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Martin-Lof



Kepd&Aaro 1

TOmol Kol avadpopn

OMeg ot Bewpieg TOTWY mparypatedovTon ToxdvTeg TOTOLGS. Ekelvo mou tig Swagpo-
porotel peTa€d toug eivar oo TOTOVG TTPoPAémeL 1) kKAOe pic v vihpyxoLY KoL Ti
propel va el yio avtotvg. Mia iaitepotnta g Bewpiog TOTWV To0 Martin-Lof ei-
vo 0Tt dev poPAémtet TV drapEn 0TOLWVINTOTE GUYKEKPYLEVOV TOTWV: AVT’ QUTOD,
mepLExeL TG péca yor TV mepLypagr] TOmwv. Ot TOTOL TTOL PITOPOVV VO OPLETOVY £TGL
elvon oL errarywyikoi tomot.

"Evog emoywytcdg Tomog A propet va yiver aovTiAnmtog SraoOntikd wg évag tomog
70V TTPocdLopileTar atd PNdEV 1) TEPLOGOTEPOVS KATATKEVAOTES, KoBEVAG atd TovG
o7moioug eivat évag TPOTOG GXNHATIGHOV (e TapapETPOUS) oToLXeiwy ToV A. Avtd
meplhapfavel cov 81K TEPITTWOT) KATATKELVAGTEG XWPLG TAPAUETPOVG, OL OTTOLOL
elvou pepovopéva ototyeior Tov A.

1.1 Ot gpvowcoi apiOpoi
Ot guowkoi aptBpol Tapdyovton amd T6 emaywylkd oxripe
« 16 undév eivou uokdg aptbpog, Kot
+ 0 emopevog kabevog uotkod aplBpot eivar euotkdg aptBpodgs.

Ye tunmoBewpnTikd GUUPOALOHO, 1) TOPATTAV® ETAYWYLKT] TEPLYPAPY] TOV PUOLKGOV
aplOp@V Taipvel T popen

« 0:Nat,
« e&v n:Nat, tote s(n) : Nat.

Enopévag, o thmog Nat éyel 800 katackevactég: Tov 0, mov dev éxel mopapéTpoug,
Ko TOV S, TOL €xEL pia TopdpeTpo 1) omoia eivan emtiong ototyeio Tov Nat (omdte eivart
avadpopkdg kataokevaotis). Avantiooovtag, PAémovpe O0TL T& ototyeio Tod Nat
elvan té

0, s(0), s(s(0)), ...,

T omoio kahovpe 0, 1, 2 ko Aoutd.
Av pég éxer dobei éva otoryeio t(x) evog Thmov A yia ke otoryeio x Tov Tomov A’
aLTd TTOL €XOULpE elvan pia olkoyévelx otolxeiwv To0 A TapapeTpoTotpévn ad TOvV



A’, 1, otiv opoloyia mov Ba vioBeTricovpE, YIo EVOY LETAOYNUATIONS TMOV GTOLYELWOV
o0 A’ o€ oTotyeio Tov A.
IpokeLpévou v SAOGCOUVHE VOV TETOLOV HETAOYTHOTIOHO, YPAPOUILE

(x:ADt(x): A
1 TOV 160dVVap0 Kavova GXNHATIGHOD

x: A
tH(x): A

Ko Aépe «yla x otov A’, t(x) 616V A», 1§ «éva otoixeio tH(x) to0 A yux 16 TLYXOV
otoryeio x To0 A”». O 810G 0 peTAoXNHATIOROC YPAPETOL

(x:A) t(x)
(ka, eviote, amA®g t). Opoiwg, 1 ékppaot
(x1: A1, s Xy 1 Ap) t(Xq, 0 %) R A

dnAovet évay petaoynpatiopd pe n to tAnbog topapétpoue. (Evag petaoynpatiopog
0t0): A pe pndév 16 TAfBog apopéTpoug dev eivan wapd éva otolyeio Tov A- yevikd,
oTHV €VVoLa TOD HETACYNHOTIGHOD GUUTTEPLAQHUPBAVOUE KoL T& OTOLYELL WG OPLOKT)
nepintwon.)

Ot Tap&peETPOL EVOG HETATYNHATIOHOD UITOpEeL va eivart ot idleg HETATXNHATIGHOL:
QUTO WTOTLIIOVETAL GE EKPPAOELS OTWG

(x:A,(y:B) 2(y): O) t(x, 2),

OOV 0 ONUALVOPEVOG HETATYNHATIOHOG £XEL VO ToPOPETPOVG, EK TOV OTTOLWV 1) pic
elvon otoyeio To0 A kou 1) GAAN eivon petaoynpatiopdg ototyeiwv Tob B o oTotyeio
7oV C.

[TepinTwon HETAOYNUATIOHOD ELVOL KL Ol KATOOKEVAGTEG.

1.2 Avadpopn 61o0g puotkovg oprOpotg

Ot k0pLeg YPNOLHOTNTEG THG EMAYWYIKNG TEPLYPAPNG evOg TOTTOL givan 1) dtotd-
TWOT) OPLOHOV pe avadpopr] ko otodeilewv pe emaywyn. Oa eEetdoovpe TP THY
TePInTOON THG AVadpopr|g i THY eaywyr| Ba eipaote oe Béon va puAjcovpe pOALG
EUTTAOVTICOVE T YADGGX HE OLKOYEVELEG TOTTWV.

"Eotw C thmog. AoBévtwv evdg ¢y:C kou evog evog (x:Nat, y:C)es(x, y):C, propoipe
vo opicovpe évav petacynpatiopd (x : Nat) t(x) : C Oétovtag

t(0) :=cp,

t(s(n)) := cs(n, t(n)).

Aépe 6TL 0 t opileTon pe avadpourj (recursion) amtd T ¢y kaw ¢g- 1 duvatdTnTa SLTHITW-
oG TETOLWV OPLOUOV elvan 1) apyTf Tri¢ avadpoptis (recursion principle) yia v Nat.

Qg TPHOTO TAPASELYHA EPAPHOYTG THG APXNG THG OvadPOpTiC, ag opicovpe Evay
petooxnpatiopod (x : Nat) pred(x) : Nat mov otédver T6 pndév ot pndév kon kabévav
AAAO PUOLKO aplBPd GTOV TPONYOLUEVO TOL: TV mepintwot avtr, o Tomog C elval



o Nat (o pdvog TOTTOG 7OV £YOUHE QLT TH GTLYHT), Ko oL opilovoeg oxéoelg £xouvv 1
Hopor)

pred(0) :=0,
pred(s(n)) := n.

[Ipodxerton SnAadn yioe TO GTLYHOTLTTO TOD YEVIKOV GXNHATOS THG avadpopng 6mou
T6 ¢g eivar T6 0 kou 16 ¢5(x, y) eivon 16 x.

Mmopodpe entiong v 0pifovpe HETOOYNUATIOHOVG OV EXOVV TEPLECOTEPES ATTO
pio TapopéTpoug, kbvovtag avadpopr] o€ pio artd auvtég. Tétowa mepinTwon eivol 1)
npdcBeon puokdv aplBpov, v omoio B opicovpe pe avadpopry otdv de€Ld mpo-
ofetéo:

m+0 :=m,
m+ s(n) = s(m + n).
BAémovpe 611 t6 m + n opileton pe avadpopn ostd té m kou (x : Nat, y : Nat) s(y).

Eviote dev Bélovpe va ddoovpe dvopa 6TOV HETOOYNUATIONO TTOL opileTon e
avadpopn: avtd cvpPaivel . edv BEAOLUE Vo TOV ATTOTIUGOVHE QAPECWS 1) OTALY
EPPAVICETOL WG OPLOPX KATTOLOL GAAOL peTacynpatiopov. Exiong, ya tf petopadn-
potikr) peAétn g Bewpiog TOTWVY elval amopaitnTo vo HITopolpe vor SLLTUTTOCOVE
TV apyn TG avadpopng pe TPOTO oL var PNy astattel Thv tpocdrjkn o1 YAdooo
evog oupPorov yux k&Be opioipo petacynpatiopd. Avtd 6 emtuyyxdvoupe viTokodL-
oTOVTAG TNV apyxn TG avadpopnig pe T6 éva kot Hovadlkd GTIYHIOTUTTO auTNng 6TO
07010 T& Cy KO €5 €XOLV TEPATEL PEG GTOV GUHPOAOHO wg pNTéG TapdpeTpot. Opi-
Covpe Aowdv TOV avadpouéa (recursor)

(z:C,(x:Nat,y:C) w(x,y):C,n:Nat) recﬁat(z, w,n):C
toV Nat péow Mg avadpopng
recﬁat(z, w,0) =z,
rec%}at(z, w, s(n)) = w(n, rec%}at(z, w,n)).

Juvibwg dev vrtdpyel avaykn v dniwbel o tomog C o1dvV cupPoAriopnd, omdte TOV
TAPOAEITOUpE KOl YPAPOUHE OTTADG recnat(z, w, n).

O avadpopéag pmopei va xprnoipomotnBei yio va ekppacTtel omolocdnmote ava-
Spoptkdg oplopdc. O pornyoHeVOg evOg PuOLKoD aptBpod, Adyou xapLy, propel Tdpo
Vo ypoupTel

pred(n) = recnyi(0, (x : Nat, y : Nat) x, n),
eve 16 GBpotopa 00 PLOLKGOY aPLOP®VY,
m + n = recyg(m, (x: Nat, y : Nat) s(y), n).
Aocknon 1.1. 'Exovtoag thv tpdobeot), 0 TOAMATAACIAGHOC PUOLKOV aplOp®dv opile-
ToL otd THV avadpopr
m-0 =0,

m-s(n) =(m-n)+m.

Ip&te 16 m - n ypnoponoidvtag Tov avadpopéa tov Nat. Ilpooipetikd, cvveyiote
pe Té m" xou n!.



1.3 AMa ntapadeiypoto TOTOV

Aloteg

O Aioteg oTowyeinv evog Tomov A cvykpotoldy évav Tomo List(A), o omoiog mept-
YPOPeTOL QIO TO EMAYWYLKO CXNHA

o nily : List(A), xa

o e&v a: Axoul:List(A), tote cons4(a,l) : List(A),
omov nily 1 xevr) Aot kou cons4(a, ) n mpoéktaon g I pe Thv mpocHrikn tob a.
Sty mtpd€n, t& subscripts O mapadeimovrar dtav dev vtdpyet kivduvog cOYXLOTIG
OYETLKA e TO TOLOG eivat 0 A.

H apyn g avadpopng yio tov List(A) éxel v e€ng poper): Eqv o C eivou évog
omotoodnfmote TOMOG, Kot P&g éxouvv SoBel va cpj 1 C KA EVat Ceons(X, ¥, 2) : C yx
toxovta x: A, y: List(A), xai z: C, oL oxéoelg

t(nil) = Cnils
t(cons(a, 1)) = ceons(a, 1, (1))
opiouv 16 £(1) yx omoradrimote Aota I:List(A). T tapdderypa, t6 prjxog len(l) pog
AMotoag  opileton amd v avadpopn
len(nil) =0,
len(cons(a, 1)) := s(len(l)),
Ko 1) ouvévwor (concatenation) [ + k d00 Aotdv [ xan k opileton amd v avadpou
nil +k:=k,
cons(a,l) + k := cons(a, [ + k),

eve 16 dBporopa sum(l) Tov otolyeiwv plag Aiotag I puowdv aplBumv opiletar ard
TV avadpopr)

sum(nil) =0,

sum(cons(a, 1)) := a + sum(]).

Onwg kévope ko pe oV Nat, prtopoOpe vor «TToKeTapoLpe» THY apyh ThHg avadpo-
prg Too List(A) oe évav avadpopéa

(v:C,(x: A, y:List(A), z:C) w(x, y, 2) : C, 1 : List(A)) recy s a)(v, w,[): C

opLlopevo amd v avadpopn

recLiSt(A)(v, w, nil) =,

recLiSt(A)(v, w, cons(a, 1)) := w(a, 1, recList(A)(v, w, 1)),
01oTE TO PNKOG pHLaG AMOTOG PITOPEL EVAAAXKTIKG VO OPLOTEL G

len(l) := recisy(4)(0, (x : A, y : List(A), z: Nat) s(2), 1),
1N ovvévwor) d0o AeTdv,

I+ k = recpga)(k, (x: A, y: List(A), z : List(A)) cons(x, 2), ),

Ko TO GBpolopa pag Aotag PUOLKOY apLlOp®V,

sum(l) := recpigyNat) (0, (x : A, y : List(A), z: Nat) x + 2,1).



Aoxnon 1.2. H ovvévwon cat(L):List(A) puag Aiotag L: List(List(A)) Aotodv peAcov
evOg TOTTOL A éxeL TOV avadpoptkd oplopd

cat(nilgjsy(a)) = nilg,
cat(consisa)(L, L)) =1 + cat(L).

Tpdpte 6 cat(L) xpnoyomnoidvroag tov avadpopéa o0 List(List(A)).

Aévipa
O tdmog BTree tév dvadikdv dévipwv cuAapPavetal amd 10 emaywykd oxipo
e triv:BTree,
o e&v r:BTree kou s: BTree, 167¢ join(r, s) : BTree.

>t6v BTree avtiotouyel 1 e€ng apyn avadpoprg: AoBévtwv evog ¢y : C ko evog
(x,y : BTree, z,w : C) ¢join(x, y, 2, w) : C, 6100 C TUXGDV TOTOG, Popovjie Vo opicOLpe
évav petaocynpatiopd (x: BTree) t(x): C 6étovtog

t(triv) = Ctrivs
t(join(r,s)) = Cjoin(r’ s, t(r), t(s)).

Aocknon 1.3. Ilepiyp&yite T HOPET) TOV reCRTyree KoL SlaTLTMOOTE TiG 0pilovoeg oyé-
OELG TOV.

Té& dvadika dévtpa eivon eldikr) mepintwon dévipwv dedopévng drakAddwong. O
tOmog Tree(A) toOv dévipwv pe TOmo StokAddwong A opileton amd 16 emaywylkd
oXNpo

o trivy : Tree(A),
o €bv (x: A) b(x): Tree(A), 6t join 4(x: A) b(x) : Tree(A).

[Teprypagikdtepa, avtd oL Aéel 1) Sevtepn priTpa eivat OTL AV €XOLE Eva SEVTPO
b(x) yio k40e x : A, popolpe va evOGOLpE avTé Té dévTpa pe pio kavodpyua pio
ko va pTid€oupe évar peydho dévtpo join 4(x : A) b(x), t6 omoio mepiéxer té Sibpopa
b(x) wg dpeca vtodévtpa. T va emekteivovpe TOV OPLOPO £VOC PETATYNHATIONOD ¢
o716 join 4(x : A) b(x), éxovtog 1dn Swbéoipa téx tH(b(x)) yio x : A, xpealodpacte évav
HETAOY LA TLOPHO

((x:A) y(x): Tree(A), (x: A) z(x): C) Gjoin (y,2):C
omoTe, poli pe Evat cyyiy, : C propodpe va opicovpe Tov t Bétovtag
t(trivy) = Ctrivy»
t(oin(x: A) b(x)) := CjoinA((x 1 A) b(x), (x : A) t(b(x))).

[apatnpriote 6TL 0 TOTOG A eppaviletal apvnTIK& GTOV KATAOKELAGTH join 4,
ondte avopévertal 6TL 6 Tree(A) ovvaptdror avtarlloiowta pe 6 A. Ilpayparty, évag

HETOOXNHATLOUOG

(x:B)u(x): A



ETOLYEL PLiot VOUTALPOETPOTTIOLNGT) OEVTPLV
(x: Tree(A)) Tree(u)(x) : Tree(B)

e OpLOHO
Tree(u)(trivy) = trivg,

Tree(u)(join 4(x : A) b(x)) := joing(y : B) Tree(u)(b(u(y))).

Aocknon 1.4. Teprypayte OV avadpopéa to0 Tree(A), ko exppdote TOV Tree(uw) pe
™) PonBeik Tov.

Aocknon 1.5. Ztdv opiopd tob List(A), o tOmog A epgaviCetan Betikd. Aobévtog evog
petaoxnpoatiopot (x: A) u(x) : B opioTe, XproomoLdvVTag THY op)h THG avodpopr|g
1 tOv avadpopéa tov List(A), Tév petaoynuatiopd (x : List(A)) List(u)(x) : List(B) o
ornoiog ametkcovilel pia Aoto peAdv Tod A o) Mot TOV €lkOVWVY TOVG PECW TOV U.
AAnOoTpég

O Bool eivau o tomog mov éxel akpifog dvo péAn false ko true- enopévwg, mept-
YPO@eTOL atd TO EMAYWYLIKO GXAHA

« false:Bool,
« true:Bool.

H apxn g avadpoprg yia tov Bool ekppalel T6 yeyovog 0Tl mpokeévou va opi-
COUE €Vay PETAOXTHATIONO peA®V ToL Bool oe péAn evog tomov C Sev éxovpe mapd
vou Tovpe Ti kdvel pe 6 false ko ti pe 16 true- ovykekpéva, So0EVTwV evag cyjse : C
KotL €VOG Cipye < C, OL oXéCELG

t(false) := craise,

t(true) = crye
opiouv évav petacynpatiopd (x:Bool)t(x):C. Onwg mhvra, Exovpe évoy avadpopéa
(x:C,y:C,z:Bool) recgyoi(x,y,2):C
pe opilovoeg oxéoelg

l’eCBOOI(x’ ¥, false) := x,

recgool (X, y, true) := y.

TNo mapadeypa, propovpe v opicovpe toOv anbomivaka trg SdlevEng péow Trg
ovadpopng

or(b, false) := b,

or(b, true) := true,
N, evallokTikd, pe T Poribeix Tod avadpopéa tov Bool,
or(b, ¢) := recpyol(b, true, c).

Aoxnon 1.6. Opiote To0g aAnBomivakeg TG o0levENG, THG CUVETAYWYTG, KOL TG
apvnonge.



1.4 Aocxnoseg
Aocknon 1.7. T n:Nat, 16 iszero(n) : Bool opiCeton a6 tv avadpopn

iszero(0)  := true,
iszero(s(n)) = false.
Tpdte 16 iszero(n) pe 1 Pforibera Tov avadpopéo tobd Nat.
Aocknon 1.8 (almost minus). T m, n:Nat, n tpd€n m=n opileton ard v avadpopr
m-=0 =m,
m = s(n) := pred(m = n).
I'payte TO m = n XpNOYOTOLOVTAG TOV reCyat-

Aocknon 1.9 (insertion sort). O petacynpatiopdg (a: A, l:List(A))insert(a, [):List(A)
g évBeong pédovg ot (takvopnpévn) Alota opiletal amnd v avadpopn

insert(a’, nil) := cons(a’, nil),

insert(a’, cons(a,l)) := recpyo1(cons(a, insert(a’, 1)), cons(a’, cons(a,1)),a < a’),

omov a < a’ = iszero(a + a’). Xpnoyonoote auTdOV TOV HETACYNHATIOHO YLOL VoL TTe-
prypayete Tov ahyopibpo takivopnong insertion sort. (IIpokeitor yio Tov alyopibpo
0 omoiog, Tpokelpévou va Ta€voprioel pic Aioto cons(a, 1), ta€vopel mpodro thv [ kow
HeT& k&vel insert 6 a.)



Kepd&Aaro 2

Owoyévereg TOTOV KOt
EMAYWYN

316 TPONYOOHEVO KEQPAALO SIATUTTOOOUE KATTOLEG APXES VS PONG, He 1) for)-
Bela TV 0oLV PWITOPOVE VO EKPPACOVE HETAOXNHATIONOVG HETAED TOV SLapopwv
TOmwv. Autd ov PTGy, ev oAiyolg, elvar piot Tt cvvaptnowokt] YAoooo. Evdo-
QePOHOOTE OPWG ETLOTG VIO TIG OLOTNTEG AVTMOV TOV HETAOTYNHOTIOHOV. 2e AVTO TO
Kepahono, kabdg ko oTod emdpevo, Bo dovpe MG popoipe, 0Td TAaicLo g Bewpiog
TOTWV, VO SLATUTTOVOUHE KoL VO ATTOOELKVOOUHE TTPOTATELS.

Ye avtifeon pe dAleg pobnpatikég Bewpieg ko Oepedidoelg TV padnpotikov
omwg 1 Bewpio cuvorwv, otr Bewpla TOTWY oL paBnpaTKég TpoThoelg, kKabmg Kot
ot arodeifelg Toug, eivor HoHONUATIKG OVTIKEIPEVA TPOTNG KATNYopiog. ZuykekpLuéva,
Ol HOONUATIKES TTPOTAGELS AVATTAPLOTAVTOL QUTO TOTTOVG, TTOL PITopovV Vo BewprnBov
Tavtoypove padnpatikéc Sopég ko pabnpatikol loyvplopol, pioc cOAANYN yveoTth
G propositions-as-types. Yo avtr) tr) 6Komid, Té otoyxeia £vOg TOTOL VOOOVTOL WG
Tekurpla 1) pdprupes adfBerog thg awvtiotoryng tpdtaocng. (Mepikég popég Aéyovton
entiong outodeielc, aAld ot 1 oporoyia popeil va eivol TopaTAVNTLKT, ETTOHEVWS
yevika v amo@edyovpe.) Mia dpeorn peBodoroyikr cuvémeln eivor OtL Tpokeévou
va dei&ovpe 6TL pio TpodTOGT AAnBedel dev xoupe TOP VO EPPaViGOLpE Eva GTOLXELD
TOU TOTOL OV AVTIOTOLYEL O ALTT) THV TPOTACT).

Qo1d0o0, auth 1) OTTTIKT OXETIKA He Tig amodeilelg Stapépel 0VoLWANG atd 1) G-
viOn. O TpoTog pe TOV omoio 1) Aoyikn yivetar avtiAnmth amd 1 Bewpla OOV elvor
ot pia pdTaon dev etvan artAog oaAndng 1) Yevdric, aAdd pdddov pmopei va von-
Bei wg 1 oLAAOYT OAWV TAOV SuvaTdV Tekpnpiny aAnBelag TG ZOPPWVA HE QVTHY
1) cOANYM, ot amodeielg dev eivar poOVo TO PEGO ETLKOLVOVING TOV HABNHATIKOV,
OAAG atoTeAODVY Ko Ol idleg oV TLKElEVO HEAETNG LOOTIHO HE TTLO OLKELX OV TLKElEVaL
OmwG ot apLBpotl Kot oL GLUVPTHCELS.

2.1 Owoyévereg TOTOV

Oa pAfoovpe ToOpa yia 6 éva amd té dbo dopkd oToLyela TOV TPOThoEWY, T&
Katnyopnpato: To dAlo, oL Aoyikég otabepéc (oL ovvdETOL KO OL TOC0dEIKTEG), Elvar
TO avTiIKeipEVO TOU eMOpPEVOL KeQaAaiov.

Mia otkoyéveia timwv (type family) eivou €vog HETOOYNUATIOROG TOV GTOLXELWV K&~
TOLWOV TUTWV G€ TOTOLG. X pio owkoyévera (x1: A1, .., Xy Ap) A(XY, .., %), OL AL, ..., Ay
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Aéyovrton TOToL Setktdyv (indexing types), kan ot emypépovg tomor A(xy, ..., x,) Aéyo-
vtal otiypLotuna (instances) Trig oLKOYEVELOG.

Ot otkoyéveleg TOUWV, TTOL eTtiong Aéyovton eEaptmdpevol tumot (dependent types),
ATow pio amd Tig onpavtikdTepeg kavotopieg g Bewpiag tOmwv Tod Martin-Lof.
Tomikd Topadelypato OLKOYEVELDY TOTOV AITOTEAOVV T SLdpopar KOTYoprjHoTa
(x,y:A)x = y, (x:Nat) Prime(x) x.A1t. mov cvuvavtape oté padnpoaticd. Eva otouxeid-
Sec, aAA& onpavTikd, Tapdderypo okoyévelag eivon 1) otabepr otkoyévela (x : A) B
6mov A kou B eivon tomoL. Ko BéPonar, pia otcoyévela () AQ) pe pndév 16 minbog opi-
oporta dev eival mapd évag tHmog.

O amAovoTepog TPOTOG Vo opicovpe pio olkoyévela eival Tpodiayplpovtog Ka-
TAOKEVAGTEG OTA SLOUPOPR GTIYHOTUTIR TNG, OTTWG KAVOpE 1ON YO HEHOVWHEVOULG
TOTOVG. OO XPNCULOTOLGOVHE ALTOV TOV TPOTO YLA VO 0pLoOLE THY LedTNTO. Md-
Mota, O v opicovpe pe dvo tpdmovg: Ipdta cov otkoyévela wg TPog To éva ad
ta 800 okéAn (pe TO dANo vo AerTovpyel oav TAPAPETPOG), KoL HETR OOV OLKOYEVELQL
WG TPOG APPOTEPX T& CKEAT.

2.2 Boowpévn 100tTnTOR
Eotw a: A, 6mov A tdnoc. H ioétnra mpog a eivou 1) olkoyévela
(x:A)a=, x
IOV €XEL TOV HOVAOLKO KATOGKELOLGTT)
refl,:a =4 a.

E@’ 6cov dev vmépyet kivduvog ovyyxvong (o A tpocdiopileTal povoshpavta wg o To-
7T0G TOV OKEADV TG LGOTNTAG), 0 OEIKTNG TOUPAAEITETOL KL YPAPOVE, ATAOVCTEPQL,
a = b. llpénel, ©wot6G0, Vo OUPOHAGTE OTL TPOKELTOL YL Piot SLPOPETLKT] OLKOYEVELQL
ya ke tomo A ko yio k&Be ototyelo a avtoo.

H wotmra npog a Aéyetou eniong pfaciopévy (based) wootnTa, dotL T6 évar oKé-
Aog (16 apiotepd 61OV GUUPOALORO Pag) KpaTiétal oTabepd, o€ AVTIOLAGTOAN HE THY
(amAg) woTnTA TOL Bt OpiCOLHE TAPAKATW, 1) OTTOLA ELVOLL OLKOYEVELD (G TPOG O~
@otepa T& okéAn. Ot SVo opiopol Stapépovy 66OV apopd T poper} ToL avadpopia,
oAAG givor toodvvapor yior TOV Adyo awTdv Xproipomototpe o ido ocvpPfolo.

IxeTkd pe v apyr) g avadpopnic, tapatnprote OtL 1 LoOTNTA TPOG a eivar
OlKOY£VeLr, OTOTE QUTO TTOL OPLleETOL ELVOL PHETACYNHATIOHOL TTPOG OLKOYEVELEG €TTL
TOV 1810V TOTOL JelKTMOV A, KoL emTionG OTL £XOVHE HOVO VALY KOTAGKEVAGTH, OTTOTE
opkel vor TOOE TL KAVEL EVOG TETOLOG HETATYXTUATIOHOG e AUTOV. AVAAVTIKOTEPX, O
Bewpricovpe 6T pég éxouvv dobei

o pio owkoyévera (x: A) C(x), ko
+ éva oToLxelo crefl, TOU C(a).
Tote, 1) oyéon
t(a, refly) = cref,

opilet évav petaoynuatiopd (x: A, p:a = x) t(x, p) : C(x).

Av cuykpivovpe auth TV opxn avadpopng He EKEIVEG TOV HEPOVOPEVOV TUTTWY,
Bo mapatnprioovpe OTL £d® EXOULLE Eva TAPATAV® OPLoHA, 0 pOAOG TOD omoiov eivat
vo tpocdiopilel oe oo otiypLotuno Pplokopacte kdbe popd.
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O avadpopéag TG LoOTNTOG TPOG a ELVAL O HETXOXNHATLOUOG
(b:A,c:C(a), p:a=b)recC_,(c, p):C(b) (2.1)
70V opiletal atd THYV avadpopr
recS_,(c, refl,) = c. (2.2)

O kavovog oxnpatiopod Tov avadpopéa (cupmeptlopfavovtag kot THV TapdpeTpo
a) pég divel v gvkopia vor eloarydryovpe TOv cUHPoAGHO Tov B X proLHOTTOLODHE
ot6 e€ng:

a:A b:A c:Cla) p:a=b

(2.3)
transportc(p, )= recaC:b(c, p):C(b)

O ovpPoriopdg transportc(p, ¢) mpoépyeTol otd THV opoTomikT Oewpia TOTWV Ko
SwaPfaleton «petapopd tov ¢: C(a) 016 C(b) kotd pfixog tov p:a = b».

Av a6 tov (2.3) Statnpricouvpe povo ToOG TOTOVG EKELVOVG TTOV ELvarl EPUNVEDGLHOL
WG TPOTACELS, TALPVOUHE TOV KOVOVQL ATTOAOLPTIG

Cla) a=b
C(b)
g Paciopévng tooTnTag, Yvwotd ko wg indiscernibility of identicals, o omolog ex-
QpaleL T6 yeyovog OtL T& loa potpdlovrot Tig idieg tdLdTnTeg.
Onwg avapévetron, 1 1o6tnTa eivon oxéon woodvvapios. H avakAaotikdtnto e€o-
o@oAileTon atd TOV KOOV ELCOYWYNG

(="E)

a=a’
Ev cuveyeia, av Bewpricovpe v owoyéveln (x : A) C(x) pe
Clx)=x=a,

o (="E) maipvel T popot]

a=a a=b
b=a
Av emavapépoupe Té aTolxeia, Taipvoupe TV TUTOBEWPNTIKT) KATOGKELT)

refl,j;a=a  p:a=b

transport-—%(p, refl,):b=a
Aqppoa 2.2.1 Coppetpia). T a,b: A kaw p:a = b opilerar mpdén
p 1= transport-—4(p, refl,) : b = a.

EmizAéov, reﬂ;1 = refl,.
Télog, av Bécovpe C(x) := a = x, maipvoupe THV aaywyn

a=b b=c

a=c
Av emavapépovple Té aTolxeia, Taipvoupe TV TUTOBEWPNTIKT) KATOGKELT)

pa=b gq:b=c

transport®—(¢, p):a=c
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Afppa 2.2.2 (MetaPatikotnta). Ta a,b,c: A, p:a=Db, kat q:b = c opilerau mpdén
peq = transport* (g, p):a=c.
EmimAéov, refl, « refl, = refl,.

Alo nmopiopa tobd (="E) eival 611 n Paciopévn wwotnta Swatnpeital and peto-
OXNHATIOROVG: TPOKELPEVOUL Yo évay petaoxnpatiopd (x : A) u(x) : B, t6 {ntodpevo
npokvntel Dewpdvrag ot Béorn tod C(x) 16 u(a) = u(x). TO emdpevo Ajppa erodyet
évav Xpriopo cupPoAlopo.

Afppa 2.2.3. Eotw (x: A)u(x): B petacynuariouds. Na oroiadtjrore a,b: A kau p:a = b,
opilerou

u(p) :u(a) = u(b),
ovtwg dote u(refl,) = refly ).
Anédeién. Oa opicovpe 16 u(p) pe avadpopr 616 p. Ocwpoidpe Aowtdv, yio a: A, Thv
otkoyévewa (x: A) u(a) = u(x), Tjv onoix Ba ypapovpe cuvtopdtepa ula) = u(_), kou
opilovpe TOV petacynpatiopd (x:A, p:a = x)t(x, p):u(a) = u(x) péow g avadpoprig
t(a, refly) := refl, ) 1 u(a) = u(a).

T p:a = b Bétovpe u(p) = t(b, p). TO devtepo {nrodpevo eival peco:

u(refly) = t(a, refl,) = refl,,). O
Evadhoxtiké, prropodpe va opicovpe art’ evbeiog t6 u(p) emkalodpevol tov avadpo-
péa TG LodTNTOG:

u(p) = transport"(“):“(f)(p, refly())-

Avotnpd iovrag, Bo énpene vo ypagpovupe ula, b, p) avti yio u(p), adhé oko-
AovBovpe TV TPaKTIK TG TaApdAeLng TV evvooupévwv. EmutAéov, Bewpntikd, o
oupPoriopdg awtdg eivor Supopovpevog (xpnoiporolovpe T6 idto oOpPoro yix évay
HETAOYNHOATIONO oTOLXEIWV TOV A KoL £Vay HETOOXNUATIONO GTOLXEIWY TOV a = b),
A& otV Tp&En dev mpokael cOyyvor. Akorovbel TV kabiepwpévn otn Bewpia
KOTIYOPLOV TTPaKTIKT TG Xpriong tol idtov cupforov yu TV epappoyr evog ov-
VOPTNTI] O QVTIKEPEVA KAL O HOPPLOHOVG,.

2.3 Enmayoyn

H npocOrikn owkoyeveldv tOnwv otr) Bewpia pdg divel 1 duvatdtnra va loyvpo-
TOUOOVHE TIG apXég avadpopr|g TV Stoupdpwv TOTWV. Oa Tépovpe WG Topdderypo
To0G Puotkog apBpotc: H évvola evog avadpopkod oplopon

t(0) :=c,
t(s(n) := fu(t(n)),
omov ¢: C xou (n:Nat, x: C) f,(x):C, eivon 611 0 t propei v vitoloyiotel oe Pripaton
t(0) = c,
t(1) = fo(t(0)),
1(2) = f1((1)),
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Kot 00T kabe€ng. Zyxnpatikd, ot Tiég To0 t AapuPavovtol «KuvNy®OVTaG» TO ¢ KaTd
HfKog Tov dLary péypatog

Jo fi 2

C—C—C— .
H idia, 0pwg, dradikacio vtoloyiopot epappdletan ko 6td yevikdtepo Sibypoppo

fo h fo

C0—>C1—>C2—)"',

omov, avti yu évay tomo C, éyoupe pio owkoyévela tomwv (n: Nat) C,. Odnyovpaocte
étoL oV apyl ts enaywyrc Tov Nat: Aobévtwv

o pag owoyévetog (x : Nat) C(x),

« €v0g ¢ : C(0), ko

« evOg petaocynpatiopod (x : Nat, y: C(x)) ¢;(x, y) : C(s(x)),
Ol GYECELG

t(O) = Q
t(s(n)) = ¢s(n, t(n))

opilovv évav PHETUCYNHATICHO
(x:Nat) t(x) : C(x).

Me avéhoyo Tpomo yevikebovTal oL apxEg avadpopng Tav dAlwv Tomtwv. H apyn
¢ emaywyng yux Tov List(A), .x., Siapopeavetal wg e€ng: Aobévtwv

« pog owcoyévelag (x : List(A)) C(x),
o €VOG ¢y : C(nil), ko
o evOg petaoyxnpatiopod (x: A, y: List(A), z : C(x)) ceons(X, 3, 2) : C(cons(x, y)),
OL GYE0ELG
t(nil) = Gails
t(cons(a, 1)) = ceons(a, 1, t(1)),
opilouv évav petaoynpatiopd (x: List(A)) t(x) : C(x).
Aocknon 2.1. Awtvnoote tic apyég emaywyng tov Tree(A) ko Bool.

H apyn) g emaywyrg tod Nat ogeider TV ovopacio tng otd OTL epmepiéxel TV
otkeio p£00d0 amddel€ng LLoTHTOV TOV PUOLKAOV pe eaywyn: Edv ¢(x) eivon pic 1816-
NTa UOLKOV aptBp®Y, atd pio amddelEn ¢y g ¢(0) kou pio amddelbn cs(x, ¥) g
$(s(x)) oo TV P(x) AapPévoupe, péow TOO PETACYNHATIONOD ¢ TOL OpileTa pe emo-
yoyn amd té ¢y kan ¢, plot ammdderén t(x) tg P(x) ya toxdvTo uotkd apBpd x. Avtd
elvon oxoTIO Var TO Sratuoovpe EexwploTd:

Apyn trig amddeiéng pe eraywyr orov Nat: Ipokeypévou va amodei&ovpe pio diotnTa
C(n) yioe 6Aovg To0g puoikoic aplBpoie n, apket
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« va deifoupe 16 C(0), xau
« va 8ei€ovpe 16 C(s(n)) amd 16 C(n), yioe Toxdv n.
H yevikevon tod avadpopéa yio v apyn TG etaywyng ovopdletal enaywyéag
kot oupPorileton ind- yia ToOG uoLKODG aptBpovg, Exel T Hop@T
z:C(0)  (x:Nat,y:C(x)) w(x,y):C(s(x)) n:Nat
indnat(z, w,n) : C(n) ’

Qg mapaderypa eQappoyng THG apxg TG ETaywync, og vitobécouvpe 6TL BEAovpe
va dei€ovpe 0TL 1) TPOBeon QuotkdY apBuwv eivon avtipetaBeTik,

n+m=m+n,

pe emaywyn otd n. A@’ evog éxovpe va deiovpe 6TL 0+m = m+0, t6 omolo, dedopévov
6tvm + 0 = m, ypagetar lcodOvapo

0+m=m. (2.4)

Ag’ etépov, éyovpe va deifovpe OTL kv n + m = m + n, T6te s(n) + m = m + s(n), 16
omoio, dedopévov 6TL m+ s(n) = s(m + n), ko afloroldvtag THV enaywylky vdbeon,
ypopeTor loodovopo

s(n) + m=s(n+m). (2.5)

Mopatnpriote 6TL oL o)éoelg (2.4) kou (2.5) eiva ot opilovoeg oyéoelg TG Tpdobeong
OVTECTPOPHEVES: OLVTO PaiveTan kKaADTepa edv Becovpe m +' n:=n + m:

m+'0 =m,
m+’ s(n) = s(m+’ n).

Avtd mov pog Swutiotoope eivor eldikr] mepintwon Tov e€fg amoteAéopaTog.

Oopnpa 2.3.1 (povadikotnTa Tov definiendum). Ag fewpricoupe Tév avadpopixd opi-
oo

) =cp,
Hs(m) = cy(n,t(n)),

émov ¢y : C kau (n: Nat, x : C) ¢;(n, x) : C, kau ag vmoBéoovue oti udc éxer 5o0el évag
uetaoynpartiopds (n:Nat) u(n) : C pali pe td e&rj¢ Sedopéva:

1. éva py:u(0) = ¢p, kot
2. éva ps(n):u(s(n)) = cs(n,u(n)) yrx xkdBe n:Nat.
Tore, opilerau petacynuatiopds
(n:Nat) p(n): u(n) = t(n).
Amodeitn. Oa oploovpe TOV p pe emaywyn. H pio pritpa To0 opiopod eivar tpopavic:

p(0) := po:u(0) = ¢y = t(0). (2.6)
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Ocov agopé THv AT, ecv p(n) : u(n) = t(n), Tote maipvoupe
ps(n) :u(s(n)) = cs(n, u(n))
Ka
cs(n, p(n)) : cs(n, u(n)) = c5(n, t(n)) = t(s(n))

(1e TOV supPoAopd TTOL el oy Gyope TTopoTtdve Y To cs(n, _)(p(n))), omdte propoipe
Vo ETTKOAEGTOVE TN peTafaticdTnTa TG LIodTNTAS Kot vor Bécovpie

p(s(n) = ps(n) « cs(n, p(n)) : u(s(n)) = t(s(n)). (2.7)
O p opiotnke pe emaywyn oo tig (2.6) ko (2.7). O

Aocknon 2.2. SupmAnpoote THv anddelén trg avtipetabeTikdTnTOg THG TPdobeonc.
JvykekpLpéva, opioTe, pe ETOYWYTN OTO M, HETOGXNHATIOHOVG

(m:Nat) py(m):0+m=m
Ko
(n,m:Nat) ps(n,m):s(n) + m = s(n+m)

Ko pHetd epappdote T6 Bedpnpa 2.3.1 yioe v cupmepdvete 6L n + m = m + n yua
onotadrjote m, n : Nat.

Aocknon 2.3. Awtunoote ko aodei€te 6 avahoyo Tov Bewprjpartog 2.3.1 yuo Ai-
OTEG.

2.4 Ioomnta
Eotw A tinog. H io6tnTtoc 100 A elvon 1) otkcoyévela
(v, y:A)x=xy
10V opiletal atd TH povadikn pRTpa
o« yix: A refl,:x =4 x. O

Ye avtifeon pe ) Pactopévn LloOTNTA, 1) LGOTNTA ELVOL OLKOYEVELXL WG TTPOG L~
QOTEPA TG OKEAN, KAl HAALGTO O OPLOPOG TNG eivan cuppeTplcdg. Kat’ enétaon, 1)
ovadpopn otV LIedTNnTa 0pilel HETAGYNHATIOHOVG TTPOG OLKOYEVELEG EEAPTOHEVES, YE-
viké, otd o mapoapétpoug. Avadutikotepa, dobévtwv

o Hog okoyévelag (x, y: A) C(x, y), kau
o &vOg petaoxUatiopod (x: A) gef(x) : Clx, x),
n oxéon
t(x, x, refly) = ¢ (x)

opiler 16 t(x, y, p) : C(x,y) yroe tuxdvtae x, y: A ko p:x = y.
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O avadpopéag
(a,b: A (x:A)ce(x):Clx,x), p:a=1Db) recaczb(c, p):C(a,b)
g LootnTog opiletal amtd TV avadpopr
recgzx(c, refl,) := c(x)
KoL €X€L TOV KOVOVA OYNHATIGHOD
ab:A  (x:A)c(x):Clx,x) p:a=b
rec;::b(c, p):C(a,b)

0 0710i0g PaG Sivel TOV GAAOV KOOV OTTOAOLPTIG

C(x,x) a=b

C(a,b) (E)

g Lootntag (He Tov meploplopd 6TL 16 X dev eppavileton eAevBepo o€ avoryTég vo-
Béoeig mavw ad 16 C(x, x)), 0 omoiog ekppdlel 16 yeyovdg OTL 1) LodTNTO Eival 1)
eldiylotn avakiaotikr oxéon. Edikotepa, e’ 6cov n faciopévn todtnta eival ava-
KAaoTIKY) o)éom, émetal OTL 1) LlooTnTA cvventdyetol 1) Paoiopévn wotnto. loydel
KoL TO VTioTPOPO.

T Tig avéykeg authg THg evotnTag, 1 faciopévny wooétnta Oo cupforileton =*.
A@’ evog, o (=E) pbg diver

Enavagépovtag t) dtakdopnomn maipvoupe 16 TumobewpnTikd yeyovog

refli:x=*x p:a=b

u(p) = recg’ii’:A) =V((x: A) refly, p)ra =" b .

Ag’ etépov, Bétovtag C(x) := a = x o1év (="E), maipvoupe thv amaywym

Ko TO avTioToL o TUTTOBEWPTTIKO YeYOVOg

refl,;a=a q:a="b

v(q) = transport®—(q,refl,):a=b
Anppo 2.4.1. H iodtnta kau n faciopévy iootnta eivar 1o0dUvayes. ZvyKekpyleva,
1. Nea,b: Ak p:a=>bopileraru(p):a =">.
2 Niaa,b: Axaiq:a=""bopilerarv(q):a = b.

H 0mop€n Tov mopomdve HETAOXNHATICUOVY U Kol v onpaivel 0Tt ot §0o oot TEg
elvor Aoykag toodvvapeg wg mpotdoels. Ioyvel katL mepioodtepo: Ot u ko v givo
avtioTpogol peta€d Toug.
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Afppa 2.4.2. Niea,b: A, p:a=Db,kaq:a=""b,

v(u(p)) = p.
u(v(q) = q.

IMopoatnpriote 6TL €80 £XOVpE VX KAVOULUE e LoOTNTEG PeTAED GTOLYELWV KATOLAG
wootnrag. Kabe 1odtnTa, e9’ dc0v eivon TOTOC, elvat epodiocpévn pe v Skt g Lo o-
T, KL outd Snpovpyet pio tepapyio

a=4b p=apd T=p, 08

LOOTHTWV TTOL deV KATAPPEEL, YEVIKK, GE KAVEVA TETEPACHEVO OTASLO™

Soppwva pe O Appo 2.4.2, ot 8o edTnTEG TaruTiCovTon wg ool (Tl akpLBog
onpaivel avto Bo pavei dtav Bo pAjoovpe yia univalence). Avtr eivon pio TOAD 7o
Loxvpt) oxéon artd T Aoyikn toodvvapia. Sth emopeva Sev B dtokpivovpe avapoo
otig 800 wooTNTES Bt Y propomototpe TO GOUPOAO «=» YLo AUPOTEPEG, OTWS KAVaYLE
HéXPL TOPQ, Kot OTav £vvoolpe T factopév .odtnTa, avtd Bo Stevkpuvileta.

T Appor arodetkvOeToL e ETAYWYT 0T P KoL g avtioTolya. Oa xpelaotel va
Sratundoovpe TPOTA TiG ap)EG emaywyng TV dVo toothTwV. ot TV 16OTNTA TPOG
a, 1 opxn NG ETAYWYNG £XEL WG e€Ng: AoBévtwv

« pog ocoyévelag (x: A, p:a = x) C(x, p), ko
* &VOG Crefl, - Cla, refly),
1 oxéon
t(a, refly) = crefl,

opiler 76 t(x, p) : C(x, p) yi omoradrjote x: A kKo p:a = x.

Avtr) 1 apyn pég diver ) Aoy apyr g anddeitns pe exaywylj ot faciouévn
ootnra: 'Botw a : A. Mpoxeyévou va amodei€oupe pio dotnto Clx, p) yiow dho té
x:Axa p:a = x, apkei va dei€ovpe 16 C(a, refly).

H apyn emaywyng g tootnTag Aéel 011, dobévtwv

« pog owcoyévelag (x, y: A, p:x = y) C(x, y, p), xou
o €VOG Crefi (%) : C(x, x, refly) yiox kébe x: A,
n oxéon
t(x, x, refl,) = crep(x)

opileL 6 t(x, y, p) yoe TUXOVTO X, y: A KO p:X = .

Ko avtr) n apyn pég odnyet oe pia apyr tijg anddeiéns pe exaywyn otiv ioétnra:
[Ipoxetpévou va amodeifovpe pio WdtnTar C(x, y, p) yror OAx Té X,y : A ko p:x =,
apkel va deiovpe T6 C(x, x, refl,) yia Tuyov x : A.

'Kamowx otiypr eixe etkootei 1) vtotebel 0TL avtdg 0 TOPYOG ooTHTWV (TpéTel var) Katappéel apécwg:
1 OXETIKT] apXT], TOL akoVeL 6Td Ovopa uniqueness of identiny proofs (UIP), ko eivan woodbvapn pe tiv
vrdOeom Ot k&Be TOMOG eivor cOVONO, épxeTal o cOYKkpovot pe TO univalence, cAA& eivon cuvemrg pe T
Bewpio TOTWV TOoO Martin-Lof.
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Amddeitn tob Ajpparog 2.4.2. T Thv mpddTn todtnTa, £X0oUupe vo dei&ovpe T
C(a,b, p) == transporta:—(rec((;ii/:A) x:*y((x : A) refly, p),refly) = p.

yoe OAa T a, b: A xou p:a = b. Antd v apy g amddel€ng pe emaywyn oty odtnTa,
apkei va dei&ovpe O

C(a, a,refl,) = transport“:—(recgﬁg:A) x:*y((x : A) refly, refl,), refl,) = refl,
= transport®—(refl}, refl,) = refl,

= refl, = refl,,

yoe toxdv a: A, t6 omoio, PePaing, .oyvel. H &AM oot ta amodetcvieton opoiwg. [

2.5 Aoxnosig

Aocknon 2.4. Aei€te 6TL 1) CUVEVOOT) ALGTOV ELVOL TTPOCETAULPLOTLKT, TTEPLYPAPOVTAG,
yio omotadnrote L k, j : List(A), éva ototyeio tod OOV

I+k)+j=1+k+)).

[YroderEn: Kévte emaywyn 016 1]

Aocknon 2.5. Aobévtog evdg petaoynuatiopot (x: A)u(x): B, meprypdyte, yio omota-
dnmote L k : List(A), éva ototyeio tod TomOUL

List(u)(I + k) = List(w)(l) + List(u)(k).

[Yrodertn: Kavte enaywyn oto 1]

Aocknon 2.6 (PuoikdTnTa TOO cat). AobBévtog evog petacynuoatiopod (x: A) u(x): B,
Sei€te OtL, yo ooradrmote Aota L : List(List(A)),

cat(List(List(u))(L)) = List(u)(cat(L)).

[YrodeiEn: Kavte emaywyn 616 L. Xpnolomotote v Tponyovpevr doknor).]
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Kepd&Aoaro 3

Oewpla TOTWV TOO Martin-Lof:
Td Pacikd

216 mponyodpevo kepdhowo eloaydyope otkoyévoleg TOTwY, dnAadn kotnyopr)-
pota, Ko opioole TV LloOTNTA 6oy £var TETOLO KATNyopnpa. Xt kepaiato avtd, Bo
TPAYPUATEVTOVHE TX TUTTOOEWPNTIKA AVAAOYX TGOV AOYLKGOV GUVIEGHWV.

3.1 Twopeva

Soppwva pe v eppnveia Brouwer-Heyting-Kolmogorov (BHK), éva texpriplo
aABerag g oVCeVENG @1 A Py 500 TPOTACEWY Py KO Py XTTOTEAEITOL XTTO VL TEKHT-
pto aAnBetag TG Py Ko Evar THG ¢Po.

O thmog mov awvtioTolyel o) 60LevEn dVo TpoTAoe®wV elvat 0 TOTTOG TOV {EVYdY, 1)
(kapreoiavi) yrvéuevo 8o TOmeV: Aobévtwv §o TOTWY A; Kot Ay, TO yvopevo A x A,y
éxeL TOv kataokevaoth (Statetaypévo Levyog)

(%11 Ay, 21 Ap) pair(xy, xp) 1 Ay x Ay,
1, LITO HOPPTV KAVOVX GYTHATICHOD,

xl:Al xZ:AZ

pair(x;, xp): Ay x Ay

Av aporpécovpe T@ ototyeia kot petafodpe o€ Aoylkd cupPoAilopnod, Taipvovpe TOV
Kavova eloaywyng tg o0levéng,

¢ b
¢ Ay

7OV eKPPALeL TO OTOLYELDDEG AOYLKO Yeyovog OTL atd 800 TPOTACELS PITOPOVpE Vo
ovpmepdvoupe T o0levEr tovg. O KavOvag VTOG OVOPALETOL KQVOVaS EL0AYWYHS
(introduction rule) T o0LevENG, SLOTL mepLypapet TOV (kavovikd) Tpdmo pe TOV omoio
pio o0levEn eppoavileton G CVPTTEPATH PG ATTOSELENG.

H apxn avadpopnig tod yvopévou Aéel 6ti, SobBévtwv evdg tomov C kot vOg PeTa-
OXNHATIoNOD (X7 : Aq, X3 Ag) Cpair(X1, X2) : C, 1 oxéon

(A)

t(pair(xy, xp)) = Cpair(xb x7)

20



opiletl 16 t(x) : C yux omoodnjmote x : A; x Ay. H apyr awtr) cvvoyiletan oe évay
avodpopéa

(xlel,xZ:Az)z(xl,xz):C .X'ZAI XAZ

recs, xa,(z x):C

>

opllopevo amod T oxéor
recAlez(z, pair(xy, xz)) := 2(xy, xp).

E&v amd T6v kavovo SYMPATIGHOD TOD rec s, xa, Topoheiovpe té ototyeion ko
petoPooipe oe Aoykd cUUPOALGHO, TTALPVOULE TOV KOVOVA ATTOLYWYTG

(1 ,.¢2)

0 $1 A ¢
0

0 omoiog ek@paleL TOV TPOTO pe TOV omoio pic cOlevEn pmopel va xprnopomnoindel wg
vrtdBeom, ko YU avtd Aéyeton kavévag amatowpric (elimination rule) tig o0levEng.

; (AE)

3.2 AOpoicpara

Yoppwva pe v BHK, texprpra adfiBeiog g SudlevEng ¢ Vv ¢y S0 mpotdoewv
$1 KaL Py elvan T TeEKP pLoc A BeLag THG Py, KOOGS Ko ekelva THS ¢y.

T6 TumoBewpnTikd avaroyo g dtalevéng eivar t6 dBpoioua Ay + Ay S0 TOTTWY
A1 ko Ay, TO 07010 EYEL TOVG KATACKEVAGTEG

1. eav X1 ZAl, ToTE inl(xl):Al + Az,

2. ghv X9 ZA2, TOTE il’lg(XZ) : Al + Az,
oL oTtoioL YPAPOVTUL ®G KAVOVEG GTH) HOPYN

X1 ZAl X2 :AZ
ing(x): Ay + Ay ing(x,): Ay + Ay

KoL td TOVG 0TOLoLG TALPVOUHE TOUG KOVOVEG ELCAYWYNG

o) [
) $1V o

MG SLtalevEng, ot omoiol ekPpalovv TO yeyovog OTL PHITOPODE VOt GUHITEPAVOULE pict
Sraleven amd exdreprn TV SalevkTéWV.

H apyn g avadpoprg yia 1) Staleven éxel wg e€ng: Aobévtwv evog thmov C ko
800 petaoyNHaTopdV (xq : Ap) cin, (x1) : C ko (3 : Ag) ¢in, (x2) : C, oL o)éoelg

(vI)

t(iny(x1)) = ¢jn, (x1),
t(iny(x2)) = cin, (x2)

opiouv évav petaoynuoatiopd (x: Aq + Ay)t(x):C. O avadpopéag trig SialevEng éxet
TOV KAVOVA GXTHATIGHOD

(x1:AD) 21(x):C (x9:A5) 25(x2):C  x:A; + Ay

reca, y4,(21,22,%):C
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KoL opilletal omd TiG 6XECELG
reCA1+A2(21,ZZ> ing(x1)) = 2z1(y),
reca, +4,(21, 22, ing(x2)) 1= 25(x).

AT TOV reca, 4 4, TapvoUpE TOV Kavovar amadotpng ThG S1alevEng
(¢1)  (¢2)

06 0 v

2 ; (VE)

0 omoiog mepLyphpet Trv amddel€n pe SLdkpLon TEPLTTOCEWV.

3.3 ToOmol cvvoaptce®V

Soppwva pe v BHK, éva tekpriplo ainBetag tg ovveraywyng ¢ 2 ¥ dvo mpoté-
ocewv ¢ ko I elvor pio Sradikacion Tov peTaoxNpatilel 0molodnmoTe TEKUPLO oA-
Belag g ¢ o€ éva TG Y.

T6 tunmoBewpntikd avdloyo TG cuvemaywyng eivat o Tomog A — B 1oV cuvoap-
Toewv atd TOV TOIo A 6TéV TOTO B, pe kataokevaotr] (cuvaptnolokt] apaipeon 1
A-apaipeon)

o T petaoynuoatiopd (x: A) b(x): B, A(b): A > B.

H WiontepdtnTor To0 THIOL TOV GLVAPTHGEW®Y Elval OTL EXEL VALY KATAOKEVAOTH), TH)
ovvapTnoLaKy apaipecn 1j A-apaipeot), TO OpLoH TOD OTTOLOL ELVOLL HETACYHATIGHOG.
Avtd avtovakAdTal kKot 6TOV KavOva GXNHOTIOHOD TOV, O 0TTOL0G €XEL T1] HOPPT|
(x:A)b(x):B
Ab):A— B

Ao TOV KavOva aLTOV TAiPVOLHE TOV KAVOVA ELOAYWOYNG

(@)
d (>
g2y
TG GLVETAYWYNG, 0 0molog, o€ GAleg SlTu®oEeLg THG AOYIKNG, Eival YVWwoTOG WG

Bemdprpo amaywyng.
H apyn avadpoprg tod A — B Aéel 01L, §00évtwv TdoL C Kol HETROYXNUATIOHOD

((x:4) y(x): B) () :C, m oxéon
t(A(D)) = cp(b)
opiler 16 t(f) : C ywx tuyovoa ovvéptnon f: A — B.
O avadpopéag
(x:A)y(x):B)z(y):C f:A—B
recsp(z, f):C
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T00 A — B opileton amd 1) oxéon
rec o, g(z, A(b)) = z(b),

Kot divel TOV Kavova

(°E)

amoAoLPg TG ouvenaywyng. Av cupfolicovpe X+ 0 16 yeyovog 6tL 1) 0 émeta
(efval AOyIKT) GLVETIELD) TV TPOTAGEWV KOl KAVOV®VY TTOL atVijKOLY 6TO GOVOAO X, 0

(2E) Merdmeav Zu {%} FO,toteSu{poy} 6.

3.4 O 10m0g0

Katé miv BHK, 16 Yevdég F dev éxel texprpra adnBetog.

T6 tumobewpnTd avéroyo tob Yevdoig eivan o Tomog 0 ov dev £xel kavévay
kataokevaotr. Katd cuvénein, 6 Pevdég dev éxel kavoveg eloaywync. H apxn g
oavadpopng yioe Tov 0 pég divel évav petaoynpotiopd (x:0) t(x) : C yia k&be tomo C,
IOV €lva Kot 0 oavadpopéag Tov,

x:0
reco(x):C

AvticToua, 0 kavovag amalolpng Tod Yevdovg eival o

F

YV0oTog Ko g ex falso (sequitur) quodlibet.

3.5 O10mog1

T6 ainbég T dev eivon ko 1660 YpHoo otn Aoyikr. Eivat, dpwg, xprioyo ot
Bewpla tOmwv. Topewva pe v BHK, 1 mpotaon T éxet éva tekpripo aindewag. O
avtioTolyog TUMOG eival 0 1, Tov €xel TOV KATAOKEVACTY)

o 1:1,
0 07t010G divel TOV KOVOVA ELGAYWYNG

T (TD)

o0 aAnBoic, mov Aéel, amA®g, 6TL 1 TpodTaon T aAnBeveL.

IIpoxelévou va 0ploOLE EVOY HETAOYNIATIOHO TOV oToLyElwv ToO 1 dev éxoupe
o vou TOVpE TG 0wTdHG dpa 6T povadikd otoryelo ! avutov- avtd akpLBOg exppi-
Cetou amd v apxn avadpoprig Tov adnboig: Aobévtog evog ¢ : C, 1) oxéon

t(N) =q
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opilet évav petacynpotiopd (x: 1) t(x) : C. Etol kou o avadpopéog
x:C y:1
recy(x,y):C
00 1 opiletan amd 1) oxéon
recy(x,!) = x.

Am6 1OV kavOva auTdV TTaipvoupe TOV kavove amadotprg Tov aAnboig

0 T

5 (TE)

3.6 Ewdwol kavoveg analortPng

Eav évag obvdeopog éxel akplPog évav kavova eLoaywyng, o povadikdg avtdg
Kavovag eloaywyng propei emiong va diuPactel amd k&tw mpog té endvw. Td mpoi-
ovta authg THG aVTIoTPOPng Aéyovtoun eidikol (special) kavoves amadowpric (ko evioTe,
yloe avTISLe ToAT, oL GAAoL kKavdveg amahowprig ovopdllovtar yevikol). [pokeyévou
ytow t) o0Cev€n, awtol eivan ot

A A
$1 A ¢y $rrde (AS)
1 s
T T cvvenaywyr) £€XOLpE TOV KavOva
=)
P2y 0 &
14

Yvwot6 kot wg modus ponens. TéAog, yio t6 adnBég éxovpe undév t6 mAnog e1d1koig
KOVOVES ot oLpniG.

INo kaBévay amd TovG TPELG TAPATAV® CUVOEGHOUVG, OL €L8LKOL KaVOVES aaAoL-
QNG elval LloodOVapoL pe TOV (YEVIKO) KAVOVO OITOAOLPNG: LTO eival amdppoLa TV
akOAOLBWY YEVIKOTEPWV SLATIETOGEWY TTOL APOPOLY TA TLTToBEWPNTIKA CCvdAoya
TOV GLVSECPUWVY AUTAOV.

T T6 ywvopevo, Bewpotpe To0g peTaoynpatiopots (tpoPoréc)

x: Ay x Ay x: A x Ay

pri(x): A pray(x): Ay

70V 0pilovTal PHECW TMOV AVOSPOUDY

pri(pair(a, a)) := ay,

pry(pair(ar, ay)) :=
Omnwg xou kéBe GALOG peTAUOYNHATIOROG TTOL 0pileTon pe avadpopr, ot tpoPorég pro-
povV va ek@pactolV e 1) forjfeta Tob avadpopéa ToO YIVOHEVOL: OVTLETPOPKG, O

reca,xa, opiCeton oo To0G pry Ko pry PEcw TG oXEong

rec,xa, (2, x) = z(pry(x), pry(x)).
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EAéyyoupe 6Tt tkavoroteiton 1) opilovoa oxéat Tob avadpopéo:

z(pr(pair(xy, x2)), pry(pair(xy, x3)))

= 2(x1, %),

reca x4, (2 pair(xy, x3))
1 2

T TOV TOTO TOV cLVaPTHoEWY, BEWPODHE TOV HETOOYNUATIONO (EPapUOYT) GUL-
VApTNoNG 0€ OPLOHA)

f:A->B «x:A

apply ¢(x): B
1oL opiletal péow TG avadpoprg

apply yp)(x) := b(x).

O rec_,g opileton amod tov apply péow Mg oxéong

recap(z, f) = z(applyf).

EAéyyoupe 6TL tkavoroteital 1) opifovca oxEcT ToO avadpopéa:

rec 4_,g(z, A(b)) = Z(aPP[Y)\(b))
= z(b).

T ToV TOT0 1, apkel var Topatnprjcovpe OTL O recy opileTon ko Ywpig avadpopn:
recy(x,y) := x.

Avtod avtavakAd T Aoyikd yeyovog OTL 0 kavovog amtaholprg Tod ainboig dev ma-
payeL véeg amodeiEeg TPoTAoELS.

3.7 Efoptopeva abpoiocpota

Soppwva pe Thv BHK, éva texpripro adnfeiag tig I(x : A) ¢(x), 6mov A 16 me-
Sio draxvpavong g petaPAnTig x, aroteAeital amd éva otolyeio a Tod A ko éva
texpfpro aiffeag tob ¢(a).

O tmog mov avTioTol el oTHV LITAPKTIKT TOcOdeEN eivat TO eEapTdpevo GBpot-
opo: Eqv éyovpe pio orcoyévera tomwv (x:A) B(x), propotye eniong va oynpotilovpe
Céoyn pair(a, b) pe a: A xou b: B(a). Me &M o Aoy, o TOmog thg dedtepng ovvTeTorypé-
vng prropei va e€aptéton ad T mp@Tn. Avtd T {edym, T& omoin eviote kaAovvToL
eEapradpeva (edyn, cvykpotolv évav tomo Y,(B), o (efaptduevo) dbpoioua TG olko-
yévewng (x: A) B(x), pe KOTAOKELAOTH

x:A  y:B(x)

pair(x,y): X,(B)
Mapatnpriote OtL, edv 1 (x : A) B(x) eivan otabepr), Sniadn o B(x) dev e€aptdraot
ard 16 x oA eivon évag pepovopévog TOTog B, autd oL TTaipvoupE atd TOV 0pLopo
eivor 76 A x B. Me dhho Aoyua, T6 e€aptdpevo dBpolopa eivan yevikevon tod kapTe-

ool yivopévou. Auto arttoloyet ko T xprion toov idov cupPorov yua Tovg dvo
KOTAOKEVOOTEG.
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AvTticTolya £XoUupE TOV KavOVa ELOOYWYTG

$(a)
A(x: A) P(x)

o0 LITOPKTIKOD Too0deikTn, 0 omoiog pdg Aéel 6TL artd TV P(a) yio kémolo a pro-
polpe v oupmepavoupe thv I(x: A) H(x).

H apxn g avadpopng tob e€aptopevouv abpoiopatog Aéel oti, doBévtog evog
petooxnpatiopo (x: A,y : B(x)) ¢pair(x, ) : C, n oxéon

(3D

t(Pair(a, b)) = cpair(a’ b)

opilet évav petaoynuoatiopd (w: Y.(B)) t(w) : C. H apyr ot cvvoyileton ot évav
avadpopéa

(x:A,y:B(x)) z(x,y):C  w: Y(B)
recz(B)(z, w):C '

oplopevo amd T oxéon
recy (p)(2, pair(a, b)) = z(a, b).

A7 TOV KaAvOVO OYNHATIOHOD TOV avadpopéa ToL eEAPTOPEVOL YLVOUEVOL TTaLip-
VOUHE TOV KavOvaL Ao hoLpriG

(¢(x))

0 3(x:A) )
o

(3E)

TOV LTTOPKTIKOV TToo0deikTr (He TOV ePLOPLopd OTL TO x dev eppoaviletar (ehevBepo)
oe (avolytég) vobéoelg Thvw and 6 H).

3.8 Efoptopeva ywopeva

H pritpa t1jg BHK yix 16v kaBoAkd mooodeiktn éxel wg e€ng: Eva tekprplo ohn-
Berag tig mpdtaong V (x: A) p(x) eivan pio Stadikasio Tov petacynuatilel 6 Toxov
otolyeio a Tov A oe éva texpplo oAnOeiag g Pa).

H avtictowyn tumobewpntikr] évvola eivar 16 e€aptopevo ywvopevo. Kat' apyac,
mopatnpriote 0Tl Té otoyeia evog TOOL eivar SuvaTdOV va peTacxpaTiovTol G
OTOLYEL SLAUPOPETIKMOV GTLYHLOTOTTWV LG OLKOYEVeLng. TéTola eivau 1) TepimTwoT pe
TOVG HETACYNHATIOHOVG 7oL opilovtan pe avadpopr oty .odtnTe (Kot oe omotodn-
TLOTE GAAT P TETPPEVT) otkoYEveLa), KBS kan pe ToUG emaywyeilc TV Stpdpwv
TOnwv. Ze évay tétolo petacynuatiopd (x: A) b(x): B(x) avtiotouyel pia cuvépnon
f pe f(x): B(x) yw x : A. OL cuvapThoelg He owTh TH YEVIKOTEPT £VVOoLa, OL OToleg
AEYOVTOL KO «EEAPTOPEVEG» GUVAPTIOELG, CUYKPOTOUV évay TOTO, TO (efapTddpevo)
ywéuevo T1(B) g owoyéverog (x : A) B(x), o omoiog éxeL TOV kKATAOKELAOTH

(x:A) b(x):B(x)
A®):TIB)
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Eivon @avepd amd thv meprypoaen o0 [I(B) 6tL 0 A — B eivan 1 eldikt] mepimrtwon
otV omola n owkoyéveia (x: A) B(x) eivon otabepn.

A6 TOV TAPATTAVED KOVOVO TTOLPVOLE TOV KAVOVX ELCAYWOYNG

$(x)
V(x: A) ¢(x)

oV kaBoAtkol TocodeikTn (pe TOV mepLoplopd OTL TO X dev eppavileton o€ vIToBéceLg
Thve ortd 6 P(x)), o omoiog Aéel 6TL amd pio arddelén g P(x) yia ToxodV X @ A
popotpe vow copmepdvoope Thv VY (x: A) $(x).

H apyr) g avadpopng yia 16 eEaptdpevo yvopevo eivan emiong yevikevon trig
avTioTOLXNG OPXNG Y TOV TOTO TOV cuvapToewv: AoBEVTog HETOOYNUATIONOD

((x:A) y(x): B(x)) ex(): C,

(VD)

1 oxéon
t(A(x: A) b(x)) = cp(b)
opilet petaoynpoatiopd (f: [1(B)) t(f): C. O avadpopéag
((x:A)b(x): B(x)) z(x: A) b(x):C  f: TI(B)
recH(B)(z, f):C

OV e€apTONEVOL YLIVOpEVOL opileTal amd T oxéon
recryp)(z. A(D)) = z(b),

Ko Sivel TOV Kavova amaAolpng

(400))
é V(x:A)¢(x

(x: 4) ¢x) (VE)

0

o0 KoBoAukov TocodeikTr).
O kaBohkdg Tocodeiktng el emiong Evay eldikd Kavova aaAolpng
V(x:A)P(x

(x:A) §(x) , (vS)

$(a)

0 07T010G, OTTWG KOl GTAV TMEPITTWOT) THG GLVETAYWYNG, AapPdvetal amd TOV KavoOve
OXNHOTIOHOD

f:TIB) x:A
apply ¢(x) : B(x)
ToV petaoynpatiopot apply mov opiletal amd v avadpopr
apply yp)(x) = b(x).

Ko i, o1 800 kavoveg amadowprig eivan 16odOvapoL cuvereia ToO eVAAAAKTIKOD
OpLOHOD

recH(B)(z, f) = z(applyf)

TO0 ovadpopéa TOV eEAPTMOHEVOV YLVOHEVOU.
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3.9 Apxégenaymyng

MéyxpL otTiyprg, meptypdfope kdmotovg thmovg ko eldOpe TOG OL KATAOKELO-
OTEG TOUG OVTLOTOLYOUV GE KAVOVES ELCAYWYNG KATTOLWV TPOTATEWV KL oL avadpo-
pelg Toug o€ KavOVeS ATaAOLPNG TOV 8LV TPOTATEWV.

Ot tOT0L GLVOdevOVTAL ETTioNG A0 AP EG eTarywYTiG. Ol apxég avTég £xoLV opya-
vik6 poro o1h] Bewpia TOTWVY, ALY SeV AVTAVAKAOVTOL OTI] QLOLKY oTTtoywYT]. O
ou{NTHooVHE TOP TIG APXES EMAYWYNG TOV TOTWV TOL TOPOLGLAGOUE (TTANV TOD
abpoicparog). Me t6 epotnua g (aovoiag) Aoyikng eppnveiag avt®dv o katasmio-
OTOUE OPECKG HETA.

Ot apyég emaywyng ToV TOTWV eival evbeieg YeVIKEDOELG TOV P DOV OVOdPOUNG
toug. H apyn emaywyng 1o A — B dixtunovetor og e€ng: AoBévtwy

« owoyévewng (f: A — B) C(f), xau
« petacynpaticpod ((x: A) b(x): B) cp(b) : C(A(b)),
1 oxéon
t(A(D)) = cp(b)
opilel HETOOXNHATIONO
(f:A = B)i(f):C(f).
H apyn avt cvvoyileton otdv emaywyéa

((x:A) y(x):B) z(y):C(A(y)) f:A—B
inda-p(z, f):C(f)

t00 A — B, pe opilovoa oxéon
ind 4, g(z, A(D)) = z(b).

Ao TV TApATAve apyn ETAYOYNG CUVAYETOL 1|
Apxn thjs arddeiéns ue enaywyn orov A — B: Ilpokeyévou va amodeifoupe piot 1816-
T TV ovvapTHoenV amd Tov A otdv B, apkel va v deifovpe yioo cuVOPTHOELS
g popprig A(x : A) b(x).

Nopitepa mopatnpricope 6Tt 0 avadpopéog tov A — B eivor Suvatdv va Angdei
o TNV EPAPROYT), HECW TOV EVAAAAKTIKOD OPLOHOD

rec (. f) = 2(apply ).

H anoéneipa enéktaong 100 amoteAEGHATOG AUTOD GTOV ENAYWYEX TPOGKPOVEL GTO
OTL LTTAPYEL ACVUPWVIX TOTWV:

z(apply ¢) : C(A(apply p)),
inda_,p(z, f):C(f).

O tpdmog va cuoyeticovpe avtd & dVo oTiyptdTuna TG C pag mapéxeton amd o
€MOpEVO AfjHpOL.
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Anppoa 3.9.1. Lo omowadjrote f: A — B vmapyer éva
na-p(f): A(applys) = f,
76 omolo wcavoroel Tf ayéon na_p(A(b)) = refl ).
Anédeifn. Me emoyoyr otiv f-av 1 f eivon tg popeng A(b), tote
Aapply \p)) = A(b)

(amd OV opLopd Tob apply), omdTe propovpe va Bécovpe

na-B(A(D)) = refl) ). O
Svvoyilovtag, éxovpe té e€ng:
apply,p = b,
Aapplyy) = f

Mmopodpe Tdpa v Bécovpe

ind4_p(z f) = transportc(r]A_,B(f), z(applyf)).
Evkola eAéyyBeton 6T 0 0pLopdg awtdg emadnBedel v opilovoa oxéon tov ind 4, g:
ind - 5(z, A(b)) = transport© (74, s(A(D)), z(apply \p)))
= transportc(refl)\(b), z(b))
= z(b).
Hopropa 3.9.2. Oind4_,p eivau opioyog ané tovg apply katna_sp. O

EE autiag avtoo, n ouvrOng mpaktikn katd v mapovcioct) thg Bewpiag tomwv
eivan 0 ind 4, g va amoclwatal Tpog xapv Tov apply ko na_,pg. t6 €€ng Ba vio-
Betrcouvpe avtn v wpaktikr. EmumAéov, Ba eipacte mo yahapol 6Gov agpopd i)
Srakplon peToED cUVAPTHOEWV KOL HETACYNHATIOHOV, Kou Ba ypdpovpe f(x) avti
oV applyf(x), Omwg eival kaBepopévo otd podnportikd.

Me avtov t6v cupfoliopo, o apply r ypapetan

(x: 4) f(x).

Avtd mov eimayie yiow GLVOPTHOELS LOYXDOUV CUTOVCL KOL YI EEAPTONEVEG G-
vaptioels. Ewdikotepa, woyxbovy té avéroya to0 Ajppatog 3.9.1 kow tod mopicpa-
T0G 3.9.2:

Afqppa 3.9.3. TNa onowdijrote f: [[(B) vndpyer éva

M1 (P MG A) F() = f,
76 orrolo ikavomoiel rf ayéon nry(p)(A(D)) = reflyp). O
Mopopa 3.9.4. O indpy(p) eivan opioyiog and tovs apply kai npy(p)- O
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H apyn emoyoyng yio tov A; x Ay Aéet 011, S00EVTwV PLoG OLkoYEVeLog
(x: Ay x Ag) C(x)
KoL €VOG HETAOXHOTIOHOD
(e 1 Ap, %21 Ag) pair(x1, X2) : Cpair(xy, x2)),
HTopovpE Vo opicovpe Evay petacynuatiopd (x: Ay x A,) t(x) : C(x) Bétovtag
t(pair(ay, az)) = cpair(ay, az).
Amo v apyn emayoyng Aoppavetot o emaywyéog
(x1: A xp 0 Ag) 2(x1, x0) : C(pair(xy, x3))  x:A; x Ay

ind,xa,(z x): C(x)

oV A1 X Aj, e opilovoa oxéon

i"‘dAle2 (z, pair(ay, ap)) = z(ay, az).

Apyrj tiic anddeitne e emaywyr otév Ap x Ay: lpokeévou va astodei€ouvpe pia 1816-
NTo TOV oToLyElwv To0 A; X A,, apkel va v Seifovpe yioo ototyeior TG pop@erig
pair(xy, xp).

Onwg ouvéPn kot pe ToVG TOTOLG GLVOPTHOEWY, TTPOKEWHEVOL VO TAPOVHE oW
TOV ind 4 x4, 0O TiG pry Kou pry XPELALOPAGTE TO ETOUEVO ATOTEAEGHAL.

ANppa 3.9.5. TN omowodrjmote x : Ay x Ay, vdpyel éva
Na,xa, (%) : pair(pry (x), pry(x)) = x
76 orroio tkavoroiel Tf oxéon N, xa,(pair(xy, x2)) = reflyair(x, x,)-
Amddeitn. Me emoywyr) otd x, Oétovtog
na,xa,(pair(xr, x3)) = reflai(y, x,)- O

Aocxnon 3.1. Opiorte, pe M Poribea TV Pri KO 14,xA,> EVOV HETOCXNUATIONO O
omoiog tkavorotel tv opifovoa oxéon Tov ind 4, xa,-

Ioybovy té avtd yio e€aptdpeva Cedym.
H apyn g emaywyng yio tov 1 Aéet 611, dobévtwv puog okoyévelag (x : 1) C(x)
ko €vog ¢ : C(1), ) oxéon
(1) =q
opiler 16 t(x) : C(x) yrox Tux6v x : 1. Eidicdtepa,
Apyij trig amddeiéns pe exaywyr otév 1: poxepévou va amodeifoupe pio tSLoOTNTA Yoo
T6 TUXOV oToLKelo ToU 1, apkel va thv dei€ovpe yia To !
Nowplitepa mapatnpricaje 6TL 0 avadpopéag tov 1 eivat opiopog ywpig oavadpopr.
Aev ovpPaiver 16 id1o pe TOV enaywyéa
z:C(")  x:1
indq(z, x): C(x)
avToV, OTTOL

ind{(z,!) =z

SUyKeKPLLEVQ, EKELVO TTOV PG Aéel Topamave eivot 6TL To ! eivar 10 povadikd oTot-
xelo to0 1:
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Aoxnon 3.2. Acifte 611, yio oowodnmote x : 1, vhpyel éva
ni(x):! =x

6 omoio kavorotet T oxéon n1(!) = refly, ko xpnoylomnotote To yloo v opicete
Tov indy.

H apyn emaywyng tob 0 Sivel, yio otoladnmote olkoyévela
(x:0) C(x)
EVOLY HETACYNHATIOHO
(x:0) t(x):C(x)

xwpic opilovoeg oxéoels (Lo kot dev LILAPXEL TITOTA GTO OTTOL0 VXX PITOPEL VX OPLOTEL).
AUTOG 0 HETACYNUATIOHOG lvVaL KOl O ETAYWYEXG

x:0
indg(x): C(x)

o0 0.
O indg pmopel va oprotel ard ToV recy:
. C Ci
indg (x) = reco(x)(x).

O tumikog TpdTOG Yo va Seikel kaveig 0TL évag TOog A Sev éxel otouyeio elvarl
vo oploel évov HETACYNHATIOHO

(x:A)t(x):0

(1), wodbvapa, pic ovvdptnomn f: A — 0): H Omoap€n evog TTo100 HETAOHATIOHOD
onpaivel 6tL edv o A eiye éva otouyelo a, toTe 0 0 Ba eiye T6 oTowyeio t(a), dromo.

Aocknon 3.3. Eotw E 0 010G 10U £XEL G HOVASLKO KATAOKELAGTH TOV
(x:E)e(x):E.
Aei€te 6TL 0 E dev éxeL otoryeio. [YodelEn: Atxtundote TpdTa TV apXt) ovodpopng
700 E.]
3.10 Aoxnosig
Aocknon 3.4. Ileprypdite pio cuvdptnon
f:((A; > O)x(A; > C) = (A + Ap) - C.
Acxnon 3.5. Ilepiyp&yte pice cuvépnon
Fe]TGeAr+ Ag) [(PGa A iny) = x) + (Y Ay) ing(x) = x)] -
Aocknon 3.6. Opiote cuvaptnon
fr(QLE:) AW) = AO)

ovtwg Kote f(pair(!,a)) = a.

31



Aoxnon 3.7. Xpnouomoirote tov indgyg YO Va opicete pio cuvapTnon

f: H(x :Bool) ((false = x) + (true = x))
pe f(false) = inj(reflgyse) ko f(true) = ing(refliyye).

Aocxnon 3.8. Xpnowonowote v f g mponyodpevng doknong yia v opioete
EVOLY HETAOYNHATIOHO

(cralse : C(false), cirye : C(true), x : Bool) ind” (ctaise» Crrues X) : C(x)
0 omoiog tkavomotei v opilovoa oxéon Tov indggol-

Aocxnon 3.9 ([7, &oknon 1.4]). EWwr| mepintwon tod oplopod pe avadpopr] otoév
Nat eivou 0 oplopdg pe eravdadnyn (iteration):

t(0) =dp,
t(s(n)) = ds(t(n)),

6mov C timog, dy : C kou (x: C) dg(x) : C. AoBévtwv evdg thmov C, evdg ¢ : C, ko evog
(x:Nat,y: C) ¢s(x,y) : C opiote, ypnoponoldvrag emavaAnym avti yia ovadpopr,
évav petaoynpatiopd (n:Nat) r(n) : C o onoiog tkavorotel tig lootnTeg

r(0) =c,
r(s(n)) = cs(n,r(n)),

KOl GUPITEPAVETE OTL YL OTTOLOVINTTOTE PUOLKO aplOpo N,

r(n) = recyai(co, ¢s, 1).

[Yrd8eién: Opiote, pe ewavédnym, évav petaoynpotiopd (n: Nat) t(n) : Nat x C, ko
epoppoate 1) devtepn mpoPolrn) yix va thpete TOV . T 1) Sedtepn odTNTR, KAVTE
eoywyt otd n. Télog, xprowomnotjote T6 Bedpnpa 2.3.1.]

Aocknon 3.10 ([7, &oknon 1.5]). Aeifte 611 16 e€aptdpevo dBpoiopa Y (A) pog ot-
koyévelag A eni To0 Bool ocvpmeprpépeton 6mwg o tomog A(false) + A(true): Opiote
KaTdAANAoUG peTacHaTIoHOVS inf, ing, kou ind”, kou emadnOevote Tig opilovoeg
OXEO0ELG TOD EMAYWYEQ.

Aocknon 3.11([7, &oknon 1.6]). E&v A owcoyévewa entt tod Bool, opiote katdAAniovg
HETOOXNHATIOHOVG

(x; : A(false), x; : A(true)) pair’(xy, xy) : H(A),
Ko
(f - T 1) pri(f): A(false),
(f : TTCA) pry(f): Actrue),
Ko emoAnBevote OTL tkavorotobvtan oL TpoPAendpeveg opilovoeg oxEoELS.
Aocknon 3.12. Opiote avtioTpoeg peTa€d TOVG CLVAPTHOELG
1. A+0 s A

2. Ax0 0,

N N

3. Ax1 A.
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