence is fully on the buyer.

b. Asin part (a), the price received by the seller is PS = 10. The price paid by the buyer, P8,
satisfies
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X=75-5P%
P® =1.2P5

This gives PB = 12 and X = 15. The tax revenue is the same as in part (a), and the tax
incidence, again, is fully on the buyer.

c. For the specific tax, the seller’s price and the buyer’s price solve the following system of
equations:

X =75-5p8,
Y = 2.5p5,
X=Y,
PB.-pS=2,

This solves to give P® = 10(2/3), PS = 8(2/3), and X = 21(2/3). The tax revenue is TR = 43(1/3),
of which the tax incidence on the buyer and on the seller are given, respectively, by

TR®= (P® - P%) X = [10(2/3) - 10] (21(2/3) = 130/9 = 14(4/9),
TR3= (P? - P%) X = [10 - 8(2/3)] (21(2/3) = 260/9 = 28(8/9),

That is, the tax incidence on the seller is twice the tax incidence on the buyer. For the ad
valorem tax we have

X =75 - 5P®,

Y = 2.5p5,

And the solution is

PB=10(10/7), P°=8(14/17), X=22(1/16)

The tax revenue is TR = 38(268/289).

The tax incidence on the buyer and the seller are given by
TR®= (P® - PY%) X = [10(10/17) - 10] (22(1/17) = 3780/289 = 13(23/289),
TRS= (P° - PS) X = [10 — 8(14/17)] (22(1/17) = 11340/289 = 39(69/289),
In this case, the tax incidence on the seller is three times the tax incidence on the buyer.
Question 15.

Are the following statements true or false?
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a. The theory of optimal commodity taxation argues that tax rates should be set equal across
all commodities so as to maximize efficiency by “smoothing taxes.”

b. In the United States prescription drugs and CDs are taxed at the same rate of 10 percent.
The Ramsey rub' suggests that this is the optimal tax policy.

¢. Some economists have proposed replacing the income tax with a consumption tax to avoid
taxing savings twice. This is a good policy both in terms of efficiency and equity.

Question 15. Answer

a. False. The inverse elasticity rule makes it very clear that taxes should generally be
differentiated among commodities in order to minimize excess burden. In particular, a
commodity with a low elasticity of demand should be taxed at a higher rate than a
commodity with a high elasticity.

b. False. If we interpret prescription drugs as a necessity (low elasticity of demand) and CDs
as a luxury (high elasticity), the Ramsey rule would most likely place the heavier tax burden
on prescription drugs. (Note that all cross-effects in demand would have to be considered to
completely justify this answer.)

c. True. A consumption tax is equivalent in its effect to an income tax that exempts income
from savings. A tax on the income from savings has the effect of raising the price of future
consumption relative to the price of current consumption. This is a distortion in prices that
creates an inefficiency. Unless there is a reason for taxing future consumption more heavily
than present consumption (e.g., a difference in the elasticity of demand or in the distribution
across consumers of different income), this distortion should be eliminated.

Question 16.

Tax evasion is particularly common for workers in professions such as waiting tables and
bartending, where tips make up a substantial fraction of compensation. Use economic theory
to explain why this is the case.

Question 16. Answer

Tips are often paid in cash. It is quite easy to hide this income by underreporting cash tips,
and it is very difficult to verify small amounts of underreporting. When the likelihood of being
caught for tax evasion is lower, economic theory tells us that individuals are more likely to
evade taxes.

Question 17.

What is the difference between tax evasion and tax avoidance? How would you empirically
distinguish the two phenomena?
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Question 17. Answer

Tax evasion is illegal: it is the failure to pay tax that is owed. Tax avoidance is legal: taxpayers
are allowed to seek out and take advantage of provisions of the tax code that reduce their
tax liability. Some taxpayers are more creative at tax avoidance than others, but if they stay
within the provisions of the tax code and the judicial interpretations of that code, then what
they do is technically legal and thus is avoidance rather than evasion.

The difference between evasion and avoidance is not always clear, as shown by differences
in opinion among government tax auditors. Two tax auditors can review the same tax return
and one can determine it to be compliant with the law, while the other finds evasion. That is
why taxpayers resort to courts in order to overturn decisions of the tax authorities, on the
basis that they avoided but not evaded their taxes.



