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Chapter1

Martin-Lof’s Type Theory

We will present MLTT as a theory of definitions. This is akin to a programming
language that is initially “empty”, and any types, functions and similar constructs
need to be defined from scratch before they can be used. Such a programming
language would involve concrete choices regarding the form of definitions and
provide the syntactical means necessary for stating such definitions. In MLTT, this
role is played by the judgmental layer of the language.

Judgmental equality A previously undefined expression e; may be assigned the
same meaning as an already defined expression e,; this act is denoted by e; = e,.
We further write e; = e, if expressions e; and e, may be syntactically identified by
expanding the definitions of sub-expressions. If this is the case, we say that e; and
e, are judgmentally equal or definitionally equal or synonymous.

Types and typing judgments Types have elements (more on this later). We
write a: A to express the judgment that a is an element of type A. We use uppercase
letters for variables ranging over types and lowercase letters for variables ranging
over elements of a type.

Families If we are given an element f(x) of B for each element x of A, what we
have is a family of elements of B indexed by A. Such an indexed family is denoted by

(x: A) f(x): B,
or by the equivalent formation rule
xX:A
f(x): B

and we say “for (arbitrary) x in A, f(x) in B” or “an element f(x) of B for each
element x of A.” Similarly,

(X1t Ap, s Xyt Ap) f(X): A

denotes a family with » indices. (A family with zero indices is a single element
of A.) For example, for any type A there is the identity family (x: A) x, and any



element a of A gives rise to constant families over any and all indices. Occasionally,
we adopt the notation from category theory of denoting a single index whose range
is understood by an underscore, i.e., we write f(_) for (() x: A) f(x).

Indices may themselves be families. This is reflected in expressions like

(x: A,(y: B)z(y): C) f(x, 2),

which signifies a family depending on elements of A and families of elements of C
depending on elements of B, and which has the formation rule

x:A (:B)z(y): C
f(x,2): D ’

or the more logically inclined

(: B)
x:A z(y):C

f(x,z): D

An important special case is indexed families of types, a.k.a. type families. As
usual, a type family (x: A) B(x) is the same thing as one type B(x) for each x: A.

1.1 Inductive types and recursion

The primary means of introducing new types into the system is inductive definition.
For example, the natural numbers are generated by the induction scheme

« there is a natural number, called zero, and

« for each natural number there is a natural number, called its successor.
In type-theoretic notation, the above inductive description takes the form

« 0:N,and

o (n:N) s(n): N.

0 and s are the postulated ways of constructing natural numbers; they are the
constructors of N. 0 has zero indices and constructs a single element of N, whereas
s is a family of natural numbers with one index which is itself a natural number
(hence, it is a recursive constructor).

The elements of N that can be formed with the help of the constructors are

0, s(0), s(s(0)), ...,

for which we use the familiar numerals 0, 1, 2 and so on.

An inductive definition of a type amounts to listing its constructors, i.e., certain
families of elements of the type being defined that signify the (canonical) ways
of constructing elements of that type. More general forms (e.g., mutual inductive
definitions, inductive-inductive definitions, inductive-recursive definitions) are
possible; they will be employed as the need arises.

There are two primary uses of the inductive description of a type: Defining
functions by recursion, and proving properties of its elements by induction. We



will treat recursion now, and defer induction for when we have type families at our
disposal. In the case of N this is the familiar definition by primitive recursion: Given
a type C, an element c, of C and elements c,(n, ¢) of C, one for each n: N and each
c: C, the assignments

f()
f(s(n)

Co>»

cs(n, f(n)),

define f(n): C for any n: N.

As a first example, let us define the predecessor pred(n) of a natural number n:
In this case, the type C is N (the only type we have at the moment), and the defining
assignments are

pred(0)
pred(s(n))

That is, we instantiate the general principle of recursion to the case where c; is 0
and c¢,(x,y) is x.

We may also define families with several indices by recursion with respect to
one of them. For instance, we may define addition of natural numbers by recursion
in the second operand:

>

n.

m+0 = m,
m+s(n) = s(m+n).

In other words, addition (to m) is defined by the instance of N-recursion where
¢ = mand ¢ (n, c) = s(c). Any definition by recursion over the natural numbers is
determined by these two parameters: The element ¢, and the family c. By turning
these into indices of the family being defined, we arrive at the recursor

(x:N,y: C)
c:C  c(xy):C n:N

recg(co,cs,n): C
of N, defined by the recursion

recS(co» Cs, 0)

recg (o, 5, (1)

Co,

ci(n, recg(co, Ce, N)).

The superscript C is omitted when uninteresting or implied by the context.
Any recursive family can be explicitly defined with the help of the recursor; for
example, the predecessor of a natural number can be expressed as

pred(n) = recy(0,(x: N,y: N)x,n),
and the sum of two natural numbers can be expressed as
m+n = recy(m,(x:N,y:N) s(y),n).

Exercise 1.1. Define multiplication, exponentiation and the factorial.



Solution. Using the recursor:

mn = recy(0, (x: N,y: N)y + m, n),
recy(s(0), (x: N,y: N) ym, n),
recy(s(0), (x: N, y: N) ys(x), n). O

mn.

n!:

Another common example is the type List(A) of lists of elements of a type A,
defined by the induction scheme

* nily : List(A),
» (a: A,l: List(A)) consy(a,l): List(A).

nil, stands for the empty list, and cons4(a, ) stands for the extension of [ by a. In
practice, subscripts are omitted when A is understood.
The recursion principle for List(A) takes the following form: Given

« atypeC,
« an element ¢, of C, and
« an element c.,ns(x, y,2z): C for arbitrary x: A, y: List(A) and z: C,
the assignments
f(nil) = Chib
flcons(a,l)) = ceons(a, L, f(D)

define f(I): C for arbitrary [l: List(A). For example, the length len(l) of a list [ is
defined by the recursion

len(nil)
len(cons(a, 1))

0,
s(len(D)),

and the concatenation I + k of two lists | and k is defined by the recursion

nl+k = k,
cons(a,l)+k = cons(a,l+ k),

while the sum sum(l) of the elements of a list I of natural numbers is defined by

Oa
a + sum(l).

sum(nil)
sum(cons(a, l))

Like we did with N, we may compile the induction principle of List(A) into a recursor

(x: A,y: List(A4),z: C)
chit: C Ceons(%,¥,2): C I: List(A)

recList(A)(Cnil’ Ceons» l) : C

defined by the recursion

reCLiSt(A)(cnil’ Ceons> ml) = G
r(:-'CList(A)(cnil’ Ceons> €ONS(a, D)) = ceons(a,l, I'eCList(A)(Cnil’ Ceonss 1)-



The length of a list can now be defined as
len(l) = recpiga)(0,(x: A,y: List(A), z: N) s(2), 1),
the concatenation of two lists as
I+k = recpigia)k, (x: A,y: List(A), z: List(A)) cons(x, z), ),
and the sum of a list of natural numbers as
sum(l) = recpig (0, (x: A, y: List(A), z: N) x + z,1).

Exercise 1.2. The concatenation cat(L): List(A) of a list L: List(List(A)) of lists of
elements of a type A is defined by the recursion

cat(nilgiseca)) = nily,
cat(consyisa)(L, L)) = 1 + cat(L).
Express cat(L) using the recursor of List(List(A)).
Solution.
cat(L) = recpisy(rist(a))(Nila, (x : List(A), y: List(List(A)), z: List(4)) x + z,L). O
The type BinTree of binary trees is captured by the induction scheme
e triv: BinTree,
+ (t;: BinTree, t,: BinTree) join(t,t,): BinTree.
This inductive definition gives rise to the following induction principle: Given
« atypeC,
« an element ¢, : C, and
« afamily (x,y: BinTree, z,w: C) join(x,y, 2, w): C,
the assignments
f(triv) = Cuive
fGoin(t, 1)) = cioinlty, ta, f(t1), f(82)),
define a family (¢: BinTree) f(¢): C.
Exercise 1.3. Describe recgj,ree and write its defining assignments.
Solution. The recursor of BinTree is the family

(x;BinTree, x, : BinTree, y;: C,y,: C)
Criv * c Cjoin(xla X2, Y15 yZ): c t: BinTree

recBinTree(Ctriv’ Cioin» t) :C

defined by

reCBinTree(Ctriv’ Cjoin» triv) = Crivs
recgintree(Ctrivs Cjoin» JOIN(E1, 1)) =
Cioin(t15 £2, reCBinTree (Cirivs Coins £1)> F€CBinTree (Cirivs Coins £2))-
O



Binary trees are a special case of trees of given branching. The type Tree(A) of
trees of branching type A is defined by the induction scheme

o trivy : Tree(A).
* ((x: A)t(x): Tree(A)) join ,(£): Tree(A).

More descriptively, the second constructor takes a tree t(x) for each x: A and con-
nects all these trees with a new root to form the tree join A(t). In order to extend a
family f to join ,(¢), assuming we already have f(¢(x)): C for x: A, we need a fam-
ily ((x: A)y(x): Tree(A), (x: A)z(x): C) cjoinA(y, z): C; together with an element
Cuiv: C, we may define f by setting

f(triVA) = ctrivA’

f(oin , (1)) Coin , (£, (x 2 A) f(£(X))).

Since the type A occurs negatively in join ,, Tree(A) is expected to depend contravari-
antly on A. Indeed, a family (x: B) g(x): A induces a reparametrization

(x: Tree(A)) Tree(g)(x): Tree(B)
defined by

Tree(g)(trivy) = trivg,
Tree(g)(join, (1)) joing((y: B) Tree(g)(t(g(»))))-

Exercise 1.4. Describe the recursor of Tree(A), and express Tree(g) with its help.

Solution. The recursor of Tree(A) is a family of the form

((a: A)u(a): Tree(A),(a: A)v(a): C)
x:C y(u,v): C z: Tree(A)

recTree(A)(xa y.2): C

and is defined by the recursion

reCTree(A)(x, y,trivy) =X,
reCrree(a)(X, ¥, join , (1)) := y(b, (a: A) recrree(a)(X, y, t(a))).

Tree(g) can be expressed as

Tree(g)(t) =

reCrree(a)(triva, ((x: A)u(x): Tree(A), (x: A) v(x): Tree(B)) joing (y: B)u(g(y)), t).
O

Exercise 1.5. In the definition of List(A), the type A occurs positively. Given a
family (x: A) f(x): Bdefine, using the recursion principle or the recursor of List(A),
the family (x: List(A)) List(f)(x): List(B) which transforms a list of elements of A
to the list of their f-images.



Solution. By recursion:

List(f)(nily) = nilg,
List(f)(cons4(a, 1)) := consg(f(a), List(f)(1)).

By the recursor:
List(f)(1) := recyisica)(nilg, (x : List(A), y: A, z: List(B)) consg(f(¥),2), D).
O
The following induction scheme describes a type with exactly two elements:
o 1:B,
- 1:B.

The recursion principle for B expresses the fact that in order to define a family
(x: B) f(x) we merely need to specify f(f) and f(t). Specifically, given two elements
¢y and ¢; of a type C, the assignments

f® = cp
fO = ¢

define a family (x: B) f(x): C. As usual, we have a recursor
(cg: Cocp: Cox: B) recg(ep, ¢, x): C

with defining assignments

recg(cg, ¢g, F)
reCB(Cfﬁ th 1I)

Cf,

Ct-
For example, we can define the truth table of disjunction by the recursion
or(x,f) = x,
or(x,t) = ft,
or, alternatively, via the recursor of B,
or(x,y) = recg(x,t,y).
Exercise 1.6. Define the truth tables of conjunction, implication, and negation.
Solution. There are several possibilities; e.g., by recursion in the first operand:
and(x, y) = recg(f, y, x),

ifthen(x, ) := recg(t, y, x).
not(x) := recg(t,f,x) (= ifthen(x,f)). O

Unlike mathematical treatments of type theory, most programming languages
opt for descriptive rather than uniform names for the recursors of the various types.
For example, recg(cy, ¢4, b) is usually written

if b then ¢; else ¢

or a variant thereof.



Exercises

Exercise 1.7. Define the list reverse(l) that contains the entries of a list [ in reverse
order.

Solution. One possibility is to define
reverse(l) := swap(nil, 1),
where

kr
swap(cons(a, k), 1). O

swap(k, nil)
swap(k, cons(a, 1)) :

1.2 Logic

Type theory is intimately related to logic, especially proof theory. The apex of this
relationship is the propositions-as-types interpretation, which is detailed in this
section. However, here lies a significantly deeper fact, which has to do with the
reading of type theory as a theory of meaning of analytic propositions. The question
of the determination of analytic propositions has a rich history and is connected
with various other extremely interesting philosophical questions, the treatment of
which is beyond the scope of these notes. We will only try to outline the reasoning
that underlies the relationship between logic and type theory.

The proof process is absolutely central to mathematics. And rightly so, since it is
the way in which we acquire knowledge of mathematical propositions. But what is
the relation between proof and knowledge? According to the constructive reading
of logic, to prove ¢ is to effect a construction attesting to its truth, and to know (that)
¢ is to possess such a construction.

A proof may, in addition to a conclusion, also have assumptions. In this case, the
knowledge that is conveyed is conditional. In other words, a proof with assumptions
provides someone who knows the assumptions with a way to know the conclusion.

In this way, we have clarified the relation between proof and knowledge. It still
remains to say what the proofs of propositions are. In this connection, observe that
what constitutes a proof of each proposition is precisely what one needs to know in
order to be able both to formulate proofs and to understand the proofs that others
formulate, i.e., recognize the proofs that others formulate as such.

Thesis. A proposition is a specification of what constitutes a proof of it.

A sentence is a linguistic expression whose referent is a proposition. In light
of the above, to understand a sentence is to know which proposition it refers to.
Then, to attribute meaning to a sentence is to associate a specification of proofs to
it. On the other hand, the determination of the meaning of the sentences of an
existing language such as the language of mathematics cannot be arbitrary, but
must be based on an analysis of the use of that language. For the use of logical
constants in constructive mathematics, the relevant analysis is summarized in the
Brouwer-Heyting-Kolmogorov (BHK) interpretation:

» A proof of ¢; A ¢, consists of a proof of ¢; and a proof of ¢,.

 Proofs of ¢; v ¢, are the proofs of ¢, as well as those of ¢,.



» A proof of ¢ > 9 is a construction that transforms an arbitrary proof of ¢ into
a proof of .

 There are no proofs of 1.
« There is a proof of T.

» Aproof of V(x: A) $(x) is a construction that transforms an arbitrary element
a of A into a proof of ¢(a).

A proof of 3(x: A) ¢(x) consists of an element a of A and a proof of ¢(a).

BHK clarifies the way in which logical constants are used in constructive mathe-
matics. It does this by describing the meaning of each complex sentence in terms
of the meanings of the simpler sentences from which it is composed. In fact, each
of the clauses of BHK is an induction scheme. Consequently, we can say that the
meaning of each sentence is the type of its proofs. This allows us to extend our
type-theoretic terminology and type-theoretic notation to logic; in particular, we
write x: ¢ if x is a proof of ¢. We will examine the connectives in turn.

1.2.1 Product

The type-theoretic analogue of the conjunction of two propositions is the product
A; X A, of two types A; and A,, defined by the ordered pair constructor:

« For x;: A; and x,: A,, pair(x;, x3): A; X A,.
By erasing the elements from the formation rule

x1:A1 x2:A2

pair(xl, xZ) . Al X A2
of pair and switching to logical notation, we obtain the introduction rule
¢ b
)

of conjunction.
Recursion principle: Given a family (x; : Ay, X; : Ay) pair(X1, X;) of elements of
a type C indexed by A; and A,, the assignment

t(pair(xy, X)) = cpair(X1, x2)

defines t(x): C for any x: A; X A,. Recursion over A; X A, may be expressed by
means of the recursor

(xl:Al,xZ:Az)Z(xl,xZ): C x:Al XAZ

recs,xa,(z,x): C

of A; X A,, defined by the recursion

recs,xa,(z, pair(xy, x;)) = z(xy, x,).

10



Omitting the elements yields the elimination rule

(¢17¢2)

é $1 A ¢
6

of conjunction.

1.2.2 Function type

The type A — B of functions from A to B corresponds to logical implication; it is
defined by the functional abstraction constructor:

« For a family (x: A)b(x): B, A(b): A — B.

By omitting the elements and switching to logical notation, this yields the introduc-
tion rule

@
p
$>9

of implication.
Recursion principle: Given a family ((x: A) y(x): B) c,(¥): C, the assignment

tA(b)) = c\(b)
defines ¢(f) for arbitrary f: A — B. The recursor of A — B has the formation rule

(x:A)yx):B)z(y):C f:A—B

recy_,g(z, f): C

and is defined by the recursion
recy_,g(z, A(b)) = z(b).

If we erase the elements, this becomes the elimination rule

B

for implication.

1.2.3 Sum

Disjunction is modelled by the sum A; + A, of types A; and A,, defined by the two
constructors

11



« For xl:Al,inl(xl):Al +A2
« For x2:A2, inz(xz):Al +A2
These constructors correspond to the introduction rules

¢1 ¢2
$1V ¢, $1 VP,

for disjunction.
Recursion principle: Given families (x; : A;) ¢, (X1): Cand (x,: A;) ¢jn, (x2): C,
the assignments

t(ini(x1)) = ¢, (x1),
t(iny(x2)) = cin,(x2),
define t(x): C for any x: A; + A,. The recursor has the form
(xl N Al)Zl(xl): C (XZ H A2) Zz(xZ): C X: Al +A2

reca,+a,(z1,22,x): C

s

is defined by the recursion

reca, +4,(21, 22, in1(x1)) Z1(X1)s
reCa,+a, (21, 22,i02(x2)) = 2z5(xy),

and yields the elimination rule

@) (¢2)

o 9 $1 VvV $

(proof by cases) for disjunction.

1.24 0

The type 0 corresponds to falsum (1); it has no constructors. Hence, its recursion
principle stipulates the existence of a family (x : 0) t(x): Cfor any type C. Its recursor
has the form

x:0
recg(x): C ’

has no defining assignments (because there is nothing it can be defined on), and
corresponds to the elimination rule

L
0

(ex falso) of L.
The negation of a type A is defined to be the type A=A — 0.

12



1.25 1

The type 1 corresponds to verum (T). It has the single constructor
e %x: 1
that corresponds to the introduction rule

? .
In order to define a family (x: 1) f(x) we merely need to specify f(*); hence, the
recursor of 1 has the form
cx:C  x:1
recy(Cy,x): C

and yields the elimination rule

of T.

1.2.6 Dependent sum

The product may be generalized by allowing the second operand to depend on
the first: Given a type family B over A, the dependent sum ), B is defined by the
constructor

« For x: Aand y: B(x), pair(x,y): ). B.

(Note that the order now becomes important: We may not declare y: B(x) before
we have declared x: A.) We use the same name for the constructors of the product
and the dependent sum to reinforce the fact that the latter is a generalization of the
former. By erasing elements we obtain the introduction rule

$(a)
J(x: A) d(x)
of the existential quantifier.
Recursion principle: Given an element ¢, (x,y): C for arbitrary x: A and
¥: B(x), the assignment
t(pair(x,y)) = Cpair(X,y)
defines t(w) for any w: )] B. The form of the recursor is
(x: A,y: B(x))z(x,y): C  w:),B
recy, g(z,w): C

and yields the elimination rule

(x: 4, $(x))

6 I(x: A) $(x)
6

for the existential quantifier. (Notice that displaying the cancellation of x: A is
necessary here to avoid any undesired dependencies.)

13



1.2.7 Dependent product

As in the case of the product, we may relax the conditions for the function type:
Given a type family B over A, the dependent product | | Bis defined by the constructor

« For a family (x: A) b(x): B(x), A(b): [] B.

Again, using the same symbol for the constructors of the function type and the
dependent product is justified by the latter being a generalization of the former.
Omitting the elements yields the introduction rule

(x: A)
$(x)
¥ (x: A)¢(x)

of the universal quantifier. (Notice, once more, the necessity of displaying the
cancellation of x: A.)
Recursion principle: Given a family ((x: A) y(x): B(x)) c,(y): C, the assignment

t(A(b)) = c\(b)
defines ¢(f) for arbitrary f: [ [ B. The recursor of [ B has the formation rule

((x: A)y(x): B(x))z(y): C  f:]]IB
recrg(z, f): C

and is defined by the recursion

recrrp(z, A(b)) = z(b).

If we erase the elements, this becomes the elimination rule
(55)
#(x)

6 V(x:A)(x)
6

of the universal quantifier.

1.2.8 Projections and function application

Of the types defined above, those that have a single constructor admit simpler (and
familiar) constructs equivalent to (i.e., interdefinable with) their recursors. First,
we may define, for x: A; X A,, the projections

pr(x): 4;, i=1,2
by the recursion

pr,(pair(x;, x;)) = x;.

14



Then, the recursor of A; X A, may be expressed in terms of pr, and pr, by setting
reca,xa,(z,x) = z(pr(x), pry(x)).
This definition satisfies the defining property of recy 4,, namely,
reca, xa, (2, pair(xy, x,)) = z(pr, (pair(xy, x2)), pr,(pair(xi, x,)))
= z(xq, X3).
Similarly, we define the application apply f(a) :Bof f: A— Btoa: A by the recur-
sion (on f)
applyA(b)(a) = b(a).

The recursor of A — B may then be defined in terms of function application:

reca_,g(z, f) = z(applyf).
The defining property of rec, _, g is satisfied:

reca_,5(z Ab)) = z(apply, ;)

= z(b).
Finally, we note that the recursor of 1 is definable even without recursion:
reci(Cu,X) = Cy.

We will follow common practice and write f(x) (or fx) in place of apply f(x). We
mostly use function application and projections in place of recursion over functions
respectively pairs.

The above extend, mutatis mutandis, to dependent sums and products. Note,
also, that these constructs yield the familiar elimination rules for verum (i.e., no
elimination rule), conjunction, implication (i.e., modus ponens), and universal
quantification (i.e., universal modus ponens); the existential quantifier does not
have such special elimination rules. All natural deduction rules may be found in
table 1.1.

Bottom line

We have reconstructed intuitionistic first-order logic within MLTT. Consequently,
propositions of first-order logic may now be expressed by types (pending the defini-
tion of useful predicates, like equality, to be discussed next). What this means, in
practice, is that formulating a theorem amounts to describing a type, and proving
it amounts to exhibiting an element of that type (this may well take place in nat-
ural language). For example, we may show (the type-theoretic analogues of) the
reflexivity and transitivity of implication:

Theorem. (i) A — A.
(ii) If A — Bthenif B— Cthen A — C.
Proof. (i) We need to exhibit a function F: A — A; this is served by the identity

idg = AMx:A)x: A — A.

15



Introduction rules

Elimination rules

(Special)

(@1, )

é ¢ 9 $1 A P2 AP P AP
$1 A P, o #1 $2
(?1) (¢f2)
% %, 6 0 v
1V PV 0
(%)
(?) ¢
y 6 $o9 $o9 &
¢o9 0 P
L
6
— o T No elimination rule
T 6
(x: A,.¢(X))
a:A ¢a) 6 I(x: A) $(x)
A(x: A) p(x) 6
xX: A
(x: A) (qb(X))
$(x) o Vi A)g) | Y(x:A)(x) a:A
V(x: A)p(x) 6 $(a)

Table 1.1: Natural deduction rules.

16




(ii) We have to exhibit a function F: (A — B) — (B — C) — (A — ()). Let
f+A— Band g: B— C. Then, for x: A, g(f(x)): C. Hence,

gof=Ax:A)g(f(x)):A— C.
We may now abstract g and f in this order to obtain the desired function

AMf:A—B)A(g:B—C)go f. O

Exercises
Exercise 1.8. Show the following logical facts.
i A — A
(i) ==(A + —-A).
(iii) (A +-A) > (--A — A).

Solution. 1. A function from A to =—A is
Ax: A)A(f: —A) f(x).

2. Let f: =-(A+ -A) = (A+ —-A) — 0. Then, foinj:A — 0 = —-A and
foiny: 7A — 0. Hence,

(feiny)(feiny): 0.
3. A function F: (A + -A) — (-—A — A) can be defined by the +-recursion
F(iny(x)) == A(g: =—A) x,
F(iny(f)) = Mg: ~—A) recg (g(f))- O
Exercise 1.9. Let E be the type defined by the single constructor
« Forx: E, e(x): E.

This type would result from N if we removed 0. E should have no elements, as there
is no way to bootstrap production. Show that this is indeed the case, i.e., prove —E.
[Hint: Define a function f: E — 0 by E-recursion.]

Solution. A function f: E — 0 may be defined by the recursion

fe(x) = f(x). O

1.3 Equality

Predicate logic also involves predicates, such as x < y, Prime(n), and so on. Under
the propositions-as-types interpretation, predicates correspond to families of types,
indexed by the respective domains of the arguments.

The definition of a family by recursion applies, in particular, to type families
(more on this in the section on universes). Another option is to define a type family
by giving constructors for its various instances. The definition of equality exploits
the latter possibility.

Equality of a type A may be defined in two equivalent ways: Either as a family
(x: A,y: A)x = y with respect to both sides, or as a family (x: A)a = x for each
particular element a of A; we will examine them in turn.
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1.3.1 Based equality
Let a: A. Equality-to-a is the type family (x: A) a = x with the single constructor
o refl,:a=a.

This constructor corresponds to the introduction rule

a=a

We often refer to elements of a = b as identifications between a and b.

Recursion with respect to a type family is a principle of definition over all in-
stances of that family at once. In the case of based equality, the recursion principle
concerns the definition of families of the form (x: A, p: a = x) f(x, p): C(x) into
an arbitrary type family (x: A) C(x) of the same shape as based equality. Its name
comes from homotopy type theory and draws on the interpretation of identifications
as paths.

Based-path recursion: Given a type family (x: A) C(x) and an element ¢, of
C(a), the assignment

fla,refly) = cren,
defines f(x, p): C(x) forany x: Aand p: a = x.

Notation. For families of the form f(x, p) forx: Aand p: a = x, the first argument
is usually suppressed, as it is determined by the second, and we simply write f(p).

Recursors may be interesting from a logical perspective, because they correspond to
elimination rules, but we generally find it more natural and convenient to formulate
definitions by recursion directly. The exception is the recursor of based equality,
which is useful enough to have its own name,

x:C(a) p:a=b

transport®(p, x) := recS_ (x, p): C(b)
and is defined by the based-path recursion
transportC(refl,, x) = x.

transport©(p, x) is pronounced “the transport of x: C(a) to C(b) along p: a = b”.
The elimination rule corresponding to transport is the law of the indiscernibility
of identicals:

¢(a) a=b
¢b)

The following identifications testify that based equality is an equivalence relation.

Reflexivity Leta: A. Then,
refly: a = a.

Transitivity Let p: a=bandq: b = c. Then,

transport®=—(q, p): a = c.
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Symmetry Letp:a=b. Then,

transport-—=%(p, refl,): b = a.

1.3.2 Symmetric equality

The symmetric equality of a type A is the type family (x: A,y: A) x = y with con-
structor

o Forx:A,refl,: x=x.

As was the case with based equality, recursion over symmetric equality is a
principle for defining families of the form (x: A,y: A, p: x = y) f(x,y,p): C(x,y)
into a type family (x: A,y: A) C(x, y) of the same shape as symmetric equality.

Path recursion: Given types C(x, y) for x,y: A and elements cq(x): C(x, x) for
X: A, the assignment

fOeo,x,refly) = crn(x)

defines f(x,y, p): C(x,y) for arbitrary x,y: Aand p: x = y.
The recursor of symmetric equality is

((x: A)z(x): C(x,x),a: A,b: A, p: a = b) recS(z, p): C(a,b),
is defined by the path recursion
recS(z,refly) = z(x)

and corresponds to the alternative elimination rule

(x: A)
gb(x., xX) a=b
¢(a,b)

of equality, which says that equals satisfy any reflexive relation.

1.3.3 Equivalence between the two definitions

Based equality and symmetric equality are, essentially, two different descriptions
of the same relation. This is witnessed by the interderivability between the respec-
tive recursion principles or, equivalently, the interdefinability between rec_ and
transport. One direction is straightforward: Given (x: A) z(x): C(x,x)and p: a=b
in A, an element of C(a, b) may be obtained by transporting z(a): C(a, a) along p,

rec€(z,p) = transport€@)(p, z(a)).

The verification of the defining property of rec_ is left to the reader. The other
direction isn’t particularly difficult either, provided we have function types at our
disposal: Let (x: A) C(x) be a family of types over A. We first define functions
ps: C(a) — C(b) for p: a = b by means of the path recursion

(reflx)* = idC(x)'
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We may then define
transport®(p,x) = p.(x).
It is possible, as a matter of fact, to define the entire family
(a,b: A,p: a=b,w: C(a)) transport(p, w): C(b)
by the path recursion
transport©(refl,,w) = w

without mentioning function types. This definition is essentially correct, but requires
a more general form of path recursion. See the optional paragraph at the end of the
section and the exercises that follow it for some discussion.

1.3.4 Basic properties of equality

We have already shown that equality is an equivalence relation using based-path
recursion. We will now introduce the official operations on paths that constitute the
lowest level of the groupoid structure of types. It is customary to use path recursion
for this purpose, to avoid any unintended judgmental equalities.

Let A be a type. For any x: A, we have refl, : x = x. For p: x = y, an identifica-
tion p~!: y = x is defined by the path recursion

reflz! = refl,.

Finally, for p: x = y and q: y = z, we first define f(x,y, p): x = y by the path
recursion’

[, x,refly) = refly.

An identification p « q: x = z may now be defined by the further path recursion
(on q)

perefl, = f(x,y,p).

Equality is also respected by families: Let (x: A) f(x): B. Then, we may define
f(p): f(x) = f(y) for arbitrary p: x = y by means of the path recursion

frefly) = refly.

Strictly speaking, this notation is ambiguous. It follows the established practice in
category theory of using the same symbol for the action of a functor on objects and
on morphisms. In the rare case that we need to differentiate between the two, we

will write apf(p) for f(p).
Exercise 1.10. Let f,g: A — B. Show that if f = g then f(x) = g(x) for all x: A.

Uf we set f(x,y,p) := p directly, we obtain the version of the definition using based-path recursion.
This is a standard trick for weakening a judgmental equality into a propositional one; see the exercise on
the uniqueness of the definiendum at the end of the next section.
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1.3.5 More general forms of recursion

A definition by N-recursion of the form
f0,2) = cy2),
fs(n),z) = cn, f(n z),z).
may be understood as defining (n: N) f(n, z) for each individual z; indeed, such a
definition can be expressed by means of the recursor:
f(n,z) = recp(co(2), (x: N,y)e(x,y, 2), n).

Sometimes, however, f(s(n), z) is defined in terms of f(n, z") for (several) arbitrary
values of z’. This situation arises, e.g., when we do simultaneous recursion in two
arguments:

is_equal(0,0) = ft,

is_equal(0,s(n)) = f,

is_equal(s(m),0) = f,
is_equal(s(m),s(n)) = is_equal(m,n).

To formulate such a definition, we would need to supply the entire family (z) f(n, z)
as an argument to c;:

f(0,2) ¢o(2),
f(s(n), 2) cs(n, () f(n, 2'), 2).

The above assignments determine f(0, z) for all z and, once f(n, z") is defined for
all z’, they determine f(s(n), z) for all z. Such a definition may not be equivalent to
an ordinary definition by recursion over the natural numbers. Formulating a more
general recursion principle to accommodate for this case is not particularly difficult
(see the exercises); for now, we will be content to state our intention to employ this
and other forms of definition as we see fit.

Exercise 1.11. Based on the discussion of this paragraph, formulate a more general
principle of definition by recursion over the natural numbers. Optionally, describe
the corresponding recursor. Show how this principle can be reduced to (i.e., derived
from) ordinary N-recursion in the presence of function types. O

Exercise 1.12. A more general form of path recursion would be as follows: Given
« types B(x,y) for x,y: A,
« types C(x,y,z) for x,y: A and z: B(x,y), and
« elements c,q(x, z) of C(x, x, z) for x: A and z: B(x, x),

the assignment
[, x,refly, z) = cen(x, 2)

defines f(x,y, p,z): C(x,y,z) for x,y: A, p: x = y and z: B(x,y). Derive based-
path recursion from this principle. O

Exercise 1.13. A different generalization of N-recursion is necessary for expressing
second-order recursive definitions such as the definition of the Fibonacci sequence.
Formulate this principle. Optionally, describe the corresponding recursor. Show
that this principle can be reduced to ordinary recursion in the presence of cartesian
products. O
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Exercises

Equality is the basis for defining several other type families. For instance, we can
express the fiber of a family (x: A) f(x): B over b: B as the type

Fibp(b) = D (x:A)b= f(x). (1.1)

Conversely, equality can be defined from fibers (this means that we could, in prin-
ciple, use fibers rather than equality as our basic type family). The purpose of the
following exercises is to guide you through the necessary steps.

Exercise 1.14. The type family (y: B) Fib;(y) can alternatively be defined as the
inductive type family with constructor

« (x: A) ec(x): Fibs(f(x)).
Formulate the recursion principle of Fiby and describe its recursor. O
Fora: A, let (w: 1) a*(w): A be the constant family over 1 with a*(w) = a.

Exercise 1.15. Consider the following alternative definition of based equality on a
type A:

« Fora,b: A,let
a = b = Fibg«(b).

« Fora: A, let
refl, == ec().

Show that the recursion principle of based equality is satisfied. O
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