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Gaussian integral

From Wikipedia, the free ency clopedia

The Gaussian integral, also known as the Euler-Poisson integral or Poisson integral,[l] is the integral of the T T =

Gaussian function ewxz over the entire real line. It is named after the German mathematician and physicist Carl
Friedrich Gauss. The integral is: B

| ” WD , !
| ¢ dr=vr.
| S |

AThviglrvir}tggpaLhas wide applications. When normalized so that its value is 1, it is the density function of the normal

distribution. Tt is closely related to the error function, which is the same integral with finite limits.

A graph of f(x)= P and the area
between the function and the x-axis,
which is equal to /7.

Although no elementary function exists for the error function, as can be proven by the Risch algorithm, the
Gaussian integral can be solved analytically through the tools of calculus. That is, there is no elementary indefinite
integral for ,‘ &~ 4z, but the definite integral f “‘ & -2% 4 can be evaluated.

The Gaussian integral is encountered very often in physics and numerous generalizations of the integral are encountered in quantum field theory.
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Computation

By polar coordinates ( % ?)(Wi 60 } o

v -u% rjfi)

A standard way to compute the Gaussian integral is

(2 -
= consider the function e * ) =e r on the plane R2, and compute its integral two ways:
= on the one hand, by double integration in the Cartesian coordinate system, its integral is a square:

= on the other hand, by shell integration (a case of double integration in polar coordinates), its integral is computed to be .

Comparing these two computations yields the integral, though one should take care about the improper integrals involved.
Brief proof

Briefly, using the method above, one computes that on the one hand,

On the other hand,

en.wikipedia.org/wiki/Gaussian_integral : 1/5
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where the factor of ¥ comes from the transform to polar coordinates (r dr d6 is the standard measure on the plane, expressed in polar coordinates), and the
substitution involves taking s = -2 ,s0ds=-2rdr.

Combining these yields
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Careful proof

To justify the improper double integrals and equating the two expressions, we begin with an approximating function:

- 3 = e
I(‘a}=} B g

f—a

so that the integral may be found by
: 0 52
lim /(a) = / ¢ da,
a0 S
since

NG o | 7 [}. ) e .
T —xe™" du + [ ¢ " ode + / we™ " dr < oo,
‘ -1 y

] oA

Taking the square of I(a) yields

L N " . o 1t g A
Iiu ¢ de | - e dy |
J a / w2 /
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of —@ o —i2

Using Fubini's theorem, the above double integral can be seen as an area integral

taken over a square with vettices {(~a, a), (@, a), (a, —a), (—a, —a)} on the xy-plane.

Since the exponential function is greater than 0 for all real numbers, it then follows that the integral taken over the square's incircle must be less than 1(0!)2,

and similarly the integral taken over the square's circumcircle must be greater than I(a)z. The integrals over the two disks can easily be computed by
switching from cartesian coordinates to polar coordinates:

(See to polar coordinates from Cartesian coordinates for help with polar transformation.)

Integrating,

By the squeeze theorem, this gives the Gaussian integral
en.wikipedia.org/wiki/Gaussian_integral : 2/5
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By Cartesian coordinates

Georgak]s 2] Wrote that the following is "a better alternative to the usual method of reduction to polar coordinates”.

e —— .
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Let g
y=21Is

— xds.
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d Y
Since the limits on S as J goes to 1 ~ depend on the sign of X, it simplifies the calculation to use the fact that _—+" is an even function, and, therefore, the
=0 A o I a
T de =2 / ¢~ % dz. Thus, over the range of integration,
(1

integral over all real numbers is just twice the integral from zero to infinity. That is J
—C

(), and the variables ¥ and § have the same limits. This yields:

“ o0 roc { °+,{‘7‘~’
=4 ¢ T dy da.
.ZJ /u 4
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Finally, ] — /7. as expected.

Relation to the gamma function

The integrand is an even function,

xR [ 8
/ ¢ de =2 / e dx
— o]
Thus, after the change of variable 3 = . /7, this turns into the Euler integral
) % i " 7N
— i - e S ? — _ - i
2 [ e .,2‘[0 st dtg,f(‘“g_) - VT

. More generally,




