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OdhgÐec Qr shc

To parìn DEN eÐnai didaktikì biblÐo. EÐnai oi shmei¸seic twn dialèxewn kai twn frontisthrÐ-
wn tou maj matoc {Pijanìthtec} ìpwc autì did�sketai sto Tm ma Plhroforik c tou OikonomikoÔ
PanepisthmÐou Ajhn¸n. To m�jhma did�sketai se èna ex�mhno (to deÔtero), kai ì,ti perièqetai ed¸
kalÔptetai se perÐpou 40 dÐwrec dialèxeic (ta frontist ria eÐnai enswmatwmèna stic dialèxeic). Oi
shmei¸seic dÐnontai hlektronik� stouc foithtèc.

H diamìrfwsh thc Ôlhc tou maj matoc, kai sunep¸c twn shmei¸sewn, èqei gÐnei lamb�nontac up'
ìyin tic ufist�menec gn¸seic twn foitht¸n kai to gegonìc ìti to m�jhma did�sketai sto deÔtero
ex�mhno enìc tm matoc Plhroforik c.

Den up�rqei upokat�stato thc se b�joc melèthc enìc kaloÔ biblÐou gia thn katanìhsh tou anti-
keimènou, ìpwc kai den up�rqei upokat�stato thc fusik c parousÐac sto amfijèatro. Sunep¸c, den
sunist�tai stouc foithtèc, oÔte na qrhsimopoi soun tic shmei¸seic san biblÐo, oÔte wc upokat�stato
thc parakoloÔjhshc. AntÐjeta, o skopìc touc eÐnai:

1. Na dieukolÔnoun thn parakoloÔjhsh twn foitht¸n, mia pou den ja qrei�zetai na antigr�foun
ì,ti gr�fetai ston pÐnaka, sun jwc upì dusmeneÐc sunj kec.

2. Na dieukolÔnoun thn melèth thc Ôlhc pou did�qthke se sunduasmì me ta didaktik� biblÐa.

3. Na bohjoÔn touc foithtèc pou den parakoloÔjhsan k�poiec dialèxeic na meÐnoun se epaf  me
to m�jhma.

EpÐshc oi shmei¸seic Ðswc bohj soun ¸ste ìsoi foithtèc brÐskontai sto amfijèatro na mhn eÐnai ekeÐ
apl¸c gia na {p�roun tic shmei¸seic}.

To parìn keÐmeno eÐnai upì diark  exèlixh. Ja ektim soume idiaitèrwc opoiad pote prìtash gia
th beltÐws  tou ìpwc kai tuqìn parathr seic sqetik� me orjografik�/tupografik� sf�lmata, l�jh
stic ask seic kai k�je fÔsewc prìblhma. Ja eÐnai qar� mac epÐshc an to qrhsimopoi soun kai �lloi
did�skontec.
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StaÔroc Toump c, toumpis@aueb.gr
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Kef�laio 1

Mètro Pijanìthtac

1.1 SÔnola

'Ena meg�lo mèroc tou majhmatikoÔ lexilogÐou thc JewrÐac Pijanot twn qrhsimopoieÐ
basik� stoiqeÐa thc JewrÐac Sunìlwn. Xekin�me upenjumÐzontac merikoÔc orismoÔc.

Orismìc 1.1. (Pr�xeic metaxÔ sunìlwn)

1. 'Ena sÔnolo eÐnai mia sullog  stoiqeÐwn. P.q., ta A = {−1,+1}, B = {3, 5, 9},
Z = {. . . ,−1, 0, 1, 2, . . . } = oi akèraioi arijmoÐ, R = oi pragmatikoÐ arijmoÐ,
C = {A,B, 5, {5},R}, D = {Panagi¸thc, Jan�shc} eÐnai ìla sÔnola.

2. 'Otan k�poio stoiqeÐo α an kei se k�poio sÔnolo A, gr�foume α ∈ A. An to α
den an kei sto A, gr�foume α 6∈ A. P.q., pio p�nw èqoume 3 ∈ B, all� 0 6∈ A.

3. To A eÐnai uposÔnolo tou B an k�je stoiqeÐo tou A an kei kai sto B, opìte
gr�foume A ⊆ B.

4. DÔo sÔnola eÐnai Ðsa ìtan perièqoun akrib¸c ta Ðdia stoiqeÐa ( , isodÔnama, to èna
eÐnai uposÔnolo tou �llou kai antÐstrofa.)

5. To A eÐnai gn sio uposÔnolo tou B an to A ⊆ B, all� ta A,B den eÐnai Ðsa,
dhlad  up�rqei stoiqeÐo tou B pou den an kei sto A. Gr�foume A ⊂ B.

6. To kenì sÔnolo ∅   {} èqei thn idiìthta ìti den perièqei kanèna stoiqeÐo, dhlad 
α 6∈ ∅ gia opoiod pote α.

7. H ènwsh A∪B dÔo sunìlwn A,B eÐnai to sÔnolo pou apoteleÐtai apì ìla ta stoi-
qeÐa pou an koun sto A   sto B (  kai sta dÔo). DeÐte to Sq ma 1.1. Genikìtera,
h ènwsh enìc peperasmènou pl jouc sunìlwn A1, A2, . . . , AN sumbolÐzetai wc

A1 ∪ A2 ∪ · · · ∪ AN =
N⋃
i=1

Ai

1
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A B
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A B
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Ω
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Sq ma 1.1: Grafik  anapar�stash thc ènwshc A ∪ B, thc tom c A ∩ B, kai tou sumplhr¸matoc
A′. Tètoia sq mata kaloÔntai Diagr�mmata Venn kai eÐnai polÔ qr sima sthn diaisjhtik  ermhneÐa
poll¸n idiot twn twn sunìlwn.

kai perièqei ìla ta stoiqeÐa tou A1, ìla ta stoiqeÐa tou A2, k.o.k., kai mìno
aut�. Sunep¸c, èna stoiqeÐo x an kei sthn ènwsh an kai mìno an an kei se
toul�qiston èna apì ta Ai. H ènwsh

⋃∞
i=1Ai miac akoloujÐac �peirou pl jouc

sunìlwn A1, A2, . . . orÐzetai an�loga.

8. H tom  A∩B dÔo sunìlwn A,B eÐnai to sÔnolo pou apoteleÐtai apì ìla ta stoiqeÐa
pou an koun kai sto A kai sto B. DeÐte to Sq ma 1.1. Genikìtera, h tom  enìc
peperasmènou pl jouc sunìlwn A1, A2, . . . , AN sumbolÐzetai wc

A1 ∩ A2 ∩ · · · ∩ AN =
N⋂
i=1

Ai

kai apoteleÐtai akrib¸c apì aut� ta stoiqeÐa pou perièqontai se ìla ta Ai. H tom ⋂∞
i=1Ai miac akoloujÐac �peirou pl jouc sunìlwn A1, A2, . . . orÐzetai an�loga.

9. 'Estw k�poio basikì   kajolikì sÔnolo Ω, sto opoÐo upojètoume ìti brÐskontai ìla
ta stoiqeÐa pou mporoÔn na up�rxoun sta plaÐsia k�poiou majhmatikoÔ montèlou.
To sumpl rwma A′ enìc sunìlou A pou eÐnai uposÔnolo tou basikoÔ sunìlou Ω
apoteleÐtai apì ìla ta stoiqeÐa tou Ω pou den an koun sto A. DeÐte to Sq ma 1.1.

Parat rhsh: Enallaktik�, gia to sumpl rwma enìc sunìlou A qrhsimopoioÔntai
kai oi sumbolismoÐ Ā kai Ac (apì to complement).

L mma 1.1. (Basikèc idiìthtec sunìlwn)
'Estw opoiad pote sÔnola A,B,C. 'Eqoume:
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1. A ∪B = B ∪ A (h ènwsh eÐnai antimetajetik ).

2. A ∩B = B ∩ A (h tom  eÐnai antimetajetik ).

3. (A′)′ = A.

4. A ∪ A′ = Ω, ìpou Ω eÐnai to kajolikì sÔnolo.

5. A ∩ A′ = ∅.

6. A∩ (B∪C) = (A∩B)∪ (A∩C) (h tom  eÐnai epimeristik  wc proc thn ènwsh).

7. A∪ (B∩C) = (A∪B)∩ (A∪C) (h ènwsh eÐnai epimeristik  wc proc thn tom ).

8. (A ∪B)′ = A′ ∩B′ (Nìmoc De Morgan).

9. (A ∩B)′ = A′ ∪B′ (Nìmoc De Morgan).

Apìdeixh. Ja deÐxoume thn apìdeixh mìno thc teleutaÐac idiìthtac, (A∩B)′ = A′∪B′,
kaj¸c oi apodeÐxeic twn pr¸twn 5 eÐnai profaneÐc, kai oi apodeÐxeic twn 6,7,8 an�logec
me thn apìdeixh thc teleutaÐac. H mèjodoc pou ja akolouj soume gia na apodeÐxoume
ìti ta dÔo sÔnola eÐnai Ðsa eÐnai h klasik : ja apodeÐxoume ìti to èna eÐnai uposÔnolo
tou �llou kai to antÐstrofo.

'Estw loipìn x ∈ (A∩B)′. To x den an kei sto A∩B, �ra eÐte den an kei sto A,
eÐte den an kei sto B, alli¸c èqoume �topo. 'Ara, eÐte an kei sto A′, eÐte an kei sto
B′. 'Ara an kei sthn ènwsh A′ ∪B′. 'Ara apodeÐxame pwc (A ∩B)′ ⊆ A′ ∪B′.

'Estw t¸ra x ∈ A′ ∪B′. Tìte paÐrnoume dÔo peript¸seic:

1. An to x an kei sto A, tìte an kei sto B′, alli¸c èqoume �topo. 'Ara den an kei
sto B, �ra oÔte kai sto A ∩B, �ra an kei sto (A ∩B)′.

2. An p�li to x den an kei sto A, tìte den an kei kai sto A ∩ B, �ra an kei sto
(A ∩B)′.

Opìte, se k�je perÐptwsh, to x an kei sto (A ∩ B)′, kai apodeÐxame pwc A′ ∪ B′ ⊆
(A ∩B)′.

AfoÔ loipìn èqoume ìti (A ∩B)′ ⊆ A′ ∪B′ kai A′ ∪B ⊆ (A ∩B)′, anagkastik�
(A ∩B)′ = A′ ∪B′.

MporeÐte na gr�yete tic apodeÐxeic twn idiot twn 6,7,8? Oi perissìterec apì tic �nw
idiìthtec genikeÔontai kai sthn perÐptwsh perissìterwn twn 2   kai apeÐrwn sunìlwn.
MporeÐte na k�nete merikèc genikeÔseic? EpÐshc, mporeÐte na skefteÐte kai �llec
idiìthtec?
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Par�deigma 1.1. Parathr ste pwc

∞⋃
n=1

[0, n] = [0,∞).

Pr�gmati, èstw ènac opoiosd pote arijmìc x ∈ [0,∞). 'Estw k�poio n0 > x. Tìte
o x ∈ [0, n0], �ra x ∈

⋃∞
n=1[0, n]. Antistrìfwc, an x ∈ ⋃∞n=1[0, n] tìte ja an kei se

k�poio [0, n0], �ra kai sto [0,∞). 'Ara pr�gmati ta dÔo sÔnola tautÐzontai.

Par�deigma 1.2. ('Apeirh ènwsh kai �peirh tom ) 'Estw sÔnola An =
[
0, 1− 1

n

)
,

n = 1, 2, . . . , kai Bn =
[
0, 1 + 1

n

)
, n = 1, 2, . . . 'Estw ta sÔnola

∞⋃
n=1

An,
∞⋂
n=1

An,
∞⋃
n=1

Bn,
∞⋂
n=1

Bn.

MporeÐte na perigr�yete aut� ta sÔnola pio apl�? MporeÐte na apodeÐxete austhr�
ton isqurismì sac?
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1.2 DeigmatikoÐ Q¸roi

Orismìc 1.2. (DeigmatikoÐ q¸roi)

1. O deigmatikìc q¸roc (D.Q.) Ω eÐnai to sÔnolo ìlwn twn dunat¸n apotelesm�twn
enìc tuqaÐou peir�matoc.

2. Ta stoiqeÐa tou deigmatikoÔ q¸rou kaloÔntai apotelèsmata.

3. Opoiod pote uposÔnolo A ⊆ Ω tou deigmatikoÔ q¸rou Ω onom�zetai endeqìmeno.

4. Ta endeqìmena pou apoteloÔntai apì èna mìno apotèlesma, dhlad  ta uposÔnola
A ⊆ Ω thc morf c A = {ω} ìpou ω ∈ Ω, lègontai stoiqei¸dh endeqìmena.

5. DÔo endeqìmena A,B eÐnai xèna (metaxÔ touc) ìtan den èqoun kanèna koinì stoi-
qeÐo, dhlad  A ∩B = ∅.

Parathr seic

1. Merikèc forèc gia ton deigmatikì q¸ro qrhsimopoieÐtai to sÔmbolo S (apì to
sample space).

2. ParathroÔme ìti o deigmatikìc q¸roc mporeÐ p�nta na ekfrasteÐ wc h ènw-
sh tìswn apotelesm�twn ìsa ta apotelèsmata pou perièqei. P.q., an Ω =
{ω1, ω2, . . . , ωN}, tìte Ω = {ω1} ∪ {ω2} ∪ · · · ∪ {ωN}. Genikìtera, k�je en-
deqìmeno mporeÐ na ekfrasteÐ wc h ènwsh tìswn stoiqeiwd¸n endeqomènwn ìsa
ta apotelèsmata pou perièqei.

3. EpÐshc parathroÔme ìti dÔo opoiad pote apotelèsmata {ω1} kai {ω2} eÐnai xèna
metaxÔ touc (arkeÐ, bebaÐwc, na mhn eÐnai ta Ðdia, dhlad  to stoiqeÐo ω1 na eÐnai
diaforetikì ap' to ω2).

4. Diaisjhtik�:

(aþ) 'Ena endeqìmeno A eÐnai èna sÔnolo apotelesm�twn gia to opoÐo mac endia-
fèrei an ja sumbeÐ èna apì ta apotelèsmata pou to apartÐzoun   ìqi, qwrÐc
na mac endiafèrei poio apì ìla ta apotelèsmat� tou ja sumbeÐ.

(bþ) To sumpl rwma tou A′ perigr�fei to antÐjeto endeqìmeno, dhlad  thn perÐ-
ptwsh tou na mhn sumbeÐ kanèna apì ta apotelèsmata tou A.

(gþ) ParomoÐwc, h ènwsh A∪B dÔo endeqomènwn A,B eÐnai to endeqìmeno tou na
sumbeÐ to A   to B, kai h tom  touc A ∩ B eÐnai to endeqìmeno na sumboÔn
kai ta dÔo.
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Ω

HH HT

THTT

Α

Β

Sq ma 1.2: Grafik  anapar�stash twn di�forwn endeqìmenwn tou ParadeÐgmatoc 1.4.

(dþ) Diaisjhtik�, ta endeqìmena A,B eÐnai xèna an eÐnai adÔnaton na sumboÔn
sugqrìnwc.

5. An kai tupik� oi ènnoiec tou apotelèsmatoc kai tou stoiqei¸douc endeqìmenou
den tautÐzontai (giatÐ?), entoÔtoic suqn� ja tic antimetwpÐzoume wc isodÔnamec.

Par�deigma 1.3. (RÐyh kèrmatoc) Kat� mia ènnoia to pio aplì peÐrama pou mporeÐ
na up�rxei eÐnai h rÐyh enìc kèrmatoc. O deigmatikìc q¸roc eÐnai o

Ω = {H,T},

ìpou to H shmaÐnei kor¸na (heads), kai to T shmaÐnei gr�mmata (tails). Ta dunat�
diakrit� endeqìmena eÐnai mìlic 4:

∅, {H}, {T}, Ω.

Par�deigma 1.4. (RÐyh dÔo kerm�twn) RÐqnoume èna kèrma 2 forèc. Ed¸ to sÔnolo
ìlwn twn dunat¸n apotelesm�twn eÐnai to

Ω = {HH,HT, TH, TT}.

MporeÐte na upologÐsete pìsa eÐnai ta diakrit� endeqìmena? 'Estw A to endeqìmeno
tou na èrjei K thn pr¸th for�, kai B to endeqìmeno na èrjei to Ðdio apotèlesma dÔo
forèc, dhlad ,

A = {HH,HT}, B = {HH,TT}.
Poia eÐnai h ènws  touc? Pwc ja thn perigr�fate me lìgia? Poia h tom  touc? Sto
Sq ma 1.2 apeikonÐzoume ton Ω kai ta A,B.
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Par�deigma 1.5. (TuqaÐa paidi�) 'Estw pwc ekteleÐtai to akìloujo peÐrama: èna
zeug�ri k�nei n paidi�, kajèna ek twn opoÐwn mporeÐ na eÐnai agìri   korÐtsi. O
deigmatikìc q¸roc eÐnai to sÔnolo Ω pou apoteleÐtai apì ìlec tic dunatèc n-�dec thc
morf c XX . . .X, ìpou X = B (boy)   X = G (girl). 'Ara perièqei 2n tètoia
apotelèsmata. P.q. to apotèlesma ω = GBB . . . B perigr�fei thn perÐptwsh ìpou
to zeug�ri èkane pr¸ta èna korÐtsi kai met� (n− 1) agìria.

Apì poia (kai pìsa) apotelèsmata apoteleÐtai to endeqìmeno na èqei h oikogèneia
to polÔ 1 agìria? Apì poia (kai pìsa) apotelèsmata apoteleÐtai to endeqìmeno na
èqei h oikogèneia to polÔ 2 agìria, an n ≥ 2?

Par�deigma 1.6. (Ki �lla tuqaÐa paidi�) 'Estw pwc ekteleÐtai to akìloujo peÐra-
ma: èna zeug�ri k�nei paidi� ep' �peiro, mèqri na k�nei to pr¸to korÐtsi, kai met� stama-
t�ei. O deigmatikìc q¸roc Ω ed¸ perièqei dÔo eid¸n stoiqeÐa: ekeÐna pou antistoiqoÔn
sta apotelèsmata peperasmènou m kouc G, BG, BBG, BBBG, k.o.k., kai èna pou
antistoiqeÐ sthn perÐptwsh ìpou to zeug�ri k�nei �peira agìria, to BBBBBB . . .
(To apotèlesma BG antistoiqeÐ sto na k�nei to zeug�ri pr¸ta èna agìri (boy) kai
met� èna korÐtsi (girl)). Dhlad ,

Ω = {G, BG, BBG, . . . , B . . . BG, . . . , BBBBBB . . . }.
Apì poia apotelèsmata apoteleÐtai to endeqìmeno na èqei h oikogèneia to polÔ 3

paidi�?

Par�deigma 1.7. (DÔo diadoqikèc zarièc) RÐqnoume èna z�ri 2 forèc kai kata-
gr�foume ta dÔo apotelèsmata me th seir� pou  rjan. O deigmatikìc q¸roc èqei
sqediasteÐ sto Sq ma 1.3 (�nw). EpÐshc, sto Ðdio sq ma èqoume sqedi�sei ta

1. A = {(1, 1), (2, 2), (3, 3), (4, 4), (5, 5), (6, 6)} ={Fèrame diplèc} .

2. B = {(1, 3), (2, 2), (3, 1)} ={'Ajroisma 4}.

3. C = {(4, 1), (4, 2), (4, 3), (4, 4), (4, 5), (4, 6)} ={Pr¸to z�ri 4}.

4. D = {(1, 6), (2, 5), (3, 4), (4, 3), (5, 2), (6, 1)} ={'Ajroisma 7}.

5. E = {(1, 5), (2, 5), (3, 5), (4, 5), (5, 5), (6, 5)} ={DeÔtero z�ri 5}.

Par�deigma 1.8. (DÔo tautìqronec zarièc) 'Estw to Par�deigma 1.7 ìpou ta z�ria
rÐqnontai tautìqrona, kai den eÐmaste se jèsh na ta xeqwrÐzoume metaxÔ touc. Se aut 
thn perÐptwsh, oi zarièc pou prokÔptoun den eÐnai diatetagmènec du�dec, kai sunep¸c
den èqei nìhma na up�rqoun ston deigmatikì q¸ro tautìqrona oi du�dec (1, 2) kai (2, 1),
(1, 3) kai (3, 1), k.o.k. O nèoc deigmatikìc q¸roc Ω kai ta tropopoihmèna endeqìmena
A, B, D emfanÐzontai sto Sq ma 1.3 (k�tw). Ta endeqìmena C,E �nw den èqoun
nìhma se autì to deigmatikì q¸ro.
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1,1 1,2 1,3 1,4 1,5 1,6

2,1 2,2 2,3 2,4 2,5 2,6

3,1 3,2 3,3 3,4 3,5 3,6

4,1 4,2 4,3 4,4 4,5 4,6

5,1 5,2 5,3 5,4 5,5 5,6

6,1 6,2 6,3 6,4 6,5 6,6

Ω

A

B

C

D

E

1,1

2,1 2,2

3,1 3,2 3,3

4,1 4,2 4,3 4,4

5,1 5,2 5,3 5,4 5,5

6,1 6,2 6,3 6,4 6,5 6,6

Ω

A

B

D

Sq ma 1.3: ParadeÐgmata 1.7 kai 1.8.
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Parathr seic

1. 'Opwc faÐnetai apì ta �nw paradeÐgmata, genik¸c mporoÔme na perigr�youme ta
endeqìmena me dÔo trìpouc: eÐte me aparÐjmhsh twn apotelesm�twn touc, eÐte
perifrastik�.

2. 'Opwc faÐnetai apì ta teleutaÐa dÔo paradeÐgmata, se pollèc peript¸seic peira-
m�twn èqoume pollèc diaforetikèc epilogèc gia to poioc ja eÐnai o deigmatikìc
q¸roc. H epilog  tou deigmatikoÔ q¸rou eÐnai se meg�lo bajmì jèma montelo-
poÐhshc, kai exart�tai apì to ti jèloume na upologÐsoume.

Par�deigma 1.9. (Deigmatikìc q¸roc me �peira apotelèsmata) 'Estw zugari� pou
mporeÐ na metr sei b�rh mèqri 100 kil�. An to tuqaÐo peÐrama eÐnai h zÔgish enìc
atìmou, o deigmatikìc q¸roc eÐnai o Ω = [0, 100], kai profan¸c apoteleÐtai apì �peira,
kai m�lista mh arijm sima apotelèsmata. To endeqìmeno to b�roc enìc atìmou na eÐnai
to polÔ 50 kil� eÐnai to [0, 50].

Par�deigma 1.10. (Pragmatikì gegonìc) 'Estw pwc rÐqnoume èna bel�ki se èna
stìqo me sq ma kÔklou, kai di�metro 40 cm. An petÔqoume to stìqo to bel�ki mènei
karfwmèno, kai an astoq soume to bel�ki pèftei sto p�twma kai to klèbei o skÔloc
mac. Ed¸ o deigmatikìc q¸roc Ω mporeÐ na perigrafeÐ wc to akìloujo sÔnolo:

Ω =
{

(x, y) ∈ R2 : x2 + y2 ≤ 402
}
∪ {SKULOS}.

Parathr seic

1. 'Opwc faÐnetai apì to prohgoÔmeno par�deigma, merikoÐ deigmatikoÐ q¸roi mporeÐ
na èqoun polÔ perÐergh dom .

2. Se pollèc peript¸seic, o deigmatikìc q¸roc mporeÐ na p�rei th morf  dèntrou.
DeÐte to epìmeno par�deigma.

Par�deigma 1.11. (Monty Hall) 'Estw to akìloujo thlepaiqnÐdi: o diagwnizìme-
noc epilègei mia apì treic kourtÐnec, afoÔ tou poun pwc mÐa apì autèc krÔbei èna d¸ro
kai oi �llec dÔo den krÔboun tÐpota (qwrÐc, fusik�, na tou poun pou eÐnai to d¸ro).
AfoÔ dialèxei, o parousiast c tou deÐqnei mia ap' tic �llec dÔo kourtÐnec pou eÐnai
ken , kai dÐnei thn epilog  ston diagwnizìmeno na krat sei thn arqik  tou epilog    na
epilèxei thn kourtÐna pou paramènei kruf . O diagwnizìmenoc epilègei, kai to paiqnÐdi
telei¸nei, eÐte me nÐkh tou diagwnizìmenou (an h telik  kourtÐna pou epèlexe perièqei
to d¸ro), eÐte me  tta tou diagwnizìmenou (an h kourtÐna pou epèlexe den perièqei to
d¸ro).1

1
Αυτό το παιχνίδι ήταν επί χρόνια τηλεπαιχνίδι στην Αμερική, γνωστό με το όνομα «Monty Hall». Το βασικό

ερώτημα, το οποίο θα εξετάσουμε αργότερα, είναι ποια είναι η πιο συμφέρουσα στρατηγική για τον παίκτη – να κρατήσει

την αρχική του κουρτίνα, ή να αλλάξει;
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Ω

(A,B,A)

A

B

C

B

C

C

B

A
C
A
B
A
B
A
C

(A,B,C)
(A,C,A)
(A,C,B)
(B,C,A)
(B,C,B)
(C,B,A)
(C,B,C)

Sq ma 1.4: O deigmatikìc q¸roc tou ParadeÐgmatoc 1.11. Ta apotelèsmata pou an koun sto ende-
qìmeno thc nÐkhc eÐnai upogrammismèna.

Pwc mporoÔme na perigr�youme ton deigmatikì q¸ro? Mia epilog  eÐnai h akìloujh.
'Estw pwc onom�zoume kourtÐna A thn kourtÐna ìpou brÐsketai to d¸ro, kai kourtÐnec
B,C tic �llec dÔo. MporoÔme na perigr�youme ta apotelèsmata wc tri�dec thc morf c
(X,X,X), ìpou ta X paÐrnoun timèc A, B,   C, kai to pr¸to stoiqeÐo deÐqnei thn
epilog  tou diagwnizìmenou, to deÔtero thn kourtÐna pou apokalÔfjhke, kai to trÐto
thn kourtÐna pou epèlexe telik� o diagwnizìmenoc.

Profan¸c up�rqoun 3 epilogèc gia to pr¸to stoiqeÐo. All� gia to deÔtero stoiqeÐo
up�rqoun 2 epilogèc an o diagwnizìmenoc èqei arqik� epilèxei thn kourtÐna me to
d¸ro, en¸ up�rqei mìno mÐa an o diagwnizìmenoc èqei epilèxei ken  kourtÐna. Gia to
trÐto stoiqeÐo, up�rqoun p�nta dÔo epilogèc. O antÐstoiqoc deigmatikìc q¸roc èqei
sqediasteÐ sto Sq ma 1.4.

An jèloume t¸ra na orÐsoume, p.q., to endeqìmenoN ={o paÐkthc kèrdise to d¸ro},
parathroÔme pwc ta apotelèsmata pou katal goun se nÐkh gia ton diagwnizìmeno eÐnai
ekeÐna pou èqoun teleutaÐo stoiqeÐo to A, dhlad , N = {ABA,ACA,BCA,CBA}.

Parathr seic

1. Se poia �lla apì ta prohgoÔmena paradeÐgmata o deigmatikìc q¸roc èqei epÐshc
th morf  dèntrou?

2. Se poll� probl mata, mac dÐnontai ta pl jh twn stoiqeÐwn k�poiwn endeqìmenwn,
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AMΩ A   MA∩M

∩

Sq ma 1.5: Grafik  anapar�stash twn endeqìmenwn sto Par�deigma 1.12.

kai kaloÔmaste na broÔme ta pl jh twn stoiqeÐwn k�poiwn �llwn. DeÐte gia
par�deigma to akìloujo par�deigma.

3. Me |A| ja sumbolÐsoume to pl joc twn stoiqeÐwn enìc sunìlou A.

Par�deigma 1.12. (Foithtèc) Apì 50 foithtèc pou brÐskontai se mia aÐjousa, oi
20 èqoun autokÐnhto, oi 10 èqoun motosuklèta, kai oi 25 den èqoun kanèna ap' ta dÔo.
Epilègoume ènan foitht  sthn tÔqh.

Ed¸ mporoÔme na orÐsoume ta ex c endeqìmena, pou emfanÐzontai sto Sq ma 1.5.

Ω = 'Oloi oi foithtèc,

A = 'Osoi èqoun autokÐnhto,

M = 'Osoi èqoun motosuklèta,

A ∪M = 'Osoi èqoun toul�qiston to èna ap' ta dÔo mèsa,

A ∩M = 'Osoi èqoun kai ta dÔo.

'Eqei dojeÐ ìti |Ω| = 50, |A| = 20, |M | = 10, kai |(A ∪M)′| = 25. Ja broÔme pìsoi
foithtèc eÐnai sto A ∪M kai pìsoi foithtèc eÐnai sto A ∩M .

Gia to A ∪M , eÔkola upologÐzoume ìti

|A ∪M | = |Ω| − |(A ∪M)′| = 50− 25 = 25.

Gia to A ∩M , apì thn grafik  anapar�stash sto Sq ma 1.5, parathroÔme pwc
|A∪M | = |A|+ |M | − |A∩M |, ìpou afairoÔme ta stoiqeÐa tou sunìlou A∩M gia
na mhn metrhjoÔn dÔo forèc. ParathroÔme epÐshc ìti èqoume brei |A ∪M | = 25, en¸
mac dÐnetai kai ìti |A| = 20 kai |M | = 10, �ra, |A ∩M | = 20 + 10− 25 = 5.
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1.3 Mètro Pijanìthtac

EÐmaste ètoimoi na d¸soume ènan austhr� majhmatikì orismì thc ènnoiac thc pijanìth-
tac. An kai, ek pr¸thc ìyewc, o orismìc faÐnetai dusnìhtoc kai polÔ apomakrusmènoc
ap' autì pou diaisjhtik� onom�zoume {pijanìthta}, ìpwc ja doÔme sta paradeÐgmata
pou akoloujoÔn, sthn pr�xh eÐnai polÔ aplìc kai eÔqrhstoc.

Orismìc 1.3. (Mètro pijanìthtac) 'Estw ènac deigmatikìc q¸roc Ω kai èstw F
to dunamosÔnolo tou Ω, dhlad  to sÔnolo pou èqei wc stoiqeÐa ìla ta endeqìmena
A ⊂ Ω (sumperilambanomènou kai tou kenoÔ sunìlou ∅). 'Ena mètro pijanìthtac eÐnai
mia sun�rthsh P : F → [0, 1] h opoÐa ikanopoieÐ tic parak�tw idiìthtec, pou kaloÔntai
axi¸mata twn pijanot twn:

1. (Pr¸to AxÐwma) P (A) ≥ 0 gia opoiod pote endeqìmeno A ∈ F .

2. (DeÔtero AxÐwma) P (Ω) = 1.

3. (TrÐto AxÐwma) An dÔo endeqìmena A,B ∈ F eÐnai xèna (dhlad  A ∩ B = ∅),
tìte

P (A ∪B) = P (A) + P (B).

Kai genikìtera, an A1, A2, . . . eÐnai mia opoiad pote (peperasmènh   ìqi) akolou-
jÐa xènwn endeqomènwn (dhlad  Ai ∩ Aj = ∅ gia k�je i 6= j), tìte

P (A1 ∪ A2 ∪ . . . ) = P (A1) + P (A2) + . . . .

Parathr seic

1. Ta pr¸ta dÔo axi¸mata eÐnai idiìthtec pou profan¸c prèpei na èqoun oi pija-
nìthtec. Pr�gmati, den mporeÐ h pijanìthta na sumbeÐ k�ti na eÐnai arnhtik .
Epiplèon, h pijanìthta na sumbeÐ otid pote prèpei na eÐnai 100%, dhlad  1.

2. To trÐto axÐwma eÐnai kai autì logikì, met� apì lÐgh skèyh. Gia par�deigma, èstw
pwc rÐqnoume èna z�ri, kai èstw o deigmatikìc q¸roc Ω = {1, 2, 3, 4, 5, 6}. 'Estw
pwc

P ({1, 2}) = 1/3,

P ({3, 4}) = 1/3,

P ({2, 3}) = 1/3.

Tìte, prèpei na isqÔei

P ({1, 2, 3, 4}) = P ({1, 2}∪{3, 4}) = P ({1, 2}) +P ({3, 4}) = 1/3 + 1/3 = 2/3,
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all� den eÐnai aparaÐthto na isqÔei

P ({1, 2, 3}) = P ({1, 2} ∪ {2, 3}) = P ({1, 2}) + P ({2, 3}) = 1/3 + 1/3 = 2/3.

MporeÐte na breÐte èna �nw kai èna k�tw fr�gma gia thn �nw pijanìthta?

3. O �nw orismìc eÐnai arketìc gia tic an�gkec tou maj matoc. Prèpei p�ntwc na
anaferjeÐ ìti se orismènec peript¸seic den eÐnai swstìc, kaj¸c mporeÐ na apodei-
qteÐ ìti an to Ω eÐnai mh arijm simo, tìte den up�rqei mètro pijanìthtac pou na
mporeÐ na oristeÐ sto dunamosÔnolo F , kai anagkastik� prèpei na perioristoÔme
se èna sÔnolo sunìlwn me mikrìtero mègejoc. To sugkekrimèno prìblhma eÐnai
austhr¸c metaptuqiakoÔ epipèdou, kai mporeÐte na to agno sete.

4. Mia meg�lh kathgorÐa problhm�twn mac dÐnei tic pijanìthtec k�poiwn endeqì-
menwn, kai zht� na upologÐsoume tic pijanìthtec �llwn. DeÐte to akìloujo
par�deigma.

Par�deigma 1.13. (TrÐa dÐktua) Se èna ergast rio plhroforik c leitourgoÔn trÐa
dÐktua, apì ta opoÐa èqoume parathr sei pwc sto prìsfato pareljìn

• 30% twn hmer¸n, toul�qiston èna dÐktuo den leitourgeÐ,

• 10% twn hmer¸n, akrib¸c dÔo den leitourgoÔn,

• 5% twn hmer¸n, den leitourgeÐ kanèna dÐktuo.

'Estw to tuqaÐo peÐrama thc parat rhshc tou poia dÐktua leitourgoÔn s mera.
Epilègoume ton deigmatikì q¸ro

Ω = {000, 001, 010, 011, 100, 101, 110, 111},

ìpou, gia par�deigma, to apotèlesma 011 shmaÐnei ìti leitourgoÔn to deÔtero kai to
trÐto dÐktuo.

'Estw Bi to endeqìmeno tou na leitourgoÔn akrib¸c i ap' ta trÐa dÐktua, gia i =
0, 1, 2, 3. Gia par�deigma, to B2 = {110, 101, 011} eÐnai to endeqìmeno na leitourgoÔn
akrib¸c dÔo dÐktua. Parathr ste pwc Ω =

⋃3
i=0Bi.

Apì tic upojèseic mac dikaiologoÔmaste na jèsoume ìti P (B0) = 5% = 0.05 kai
P (B1) = 10% = 0.1. Epiplèon, h pr¸th upìjesh mac lèei ìti P (B′3) = 30% = 0.3
(giatÐ?). All� poiec eÐnai oi pijanìthtec twn B2 kai B3?

Gia to B3 parathroÔme ìti, efìson to {leitourgoÔn kai ta trÐa dÐktua} eÐnai to
antÐjeto tou {toul�qiston èna den leitourgeÐ}, diaisjhtik� perimènoume na isqÔei ìti

P (B3) = 1− P (B′3) = 1− 0.3 = 0.7.
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Pr�gmati, mporoÔme na doÔme kai austhr� pwc afoÔ taB3 kaiB′3 eÐnai xèna kai epiplèon
B3 ∪B′3 = Ω, apì to trÐto axÐwma ja prèpei na èqoume

P (Ω) = P (B3 ∪B′3) = P (B3) + P (B′3)⇒ P (Ω) = P (B3) + P (B′3)

⇒ 1 = P (B3) + P (B′3)⇒ P (B3) = 1− P (B′3).

H deÔterh sunepagwg  proèkuye apì to deÔtero axÐwma.
Gia to B2 t¸ra, parathroÔme ìti to endeqìmeno B′3 tou na mhn leitourgeÐ toul�qi-

ston èna dÐktuo mporeÐ na ekfrasteÐ wc h ènwsh

B′3 = B0 ∪B1 ∪B2

ìpou ta B0, B1 kai B2 eÐnai ex orismoÔ xèna. 'Ara,

0.3 = P (B′3) = P (B0) + P (B1) + P (B2) = 0.05 + 0.1 + P (B2),

opìte brÐskoume pwc P (B2) = 0.15   15%.

Parathr seic

1. Parathr ste ìti qrhsimopoi same thn polÔ koin  sÔmbash ìti ìtan h pijanìthta
k�poiou endeqìmenou P (A) = a gr�foume kai P (A) = 100a%.

2. Sto �nw par�deigma, ìpwc kai se poll� �lla pou ja doÔme sth sunèqeia, up r-
qan kai �lloi trìpoi gia na orÐsoume ton deigmatikì q¸ro. Gia par�deigma, ja
mporoÔsame na jèsoume

Ω = {0, 1, 2, 3},
ìpou o arijmìc deÐqnei apl¸c ta dÐktua pou leitourgoÔn. Pwc ja perigr�fame
tìte ta endeqìmena Bi?

3. Epiplèon, ja mporoÔsame na upologÐsoume tic zhtoÔmenec pijanìthtec orÐzontac
men ta endeqìmenaBi me lìgia, all� qwrÐc na orÐsoume rht¸c ton deigmatikì q¸ro.
Sth sunèqeia, polÔ suqn� ja apofeÔgoume na orÐzoume rht¸c ton deigmatikì
q¸ro, ìtan autì den ja eÐnai aparaÐthto gia thn epÐlush tou paradeÐgmatoc.

4. Argìtera ja apodeÐxoume arketèc idiìthtec twn pijanot twn pou k�noun upolo-
gismoÔc ìpwc autoÔc tou prohgoÔmenou paradeÐgmatoc arket� grhgorìterouc.

Par�deigma 1.14. (DÐkaio z�ri) RÐqnoume èna {dÐkaio} z�ri. O deigmatikìc q¸roc
Ω = {1, 2, 3, 4, 5, 6}.

Efìson to z�ri eÐnai {dÐkaio}, apaitoÔme to antÐstoiqo mètro pijanìthtac P pou
perigr�fei autì to peÐrama na dÐnei thn Ðdia pijanìthta, dhlad  1/6, se k�je dunatì
stoiqei¸dec endeqìmeno, dhlad  na isqÔei P ({i}) = 1/6 gia k�je i = 1, . . . , 6. Oi
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pijanìthtec twn upoloÐpwn endeqìmenwn mporoÔn na prokÔyoun me qr sh tou trÐtou
axi¸matoc, afoÔ ìla touc mporoÔn na grafoÔn san ènwsh xènwn stoiqeiwd¸n endeqì-
menwn.

Gia par�deigma, orÐzoume ta endeqìmena

A = {zugì apotèlesma} = {2, 4, 6},
B = {monì apotèlesma} = {1, 3, 5}.

Gia na upologÐsoume thn pijanìthta tou endeqomènou A (h opoÐa diaisjhtik� eÐnai
{profan¸c} Ðsh me 1/2), parathroÔme pwc

A = {2} ∪ {4} ∪ {6}

kai pwc ìla ta stoiqei¸dh endeqìmena eÐnai xèna metaxÔ touc. 'Ara apì to trÐto axÐwma
èqoume

P (A) = P ({2}∪ {4}∪ {6}) = P ({2}) +P ({4}) +P ({6}) = 1/6 + 1/6 + 1/6 = 1/2.

ParomoÐwc upologÐzoume thn pijanìthta tou monoÔ apotelèsmatoc:

P (B) = P ({1}∪ {3}∪ {5}) = P ({1}) +P ({3}) +P ({5}) = 1/6 + 1/6 + 1/6 = 1/2.

Parat rhsh: Sto ex c, gia ta stoiqei¸dh endeqìmena {ω} ja gr�foume kai P (ω)
ektìc apì P ({ω}).
Par�deigma 1.15. ('Adiko z�ri) H �nw epilog  gia tic pijanìthtec twn stoiqeiw-
d¸n endeqomènwn eÐnai Ðswc aut  pou antistoiqeÐ pio kont� sthn pragmatikìthta, all�
den eÐnai h mình pou eÐnai apodekt  apì thn JewrÐa Pijanot twn. Mia �llh eÐnai na
epilèxoume, gia tic pijanìthtec twn stoiqeiwd¸n endeqìmenwn, tic akìloujec pijanì-
thtec:

P (1) = P (3) = P (5) = 0, P (2) = P (4) = P (6) = 1/3.

EpÐshc, gia ìla ta �lla endeqìmena epilègoume thn pijanìthta pou prokÔptei me e-
farmog  tou trÐtou axi¸matoc.

Par�deigma 1.16. (DÔo zarièc) RÐqnoume èna z�ri 2 forèc, opìte o deigmatikìc
q¸roc Ω apoteleÐtai apì ta 36 dunat� apotelèsmata:

Ω = {11, 12, 13, 14, 15, 16,

21, 22, . . . . . . , 26,
...

...
...

61, 62, . . . . . . , 66}.
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1. 'Opwc kai sto Par�deigma 1.14, an h zari� eÐnai dÐkaih logik� upojètoume ìti
to kajèna apì ta 36 apotelèsmata èqei thn Ðdia pijanìthta, dhlad  1/36. Ja
upologÐsoume thn pijanìthta twn ex c endeqomènwn:

A = {assìduo} = {12, 21},
B = {ex�rec} = {66},
C = {6 thn pr¸th for�} = {61, 62, 63, 64, 65, 66},
D = {�jroisma 6} = {15, 24, 33, 42, 51}.

Gia to A èqoume, apì tic pio p�nw upojèseic,

P (A) = P ({12, 21}) = P
(
{12} ∪ {21}

)
= P (12) + P (21)

=
1

36
+

1

36
=

1

18
' 0.0555,

ìpou kai p�li qrhsimopoi same to gegonìc ìti ta stoiqei¸dh apotelèsmata eÐnai
p�ntote xèna metaxÔ touc. Gia to B apl¸c èqoume P (B) = P (66) = 1/36, �ra
up�rqei dipl�sia pijanìthta na fèroume assìduo ap' to na fèroume ex�rec.

Me thn Ðdia logik , gia to C èqoume

P (C) = P
(
{61} ∪ {62} ∪ {63} ∪ {64} ∪ {65} ∪ {66}

)
= P (61) + P (62) + P (63) + P (64) + P (65) + P (66)

= 6/36 = 1/6,

dhlad  mìlic apodeÐxame to diaisjhtik� profanèc � ìti h pijanìthta tou na fè-
roume 6 thn pr¸th for� eÐnai 1/6. Kai akolouj¸ntac p�li thn Ðdia logik , eÔkola
upologÐzoume ìti, efìson to D apoteleÐtai apì 5 stoiqeÐa kai ìla ta apotelè-
smata eÐnai isopÐjana, P (D) = 5/36.

2. An h zari� den eÐnai dÐkaih, tìte ja prèpei na d¸soume se k�je èna apì ta a-
potelèsmata diaforetik  barÔthta, an�loga me thn diaÐsjhs  mac gia to ti eÐnai
logikì sto sugkekrimèno prìblhma. Gia par�deigma, mporoÔme na upojèsoume
pwc

P (11) = P (22) = · · · = P (66) =
1

18
,

P (ij) =
1

45
, i 6= j,

upologÐzontac tic pijanìthtec ìlwn twn �llwn endeqìmenwn mèsw tou trÐtou
axi¸matoc. H sugkekrimènh epilog  ja  tan kat�llhlh an, gia par�deigma, mo-
ntelopoioÔsame ta apotelèsmata twn zari¸n enìc paÐkth pou {tsimp�ei} ta z�ria
kai fèrnei diplèc pio suqn� apì �llec zarièc.
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Parat rhsh: Ta ParadeÐgmata 1.14, 1.15, 1.16 genikeÔontai sta akìlouja 2 l m-
mata. To pr¸to apì ta l mmata èqei efarmog  se peir�mata me peperasmèno pl joc
apotelesm�twn pou jèloume na montelopoi soume wc isopÐjana. To deÔtero èqei
efarmog  se peir�mata me peperasmèno pl joc apotelesm�twn, all� ìpou k�poia a-
potelèsmata prèpei na montelopoihjoÔn wc pio pijan� apì �lla.

L mma 1.2. (Omoiìmorfo mètro pijanìthtac se peperasmènouc deigmatikoÔc q¸-
rouc) 'Estw deigmatikìc q¸roc Ω = {ω1, ω2, . . . , ωn} me |Ω| = n apotelèsmata. An
jèsoume

P (A) =
|A|
|Ω| , ∀A ⊆ Ω,

kai, sunep¸c,

P (ωi) =
1

|Ω| , ∀i = 1, 2, . . . , n,

tìte h sun�rthsh P ìpwc èqei oristeÐ eÐnai mètro pijanìthtac, dhlad  ikanopoieÐ ta
axi¸mata twn pijanot twn.

Apìdeixh. Katarq n, eÐnai profanèc ìti ìlec oi pijanìthtec, ìpwc orÐsthkan, eÐnai mh
arnhtikèc. 'Ara ikanopoieÐtai to pr¸to axÐwma. Epiplèon, eidik� gia to Ω, èqoume
P (Ω) = |Ω|

|Ω| = 1. 'Ara ikanopoieÐtai kai to deÔtero axÐwma. 'Estw t¸ra dÔo xèna
endeqìmena A1, A2. AfoÔ eÐnai xèna, dhlad  den èqoun koin� stoiqeÐa, ja prèpei |A1∪
A2| = |A1|+ |A2|. 'Ara:

P (A1 ∪ A2) =
|A1 ∪ A2|
|Ω| =

|A1|
|Ω| +

|A2|
|Ω| = P (A1) + P (A2),

kai epalhjeÔsame kai to trÐto axÐwma gia thn perÐptwsh dÔo endeqìmenwn. H genÐkeush
sthn perÐptwsh perissìterwn endeqìmenwn eÐnai apl .

L mma 1.3. (AujaÐreto mètro pijanìthtac se peperasmènouc deigmatikoÔc q¸rouc)
'Estw deigmatikìc q¸roc Ω = {ω1, ω2, . . . , ωn} me |Ω| = n apotelèsmata. 'Estw
opoiod pote sÔnolo arijm¸n pi, i = 1, . . . , n, ìpou

pi ≥ 0, i = 1, . . . , n,
n∑
i=1

pi = 1.

An jèsoume

P (A) =
∑

i: ωi∈A
pi,
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kai sunep¸c
P (ωi) = pi, i = 1, . . . , n,

tìte h sun�rthsh P ìpwc èqei oristeÐ eÐnai mètro pijanìthtac, dhlad  ikanopoieÐ ta
axi¸mata twn pijanot twn.

Apìdeixh. Katarq n, eÐnai profanèc ìti ìlec oi pijanìthtec eÐnai mh arnhtikèc. 'Ara
ikanopoieÐtai to pr¸to axÐwma. Epiplèon, eidik� gia to Ω, èqoume

P (Ω) =
∑

i: ωi∈Ω

pi =
n∑
i=1

pi = 1.

'Ara ikanopoieÐtai kai to deÔtero axÐwma. 'Estw t¸ra dÔo xèna endeqìmena A1, A2. Ja
èqoume:

P (A1 ∪ A2) =
∑

i: ωi∈A1∪A2

pi =
∑

i: ωi∈A1

pi +
∑

i: ωi∈A2

pi = P (A1) + P (A2).

kai epalhjeÔsame kai to trÐto axÐwma gia thn perÐptwsh dÔo endeqìmenwn. (Parathr -
ste ìti sth deÔterh isìthta qrhsimopoi same to ìti ta A1, A2 eÐnai xèna.) H genÐkeush
sthn perÐptwsh perissìterwn endeqìmenwn eÐnai apl .

Par�deigma 1.17. (PerÐerga z�ria) 'Estw èna (ìqi aparaÐthta dÐkaio) z�ri gia to
opoÐo gnwrÐzoume ìti h pijanìthta na èrjei 1   2 eÐnai 1/3, en¸ h pijanìthta na èrjei
2   3 eÐnai epÐshc 1/3. Poia eÐnai h mègisth dunat  kai h el�qisth dunat  tim  gia
thn pijanìthta na èrjei 2, lamb�nontac upìyin ìla ta dunat� mètra pijanìthtac pou
up�rqoun?

Gia na apant soume to er¸thma, èstw o deigmatikìc q¸roc Ω = {1, 2, 3, 4, 5, 6},
kai èstw P to mètro pijanìthtac pou perigr�fei tic pijanìthtec autoÔ tou zarioÔ.
Mac èqei dojeÐ ìti:

P ({1, 2}) = P (1) + P (2) = 1/3, P ({2, 3}) = P (2) + P (3) = 1/3.

Gia to k�tw fr�gma, profan¸c èqoume P (2) ≥ 0, kai h tim  P (2) = 0 eÐnai efikt 
an epilèxoume, gia par�deigma, wc mètro pijanìthtac to

P (1) = P (3) = P (5) = 1/3, P (2) = P (4) = P (6) = 0,

pou eÐnai sumbatì me ta dedomèna tou probl matoc.
Gia to �nw fr�gma, parathroÔme ìti ja prèpei h pijanìthta tou 2 eÐnai to polÔ Ðsh

me thn pijanìthta tou endeqìmenou na èrjei 1   2, pou eÐnai 1/3. (Apì poia exÐswsh
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prokÔptei autì?) Autì to �nw fr�gma eÐnai efiktì kai epitugq�netai, gia par�deigma,
gia to akìloujo mètro pijanìthtac:

P (1) = P (3) = 0, P (2) = P (4) = 1/3, P (5) = P (6) = 1/6.

Parathr ste ìti ta pio p�nw mètra pijanìthtac ikanopoioÔn ìla ta axi¸mata pi-
janot twn, kai epomènwc eÐnai {apodekt�}. To kat� pìso ja eÐnai qr sima, exart�tai
apì to pìso antapokrÐnontai sthn pragmatikìthta, kai mporoÔme sunep¸c na ta qrh-
simopoi soume wc montèla. (Apì aut  thn �poyh, stic perissìterec peript¸seic den
eÐnai apodekt�, kaj¸c ta perissìtera z�ria antapokrÐnontai stic sunj kec P (i) ' 1/6
gia k�je 1 ≤ i ≤ 6.)

Parat rhsh: To epìmeno par�deigma deÐqnei pwc ja mporoÔsame na orÐsoume èna
mètro pijanìthtac se èna mh peperasmèno deigmatikì q¸ro.

Par�deigma 1.18. (TuqaÐa sun�nthsh) O StaÔroc kai o Gi�nnhc èqoun orÐsei
na sunanthjoÔn se èna mpar. O StaÔroc èqei èrjei sthn ¸ra tou, all� gia ton
Gi�nnh gnwrÐzoume ìti mporeÐ na emfanisteÐ opoiad pote stigm  mèsa stic epìmenec
dÔo ¸rec, qwrÐc protÐmhsh se k�poia stigm    di�sthma. JewroÔme tuqaÐo peÐrama thn
�fixh tou Gi�nnh, kai orÐzoume wc deigmatikì q¸ro to di�sthma Ω = [0, 2]. OrÐzoume
ta endeqìmena A = [0, 1] o Gi�nnhc na èrjei entìc thc pr¸thc ¸rac, B = [3/2, 2]
o Gi�nnhc na èrjei entìc tou teleutaÐou mis�wrou, kai C = [1/2, 2] o Gi�nnhc na
èrjei me toul�qiston mis  ¸ra kajustèrhsh. Ja upologÐsoume tic pijanìthtec twn
endeqìmenwn A, B, C, A ∩B, A ∩ C, B ∩ C, A ∪B, A ∪ C, B ∪ C.

Epeid  o Gi�nnhc den èqei protÐmhsh se k�poio di�sthma, eÐnai logikì na upojèsoume
ìti h pijanìthta enìc opoioud pote diast matoc E eÐnai an�logh tou m kouc tou,
`(E). Prokeimènou na eÐnai h pijanìthta ìlou tou deigmatikoÔ q¸rou Ω Ðsh me th
mon�da, prokÔptei ìti prèpei P (E) = `(E)/2. An jèloume na upologÐsoume thn
pijanìthta opoioud pote �llou sunìlou, to gr�foume wc ènwsh xènwn diasthm�twn,
kai efarmìzoume to trÐto axÐwma. 'Eqoume ìti

A = [0, 1] ⇒ P (A) = 1/2,

B = [3/2, 2] ⇒ P (B) = 1/4,

C = [1/2, 2] ⇒ P (C) = 3/4,

Epiplèon,

A ∩B = ∅ ⇒ P (A ∩B) = 0,

A ∩ C = [1/2, 1] ⇒ P (A ∩ C) = 1/4,

B ∩ C = [3/2, 2] ⇒ P (B ∩ C) = 1/4.
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A

0 21

B

0 21

C

0 21

A∩B

0 21

A∩C

0 21 0 21

B∩C

A   B

0 21

A   C

0 21 0 21

B   C

∩ ∩ ∩

Sq ma 1.6: Par�deigma 1.18.

Tèloc,

P (A ∪B) = P ([0, 1] ∪ [3/2, 2]) = P ([0, 1]) + P ([3/2, 2]) = 1/2 + 1/4 = 3/4,

P (A ∪ C) = P ([0, 1] ∪ [1/2, 2]) = P ([0, 2]) = 1.

P (B ∪ C) = P ([3/2, 2] ∪ [1/2, 2]) = P ([1/2, 2]) = 3/4.

'Ola ta pio p�nw endeqìmena emfanÐzontai sto Sq ma 1.6.
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1.4 Idiìthtec Pijanot twn

Xekin¸ntac apì ta trÐa axi¸mata twn pijanot twn mporoÔme na apodeÐxoume mia seir�
apì idiìthtec, ìlec diaisjhtik� anamenìmenec.

L mma 1.4. (Idiìthtec pijanot twn) 'Estw Ω ènac deigmatikìc q¸roc kai P èna mè-
tro pijanìthtac. Sta akìlouja, A,B,C eÐnai endeqìmena tou Ω. IsqÔoun oi akìloujec
idiìthtec:

1. P (A′) = 1− P (A).

2. P (∅) = 0.

3. P (A) ≤ 1.

4. A ⊆ B ⇒ P (A) ≤ P (B).

5. P (A ∩B′) = P (A)− P (A ∩B).

6. P (A ∪B) = P (A) + P (B)− P (A ∩B).

7. P (A ∪B) ≤ P (A) + P (B). (Gnwst  wc Fr�gma thc 'Enwshc)

8. P (A ∪B ∪ C) = P (A) + P (A′ ∩B) + P (A′ ∩B′ ∩ C).

9.

P (A ∪B ∪ C) = P (A) + P (B) + P (C)− P (A ∩B)−
P (A ∩ C)− P (B ∩ C) + P (A ∩B ∩ C).

Apìdeixh. 1.

1 = P (Ω) = P (A ∪ A′) = P (A) + P (A′)⇒ P (A′) = 1− P (A).

2.
P (∅) = 1− P (∅′) = 1− P (Ω) = 0.

3. ProkÔptei apì to pr¸to skèloc, afoÔ h P (A′) eÐnai mh arnhtik  (lìgw tou pr¸tou
axi¸matoc).

4. ParathroÔme pwc B = A ∪ (B ∩ A′). Pr�gmati, eÔkola mporoÔme na deÐxoume
pwc to èna sÔnolo eÐnai uposÔnolo tou �llou kai antistrìfwc. Epiplèon, ta A,
B ∩A′ eÐnai xèna metaxÔ touc (exet�ste thn tom  touc gia na bebaiwjeÐte). 'Ara:

P (B) = P (A ∪ (B ∩ A′)) = P (A) + P (B ∩ A′).
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H deÔterh isìthta prokÔptei apì to trÐto axÐwma. Epeid  P (B ∩ A′) ≥ 0 (apì
to pr¸to axÐwma), prokÔptei to zhtoÔmeno.

5. ArkeÐ na parathr soume pwc A = (A∩B)∪ (A∩B′), kai pwc ta A∩B, A∩B′
eÐnai xèna.

6. ParathroÔme pwc A∪B = A∪ (A′ ∩B). Epiplèon, ta A, A′ ∩B eÐnai xèna, �ra
ja isqÔei

P (A ∪B) = P (A ∪ (A′ ∩B)) = P (A) + P (A′ ∩B).

Epiplèon, apì to prohgoÔmeno skèloc,

P (A′ ∩B) = P (B)− P (A ∩B).

Sundu�zontac tic �nw dÔo exis¸seic prokÔptei to zhtoÔmeno.

7. ProkÔptei �mesa apì thn prohgoÔmenh.

8. ArkeÐ na parathr soume pwc A∪B ∪C = A∪ (A′∩B)∪ (A′∩B′∩C), kai pwc
ta A, A′ ∩B, A′ ∩B′ ∩ C eÐnai xèna.

9. ParathroÔme pwc:

P (A ∪B ∪ C) = P (A ∪ (B ∪ C))

= P (A) + P (B ∪ C)− P (A ∩ (B ∪ C))

= P (A) + P (B) + P (C)− P (B ∩ C)

−P ((A ∩B) ∪ (A ∩ C))

= P (A) + P (B) + P (C)− P (B ∩ C)

−P (A ∩B)− P (A ∩ C) + P ((A ∩B) ∩ (A ∩ C))

= P (A) + P (B) + P (C)− P (A ∩B)

−P (A ∩ C)− P (B ∩ C) + P (A ∩B ∩ C).

Parathr seic

1. BebaiwjeÐte ìti mporeÐte na dikaiolog sete ìla ta b mata twn �nw apodeÐxewn.

2. BebaiwjeÐte ìti mporeÐte na d¸sete mia diaisjhtik  ex ghsh gia ìlec tic idiìthtec.

3. Orismènec ek twn �nw genikeÔontai kai gia thn perÐptwsh n endeqìmenwn. Mpo-
reÐte na k�nete tic genikeÔseic?
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ΩΩ Ω

A

B

A B
A

B

C

Sq ma 1.7: Merik� diagr�mmata Venn gia to L mma 1.4.

4. 'Olec oi �nw idiìthtec, mporoÔn an perigrafoÔn kai me diagr�mmata Venn, ta opoÐa
se pollèc peript¸seic deÐqnoun to drìmo gia thn austhr  apìdeixh. EpÐklhsh ì-
mwc se di�gramma Venn DEN eÐnai austhr  apìdeixh. Orismèna diagr�mmata Venn
pou antistoiqoÔn se k�poiec apì tic �nw idiìthtec up�rqoun sto Sq ma 1.7. Mpo-
reÐte na breÐte poio di�gramma antistoiqeÐ poÔ? MporeÐte na fti�xete diagr�mmata
gia tic upìloipec idiìthtec?

5. To sÔnolo A∩B′ perilamb�nei ìla ta stoiqeÐa tou A an afairèsoume ta stoiqeÐa
tou B, gi' autì suqn� kaleÐtai h diafor� tou B apì to A, kai sumbolÐzetai A−B.

6. Sta akìlouja, prokeimènou na èqoume pio sunoptikoÔc tÔpouc, merikèc forèc ja
paraleÐpoume na gr�foume to sÔmbolo thc tom c, kai ja to uponooÔme. Dhlad :
A ∩ B = AB. Parathr ste ìti k�ti an�logo gÐnetai kai me thn pr�xh tou
pollaplasiasmoÔ. Gia par�deigma, èqoume thn akìloujh idiìthta:

P (A∪B∪C) = P (A)+P (B)+P (C)−P (AB)−P (AC)−P (BC)+P (ABC).

Par�deigma 1.19. ('Enac deigmatikìc q¸roc me 3 stoiqeÐa) 'Ena tuqaÐo peÐrama
èqei deigmatikì q¸ro Ω = {a, b, c}. 'Estw pwc k�poio mètro pijanìthtac P ikanopoieÐ
tic sqèseic, P ({a, c}) = 9/16, P ({a, b}) = 3/4. Ja upologÐsoume tic pijanìthtec
ìlwn twn stoiqeiwd¸n endeqomènwn. Ta apotelèsmata eÐnai xèna metaxÔ touc, sunep¸c
h pijanìthta thc ènws c touc isoÔtai me to �jroisma twn pijanot twn touc:

P ({a, c}) = P ({a} ∪ {c}) =
9

16
⇒ P (a) + P (c) =

9

16
.

OmoÐwc prokÔptei ìti:

P (a) + P (b) =
3

4
.
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Tèloc, o deigmatikìc q¸roc Ω èqei P (Ω) = 1, sunep¸c èqoume:

P (a) + P (b) + P (c) = P ({a} ∪ {b} ∪ {c}) = P (Ω) = 1.

Oi treic �nw exis¸seic sqhmatÐzoun èna grammikì sÔsthma exis¸sewn 3 × 3 wc proc
P (a), P (b), P (c), me monadik  lÔsh:

P (a) =
5

16
, P (b) =

7

16
, P (c) =

1

4
.

Par�deigma 1.20. (Ti lène oi pijanojewrÐstec sta paidi� touc) Sthn Attik , to
95% twn egklhm�twn sumbaÐnei th nÔqta, kai to 54% sumbaÐnei mèsa sthn Aj na. An
mìno 2% twn egklhm�twn sumbaÐnoun mèra sthn Aj na, ti posostì sumbaÐnei nÔqta
sthn Aj na? Ti posostì sumbaÐnei nÔqta èxw apì thn Aj na?

Gia na apant soume ta erwt mata, orÐzoume wc deigmatikì q¸ro Ω to sÔnolo ìlwn
twn egklhm�twn pou mporoÔn na sumboÔn sthn Attik , wc A to endeqìmeno èna èg-
klhma na ègine sthn Aj na, kai wc N to endeqìmeno to ègklhma na ègine nÔqta. Mac
dÐnetai ìti

P (N) = 0.95, P (A) = 0.54, P (N ′ ∩ A) = 0.02,

kai zhtoÔntai oi pijanìthtec P (N ∩ A) kai P (N ∩ A′).
ParathroÔme ìti

P (N ∩ A) = P (A)− P (N ′ ∩ A) = 0.52.

OmoÐwc,
P (N ∩ A′) = P (N)− P (N ∩ A) = 0.95− 0.52 = 0.43.

MporeÐte na breÐte poia (  poiec) apì tic idiìthtec tou L mmatoc 1.4 qrhsimopoi same?

Par�deigma 1.21. (Pijanìthta gia akrib¸c èna endeqìmeno) 'Estw A kai B dÔo
endeqìmena. 'Estw to endeqìmeno C na pragmatopoieÐtai mìno èna ek twn A,B. Ja
upologÐsoume thn pijanìtht� tou. ParathroÔme katarq n pwc C = (A∩B′)∪(A′∩B).
'Omwc, C ∪ (A ∩B) = A ∪B, kai C ∩ (A ∩B) = ∅. Sunep¸c,

P (A ∪B) = P (C ∪ (A ∩B)) = P (C) + P (A ∩B).

Epiplèon, èqoume th gnwst  isìthta

P (A ∪B) = P (A) + P (B)− P (A ∩B).

Sundu�zontac tic dÔo �nw exis¸seic, prokÔptei telik� pwc

P (C) = P (A) + P (B)− 2P (A ∩B).

To apotèlesma eÔkola mporeÐ na aitiologhjeÐ kai diaisjhtik�, me qr sh diagr�mmatoc
Venn. DeÐte to Sq ma 1.8.
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A B

A∩B’ A’∩B

Sq ma 1.8: Par�deigma 1.21.

Par�deigma 1.22. (Fr�gma thc 'Enwshc) Ja deÐxoume to fr�gma thc ènwshc (u-
nion bound) gia thn perÐptwsh n sunìlwn A1, A2, . . . , An:

P

(
n⋃
i=1

Ai

)
≤

n∑
i=1

P (Ai).

'Estw ta endeqìmena

Bi = Ai ∩
(
i−1⋂
k=1

A′k

)
.

ParathroÔme ìti to endeqìmeno Bi perilamb�nei ìla ta apotelèsmata pou perièqei to
Ai all� kanèna Ak me k < i. Epiplèon, parathroÔme ìti ta Bi eÐnai xèna metaxÔ touc.
Pr�gmati, an i < j, apì ton trìpo pou orÐsthkan prokÔptei ìti to Bi eÐnai uposÔnolo
tou Ai, en¸ to Bj eÐnai uposÔnolo tou A′i. Apì thn �llh,

n⋃
i=1

Ai =
n⋃
i=1

Bi.

Pr�gmati, èstw x ∈ ∪ni=1Bi. Tìte x ∈ Bi gia k�poio i, �ra apì ton orismì tou Bi ja
èqoume x ∈ Ai, �ra x ∈ ∪ni=1Ai. 'Estw apì thn �llh pwc x ∈ ⋃n

i=1Ai. Tìte x ∈ Ai

gia orismèna i. Ac p�roume to mikrìtero apì aut�. Tìte, apì thn kataskeu  tou Bi,
ja èqoume x ∈ Bi, �ra kai x ∈ ⋃n

i=1Bi.
Telik� prokÔptei:

P

(
n⋃
i=1

Ai

)
= P

(
n⋃
i=1

Bi

)
=

n∑
i=1

P (Bi) ≤
n∑
i=1

P (Ai),

kai apodeÐqthke to zhtoÔmeno. H deÔterh isìthta prokÔptei apì to gegonìc ìti ta Bi

eÐnai xèna, kai h anisìthta apì to ìti Bi ⊆ Ai ⇒ P (Bi) ≤ P (Ai).
MporeÐte na apodeÐxete to fr�gma thc ènwshc qrhsimopoi¸ntac, antÐ gia thn �nw

mèjodo, epagwg ?
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Kef�laio 2

Sunduastik 

'Opwc eÐdame se k�poia paradeÐgmata tou prohgoÔmenou kefalaÐou, suqn� sunant�me
peript¸seic ìpou ta apotelèsmata enìc tuqaÐou peir�matoc me deigmatikì q¸ro Ω èqoun
peperasmèno pl joc |Ω| kai jèloume na ta montelopoi soume wc isopÐjana. Se autèc
tic peript¸seic mporeÐ na efarmosteÐ to L mma 1.2, sÔmfwna me to opoÐo, se èna tètoio
tuqaÐo peÐrama, h pijanìthta enìc endeqìmenou A pou perilamb�nei |A| apotelèsmata
eÐnai

P (A) =
|A|
|Ω| .

Par�deigma 2.1. RÐqnoume diadoqik� dÔo z�ria. O deigmatikìc q¸roc perilamb�nei
ta akìlouja 36 apotelèsmata, pou jewroÔme isopÐjana:

Ω = {11, 12, 13, 14, 15, 16,

21, 22, . . . . . . , 26,
...

...
...

61, 62, . . . . . . , 66}.

Poia eÐnai h pijanìthta tou endeqìmenou A na fèroume toul�qiston èna 5? Para-
throÔme pwc

A = {15, 25, 35, 45, 55, 65, 51, 52, 53, 54, 56} ⇒ |A| = 11⇒ P (A) =
|A|
|Ω| =

11

36
.

Sto �nw par�deigma,  tan aplì na upologÐsoume to mègejoc twn emplekìmenwn
sunìlwn. Genik� ìmwc, h aparÐjmhsh twn stoiqeÐwn enìc sunìlou den eÐnai profan c.
H Sunduastik  eÐnai o majhmatikìc tomèac pou mac prosfèrei akrib¸c ta ergaleÐa pou
qreiazìmaste gia autoÔc touc upologismoÔc. Pio k�tw ja doÔme mia seir� apì sqetik�
apl� apotelèsmata thc Sunduastik c, kai mèsa apì paradeÐgmata ja deÐxoume me poiouc
trìpouc aut� ta apotelèsmata qrhsimopoioÔntai gia thn ap�nthsh erwthm�twn se
probl mata pijanot twn. ShmeÐo ekkÐnhshc eÐnai h akìloujh apl  parat rhsh:

27
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L mma 2.1. (Pollaplasiastik  Arq ) 'Otan ekteloÔntai diadoqik� dÔo peir�mata,
ek twn opoÐon to pr¸to èqei N dunat� apotelèsmata kai to deÔtero èqei M dunat�
apotelèsmata, tìte to nèo, sÔnjeto peÐrama èqei M × N dunat� apotelèsmata. Kai
pio genik�, an ektelestoÔn diadoqik� k peir�mata, kajèna me N1, N2, . . . , Nk dunat�
apotelèsmata, tìte to nèo, sÔnjeto peÐrama èqeiN1×N2×. . .×Nk dunat� apotelèsmata.

Par�deigma 2.2. 1. Efìson h rÐyh enìc zarioÔ èqei 6 dunat� apotelèsmata, oi
dÔo diadoqikèc rÐyeic èqoun 6× 6 = 36 dunat� apotelèsmata, oi treic diadoqikèc
rÐyeic èqoun 6 × 6 × 6 = 216 dunat� apotelèsmata, kai genik� oi k diadoqikèc
rÐyeic èqoun 6k dunat� apotelèsmata.

2. Epilègoume ènan apì touc 5 upologistèc enìc ergasthrÐou (5 dunat� apotelè-
smata) kai apofasÐzoume na tou egkatast soume leitourgikì sÔsthma Windows
  Linux (2 dunat� apotelèsmata). Sunolik� up�rqoun 5× 2 = 10 dunat� apote-
lèsmata.

3. B�zoume se seir� 4 biblÐa. 'Eqoume 4 epilogèc gia to pr¸to biblÐo, 3 epilogèc
gia to deÔtero, 2 gia to trÐto, kai 1 mìno gia to teleutaÐo. 'Ara sunolik� èqoume
4 × 3 × 2 = 24 trìpouc gia na b�loume 4 biblÐa sth seir�. Parathr ste ìti se
aut  thn perÐptwsh, k�je peÐrama pou diex�getai ephre�zei ta peir�mata pou ja
akolouj soun (kai gia thn akrÐbeia, poia eÐnai ta dunat� touc apotelèsmata).
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2.1 Diat�xeic

Orismìc 2.1. (Diat�xeic kai metajèseic) 'Estw èna sÔnolo X pou apoteleÐtai apì
peperasmèno pl joc stoiqeÐwn |X| = N . KaloÔme di�taxh k�je diatetagmènh k-�da
stoiqeÐwn tou X, diakrit¸n metaxÔ touc. Prèpei k ≤ N . KaloÔme met�jesh k�je
diatetagmènh N -�da stoiqeÐwn.

Par�deigma 2.3. Se èna ag¸na pou summetèqoun 100 ajlhtèc, pìsec dunatèc dia-
t�xeic up�rqoun gia tic pr¸tec treic jèseic? MporoÔme na fantastoÔme ìti ekteloÔme
trÐa diadoqik� peir�mata. To pr¸to peÐrama, pou eÐnai o kajorismìc thc pr¸thc jè-
shc, èqei 100 apotelèsmata. To deÔtero peÐrama èqei 99 apotelèsmata (afoÔ èqoun
meÐnei plèon 99 ajlhtèc na diagwnÐzontai gia thn deÔterh jèsh). To trÐto èqei 98
apotelèsmata. 'Ara èqoume 100× 99× 98 = 970200 diat�xeic.

EpÐshc, pìsec dunatèc katat�xeic kai gia touc 100 ajlhtèc, dhlad  metajèseic,
up�rqoun? Ja ektelèsoume t¸ra 100 diadoqik� peir�mata. Gia thn pr¸th jèsh èqoume
100 epilogèc. Gia thn deÔterh jèsh èqoume 99 epilogèc, k.o.k. 'Etsi, efarmìzontac
thn pollaplasiastik  arq , èqoume

100× 99× 98× · · · × 3× 2× 1 = 100!

dunatèc metajèseic, dhlad  100! dunatoÔc trìpouc pou mporoÔn na diataqjoÔn 100
�toma.

Parat rhsh: JumÐzoume pwc gia k�je akèraio arijmì N ≥ 1 to {N paragontikì}
sumbolÐzetai wc N ! kai orÐzetai wc to ginìmeno N ! = N(N − 1) . . . 2× 1. EpÐshc, gia
lìgouc eukolÐac orÐzoume sumbatik� to 0! = 1.

L mma 2.2. (Pl joc diat�xewn/metajèsewn) To pl joc ìlwn twn dunat¸n diat�-
xewn k ≤ N antikeimènwn pou epilègontai apì N antikeÐmena isoÔtai me:

(N)k , N(N − 1) . . . (N − k + 1) =
N !

(N − k)!
.

Sunep¸c, up�rqoun N ! dunatèc metajèseic N antikeimènwn.

Apìdeixh. MporoÔme na fantastoÔme thn epilog  thc di�taxhc wc thn ektèlesh diado-
qik¸n peiram�twn. 'Eqoume N epilogèc gia to pr¸to peÐrama pou eÐnai h epilog  tou
pr¸tou antikeimènou, (N−1) gia to deÔtero peÐrama, k.o.k., mèqri to peÐrama k, gia to
opoÐo èqoume (N − k + 1) epilogèc. 'Ara apì thn pollaplasiastik  arq , brÐskoume
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pwc to pl joc twn diat�xewn eÐnai

N(N − 1) . . . (N − k + 2)(N − k + 1) =
N(N − 1) . . . (N − k + 1)(N − k)!

(N − k)!

=
N !

(N − k)!
.

'Otan k = N , o �nw tÔpoc dÐnei N ! metajèseic.

Par�deigma 2.4. 'Estw ìti èqoume mia sunhjismènh tr�poula 52 fÔllwn. Apì to
L mma 2.2 up�rqoun 52! ' 8× 1067 dunatèc metajèseic gia ta fÔlla thc tr�poulac!

An epilèxoume 3 fÔlla sthn tÔqh, pìsec dunatèc (diatetagmènec) tri�dec up�rqoun?
Apì to Ðdio l mma, to pl joc touc eÐnai

|Ω| = 52!

(52− 3)!
=

52× 51× 50× 49!

49!
= 52× 51× 50 = 132600.

An upojèsoume t¸ra ìti h epilog  twn tri¸n fÔllwn eÐnai entel¸c tuqaÐa,  ,
pio austhr�, ìti ìla ta apotelèsmata tou peir�matoc thc diadoqik c epilog c tri¸n
fÔllwn eÐnai isopÐjana, poia eÐnai h pijanìthta tou endeqomènou A na epilèxoume treic
�ssouc? Efarmìzontac to L mma 1.2, h pijanìthta eÐnai

P (A) =
|A|
|Ω| .

Prèpei loipìn na upologÐsoume to pl joc |A|, afoÔ to |Ω| mac eÐnai gnwstì. Fan-
tasteÐte ìti ekteleÐtai èna nèo peÐrama, sto opoÐo epilègontai diadoqik� 3 �ssoi a-
n�mesa se 4. Ta apotelèsmata autoÔ tou peir�matoc, me qr sh tou L mmatoc 2.2,
èqoun pl joc 4!

(4−3)! . Parathr ste ìmwc pwc ta apotelèsmata tou nèou peir�matoc
tautÐzontai me ta apotelèsmata tou arqikoÔ peir�matoc pou an koun sto A. 'Ara,
|A| = 4!

(4−3)! = 4!/1! = 24, kai telik�

P ({epilèxame 3 �ssouc}) = P (A) =
|A|
|Ω| =

24

132600
=

1

5525
' 0.02%.
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2.2 SunduasmoÐ

Orismìc 2.2. (SunduasmoÐ) 'Estw èna sÔnolo X pou apoteleÐtai apì peperasmèno
pl joc stoiqeÐwn |X| = N . KaloÔme sunduasmì (  mh-diatetagmènh epilog ) k�je
mh diatetagmènh k-�da stoiqeÐwn tou X, diakrit¸n metaxÔ touc. Prèpei k ≤ N .

Par�deigma 2.5. 1. Epilègoume 2 apì 4 biblÐa gia na p�roume mazÐ mac stic
diakopèc. An ta biblÐa eÐnai ta A, B, C, D, tìte oi dunatoÐ sunduasmoÐ eÐnai oi

AB, AC, AD, BC, BD, CD.

2. 'Enac loqÐac epilègei 4 �toma apì èna lìqo 70 atìmwn gia na k�noun mia ergasÐa
apì koinoÔ.

3. Epilègoume 5 qarti� apì mia tr�poula 52 qarti¸n.
Stic �nw peript¸seic, den èqei shmasÐa h seir� thc epilog c twn stoiqeÐwn. Stic

teleutaÐec dÔo peript¸seic, to pl joc twn sunduasm¸n eÐnai polÔ meg�lo, gia autì
kai den touc aparijmoÔme. Ja  tan ìmwc polÔ qr simo na xèroume pìsoi eÐnai!

L mma 2.3. To pl joc ìlwn twn sunduasm¸n k antikeimènwn pou epilègontai apì
N antikeÐmena isoÔtai me: (

N

k

)
,

N !

k!(N − k)!
.

To
(
N
k

)
kaleÐtai diwnumikìc suntelest c.

Apìdeixh. 'Estw ìti to pl joc twn sunduasm¸n eÐnai y. Apì to L mma 2.2, k�je
om�da epilegmènwn stoiqeÐwn mporeÐ na metatejeÐ me k! trìpouc. 'Ara, to sunolikì
pl joc twn diatetagmènwn om�dwn eÐnai y × k! All� apì to L mma 2.2, autì isoÔtai
me N !/(N − k)!. 'Ara èqoume

y × k! =
N !

(N − k)!
⇒ y =

N !

k!(N − k)!
.

Par�deigma 2.6. Epilègoume tuqaÐa 3 biblÐa apì 10, pou apoteloÔntai apì 5 sug-
gr�mmata majhm�twn kai 5 manual upologist¸n. Poia h pijanìthta na eÐnai ìla
manual? Na eÐnai akrib¸c dÔo manual ki èna sÔggramma?

Efìson den mac endiafèrei h seir� me thn opoÐa epilègontai ta biblÐa, orÐzoume

Ω = {ìlec oi mh-diatetagmènec 3�dec biblÐwn},
A = {oi mh-diatetagmènec 3�dec apì manual},
B = {oi mh-diatetagmènec 3�dec me 2 manual kai èna sÔggramma}.
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Ja upologÐsoume ta megèjh aut¸n twn sunìlwn.
Katarq n parathroÔme pwc to pl joc twn mh diatetagmènwn 3�dwn biblÐwn eÐnai

|Ω| =
(

10

3

)
= 120.

Gia na prosdiorÐsoume to mègejoc tou A, fantazìmaste pwc k�noume èna kainoÔrgio
peÐrama, sto opoÐo epilègoume 3 apì ta 5 manual qwrÐc di�taxh. Autì to peÐrama èqei
pl joc apotelesm�twn

(
5
3

)
, kai parathr ste pwc aut� ta apotelèsmata eÐnai akrib¸c

ta apotelèsmata tou arqikoÔ peir�matoc pou an koun sto A, �ra

|A| =
(

5

3

)
= 10.

Gia na prosdiorÐsoume to mègejoc tou B, fantazìmaste pwc k�noume èna kainoÔr-
gio, sÔnjeto peÐrama, pou apoteleÐtai apì dÔo upopeir�mata. Sto pr¸to, epilègoume 2
manual an�mesa se 5, en¸ sto deÔtero epilègoume 1 sÔggramma an�mesa se 5. Ta dÔo
peir�mata èqoun

(
5
2

)
kai

(
5
1

)
dunat� apotelèsmata antistoÐqwc, en¸ to sÔnjeto peÐ-

rama, sÔmfwna me thn pollaplasiastik  arq , èqei pl joc apotelesm�twn Ðso me to
ginìmenì touc. Parathr ste pwc to sÔnjeto autì peÐrama èqei apotelèsmata akrib¸c
ta apotelèsmata tou arqikoÔ peir�matoc pou an koun sto B. 'Ara telik�

|B| =
(

5

2

)
×
(

5

1

)
= 50.

'Ara telik�, qrhsimopoi¸ntac to L mma 1.2, èqoume tic pijanìthtec

P ({epilèxame 3 manual}) = P (A) =
|A|
|Ω| =

10

120
=

1

12
,

P ({epilèxame 2 manual kai èna sÔggramma}) = P (B) =
|B|
|Ω| =

50

120
=

5

12
.

Par�deigma 2.7. Epilègontac 5 �toma apì 100 gia na sugkrot soume mia epitrop ,
an den mac endiafèrei h seir� epilog c, up�rqoun(

100

5

)
=

100!

5!(100− 5)!
=

100× 99× 98× 97× 96× 95!

5!95!
= 75287520

dunatèc 5�dec pou mporoÔme na epilèxoume.
'Estw t¸ra ìti ta 100 �toma apoteloÔntai apì 40 �ndrec kai 60 gunaÐkec, kai ìti h

epilog  mac eÐnai entel¸c tuqaÐa. Ja exet�soume ta ex c erwt mata:

1. Poia h pijanìthta na epilèxoume 2 �ndrec kai 3 gunaÐkec?
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2. Poia h pijanìthta na epilèxoume 4 �ndrec kai 1 gunaÐka?

3. Poia h pijanìthta na epilèxoume mìno �ndrec?

OrÐzoume ton D.Q. Ω wc to sÔnolo ìlwn twn dunat¸n (mh-diatetagmènwn) epilog¸n
5 atìmwn apì 100 (efìson s' autì to prìblhma den mac apasqoleÐ h seir� me thn opoÐa
epilègontai). 'Opwc eÐdame, |Ω| =

(
100
5

)
= 75287520.

OrÐzoume epÐshc kai ta trÐa endeqìmena

A = {ìlec oi 5�dec pou apoteloÔntai apì 2 �ndrec kai 3 gunaÐkec},
B = {ìlec oi 5�dec pou apoteloÔntai apì 4 �ndrec kai 1 gunaÐka},
C = {ìlec oi 5�dec pou apoteloÔntai apì mìno �ndrec}.

Ja upologÐsoume to pl joc twn stoiqeÐwn touc.
Gia to A, parathroÔme ìti to peÐrama mporeÐ na qwristeÐ se dÔo mèrh. Apì to

L mma 2.3 mporoÔme na epilèxoume 2 �ndrec ap' touc 40 me
(

40
2

)
trìpouc, kai 3 gunaÐkec

ap' tic 60 me
(

60
3

)
trìpouc. 'Ara, o sunduasmìc aut¸n twn dÔo epilog¸n, b�sei thc

pollaplasiastik c arq c, èqei

|A| =
(

40

2

)(
60

3

)
=

40!60!

2!38!3!57!
=

40× 39× 60× 59× 58

2× 3× 2
= 26691600

dunat� apotelèsmata. Me thn Ðdia sullogistik  èqoume, apì to L mma 2.3 kai thn
pollaplasiastik  arq , ìti

|B| =
(

40

4

)(
60

1

)
= · · · = 5483400, |C| =

(
40

5

)
= · · · = 658008.

(Parathr ste pwc ston upologismì tou |C| den pollaplasi�same me touc trìpouc pou
mporoÔme na p�roume 0 gunaÐkec apì tic 60, all� autì den ephre�zei to apotèlesma
diìti to pl joc twn trìpwn aut¸n eÐnai

(
60
0

)
= 60!

0!60! = 1.)
AfoÔ h epilog  jewroÔme ìti gÐnetai {entel¸c tuqaÐa}, mporoÔme na efarmìsoume

to L mma 1.2 ètsi ¸ste

P (A) =
|A|
|Ω| =

26691600

75287520
' 0.354,

P (B) =
|B|
|Ω| =

5483400

75287520
' 0.0728,

P (C) =
|C|
|Ω| =

658008

75287520
' 0.0087.
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Par�deigma 2.8. Se k�poiec eklogèc eÐnai upoy fioi 3 foithtèc kai 7 kajhghtèc.
Eklègontai tuqaÐa 3 �toma kai zht�me thn pijanìthta na eklegoÔn toul�qiston ènac
foitht c kai toul�qiston ènac kajhght c. 'Estw X to pl joc twn foitht¸n pou
epilèqjhkan, kai Y to pl joc twn kajhght¸n. P�li me thn Ðdia sullogistik  ìpwc
sta dÔo pio p�nw paradeÐgmata, efìson den mac endiafèrei h di�taxh twn tri¸n atìmwn,
upologÐzoume thn zhtoÔmenh pijanìthta wc ex c:

P (X ≥ 1, Y ≥ 1)

= P ({X = 1, Y = 2} ∪ {X = 2, Y = 1})
= P ({X = 1, Y = 2}) + P ({X = 2, Y = 1})

=

(
3
1

)(
7
2

)(
10
3

) +

(
3
2

)(
7
1

)(
10
3

) =
21

40
+

7

40
= 0.7.

Sthn deÔterh isìthta qrhsimopoi same to ìti ta endeqìmena eÐnai xèna metaxÔ touc.
Ac upojèsoume t¸ra pwc, an�loga me th seir� eklog c, autoÐ pou eklègontai paÐr-

noun diaforetikoÔc rìlouc se mia epitrop  � o pr¸toc gÐnetai prìedroc, o deÔteroc
grammatèac kai o trÐtoc tamÐac. Poia eÐnai h pijanìthta tou endeqìmenou A na eklegeÐ
foitht c prìedroc, kai kajhghtèc grammatèac kai tamÐac? Efìson ed¸ mac apasqoleÐ
kai h seir� me thn opoÐa epilègontai ta {antikeÐmena} (dhlad  ta mèlh thc epitro-
p c), upologÐzoume aut  thn pijanìthta b�sei tou nèou deigmatikoÔ q¸rou Ω o opoÐoc
perièqei ìlec tic diatetagmènec 3�dec, dhlad  perièqei

|Ω| = 10!/(10− 3)! = 720

stoiqeÐa. To pl joc twn tri�dwn pou an koun sto A eÐnai 3 × 7 × 6, afoÔ èqoume 3
epilogèc gia ton foitht  pou ja gÐnei prìedroc, 7 epilogèc gia ton kajhght  pou ja
gÐnei grammatèac, kai 6 epilogèc gia ton kajhght  pou ja gÐnei tamÐac (an�mesa stouc
6 pou mènoun).

'Ara, h pijanìthta tou endeqomènou pou mac endiafèrei isoÔtai me

P (A) =
3× 7× 6

720
=

7

40
' 0.175.
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2.3 Poluwnumikìc Suntelest c

Par�deigma 2.9. Prèpei 12 diergasÐec na katanemhjoÔn se 3 epexergastèc, dÐnon-
tac tèsseric diergasÐec ston k�je epexergast . Me pìsouc trìpouc mporeÐ na gÐnei
autìc o katamerismìc?

Gia na apant soume, qwrÐzoume to prìblhma se trÐa mèrh. Arqik� epilègoume 4
diergasÐec ap' tic 12 gia ton pr¸to epexergast , pr�gma pou (b�sei tou L mmatoc 2.3)
mporeÐ na gÐnei me

(
12
4

)
trìpouc. Katìpin, epilègoume 4 diergasÐec ap' tic upìloipec 8

gia ton deÔtero epexergast , pr�gma pou mporeÐ na gÐnei me
(

8
4

)
trìpouc. Kai tèloc oi

4 diergasÐec pou apomènoun phgaÐnoun ston trÐto epexergast . Qrhsimopoi¸ntac thn
pollaplasiastik  arq , sunolik� autìc o katamerismìc mporeÐ na gÐnei me(

12

4

)(
8

4

)
=

12!

4!8!

8!

4!4!
=

12!

4!4!4!
trìpouc.

Pio genik�, èqoume to akìloujo l mma:

L mma 2.4. (Poluwnumikìc suntelest c) Gia na moirastoÔn N antikeÐmena se M
om�dec, ìpou h pr¸th apoteleÐtai apì k1 antikeÐmena, h deÔterh apì k2 antikeÐmena,
k.o.k., wc thn om�da M h opoÐa apoteleÐtai apì kM antikeÐmena, up�rqoun(

N

k1, k2, . . . , kM

)
,

N !

k1!k2! . . . kM !

dunatoÐ sunduasmoÐ. H �nw posìthta kaleÐtai poluwnumikìc suntelest c. (Fusik�
prèpei na isqÔei ìti k1 + k2 + · · ·+ kM = N).

Apìdeixh. Kat� thn epilog  thc pr¸thc om�dac, èqoume N antikeÐmena kai prèpei na
epilèxoume ta k1. Autì mporeÐ na gÐnei me N1 =

(
N
k1

)
trìpouc. Kat� thn epilog 

thc deÔterhc om�dac, èqoume N − k1 antikeÐmena, apì ta opoÐa prèpei na epilegoÔn
k2. Autì mporeÐ na gÐnei me N2 =

(
N−k1

k2

)
trìpouc. SuneqÐzontac me ton Ðdio trìpo,

prokÔptei ìti

N1 =

(
N

k1

)
, N2 =

(
N − k1

k2

)
, . . . , NM−1 =

(
N − k1 − k2 − · · · − kM−2

kM−1

)
.

Sunep¸c, o poluwnumikìc suntelest c dÐnetai apì:

N1N2 . . . NM−1 =

(
N

k1

)
×
(
N − k1

k2

)
× · · · ×

(
N − k1 − k2 − · · · − kM−2

kM−1

)
=

N !

k1!(N − k1)!
× (N − k1)!

k2!(N − k1 − k2)!
. . .

(N − k1 − k2 − · · · − kM−2)!

kM−1!kM !
=

N !

k1!k2! . . . kM !
.

Sthn proteleutaÐa isìthta qrhsimopoi same to ìti k1 + k2 + · · ·+ kM = N .
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Parat rhsh: An èqoume mìno M = 2 om�dec kai N antikeÐmena, tìte gia k1 = k
anagkastik� ja èqoume k2 = N−k kai to L mma 2.4 lèei pwc up�rqoun N !

k!(N−k)! trìpoi
na moir�soume N antikeÐmena se dÔo om�dec twn k kai (N − k) antÐstoiqa. Autì eÐnai
tautìshmo me to perieqìmeno tou L mmatoc 2.3, �ra to L mma 2.4 apoteleÐ genÐkeush
tou L mmatoc 2.3.

Par�deigma 2.10. 'Eqoume 20 upologistèc, pou apoteloÔntai apì 10 PC kai 10
Apple, kai touc moir�zoume tuqaÐa se trÐa clusters, pou apoteloÔntai apì 10, 5 kai 5
upologistèc, antÐstoiqa. Ja upologÐsoume tic pijanìthtec twn endeqomènwn

A = {ìla ta PC sto Ðdio cluster},

B = {4 PC sto pr¸to cluster, 3 PC sto deÔtero kai 3 PC sto trÐto}.

O deigmatikìc q¸roc Ω pou perigr�fei autì to peÐrama apoteleÐtai apì ìlouc touc
dunatoÔc trìpouc me touc opoÐouc 20 antikeÐmena mporoÔn na qwristoÔn se treic om�dec
twn 10, 5 kai 5 antikeimènwn. 'Ara, apì to L mma 2.4 èqoume

|Ω| =
(

20

10, 5, 5

)
=

20!

10!5!5!
= 46558512 ' 46.5× 106.

Epiplèon, oi upologistèc katat�ssontai se clusters tuqaÐa, opìte upojètoume ìti ìla
ta apotelèsmata eÐnai isopÐjana kai ja qrhsimopoi soume kai p�li to L mma 1.2 gia
na upologÐsoume thn pijanìthta tou A kai tou B.

Gia to A parathroÔme pwc {ìla ta PC sto Ðdio cluster} eÐnai akrib¸c isodÔnamo me
to {ìla ta PC sto PRWTO cluster}. 'Ara, to pl joc twn stoiqeÐwn tou A isoÔtai
me to pl joc twn trìpwn pou mporoÔn ta 10 Apple na moirastoÔn se dÔo clusters me
5 to kajèna, dhlad 

(
10
5

)
. Sunep¸c,

P (A) =

(
10

5

)/( 20

10, 5, 5

)
=

1

184756
' 5.41× 10−6.

Tèloc, gia to B, èqoume ìlouc touc dunatoÔc trìpouc me touc opoÐouc ta 10 PC
mporoÔn na moirastoÔn se 3 clusters me analogÐa 4-3-3, se sunduasmì me ìlouc touc
trìpouc me touc opoÐouc ta 10 Apple mporoÔn na moirastoÔn se 3 clusters me analogÐa
6-2-2. 'Ara, èqoume:

P (B) =
|A|
|Ω| =

(
10

4, 3, 3

)(
10

6, 2, 2

)/( 20

10, 5, 5

)
=

10!10!10!5!5!

20!4!3!3!6!2!2!
=

287

2525
' 0.1136.
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2.4 Epanalhptikèc Diat�xeic kai EpanalhptikoÐ Sun-

duasmoÐ

Orismìc 2.3. (Epanalhptikèc diat�xeic) 'Estw èna sÔnolo X pou apoteleÐtai apì
peperasmèno pl joc diakrit¸n stoiqeÐwn |X| = N . KaloÔme epanalhptik  di�taxh
k�je diatetagmènh k-�da stoiqeÐwn tou X, ìqi aparaÐthta diakrit¸n metaxÔ touc (kai
sunep¸c èqoume epan�jesh stoiqeÐwn kat� thn dhmiourgÐa thc k-�dac).

Par�deigma 2.11. Se mia t�xh me 20 majhtèc, o d�skaloc, pou èqei amnhsÐa, rwt�
k�je prwÐ ènan majht  na pei to m�jhma. Me pìsouc diaforetikoÔc trìpouc mporoÔn na
exetastoÔn oi majhtèc se èna di�sthma tri�nta sqolik¸n hmer¸n? 'Eqoume 20 epilogèc
gia thn pr¸th mèra, 20 epilogèc gia th deÔterh, k.o.k., kai telik�, me efarmog  thc
pollaplasiastik c arq c, prokÔptei ìti sunolik� up�rqoun 2030 endeqìmena.

Gia th genik  perÐptwsh, èqoume to akìloujo l mma (h apìdeixh eÐnai profan c).

L mma 2.5. (Pl joc epanalhptik¸n diat�xewn) To pl joc ìlwn twn dunat¸n epa-
nalhptik¸n diat�xewn k antikeimènwn pou epilègontai apì N antikeÐmena me epan�jesh
isoÔtai me Nk.

EÐdame pwc, an epilèxoume k antikeÐmena apì N qwrÐc epan�jesh, up�rqoun
(
N
k

)
om�dec k antikeimènwn pou mporoÔme na epilèxoume. Ti ja ginìtan an epilègame k
antikeÐmena an�mesa se n, epitrèpontac thn epan�jesh (kai qwrÐc na èqei shmasÐa h
seir� epilog c)?

Orismìc 2.4. (EpanalhptikoÐ sunduasmoÐ) 'Estw èna sÔnolo X pou apoteleÐtai apì
peperasmèno pl joc diakrit¸n stoiqeÐwn |X| = N . KaloÔme epanalhptikì sunduasmì
k�je mh diatetagmènh k-�da stoiqeÐwn tou X, ìqi aparaÐthta diakrit¸n metaxÔ touc.

L mma 2.6. To pl joc ìlwn twn epanalhptik¸n sunduasm¸n k antikeimènwn pou
epilègontai apì N antikeÐmena isoÔtai me:(

N + k − 1

k

)
=

(
N + k − 1

N − 1

)
.

Apìdeixh. K�je epilog  mac mporeÐ na perigrafeÐ me mia akoloujÐa apì akrib¸c N −
1 kajètouc (/) kai akrib¸c k asterÐskouc (*) se aujaÐreth seir�. O arijmìc twn
for¸n pou epilèxame to i-ostì antikeÐmeno isoÔtai me ton arijmì apì asterÐskouc
an�mesa sthn k�jeto i− 1 kai thn k�jeto i. Eidik� gia to pr¸to antikeÐmeno, metr�me
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touc asterÐskouc prin thn pr¸th k�jeto, kai gia to teleutaÐo antikeÐmeno metr�me
touc asterÐskouc met� thn teleutaÐa k�jeto. 'Omwc, o arijmìc twn diaforetik¸n
akolouji¸n autoÔ tou tÔpou eÐnai Ðsoc me ton arijmì twn trìpwn pou mporoÔme na
topojet soume k asterÐskouc se N + k− 1 jèseic,  , isodÔnama, N − 1 kajètouc se
N + k − 1 jèseic. 'Ara o zhtoÔmenoc arijmìc apì sunduasmoÔc autoÔ tou tÔpou eÐnai
Ðsoc me (

N + k − 1

k

)
=

(
N + k − 1

N − 1

)
.

Par�deigma 2.12. (Pagwtì) Gia na fti�xoume èna pagwtì, epilègoume 4 mp�lec a-
pì 7 diajèsimec geÔseic. Mac noi�zei h seir� pou ja b�loume tic mp�lec, kai epitrèpetai
na b�loume pollèc mp�lec apì k�ti, p.q., mporoÔme na b�loume 2 mp�lec fr�oulac, mia
sthn arq  (ston p�to tou kupèllou) kai mia sto tèloc (sthn koruf  tou kupèllou).

Parathr ste pwc èqoume epanalhptikèc diat�xeic 4 antikeimènwn apì 7, �ra to
pl joc twn diaforetik¸n pagwt¸n pou mporeÐ na ftiaqtoÔn eÐnai 74 = 2401.

'Estw t¸ra pwc o up�llhloc pou fti�qnei to pagwtì epilègei mia apì tic 2401
epanalhptikèc diat�xeic sthn tÔqh, qwrÐc na deÐqnei protÐmhsh se k�poia apì autèc.
An mia apì tic geÔseic eÐnai h sokol�ta, poia h pijanìthta na katal xoume me i mp�lec
sokol�tac, ìpou i = 0, 1, 2, 3, 4? 'Estw katarq n C to pl joc twn mpal¸n sokol�tac.

Gia thn perÐptwsh i = 0, parathroÔme ìti oi epanalhptikèc diat�xeic pou den èqoun
sokol�ta eÐnai oi epanalhptikèc diat�xeic 4 antikeimènwn apì 6 (afoÔ h sokol�ta èqei
apokleisteÐ. 'Ara

P (C = 0) =
64

74
=

1296

2401
.

Gia thn perÐptwsh i = 1, parathroÔme pwc h mp�la sokol�tac mporeÐ na brÐsketai
se
(

4
1

)
= 4 jèseic, kai oi epanalhptikèc diat�xeic gia tic upìloipec jèseic eÐnai 63. 'Ara

P (C = 1) =
4× 63

74
=

864

2401
.

ParomoÐwc,

P (C = 2) =

(
4
2

)
× 62

74
=

216

2401
,

P (C = 3) =

(
4
3

)
× 61

74
=

24

2401
,

en¸ up�rqei mìno mia epanalhptik  di�taxh me 4 mp�lec sokol�tac, opìte

P (C = 4) =
1

210
.
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Parathr ste pwc

P (C = 0) + P (C = 1) + P (C = 2) + P (C = 3) + P (C = 4) = 1.

Par�deigma 2.13. (Milkshake) Gia na fti�xoume èna milkshake, epilègoume 4 mp�-
lec pagwtoÔ apì 7 diajèsimec geÔseic, qwrÐc ìmwc na mac noi�zei h seir� pou ja b�-
loume tic mp�lec, kai epitrèpetai na b�loume pollèc mp�lec apì k�ti, p.q., mporoÔme
na b�loume dÔo mp�lec fr�oulac. Oi dunatoÐ sunduasmoÐ eÐnai(

4 + 7− 1

4

)
=

(
10

4

)
= 210.

Me to sumbolismì thc apìdeixhc tou L mmatoc 2.6, h akoloujÐa //∗/∗//∗∗/ shmaÐnei
ìti epilèxame 1 mp�la apì to trÐto ulikì, mia apì to tètarto, kai dÔo apì to èkto.
Parathr ste pwc, se sqèsh me to prohgoÔmeno par�deigma, h diafor� eÐnai ìti t¸ra
h seir� me thn opoÐa epilègei tic geÔseic o up�llhloc den èqei shmasÐa, afoÔ ta ulik�
ja per�soun apì to blender.

'Estw t¸ra pwc o up�llhloc pou fti�qnei to milkshake epilègei ènan apì touc 210
epanalhptikoÔc sunduasmoÔc sthn tÔqh, qwrÐc na deÐqnei protÐmhsh se k�poion apì
autoÔc. An mia apì tic geÔseic eÐnai h sokol�ta, poia h pijanìthta na katal xoume me
i mp�lec sokol�tac, ìpou i = 0, 1, 2, 3, 4? 'Estw katarq n C to pl joc twn mpal¸n
sokol�tac.

Gia thn perÐptwsh i = 0, parathroÔme ìti oi dunatoÐ sunduasmoÐ pou den èqoun
sokol�ta eÐnai oi epanalhptikoÐ sunduasmoÐ 4 antikeimènwn apì 7 − 1 = 6 (afoÔ den
upologÐzetai h sokol�ta). 'Ara

P (C = 0) =

(
4+6−1

4

)(
4+7−1

4

) =
126

210
=

3

5
.

Gia thn perÐptwsh i = 1, parathroÔme pwc oi dunatoÐ sunduasmoÐ pou èqoun mia
mp�la sokol�tac eÐnai oi epanalhptikoÐ sunduasmoÐ 4 − 1 antikeimènwn (afoÔ h mia
mp�la eÐnai h mp�la sokol�tac) apì 7 − 1 = 6 (afoÔ den upologÐzetai h sokol�ta).
'Ara

P (C = 1) =

(
3+6−1

3

)(
4+7−1

4

) =
126

210
=

4

15
.

ParomoÐwc,

P (C = 2) =

(
2+6−1

2

)(
4+7−1

4

) =
126

210
=

1

10
,

P (C = 3) =

(
1+6−1

1

)(
4+7−1

4

) =
6

210
=

1

35
,
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en¸ up�rqei ènac mìno sunduasmìc me 4 mp�lec sokol�tac, �ra

P (C = 4) =
1

210
.

Parathr ste pwc

P (C = 0) + P (C = 1) + P (C = 2) + P (C = 3) + P (C = 4) = 1.

Parathr ste pwc oi pijanìthtec P (C = i) pou br kame se autì to par�deigma
diafèroun apì to prohgoÔmeno. MporeÐte na exhg sete ti sumbaÐnei?
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2.5 ParadeÐgmata

Kanìnec ArÐjmhshc

1. Pollaplasiastik  Arq : An ektelestoÔn diadoqik� k peir�mata,
kajèna me N1, N2 . . . , Nk dunat� apotelèsmata, tìte to nèo, sÔn-
jeto peÐrama èqei N1 ×N2 × · · · ×Nk dunat� apotelèsmata.

2. Up�rqoun

(N)k ,
N !

(N − k)!

dunatèc diat�xeic k antikeimènwn pou epilègontai apì N . Up�r-
qoun N ! dunatèc metajèseic.

3. Up�rqoun (
N

k

)
,

N !

k!(N − k)!

dunatoÐ sunduasmoÐ k antikeimènwn pou epilègontai apì N .

4. Up�rqoun (
N

k1, k2, . . . , kM

)
,

N !

k1!k2! . . . kM !

dunatoÐ sunduasmoÐ b�sei twn opoÐwn mporoÔn na moirastoÔn N
antikeÐmena seM om�dec, ìpou h pr¸th apoteleÐtai apì k1 antikeÐ-
mena, h deÔterh apì k2 antikeÐmena, klp., wc thn om�da M h opoÐa
apoteleÐtai apì kM antikeÐmena. (Prèpei k1 + k2 + · · ·+ kM = N .)

5. Up�rqoun Nk epanalhptikèc (dhlad  me epan�jesh) diat�xeic m -
kouc k (dhlad  diatetagmènec k-�dec) apì N antikeÐmena.

6. Up�rqoun (
N + k − 1

k

)
=

(
N + k − 1

N − 1

)
.

epanalhptikoÐ sunduasmoÐ (dhlad  me epan�jesh) k antikeimènwn
apì N .
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Par�deigma 2.14. (Mètrhma) Pìsec dunatèc ekdoqèc up�rqoun sto kajèna apì
ta parak�tw peir�mata?

1. EgkajistoÔme èna prìgramma diadoqik� se 10 upologistèc.

2. Epilègoume me th seir� 3 apì 12 antikeÐmena, qwrÐc epanatopojèthsh.

3. StrÐboume èna kèrma 6 forèc.

4. Epilègoume 20 �toma apì 100 gia mia dhmoskìphsh, qwrÐc epanatopojèthsh.

5. RÐqnoume èna z�ri 7 forèc.

6. B�zoume 13 anjr¸pouc na k�tsoun se mia seir�.

7. Moir�zoume me th seir� 8 fÔlla apì mia sunhjismènh tr�poula 52 fÔllwn.

8. RÐqnoume èna kèrma 4 forèc kai èna z�ri 2 forèc.

Se k�je perÐptwsh prèpei na qrhsimopoi soume ton swstì kanìna arÐjmhshc. Sug-
kekrimèna:

1. 'Eqoume 10 epilogèc gia ton pr¸to upologist , 9 gia ton deÔtero, k.o.k. To
pl joc twn metajèsewn eÐnai 10! = 3628800.

2. To pl joc twn diatetagmènwn 3�dwn eÐnai

12!

(12− 3)!
=

12× 11× 10× 9!

9!
= 1320.

3. K�je mÐa apì tic 6 rÐyeic mporeÐ na katal xei se 2 apotelèsmata, �ra to pl joc
twn epanalhptik¸n diat�xewn eÐnai 2× 2× 2× 2× 2× 2 = 26 = 32.

4. Efìson den mac endiafèrei h seir� epilog c, to pl joc twn sunduasm¸n eÐnai(
100

20

)
=

100!

(100− 20)!20!
' 5.359× 1020.

5. K�je zari� èqei 6 dunat� apotelèsmata, sunep¸c apì thn pollaplasiastik  arq 
èqoume 6× 6× 6× 6× 6× 6× 6 = 67 dunatèc epanalhptikèc diat�xeic.

6. 'Eqoume 13 epilogèc gia ton pr¸to pou ja epilèxoume, 12 epilogèc gia ton deÔtero,
k.o.k. Sunep¸c èqoume sunolik� 13× 12× 11× · · · × 1 = 13! = 6, 227, 020, 800
metajèseic.
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7. Parathr ste ìti ta fÔlla moir�zontai me th seir�, sunep¸c y�qnoume gia dia-
tetagmènec 8�dec. 'Eqoume 52 epilogèc gia to pr¸to qartÐ, 51 epilogèc gia to
deÔtero qartÐ, k.o.k., sunep¸c èqoume 52!

(52−8)! = 30, 342, 338, 208, 000 diaforeti-
kèc 8�dec.

8. K�je kèrma èqei 2 dunat� apotelèsmata kai k�je z�ri 6 dunat� apotelèsmata,
�ra apì thn pollaplasiastik  arq  èqoume 2× 2× 2× 2× 6× 6 = 576 dunatèc
ekdoqèc.

Par�deigma 2.15. (AnagrammatismoÐ) Pìsoi anagrammatismoÐ up�rqoun gia thn
lèxh {JEMA}? Gia th lèxh {JEMATA}? Gia th lèxh {PANAJHNAÛKOS}?

'Eqoume, kat� perÐptwsh:

1. Gia thn lèxh {JEMA} up�rqoun 4! anagrammatismoÐ afoÔ ìla ta gr�mmata eÐnai
diaforetik�.

2. Gia thn lèxh {JEMATA}, ìmwc, up�rqoun 6!/2! = 360 anagrammatismoÐ. Pr�g-
mati, 6! eÐnai ìlec oi metajèseic twn 6 gramm�twn. 'Omwc gia to {A} den mac
noi�zei h di�taxh. Oi diat�xeic twn {A} eÐnai 2!=2. 'Ara prèpei na diairèsoume me
2!

3. Gia th lèxh {PANAJHNAÛKOS}, parathroÔme pwc to A emfanÐzetai treic forèc,
en¸ to N dÔo. 'Ola ta �lla gr�mmata emfanÐzontai mia for�. Ja up rqan 12!
metajèseic an ta A kai N  tan diakrit�. AfoÔ den eÐnai, prèpei na diairèsoume
me 3! = 6 kai 2! = 2 antÐstoiqa, kai telik� prokÔptei pwc èqoume 12!/(3!2!) =
39916800 anagrammatismoÔc.

Par�deigma 2.16. (Par�gka) H om�da mac paÐzei sthn èdra thc 9 diadoqik� pai-
qnÐdia me antÐpalec om�dec. 'Eqei proapofasisteÐ na èqoume 4 nÐkec, 3 isopalÐec, kai
2  ttec. Me pìsouc trìpouc mporeÐ na gÐnei autì?

Ed¸ apl� jèloume na moir�soume 9 {antikeÐmena} (ta 9 paiqnÐdia) se treic kathgo-
rÐec twn tess�rwn, tri¸n kai dÔo. Sunep¸c, up�rqoun,(

9

4, 3, 2

)
=

9!

4!3!2!
= 1260

trìpoi. Enallaktik�, an den jèloume na qrhsimopoi soume ènan ètoimo tÔpo, skeftì-
maste wc ex c: h pr¸th nÐkh mporeÐ na emfanisteÐ se opoiond pote apì 9 ag¸nec, h
deÔterh se opoiond pote apì 8, k.o.k., kai gia ta 9 apotelèsmata, lamb�nontac telik�
9! dunat� apotelèsmata. Parathr ste ìti oi nÐkec emfanÐzontai me 4! diaforetikèc
seirèc, oi isopalÐec me 3! diaforetikèc seirèc, kai oi  ttec me 2! diaforetikèc seirèc.
Gia k�je mia sugkekrimènh akoloujÐa apotelesm�twn ìpou oi nÐkec/isopalÐec/ ttec
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den eÐnai diakritèc, up�rqoun 4! × 3! × 2! akoloujÐec ìpou oi nÐkec/isopalÐec/ ttec
eÐnai diakritèc. 'Ara, an X o zhtoÔmenoc arijmìc, ja prèpei X × 4!× 3!× 2! = 9!, �ra
telik� X = 9!

4!3!2! = 1260.

Par�deigma 2.17. (Foithtikì Dwm�tio) Gia na stolÐsoume èna foithtikì dwm�tio,
prèpei na agor�soume 15 arkoud�kia epilègontac apì 5 diaforetik� eÐdh, kai mporoÔme
na agor�soume pollèc forèc to Ðdio eÐdoc arkoud�ki. H seir� den èqei shmasÐa. Oi
dunatoÐ sunduasmoÐ eÐnai (

15 + 5− 1

15

)
=

(
19

15

)
= 3876.

Me to sumbolismì thc apìdeixhc tou L mmatoc 2.6, h akoloujÐa

∗ ∗ ∗ ∗ ∗/ ∗ ∗ ∗ ∗/ ∗ ∗ ∗ ∗ ∗ ∗//

shmaÐnei ìti epilèxame 5 arkoud�kia tou pr¸tou eÐdouc, 4 tou deÔterou, kai 6 tou
trÐtou.

Par�deigma 2.18. (Poker) 'Enac paÐkthc tou pìker paÐrnei 5 fÔlla apì mia kano-
nik  tr�poula 52 fÔllwn. Poia eÐnai h pijanìthta na èqei:

1. Karè (dhlad  4 Ðdia fÔlla, gia par�deigma 4 �ssouc, 4 nt�mec, ktl.)?

2. Foul (dhlad  èna zeug�ri kai mia tri�da, gia par�deigma 3 �ssouc kai 2 rhg�dec)?

3. Qr¸ma (dhlad  ìla koÔpec   ìla spaji�   ìla mpastoÔnia   ìla kar¸)?

LÔsh: Se autì to par�deigma, o deigmatikìc q¸roc Ω apoteleÐtai apì ìlec tic
(

52
5

)
dunatèc 5�dec fÔllwn pou mporeÐ na èqei o paÐkthc, afoÔ h seir� den mac endiafèrei.

1. 'Estw A to sÔnolo twn 5�dwn pou perièqoun karè. Kat' arq�c parathroÔme pwc
up�rqoun 48 diaforetikèc 5�dec me karè tou �ssou, mÐa gia k�je èna apì ta 48
fÔlla me ta opoÐa sumplhr¸noume thn pent�da. Up�rqoun �llec 48 5�dec me
karè tou R ga, k.o.k. Kai, efìson up�rqoun 13 diaforetik� karè, to sunolikì
pl joc twn stoiqeÐwn tou A eÐnai 13× 48. 'Ara, h zhtoÔmenh pijanìthta eÐnai

P (A) =
|A|
|Ω| =

13× 48(
52
5

) =
13× 48× 5!× 47!

52!
=

1

4165
' 2.4× 10−4.

2. 'Estw B to sÔnolo twn 5�dwn pou antistoiqoÔn se foul. Kat' arq�c, pìsec
5�dec antistoiqoÔn se foul tou �ssou me rhg�dec? Up�rqoun

(
4
3

)
trìpoi na

epilèxoume 3 �ssouc kai
(

4
2

)
trìpoi na epilèxoume 2 rhg�dec. 'Ara up�rqoun(

4
3

)
×
(

4
2

)
5�dec pou perièqoun foul tou �ssou me rhg�dec. Epiplèon, up�rqoun



2.5. PARADE�IGMATA 45

13 × 12 diaforetik� {eÐdh} foul afoÔ èqoume 13 epilogèc gia to noÔmero ( 
figoÔra) pou ja emfanisteÐ se tri�da, kai 12 epilogèc gia to noÔmero (  figoÔra)
pou ja emfanisteÐ se du�da. 'Ara, to pl joc ìlwn twn dunat¸n 5�dwn pou
antistoiqoÔn se foul eÐnai |B| = 13× 12×

(
4
3

)
×
(

4
2

)
, kai h pijanìthta gia foul

eÐnai

P (B) =
|B|
|Ω| =

13× 12×
(

4
3

)
×
(

4
2

)(
52
5

)
=

13× 12× 4!× 4!× 5!× 47!

3!× 1!× 2!× 2!× 52!
=

6

4165
' 0.0014.

3. Tèloc, èstw C to sÔnolo twn 5�dwn pou antistoiqoÔn se qr¸ma. Up�rqoun
(

13
5

)
5�dec apì koÔpec, kai to Ðdio pl joc gia ta mpastoÔnia, spaji� kai kar¸, �ra,
|C| = 4×

(
13
5

)
. 'Ara, h pijanìthta tou qr¸matoc eÐnai

P (C) =
|C|
|Ω| =

4×
(

13
5

)(
52
5

) =
4× 13!× 5!× 47!

5!× 8!× 52!
=

33

16660
' 0.002.

Par�deigma 2.19. (Qoreutik  Om�da) 'Enac impres�rioc miac om�dac 6 qoreutri¸n
etoim�zei èna sìou tri¸n qor¸n, me k�je qorì na qoreÔetai apì èna zeÔgoc qoreutri¸n.
Pìsec parast�seic mporeÐ na etoim�sei o impres�rioc, se k�je mia apì tic akìloujec
peript¸seic?

1. Oi qoroÐ ekteloÔntai diadoqik�, kai se k�je qorì oi qoreÔtriec èqoun diaforetik�
koustoÔmia.

2. Oi qoroÐ ekteloÔntai diadoqik�, kai se k�je qorì oi qoreÔtriec èqoun Ðdia kou-
stoÔmia.

3. Oi qoroÐ eÐnai ìmoioi, ekteloÔntai tautìqrona, kai ìlec oi qoreÔtriec èqoun ta
Ðdia koustoÔmia.

'Eqoume, se k�je perÐptwsh:

1. 'Eqoume 6 epilogèc gia to poia ja forèsei to pr¸to koustoÔmi tou pr¸tou qoroÔ,
5 epilogèc gia to poia ja forèsei to deÔtero koustoÔmi tou pr¸tou qoroÔ, 4
epilogèc gia to pr¸to koustoÔmi tou deÔterou qoroÔ, k.o.k. Telik� èqoume 6!
diaforetikèc parast�seic.

2. 'Eqoume
(

6
4

)
epilogèc gia to pr¸to zeug�ri kai

(
4
2

)
epilogèc gia to deÔtero zeug�ri,

�ra telik�
(

6
4

)
×
(

4
2

)
= 6!

23 = 90 diaforetikèc parast�seic.
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3. Mia lÔsh eÐnai h ex c: 'Estw pwc oi qoreÔtriec epilègoun thn partenèr touc me
mia kajorismènh seir�, p.q. b�sei arqaiìthtac. Up�rqoun 5 epilogèc gia thn
epilog  partenèr thc pr¸thc qoreÔtriac pou ja dialèxei, kai 3 epilogèc gia thn
epìmenh pou ja dialèxei. SÔnolo èqoume 15 epilogèc. Enallaktik�, mporoÔme
na skeftoÔme wc ex c: apì to prohgoÔmena skèloc prokÔptei pwc èqoume 90
sunduasmoÔc, an èqei shmasÐa h seir� twn tri¸n zeugari¸n. An ìmwc den èqei
shmasÐa h seir�, prèpei na diairèsoume touc sunduasmoÔc me to 3!, kai telik�
paÐrnoume 90/3! = 15 diaforetikèc parast�seic.

Par�deigma 2.20. (Pènte epÐ pènte) Me pìsouc trìpouc mporoÔn 10 �toma na
paÐxoun podìsfairo 5 × 5? Parathr ste pwc up�rqoun

(
10
5

)
= 252 trìpoi me touc

opoÐouc mporeÐ na sqhmatisteÐ h pr¸th om�da. 'Omwc, gia k�je èna sunduasmì me ton
opoÐo 5 �toma emfanÐzontai sthn pr¸th om�da, up�rqei kai �lloc ènac sunduasmìc
me ton opoÐo oi Ðdioi akrib¸c 5 emfanÐzontai sthn deÔterh om�da. 'Ara telik�, oi
trìpoi me touc opoÐouc ta 10 �toma moir�zontai se dÔo om�dec eÐnai 252/2 = 126.
Enallaktik�, fantasteÐte ìti o idiokt thc thc mp�lac epilègei thn om�da tou. 'Eqei
sunolik�

(
9
4

)
= 126 epilogèc, kai k�je mia antistoiqeÐ se mia dunat  diamèrish twn 10

atìmwn.
Parathr ste pwc an diaqwrÐzame me k�poio trìpo tic om�dec, gia par�deigma lègame

pwc h mia om�da ja k�nei th sèntra,   h mia om�da for� kìkkina, k.o.k., tìte ja up rqan(
10
5

)
= 252 trìpoi me touc opoÐouc mporoÔsan ta 10 �toma na paÐxoun podìsfairo.

Par�deigma 2.21. (XenodoqeÐo Akrìpolic) 'Exi fÐloi sumfwnoÔn na sunanthjoÔn
sto xenodoqeÐo Akrìpolic twn Ajhn¸n. SumbaÐnei ìmwc na up�rqoun 4 xenodoqeÐa me
to Ðdio ìnoma. K�je ènac apì touc 6 fÐlouc dialègei sthn tÔqh na p�ei se èna apì
aut�. Ja apant soume ta akìlouja erwt mata:

1. Poia eÐnai h pijanìthta na sunanthjoÔn an� zeÔgh (ennoeÐtai se trÐa diaforetik�
xenodoqeÐa)?

2. Poia eÐnai h pijanìthta na brejoÔn dÔo mìnoi touc kai �lloi tèsseric se dÔo
zeÔgh?

Katarq n, èstw pwc dÐnoume ènan arijmì apì to 1 wc to 4 sta diaforetik� xe-
nodoqeÐa. To tuqaÐo peÐrama ed¸ sunÐstatai apì thn tuqaÐa epilog  tou xenodoqeÐou
met�bashc gia k�je èna apì touc 6 fÐlouc. To sÔnolo twn dunat¸n apotelesm�twn ja
apoteleÐtai apì ìlec tic diatetagmènec 6-�dec (a1, a2, a3, a4, a5, a6) xenodoqeÐwn (ìpou
k�je ai = 1, 2, 3   4). P.q. to stoiqeÐo (2, 3, 2, 1, 4, 4) antistoiqeÐ sto endeqìmeno o
pr¸toc kai o trÐtoc na p gan sto 2o xenodoqeÐo, o deÔteroc sto 3o, o tètartoc sto
1o, kai oi pèmptoc kai èktoc sto 4o. O deigmatikìc q¸roc Ω epomènwc ja apoteleÐtai
apì ìlec tic 46 = 4096 tètoiec 6�dec.
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Sqetik� me tic zhtoÔmenec pijanìthtec, èqoume:

1. 'Estw A to endeqìmeno na katal xoun oi fÐloi se trÐa zeÔgh. Parathr ste ìti,
prin skeftoÔme se poia xenodoqeÐa ja p�ne, up�rqoun

(
6
2

)(
4
2

)
trìpoi na moira-

stoÔn 6 �njrwpoi se 3 zeÔgh, an mac endiafèrei h seir� sqhmatismoÔ. Sunep¸c
up�rqoun

(
6
2

)(
4
2

)
/3! an, ìpwc sthn prokeimènh perÐptwsh, den mac endiafèrei h

seir� sqhmatismoÔ.

AfoÔ èqoume ta trÐa zeug�ria, up�rqoun 4 × 3 × 2 = 24 trìpoi na moirastoÔn
se xenodoqeÐa (4 epilogèc gia to pr¸to, 3 gia to deÔtero, 2 gia to trÐto). 'Ara,
to pl joc twn stoiqeÐwn tou A eÐnai, |A| = 24 ×

(
4
2

)(
6
2

)
/3!, kai h zhtoÔmenh

pijanìthta isoÔtai me,

P (A) =
|A|
|Ω| =

24×
(

4
2

)(
6
2

)
/3!

46
=

45

512
' 0.0879.

2. 'Estw B to endeqìmeno na brejoÔn dÔo mìnoi touc kai �lloi tèsseric se dÔo
zeÔgh. Parathr ste ìti up�rqoun

(
6
2

)(
4
2

)
trìpoi na sqhmatistoÔn ta dÔo zeÔgh,

an mac endiafèrei h seir� sqhmatismoÔ, kai
(

6
2

)(
4
2

)
/2 an den mac endiafèrei kai

akoloÔjwc 4 × 3 × 2 = 24 trìpoi na moirastoÔn oi tèsseric om�dec (dÔo zeÔgh
kai dÔo �toma mìna) se xenodoqeÐa (4 epilogèc gia to pr¸to, 3 gia to deÔtero, 2
gia to trÐto). 'Ara, h zhtoÔmenh pijanìthta isoÔtai me:

P (B) =
24×

(
4
2

)(
6
2

)
/2

46
=

135

512
' 0.2637.
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Kef�laio 3

Desmeumènh Pijanìthta kai
AnexarthsÐa

Ac poÔme pwc ènac metewrolìgoc mac plhroforeÐ ìti, me b�sh ta istorik� statistik�
stoiqeÐa tou kairoÔ sthn Aj na, brèqei mÐa stic 9 mèrec. An gia k�poio lìgo mac
endiafèrei ti kairì k�nei tic Kuriakèc (giatÐ, p.q., tic Kuriakèc k�noume pik-nik sthn
P�rnhja), logik� ja upojèsoume ìti mia stic 9 Kuriakèc brèqei. Autìc o sullogismìc
isqÔei giatÐ èqoume, èmmesa, upojèsei pwc to an brèqei   ìqi s mera eÐnai anex�rthto
ap' to poia mèra thc ebdom�dac eÐnai.

AntÐjeta, an mac endiafèrei akrib¸c an ja brèxei tic mèrec pou èqei sunnefi�, ja
 tan l�joc na upojèsoume ìti mia stic 9 sunnefiasmènec mèrec brèqei � to posostì
ja eÐnai profan¸c megalÔtero, giatÐ h sunnefi� den eÐnai anex�rthth ap' thn broq .
'Ara, an gnwrÐzoume ìti, p.q., aÔrio ja èqei sunnefi�, h pijanìthta ìti ja brèxei den
ja eÐnai plèon 1/9.

To kentrikì antikeÐmeno autoÔ tou kefalaÐou eÐnai h majhmatik  perigraf  tou
pìte dÔo endeqìmena eÐnai anex�rthta, kai h qr sh thc anexarthsÐac endeqìmenwn
ston upologismì pijanot twn.

3.1 Desmeumènh Pijanìthta

Orismìc 3.1. (Desmeumènh pijanìthta) 'Estw deigmatikìc q¸roc Ω me endeqìmena
A, B, ìpou P (B) > 0. OrÐzoume thn desmeumènh pijanìthta tou A dedomènou tou B
wc

P (A|B) =
P (A ∩B)

P (B)
.

Parat rhsh: H desmeumènh pijanìthta tou A dedomènou tou B ekfr�zei thn a po-
steriori pijanìthta na sumbeÐ to A me dedomèno ìti sunèbh to B. H a priori pijanìthta

49
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eÐnai h P (A). O orismìc mporeÐ na gÐnei katanohtìc me èna par�deigma.

Par�deigma 3.1. (EtairÐa Plhroforik c) Mia etairÐa plhroforik c apasqoleÐ 40
'Ellhnec kai 30 allodapoÔc ergazìmenouc, ek twn opoÐwn k�poioi eÐnai teqnikoÐ kai
k�poioi programmatistèc:

'Ellhnec allodapoÐ

teqnikoÐ 22 25
programmatistèc 18 5

Epilègoume tuqaÐa ènan apì touc 70 ergazomènouc, kai exet�zoume ta endeqìmena:

T = {epelègh teqnikìc},

E = {epelègh 'Ellhnac}.

Efìson h epilog  eÐnai tuqaÐa, èqoume

P (T ) =
22 + 25

70
=

47

70
kai P (E) =

40

70
=

4

7
.

ParomoÐwc, h pijanìthta na epilèxoume ènan 'Ellhna teqnikì eÐnai

P (E ∩ T ) =
22

70
.

'Estw t¸ra pwc gnwrÐzoume pwc to �tomo pou epelègh eÐnai teqnikìc. Poia h
pijanìthta na eÐnai 'Ellhnac? Apì ton orismì thc desmeumènhc pijanìthtac, autì
isoÔtai me

P (E|T ) =
P (E ∩ T )

P (T )
=

22/70

47/70
=

22

47
.

Se autì to par�deigma mporoÔme na elègxoume an to apotèlesma sumfwneÐ me th diaÐ-
sjhs  mac gia to ti ja pei {pijanìthta enìc endeqomènou dedomènou enìc �llou} wc
ex c: efìson gnwrÐzoume pwc to epilegmèno �tomo eÐnai teqnikìc, diaisjhtik� to peÐ-
ram� mac eÐnai isodÔnamo me mia tuqaÐa epilog  metaxÔ twn 22 + 25 = 47 teqnik¸n.
Kai mia kai ap' autoÔc touc 47 oi 22 eÐnai 'Ellhnec, logik� ja perimèname h pijanìthta
tou na epilèxoume ènan 'Ellhna na isoÔtai me 22/47, to opoÐo epibebai¸netai ap' ton
prohgoÔmenì mac upologismì pou ègine b�sei tou orismoÔ.

Tèloc, mporoÔme na exet�soume thn {antÐstrofh} perÐptwsh: Poia eÐnai h pijanì-
thta na epilèxame teqnikì dedomènou ìti epilèxame k�poion 'Ellhna? 'Opwc kai prin,
apì ton orismì thc desmeumènhc pijanìthtac brÐskoume

P (T |E) =
P (E ∩ T )

P (E)
=

22/70

40/70
=

22

40
=

11

20
.

MporeÐte na epalhjeÔsete ìti kai autì to apotèlesma sumfwneÐ me th diaÐsjhs  sac?
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Par�deigma 3.2. Mia oikogèneia me dÔo paidi� èqei toul�qiston èna korÐtsi. Poio
eÐnai to endeqìmeno na eÐnai kai ta dÔo korÐtsia? Gia na apant soume to er¸thma,
epilègoume san deigmatikì q¸ro ton Ω = {GG,GB,BG,BB}, ìpou to apotèlesma
GB shmaÐnei to pr¸to paidÐ eÐnai korÐtsi (girl) kai to deÔtero agìri (boy), k.o.k.
EpÐshc upojètoume ìti ìla ta apotelèsmata èqoun thn Ðdia pijanìthta, 1/4. 'Ara:

P ({GG}|{BG,GB,GG}) =
P ({GG} ∩ {BG,GB,GG})

P ({BG,GB,GG})

=
P (GG)

P ({BG,GB,GG}) =
1/4

3/4
= 1/3.

Gia na peisteÐte gia thn orjìthta tou apotelèsmatoc, skefteÐte wc ex c: èstw mia
pìlh me 1000 oikogèneiec, ek twn opoÐwn 250 èqoun dÔo agìria, 500 èqoun èna agìri
kai èna korÐtsi, kai 250 èqoun dÔo korÐtsia. An apokleÐsoume tic 250 me ta dÔo agìria
kai epilèxoume mia apì tic �llec sthn tÔqh, h pijanìthta na epilèxoume mia oikogèneia
me dÔo korÐtsia eÐnai 250/750 = 1/3.

Par�deigma 3.3. Epilègoume 5 qarti� sthn tÔqh apì mia sunhjismènh tr�poula.
Poia eÐnai h pijanìthta tou endeqìmenou A na epilèxoume toul�qiston mÐa figoÔra?

P (A) = 1− P (A′) = 1−
(

40

5

)/(52

5

)
= 1− 40!47!

35!52!
' 0.746

Poia eÐnai h pijanìthta tou endeqìmenou B na epilèxoume akrib¸c mia figoÔra, dedo-
mènou ìti epilèxame toul�qiston mÐa? Parathr ste ìti B ⊂ A, epomènwc

P (B|A) =
P (A ∩B)

P (A)
=
P (B)

P (A)
=

(
40

4

)(
12

1

)/[(52

5

)
P (A)

]
' 0.565.

Parathr seic

1. 'Opwc deÐqnoun ta �nw paradeÐgmata, ousiastik� ìtan upologÐzoume mia desmeu-
mènh pijanìthta P (A|B), periorizìmaste sto mikrìtero deigmatikì q¸ro B.

2. AntÐjeta me ta �nw paradeÐgmata, pollèc forèc mac dÐnontai,   eÐnai eÔkolo na
upologistoÔn, k�poiec desmeumènec pijanìthtec, tic opoÐec mporoÔme na qrhsimo-
poi soume gia na broÔme k�poiec ìqi desmeumènec pijanìthtec. KleidÐ gia autèc
tic peript¸seic eÐnai to akìloujo l mma:

L mma 3.1. (Pollaplasiastikìc tÔpoc) 'Estw deigmatikìc q¸roc Ω kai mia ako-
loujÐa endeqìmenwn A1, A2, . . . , An, ìpou P (A1A2 . . . An−1) > 0. IsqÔei h akìloujh
isìthta:

P (A1A2 . . . An) = P (A1)P (A2|A1)P (A3|A2A1) . . . P (An|A1A2 . . . An−1).
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Apìdeixh. Katarq n, parathroÔme ìti an P (A1A2 . . . An−1) > 0, tìte ja èqoume kai
P (A1A2 . . . Ai) > 0 gia k�je i = 1, 2, . . . , n− 2 (giatÐ?) kai ètsi ìlec oi desmeumènec
pijanìthtec eÐnai kal¸c orismènec. Gia na apodeÐxoume to zhtoÔmeno apl¸c parath-
roÔme pwc

P (A1)P (A2|A1)P (A3|A2A1) . . . P (An|A1A2 . . . An−1)

= P (A1)×
P (A2A1)

P (A1)
× P (A3A2A1)

P (A2A1)
× · · · × P (A1A2 . . . An)

P (A1A2 . . . An−1)

= P (A1A2 . . . An).

H teleutaÐa isìthta prokÔptei me diadoqikèc aplopoi seic.

Par�deigma 3.4. AfairoÔme diadoqik� dÔo mp�lec apì èna doqeÐo me 10 �sprec kai
8 maÔrec. Poia eÐnai h pijanìthta na trab xoume dÔo �sprec? Gia na upologÐsoume
thn ap�nthsh, mporoÔme na qrhsimopoi soume sunduastik : Up�rqoun sunolik�

(
18
2

)
sunduasmoÐ, ek twn opoÐwn oi

(
10
2

)
eÐnai oi sunduasmoÐ twn �sprwn mpal¸n. An A1

eÐnai to endeqìmeno na eÐnai h pr¸th mp�la �sprh, A2 to endeqìmeno na eÐnai h deÔterh
mp�la �sprh, kai sunep¸c A1A2 to endeqìmeno na bg�loume dÔo �sprec, h pijanìthta
tou A1A2 eÐnai

P (A1A2) =

(
10
2

)(
18
2

) =
10!16!2!

18!8!2!
=

10× 9

18× 17
=

5

17
.

Pio apl� ìmwc, parathroÔme pwc

P (A1A2) = P (A1)P (A2|A1) =
10

18
× 9

17
=

5

17
.

H desmeumènh pijanìthta P (A2|A1) isoÔtai me 9
17 giatÐ, me dedomèno ìti èqei fÔgei mia

�sprh mp�la sthn arq , o nèoc deigmatikìc q¸roc, A1, apoteleÐtai apì 17 apotelè-
smata, ek twn opoÐwn 9 an koun sto A1 ∩ A2. Parathr ste pìso pio apl� mporoÔme
na broÔme to apotèlesma, se sqèsh me thn qr sh sunduastik c.

AkoloÔjwc, èstw M1 to endeqìmeno na trab xoume pr¸ta mia maÔrh, kai M2 to
endeqìmeno h deÔterh na eÐnai maÔrh. 'Estw to endeqìmeno na trab xoume mia leuk  kai
mia maÔrh, dhlad  to endeqìmeno A1M2∪A2M1. H pijanìthta autoÔ tou endeqìmenou
eÐnai

P (A1M2 ∪M1A2) = P (A1M2) + P (M1A2) = P (A1)P (M2|A1) + P (M1)P (A2|M1)

=
10

18
× 8

17
+

8

18
× 10

17
=

80

153
.

Sto Ðdio apotèlesma mporoÔme na katal xoume me qr sh sunduastik c, kai p�li ìmwc
me perissìterec pr�xeic.
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Par�deigma 3.5. (Monty Hall � sunèqeia) Se sunèqeia tou probl matoc tou
Monty Hall tou ParadeÐgmatoc 1.11, ti eÐnai kalÔtero: na all�zei,   an mhn all�zei
kourtÐna o parousiast c? Ja apant soume autì to er¸thma upologÐzontac tic pijanì-
thtec ìlwn twn apotelesm�twn tou D.Q. tou Sq matoc 1.4, kai stic dÔo peript¸seic.

UpenjumÐzoume ìti ta apotelèsmata eÐnai tri�dec thc morf c (X,X,X), ìpou ta
X paÐrnoun timèc A, B,   C, kai to pr¸to stoiqeÐo deÐqnei thn epilog  tou diagwni-
zìmenou, to deÔtero thn kourtÐna pou apokalÔfjhke, kai to trÐto thn kourtÐna pou
epèlexe telik� o diagwnizìmenoc. To d¸ro brÐsketai sthn kourtÐna A.

Gia na upologÐsoume tic pijanìthtec, qreiazìmaste duo upojèseic. Pr¸ton, upojè-
toume pwc h arqik  epilog  tou paÐkth eÐnai tuqaÐa, kai m�lista pwc ta endeqìmena {o
paÐkthc pr¸ta epilègei thn A},{o paÐkthc pr¸ta epilègei thn B} kai {o paÐkthc pr¸ta
epilègei thn C} èqoun pijanìthta 1/3 to kajèna. Epiplèon, upojètoume ìti ìtan o
parousiast c èqei epilog  sto poia kourtÐna ja anoÐxei, anoÐgei k�je mia apì tic dÔo
me pijanìthta 1/2.

Strathgik  1: 'Estw pwc o paÐkthc all�zei kourtÐna me pijanìthta 1. Tìte o
paÐkthc ja kerdÐsei an (kai mìno an) arqik� epilèxei thn kourtÐna B   thn kourtÐna
C. Sto Sq ma 3.1 (�nw) faÐnetai o deigmatikìc q¸roc kai oi pijanìthtec ìlwn twn
apotelesm�twn. Ta apotelèsmata pou odhgoÔn se nÐkh eÐnai upogrammismèna, kai èqoun
olik  pijanìthta 2/3.

Strathgik  2: O paÐkthc all�zei kourtÐna me pijanìthta 0. Tìte o paÐkthc ja ker-
dÐsei an (kai mìno an) arqik� epilèxei thn kourtÐna A. Sto Sq ma 3.1 (k�tw) faÐnetai
o deigmatikìc q¸roc kai oi pijanìthtec ìlwn twn apotelesm�twn. Ta apotelèsmata
pou odhgoÔn se nÐkh eÐnai upogrammismèna, kai èqoun olik  pijanìthta 1/3.

Sunep¸c, sumfèrei ton paÐkth na all�zei kourtÐna!
Oi upologismoÐ twn pijanot twn ìlwn twn apotelesm�twn èginan me qr sh tou

pollaplasiastikoÔ tÔpou. Gia par�deigma, ac exet�soume thn pijanìthta na prokÔyei
to apotèlesma (A,B,C) an o paÐkthc akoloujeÐ thn pr¸th strathgik . 'Estw (A, ∗, ∗)
to endeqìmeno na epilèxei o paÐkthc thn kourtÐna A, (∗, B, ∗) to endeqìmeno na anoÐxei
o parousiast c thn kourtÐna B, kai (∗, ∗, C) to endeqìmeno na katal xei o paÐkthc me
thn kourtÐna C. (Apì poia apotelèsmata apoteleÐtai to k�je endeqìmeno?). 'Eqoume:

P ((A,B,C))

= P ((A, ∗, ∗) ∩ (∗, B, ∗) ∩ (∗, ∗, C))

= P ((A, ∗, ∗))× P ((∗, B, ∗)|(A, ∗, ∗))× P ((∗, ∗, C)|(A, ∗, ∗) ∩ (∗, B, ∗))
=

1

3
× 1

2
× 1 =

1

6
.

Sthn trÐth isìthta, qrhsimopoi same tic dÔo upojèseic mac kai to gegonìc ìti o paÐkthc
akoloujeÐ thn pr¸th strathgik .
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Sq ma 3.1: O deigmatikìc q¸roc kai oi pijanìthtec ìlwn twn apotelesm�twn tou ParadeÐgmatoc 3.5
gia tic dÔo diaforetikèc strathgikèc: 1) o paÐkthc all�zei p�nta kourtÐna, kai 2) o paÐkthc den
all�zei potè kourtÐna. Parathr ste pwc h pijanìthta enìc apotelèsmatoc isoÔtai me to ginìmeno
twn pijanot twn ìlwn twn kl�dwn tou dèntrou pou odhgoÔn sto en lìgw apotèlesma.
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Par�deigma 3.6. (Poker me desmeumènec pijanìthtec) 'Enac paÐkthc tou pìker
paÐrnei 5 fÔlla apì mia kanonik  tr�poula 52 fÔllwn. Poia eÐnai h pijanìthta gia:

1. Karè (dhlad  4 Ðdia fÔlla, gia par�deigma 4 �ssouc, 4 nt�mec, ktl.)?

2. Foul (dhlad  èna zeug�ri kai mia tri�da, gia par�deigma 3 �ssouc kai 2 rhg�dec)?

3. Qr¸ma (dhlad  ìla koÔpec   ìla spaji�   ìla mpastoÔnia   ìla kar¸)?

Ja qrhsimopoi soume thn ènnoia thc desmeumènhc pijanìthtac, kai ìqi kanìnec thc
sunduastik c ìpwc k�name sto Par�deigma 2.18.

1. FantasteÐte pwc mac apokalÔptontai ta fÔlla ìqi tautìqrona, ìpwc se lÔseic
pou basÐzontai se sunduastik , all� diadoqik�. Parathr ste ìti to endeqìmeno
tou karè mporeÐ na grafeÐ wc ènwsh pènte xènwn endeqìmenwn Ei, ìpou to Ei

eÐnai to {par�tairo} fÔllo na eÐnai to i-ostì pou ja mac apokalufjeÐ. Lìgw
summetrÐac, h zhtoÔmenh pijanìthta eÐnai Ðsh me 5P (E1) (giatÐ?)

Gia na upologÐsoume to P (E1), skeftìmaste wc ex c: 'Estw pwc èqoume trab xei
to pr¸to qartÐ. H pijanìthta na k�noume telik� karè eÐnai h pijanìthta h axÐa
(dhlad  to {noÔmero}, �ssoc, 2, 3, k.o.k.) tou deÔterou fÔllou na eÐnai diafo-
retik  apì tou pr¸tou (48/51), epÐ thn pijanìthta to trÐto na èqei thn Ðdia axÐa
me to deÔtero (3/50), epÐ thn pijanìthta to tètarto na eÐnai Ðdio me to deÔtero
(2/49), epÐ thn pijanìthta to teleutaÐo na eÐnai Ðdio me to deÔtero (1/48).

An jèloume na eÐmaste pio sqolastikoÐ, orÐzoume ta akìlouja endeqìmena:

A2 = H axÐa tou deÔterou fÔllou eÐnai diaforetik  ap' tou pr¸tou,

A3 = To trÐto fÔllo èqei Ðdia axÐa me to deÔtero,

A4 = To tètarto fÔllo èqei Ðdia axÐa me to deÔtero,

A5 = To pèmpto fÔllo èqei Ðdia axÐa me to deÔtero.

Tìte, èqoume, apì ton orismì thc desmeumènh pijanìthtac

P (E1) = P (A2 ∩ A3 ∩ A4 ∩ A5)

= P (A2)P (A3|A2)P (A4|A2 ∩ A3)P (A5|A2 ∩ A3 ∩ A4)

=
48

51
× 3

50
× 2

49
× 1

48
.

'Ara, h pijanìthta na èrjei karè eÐnai Ðsh me

5P (E1) = 5× 48

51
× 3

50
× 2

49
× 1

48
=

1

4165
' 2.4× 10−4.
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2. Gia na upologÐsoume thn pijanìthta foul, ja upologÐsoume pr¸ta thn pijanì-
thta tou endeqìmenou B2 na shk¸soume fÔlla apì akrib¸c dÔo {axÐec} (dhlad 
noÔmera). Parathr ste ìti èqoume fÔlla me akrib¸c dÔo diaforetikèc axÐec an
kai mìno an èqoume karè   foul, opìte to endeqìmeno B2 mporeÐ na ekfrasteÐ
wc B2 = A ∪ B ìpou B={èqoume foul} kai A={èqoume karè}, me A, B xèna.
Thn pijanìthta tou A thn upologÐsame  dh, �ra gia na broÔme thn zhtoÔmenh
pijanìthta P (B) = P (B2)− P (A), arkeÐ na upologÐsoume P (B2).

Gia autì to skopì ja ekfr�soume to B2 wc thn ènwsh twn xènwn endeqomènwn

B2 = B22 ∪B23 ∪B24 ∪B25,

ìpou to B2i eÐnai to uposÔnolo tou B2 ìpou h deÔterh ap' tic dÔo axÐec thc 5�dac
emfanÐzetai gia pr¸th for� sto fÔllo i. Parathr ste pwc:

P (B22) =
48

51
× 6

50
× 5

49
× 4

48
, P (B23) =

3

51
× 48

50
× 5

49
× 4

48
,

P (B24) =
3

51
× 2

50
× 48

49
× 4

48
, P (B25) =

3

51
× 2

50
× 1

49
× 48

48
.

'Ara telik�, h zhtoÔmenh pijanìthta P (B) isoÔtai me

P (B) = P (B22) + P (B23) + P (B24) + P (B25)− P (A) =
6

4165
' 0.0014.

3. 'Estw ìti èqoume trab xei to pr¸to qartÐ. H pijanìthta to deÔtero na eÐnai tou
Ðdiou qr¸matoc eÐnai 12

51 , giatÐ èqoun meÐnei 51 fÔlla proc epilog , ek twn opoÐwn
12 eÐnai tou idÐou qr¸matoc. Me dedomèno ìti to deÔtero fÔllo èqei to Ðdio qr¸ma
me to pr¸to, to trÐto fÔllo ja eÐnai epÐshc tou Ðdiou qr¸matoc me pijanìthta 11

50 ,
k.o.k.

Pio susthmatik�, orÐzontac ta endeqìmena

Zi = {To i fÔllo èqei Ðdio qr¸ma me to pr¸to}, i = 2, 3, 4, 5,

èqoume

P ({qr¸ma}) = P (Z2 ∩ Z3 ∩ Z4 ∩ Z5)

= P (Z2)P (Z3|Z2)P (Z4|Z2 ∩ Z3)P (Z5|Z2 ∩ Z3 ∩ Z4)

=
12

51
× 11

50
× 10

49
× 9

48
=

33

16660
' 0.002.

Parat rhsh: SugkrÐnontac autì to par�deigma me to Par�deigma 2.18, mporeÐte na
diapist¸sete ìti ìtan èna prìblhma lÔnetai me qr sh sunduastik c   qr sh desmeumè-
nhc pijanìthtac, suqn� h mia mèjodoc eÐnai aploÔsterh kai/  perilamb�nei ligìterec
pr�xeic apì thn �llh.
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3.2 Idiìthtec Desmeumènhc Pijanìthtac

H desmeumènh pijanìthta P (A|B) ekfr�zei ousiastik� thn pijanìthta tou A ston
kainoÔrgio deigmatikì q¸ro B. 'Ara, anamènoume na eÐnai mètro pijanìthtac. Pr�gmati,
isqÔei to akìloujo:

L mma 3.2. (H desmeumènh pijanìthta eÐnai pijanìthta) 'Estw deigmatikìc q¸roc Ω
me mètro pijanìthtac P , kai èstw endeqìmeno B me P (B) > 0. H sun�rthsh Q(A) h
opoÐa orÐzetai wc Q(A) = P (A|B) gia k�je endeqìmeno A eÐnai èna mètro pijanìthtac
ston deigmatikì q¸ro Ω, dhlad  ikanopoieÐ tic sunj kec:

1. P (A|B) ≥ 0 gia k�je endeqìmeno A.

2. P (Ω|B) = 1.

3. An ta Ai, i = 1, 2, . . . eÐnai xèna endeqìmena, tìte

P

( ∞⋃
i=1

Ai

∣∣∣B) =
∞∑
i=1

P (Ai|B).

Apìdeixh. 1. Ex orismoÔ P (A|B) = P (A∩B)
P (B) . Apì to pr¸to axÐwma twn pijanot twn

èqoume P (A ∩B) ≥ 0, kai ex upojèsewc P (B) > 0, sunep¸c P (A∩B)
P (B) ≥ 0.

2. AfoÔ B ⊆ Ω, ja èqoume P (Ω|B) =
P (Ω ∩B)

P (B)
=
P (B)

P (B)
= 1.

3. 'Estw A, C, xèna endeqìmena.

P (A ∪ C|B) =
P ((A ∪ C) ∩B)

P (B)
=
P ((A ∩B) ∪ (C ∩B))

P (B)

=
P (A ∩B) + P (C ∩B)

P (B)
= P (A|B) + P (C|B).

H deÔterh isìthta proèkuye apì thn epimeristik  idiìthta. H trÐth isìthta proè-
kuye apì to ìti ta A∩B kai C∩B eÐnai xèna, wc uposÔnola xènwn endeqìmenwn.
H idiìthta mporeÐ eÔkola na genikeuteÐ gia thn perÐptwsh arijm sima �peirwn
xènwn endeqìmenwn.



58 KEF�ALAIO 3. DESMEUM�ENH PIJAN�OTHTA KAI ANEXARTHS�IA

L mma 3.3. (Idiìthtec desmeumènhc pijanìthtac) 'Estw Ω ènac deigmatikìc q¸roc
kai P èna mètro pijanìthtac. Sta akìlouja, A,B,C eÐnai endeqìmena tou Ω. 'Estw
epÐshc endeqìmeno D me P (D) > 0. IsqÔoun oi akìloujec idiìthtec:

1. P (A′|D) = 1− P (A|D).

2. P (∅|D) = 0.

3. P (A|D) ≤ 1.

4. A ⊆ B ⇒ P (A|D) ≤ P (B|D).

5. P (A ∩B′|D) = P (A|D)− P (A ∩B|D).

6. P (A ∪B|D) = P (A|D) + P (B|D)− P (A ∩B|D).

7. P (A ∪B|D) ≤ P (A|D) + P (B|D).

8. P (A ∪B ∪ C|D) = P (A|D) + P (A′ ∩B|D) + P (A′ ∩B′ ∩ C|D).

9.

P (A ∪B ∪ C|D) = P (A|D) + P (B|D) + P (C|D)− P (A ∩B|D)−
P (A ∩ C|D)− P (B ∩ C|D) + P (A ∩B ∩ C|D).

Apìdeixh. Oi �nw idiìthtec èqoun apodeiqjeÐ sto L mma 1.4 gia k�je mètro pijanìth-
tac, �ra ja isqÔoun kai gia mètra pijanìthtac pou proèrqontai apì dèsmeush.

Par�deigma 3.7. (Epiplèon idiìthtec desmeumènhc pijanìthtac) 'Estw dÔo opoia-
d pote endeqìmena A,B. Ja upologÐsoume thn desmeumènh pijanìthta P (A|B) an
A ∩B = ∅, an A ⊆ B, kai an B ⊆ A.

An A∩B = ∅, tìte ta A kai B eÐnai adÔnaton na sumboÔn mazÐ, opìte, diaisjhtik�,
dedomènou ìti èqei sumbeÐ to B eÐnai adÔnaton na sumbeÐ kai to A. Pr�gmati,

P (A|B) =
P (A ∩B)

P (B)
=
P (∅)
P (B)

= 0.

An A ⊆ B, tìte:

P (A|B) =
P (A ∩B)

P (B)
=
P (A)

P (B)
.

An B ⊆ A, tìte, dedomènou ìti èqei sumbeÐ to B sÐgoura ja èqei sumbeÐ k�poio
apì ta apotelèsmata pou an koun kai sto A. Pr�gmati,

P (A|B) =
P (A ∩B)

P (B)
=
P (B)

P (B)
= 1.
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Par�deigma 3.8. Ja deÐxoume ìti

P (A ∪B ∪ C) = 1− P (A′|B′ ∩ C ′)P (B′|C ′)P (C ′).

Pr�gmati,

P (A ∪B ∪ C) = 1− P ((A ∪B ∪ C)′) = 1− P (A′ ∩B′ ∩ C ′),

kai parathr¸ntac ìti

P (A′ ∩B′ ∩ C ′) = P (A′|B′ ∩ C ′)P (B′|C ′)P (C ′),

prokÔptei telik� ìti

P (A ∪B ∪ C) = 1− P (A′|B′ ∩ C ′)P (B′|C ′)P (C ′).
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3.3 O Kanìnac tou Bayes

Se poll� episthmonik� all� kai kajhmerin� probl mata, suqn� prokÔptei to ex c er¸-
thma: An gnwrÐzoume thn tim  miac desmeumènhc pijanìthtac P (A|B), pwc mporoÔme
na upologÐsoume thn pijanìthta P (B|A) ìpou oi rìloi twn endeqomènwn A kai B
èqoun antistrafeÐ? O kanìnac tou Bayes apoteleÐ to basikì ergaleÐo gia thn epÐlush
tètoiou eÐdouc problhm�twn. Mia apì tic shmantikìterec kai pio sunhjismènec tètoiec
peript¸seic aforoÔn probl mata pou sqetÐzontai me test diagnwstik¸n exet�sewn.
EkeÐ, kat� kanìna gnwrÐzoume thn statistik  sumperifor� tou test k�tw apì eleg-
qìmenec sunj kec, p.q., xèroume thn pijanìthta èna test egkumosÔnhc na èqei jetikì
apotèlesma dedomènou ìti h exetazìmenh eÐnai ègkuoc. All� gia ekeÐnh pou k�nei to
test to shmantikì er¸thma eÐnai {dedomènou ìti to test eÐnai jetikì, pìso pijanì eÐnai
na eÐmai ègkuoc}? Epiplèon, o kanìnac tou Bayes apoteleÐ thn afethrÐa miac polÔ sh-
mantik c episthmonik c perioq c, thc Statistik c kat� Bayes, h opoÐa eÐnai exairetik�
energ  ereunhtik� kai ta teleutaÐa 20 perÐpou qrìnia èqei brei efarmogèc se kentrik�
jèmata thc sÔgqronhc plhroforik c.

Par�deigma 3.9. 'Estw pwc, se ènan plhjusmì 10 ekatommurÐwn anjr¸pwn, 20,000
�toma eÐnai foreÐc tou ioÔ HIV. Epilègetai èna �tomo tuqaÐa kai tou gÐnetai mia exètash
gia HIV, h opoÐa èqei posostì sf�lmatoc 5%, dhlad ,

P ({apotèlesma exètashc jetikì} | {ìqi forèac tou HIV}) = 0.05,

P ({apotèlesma exètashc arnhtikì} | {forèac tou HIV}) = 0.05.

H shmantik  er¸thsh ed¸ gia ton exetazìmeno eÐnai: An to apotèlesma thc exètashc
eÐnai jetikì (dhlad  uposthrÐzei pwc o exetazìmenoc eÐnai forèac tou ioÔ), poia eÐnai h
pijanìthta o exetazìmenoc na eÐnai pr�gmati forèac? 'Iswc faÐnetai ek pr¸thc ìyewc
{profanèc} pwc h ap�nthsh eÐnai 95%, all�, ìpwc ja doÔme, h swst  ap�nthsh eÐnai
polÔ diaforetik .

Gia na proseggÐsoume to prìblhma susthmatik�, orÐzoume ta endeqìmena

A = {apotèlesma exètashc jetikì},

H = {o exetazìmenoc eÐnai forèac tou HIV},

kai katagr�foume ta dedomèna tou probl matoc:

P (H) =
20000

10000000
=

2

1000
= 0.002, P (A|H ′) = P (A′|H) = 0.05.

H zhtoÔmenh pijanìthta eÐnai h P (H|A).
Xekin�me upologÐzontac thn pijanìthta tou endeqomènou A, dhlad  tou na bgei

jetikì to apotèlesma thc exètashc enìc tuqaÐa epilegmènou atìmou. Ekfr�zontac to
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A wc thn ènwsh dÔo xènwn endeqomènwn, A = (A ∩H) ∪ (A ∩H ′), èqoume
P (A) = P (A ∩H) + P (A ∩H ′),

kai qrhsimopoi¸ntac ton pollaplasiastikì kanìna,

P (A) = P (A|H)P (H) + P (A|H ′)P (H ′)

= (1− P (A′|H))P (H) + P (A|H ′)(1− P (H)).

Antikajist¸ntac tic timèc twn pijanot twn,

P (A) = (1− 0.05)× 0.002 + 0.05× (1− 0.002) ' 0.0518.

T¸ra eÐmaste se jèsh na apant soume to basikì mac er¸thma: dedomènou ìti h exètash
bg ke jetik , poia h pijanìthta na eÐnai forèac tou HIV o exetazìmenoc? Me dipl 
efarmog  tou orismoÔ thc desmeumènhc pijanìthtac brÐskoume:

P (H|A) =
P (A ∩H)

P (A)
=
P (A|H)P (H)

P (A)
=

[1− P (A′|H)]P (H)

P (A)

=
(1− 0.05)× 0.002

0.0518
' 0.0367 = 3.76%.

Blèpoume, loipìn, pwc h pijanìthta o exetazìmenoc na eÐnai forèac tou HIV dedomènou
pwc to apotèlesma thc exètashc eÐnai jetikì, eÐnai shmantik� mikrìterh apì thn pr¸th
mac {diaisjhtik } ap�nthsh pou  tan basismènh sto skeptikì ìti kat� 95% h exètash
dÐnei to swstì apotèlesma! H diafor� aut  prokÔptei apì to ìti arqik� den l�bame
up' ìyin mac pwc o exetazìmenoc epilèqjhke tuqaÐa apì ènan plhjusmì ston opoÐo
polÔ sp�nia sunant�me ènan forèa tou HIV. H arqik  pijanìthta (2 stouc qÐliouc)
na eÐnai forèac fusik� aux�netai (sto 3.76%) lìgw tou jetikoÔ apotelèsmatoc thc
exètashc, all� den ft�nei wc to 95% ìpwc arqik� fantazìmastan.

Orismìc 3.2. (DiamerÐseic) 'Otan èna sÔnolo endeqìmenwn B1, B2, . . . , BN eÐnai
xèna metaxÔ touc kai epiplèon

⋃N
i=1Bi = Ω, tìte kaloÔntai diamèrish tou Ω.

L mma 3.4. (Kanìnac Olik c Pijanìthtac) Gia opoiad pote endeqìmena A,B, ìpou
P (B) > 0 kai P (B′) > 0, isqÔei ìti

P (A) = P (A|B)P (B) + P (A|B′)P (B′).

Genikìtera, an ta endeqìmena B1, B2, . . . , BN apoteloÔn diamèrish, me P (Bi) > 0 gia
ìla ta i, tìte:

P (A) = P (A|B1)P (B1) + P (A|B2)P (B2) + · · ·+ P (A|BN)P (BN).
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Apìdeixh. ParathroÔme pwc

P (A) = P (A ∩ Ω) = P (A ∩ (B1 ∪B2 ∪ · · · ∪BN))

= P (AB1 ∪ AB2 ∪ · · · ∪ ABN)

= P (AB1) + P (AB2) + · · ·+ P (ABN)

= P (A|B1)P (B1) + P (A|B2)P (B2) + · · ·+ P (A|BN)P (BN).

Sthn trÐth isìthta qrhsimopoi same thn epimeristik  idiìthta. Sthn tètarth qrhsimo-
poi same to ìti èqoume ènwsh xènwn endeqìmenwn.

Par�deigma 3.10. To 20% twn EllhnÐdwn eÐnai melaqrinèc, en¸ to 60% twn
Ell nwn eÐnai melaqrinoÐ. An epilèxoume èna �tomo sthn tÔqh apì to genikì plh-
jusmì, poia eÐnai h pijanìthta na eÐnai melaqrinì? Diaisjhtik�, h ap�nthsh eÐnai
1
2 × 20% + 1

2 × 60% = 40%. Austhr�, mporoÔme na qrhsimopoi soume ton nìmo thc
olik c pijanìthtac. 'Estw M to endeqìmeno èna tuqaÐa epilegmèno �tomo na eÐnai
melaqrinì, kai A to endeqìmeno na eÐnai �ntrac. Mac èqei dojeÐ ìti P (M |A) = 0.6,
P (M |A′) = 0.2. AfoÔ o plhjusmìc eÐnai genikìc, upojètoume pwc P (A) = 0.5.
'Eqoume:

P (M) = P (M |A)P (A) + P (M |A′)P (A′) = 0.6× 0.5 + 0.2× 0.5 = 0.4.

An h epilog  tou atìmou  tan apì èna stratìpedo me 90% andrikì plhjusmì, kai ìqi
apì to genikì plhjusmì, tìte P (A) = 0.9 kai o �nw upologismìc gÐnetai

P (M) = P (M |A)P (A) + P (M |A′)P (A′) = 0.6× 0.9 + 0.2× 0.1 = 0.56.

L mma 3.5. (Kanìnac Bayes) Gia opoiad pote endeqìmena A,B me P (A) > 0,
P (B) > 0, P (B′) > 0 èqoume:

P (B|A) =
P (A|B)P (B)

P (A)
=

P (A|B)P (B)

P (A|B)P (B) + P (A|B′)P (B′)
.

Genikìtera, an ta endeqìmena B1, B2, . . . , BN eÐnai diamèrish, kai P (Bi) > 0 gia k�je
i = 1, 2, . . . , N , kai epiplèon gia to endeqìmeno A èqoume P (A) > 0, tìte:

P (B1|A) =
P (A|B1)P (B1)

P (A)

=
P (A|B1)P (B1)

P (A|B1)P (B1) + P (A|B2)P (B2) + · · ·+ P (A|BN)P (BN)
.

Apìdeixh. Profan c, qrhsimopoi¸ntac ton orismì thc desmeumènhc pijanìthtac kai
ton kanìna thc olik c pijanìthtac.
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Par�deigma 3.11. Se k�poio plhjusmì, 2% twn anjr¸pwn p�sqei apì mia asjè-
neia. 'Enac tuqaÐa epilegmènoc �njrwpoc k�nei èna diagnwstikì test gia aut  thn
asjèneia, ìpou oi pijanìthtec sf�lmatoc tou test eÐnai:

P
(
{arnhtikì test}

∣∣{asjen c}) = 0.5%,

P
(
{jetikì test}

∣∣{ìqi asjen c}) = 5%.

Dedomènou ìti to test eÐnai arnhtikì, poia h pijanìthta parìla aut� na èqei thn
asjèneia?

OrÐzoume ta endeqìmena

T = {jetikì test},

A = {asjen c},

opìte ta dedomèna tou probl matoc eÐnai

P (A) = 0.02, P (T ′|A) = 0.005, P (T |A′) = 0.05,

kai h zhtoÔmenh pijanìthta eÐnai h P (A|T ′). Apì ton kanìna tou Bayes èqoume

P (A|T ′) =
P (T ′|A)P (A)

P (T ′|A)P (A) + P (T ′|A′)P (A′)

=
P (T ′|A)P (A)

P (T ′|A)P (A) + [1− P (T |A′)][1− P (A)]

=
0.005× 0.02

0.005× 0.02 + 0.95× 0.98
' 10−4.

Par�deigma 3.12. Anakoin¸netai apì thn etairÐa Dell ìti apì ta PC enìc sugke-
krimènou montèlou pou kukloforoÔn sthn agor�:

1. To 25% eÐnai elattwmatik�,

2. to 25% den eÐnai elattwmatik�, all� èqoun shmantikì rÐsko na parousi�soun
el�ttwma,

3. kai to 50% den èqoun kanèna apì ta �nw dÔo probl mata.

Dianèmetai apì thn etairÐa èna prìgramma di�gnwshc twn problhm�twn, to opoÐo
eÐnai 99% akribèc, dhlad 

P (T |(E ∪R)′) = P (T ′|E) = P (T ′|R) = 1%,

ìpou ta endeqìmena T,E,R, orÐzontai wc

T = {jetikì apotèlesma diagnwstikoÔ test},

E = {elattwmatikì PC},

R = {PC me rÐsko elatt¸matoc}.
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K�noume sto PC mac autì to diagnwstikì test kai bgaÐnei arnhtikì. Poia h pija-
nìthta o upologist c mac pr�gmati na mhn èqei kanèna apì ta dÔo probl mata?

Ed¸ o kanìnac tou Bayes mac dÐnei

P ((E ∪R)′|T ′) =
P (T ′|(E ∪R)′)P ((E ∪R)′)

P (T ′|(E ∪R)′)P ((E ∪R)′) + P (T ′|E)P (E) + P (T ′|R)P (R)
,

ìpou parathroÔme ìti ta E,R, (E ∪ R)′ apoteloÔn diamèrish. Antikajist¸ntac ìpwc
kai sto prohgoÔmeno par�deigma tic timèc apì ta dedomèna tou probl matoc upologÐ-
zoume

P ((E ∪R)′|T ′) =
0.99× 0.5

0.99× 0.5 + 0.01× 0.25 + 0.01× 0.25
= 0.99.

'Ara, se k�poiec (polÔ eidikèc) peript¸seic, mporeÐ na èqoume, gia dÔo endeqìmena A,
B, ìti P (A|B) = P (B|A), ìpwc ed¸ èqoume P ((E ∪R)′|T ′) = P (T ′|(E ∪R)′).

Par�deigma 3.13. (Test pollapl¸n apant sewn) 'Enac majht c apant� mia er¸-
thsh pollapl¸n apant sewn, me N dunatèc apant seic. An o majht c den xèrei thn
ap�nthsh, epilègei mia apì tic dunatèc apant seic sthn tÔqh, qwrÐc k�poia protÐmhsh.
An h pijanìthta na xèrei thn ap�nthsh eÐnai p, poia eÐnai h desmeumènh pijanìthta na
 xere thn ap�nthsh dedomènou ìti ap�nthse swst�?
LÔsh: OrÐzoume ta endeqìmena A na ap�nthse swst�, kai C o majht c na gn¸rize

thn ap�nthsh, opìte h zhtoÔmenh pijanìthta eÐnai h P (C|A). 'Eqoume, apì ton kanìna
tou Bayes:

P (C|A) =
P (A|C)P (C)

P (A|C)P (C) + P (A|C ′)P (C ′)

=
1× p

1× p+ 1
N × (1− p) =

Np

(N − 1)p+ 1
.

Sta �nw, k�name thn upìjesh ìti an o majht c xèrei thn ap�nthsh, apant� p�nta
swst�.



3.4. ANEXARTHS�IA 65

3.4 AnexarthsÐa

Orismìc 3.3. (Anex�rthta endeqìmena) DÔo endeqìmena A,B eÐnai anex�rthta an

P (AB) = P (A)P (B).

Se diaforetik  perÐptwsh, kaloÔntai exarthmèna.

Parathr seic

1. An èqoume P (A) > 0, tìte

P (AB) = P (A)P (B)⇔ P (B) =
P (AB)

P (A)
= P (B|A).

2. AntistoÐqwc, an P (B) > 0, tìte

P (AB) = P (A)P (B)⇔ P (A) =
P (AB)

P (B)
= P (A|B).

3. An èqoume P (A) = 0, tìte

AB ⊆ A⇒ P (AB) ≤ P (A) = 0⇒ P (AB) = 0,

kai epomènwc ta A, B eÐnai anex�rthta, afoÔ P (AB) = P (A)P (B) = 0.

4. An èqoume P (B) = 0, omoÐwc ta A, B eÐnai anex�rthta.

Stic pr¸tec dÔo peript¸seic, pou eÐnai oi pio sunhjismènec (afoÔ spanÐwc mac endia-
fèroun endeqìmena me pijanìthta 0), dÔo endeqìmena eÐnai anex�rthta an, kai mìno an,
gnwrÐzontac an sunèbh to èna, den all�zei h pijanìthta na sumbeÐ to �llo.

Par�deigma 3.14. (RÐyeic zarioÔ) RÐqnoume èna z�ri dÔo forèc. Upojètoume ìti
ìla ta apotelèsmata eÐnai isopÐjana. 'Estw ta akìlouja endeqìmena:

1. A = {To �jroisma eÐnai zugì},

2. B = {To �jroisma eÐnai monì},

3. C = {To �jroisma eÐnai Ðso me 7},

4. D = {Fèrame dÔo forèc to Ðdio},

5. E = {H pr¸th zari�  rje 6},
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6. F = {H pr¸th zari�  rje 1},

7. G = {To �jroisma eÐnai Ðso me 6}.

EÐnai   ìqi ta pio k�tw zeÔgh endeqìmenwn anex�rthta?

1. A, B.

2. C, B.

3. D, E.

4. C, F .

5. G, F .

O q¸roc pijanìthtac Ω apoteleÐtai apì 36 apotelèsmata, kai sugkekrimèna apì tic
diatetagmènec du�dec thc morf c (i, j), ìpou i, j = 1, . . . , 6. Ex upojèsewc, ìla ta a-
potelèsmata èqoun thn Ðdia pijanìthta, profan¸c 1/36. Sunep¸c, mporoÔme na upolo-
gÐsoume thn pijanìthta opoioud pote endeqìmenou, arkeÐ na metr soume ton arijmì twn
apotelesm�twn apì ta opoÐa apoteleÐtai. Gia par�deigma, P (A) = P (B) = 18

36 = 1
2 ,

afoÔ up�rqoun 18 mon� kai 18 zug� apotelèsmata. Epiplèon:

P (C) = P ({(1, 6), (2, 5), (3, 4), (4, 3), (5, 2), (6, 1)}) =
6

36
=

1

6
,

P (D) = P ({(1, 1), (2, 2), (3, 3), (4, 4), (5, 5), (6, 6)}) =
6

36
=

1

6
,

P (G) = P ({(1, 5), (2, 4), (3, 3), (4, 2), (5, 1)}) =
5

36
,

en¸ profan¸c P (E) = P (F ) = 1/6.
Gia na apofanjoÔme gia thn anexarthsÐa twn zhtoÔmenwn zeugari¸n, qreiazìmaste

thn pijanìthta thc tom c touc. EÔkola, prokÔptei, an metr soume ta apotelèsmata
pou an koun se k�je tom , ìti:

P (A ∩B) = P (∅) = 0,

P (C ∩B) = P (C) =
1

6
,

P (D ∩ E) = P ((6, 6)) =
1

36
,

P (C ∩ F ) = P ((1, 6)) =
1

36
,

P (G ∩ F ) = P ((1, 5)) =
1

36
.
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'Etsi, sugkrÐnontac thn pijanìthta thc tom c me to ginìmeno twn epÐ mèrouc pijano-
t twn se k�je perÐptwsh, eÔkola prokÔptei ìti ta dÔo zeÔgh D kai E, C kai F eÐnai
anex�rthta, en¸ ta �lla ìqi. SumbadÐzoun ta apotelèsmata aut� me thn diaÐsjhs 
sac?

Par�deigma 3.15. (AnexarthsÐa sumplhrwm�twn) An ta A kai B eÐnai anex�rthta
endeqìmena, tìte ta zeÔgh A kai B′, A′ kai B, kai A′ kai B′ eÐnai epÐshc anex�rthta.
Pr�gmati:

1. To ìti ta A kai B eÐnai anex�rthta shmaÐnei pwc P (A ∩ B) = P (A)P (B). Apì
thn anexarthsÐa èqoume

P (A)P (B′) = P (A)(1− P (B))

= P (A)− P (A)P (B) = P (A)− P (A ∩B).

EpÐshc
P (A) = P (A ∩B) + P (A ∩B′)

kai sundu�zontac tic pio p�nw sqèseic èqoume

P (A ∩B′) = P (A)P (B′),

sunep¸c ta A kai B′ eÐnai anex�rthta.

2. H anexarthsÐa twn A′ kai B prokÔptei ìmoia me to prohgoÔmeno skèloc.

3. AfoÔ ta A kai B eÐnai anex�rthta, ja eÐnai kai ta A′ kai B, apì to deÔtero
skèloc. Efarmìzontac t¸ra to pr¸to skèloc gia ta A′ kai B, prokÔptei ìti ja
eÐnai anex�rthta kai ta A′ kai B′.

'Ola ta apotelèsmata èqoun diaisjhtik  ex ghsh. Gia par�deigma, sqetik� me to pr¸to
apotèlesma, an ta A,B eÐnai anex�rthta, tìte an m�joume ìti ègine to B den all�zei h
pijanìthta na èqei sumbeÐ to A. 'Ara, an m�joume ìti ègine to B′, p�li den ja all�xei
h pijanìthta tou A.

Par�deigma 3.16. (DÔo tm mata) 'Estw dÔo diaforetik� tm mata, ek twn opoÐwn
to pr¸to apoteleÐtai apì m1 foithtèc kai w1 foit triec, en¸ to deÔtero apoteleÐtai
apì m2 foithtèc kai w2 foit triec. Epilègoume èna tm ma sthn tÔqh, qwrÐc k�poia
protÐmhsh, kai ek twn ustèrwn èna �tomo apì autì to tm ma. 'Estw A to endeqìmeno
na epilèxoume to pr¸to tm ma, kai èstwM to endeqìmeno na epilèxoume foitht . Poia
eÐnai h sqèsh pou prèpei na ikanopoioÔn ta m1, m2, w1, w2 ¸ste na eÐnai anex�rthta
ta endeqìmena A kai M ?
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Efìson upojètoume pwc P (A) = P (A′) = 1
2 , apì ton kanìna olik c pijanìthtac,

P (M) = P (M |A)P (A) + P (M |A′)P (A′) =
1

2
× m1

m1 + w1
+

1

2
× m2

m2 + w2
.

Epiplèon, apì ton orismì thc desmeumènhc pijanìthtac,

P (M ∩ A) = P (A)P (M |A) =
1

2
× m1

m1 + w1
.

'Ara, gia na èqoume anexarthsÐa twn endeqìmenwn M kai A, ex orismoÔ apaiteÐtai:

P (M ∩ A) = P (M)P (A)

⇔ 1

2
× m1

m1 + w1
=

(
1

2
× m1

m1 + w1
+

1

2
× m2

m2 + w2

)
× 1

2

⇔ m1

m1 + w1
=

m2

m2 + w2

⇔ m1

w1
=
m2

w2
.

H ap�nthsh  tan diaisjhtik� anamenìmenh: Oi analogÐec foithtri¸n/foitht¸n se k�je
tm ma prèpei na eÐnai Ðdiec.

Par�deigma 3.17. Ja deÐxoume ìti an to endeqìmeno A eÐnai anex�rthto apì ton
eautì tou, tìte anagkastik� ja èqoume eÐte P (A) = 0   P (A) = 1. Pr�gmati, an to
A eÐnai anex�rthto apì ton eautì tou, tìte h pijanìtht� tou ikanopoieÐ thn

P (A) = P (A ∩ A) = P (A)P (A) = (P (A))2,

kai oi mìnoi pragmatikoÐ arijmoÐ x tètoioi ¸ste x2 = x eÐnai to 0 kai to 1.

Par�deigma 3.18. An P (A) = 1, tìte to A eÐnai anex�rthto touB gia opoiod pote
endeqìmeno B. Pr�gmati, parathr ste pwc

P (A)P (B) = P (B) = P (BA ∪BA′) = P (BA) + P (BA′) = P (AB).

H trÐth isìthta prokÔptei epeid  ta AB, A′B eÐnai xèna, en¸ h tètarth epeid  to A′B
eÐnai uposÔnolo tou A′ pou èqei P (A′) = 0, �ra kai P (A′B) = 0.

Orismìc 3.4. (AnexarthsÐa poll¸n endeqìmenwn)

1. TrÐa endeqìmena kaloÔntai anex�rthta an eÐnai an� dÔo anex�rthta, dhlad 

P (AB) = P (A)P (B), P (AC) = P (A)P (C), P (BC) = P (B)P (C),

kai epiplèon
P (ABC) = P (A)P (B)P (C).
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2. n endeqìmena A1, A2, . . . , An kaloÔntai anex�rthta an h pijanìthta thc tom c
opoiwnd pote apì aut� isoÔtai me to ginìmeno twn antÐstoiqwn pijanot twn, dh-
lad 

P (Am(1)Am(2) . . . Am(k)) = P (Am(1))P (Am(2)) . . . P (Am(k))

gia k�je uposÔnolo {Am(1), Am(2), . . . , Am(k)} twn n endeqìmenwn, ìpou k ≤ n.

Par�deigma 3.19. MporeÐ trÐa endeqìmena na eÐnai an� dÔo anex�rthta, qwrÐc
ìmwc na eÐnai (apì koinoÔ) anex�rthta. Gia par�deigma, èstw Ω = {1, 2, 3, 4}, kai
èstw P (1) = P (2) = P (3) = P (4) = 1

4 . 'Estw epÐshc ta endeqìmena

A = {1, 2}, B = {1, 3}, C = {1, 4}.

Parathr ste pwc

P (A) = P (B) = P (C) =
1

2
,

P (ABC) = P (AB) = P (BC) = P (AC) =
1

4
,

P (AB) = P (A)P (B),

P (AC) = P (A)P (C),

P (BC) = P (B)P (C),

P (ABC) =
1

4
6= 1

8
= P (A)P (B)P (C).

To apotèlesma sumfwneÐ me th diaÐsjhs  mac. An gnwrÐzoume ìti sunèbh to B, den
all�zoume thn pijanìthta na sunèbh to A. An ìmwc gnwrÐzoume ìti sunèbh kai to B
kai to C, eÐnai bèbaio ìti sunèbh kai to A.

Parathr seic

1. Se perÐptwsh pou prèpei na exet�soume thn anexarthsÐa n endeqìmenwn, prèpei
na elègxoume 2n − n− 1 sqèseic. MporeÐte na exhg sete giatÐ?

2. Sta �nw paradeÐgmata, h anexarthsÐa (  ìqi) dÔo (  perissotèrwn) endeqìmenwn
 tan to zhtoÔmeno. Sunhjèstera ìmwc, eÐnai h afethrÐa gia upologismì thc pi-
janìthtac k�poiwn endeqìmenwn. Dhlad , qrhsimopoioÔme thn anexarthsÐa gia
na kataskeu�soume to mètro pijanìthtac, ìpwc akrib¸c qrhsimopoi same thn u-
pìjesh ìti ìla ta apotelèsmata eÐnai isopÐjana. Prèpei bèbaia, h upìjesh thc
anexarthsÐac na sumbadÐzei me thn diaÐsjhs  mac. DeÐte ta epìmena paradeÐgmata.

Par�deigma 3.20. 'Estw ìti strÐboume 4 forèc èna kèrma, to opoÐo èrqetai kor¸na
me pijanìthta P (H) = p kai gr�mmata me pijanìthta P (T ) = 1−p, gia k�poio (gnwstì
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se mac) p ∈ (0, 1). Ed¸ o q¸roc pijanìthtac Ω apoteleÐtai apì ta 2× 2× 2× 2 = 16
dunat� apotelèsmata (p.q., HTHH   TTHH, klp) twn tess�rwn rÐyewn. All� an
to kèrma den eÐnai dÐkaio (dhlad  an to p 6= 1/2) ta stoiqei¸dh endeqìmena den eÐnai
isopÐjana opìte den mporoÔme na qrhsimopoi soume to L mma 1.2.

Ap' thn �llh, logik� mporoÔme na jewr soume ìti oi diadoqikèc rÐyeic eÐnai anex�r-
thtec metaxÔ touc. Dhlad , an dÔo endeqìmena aforoÔn dÔo diaforetikèc rÐyeic, ja
eÐnai anex�rthta. 'Ara mporoÔme na upologÐsoume thn pijanìthta enìc stoiqei¸douc
endeqomènou, ìpwc p.q. tou {HTHH} wc ex c. 'Estw H1 to endeqìmeno h pr¸th rÐyh
na eÐnai kor¸na, T2 to endeqìmeno h deÔterh rÐyh na eÐnai gr�mmata, k.o.k. 'Eqoume:

P (HTHH) = P
(
H1 ∩ T2 ∩H3 ∩H4

)
= P (H1)× P (T2)× P (H3)× P (H4)

= p× (1− p)× p× p = (1− p)p3,

ìpou sth deÔterh isìthta jewroÔme ìti ta tèssera pio p�nw endeqìmena eÐnai anex�r-
thta.

UpenjumÐzoume ìti gia na upologÐsoume thn pijanìthta opoioud pote endeqomènou
thc morf cA = {ω1, ω2, . . . , ωk}, arkeÐ na gnwrÐzoume thn pijanìthta twn stoiqeiwd¸n
endeqomènwn {ωi}, opìte:

P (A) = P (ω1) + P (ω2) + · · ·+ P (ωk).

Sundu�zontac aut  thn parat rhsh me to gegonìc ìti sto par�deigm� mac h anexar-
thsÐa mac epitrèpei na upologÐsoume thn pijanìthta gia k�je stoiqei¸dec endeqìmeno,
katal goume sto ìti mporoÔme na upologÐsoume thn pijanìthta opoioud pote endeqo-
mènou me qr sh thc anexarthsÐac. Gia par�deigma, an A ={tèsseric forèc to Ðdio
apotèlesma}, tìte èqoume:

P (A) = P ({HHHH,TTTT}) = P
(
{HHHH} ∪ {TTTT}

)
= P (HHHH) + P (TTTT ) = p4 + (1− p)4.

Par�deigma 3.21. 'Estw ìti up�rqoun treic sundèseic se èna dÐktuo, kai h k�je
mÐa energopoieÐtai, anex�rthta apì tic �llec dÔo, me pijanìthta 1/4. Exet�zoume
to poiec sundèseic eÐnai energèc mia dedomènh stigm , opìte o q¸roc pijanìthtac Ω
apoteleÐtai apì ta 8 stoiqeÐa pou perigr�foun tic antÐstoiqec 8 dunatèc katast�seic.
Gia par�deigma, to stoiqeÐo EEA tou Ω perigr�fei thn kat�stash ìpou oi dÔo pr¸tec
sundèseic eÐnai energèc kai h trÐth anenerg .

Poia eÐnai h pijanìthta tou endeqomènou B ={akrib¸c mia sÔndesh eÐnai energ }?
Efìson ta stoiqei¸dh endeqìmena ed¸ den eÐnai isopÐjana, ja akolouj soume thn Ðdia
logik  ìpwc kai sto prohgoÔmeno par�deigma:

P (B) = P ({EAA,AEA,AAE}) = P
(
{EAA} ∪ {AEA} ∪ {AAE}

)
= P (EAA) + P (AEA) + P (AAE).
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Efìson h k�je sÔndesh eÐnai energ  (me pijanìthta 1/4)   anenerg  (me pijanìth-
ta 3/4) anex�rthta apì tic �llec, èqoume

P (B) =
1

4
× 3

4
× 3

4
+

3

4
× 1

4
× 3

4
+

3

4
× 3

4
× 1

4
=

27

64
.

Parat rhsh: Merikèc forèc kaloÔmaste na apodeÐxoume,   upojètoume pwc isqÔei,
h anexarthsÐa dÔo endeqìmenwn ìtan eÐnai desmeumèna proc èna trÐto. Dhlad , èqoume
wc dedomèno,   zhtoÔmeno, thn akìloujh sqèsh:

P (A ∩B|C) = P (A|C)P (B|C).

DeÐte ta akìlouja paradeÐgmata.

Par�deigma 3.22. (Mesogeiak  anaimÐa) Se k�poio plhjusmì, to 8% twn atìmwn
èqei to stÐgma thc mesogeiak c anaimÐac. 'Estw ìti èna tuqaÐa epilegmèno �tomo k�nei
mia exètash gia na diapist¸sei an èqei to stÐgma   ìqi. H exètash den eÐnai apìluta
akrib c, kai h pijanìthta to apotèlesma na bgei jetikì en¸ den up�rqei stÐgma eÐnai
10%. Epiplèon, h pijanìthta na bgei to apotèlesma arnhtikì en¸ up�rqei stÐgma eÐnai
1%. Poi� h pijanìthta na èqei stÐgma k�poioc pou:

1. K�nei thn exètash kai prokÔptei jetikì apotèlesma?

2. K�nei thn exètash dÔo anex�rthtec forèc, kai prokÔptei jetikì apotèlesma thn
pr¸th for� kai arnhtikì apotèlesma thn deÔterh for�?

'Eqoume, kat� perÐptwsh:

1. 'Estw A to endeqìmeno na bgei to apotèlesma jetikì, kai S na èqei to �tomo to
stÐgma. DÐnetai ìti P (S) = 0.08, P (A|S ′) = 0.1 kai P (A′|S) = 0.01. 'Eqoume
epÐshc P (S ′) = 0.92 kai P (A|S) = 0.99.

Apì to nìmo tou Bayes, h zhtoÔmenh pijanìthta P (S|A) eÐnai:

P (S|A) =
P (A|S)P (S)

P (A|S)P (S) + P (A|S ′)P (S ′)
=

0.99× 0.08

0.99× 0.08 + 0.1× 0.92
' 0.4626.

2. 'Estw A1 to endeqìmeno na bgei to apotèlesma jetikì sthn pr¸th exètash, kai A2

to endeqìmeno na bgei to apotèlesma jetikì sth deÔterh exètash. Me efarmog 
tou nìmou tou Bayes kai thc upìjeshc thc anexarthsÐac, èqoume:

P (S|A1 ∩ A′2) =
P (A1 ∩ A′2|S)P (S)

P (A1 ∩ A′2|S)P (S) + P (A1 ∩ A′2|S ′)P (S ′)

=
P (A1|S)P (A′2|S)P (S)

P (A1|S)P (A′2|S)P (S) + P (A1|S ′)P (A′2|S ′)P (S ′)

=
0.99× 0.01× 0.08

0.99× 0.01× 0.08 + 0.1× 0.9× 0.92
' 0.0095.
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Parathr ste ìti sth deÔterh isìthta qrhsimopoi same to ìti ta apotelèsmata
thc exètashc eÐnai anex�rthta, dedomènou ìti to epilegmèno �tomo èqei (  den
èqei) stÐgma.

Par�deigma 3.23. (DÔo z�ria) 'Estw ìti èqoume trÐa z�ria, ìpou to pr¸to eÐnai
dÐkaio, to deÔtero den èrqetai potè 6, kai to trÐto èqei P (6) = 2/3. Epilègoume èna
sthn tÔqh, qwrÐc k�poia protÐmhsh, to rÐqnoume dÔo forèc kai fèrnoume 66. Poia h
pijanìthta na epilèxame to dÐkaio z�ri?

OrÐzoume ta endeqìmena F,A2, A3 wc {epilèxame to dÐkaio z�ri}, {epilèxame to deÔ-
tero z�ri} kai {epilèxame to trÐto z�ri}, antÐstoiqa. Epiplèon orÐzoume ta endeqìmena
E1 ={to pr¸to z�ri  tan 6}, E2 ={to deÔtero z�ri  tan 6}, E = E1E2={fèrame 66}.
Apì ton kanìna tou Bayes,

P (F |E) =
P (E|F )P (F )

P (E|F )P (F ) + P (E|A2)P (A2) + P (E|A3)P (A3)

=
P (E1E2|F )P (F )

P (E1E2|F )P (F ) + P (E1E2|A2)P (A2) + P (E1E2|A3)P (A3)

=
(1/6)(1/6)(1/3)

(1/6)(1/6)(1/3) + 0× (1/3) + (2/3)(2/3)(1/3)
=

1

16
,

ìpou sthn trÐth isìthta upojèsame anexarthsÐa metaxÔ twn rÐyewn, me dedomènh thn
epilog  k�poiou zarioÔ, sunep¸c, gia par�deigma, P (E1E2|F ) = P (E1|F )P (E2|F ).

Pr�gmati, efìson fèrame 2 forèc 6, eÐnai pijanìtero na epilèxame to z�ri to opoÐo
èqei pijanìthta 2/3 na fèrei 6, par� to dÐkaio z�ri.

San teleutaÐa parat rhsh, eÔkola mporoÔme na doÔme pwc, qwrÐc dèsmeush, ta E1,
E2 den eÐnai anex�rthta, dhlad  P (E1E2) 6= P (E1)P (E2). Pr�gmati, an fèroume 6
sthn pr¸th rÐyh, tìte apokleÐetai na epilèxame to deÔtero z�ri, kai sunep¸c aux�nei
h pijanìthta tou endeqìmenou na fèroume 6 sth deÔterh rÐyh.

Par�deigma 3.24. (EtairÐa plhroforik c � sunèqeia) Epistrèfoume sthn etaireÐa
plhroforik c tou ParadeÐgmatoc 3.1, sthn opoÐa h katanom  twn ergazìmenwn eÐnai h
akìloujh:

'Ellhnec allodapoÐ

teqnikoÐ 22 25
programmatistèc 18 5

'Opwc kai sto Par�deigma 3.1, epilègoume k�poion apì touc 70 ergazìmenouc, qwrÐc
k�poia protÐmhsh.

DÐnetai, epiplèon, ìti h katanom  an� fÔllo èqei wc ex c:
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('Antrec) 'Ellhnec allodapoÐ

teqnikoÐ 17 20
programmatistèc 13 0

(GunaÐkec) 'Ellhnec allodapoÐ

teqnikoÐ 5 5
programmatistèc 5 5

OrÐzoume ta endeqìmena

T = {epelègh teqnikìc}, E = {epelègh 'Ellhnac}, K = {epelègh GunaÐka}.

Parathr ste pwc ta T , E den eÐnai anex�rthta, diìti

P (T ) =
47

70
, P (E) =

4

7
, P (ET ) =

22

70
,

kai den isqÔei ìti P (ET ) = P (E)P (T ). 'Omwc, èqoume

P (T |K) =
1

2
, P (E|K) =

1

2
, P (ET |K) =

1

4
,

epomènwc P (ET |K) = P (E|K)P (T |K) kai ta endeqìmena E, T eÐnai anex�rthta an
ta desmeÔsoume wc proc to K. BebaiwjeÐte ìti katalabaÐnete diaisjhtik� giatÐ isqÔei
to apotèlesma.

Orismìc 3.5. (AnexarthsÐa upopeiram�twn) DÔo   perissìtera upopeir�mata enìc
sÔnjetou peir�matoc kaloÔntai anex�rthta an opoiod pote sÔnolo apì endeqìmena, k�je
èna ek twn opoÐwn afor� èna sÔnolo upopeiram�twn (apì ta �nw) xèna apì ta antÐstoiqa
sÔnola upopeiram�twn twn �llwn endeqìmenwn, eÐnai anex�rthta metaxÔ touc.

Parathr seic

1. O �nw orismìc den eÐnai apolÔtwc austhrìc, all� gia ta plaÐsia autoÔ tou maj -
matoc eparkeÐ. O orismìc faÐnetai polÔplokoc, all� h efarmog  tou eÐnai apl .

2. Merik� paradeÐgmata:

(aþ) An dÔo zarièc eÐnai anex�rthtec, ta endeqìmena na èrjei to pr¸to z�ri 1 kai
to deÔtero z�ri na mhn èrjei 4 eÐnai anex�rthta.

(bþ) An k�noume 10 paidi� diadoqik� kai oi genn seic eÐnai anex�rthtec, tìte to
endeqìmeno to 5o paidÐ na eÐnai agìri eÐnai anex�rthto apì to endeqìmeno na
èqoume k�nei agìri stic pr¸tec 4 genn seic.

(gþ) An rÐxoume 5 pènalti diadoqik�, kai oi ektelèseic eÐnai anex�rthtec, to ende-
qìmeno na b�loume to pr¸to eÐnai anex�rthto apì to endeqìmeno na b�loume
k�poio apì ta 4 upìloipa.

(dþ) MporeÐte na breÐte se poia apì ta paradeÐgmata autoÔ tou kefalaÐou emfa-
nÐzontai anex�rthta upopeir�mata?
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Kef�laio 4

Diakritèc TuqaÐec Metablhtèc

Se sÔnjeta probl mata pijanot twn, ìpwc p.q. se probl mata an�lushc polÔplokwn
diktÔwn   algorÐjmwn, h leptomer c, stoiqeÐo-proc-stoiqeÐo perigraf  tou pl rouc
deigmatikoÔ q¸rou Ω eÐnai exairetik� qronobìra, kai suqn� eÐnai kai peritt . 'Opwc
ja doÔme se autì to kef�laio, h ènnoia thc tuqaÐac metablht c mac epitrèpei na
aplopoi soume   kai na parak�myoume aut  th diadikasÐa.

4.1 Diakritèc TuqaÐec Metablhtèc

Orismìc 4.1. (Diakritèc tuqaÐec metablhtèc)

1. Diakrit  TuqaÐa Metablht  (T.M.) kaleÐtai k�je sun�rthsh X : Ω → R ìpou
o Ω eÐnai ènac deigmatikìc q¸roc, kai gia thn opoÐa to sÔnolo S twn tim¸n pou
mporeÐ na l�bei h X eÐnai peperasmèno   arijm simo.

2. To sÔnolo S kaleÐtai sÔnolo tim¸n thc X.

3. H sun�rthsh m�zac pijanìthtac,   m�za pijanìthtac,   apl¸c m�za miac diakri-
t c X eÐnai h sun�rthsh p : S → [0, 1] h opoÐa orÐzetai wc

p(x) = P (X = x) = P ({ω : X(ω) = x}), ∀x ∈ S.

4. H sun�rthsh katanom c pijanìthtac,   katanom  pijanìthtac,   apl¸c katanom 
thc X eÐnai h sun�rthsh F : R→ [0, 1] h opoÐa orÐzetai wc

F (x) = P (X ≤ x) = P ({ω : X(ω) ≤ x}), ∀x ∈ R.

75
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1,1 1,2 1,3 1,4 1,5 1,6

2,1 2,2 2,3 2,4 2,5 2,6

3,1 3,2 3,3 3,4 3,5 3,6

4,1 4,2 4,3 4,4 4,5 4,6

5,1 5,2 5,3 5,4 5,5 5,6

6,1 6,2 6,3 6,4 6,5 6,6

X=1

X=6

X=5

X=4

X=3

X=2

1,1 1,2 1,3 1,4 1,5 1,6

2,1 2,2 2,3 2,4 2,5 2,6

3,1 3,2 3,3 3,4 3,5 3,6

4,1 4,2 4,3 4,4 4,5 4,6

5,1 5,2 5,3 5,4 5,5 5,6

6,1 6,2 6,3 6,4 6,5 6,6

Y=1 Y=6Y=5Y=4Y=3Y=2

Sq ma 4.1: Oi T.M. X, Y tou ParadeÐgmatoc 4.1.
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1,1 1,2 1,3 1,4 1,5 1,6

2,1 2,2 2,3 2,4 2,5 2,6

3,1 3,2 3,3 3,4 3,5 3,6

4,1 4,2 4,3 4,4 4,5 4,6

5,1 5,2 5,3 5,4 5,5 5,6

6,1 6,2 6,3 6,4 6,5 6,6

W=1

W=2

W=6

W=5

W=4

W=3

1,1 1,2 1,3 1,4 1,5 1,6

2,1 2,2 2,3 2,4 2,5 2,6

3,1 3,2 3,3 3,4 3,5 3,6

4,1 4,2 4,3 4,4 4,5 4,6

5,1 5,2 5,3 5,4 5,5 5,6

6,1 6,2 6,3 6,4 6,5 6,6

Z=1

Z=2

Z=6

Z=5

Z=4

Z=3

Sq ma 4.2: Oi T.M. W,Z tou ParadeÐgmatoc 4.1.
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Parathr seic

1. Ektìc apì tic diakritèc, up�rqoun kai �lla eÐdh tuqaÐwn metablht¸n. Proc to
parìn, ìtan mil�me gia mia T.M., ja ennoeÐtai pwc aut  eÐnai diakrit .

2. An upojèsoume k�poio mètro pijanìthtac gia ton deigmatikì q¸ro, eÔkola mpo-
roÔme na broÔme tic pijanìthtec me tic opoÐec lamb�noun tic di�forec timèc touc oi
T.M pou orÐzontai se autìn, kai na upologÐsoume ètsi thn m�za kai thn katanom 
touc. DeÐte to akìloujo par�deigma.

Par�deigma 4.1. (DÔo z�ria) RÐqnoume diadoqik� dÔo z�ria, kai, ìpwc sun jwc,
orÐzoume ton deigmatikì q¸ro wc ex c:

Ω = {11, 12, . . . , 16, 21, 22, . . . , 26, . . . , 61, 62, . . . , 66}.
'Estw X kai Y ta apotelèsmata twn dÔo rÐyewn. Epiplèon, orÐzoume tic T.M. W =
max{X, Y } kai Z = min{X, Y }. Sta Sq mata 4.1, 4.2, èqoume deÐxei, gia k�je
mÐa ap' tic T.M. X, Y,W,Z, kai gia ìlec tic timèc pou mporeÐ na p�roun, to sÔnolo
ìlwn twn apotelesm�twn pou prokaloÔn aut  thn tim . Profan¸c, ta sÔnola tim¸n
SX = SY = SW = SZ = {1, 2, 3, 4, 5, 6}.

An t¸ra upojèsoume ìti ìla ta apotelèsmata eÐnai isopÐjana, tìte èqoume ìti

P (X = 1) = P ({(1, 1), (1, 2), (1, 3), (1, 4), (1, 5), (1, 6)})
=

1

36
+

1

36
+

1

36
+

1

36
+

1

36
+

1

36
=

1

6
,

P (Y = 3) = P ({(1, 3), (2, 3), (3, 3), (4, 3), (5, 3), (6, 3)})
=

1

36
+

1

36
+

1

36
+

1

36
+

1

36
+

1

36
=

1

6
,

P (W = 3) = P ({(1, 3), (2, 3), (3, 3), (3, 2), (3, 1)})
=

1

36
+

1

36
+

1

36
+

1

36
+

1

36
=

5

36
,

P (Z = 5) = P ({(6, 5), (5, 5), (5, 6)}) =
1

36
+

1

36
+

1

36
=

1

12
.

Parìmoia ja mporoÔsame na upologÐsoume tic �nw pijanìthtec akìma kai an to
mètro pijanìthtac tou deigmatikoÔ q¸rou  tan diaforetikì, gia par�deigma an k�poioi
sunduasmoÐ rÐyewn  tan pio pijanoÐ apì �llouc. Ja parameÐnoume ìmwc sthn perÐptw-
sh pou ìla ta apotelèsmata eÐnai isopÐjana, kai ja upologÐsoume tic m�zec kai tic
katanomèc twn X, Y , W , Z.

Gia k�je dunat  tim  x = 1, 2, 3, 4, 5, 6 thc X up�rqoun 6 stoiqeÐa tou Ω pou
antistoiqoÔn se aut  thn tim , kai �ra h pijanìthta tou endeqomènou {X = x} eÐnai
6/36 = 1/6. Sunep¸c h m�za thc X eÐnai h

pX(x) =
1

6
, x = 1, 2, . . . , 6.
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Sq ma 4.3: H m�za kai h sun�rthsh katanom c thc T.M. X sto Par�deigma 4.1.

H sun�rthsh katanom c FX(x) thc X eÔkola mporeÐ na upologisteÐ, me parìmoio
trìpo, all� lamb�nontac up' ìyin ìti to ìrisma thc eÐnai pragmatikìc arijmìc:

1. An x < 1, tìte profan¸c FX(x) = P (X ≤ x) = 0.

2. An x ∈ [1, 2), tìte FX(x) = P (X ≤ x) = P (X = 1) = 1
6 .

3. An x = [2, 3), tìte FX(x) = P (X ≤ x) = P (X = 1) + P (X = 2) = 2
6 .

4. An x = [3, 4), tìte FX(x) = P (X ≤ x) = P (X = 1) + P (X = 2) + P (X =
3) = 3

6 .

5. An x = [4, 5), tìte FX(x) = P (X ≤ x) = P (X = 1) + P (X = 2) + P (X =
3) + P (X = 4) = 4

6 .

6. An x = [5, 6), tìte FX(x) = P (X ≤ x) = P (X = 1) + · · ·+ P (X = 5) = 5
6 .

7. An x ≥ 6, tìte FX(x) = P (X ≤ x) = P (X = 1) + · · ·+ P (X = 6) = 1.
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Sq ma 4.4: H m�za kai h sun�rthsh katanom c thc T.M. Y sto Par�deigma 4.1.

ProkÔptei telik� pwc

FX(x) =



0, x < 1,

1/6, 1 ≤ x < 2,

2/6, 2 ≤ x < 3,

3/6, 3 ≤ x < 4,

4/6, 4 ≤ x < 5,

5/6, 5 ≤ x < 6,

1, 6 ≤ x.

Parathr ste ìti stic timèc 1, 2, 3, 4, 5, 6 h katanom  parousi�zei �lma, kai epiplèon
ìti eÐnai pantoÔ dexi� suneq c.
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Sq ma 4.5: H m�za kai h sun�rthsh katanom c thc T.M. W sto Par�deigma 4.1.

Me akrib¸c ton Ðdio trìpo brÐskoume pwc h Y èqei thn Ðdia m�za kai thn Ðdia su-
n�rthsh katanom c me thn X. Dhlad 

pY (y) =
1

6
, y = 1, 2, . . . , 6,

kai

FY (y) =



0, y < 1,

1/6, 1 ≤ y < 2,

2/6, 2 ≤ y < 3,

3/6, 3 ≤ y < 4,

4/6, 4 ≤ y < 5,

5/6, 5 ≤ y < 6,

1, 6 ≤ y.
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Sq ma 4.6: H m�za kai h sun�rthsh katanom c thc T.M. Z sto Par�deigma 4.1.

H m�za thc W = max{X1, X2} upologÐzetai ìpwc kai thc X, metr¸ntac ta apote-
lèsmata tou arqikoÔ D.Q. pou antistoiqoÔn stic di�forec timèc w pou mporeÐ na p�rei.
Me th bo jeia tou Sq matoc 4.2 brÐskoume:

pW (1) =
1

36
, pW (2) =

3

36
, pW (3) =

5

36
, pW (4) =

7

36
, pW (5) =

9

36
, pW (6) =

11

36
,

FW (w) =



0, w < 1,

1/36, 1 ≤ w < 2,

4/36, 2 ≤ w < 3,

9/36, 3 ≤ w < 4,

16/36, 4 ≤ w < 5,

25/36, 5 ≤ w < 6,

1, 6 ≤ w.

Tèloc, h m�za thc Z = min{X1, X2} upologÐzetai eÔkola me thn Ðdia mejodologÐa.
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Me th bo jeia tou Sq matoc 4.2 brÐskoume:

pZ(1) =
11

36
, pZ(2) =

9

36
, pZ(3) =

7

36
, pZ(4) =

5

36
, pZ(5) =

3

36
, pZ(6) =

1

36
.

FZ(z) =



0, z < 1,

11/36, 1 ≤ z < 2,

20/36, 2 ≤ z < 3,

27/36, 3 ≤ z < 4,

32/36, 4 ≤ z < 5,

35/36, 5 ≤ z < 6,

1, 6 ≤ z.

Oi m�zec kai oi katanomèc twn X, Y,W,Z èqoun sqediasteÐ sta Sq mata 4.3, 4.4,
4.5, kai 4.6.

Parathr seic

1. An kai den to deÐqnoume ed¸, mporoÔme na apodeÐxoume austhr� ìti o sunduasmìc
tou mètrou pijanìthtac ston deigmatikì q¸ro Ω kai h sun�rthsh X dhmiourgoÔn
èna nèo mètro pijanìthtac, aut  th for� sto sÔnolo tim¸n S tou X. H P (A)
sto nèo mètro pijanìthtac isoÔtai me thn P ({ω : X(ω) ∈ A}) sto arqikì mètro
pijanìthtac. Den ja qrhsimopoioÔme diaforetik� sÔmbola (p.q., P1(·) kai P2(·))
gia ta dÔo diaforetik� mètra pijanìthtac.

2. An èna mètro P (·) ep�getai apì mia T.M., ja gr�foume thn P (A) kai wc P (X ∈
A). Gia par�deigma, P ((−2, 3]) = P (−2 < X ≤ 3).

3. Merikèc forèc h m�za kaleÐtai kai puknìthta, prokeimènou na up�rqei omoiomorfÐa
me thn perÐptwsh twn suneq¸n T.M., pou ja exet�soume se epìmena kef�laia.

4. Parathr ste pwc, ìtan qrei�zetai, qrhsimopoioÔme ton antÐstoiqo deÐkth gia na
xeqwrÐzoume ta sÔnola tim¸n, tic m�zec kai tic katanomèc diafìrwn T.M. Gia
par�deigma, h X èqei sÔnolo tim¸n SX , m�za pX(x) kai katanom  FX(x), k.o.k.

Par�deigma 4.2. (Epitrop  boul c) Mia epitrop  thc boul c, apoteloÔmenh apì
15 �toma, dhmiourgeÐ mia upoepitrop , me ton akìloujo trìpo: epilègetai ènac sun-
duasmìc 5 atìmwn, an�mesa sta 15, qwrÐc k�poia protÐmhsh sto sunduasmì, kai apì
ta epilegmèna �toma o arqaiìteroc orÐzetai prìedroc thc upoepitrop c, kai o deÔteroc
arqaiìteroc orÐzetai grammatèac thc upoepitrop c. 'Estw 1, 2, . . . , 15 ta �toma thc
epitrop c, sÔmfwna me thn arqaiìtht� touc (o neìteroc eÐnai o 1 kai o arqaiìteroc
eÐnai o 15).
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Sq ma 4.7: H m�za kai h sun�rthsh katanom c thc T.M. X thc 'Askhshc 4.2.

'Estw X kai Y T.M. pou dhl¸noun to �tomo pou ja eÐnai prìedroc kai grammatèac
thc upoepitrop c antÐstoiqa. Ja upologÐsoume tic m�zec kai tic katanomèc twn X, Y .

Katarq n, parathroÔme pwc o deigmatikìc q¸roc Ω tou peir�matoc èqei mègejoc
|Ω| =

(
15
5

)
. EpÐshc, SX = {5, 6, . . . , 15} kai SY = {4, 5, . . . 14}.

Sqetik� me thn m�za tou X, parathroÔme pwc X = x, ìpou x = 5, 6, . . . , 15, an kai
mìno an epilegoÔn gia thn upoepitrop  to �tomo x kai �lla 4 �toma apokleistik� sta
pr¸ta x− 1. Autì mporeÐ na gÐnei me

(
x−1

4

)
trìpouc. 'Ara,

pX(x) = P (X = x) =

(
x− 1

4

)/(15

5

)
, x = 5, 6, . . . , 15.

Sqetik� me thn katanom  tou X, profan¸c FX(x) = 0 gia x < 5 kai FX(x) = 1
gia x > 15. Sthn perÐptwsh 5 ≤ x ≤ 15, parathroÔme pwc X ≤ x an kai mìno
an epilegoÔn gia thn upoepitrop  �toma apokleistik� an�mesa sta pr¸ta bxc. Autì
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Sq ma 4.8: H m�za kai h sun�rthsh katanom c thc T.M. Y thc 'Askhshc 4.2.

mporeÐ na gÐnei me
(bxc

5

)
trìpouc. 'Ara,

FX(x) = P (X ≤ x) =

(bxc
5

)/(15

5

)
, 5 ≤ x ≤ 15.

Sqetik� me thn m�za tou Y , parathroÔme pwc Y = y, ìpou y = 4, 5, . . . , 14, an
kai mìno an epilegoÔn gia thn upoepitrop  k�poio apì ta �toma y + 1, y + 2, . . . , 15,
to �tomo y kai �lla 3 �toma apokleistik� sta pr¸ta y − 1. Autì mporeÐ na gÐnei me
(15− y)×

(
y−1

3

)
trìpouc. 'Ara,

pY (y) = P (Y = y) = (15− y)

(
y − 1

3

)/(15

5

)
, y = 4, 5, . . . , 14.

Sqetik� me thn katanom  tou Y , katarq n FY (y) = 0 an y < 4 kai FY (y) = 1 an
y > 14. Gia thn perÐptwsh 4 ≤ y ≤ 14, parathroÔme pwc Y ≤ y an kai mìno an gÐnei
èna apì ta akìlouja dÔo endeqìmena:
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1. epilegoÔn gia thn upoepitrop  �toma apokleistik� an�mesa sta pr¸ta byc. Autì
mporeÐ na gÐnei me

(byc
5

)
trìpouc. (An y ≤ 4 < 5, tìte

(byc
5

)
= 0.)

2. epilegoÔn gia thn upoepitrop  4 �toma apokleistik� an�mesa sta pr¸ta byc,
kai èna �tomo an�mesa sta byc + 1, byc + 2, . . . , 15. Autì mporeÐ na gÐnei me(byc

4

)
× (15− byc) trìpouc.

'Ara,

FY (y) = P (Y ≤ y) =

(byc
5

)
+
(byc

4

)
× (15− byc)(

15
5

) , 4 ≤ y ≤ 14.

H m�za kai h katanom  tou X èqoun sqediasteÐ sto Sq ma 4.7 en¸ h m�za kai h
katanom  tou Y èqoun sqediasteÐ sto Sq ma 4.8.
Parathr seic

1. Sto �nw par�deigma, lìgw tou pl jouc twn apotelesm�twn, den sqedi�same ton
deigmatikì q¸ro. EÐnai p�ntwc polÔ shmantikì na jumìmaste ìti gia na upolo-
gÐsoume thn m�za kai thn katanom  miac T.M., kaj¸c kai thn pijanìthta opoiou-
d pote endeqìmenou emplèkei thn T.M., eÐnai aparaÐthto na p�me ston deigmatikì
q¸ro Ω kai na prosdiorÐsoume ekeÐ thn pijanìthta k�poiou kat�llhlou endeqì-
menou A ∈ Ω.

2. Parak�tw paratÐjentai oi basikèc idiìthtec thc m�zac kai thc katanom c. Epa-
lhjeÔste tic gia ta �nw paradeÐgmata.

L mma 4.1. (Idiìthtec katanom c) H katanom  F (x) èqei tic ex c idiìthtec:

1. H F (x) eÐnai aÔxousa.

2. H F (x) eÐnai dexi� suneq c.

3. P (X < a) = F (a−) , lim
x→a−

F (x).

4. lim
x→∞

F (x) = 1 kai lim
x→−∞

F (x) = 0.

Apìdeixh. H F (x) eÐnai aÔxousa giatÐ

x1 ≤ x2 ⇒ {ω : X(ω) ≤ x1} ⊆ {ω : X(ω) ≤ x2} ⇒ P (X ≤ x1) ≤ P (X ≤ x2).

Oi apodeÐxeic twn upìloipwn idiot twn paraleÐpontai lìgw thc duskolÐac touc.
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L mma 4.2. (Idiìthtec m�zac) 'Estw diakrit  T.M. X me sÔnolo tim¸n S =
{x1, x2, . . . }. H m�za p(x) èqei tic ex c idiìthtec:

1. 0 ≤ p(x) ≤ 1 gia k�je x ∈ S.

2.
∑

x∈S p(x) = 1.

3. P (X ∈ T ) =
∑

x∈T∩S p(x) gia k�je T ⊆ R.

Apìdeixh. H pr¸th idiìthta eÐnai profan c (h p(x) eÐnai pijanìthta). EpÐshc,∑
x∈S

p(x) =
∞∑
i=1

P (X = xi) = P (∪∞i=1{X = xi}) = 1.

H deÔterh isìthta proèkuye giatÐ ta {X = xi} eÐnai xèna, en¸ h trÐth giatÐ ìla mazÐ
apartÐzoun ton deigmatikì q¸ro Ω. H teleutaÐa idiìthta prokÔptei wc ex c:

P (X ∈ T ) = P (∪x∈T∩S{X = x}) + P (∪x∈T∩S′{X = x})
=

∑
x∈T∩S

P (X = x) + 0 =
∑
x∈T∩S

p(x).

Sth deÔterh isìthta qrhsimopoioÔme to ìti ta endeqìmena thc ènwshc eÐnai xèna.

L mma 4.3. (Sqèsh metaxÔ m�zac kai katanom c) 'Estw diakrit  T.M. X me sÔnolo
tim¸n S = {x1, x2, . . . }.

1. An diajètoume thn katanom  F (x), h m�za p(x) prokÔptei wc ex c:

p(x) = F (x)− F (x−), ∀x ∈ S.

2. An diajètoume thn m�za p(x), h katanom  F (x) prokÔptei wc ex c:

F (x) =
∑

y∈S: y≤x
p(y), ∀x ∈ R.

Apìdeixh. 1.

P (X ≤ x) = P ({X < x} ∪ {X = x}) = P (X < x) + P (X = x)

⇒ p(x) = P (X = x) = P (X ≤ x)− P (X < x) = F (x)− F (x−).

Sthn teleutaÐa isìthta qrhsimopoi same to L mma 4.1.

2. ParathroÔme pwc F (x) = P (X ≤ x) �ra mporoÔme na qrhsimopoi soume thn
trÐth idiìthta tou L mmatoc 4.2, kai prokÔptei �mesa to zhtoÔmeno.
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4.2 Mèsh Tim 

Par�deigma 4.3. (N zarièc) 'Estw pwc rÐqnoume N anex�rthtec forèc èna dÐkaio
z�ri. PerÐpou pìsoc perimènoume ìti ja eÐnai o mèsoc ìroc twn zari¸n? Skeftìmaste
wc ex c: Apì tic N , perÐpou mia stic 6, dhlad  N/6, ja eÐnai 1, perÐpou �llec N/6
ja eÐnai 2, k.o.k., kai telik� o mèsoc ìroc ja eÐnai perÐpou

1

N

(
1× N

6
+ · · ·+ 6× N

6

)
= 1× 1

6
+ · · ·+ 6× 1

6
=

7

2
.

O sugkekrimènoc upologismìc emfanÐzetai genikeumènoc ston epìmeno orismì.

Orismìc 4.2. (Mèsh tim ) 'Estw diakrit  T.M. X me sÔnolo tim¸n S kai m�za
p(x). OrÐzoume wc th mèsh tim    anamenìmenh tim    prosdok¸menh tim  thc X to
�jroisma

E(X) ,
∑
x∈S

xp(x).

Parathr seic

1. Suqn� qrhsimopoieÐtai ta sÔmbolo µ gia thn mèsh tim  miac T.M.

2. Diaisjhtik�, ìpwc faÐnetai kai apì to �nw par�deigma, perimènoume ìti o mèsoc
ìroc poll¸n T.M. katanemhmènwn ìpwc h T.M. X ja eÐnai kont� sth mèsh tim 
E(X). H diaÐsjhs  mac ja epalhjeuteÐ ìtan mil soume argìtera gia ton Nìmo
twn Meg�lwn Arijm¸n kai to Kentrikì Oriakì Je¸rhma.

3. Diaisjhtik�, epÐshc, perimènoume ìti oi timèc diadoqik¸n T.M. katanemhmènwn
ìpwc h X {teÐnoun na kumaÐnontai} gÔrw apì thn E(X).

4. Sthn sunhjismènh perÐptwsh pou h T.M. X paÐrnei timèc stouc mh arnhtikoÔc
akèraiouc, èqoume

E(X) =
∞∑
x=0

xp(x).

5. An, akìma pio apl�, h T.M. X paÐrnei timèc sto sÔnolo {0, 1, . . . , N}, èqoume

E(X) =
N∑
x=0

xp(x).

6. Sthn eidik  perÐptwsh pou h T.M. X lamb�nei mìno mia tim , dhlad  S = {c},
p(c) = 1, o orismìc sumfwneÐ me th diaÐsjhs  mac, kaj¸c dÐnei E(X) = c×1 = c.
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Par�deigma 4.4. (DÔo z�ria � sunèqeia) Gia tic T.M. X, Y,W,Z tou ParadeÐg-
matoc 4.1, èqoume:

E(X) = E(Y ) = 1× 1

6
+ 2× 1

6
+ 3× 1

6
+ 4× 1

6
+ 5× 1

6
+ 6× 1

6
=

7

2
,

E(W ) = 1× 1

36
+ 2× 3

36
+ 3× 5

36
+ 4× 7

36
+ 5× 9

36
+ 6× 11

36
=

161

36
,

E(Z) = 1× 11

36
+ 2× 9

36
+ 3× 7

36
+ 4× 5

36
+ 5× 3

36
+ 6× 1

36
=

91

36
.

L mma 4.4. (Mèsh tim  sun�rthshc T.M.) 'Estw X diakrit  T.M. me sÔnolo tim¸n
SX = {x1, x2, . . . } kai m�za pX(x).

1. 'Estw Y = g(X) mia nèa diakrit  T.M., sun�rthsh thc prohgoÔmenhc. Ja
isqÔei:

E(Y ) =
∑
x∈SX

g(x)pX(x).

2. An Y = aX + b, ìpou a, b ∈ R, èqoume E(aX + b) = aE(X) + b.

3. Pio genik�, an Y = a1g1(X) + a2g2(X) + · · ·+ angn(X) =
∑n

i=1 aigi(X), tìte

E

(
n∑
i=1

aigi(X)

)
=

n∑
i=1

aiE(gi(X)).

Apìdeixh. 1. ParathroÔme pwc:

E(Y ) =
∑
y∈SY

ypY (y) =
∑
y∈SY

y

 ∑
x:g(x)=y

pX(x)


=

∑
y∈SY

∑
x:g(x)=y

g(x)pX(x) =
∑
x∈SX

g(x)pX(x).

2. ParathroÔme pwc:

E(aX + b) =
∑
x∈SX

(ax+ b)p(x) =
∑
x∈SX

axp(x) +
∑
x∈SX

bp(x)

= a
∑
x∈SX

xp(x) + b
∑
x∈SX

p(x) = aE(X) + b.
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3. Pio genik�, èqoume:

E

(
n∑
i=1

aigi(X)

)
=

∑
x∈SX

(
n∑
i=1

aigi(x)

)
p(x) =

n∑
i=1

∑
x∈SX

aigi(x)p(x)

=
n∑
i=1

ai
∑
x∈SX

gi(x)p(x) =
n∑
i=1

aiE(gi(X)).

Parathr seic

1. Sthn sunhjismènh perÐptwsh pou h T.M. X paÐrnei timèc stouc mh arnhtikoÔc
akèraiouc, èqoume

E(g(X)) =
∞∑
x=0

g(x)p(x).

2. An, akìma pio apl�, h T.M. X paÐrnei timèc sto sÔnolo {0, 1, . . . , N}, èqoume

E(g(X)) =
N∑
x=0

g(x)p(x).

Par�deigma 4.5. 'Enac strati¸thc ekteleÐ mia bol  me to ìplo tou, kai to orizìntio
sf�lma pou k�nei se mètra, X, eÐnai mia T.M. me m�za

pX(x) =



0.1, x = −2,

0.2, x = −1,

0.4, x = 0,

0.2, x = 1,

0.1, x = 2.

Dhlad , me pijanìthta 0.1 h bol  ja katal xei 2 mètra arister�, me pijanìthta 0.2 ja
katal xei 1 mètro dexi�, me pijanìthta 0.4 ja katal xei sto stìqo, k.o.k. An�loga me
to apotèlesma, o loqagìc timwreÐ to strati¸th me Y = X2 hmèrec ful�kishc. Kat�
mèso ìro, pìsec mèrec timwrÐa paÐrnei o strati¸thc an� bol ? Dhlad , pìso eÐnai to
E(Y ) = E(X2)?

Gia na apant soume to er¸thma, èqoume dÔo epilogèc. H pr¸th eÐnai na upologÐ-
soume thn m�za thc T.M. Y kai akoloÔjwc thn mèsh tim  thc, apì ton orismì thc
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mèshc tim c. Parathr ste pwc

pY (0) = P (Y = 0) = P (X = 0) = 0.4,

pY (1) = P (Y = 1) = P (X = 1) + P (X = −1) = 0.2 + 0.2 = 0.4,

pY (4) = P (Y = 4) = P (X = 2) + P (X = −2) = 0.1 + 0.1 = 0.2.

'Ara,
E(Y ) = 0× 0.4 + 1× 0.4 + 4× 0.2 = 1.2.

H deÔterh epilog  eÐnai na qrhsimopoi soume to pr¸to skèloc tou L mmatoc 4.4,
pou parak�mptei ton upologismì thc m�zac thc Y :

E(Y ) =
∑
x∈SX

x2pX(x) = (−2)2×0.1+(−1)2×0.2+02×0.4+12×0.2+22×0.1 = 1.2.

'Opwc mporeÐte na parathr sete, h deÔterh mèjodoc eÐnai pio �mesh. Up�rqoun
m�lista pollèc peript¸seic ìpou o upologismìc thc m�zac thc Y eÐnai tìso dÔskoloc,
pou praktik� mìno h deÔterh mèjodoc mporeÐ na qrhsimopoihjeÐ.

Par�deigma 4.6. (DÔo z�ria � sunèqeia) 'Estw to akìloujo paiqnÐdi. RÐqnoume
dÔo z�ria, kai lamb�noume wc kèrdoc 10 forèc to mègisto W = max{X, Y } twn dÔo
zari¸n X, Y se Eur¸. Gia na paÐxoume ìmwc to paiqnÐdi, prèpei na katab�loume sthn
arq  40 eur¸. Mac sumfèrei na paÐxoume autì to paiqnÐdi? Gia na apant soume, para-
throÔme pwc to kajarì mac kèrdoc eÐnai C = 10W − 40, �ra prèpei na upologÐsoume
thn E(C) = E(10W − 40).

'Opwc kai sto prohgoÔmeno par�deigma, mporoÔme na akolouj soume dÔo trìpouc.
O pr¸toc eÐnai na upologÐsoume thn m�za thc C, kai apì ekeÐ thn E(C) mèsw tou
orismoÔ thc mèshc tim c. 'Eqoume:

pC(−30) = P (C = −30) = P (W = 1) =
1

36
,

pC(−20) = P (C = −20) = P (W = 2) =
3

36
,

pC(−10) = P (C = −10) = P (W = 3) =
5

36
,

pC(0) = P (C = 0) = P (W = 4) =
7

36
,

pC(10) = P (C = 10) = P (W = 5) =
9

36
,

pC(20) = P (C = 20) = P (W = 6) =
11

36
.

'Ara,

E(C) = (−30)× 1

36
+ (−20)× 3

36
+ (−10)× 5

36
+ 0× 7

36
+ 10× 9

36
+ 20× 11

36
=

85

18
,
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kai telik� mac sumfèrei na paÐxoume.
O deÔteroc trìpoc eÐnai na qrhsimopoi soume to deÔtero skèloc tou L mmatoc 4.4,

pou parak�mptei ton upologismì thc m�zac thc C:

E(C) = E(10W − 40) = 10E(W )− 40 = 10× 161

36
− 40 =

85

18
.

'Opwc mporeÐte na deÐte, o deÔteroc trìpoc eÐnai polÔ pio �mesoc.

Par�deigma 4.7. ('Apeirh mèsh tim ) 'Estw mia T.M. X me sÔnolo tim¸n to S =
N = {1, 2, . . . } kai m�za

p(k) =
C

k2
, k ≥ 1.

To �jroisma ìlwn twn tim¸n thc prèpei na isoÔtai me 1, sunep¸c prèpei na èqoume

1 =
∞∑
k=1

p(k) =
∞∑
k=1

C

k2
= C

∞∑
k=1

1

k2
= C × π2

6
,

ìpou qrhsimopoi same thn profan  isìthta
∑∞

k=1(1/k
2) = π2/6. 'Ara, C = 6/π2 =

0.6079271 . . . .
H mèsh tim  thc X eÐnai

E(X) =
∞∑
k=1

k p(k) =
∞∑
k=1

k
6

π2

1

k2
=

6

π2

∞∑
k=1

1

k
,

to opoÐo isoÔtai me∞ afoÔ, wc gnwstìn, h armonik  seir�
∑∞

k=1(1/k) apoklÐnei. 'Ara,
br kame mia T.M. me �peirh mèsh tim !
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4.3 Diaspor�

Orismìc 4.3. (Diaspor�) 'Estw diakrit  T.M. X me mèsh tim  E(X). H diaspor�
thc orÐzetai wc

VAR(X) = E
[
(X − E(X))2

]
.

H tupik  apìklish thc X orÐzetai wc
√

VAR(X).

Parathr seic

1. QrhsimopoioÔme epÐshc to sÔmbolo σ2 gia th diaspor�, kai sunep¸c to σ gia thn
tupik  apìklish.

2. H diaspor� ekfr�zei pìso meg�lo eÐnai to {�plwma}, gÔrw apì th mèsh tim ,
diadoqik¸n T.M. me katanom  san thc X. San par�deigma, skefteÐte pìsh eÐnai
h diaspor� miac tetrimmènhc T.M. pou lamb�nei mia mìno tim  me pijanìthta 1.
Parathr ste epÐshc ìti h diaspor� thc T.M. X me m�za pX(0) = 1/2, pX(a) =
1/2 eÐnai

VAR(X) = E
[
(X − E(X))2

]
= E

[(
X − a

2

)2
]

=
1

2

(a
2

)2

+
1

2

(a
2

)2

=
a2

4
.

Par�deigma 4.8. (DÔo z�ria � sunèqeia) Gia tic T.M. X, Y,W,Z tou ParadeÐg-
matoc 4.1, èqoume:

VAR(X) = E
[
(X − E(X))2

]
=

(
1− 7

2

)2

× 1

6
+

(
2− 7

2

)2

× 1

6
+

(
3− 7

2

)2

× 1

6

+

(
4− 7

2

)2

× 1

6
+

(
5− 7

2

)2

× 1

6
+

(
6− 7

2

)2

× 1

6
=

35

12
,

VAR(Y ) = VAR(X) =
35

12
,

VAR(W ) = E
[
(W − E(W ))2

]
=

(
1− 161

36

)2

× 1

36
+

(
2− 161

36

)2

× 3

36
+

(
3− 161

36

)2

× 5

36

+

(
4− 161

36

)2

× 7

36
+

(
5− 161

36

)2

× 9

36
+

(
6− 161

36

)2

× 11

36

=
2555

1296
,
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VAR(Z) = E
[
(Z − E(Z))2

]
=

(
1− 91

36

)2

× 11

36
+

(
2− 91

36

)2

× 9

36
+

(
3− 91

36

)2

× 7

36

+

(
4− 91

36

)2

× 5

36
+

(
5− 91

36

)2

× 3

36
+

(
6− 91

36

)2

× 1

36
=

2555

1296
.

Mia mati� sta Sq mata 4.5, 4.6 Ðswc sac peÐsei pwc pr�gmati, eÐnai logikì ta W,Z na
èqoun akrib¸c thn Ðdia diaspor�.

L mma 4.5. (Idiìthtec diaspor�c) 'Estw diakrit  T.M. X. IsqÔoun ta ex c:

VAR(X) = E(X2)− (E(X))2,

VAR(aX + b) = a2VAR(X), ∀a, b ∈ R.

Apìdeixh.

VAR(X) = E
[
(X − E(X))2

]
= E[X2 + (E(X))2 − 2XE(X)]

= E(X2) + (E(X))2 − 2E(E(X)X)

= E(X2) + (E(X))2 − 2(E(X))2 = E(X2)− (E(X))2,

VAR(aX + b) = E((aX + b)2)− (E(aX + b))2

= E(a2X2 + b2 + 2abX)− (aE(X) + b)2

= a2E(X2) + b2 + 2abE(X)− a2(E(X))2 − b2 − 2abE(X)

= a2(E(X2)− (E(X))2) = a2VAR(X).

Par�deigma 4.9. (DÔo z�ria � sunèqeia) Gia tic T.M. X, Y,W,Z tou ParadeÐg-
matoc 4.1, èqoume:

E(X2) = E(Y 2) = 12 × 1

6
+ 22 × 1

6
+ 32 × 1

6

+42 × 1

6
+ 52 × 1

6
+ 62 × 1

6
=

91

6
,

E(W 2) = 12 × 1

36
+ 22 × 3

36
+ 32 × 5

36

+42 × 7

36
+ 52 × 9

36
+ 62 × 11

36
=

791

36
,

E(Z2) = 12 × 11

36
+ 22 × 9

36
+ 32 × 7

36

+42 × 5

36
+ 52 × 3

36
+ 62 × 1

36
=

301

36
.
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Sunep¸c,

VAR(X) = VAR(Y ) =
91

6
−
(

7

2

)2

=
35

12
,

VAR(W ) =
791

36
−
(

161

36

)2

=
2555

1296
,

VAR(Z) =
301

36
−
(

91

36

)2

=
2555

1296
.

Parathr ste ìti me qr sh tou L mmatoc 4.5 mporèsame na upologÐsoume tic diasporèc
twnX, Y,W,Z me k�pwc ligìterec pr�xeic apì ìti me qr sh tou orismoÔ thc diaspor�c.

Par�deigma 4.10. (H mèjodoc thc deÔterhc rop c) 'Estw mia T.M. X me sÔnolo
tim¸n S = {0, 1, 2, . . . }, me mèsh tim  µ kai diaspor� σ2. An h tupik  apìklish σ thc
X eÐnai shmantik� mikrìterh apì th mèsh tim  µ, tìte h pijanìthta to X na isoÔtai
me mhdèn eÐnai mikr . Sugkekrimèna, isqÔei ìti

P (X = 0) ≤
(σ
µ

)2

.

Pr�gmati, èstw p(k), gia k ∈ S = {0, 1, 2, . . . } h m�za thc X. Apì ton orismì thc
diaspor�c èqoume

σ2 =
∞∑
k=0

(k − µ)2p(k),

kai efìson ìloi oi ìroi tou pio p�nw ajroÐsmatoc eÐnai megalÔteroi   Ðsoi tou mhdenìc,
olìklhro to �jroisma ja eÐnai megalÔtero   Ðso tou ìrou k = 0, kai telik�

σ2 =
∞∑
k=0

(k − µ)2p(k) ≥ (0− µ)2p(0) = µ2P (X = 0),

pou eÐnai akrib¸c h zhtoÔmenh anisìthta.
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4.4 ParadeÐgmata

Par�deigma 4.11. (Tuqerì paiqnÐdi) Se èna paiqnÐdi, o paÐkthc èqei tuqaÐo kèrdoc
X = −20, 0, 10 Eur¸, me antÐstoiqec pijanìthtec 30%, 10%, 60%. Ja upologÐsoume
th mèsh tim  kai th diaspor� tou kèrdouc se mia partÐda. Efarmìzontac touc orismoÔc,

E(X) = (−20)× 30

100
+ 0× 10

100
+ 10× 60

100
= −6 + 0 + 6 = 0.

kai

VAR(X) = E(X2)− (E(X))2 = (−20)2 × 30

100
+ 02 × 10

100
+ 102 × 60

100
= 180.

Pìsh eÐnai h mèsh tim  kai h diaspor� twn kerd¸n an o paÐkthc paÐxei N partÐdec?
EpÐ tou parìntoc, den èqoume th jewrÐa gia na apant soume to �nw er¸thma eÔkola.
Se epìmena kef�laia ja deÐxoume pwc ta erwt mata autoÔ tou tÔpou mporoÔn, upì
proôpojèseic, na apanthjoÔn polÔ eÔkola.

Par�deigma 4.12. (Upologismìc paramètrwn) Mia T.M. X paÐrnei tic timèc 0, 1, 2
kai k. H m�za thc eÐnai p(0) = 1/6, p(1) = 1/5, p(2) = 1/3 kai p(k) = a. Ja
apant soume sta akìlouja erwt mata:

1. UpologÐste thn tim  tou a.

2. An h mèsh tim  tou X eÐnai 8/3, upologÐste thn tim  tou k.

3. UpologÐste thn diaspor� tou X me b�sh tic pio p�nw timèc.

'Eqoume, kat� perÐptwsh:

1. Ja prèpei

p(0) + p(1) + p(2) + p(k) = 1⇒ 1

6
+

1

5
+

1

3
+ a = 1⇒ a =

3

10
.

2.

E(X) = 0× p(0) + 1× p(1) + 2× p(2) + k× p(k) = 0 +
1

5
+

2

3
+

3k

10
=

26 + 9k

30
.

'Omwc dÐnetai ìti E(X) = 8/3, �ra èqoume

26 + 9k

30
=

8

3
⇒ k = 6.

3.

VAR(X) =
1

6

(
0− 8

3

)2

+
1

5

(
1− 8

3

)2

+
1

3

(
2− 8

3

)2

+
3

10

(
6− 8

3

)2

=
47

9
.
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Par�deigma 4.13. (Omoiìmorfh diakrit  T.M.) 'Estw h T.M. X pou paÐrnei ti-
mèc apì to sÔnolo {1, 2, . . . , n} me Ðsec pijanìthtec. Aut  h T.M. eÐnai gnwst  wc
omoiìmorfh. Ja upologÐsoume katarq n thn mèsh tim  kai th diaspor� thc.

H X èqei th m�za pijanìthtac pX(i) = 1
n , i = 1, 2, . . . , n. Apì ton orismì thc

mèshc tim c,

E(X) =
n∑
i=1

i
1

n
=

1

n

n∑
i=1

i =
n+ 1

2
.

Sthn teleutaÐa isìthta qrhsimopoi same th gnwst  tautìthta
n∑
i=1

i =
n(n+ 1)

2
.

Epiplèon,

E(X2) =
n∑
i=1

i2
1

n
=

1

n

n∑
i=1

i2 =
(n+ 1)(2n+ 1)

6
.

Sthn teleutaÐa isìthta qrhsimopoi same th gnwst  tautìthta
n∑
i=1

i2 =
n(n+ 1)(2n+ 1)

6
.

Sunep¸c:

VAR(X) = E(X2)− (E(X))2 =
(n+ 1)(2n+ 1)

6
− (n+ 1)2

4
=
n2 − 1

12
.

'Estw t¸ra h T.M. Y = aX + b. H mèsh tim  thc kai h diaspor� thc isoÔntai me

E(Y ) = E(a+ bX) = a+ bE(X) = a+ b
n+ 1

2
,

VAR(Y ) = VAR(a+ bX) = b2VAR(X) = b2n
2 − 1

12
.

Sta �nw qrhsimopoi same ta L mmata 4.4 kai 4.5.

Par�deigma 4.14. (KanonikopoÐhsh) An h X eÐnai T.M. me mèsh tim  E(X) = µ
kai diaspor� VAR(X) = σ2, tìte h T.M. Y = X−µ

σ èqei mèsh tim  E(Y ) = 0 kai
diaspor� VAR(Y ) = 1. Pr�gmati,

E(Y ) = E

(
X − µ
σ

)
=

1

σ
[E(X)− µ] = 0,

VAR(Y ) = VAR

(
X − µ
σ

)
=

1

σ2
VAR(X) = 1.
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Kef�laio 5

Sun jeic Peript¸seic Diakrit¸n
TuqaÐwn Metablht¸n

Sto prohgoÔmeno kef�laio eÐdame pwc h ènnoia thc tuqaÐac metablht c (T.M.), dh-
lad  miac {tuqaÐac posìthtac} X pou prosdiorÐzetai apì to sÔnolo tim¸n thc S kai
thn m�za thc p(·), mac epitrèpei na perigr�foume poll� apì ta probl mata pou mac
endiafèroun me sÔntomo kai saf  trìpo, qwrÐc na anagkazìmaste k�je for� na orÐ-
zoume sqolastik� ton pl rh deigmatikì q¸ro Ω kai to antÐstoiqo mètro pijanìthtac
P . To epìmeno b ma s' aut n th diadikasÐa thc pio {afairetik c} perigraf c eÐnai h
katagraf  k�poiwn shmantik¸n kathgori¸n T.M., oi opoÐec eÐnai idiaÐtera qr simec
sthn pr�xh kai emfanÐzontai suqn� se basik� probl mata twn pijanot twn.

S' autì to kef�laio ja entopÐsoume pènte tètoiec kathgorÐec T.M., kai ja deÐxoume
me paradeÐgmata k�poiec apì tic sun jeic peript¸seic ìpou qrhsimopoioÔntai. Epiplèon
ja apodeÐxoume orismènec idiìthtèc touc (p.q., ja upologÐsoume th mèsh tim  kai th
diaspor� touc), ètsi ¸ste na mporoÔme na tic qrhsimopoioÔme qwrÐc na apaiteÐtai h
epan�lhyh twn Ðdiwn upologism¸n se k�je nèo prìblhma.

5.1 Katanom  Bernoulli

H pio apl  mh tetrimmènh T.M. eÐnai ekeÐnh pou paÐrnei mìno dÔo timèc, oi opoÐec, sthn
aploÔsterh perÐptwsh, eÐnai to 0 kai to 1:

Orismìc 5.1. (Katanom  Bernoulli) Mia diakrit  T.M. X lème pwc akoloujeÐ thn
katanom  Bernoulli me par�metro p, gia k�poio p ∈ (0, 1), an èqei sÔnolo tim¸n to
SX = {0, 1} kai m�za pX me timèc pX(1) = p kai pX(0) = 1 − p. Gia suntomÐa,
gr�foume X ∼ Bern(p).

Parat rhsh: H katanom  Bernoulli qrhsimopoieÐtai polÔ suqn� ìtan èqoume èna
peÐrama pou mporeÐ na p�rei 2 dunat� apotelèsmata, gia par�deigma:
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Sq ma 5.1: H diaspor� thc katanom c Bernoulli sunart sei thc paramètrou p.

1. RÐqnoume èna kèrma, me dunat� apotelèsmata kor¸na/gr�mmata.

2. K�noume èna paidÐ, me dunat� apotelèsmata korÐtsi/agìri.

3. EkteloÔme èna pènalti kai exet�zoume an mp ke gkol   ìqi.

4. K�noume èna peÐrama (pou endeqomènwc èqei poll� dunat� apotelèsmata) kai
exet�zoume an proèkuye k�poio endeqìmeno E   to E ′.

Se autèc tic peript¸seic, kwdikopoioÔme to èna apotèlesma me 0, kai to antistoiqoÔme
se apotuqÐa, kai to �llo me 1, kai to antistoiqoÔme se epituqÐa.

L mma 5.1. (Idiìthtec katanom c Bernoulli) 'Estw X ∼ Bern(p).

1. E(X) = p.

2. VAR(X) = p(1− p).

3. H katanom  thc X isoÔtai me

FX(x) =


0, x < 0,

1− p, 0 ≤ x < 1,

1, x ≥ 1.
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Sq ma 5.2: H m�za kai h katanom  Bernoulli gia p = 1
3
.

Apìdeixh. 1. Ex orismoÔ,

E(X) = 0× (1− p) + 1× p = p.

2. 'Eqoume

E(X2) = 02 × (1− p) + 12 × p = p

⇒ VAR(X) = E(X2)− (E(X))2 = p− p2 = p(1− p).

H diaspor� èqei sqediasteÐ sto Sq ma 5.1. Parathr ste pwc eÐnai mègisth gia
p = 1

2 kai mhdenik  gia p = 0 kai p = 1.

3. Profanèc, exet�zontac thn k�je perÐptwsh qwrist�. H m�za kai h katanom 
èqoun sqediasteÐ sto Sq ma 5.2.
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5.2 Diwnumik  Katanom 

Par�deigma 5.1. (4 z�ria) 'Estw pwc rÐqnoume tèssera dÐkaia z�ria, kai oi rÐyeic
eÐnai anex�rthtec. Poiec eÐnai oi pijanìthtec na fèroume i forèc 6, gia i = 0, 1, 2, 3?

'Estw X1, X2, X3, X4 ta apotelèsmata twn zari¸n, kai X to pl joc twn zari¸n
pou  rjan 6.

ParathroÔme pwc

P (X = 0) = P (X1, X2, X3, X4 6= 6)

= P (X1 6= 6)P (X2 6= 6)P (X3 6= 6)P (X4 6= 6) =

(
5

6

)4

.

H deÔterh isìthta proèkuye giatÐ upojèsame ìti oi 4 zarièc eÐnai anex�rthtec meta-
xÔ touc, dhlad  endeqìmena pou anafèrontai se diaforetik� z�ria eÐnai anex�rthta.
Epiplèon,

P (X = 1) = P (X1 = 6, X2, X3, X4 6= 6) + P (X2 = 6, X1, X3, X4 6= 6)

+P (X3 = 6, X1, X2, X4 6= 0) + P (X4 = 6, X1, X2, X3 6= 6)

= P (X1 = 6)P (X2 6= 6)P (X3 6= 6)P (X4 6= 6)

+P (X1 6= 6)P (X2 = 6)P (X3 6= 6)P (X4 6= 6)

+P (X1 6= 6)P (X2 6= 6)P (X3 = 6)P (X4 6= 6)

+P (X1 6= 6)P (X2 6= 6)P (X3 6= 6)P (X4 = 6)

=
1

6
×
(

5

6

)3

+
1

6
×
(

5

6

)3

+
1

6
×
(

5

6

)3

+
1

6
×
(

5

6

)3

= 4× 1

6
×
(

5

6

)3

.

Gia thn perÐptwsh twn dÔo epituqi¸n, gr�fontac pio sunoptik� èqoume

P (X = 2) = P (6 6 6 6 6 6) + P (6 6 6 6 6 6) + P (6 6 6 6 6 6)

+P (6 6 6 6 6 6) + P (6 6 6 6 6 6) + P (6 6 6 6 6 6) = 6

(
5

6

)2(
1

6

)2

.

Oi peript¸seic twn 3 kai 4 epituqi¸n prokÔptoun an�loga. Parathr ste ìti to a-
potèlesma eÐnai p�nta to �jroisma Ðswn ìrwn, kajènac ek twn opoÐwn ekfr�zei thn
pijanìthta na prokÔyoun i epituqÐec me èna sugkekrimèno trìpo. H sugkekrimènh
mejodologÐa genikeÔetai sto akìloujo je¸rhma.
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L mma 5.2. (N anex�rthta peir�mata) 'Estw pwc diex�goume N peir�mata, kajèna
ek twn opoÐwn mporeÐ na katal xei se epituqÐa   apotuqÐa me pijanìthta p, anex�rthta
apì thn èkbash twn upìloipwn peiram�twn. 'Estw X to pl joc twn epituqi¸n. H
pijanìthta na èqoume akrib¸c x epituqÐec, ìpou x = 0, 1, . . . , N , isoÔtai me

P (X = x) =

(
N

x

)
px(1− p)N−x.

Apìdeixh. 'Estw h T.M. Bernoulli Yi pou ekfr�zei to apotèlesma tou peir�matoc i.
'Estw pwc Yi = 1 ìtan to i peÐrama eÐnai epituqÐa, kai Yi = 0 ìtan eÐnai apotuqÐa.
Profan¸c, P (Yi = 1) = p, P (Yi = 0) = 1− p.

'Estw ω to apotèlesma na prokÔyei mia sugkekrimènh akoloujÐa apì x epituqÐec
kai N −x apotuqÐec, pou mporeÐ na perigrafeÐ wc Yi = yi, i = 1, 2, . . . , N , ìpou x apì
ta yi eÐnai 1, kai ta upìloipa eÐnai 0. H pijanìthta autoÔ tou apotelèsmatoc isoÔtai
me

P (ω) = P (Y1 = y1, Y2 = y2, . . . , YN = yN)

= P (Y1 = y1)P (Y2 = y2) . . . P (YN = yN)

= px(1− p)N−x.

H deÔterh isìthta prokÔptei lìgw anexarthsÐac twn peiram�twn. H trÐth prokÔptei
giatÐ sto �nw ginìmeno èqoume x par�gontec pou antistoiqoÔn se epituqÐec, kajènan
Ðso me p, kai N − x par�gontec pou antistoiqoÔn se apotuqÐec, kajènan Ðso me 1− p.

Me pìsouc ìmwc trìpouc mpor¸ na epilèxw th seir� twn x epituqi¸n? To prìblhma
eÐnai isodÔnamo me thn epilog  x stoiqeÐwn apì N , qwrÐc epan�jesh kai qwrÐc na mac
endiafèrei h seir�. 'Ara, up�rqoun

(
N
x

)
apotelèsmata pou odhgoÔn se x epituqÐec, ìla

me pijanìthta px(1− p)N−x. 'Ara, h pijanìthta gia x epituqÐec eÐnai wc �nw.

Parat rhsh: H perÐptwsh ìpou èqoume N anex�rthta peir�mata, kajèna ek twn
opoÐwn eÐnai anex�rthto apì ta upìloipa, kai ìla èqoun thn Ðdia pijanìthta epituqÐac
p prokÔptei polÔ suqn�. Gia par�deigma:

1. K�noume N paidi� kai metr�me pìsa  tan korÐtsia.

2. EkteloÔme N pènalti kai metr�me pìsa mp kan.

3. PuroboloÔme proc èna stìqo N forèc, kai metr�me tic forèc pou ton petÔqame.

Akrib¸c lìgw thc suqnìthtac pou emfanÐzetai aut  h perÐptwsh, h melèth tou arijmoÔ
twn epituqi¸n parousi�zei idiaÐtero endiafèron.
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Sq ma 5.3: H m�za kai h katanom  miac diwnumik c T.M. me paramètrouc N = 10, p = 0.5.

Orismìc 5.2. (Diwnumik  katanom ) Mia diakrit  tuqaÐa metablht  X akoloujeÐ
thn diwnumik  katanom  me paramètrouc N kai p, gia k�poia N ≥ 1 kai p ∈ (0, 1), an
èqei sÔnolo tim¸n to SX = {0, 1, . . . , N} kai m�za:

pX(x) =

(
N

x

)
px(1− p)N−x, x ∈ SX = {0, 1, . . . , N}.

Gia suntomÐa, gr�foume X ∼ Diwn(N, p).

L mma 5.3. (Idiìthtec diwnumik c katanom c) 'Estw X diwnumik  T.M. me paramè-
trouc N, p.

1. E(X) = Np.

2. VAR(X) = Np(1− p).
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Apìdeixh. Gia ton upologismì thc mèshc tim c, parathroÔme pwc

E(X) =
N∑
x=0

xpX(x) =
N∑
x=0

x

(
N

x

)
px(1− p)N−x

=
N∑
x=1

N !

(N − x)!(x− 1)!
px(1− p)N−x

= Np
N∑
x=1

(N − 1)!

(N − x)!(x− 1)!
px−1(1− p)N−x

= Np
N−1∑
j=0

(
N − 1

j

)
pj(1− p)N−1−j = Np[p+ (1− p)]N−1 = Np.

Sthn pèmpth isìthta k�name thn antikat�stash j = x− 1, en¸ sthn teleutaÐa qrhsi-
mopoi same to diwnumikì je¸rhma:

(a+ b)n =
n∑
i=0

(
n

i

)
aibn−i.

Gia ton upologismì thc diaspor�c èqoume katarq n:

E(X(X − 1)) =
N∑
x=0

x(x− 1)

(
N

x

)
px(1− p)N−x

=
N∑
x=2

N !

(N − x)!(x− 2)!
px(1− p)N−x

= N(N − 1)p2
N∑
x=2

(N − 2)!

(N − x)!(x− 2)!
px−2(1− p)N−x

= N(N − 1)p2
N−2∑
j=0

(N − 2)!

(N − j − 2)!j!
pj(1− p)N−j−2

= N(N − 1)p2[p+ (1− p)]N−2 = N(N − 1)p2.

H tètarth isìthta prokÔptei me thn antikat�stash j = x − 2, en¸ h pèmpth kai p�li
me qr sh tou diwnumikoÔ jewr matoc. Me qr sh aut c thc isìthtac, èqoume

E(X2) = E(X(X − 1)) + E(X) = N(N − 1)p2 +Np,

kai telik�

VAR(X) = E(X2)− (E(X))2 = N(N − 1)p2 +Np−N 2p2 = Np(1− p).
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Parathr seic

1. 'Opwc faÐnetai kai apì thn prohgoÔmenh suz thsh, mia diwnumik  T.M. me para-
mètrouc N, p mporeÐ na ekfrasjeÐ ìpwc to �jroisma N T.M. Bernoulli oi opoÐec
èqoun pijanìthta epituqÐac p, kai antistoiqoÔn se anex�rthta metaxÔ touc peir�-
mata.

2. Den up�rqei k�poioc aplìc tÔpoc pou na dÐnei thn diwnumik  sun�rthsh katanom c
pijanìthtac. 'Ena par�deigma èqei sqediasteÐ, mazÐ me thn antÐstoiqh m�za, sto
Sq ma 5.3.

Par�deigma 5.2. (Katanom  mhnum�twn spam) Apì ta mhnÔmata email pou lam-
b�nei ènac qr sthc, to 35% eÐnai diafhmistik� mhnÔmata spam. Upojètoume ìti to an
k�poio m numa eÐnai spam   ìqi eÐnai anex�rthto apì m numa se m numa. 'Estw ìti o
qr sthc lamb�nei sunolik� 25 email se mÐa mèra, kai èstw X to pl joc twn spam
an�mesa s' aut�.

H katanom  thc X eÐnai h diwnumik , me paramètrouc N = 25 kai p = 0.35, an
jewr soume ìti h l yh mhnÔmatoc eÐnai peÐrama pou epitugq�nei ìtan to m numa eÐnai
spam. 'Etsi, gia par�deigma, h pijanìthta o qr sthc na l�bei se mia mèra 8, 9   10
mhnÔmata isoÔtai me

P (X = 8, 9, 10) = pX(8) + pX(9) + pX(10)

=

(
25

8

)
0.3580.6517 +

(
25

9

)
0.3590.6516 +

(
25

10

)
0.35100.6515

' 0.4651.

Par�deigma 5.3. (Overbooking) 'Ena aeropl�no èqei 200 jèseic, kai èqoun gÐnei
krat seic apì 210 epib�tec. K�je ènac apì autoÔc ja èrjei sto aerodrìmio me pijanì-
thta 93%, anex�rthta apì touc upìloipouc. Poia eÐnai h pijanìthta k�poioi epib�tec
pou ja fj�soun sto aerodrìmio na eÐnai uper�rijmoi?

ParathroÔme pwc to pl joc X twn epibat¸n pou ja prosèljoun akoloujeÐ diwnu-
mik  katanom  me paramètrouc to pl joc twn anex�rthtwn peiram�twn N = 210 kai
pijanìthta epituqÐac p = 0.93. Ja èqoume prìblhma uper�rijmwn epibat¸n an pro-
sèljoun 201 me 210 epib�tec, dhlad  an X ≥ 201. H pijanìthta aut  mporeÐ eÔkola
na upologisteÐ apì ton tÔpo thc m�zac thc diwnumik c katanom c:

P (X ≥ 201) = P (X = 201) + P (X = 201) + · · ·+ P (X = 210)

=

(
210

201

)
0.932010.079 +

(
210

202

)
0.932020.078

+ · · ·+
(

210

210

)
0.932100.070

' 0.0728.
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5.3 Qr simec Tautìthtec

Prin orÐsoume thn gewmetrik  katanom , ja apodeÐxoume merikèc sqèseic pou emfanÐ-
zontai suqn� se sqetikoÔc thc upologismoÔc. Pio sugkekrimèna, ja apodeÐxoume to
akìloujo l mma:

L mma 5.4. (H gewmetrik  kai sunafeÐc seirèc) IsqÔoun oi akìloujec sqèseic, gia
k�je y ∈ R me |y| < 1:

∞∑
k=0

yk =
1

1− y , (5.1)

∞∑
k=1

kyk =
y

(1− y)2
, (5.2)

∞∑
k=1

k2yk =
y(1 + y)

(1− y)3
. (5.3)

Apìdeixh. Xekin�me apì thn apl  parat rhsh ìti, gia k�je y ∈ R, kai k�je n ≥ 1,

(1 + y + y2 + · · ·+ yn)(1− y) = 1− yn+1.

(An aut  h sqèsh den sac eÐnai profan c, apodeÐxte thn me epagwg .) Upojètontac
ìti y 6= 1 kai diair¸ntac kai ta dÔo mèrh me to (1 − y), èqoume ton gnwstì tÔpo gia
to �jroisma twn ìrwn miac gewmetrik c proìdou:

n∑
k=0

yk =
1− yn+1

1− y , gia k�je y 6= 1.

An perioristoÔme t¸ra se timèc tou y me |y| < 1, tìte profan¸c to yn+1 → 0
kaj¸c to n→∞, �ra, pern¸ntac sto ìrio èqoume:

∞∑
k=0

yk , lim
n→∞

n∑
k=0

yk = lim
n→∞

1− yn+1

1− y =
1− lim

n→∞
yn+1

1− y =
1

1− y ,

kai apodeÐxame thn (5.1).
OrÐzoume t¸ra th sun�rthsh

g(y) ,
∞∑
k=0

yk =
1

1− y , |y| < 1.
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'Eqoume dÔo diaforetikèc ekfr�seic gia thn g(y), mia wc seir� kai mia {se kleist 
morf }. 'Ara mporoÔme na upologÐsoume thn par�gwgo g′(y) me dÔo trìpouc: AfoÔ h
par�gwgoc enìc ajroÐsmatoc isoÔtai me to �jroisma twn parag¸gwn,

g′(y) =
d

dy

( ∞∑
k=0

yk

)
=

∞∑
k=0

d

dy
(yk) =

∞∑
k=0

kyk−1 =
∞∑
k=1

kyk−1,

all� kai

g′(y) =
d

dy

( 1

1− y
)

=
1

(1− y)2
.

Exis¸nontac tic dÔo pio p�nw ekfr�seic kai pollaplasi�zontac kai ta dÔo mèrh me to
y, prokÔptei telik� h (5.2).

Gia na apodeÐxoume thn (5.3), orÐzoume th sun�rthsh

h(y) ,
∞∑
k=1

kyk =
y

(1− y)2
, |y| < 1.

Epanalamb�nontac thn Ðdia diadikasÐa mporoÔme na upologÐsoume thn par�gwgo thc
nèac sun�rthshc h(y) me dÔo trìpouc, wc

h′(y) =
d

dy

( ∞∑
k=1

kyk

)
=

∞∑
k=1

d

dy
(kyk) =

∞∑
k=1

k2yk−1,

h′(y) =
d

dy

( y

(1− y)2

)
=

(1− y)2 + 2y(1− y)

(1− y)4
=

1 + y

(1− y)3
.

Exis¸nontac ìpwc prin tic dÔo ekfr�seic gia thn par�gwgo kai pollaplasi�zontac kai
ta dÔo mèrh me to y, prokÔptei kai h (5.3).

Parat rhsh: MporeÐte na breÐte sthn �nw apìdeixh k�poia shmeÐa pou den  mastan
entel¸c austhroÐ? (Perissìtera se proqwrhmèna maj mata majhmatik c an�lushc.)
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5.4 Gewmetrik  Katanom 

Par�deigma 5.4. (AkoloujÐa apì zarièc) 'Estw pwc rÐqnoume èna dÐkaio z�ri diado-
qik� mèqri na fèroume gia pr¸th for� 6. To apotèlesma miac rÐyewc den ephre�zei to
apotèlesma twn epìmenwn. 'Estw Ex, ìpou x = 1, 2, . . . , to endeqìmeno na fèroume 6
gia pr¸th for� sthn prosp�jeia x. Ja upologÐsoume thn pijanìthta P (Ex).

Parathr ste pwc:

P (E1) =
1

6
.

Epiplèon,

P (E2) = P (E ′1E2) = P (E ′1)P (E2|E ′1) =
5

6
× 1

6
.

Me parìmoio trìpo,

P (E3) = P (E ′1E
′
2E3) = P (E ′1)P (E ′2|E ′1)P (E3|E ′1E ′2) =

(
5

6

)2
1

6
,

kai pio genik�

P (Ex) = P (E ′1E
′
2 . . . E

′
x−1Ex) =

P (E ′1)P (E ′2|E ′1) . . . P (Ex|E ′1E ′2 . . . E ′x−1) =

(
5

6

)x−1
1

6
.

Parathr seic

1. To �nw majhmatikì prìblhma emfanÐzetai polÔ suqn�, se plhj¸ra efarmog¸n.
Ousiastik� epanalamb�noume pollèc forèc èna peÐrama pou mporeÐ na prokÔyei
apotuqÐa   epituqÐa, mèqri na èqoume epituqÐa, kai mac endiafèrei na melet soume
se poia prosp�jeia ja èqoume thn epituqÐa. Gia par�deigma:

(aþ) K�noume paidi� mèqri na k�noume to pr¸to korÐtsi.

(bþ) DÐnoume èna m�jhma mèqri na to per�soume.

(gþ) Stèlnoume èna pakèto se èna server mèqri na to l�bei epituq¸c.

2. Pio genik�, èqoume to akìloujo l mma.

L mma 5.5. (AkoloujÐa apì peir�mata mèqri thn pr¸th epituqÐa) 'Estw pwc ekte-
loÔme mia akoloujÐa peiram�twn pou eÐnai anex�rthta metaxÔ touc, me to kajèna na
eÐnai epituqhmèno me pijanìthta p. 'Estw Ex to endeqìmeno to pr¸to epituqhmèno
peÐrama na eÐnai sthn prosp�jeia x, ìpou x = 1, 2, . . . Tìte

P (Ex) = (1− p)x−1p, x = 1, 2, . . . (5.4)
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Apìdeixh. Parathr ste pwc

P (Ex) = P (E ′1E
′
2 . . . E

′
x−1Ex)

= P (E ′1)P (E ′2|E ′1) . . . P (Ex|E ′1E ′2 . . . E ′x−1) = (1− p)x−1p.

Parathr seic

1. MporoÔme na parathr soume pwc

∞∑
x=1

(1− p)x−1p = p×
∞∑
i=0

(1− p)i = p× 1

1− (1− p) = 1.

Sth deÔterh isìthta jèsame i = x− 1. Sthn trÐth isìthta, qrhsimopoi same thn
(5.1) k�nontac thn antikat�stash y → (1−p), k → i. 'Ara, ja gÐnei peperasmènoc
arijmìc peiram�twn me pijanìthta 1.

2. Parathr ste pwc to �nw l mma isqÔei eÐte stamat�me sto pr¸to epituqhmèno
peÐrama, ìpwc sta �nw paradeÐgmata, eÐte suneqÐzoume ta peir�mata ep' �peiron,
eÐte ta stamat�me opoiad pote stigm  met� thn pr¸th epituqÐa.

Orismìc 5.3. (Gewmetrik  katanom ) Mia diakrit  tuqaÐa metablht  X lème pwc
èqei gewmetrik  katanom  me par�metro p, gia k�poio p ∈ (0, 1), an èqei sÔnolo tim¸n
to SX = {1, 2, . . . } kai m�za

pX(x) = (1− p)x−1p, x ∈ SX = {1, 2, . . . }.

Gia suntomÐa, gr�foume X ∼ Gewm(p).

L mma 5.6. (Idiìthtec gewmetrik c katanom c) 'Estw X ∼ Gewm(p).

1. Gia k�je akèraio m ≥ 0, isqÔei ìti P (X > m) = (1− p)m.

2. H sun�rthsh katanom c pijanìthtac thc X isoÔtai me

FX(X) =

{
1− (1− p)bxc, x ≥ 1,

0, x < 1.

3. H mèsh tim  thc X isoÔtai me E(X) = 1/p.

4. H diaspor� thc X isoÔtai me VAR(X) = (1− p)/p2.
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Sq ma 5.4: H m�za kai h katanom  miac gewmetrik c T.M. me paramètrouc p = 0.5.

5. Gia k�je zeug�ri akeraÐwn m ≥ 1 kai n ≥ 0:

P (X = m+ n |X > n) = P (X = m),

P (X ≥ m+ n |X > n) = P (X ≥ m),

P (X > m+ n |X > n) = P (X > m).

Apìdeixh. 1. H perÐptwsh m = 0 eÐnai profan c. An t¸ra m > 0, parathr ste pwc
ja èqoume X > m an kai mìno an oi pr¸tec m prosp�jeiec eÐnai ìlec apotuqÐec.
Autì gÐnetai me pijanìthta (1− p)m.

2. PaÐrnoume peript¸seic: ìtan x < 1, profan¸c FX(x) = P (X ≤ x) = 0. An p�li
to x eÐnai jetikìc akèraioc, tìte

FX(x) = P (X ≤ x) = 1− P (X > x) = 1− (1− p)x = 1− (1− p)bxc,
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apì to prohgoÔmeno skèloc. Tèloc, an to x > 1 all� ìqi akèraio, tìte apl¸c
parathroÔme pwc, afoÔ to X eÐnai akèraio, ja èqoume X ≤ x an kai mìno an
X ≤ bxc, �ra kai p�li mporoÔme na qrhsimopoi soume thn �nw sqèsh. H katanom 
kai h m�za èqoun sqediasteÐ sto Sq ma 5.4 gia thn perÐptwsh p = 0.5.

3. ParathroÔme pwc

E(X) =
∞∑
x=1

xpX(x) =
∞∑
x=0

x(1− p)x−1p =
p

1− p
∞∑
x=1

x(1− p)x

=
p

1− p ×
1− p

[1− (1− p)]2 =
1

p
,

ìpou sthn deÔterh apì to tèloc isìthta efarmìsame thn (5.2) me k → x, y →
1− p.

4. ParomoÐwc,

E(X2) =
∞∑
x=1

x2pX(x) =
∞∑
x=0

x2(1− p)x−1p =
p

1− p
∞∑
x=1

x2(1− p)x

=
p

1− p ×
(1− p)(1 + 1− p)

[1− (1− p)]3 =
2− p
p2

,

VAR(X) = E(X2)− [E(X)]2 =
2− p
p2
− 1

p2
=

1− p
p2

.

Sthn pr¸th isìthta thc deÔterhc gramm c efarmìsame thn (5.3) me k → x, y →
1− p.

5. Ja apodeÐxoume mìno thn pr¸th isìthta, kaj¸c oi apodeÐxeic twn �llwn eÐnai
parìmoiec. Apl¸c parathroÔme pwc

P (X = m+ n|X > n) =
P (X = m+ n,X > n)

P (X > n)
=
P (X = m+ n)

P (X > n)

=
p(1− p)m+n−1

(1− p)n = p(1− p)m−1 = P (X = m).

Dhlad  apì thn pr¸th isìthta prokÔptei ìti h pijanìthta P (X = m+n |X > n)
eÐnai anex�rthth tou n kai Ðsh me P (X = m). Parìmoia exhgoÔntai kai oi �llec
isìthtec.

Diaisjhtik�, an gnwrÐzoume ìti eÐqame sthn arq  n apotuqÐec, tìte h perigraf 
pou peir�matoc apì ekeÐ kai pèra eÐnai Ðdia me thn arqik  perigraf  tou peir�matoc.
H idiìthta aut  kaleÐtai èlleiyh mn mhc.
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Par�deigma 5.5. Se èna iPod shuffle up�rqoun 100 tragoÔdia, pou paÐzontai me
tuqaÐa seir�, kai k�je tragoÔdi epilègetai me pijanìthta 1/100, kai anex�rthta apì
tic prohgoÔmenec epilogèc. Apì ta 100 tragoÔdia, ta 70 eÐnai thc Lady Gaga kai ta
30 tou BasÐlh Karr�.

'Estw pwc akoÔme trÐa tragoÔdia sthn tÔqh. ParathroÔme pwc to pl joc X twn
tragoudi¸n thc Lady Gaga pou epilèxame èqei katanom  X ∼ Diwn(3, 70/100). Su-
nep¸c, h pijanìthta na epilèxame toul�qiston 2 tragoÔdia thc Lady Gaga eÐnai

P (X ≥ 2) = 1− P (X < 2) = 1− pX(0)− pX(1)

= 1−
(

3

0

)
(0.7)0(0.3)3 −

(
3

1

)
(0.7)1(0.3)2 ' 0.784.

To mèso pl joc tragoudi¸n thc Lady Gaga pou epilèxame eÐnai E(X) = 3× 70
100 = 2.1.

Tèloc, an suneqÐzame na akoÔme tragoÔdia (p�li me epanatopojèthsh) mèqri thn
pr¸th for� pou akoÔgame thc Lady Gaga, tìte to sunolikì pl joc, èstw Z, twn
epilegmènwn tragoudi¸n ja eÐqe katanom  Z ∼ Gewm(70/100), kai kat� mèso ìro ja
epilèxoume E(Z) = 100

70 tragoÔdia. Epiplèon, apì thn idiìthta èlleiyhc mn mhc èqoume

P (AkoÔsame 5|AkoÔsame p�nw apì 3)

= P (Z = 2 + 3|Z > 3) = P (Z = 2) =
(

1− 70

100

)
× 70

100
= 0.21.

Par�deigma 5.6. (Qalasmèno thlèfwno) Se mia thlefwnik  sunomilÐa, kat� th
di�rkeia k�je leptoÔ up�rqei mia pijanìthta 0.05 na {pèsei} h gramm . Upojètoume
pwc h sumperifor� thc thlefwnik c gramm c apì leptì se leptì eÐnai anex�rthth. Ja
apant soume ta akìlouja:

1. Poia h pijanìthta na pèsei h gramm  gia pr¸th for� kat� to 5o leptì thc
sunomilÐac?

2. Poia h pijanìthta na mhn èqei pèsei h gramm  kat� ta pr¸ta 10 lept� thc suno-
milÐac?

3. Me dedomèno ìti h gramm  den èqei pèsei to pr¸to mis�wro, poia eÐnai h pijanìthta
na pèsei to 35o leptì? Poia h pijanìthta na mhn èqei pèsei kat� ta pr¸ta 40
lept�?

'Estw X T.M. pou deÐqnei se poio leptì thc sunomilÐac èpese h gramm . H X
akoloujeÐ thn gewmetrik  katanom  me par�metro epituqÐac p = 0.05, afoÔ k�je
leptì apoteleÐ anex�rthth dokim  Bernoulli me pijanìthta epituqÐac p = 0.05. Ed¸,
epituqÐa shmaÐnei na {pèsei} h gramm .



114 KEF�ALAIO 5. SUN�HJEIS PERIPT�WSEIS DIAKRIT�WN TUQA�IWN METABLHT�WN

1. H zhtoÔmenh pijanìthta eÐnai

P (X = 5) = (1− 0.05)4 × 0.05 ' 0.0407.

2. H gramm  den ja pèsei ta pr¸ta 10 lept� an kai mìno an èqoume 10 apotuqÐec
sth seir�, dhlad 

P (X > 10) = (1− 0.05)10 ' 0.5987.

3. Qrhsimopoi¸ntac thn idiìthta thc ap¸leiac mn mhc, �mesa prokÔptei ìti oi zh-
toÔmenec pijanìthtec isoÔntai me autèc twn pr¸twn dÔo skel¸n. Pio analutik�:

P (X = 35|X > 30) = P (X = 5) = (1− 0.05)4 × 0.05 ' 0.0407,

P (X > 40|X > 30) = P (X > 10) = (1− 0.05)10 ' 0.5987.

Par�deigma 5.7. (Upologismìc paramètrou gewmetrik c katanom c) 'Estw ìti mia
T.M.X èqei gewmetrik  katanom , kai gnwrÐzoume ìti h pijanìthta P (X < 5) = 50%.
Me b�sh autì to stoiqeÐo, ja broÔme th mèsh tim  kai th diaspor� thc.

'Estw p h par�metroc thc X.

P (X < 5) = 0.5⇒ P (X ≥ 5) = 0.5⇒ (1− p)4 = 0.5

⇒ 1− p = 0.51/4 ⇒ p = 1− 0.51/4 ' 0.1591.

'Ara

E(X) =
1

p
=

1

1− 0.51/4
' 6.2825, VAR(X) =

1− p
p2

=
1− (1− 0.51/4)

(1− 0.51/4)2
' 33.2187.

Par�deigma 5.8. (DÔo epituqÐec) 'Ena peÐrama me pijanìthta epituqÐac p ekteleÐtai
diadoqik�, mèqri na èrjei h deÔterh epituqÐa. 'Estw X h prosp�jeia sthn opoÐa ja
èrjei h deÔterh epituqÐa. Ja prosdiorÐsoume thn katanom  pX(x) thc X.

ParathroÔme katarq n ìti SX = {2, 3, . . . }. 'Estw A to endeqìmeno na èqoume
akrib¸c mia epituqÐa stic pr¸tec x − 1 prosp�jeiec, kai èstw B to endeqìmeno na
èqoume epituqÐa sthn prosp�jeia x. Parathr ste pwc X = x ann sumboÔn kai ta dÔo
aut� endeqìmena, ta opoÐa epiplèon eÐnai anex�rthta. Epomènwc,

pX(x) = P (X = x) = P (AB) = P (A)P (B)

=

(
x− 1

1

)
p(1− p)x−1p =

(
x− 1

1

)
p2(1− p)x−2 = (x− 1)p2(1− p)x−2.

H tètarth isìthta proèkuye me qr sh thc diwnumik c katanom c.
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5.5 Upergewmetrik  Katanom 

L mma 5.7. (DeigmatolhyÐa qwrÐc epan�jesh) 'Estw pwc

apì N antikeÐmena ìpou

{
ta k eÐnai tÔpou I,

ta N − k eÐnai tÔpou II,

epilègoume tuqaÐa n, qwrÐc epanatopojèthsh, kai qwrÐc na up�rqei k�poia protÐmhsh
sthn epilog  orismènwn ex aut¸n. Upojètoume pwc

N ∈ {1, 2, . . . }, k ∈ {0, 1, . . . , N}, n ∈ {1, 2, . . . , N}.

O arijmìc X twn antikeimènwn tÔpou I pou brÐskontai sta n pou epilèxame lamb�nei
timèc sto sÔnolo twn akeraÐwn SX = {max(0, n − (N − k)), . . . ,min{k, n}}, kai
epiplèon, an x ∈ SX , tìte

P (X = x) =

(
k

x

)(
N − k
n− x

)/(N
n

)
.

Apìdeixh. O arijmìc x apì antikeÐmena tÔpou I pou epilègoume prèpei na eÐnai to polÔ
Ðsoc me ton arijmì k twn antikeimènwn tÔpou I pou up�rqoun kai ton sunolikì arijmì
n antikeimènwn pou epilègoume. Epiplèon, den mporeÐ na eÐnai arnhtikìc. Tèloc, an
n > N − k, dhlad  epilèxame perissìtera antikeÐmena apì ta antikeÐmena tÔpou II,
eÐnai bèbaio pwc p rame toul�qiston n− (N − k) tÔpou I. 'Ara, to SX eÐnai wc �nw.

'Estw t¸ra x ∈ SX . ParathroÔme pwc o deigmatikìc q¸roc perilamb�nei sunolik�(
N
n

)
sunduasmoÔc. Gia na upologÐsoume to pl joc twn sunduasm¸n pou katal goun

se x antikeÐmena tÔpou I, parathroÔme pwc èqoume
(
k
x

)
epilogèc gia to poia antikeÐ-

mena tÔpou I ja epilèxoume, kai
(
N−k
n−x
)
epilogèc gia ta antikeÐmena tÔpou II. Apì thn

pollaplasiastik  arq , prokÔptei pwc up�rqoun telik�
(
k
x

)(
N−k
n−x
)
sunduasmoÐ me x

antikeÐmena tÔpou I, kai h pijanìthta na prokÔyoun x antikeÐmena eÐnai wc �nw.

Orismìc 5.4. (Upergewmetrik  katanom ) Mia diakrit  T.M. X akoloujeÐ thn
upergewmetrik  katanom  me paramètrouc N, k kai n, ìpou

N ∈ {1, 2, . . . }, k ∈ {0, 1, . . . , N}, n ∈ {1, 2, . . . , N},
an èqei m�za kai sÔnolo tim¸n ta akìlouja:

pX(x) =

(
k
x

)(
N−k
n−x
)(

N
n

) , x ∈ SX = {max(0, n− (N − k)), . . .min{k, n}}.

Gia suntomÐa, gr�foume X ∼ Uper(N, k, n).
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Sq ma 5.5: H m�za kai h katanom  miac upergewmetrik c T.M. me N = 40, k = 20, n = 16.

Par�deigma 5.9. 'Estw pwc epilègoume tuqaÐa trÐa fÔlla apì mia sunhjismènh
tr�poula. Poia eÐnai h pijanìthta na epilèxame akrib¸c mÐa figoÔra? An orÐsoume thn
T.M. X wc to pl joc apì figoÔrec pou epilèxame, tìte (afoÔ h tr�poula perièqei 12
figoÔrec) h X èqei katanom  Uper(52, 12, 3) kai h zhtoÔmenh pijanìthta isoÔtai me

P (X = 1) = pX(1) =

(
12
1

)(
52−12
3−1

)(
52
3

) ' 0.4235.

Par�deigma 5.10. (Mini exit poll) Se èna sÔllogo pou apoteleÐte apì 100 �toma,
katatÐjetai proc y fish mia prìtash upèr thc opoÐac yhfÐzoun 60 �toma. Pro thc
katamètrhshc, erwt¸ntai tuqaÐa 5 �toma ti y fisan. Poia h pijanìthta h pleioyhfÐa
aut¸n na  tan kat� thc prìtashc, kai ètsi na apokt soume th l�joc entÔpwsh gia to
telikì apotèlesma?

Gia na apant soume to �nw er¸thma, èstwX to pl joc twn atìmwn pou erwt jhkan
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kai y fisan kat�. ParathroÔme pwc X ∼ Uper(100, 40, 5), kai epomènwc

P (X ≥ 3) = P (X = 3) + P (X = 4) + P (X = 5)

=

(
40
3

)(
100−40

5−3

)(
100
5

) +

(
40
4

)(
100−40

5−4

)(
100
5

) +

(
40
5

)(
100−40

5−5

)(
100
5

) ' 0.3139.

L mma 5.8. 'Estw X ∼ Uper(N, k, n). H mèsh tim  thc isoÔtai me E(X) = nk/N
kai h diaspor� thc isoÔtai me VAR(X) = [nk(N − k)(N − n)]/[N 2(N − 1)].

Parat rhsh: Me thn jewrÐa pou èqoume anaptÔxei mèqri t¸ra, h eÔresh thc mèshc
tim c kai thc diaspor�c eÐnai qronobìra, kai proc to parìn anab�lletai.
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5.6 Katanom  Poisson

Se antÐjesh me tic katanomèc pou èqoume dei mèqri t¸ra, h katanom  Poisson den
prokÔptei �mesa apì k�poio montèlo sÔnjetou peir�matoc. 'Omwc eÐnai exairetik�
qr simh giatÐ:

1. EmfanÐzetai wc ìrio thc diwnumik c ìtan èqoume polÔ meg�lo arijmì peiram�twn
me polÔ mikr  pijanìthta epituqÐac to kajèna.

2. Epiplèon, èqei orismènec polÔ qr simec idiìthtec pou thn kajistoÔn exairetik�
qr simh sthn jewrhtik  an�lush algorÐjmwn. Merikèc apì autèc tic idiìthtec
ja tic doÔme sÔntoma.

Shmeiwtèon, up�rqoun poll� paradeÐgmata peript¸sewn ìpou èqoume polÔ meg�lo
arijmì peiram�twn me mikr  pijanìthta epituqÐac. Gia par�deigma:

1. K�je mèra petoÔn poll� aeropl�na, k�je èna apì ta opoÐa ja pèsei me polÔ mikr 
pijanìthta.

2. K�je �njrwpoc paÐrnei sth di�rkeia thc zw c tou pollèc forèc to autokÐnhto,
kai h pijanìthta na trak�rei k�je for� eÐnai polÔ mikr .

3. Episkeptìmaste to Internet pollèc forèc sth di�rkeia enìc qrìnou, all� h pi-
janìthta na episkeftoÔme to www.expedia.com eÐnai polÔ mikr  k�je for�.

4. Up�rqoun polloÐ qr stec sto Internet, all� o kajènac touc ja episkefteÐ thn
selÐda mac me polÔ mikr  pijanìthta.

Orismìc 5.5. (Katanom  Poisson) Mia diakrit  tuqaÐa metablht  X akoloujeÐ
thn katanom  Poisson me par�metro λ > 0, λ ∈ R, ìtan to sÔnolo tim¸n thc eÐnai to
SX = {0, 1, 2, . . . } kai h m�za thc isoÔtai me

pX(x) = e−λ
λx

x!
, x ∈ SX = {0, 1, 2, . . . }.

Gr�foume X ∼ Poisson(λ).

Parathr seic

1. Parathr ste pwc

∞∑
x=0

pX(x) =
∞∑
x=0

e−λ
λx

x!
= e−λ

∞∑
x=0

λx

x!
= e−λ × eλ = 1,
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Sq ma 5.6: H m�za kai h katanom  miac T.M. Poisson me par�metro λ = 4.

ìpwc prèpei, gia na eÐnai h pX(x) m�za. Qrhsimopoi same th gnwst  dunamoseir�

eλ =
∞∑
x=0

λx

x!
, λ ∈ R. (5.5)

2. Sto Sq ma 5.6 èqoume sqedi�sei thn m�za kai thn katanom  miac T.M. Poisson
me par�metro λ = 4.

Je¸rhma 5.1. (H katanom  Poisson proseggÐzei thn diwnumik  katanom ) 'Estw
diwnumik  T.M. Y me paramètrouc N kai p = λ

N , ìpou λ > 0. Kaj¸c to N teÐnei
sto �peiro, h m�za thc Y sugklÐnei sthn m�za miac T.M. X me katanom  Poisson kai
par�metro λ, dhlad 

pY (m) =

(
N

m

)(
λ

N

)m(
1− λ

N

)N−m
→ pX(m) = e−λ

λm

m!
,

kaj¸c to N →∞.
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Apìdeixh. ParathroÔme pwc:

pY (m) =

(
N

m

)( λ
N

)m(
1− λ

N

)N−m
=

N !λm

(N −m)!m!Nm

(
1− λ

N

)N−m
=

N(N − 1) . . . (N −m+ 1)

Nm
×
(

1− λ

N

)N
×
(

1− λ

N

)−m
× λm

m!
.

To �nw ginìmeno perilamb�nei 4 ìrouc, ek twn opoÐwn o pr¸toc teÐnei sto 1, kaj¸c eÐnai
rht  sun�rthsh me Ðsouc megistob�jmiouc ìrouc ston arijmht  kai ton paronomast .
O deÔteroc teÐnei sto e−λ, sÔmfwna me gnwstì ìrio, en¸ o trÐto teÐnei profan¸c sth
mon�da. 'Ara telik� prokÔptei to zhtoÔmeno.

Parathr seic

1. H Ôparxh aut c thc prosèggishc eÐnai qr simh gia dÔo lìgouc. Pr¸ton, giatÐ se
orismènec peript¸seic mei¸nei shmantik� ton arijmì twn pr�xewn. DeÔteron, giatÐ
mac epitrèpei, se orismènec peript¸seic pou emfanÐzetai h diwnumik  katanom ,
na eis�goume thn katanom  Poisson kai na qrhsimopoi soume tic polÔ kalèc tic
idiìthtec.

2. Praktik�, ìtan èqoume na upologÐsoume th m�za miac diwnumik c T.M. ìpou o
arijmìc twn peiram�twn eÐnai polÔ meg�loc, p.q., megalÔteroc tou 100, h pijanì-
thta epituqÐac tou k�je peir�matoc p eÐnai polÔ mikr , p.q. mikrìterh tou 1/25,
kai to ginìmeno Np eÐnai thc t�xhc tou 1, tìte mporoÔme na qrhsimopoioÔme thn
m�za thc katanom c Poisson antÐ gia th m�za thc diwnumik c katanom c. DeÐte
to epìmeno par�deigma.

Par�deigma 5.11. (Epijèseic mhnum�twn spam) 'Enac Nighrianìc pou mìlic klh-
ronìmhse 108 eur¸ stèlnei èna email stouc 10 qili�dec logariasmoÔc tou domain
aueb.gr, zht¸ntac ton arijmì thc pistwtik c k�rtac tou paral pth. Apì prohgoÔme-
nec prosp�jeièc tou gnwrÐzei ìti oi diaforetikoÐ qr stec antapokrÐnontai anex�rthta
o ènac ap' ton �llon, kai h pijanìthta na apant sei k�poioc me ta zhtoÔmena stoiqeÐa
eÐnai 0.018%. Poia h pijanìthta na tou apant soun toul�qiston treic qr stec?

'Estw X to pl joc twn qrhst¸n pou antapokrÐnontai sto email. To X ekfr�zei
to pl joc twn {epituqi¸n} se N = 10 qili�dec ìmoia, anex�rthta peir�mata, pou to
kajèna èqei pijanìthta epituqÐac p = 0.00018. Sunep¸c X ∼ Diwn(10000, 0.00018).

Epeid  to ginìmeno Np = 10000× 0.00018 = 1.8 eÐnai thc t�xewc tou 1, mporoÔme
na proseggÐsoume thn katanom  thc X mèsw thc Poisson(λ), me λ = Np = 10000 ×
0.00018 = 1.8. Apì ton tÔpo thc m�zac thc katanom c Poisson èqoume

P (X ≥ 3) = 1− P (X ≤ 2) = 1− P (X = 0)− P (X = 1)− P (X = 2)

' 1− e−1.8 × 1.80

0!
− e−1.8 × 1.81

1!
− e−1.8 × 1.82

2!
' 0.2693789.
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Dedomènou tou mhdaminoÔ kìstouc thc apostol c twn mhnum�twn, h prìbleyh gia ton
klhronìmo den eÐnai ki �sqhmh!

QwrÐc thn prosèggish, ja eÐqame:

P (X ≥ 3) = 1− P (X ≤ 2) = 1− P (X = 0)− P (X = 1)− P (X = 2)

= 1−
(

10000

0

)
(1− 0.00018)10000 −

(
10000

1

)
(1− 0.00018)99990.00018

−
(

10000

2

)
(1− 0.00018)99980.000182 ' 0.2693741.

'Ara se aut  thn perÐptwsh h prosèggish eÐnai exairetik� akrib c.

Par�deigma 5.12. (Sullèkthc kouponi¸n) 'Estw pwc èqoume agor�sei apì to
perÐptero, kat� th di�rkeia tou qrìnou, 200 fakèlouc pou perièqoun eikìnec podo-
sfairist¸n. Up�rqoun sunolik� 100 eikìnec, kai k�je f�keloc eÐnai exÐsou pijanì na
perièqei mia opoiad pote apì autèc. Poia h pijanìthta na èqw i forèc thn eikìna enìc
sugkekrimènou podosfairist ?

Gia na apant soume to er¸thma, fantasteÐte pwc èqoume 200 anex�rthta peir�mata,
kajèna me pijanìthta epituqÐac 1/100. 'Ara, o arijmìc twn for¸n X pou ja èqoume
epituqÐa dÐnetai apì thn diwnumik  katanom  me paramètrouc N = 200, p = 0.01. Lìgw
thc epilog c ìmwc twn paramètrwn, mpor¸ na qrhsimopoi sw thn prosèggish Poisson.
DeÐte ton parak�tw pÐnaka:

x pX(x), Diwnumik  pX(x), Poisson
0 0.1340 0.1353
1 0.2707 0.2707
2 0.2720 0.2707
3 0.1814 0.1804
4 0.0902 0.0902

L mma 5.9. (Idiìthtec katanom c Poisson) 'Estw T.M. X ∼ Poisson(λ).

1. E(X) = λ.

2. VAR(X) = λ.

Apìdeixh. 1.

E(X) =
∞∑
x=0

xe−λ
λx

x!
=

∞∑
x=1

xe−λ
λx

x!

= e−λλ
∞∑
x=1

λx−1

(x− 1)!
= e−λλ

∞∑
j=0

λj

j!
= e−λλeλ = λ.
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Sthn tètarth isìthta k�name thn antikat�stash j = x− 1. Sthn pèmpth, k�name
qr sh thc (5.5).

2. Me parìmoio trìpo, katarq n upologÐzoume to E(X(X − 1)):

E(X(X − 1)) =
∞∑
x=0

x(x− 1)e−λ
λx

x!
=

∞∑
x=2

x(x− 1)e−λ
λx

x!

= e−λλ2
∞∑
x=2

λx−2

(x− 2)!
= e−λλ2

∞∑
j=0

λj

j!
= e−λλ2eλ = λ2.

Sthn tètarth isìthta k�name thn antikat�stash j = x− 2. Sthn pèmpth, k�name
qr sh thc (5.5). AkoloÔjwc, èqoume:

E(X2) = E(X(X − 1)) + E(X) = λ2 + λ,

VAR(X) = E(X2)− (E(X))2 = λ2 + λ− λ2 = λ.
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5.7 ParadeÐgmata

Par�deigma 5.13. (Di�forec katanomèc) Parak�tw orÐzontai k�poiec T.M. Gia
thn k�je mÐa, ja perigr�youme thn katanom  thc kai tic antÐstoiqec paramètrouc.

1. RÐqnoume diadoqikèc (anex�rthtec) zarièc me dÔo z�ria, mèqri thn 1η for� pou ja
fèroume dipl . 'Estw X to sunolikì pl joc apì zarièc pou rÐxame.

2. Epilègoume sthn tÔqh, me epanatopojèthsh, 6 fÔlla apì mia tr�poula. 'Estw
X to pl joc apì koÔpec pou epilèxame.

3. 'Opwc sto (b'), all� qwrÐc epanatopojèthsh.

4. RÐqnoume 20 forèc èna kèrma me pijanìthta kor¸nac P (H) = 0.3. 'Estw X to
pl joc twn for¸n pou fèrame gr�mmata.

'Eqoume, kat� perÐptwsh:

1. H X akoloujeÐ th gewmetrik  katanom  me par�metro p = 1/6 afoÔ h pijanìthta
na fèroume dipl  eÐnai 1/6, kai ta peir�mata (dhlad  oi diadoqikèc zarièc) eÐnai
anex�rthta metaxÔ touc.

2. H X akoloujeÐ th diwnumik  katanom  me paramètrouc N = 6 kai p = 1/4, afoÔ
èqoume to pl joc epituqi¸n se N = 6 ìmoia, anex�rthta peir�mata me pijanìthta
epituqÐac p = 13/52 = 1/4.

3. H X akoloujeÐ thn upergewmetrik  katanom  me paramètrouc (52, 13, 6) afoÔ
epilègoume qwrÐc epanatopojèthsh 6 fÔlla ap' ta 52 pou èqei sunolik� mÐa tr�-
poula, kai ek twn opoÐwn ta 13 eÐnai koÔpec.

4. H X akoloujeÐ thn diwnumik  katanom  me paramètrouc N = 20 kai p = 0.7,
afoÔ X eÐnai to pl joc epituqi¸n se N = 20 ìmoia, anex�rthta peir�mata me
pijanìthta epituqÐac thn pijanìthta na fèroume gr�mmata P (T ) = 1−0.3 = 0.7.

Par�deigma 5.14. (Our� se tr�peza) Se mia tr�peza, k�je pent�lepto up�rqei
pijanìthta 5% na èrjei ènac nèoc pel�thc. Upojètoume pwc oi afÐxeic pelat¸n se
diaforetik� pent�lepta eÐnai anex�rthtec, kai orÐzoume X to pl joc pelat¸n pou
èftasan tic pr¸tec 2 ¸rec kai Y to pr¸to 5lepto kat� to opoÐo èftase pel�thc.
AgnooÔme to endeqìmeno na èrjoun 2   perissìteroi pel�tec se k�poio pent�lepto.
Ja apant soume sta akìlouja:

1. Poia eÐnai h katanom  tou X?

2. Poia pijanìthta na èrjoun akrib¸c 3 pel�tec tic pr¸tec dÔo ¸rec.
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3. Poia eÐnai h katanom  thc Y ?

4. Kat� mèso ìro pìsa pent�lepta ja perimènoun oi up�llhloi mèqri thn �fixh tou
pr¸tou pel�th?

5. Dedomènou ìti den  rje kaneÐc tic pr¸tec 2 ¸rec, poia eÐnai h pijanìthta na mhn
èrjei kaneÐc kai kat� thn epìmenh mis  ¸ra?

'Eqoume, kat� perÐptwsh:

1. Oi 2 ¸rec èqoun 24 pent�lepta, ki efìson h pijanìthta epituqÐac se k�je pent�-
lepto, dhlad  na èrjei ènac nèoc pel�thc sto pent�lepto, eÐnai 0.05, ja èqoume
X ∼Diwn(24, 0.05).

2. H pijanìthta na èrjoun akrib¸c 3 pel�tec tic pr¸tec dÔo ¸rec eÐnai

P (X = 3) = pX(3) =

(
24

3

)
(0.05)3(1− 0.05)24−3 ' 0.0862.

3. H Y perigr�fei th qronik  stigm  thc pr¸thc epituqÐac, �ra èqei gewmetrik 
katanom  me par�metro p = 0.05.

4. O mèsoc qrìnoc pou ja perimènoun oi up�llhloi mèqri thn �fixh tou pr¸tou
pel�th eÐnai h mèsh tim  thc Y . 'Eqoume: E(Y ) = 1/0.05 = 20 pent�lepta.

5. Parathr ste ìti oi 2 ¸rec èqoun 24 pent�lepta kai oi 2.5 ¸rec èqoun 30 pent�-
lepta. Lìgw thc idiìthtac èlleiyhc mn mhc èqoume:

P (Y > 30|Y > 24) = P (Y > 24 + 6|Y > 24) = P (Y > 6)

= (1− 0.05)6 ' 0.7351.

Par�deigma 5.15. (Tèssera z�ria) PaÐzoume to ex c paiqnÐdi: RÐqnoume tèssera
z�ria sugqrìnwc, kai kerdÐzoume ìtan èrjoun 6 kai ta tèssera. Epanalamb�noume
to Ðdio peÐrama 1000 forèc. Ja upologÐsoume thn pijanìthta sta 1000 paiqnÐdia na
kerdÐsame akrib¸c dÔo forèc.

'Estw X to pl joc twn for¸n pou kerdÐsame. H katanom  thc X eÐnai diwnumik ,
me paramètrouc N = 1000 kai p =

(
1
6

)4
= 1/1296. 'Ara,

P (X = 2) =

(
1000

2

)(
1

1296

)2(
1− 1

1296

)998

' 0.137645.

Enallaktik�, parathroÔme ìti to N eÐnai arket� meg�lo, to p eÐnai arket� mikrì, kai
Np = 1000

1296 ' 0.7716. Sunep¸c, mporoÔme na proseggÐsoume thn katanom  me thn
katanom  Poisson me par�metro λ = 0.7716. Me b�sh aut  thn prosèggish, èqoume:

P (X = 2) ' exp(−0.7716)× 0.77162

2!
' 0.137611.
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Kef�laio 6

ZeÔgh Diakrit¸n TuqaÐwn Metablht¸n

H ènnoia thc sun�rthshc m�zac pijanìthtac mac epitrèpei thn memonwmènh melèth T.M.
Se probl mata ìmwc ìpou emfanÐzontai pollèc T.M, h memonwmènh melèth k�je miac
apì autèc den apokalÔptei ta p�nta. FantasteÐte gia par�deigma pwc k�poioc rÐqnei
dÔo z�ria me tètoio trìpo ¸ste

P ((1, 1)) = P ((2, 2)) = P ((3, 3)) = P ((4, 4)) = P ((5, 5)) = P ((6, 6)) =
1

6
,

en¸ ìla ta �lla endeqìmena èqoun mhdenik  pijanìthta. EÔkola mporoÔme na upolo-
gÐsoume ìti, memonwmèna, k�je èna apì ta z�ria eÐnai {dÐkaio}, afoÔ h pijanìthta na
prokÔyei opoiod pote noÔmero eÐnai 1

6 . O sunduasmìc twn rÐyewn, ìmwc, DEN eÐnai
{dÐkaioc}, kai autì eÐnai k�ti pou den mac apokalÔptoun oi m�zec pijanot twn kaje-
nìc apì ta dÔo z�ria! To kenì autì kalÔptetai apì thn apì koinoÔ sun�rthsh m�zac
pijanìthtac, thn sundiakÔmansh, kai �llec ènnoiec pou ja doÔme se autì to kef�laio.

6.1 Apì KoinoÔ M�za

Orismìc 6.1. (Apì koinoÔ m�za kai perij¸ria m�za) 'Estw dÔo diakritèc T.M.
X, Y , me sÔnola tim¸n SX kai SY antistoÐqwc.

1. OrÐzoume thn apì koinoÔ sun�rthsh m�zac pijanìthtac   apì koinoÔ m�za wc thn
sun�rthsh pXY (x, y) : SX × SY → [0, 1] pou orÐzetai wc:

pXY (x, y) = P (X = x, Y = y), ∀x ∈ SX , ∀y ∈ SY .

2. Oi m�zec pijanìthtac twn X, Y kaloÔntai perij¸riec m�zec pijanìthtac.

Par�deigma 6.1. (DÔo progr�mmata) DÔo diaforetik� progr�mmata katanèmontai
tuqaÐa se treic upologistèc, qwrÐc k�poio apì aut� na deÐqnei protÐmhsh se k�poion

127
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upologist , kai anex�rthta to èna apì to �llo. 'Estw X, Y, Z ta pl jh twn program-
m�twn pou katèlhxan ston k�je upologist , �ra X + Y + Z = 2. Ac exet�soume tic
dÔo metablhtèc X, Y . H pijanìthta na èqoume X = 0 kai Y = 0 eÐnai h pijanìthta
tou endeqìmenou kai ta dÔo progr�mmata na p gan ston trÐto upologist :

pXY (0, 0) = P (X = 0, Y = 0) =
1

3
× 1

3
=

1

9
.

ParomoÐwc, h pijanìthta na èqoume X = 0 kai Y = 1 eÐnai h pijanìthta to pr¸to
prìgramma na p ge ston upologist  2 kai to deÔtero ston 3,   antÐstrofa, dhlad ,

pXY (0, 1) = P (X = 0, Y = 1) =
1

3
× 1

3
+

1

3
× 1

3
=

2

9
.

Me ton Ðdio trìpo mporoÔn na upologistoÔn ìlec oi timèc thc pXY , pou sunoyÐzontai
ston akìloujo pÐnaka:

x 0 1 2
y

0 1/9 2/9 1/9

1 2/9 2/9 0

2 1/9 0 0

'Estw, t¸ra, pwc jèloume na upologÐsoume apì tic �nw timèc tic timèc thc perij¸-
riac m�zac pijanìthtac thc X. Qrhsimopoi¸ntac ton kanìna thc olik c pijanìthtac
èqoume

pX(1) = P (X = 1) = P (X = 1, Y = 0) + P (X = 1, Y = 1) + P (X = 1, Y = 2)

= pXY (1, 0) + pXY (1, 1) + pXY (1, 2) =
2

9
+

2

9
+ 0 =

4

9
.

'Ara, gia na broÔme thn pX(1), ajroÐsame ìlec tic timèc tou pÐnaka pou antistoiqoÔsan
sthn st lh X = 1. Me parìmoio trìpo, ajroÐzontac tic timèc stic st lec X = 0
kai X = 2 brÐskoume tic pX(0) kai pX(2). AntÐstoiqa, ajroÐzontac tic timèc pou
brÐskontai sthn k�je gramm  Y = y tou pÐnaka, brÐskoume tic pijanìthtec pY (y).
Sumplhr¸netai ètsi o akìloujoc pÐnakac:

x 0 1 2
y pY (y)

0 1/9 2/9 1/9 4/9

1 2/9 2/9 0 4/9

2 1/9 0 0 1/9

pX(x) 4/9 4/9 1/9



6.1. AP�O KOINO�U M�AZA 129

Lìgw tou ìti oi timèc twn maz¸n pX(x) kai pY (y) pou aforoÔn mìno mÐa ap' tic
dÔo T.M. mporoÔn na graftoÔn, ìpwc pio p�nw, sto {perij¸rio} tou pÐnaka thc apì
koinoÔ m�zac, oi epÐ mèrouc m�zec touc orÐsthkan �nw wc perij¸riec.

Par�deigma 6.2. (DÔo z�ria � sunèqeia) RÐqnoume èna z�ri dÔo forèc. 'Estw
pwc oi rÐyeic eÐnai anex�rthtec kai to z�ri dÐkaio. 'Estw X, Y , ta apotelèsmata twn
rÐyewn. Oi timèc thc apì koinoÔ m�zac pXY (x, y) twn X, Y eÔkola upologÐzontai wc
ex c: gia k�je zeÔgoc (x, y) ìpou x, y = 1, 2, 3, 4, 5, 6 èqoume

pXY (x, y) = P (X = x, Y = y) = P (X = x)P (Y = y) =
1

6
× 1

6
=

1

36
.

H deÔterh isìthta proèkuye lìgw anexarthsÐac, kai h trÐth lìgw tou ìti to z�ri eÐnai
dÐkaio. ProkÔptei telik� o akìloujoc pÐnakac:

x 1 2 3 4 5 6
y pY (y)

1 1/36 1/36 1/36 1/36 1/36 1/36 1/6

2 1/36 1/36 1/36 1/36 1/36 1/36 1/6

3 1/36 1/36 1/36 1/36 1/36 1/36 1/6

4 1/36 1/36 1/36 1/36 1/36 1/36 1/6

5 1/36 1/36 1/36 1/36 1/36 1/36 1/6

6 1/36 1/36 1/36 1/36 1/36 1/36 1/6

pX(x) 1/6 1/6 1/6 1/6 1/6 1/6

Parathr ste ìti oi perij¸riec pou prokÔptoun eÐnai oi anamenìmenec.
'Estw t¸ra ìti èrqontai p�nta diplèc, kai ìlec oi diplèc èqoun thn Ðdia pijanìthta

na emfanistoÔn. H nèa apì koinoÔ m�za eÐnai h akìloujh:

x 1 2 3 4 5 6
y pY (y)

1 1/6 0 0 0 0 0 1/6

2 0 1/6 0 0 0 0 1/6

3 0 0 1/6 0 0 0 1/6

4 0 0 0 1/6 0 0 1/6

5 0 0 0 0 1/6 0 1/6

6 0 0 0 0 0 1/6 1/6

pX(x) 1/6 1/6 1/6 1/6 1/6 1/6

Parathr ste ìti oi perij¸riec m�zec twn dÔo peript¸sewn tautÐzontai, parìti ta
peir�mata apì ta opoÐa proèrqontai eÐnai polÔ diaforetik�.
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Par�deigma 6.3. (DÔo z�ria � sunèqeia) RÐqnoume èna z�ri dÔo forèc, kai upo-
jètoume ìti oi rÐyeic eÐnai anex�rthtec kai ìti to z�ri eÐnai dÐkaio. 'Estw X, Y ta
apotelèsmata twn dÔo rÐyewn.

'Estw Z = min(X, Y ) kaiW = max(X, Y ). Ja upologÐsoume thn apì koinoÔ m�za
twn Z,W , kaj¸c kai tic perij¸riec m�zec touc. 'Eqoume èna peÐrama me 6 × 6 = 36
diaforetik� apotelèsmata. Epiplèon, h apì koinoÔ m�za pZW (z, w) twn Z,W prèpei
na upologisteÐ gia 6 × 6 = 36 zeÔgh tim¸n (z, w). Arqik� parathroÔme pwc k�poia
ap' aut� eÐnai adÔnaton na emfanistoÔn, p.q., den mporeÐ to el�qisto ap' tic dÔo zarièc
na eÐnai 5 kai to mègisto 2. Sunep¸c, pZW (5, 2) = 0, kai genik� pZW (z, w) = 0 an
z > w. Gia na upologÐsoume k�je mia apì tic upìloipec timèc prèpei na broÔme ta
apotelèsmata pou thc antistoiqoÔn.

pZW (1, 1) = P (X = 1, Y = 1) =
1

36
,

pZW (1, 2) = P (X = 1, Y = 2) + P (X = 2, Y = 1) =
2

36
.

SuneqÐzontac me ton Ðdio trìpo, sumplhr¸noume ton akìloujo pÐnaka:

w 1 2 3 4 5 6
z pZ(z)

1 1/36 2/36 2/36 2/36 2/36 2/36 11/36

2 0 1/36 2/36 2/36 2/36 2/36 9/36

3 0 0 1/36 2/36 2/36 2/36 7/36

4 0 0 0 1/36 2/36 2/36 5/36

5 0 0 0 0 1/36 2/36 3/36

6 0 0 0 0 0 1/36 1/36

pW (w) 1/36 3/36 5/36 7/36 9/36 11/36

Oi m�zec pW (w) kai pZ(z) upologÐzontai sto perij¸rio tou pio p�nw pÐnaka, ajroÐ-
zontac tic timèc thc apì koinoÔ m�zac sthn antÐstoiqh st lh   gramm .

'Eqontac thn apì koinoÔ m�za sth di�jes  mac, mporoÔme na upologÐsoume thn pija-
nìthta opoioud pote endeqìmenou afor� tic Z,W , akìma kai desmeumènec pijanìthtec,
efìson h dèsmeush eÐnai se endeqìmena pou aforoÔn tic Z, W . Gia par�deigma, me
qr sh twn orism¸n thc desmeumènhc pijanìthtac kai thc apì koinoÔ m�zac:

P (Z = 1|W = 5) =
P (Z = 1,W = 5)

P (W = 5)
=
pZW (1, 5)

pW (5)
=

2/36

9/36
.
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L mma 6.1. (Idiìthtec apì koinoÔ m�zac) 'Estw dÔo diakritèc T.M. X, Y me sÔnola
tim¸n SX , SY kai m�zec pX(x) kai pY (y), antÐstoiqa. Gia thn pXY (x, y) isqÔei:

1.
∑

x∈SX ,y∈SY
pXY (x, y) = 1.

2. 'Estw A èna opoiod pote uposÔnolo tou kartesianoÔ ginomènou SX × SY . Tìte

P ((X, Y ) ∈ A) =
∑

(x,y)∈A
pXY (x, y).

3. pX(x) =
∑
y∈SY

pXY (x, y) kai pY (y) =
∑
x∈SX

pXY (x, y).

Apìdeixh. 1. Gia diaforetik� zeÔgh tim¸n (x, y) ta endeqìmena {X = x, Y = y}
eÐnai xèna metaxÔ touc, kai profan¸c h ènwsh ìlwn touc kalÔptei ìlo to D.Q. Ω
ìpou èqoun orisjeÐ, �ra apì ton kanìna olik c pijanìthtac èqoume

1 = P (Ω) = P

 ⋃
x∈SX ,y∈SY

{X = x, Y = y}


=

∑
x∈SX , y∈SY

P (X = x, Y = y) =
∑

x∈SX , y∈SY
pXY (x, y).

2. Me parìmoio trìpo èqoume

P ((X, Y ) ∈ A) = P

 ⋃
(x,y)∈A

{X = x, Y = y}


=

∑
(x,y)∈A

P (X = x, Y = y) =
∑

(x,y)∈A
pXY (x, y).

3. Gia dedomèno x kai gia ìla ta diaforetik� y, ta endeqìmena {X = x, Y = y} eÐnai
xèna metaxÔ touc kai h ènws  touc isoÔtai me to endeqìmeno {X = x}. 'Ara:

pX(x) = P

 ⋃
y∈SY
{X = x, Y = y}

 =
∑
y∈SY

P (X = x, Y = y) =
∑
y∈SY

pXY (x, y).

H antÐstoiqh sqèsh gia thn pY (y) apodeiknÔetai me akrib¸c ton Ðdio trìpo. (Pa-
rathr ste ìti autì to skèloc ja mporoÔse na prokÔyei kai wc eidik  perÐptwsh
tou prohgoÔmenou.)
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6.2 ParadeÐgmata

Par�deigma 6.4. (Sumpl rwsh pÐnaka) Oi diakritèc T.M. X kai Y èqoun apì
koinoÔ m�za pou dÐnetai apì ton parak�tw pÐnaka:

x −5 −2 2 5
y pY (y)

0 0.01 0.01 0.01
1 0.05 0.05 0 0.19
2 0.07 0.07 0.07
3 0.15 0 0.15

pX(x) 0.26 0.15

ZhtoÔntai ta akìlouja:

1. Na sumplhrwjoÔn oi timèc pou leÐpoun.

2. Na upologisteÐ h P (Y = 1|X = 2).

Gia to k�je er¸thma èqoume:

1. Prèpei h tim  thc perij¸riac na isoÔtai me to �jroisma thc antÐstoiqhc gramm c
  st lhc. Me b�sh aut  thn parat rhsh, mporeÐ na sumplhrwjeÐ o akìloujoc
pÐnakac:

x −5 −2 2 5
y pY (y)

0 0.01 0.01 0.01 0.09 0.12
1 0.05 0.09 0.05 0 0.19
2 0.07 0.07 0.09 0.07 0.30
3 0.15 0.09 0 0.15 0.39

pX(x) 0.28 0.26 0.15 0.31

2. Apì ton orismì thc desmeumènhc pijanìthtac kai tic timèc tou pio p�nw pÐnaka
èqoume

P (Y = 1|X = 2) =
P (Y = 1, X = 2)

P (X = 2)
=
pXY (2, 1)

pX(2)
=

0.05

0.15
=

1

3
.

Par�deigma 6.5. (Asansèr) Se èna ktÐrio me 3 orìfouc kai isìgeio, to asansèr
brÐsketai ston ìrofoX kai ènac tuqaÐoc qr sthc ston ìrofo Y ìpou taX, Y dÐnontai
apì thn akìloujh apì koinoÔ m�za pijanìthtac:
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x 0 1 2 3
y pY (y)

0 1/6 1/12 1/12 1/12 15/36

1 1/12 1/18 1/36 1/36 7/36

2 1/12 1/36 1/18 1/36 7/36

3 1/12 1/36 1/36 1/18 7/36

pX(x) 15/36 7/36 7/36 7/36

EnnoeÐtai pwc o ìrofoc 0 eÐnai to isìgeio.
Parathr ste katarq n pwc oi pijanìthtec tou �nw pÐnaka an koun ìlec sto [0, 1]

kai ajroÐzontai sth mon�da. Parathr ste epÐshc pwc to �nw montèlo lamb�nei up'
ìyin ìti oi metakin seic apì   proc to isìgeio eÐnai polÔ suqnìterec apì ìti se �llouc
orìfouc, kai to ìti suqn� to Ðdio �tomo qrhsimopoieÐ to asansèr dÔo forèc sth seir�,
sthn opoÐa perÐptwsh to asansèr paramènei ston ìrofo pou eÐnai to �tomo. 'Etsi, gia
par�deigma, to endeqìmeno X = 2, Y = 3 eÐnai ligìtero pijanì apì to X = 2, Y = 2,
to opoÐo me th seir� tou eÐnai ligìtero pijanì apì to X = 2, Y = 0.

AkoloÔjwc, èstw ìti mac dÐnetai ìti h kajustèrhsh sth qr sh tou asansèr eÐnai
Z = |X − Y |, kai kaloÔmaste na upologÐsoume thn m�za thc Z kai th mèsh tim  thc.
Qrhsimopoi¸ntac thn apì koinoÔ katanom , brÐskoume:

pZ(0) = P (Z = 0) = P (X = Y ) =
1

6
+

1

18
+

1

18
+

1

18
=

1

3
,

pZ(1) = P (Z = 1) = P (X = Y + 1) + P (X = Y − 1)

=
1

12
+

1

36
+

1

36
+

1

12
+

1

36
+

1

36
=

5

18
,

pZ(2) = P (Z = 2) = P (X = Y + 2) + P (X = Y − 2)

=
1

12
+

1

36
+

1

12
+

1

36
=

2

9
,

pZ(3) = P (Z = 3) = P (X = 3, Y = 0) + P (X = 0, Y = 3)

=
1

12
+

1

12
=

1

6
,

kai akoloÔjwc

E(|X − Y |) = E(Z) = 0× 1

3
+ 1× 5

18
+ 2× 2

9
+ 3× 1

6
=

11

9
.

Me dedomèno ìti o qr sthc eÐnai sto isìgeio, poia eÐnai h pijanìthta to asansèr na
eÐnai ston pr¸to ìrofo? 'Eqoume

P (X = 1|Y = 0) =
P (X = 1, Y = 0)

P (Y = 0)
=

1/12

15/36
=

1

5
.
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Par�deigma 6.6. (Telik  bajmologÐa) B�sei empeirik¸n dedomènwn, èna kalì mo-
ntèlo gia thn apì koinoÔ m�za pijanìthtac tou bajmoÔ X ∈ {0, 1, 2, . . . , 8} enìc foi-
tht  sthn telik  exètash enìc maj matoc kai tou bajmoÔ Y ∈ {0, 1, 2} sthn prìodo
autoÔ tou maj matoc eÐnai to akìloujo:

x 0 1 2 3 4 5 6 7 8
y pY (y)

0 1/18 1/18 1/18 1/27 1/27 1/27 0 0 0 5/18
1 1/18 1/18 1/18 1/27 1/27 1/27 1/18 1/18 1/18 8/18
2 0 0 0 1/27 1/27 1/27 1/18 1/18 1/18 5/18
pX(x) 1/9 1/9 1/9 1/9 1/9 1/9 1/9 1/9 1/9

Oi perij¸riec proèkuyan ajroÐzontac tic antÐstoiqec grammèc/st lec. Parathr ste
ìti to montèlo problèpei ìti foithtèc pou lamb�noun meg�lo bajmì sth mia exètash
eÐnai arket� pijanì na l�boun meg�lo bajmì kai sthn �llh.

Ja upologÐsoume th mèsh tim  thc telik c bajmologÐac Z = X + Y . Ja upologÐ-
soume katarq n thn m�za tou Z:

pZ(0) = pXY (0, 0) =
1

18
,

pZ(1) = pXY (1, 0) + pXY (0, 1) =
1

9
,

pZ(2) = pXY (2, 0) + pXY (1, 1) + pXY (0, 2) =
1

9
,

pZ(3) = pXY (3, 0) + pXY (2, 1) + pXY (1, 2) =
5

54
,

pZ(4) = pXY (4, 0) + pXY (3, 1) + pXY (2, 2) =
2

27
,

pZ(5) = pXY (5, 0) + pXY (4, 1) + pXY (3, 2) =
1

9
,

pZ(6) = pXY (6, 0) + pXY (5, 1) + pXY (4, 2) =
2

27
,

pZ(7) = pXY (7, 0) + pXY (6, 1) + pXY (5, 2) =
5

54
,

pZ(8) = pXY (8, 0) + pXY (7, 1) + pXY (6, 2) =
1

9
,

pZ(9) = pXY (8, 1) + pXY (7, 2) =
1

9
,

pZ(10) = pXY (8, 2) =
1

18
.
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H mèsh tim  E(Z) prokÔptei

E(Z) = 0× 1

18
+ 1× 1

9
+ 2× 1

9
+ 3× 5

54
+ 4× 2

27

+5× 1

9
+ 6× 2

27
+ 7× 5

54
+ 8× 1

9
+ 9× 1

9
+ 10× 1

18
= 5.

Par�deigma 6.7. Merikèc forèc to pl joc twn tim¸n pou paÐrnei mia T.M. Y eÐnai
apagoreutik� meg�lo gia na anaparast soume se pÐnaka thn apì koinoÔ m�za thc me
mia �llh T.M. X.

'Estw, gia par�deigma, to akìloujo peÐrama. Epilègoume sthn tÔqh ènan apì treic
kalajosfairistèc, kai tou zht�me na ekteleÐ eleÔjerec bolèc mèqri na b�lei to pr¸to
kal�ji. Oi kalajosfairistèc epilègontai qwrÐc k�poia protÐmhsh o ènac apì ton �llo,
kai èqoun posost� epituqÐac 50%, 33%, kai 25%.

OrÐzoume thn T.M. X wc

X =


1/2, me pijanìthta 1/3,

1/3, me pijanìthta 1/3,

1/4, me pijanìthta 1/3.

Sunep¸c, h X ekfr�zei thn eustoqÐa tou tuqaÐa epilegmènou paÐkth. OrÐzoume epÐshc
thn Y wc mia Gewmetrik  T.M. me mèsh tim  X. Dhlad , h par�metroc thc T.M. Y
eÐnai epÐshc tuqaÐa!

H apì koinoÔ m�za twn X, Y mporeÐ eÔkola na upologisteÐ apì ton orismì thc
desmeumènhc pijanìthtac: Gia x ∈ SX kai y ∈ SY ,

pXY (x, y) = P (X = x, Y = y) = P (X = x)P (Y = y|X = x) =
1

3
(1− x)y−1x,

ìpou qrhsimopoi same ton tÔpo thc m�zac thc Gewm(x) katanom c.
H perij¸ria m�za thc X mac eÐnai ex orismoÔ gnwst , en¸ eÔkola mporoÔme na

upologÐsoume kai tic timèc thc perij¸riac m�zac thc Y . Gia par�deigma,

pY (1) = pXY (1/2, 1) + pXY (1/3, 1) + pXY (1/4, 1)

=
1

3

(
1− 1

2

)1−1
1

2
+

1

3

(
1− 1

3

)1−1
1

3
+

1

3

(
1− 1

4

)1−1
1

4
=

13

36
.

Apì ton orismì thc X gnwrÐzoume pwc h pijanìthta P (X = 1/4) = 1/3. All�
dedomènou ìti to Y = 1, poia ja  tan h pijanìthta na èqoume X = 1/4? To X =
1/4 antistoiqeÐ sthn perÐptwsh pou to Y èqei gewmetrik  katanom  me par�metro
1/4, dhlad  me pijanìthta {epituqÐac} pou eÐnai h mikrìterh apì tic treic dunatèc
peript¸seic (1/2, 1/3   1/4). 'Ara jewroÔme ìti up�rqei mikr  pijanìthta na èqoume
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X = 1/4 dedomènou ìti eÐqame Y = 1, dhlad  {epituqÐa} apì to pr¸to kiìlac peÐrama.
Me �lla lìgia, perimènoume pwc h desmeumènh pijanìthta P (X = 1/4|Y = 1) ja
eÐnai mikrìterh apì thn arqik  P (X = 1/4) = 1/3. Pr�gmati, apì ton orismì thc
desmeumènhc pijanìthtac brÐskoume

P (X = 1/4|Y = 1) =
P (X = 1/4, Y = 1)

P (Y = 1)
=
pXY (1/4, 1)

pY (1)
=

1
3

(
1− 1

4

)1−1 1
4

13/36
=

3

13
.

Par�deigma 6.8. (Laqeiofìroc agor�) Se mia laqeiofìro agor� up�rqoun 10 la-
qnoÐ, ek twn opoÐwn kerdÐzoun oi dÔo, apì èna d¸ro o kajènac (ta dÔo d¸ra eÐnai pano-
moiìtupa). DÔo �toma agor�zoun apì dÔo laqnoÔc o kajènac. 'Estw X, Y ∈ {0, 1, 2}
to pl joc twn d¸rwn pou kerdÐzei o kajènac.

Ja upologÐsoume katarq n thn apì koinoÔ m�za twn X, Y . AfoÔ X, Y ∈ {0, 1, 2},
prèpei na upologÐsoume 9 timèc sunolik�. 'Omwc pXY (2, 2) = pXY (2, 1) = pXY (1, 2) =
0, afoÔ èqoume mìno 2 d¸ra. Epiplèon, lìgw summetrÐac, pXY (0, 1) = pXY (1, 0) kai
pXY (0, 2) = pXY (2, 0). 'Ara, telik� mac mènei na upologÐsoume 4 timèc thc apì koinoÔ
puknìthtac, tic pXY (0, 0), pXY (1, 1), pXY (1, 0), pXY (2, 0).

H pXY (0, 0) isoÔtai me thn pijanìthta na p�roume 4 laqnoÔc apì 10, ek twn opoÐwn
dÔo kerdÐzoun, kai na mhn epilèxoume kanènan apì touc dÔo. 'Ara,

pXY (0, 0) =

(
8
4

)(
10
4

) =
1

3
.

H pXY (2, 0) isoÔtai me thn pijanìthta na epilèxei o pr¸toc paÐkthc 2 laqnoÔc
an�mesa stouc 10, kai na petÔqei kai touc dÔo laqnoÔc pou kerdÐzoun. 'Ara,

pXY (2, 0) =
1(
10
2

) =
1

45
.

H pXY (1, 0) isoÔtai me thn pijanìthta na epilèxei o pr¸toc paÐkthc 2 laqnoÔc
an�mesa stouc 10, kai na petÔqei èna laqnì pou kerdÐzei, en¸ o deÔteroc na epilèxei
2 laqnoÔc an�mesa se 8 laqnoÔc pou perièqoun èna pou kerdÐzei kai na mhn ton brei.
'Ara,

pXY (1, 0) =
2× 8×

(
7
2

)(
10
2

)(
8
2

) =
4

15
.

H pXY (1, 1) isoÔtai me thn pijanìthta na epilèxei o pr¸toc paÐkthc 2 laqnoÔc
an�mesa stouc 10, kai na petÔqei èna laqnì pou kerdÐzei, en¸ o deÔteroc na epilèxei
an�mesa se 8 laqnoÔc pou perièqoun èna pou kerdÐzei kai na ton brei. 'Ara,

pXY (1, 1) =
2× 8× 1× 7(

10
2

)(
8
2

) =
4

45
.

Sugkentrwtik�, èqoume ton pÐnaka
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x 0 1 2
y

0 15/45 12/45 1/45

1 12/45 4/45 0

2 1/45 0 0

B�sei tou pÐnaka, poia eÐnai h pijanìthta tou endeqìmenou A na p�roun kai ta
dÔo d¸ra oi dÔo diagwnizìmenoi? Poia eÐnai h pijanìthta tou endeqìmenou B ènac
(opoiosd pote) apì touc dÔo na p�rei kai ta dÔo d¸ra? Me qr sh tou pÐnaka,

P (A) = pXY (1, 1) + pXY (2, 0) + pXY (0, 2) =
4

45
+

1

45
+

1

45
=

2

15
,

P (B) = pXY (2, 0) + pXY (0, 2) =
1

45
+

1

45
=

2

45
.

'Eqontac thn apì koinoÔ m�za, eÔkola brÐskoume pwc

pX(0) = pXY (0, 0) + pXY (0, 1) + pXY (0, 2) =
28

45
,

pX(1) = pXY (1, 0) + pXY (1, 1) + pXY (1, 2) =
16

45
,

pX(2) = pXY (2, 0) + pXY (2, 1) + pXY (2, 2) =
1

45
,

en¸ lìgw summetrÐac

pY (0) =
28

45
, pY (1) =

16

45
, pY (2) =

1

45
,

kai sugkentrwtik� èqoume

x 0 1 2
y pY (y)

0 15/45 12/45 1/45 28/45

1 12/45 4/45 0 16/45

2 1/45 0 0 1/45

pX(x) 28/45 16/45 1/45

Tèloc,

E(X) = E(Y ) = 0× 28

45
+ 1× 16

45
+ 2× 1

45
=

2

5
.
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6.3 Mèsh Tim  Sun�rthshc DÔo TuqaÐwn Metablht¸n

L mma 6.2. (Mèsh tim  sun�rthshc dÔo T.M.) 'Estw dÔo T.M. X, Y , me sÔnola
tim¸n SX , SY antistoÐqwc, kai apì koinoÔ m�za pijanìthtac pXY (x, y).

1. 'Estw T.M. Z = g(X, Y ). H mèsh tim  thc isoÔtai me

E(Z) = E(g(X, Y )) =
∑

x∈SX , y∈SY
g(x, y)pXY (x, y).

2. E(aX + bY + c) = aE(X) + bE(Y ) + c, gia ìla ta a, b, c ∈ R.

3. Pio genik�, an èqoume N T.M. Zi = gi(X, Y ), i = 1, . . . , N , kai paramètrouc
a1, a2, . . . , ai ∈ R, tìte

E

(
N∑
i=1

aigi(X, Y )

)
=

N∑
i=1

aiE(gi(X, Y )).

Apìdeixh. 1. 'Estw pZ(z) h m�za thc Z. ParathroÔme pwc

E(Z) =
∑
z∈SZ

zpZ(z) =
∑
z∈SZ

z ∑
x∈SX ,y∈SY :g(x,y)=z

pXY (x, y)


=
∑
z∈SZ

 ∑
x∈SX ,y∈SY :g(x,y)=z

g(x, y)pXY (x, y)


=

∑
x∈SX , y∈SY

g(x, y)pXY (x, y).

H pr¸th isìthta isqÔei ex orismoÔ. Sthn deÔterh isìthta qrhsimopoi same ton
nìmo thc olik c pijanìthtac, ìpwc autìc emfanÐzetai sto deÔtero skèloc tou
L mmatoc 6.1.

2. ParathroÔme pwc:

E(aX + bY + c) =
∑

x∈SX , y∈SY
(ax+ by + c)pXY (x, y)

= a
∑

x∈SX , y∈SY
xpXY (x, y) + b

∑
x∈SX , y∈SY

ypXY (x, y)

+c
∑

x∈SX , y∈SY
pXY (x, y) = aE(X) + bE(Y ) + c,



6.3. M�ESH TIM�H SUN�ARTHSHS D�UO TUQA�IWN METABLHT�WN 139

ìpou sthn trÐth isìthta qrhsimopoi same to prohgoÔmeno skèloc.

3.

E

(
N∑
i=1

aigi(X, Y )

)
=

∑
x∈SX , y∈SY

(
N∑
i=1

aigi(X, Y )

)
pXY (x, y)

=
N∑
i=1

ai
∑

x∈SX , y∈SY
gi(X, Y )pXY (x, y) =

N∑
i=1

aiE(gi(X, Y )).

Parat rhsh: 'Opwc eÐdame kai se prohgoÔmena paradeÐgmata, polÔ suqn� qrei�-
zetai na upologÐsoume thn mèsh tim  T.M. Z pou eÐnai sunart seic dÔo �llwn T.M.
Se pollèc peript¸seic, to �nw l mma aplousteÔei shmantik� touc upologismoÔc pou
qrei�zontai, giatÐ mac epitrèpei na apofÔgoume ton upologismì thc m�zac thc Z. DeÐte
ta paradeÐgmata pou akoloujoÔn.

Par�deigma 6.9. (Asansèr � sunèqeia) Se sunèqeia tou ParadeÐgmatoc 6.5, mpo-
roÔme na upologÐsoume to mèso qrìno anamon c E(Z) = E(|X − Y |) kai wc ex c:

E(|X − Y |) = |0− 0| × 1

6
+ (|1− 1|+ |2− 2|+ |3− 3|)× 1

18

+(|1− 0|+ |2− 0|+ |3− 0|+ |0− 1|+ |0− 2|+ |0− 3|)× 1

12

+(|2− 1|+ |3− 1|+ |1− 2|+ |3− 2|+ |1− 3|+ |2− 3|)× 1

36

=
11

9
.

Par�deigma 6.10. (Telik  BajmologÐa � sunèqeia) Se sunèqeia tou ParadeÐg-
matoc 6.6,

E(X) = (0 + 1 + 2 + · · ·+ 8)× 1

9
= 4,

E(Y ) = 0× 5

18
+ 1× 8

18
+ 2× 5

18
= 1,

E(X + Y ) = E(X) + E(Y ) = 5.

Par�deigma 6.11. (DÔo z�ria � sunèqeia) 'Estw to akìloujo paiqnÐdi: rÐqnoume
dÔo dÐkaia kai anex�rthta z�ria, kai kerdÐzoume 2 max{X, Y }+3 min{X, Y } eur¸. Gia
na paÐxoume ìmwc, prèpei arqik� na katab�loume 15 eur¸. 'Estw P = 2 max{X, Y }+
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3 min{X, Y }− 15 to kajarì kèrdoc. Mac sumfèrei na paÐxoume? Gia na apant soume
to er¸thma, prèpei na upologÐsoume thn mèsh tim 

E(P ) = E(2 max{X, Y }+ 3 min{X, Y } − 15).

Me dedomèno ìti gnwrÐzoume tic mèsec timèc E(max{X, Y }) kai E(min{X, Y }) apì
prohgoÔmena paradeÐgmata, mac sumfèrei na qrhsimopoi soume to trÐto skèloc tou
�nw l mmatoc wc ex c:

E(2 max{X, Y }+ 3 min{X, Y } − 15) = 2E(max{X, Y }) + 3E(min{X, Y })− 15

= 2× 161

36
+ 3× 91

36
− 15 =

55

36
.

Epeid  h mèsh tim  prokÔptei jetik , mac sumfèrei na paÐxoume.
Enallaktik�, qwrÐc qr sh tou l mmatoc, ja èprepe na upologÐsoume thn m�za tou

kèrdouc P , kai apì aut  thn mèsh tim  thc P me qr sh tou orismoÔ thc mèshc tim c.
O upologismìc autìc eÐnai qronobìroc.

Orismìc 6.2. H sundiakÔmansh COV(X, Y ) metaxÔ dÔo diakrit¸n T.M. X, Y orÐ-
zetai wc:

COV(X, Y ) , E
[(
X − E(X)

)(
Y − E(Y )

)]
.

Parat rhsh: Mia pr¸th diaisjhtik  ermhneÐa thc sundiakÔmanshc eÐnai pwc, ìtan
COV(X, Y ) > 0, tìte oi dÔo T.M. X, Y teÐnoun na paÐrnoun tic {meg�lec} kai tic
{mikrèc} timèc touc tautìqrona. AntÐstoiqa, ìtan COV(X, Y ) < 0, tìte ìtan h mÐa
T.M. paÐrnei meg�lec timèc h �llh teÐnei na paÐrnei mikrèc timèc. 'Ara h sundiakÔmansh
COV(X, Y ) parèqei mia pr¸th èndeixh gia th sqèsh an�mesa stic X, Y . DeÐte tic
sundiakum�nseic twn epìmenwn paradeigm�twn.

Par�deigma 6.12. (DÔo progr�mmata � sunèqeia) Gia tic T.M. X, Y tou Para-
deÐgmatoc 6.1 èqoume

E(X) = E(Y ) = 0× 4

9
+ 1× 4

9
+ 2× 1

9
=

2

3
.

Apì ton orismì thc sundiakÔmanshc kai thn apì koinoÔ m�za twn X, Y , eÔkola upo-
logÐzoume

COV(X, Y ) =
1

9

(
0− 2

3

)(
0− 2

3

)
+

2

9

(
1− 2

3

)(
0− 2

3

)
+

1

9

(
2− 2

3

)(
0− 2

3

)
+

2

9

(
0− 2

3

)(
1− 2

3

)
+

2

9

(
1− 2

3

)(
1− 2

3

)
+

1

9

(
0− 2

3

)(
2− 2

3

)
= −2

9
,

ìpou ston upologismì paraleÐyame ta trÐa zeÔgh tim¸n (x, y) me mhdenik  pijanìthta.
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L mma 6.3. (Idiìthtec sundiakÔmanshc) 'Estw X, Y diakritèc T.M.

1. COV(X,X) = VAR(X).

2. COV(X,−X) = −VAR(X).

3. COV(X, Y ) = E(XY )− E(X)E(Y ).

4. VAR(X + Y ) = VAR(X) + VAR(Y ) + 2COV(X, Y ).

Apìdeixh. 1. Apì ton orismì thc sundiakÔmanshc, �mesa prokÔptei pwc

COV(X,X) = E
[(
X − E(X)

)(
X − E(X)

)]
= E

[
(X − E(X))2

]
= VAR(X).

2. OmoÐwc:

COV(X,−X) = E
[(
X − E(X)

)(
−X + E(X)

)]
= E

[
− (X − E(X))2

]
= −VAR(X).

3. Apì ton orismì thc sundiakÔmanshc, �mesa èqoume:

COV(X, Y ) = E
[(
X − E(X)

)(
Y − E(Y )

)]
= E

[
XY − E(X)Y −XE(Y ) + E(X)E(Y )

]
= E[XY ]− E[E(X)Y ]− E[XE(Y )] + E[E(X)E(Y )]

]
= E(XY )− E(X)E(Y )− E(X)E(Y ) + E(X)E(Y )

= E(XY )− E(X)E(Y ).

4. Xekin¸ntac apì ton orismì thc diaspor�c, èqoume:

VAR(X + Y )

= E
[
((X + Y )− E(X + Y ))2

]
= E

[
((X − E(X)) + (Y − E(Y )))2

]
= E

[
(X − E(X))2

]
+ E

[
(Y − E(Y ))2

]
+ 2E [(X − E(Y ))(Y − E(Y ))]

= VAR(X) + VAR(Y ) + 2COV(X, Y ).

Parat rhsh: To trÐto skèloc tou �nw l mmatoc suqn� mac epitrèpei na upologÐ-
soume thn sundiakÔmansh me ligìterec pr�xeic. Sta epìmena paradeÐgmata, bebaiwjeÐte
ìti h qr sh tou orismoÔ ja èdine to Ðdio apotèlesma.
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Par�deigma 6.13. (DÔo z�ria � sunèqeia) 'Estw pwc rÐqnoume dÔo dÐkaia kai
anex�rthta z�ria X kai Y , ètsi ¸ste h apì koinoÔ touc m�za an eÐnai h pr¸th tou
ParadeÐgmatoc 6.2. Apì to Par�deigma 4.4 èqoume E(X) = E(Y ) = 7

2 . 'Ara:

E(XY ) = (1 + 2 + 3 + 4 + 5 + 6)× (1 + 2 + 3 + 4 + 5 + 6)× 1

36
=

49

4
,

COV(X, Y ) = E(XY )− E(X)E(Y ) =
49

4
− 7

2
× 7

2
= 0.

An ìmwc ta z�ria èqoun apì koinoÔ m�za thn deÔterh tou ParadeÐgmatoc 6.2, tìte,
afoÔ kai p�li E(X) = E(Y ) = 7

2 , èqoume:

E(XY ) = (12 + 22 + 33 + 42 + 52 + 62)× 1

6
=

91

6
,

COV(X, Y ) = E(XY )− E(X)E(Y ) =
91

6
− 7

2
× 7

2
=

35

12
.

Se sunèqeia tou ParadeÐgmatoc 6.3, ja upologÐsoume epÐshc thn sundiakÔmansh
twn W = max{X, Y }, Z = min{X, Y } ìtan ta z�ria eÐnai dÐkaia kai anex�rthta.
Apì to Par�deigma 4.4 èqoume E(W ) = 161/36 kai E(Z) = 91/36. Sunep¸c:

E(WZ) = (12 + 22 + 32 + 42 + 52 + 62)× 1

36
+(1× (2 + 3 + 4 + 5 + 6) + 2× (3 + 4 + 5 + 6)

+3× (4 + 5 + 6) + 4× (5 + 6) + 5× 6)× 2

36
=

49

4
,

COV(W,Z) = E(WZ)− E(W )E(Z) =
49

4
− 161

36
× 91

36
=

1225

1296
.

Par�deigma 6.14. (Telik  bajmologÐa � sunèqeia) Se sunèqeia twn Paradeig-
m�twn 6.6 kai 6.10, h sundiakÔmansh twn bajm¸n X, Y upologÐzetai wc ex c:

E(XY ) = [1× (1 + 2 + 6 + 7 + 8) + 2× (6 + 7 + 8)]× 1

18

+(1× (3 + 4 + 5) + 2× (3 + 4 + 5))× 1

27
= 5,

COV(X, Y ) = E(XY )− E(X)E(Y ) = 5− 4× 1 = 1.

Par�deigma 6.15. (Asansèr � sunèqeia) Se sunèqeia tou ParadeÐgmatoc 6.5,

E(X) = E(Y ) = 0× 15

36
+ (1 + 2 + 3)× 7

36
=

7

6
,

E(XY ) = (12 + 22 + 33)× 1

18

+(1 + 2)× (3 + 4 + 5)× 1

36
=

25

18
,

COV(X, Y ) = E(XY )− E(X)E(Y ) =
25

18
− 7

6
× 7

6
=

1

36
.
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Par�deigma 6.16. (Suntelest c susqètishc) O suntelest c susqètishc dÔo tu-
qaÐwn metablht¸n X, Y , orÐzetai wc

ρX,Y =
COV(X, Y )

[VAR(X)VAR(Y )]
1
2

.

Ja deÐxoume ìti an Y = aX+b, ìpou h stajer� a 6= 0, tìte o suntelest c susqètishc
ρX,Y twn X, Y , isoÔtai me +1   me −1.

Katarq�c parathroÔme ìti

COV(X, Y ) = E(XY )− E(X)E(Y ) = E(X(aX + b))− E(X)E(aX + b)

= E(aX2 + bX)− E(X)(aE(X) + b)

= aE(X2) + bE(X)− aE(X2)− bE(X)

= aVAR(X),

EpÐshc, èqoume
VAR(Y ) = VAR(aX + b) = a2VAR(X),

sunep¸c,

ρX,Y =
COV(X, Y )

[VAR(X)VAR(Y )]
1
2

=
aVAR(X)

[VAR(X)a2VAR(X)]
1
2

=
a

|a| =

{
1, a > 0,

−1, a < 0.

M�lista, mporoÔme na deÐxoume ìti p�nta |ρX,Y | ≤ 1, epomènwc kat� mÐa ènnoia oi
�nw peript¸seic eÐnai akraÐec.
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6.4 Anex�rthtec TuqaÐec Metablhtèc

Orismìc 6.3. (ZeÔgh anex�rthtwn diakrit¸n T.M.) DÔo diakritèc T.M. X, Y , me
sÔnola tim¸n SX , SY antistoÐqwc, kaloÔntai anex�rthtec an gia opoiad pote uposÔnola
A ⊆ SX , B ⊆ SY , isqÔei

P (X ∈ A, Y ∈ B) = P (X ∈ A)P (Y ∈ B). (6.1)

Parathr seic

1. 'Eqoume orÐsei  dh thn anexarthsÐa endeqìmenwn kai thn anexarthsÐa upopeira-
m�twn (pou basÐzetai sthn anexarthsÐa endeqìmenwn).

2. Me ton �nw orismì eis�goume kai thn anexarthsÐa tuqaÐwn metablht¸n. Kai aut 
h anexarthsÐa basÐzetai sthn anexarthsÐa endeqìmenwn. Pr�gmati, dÔo T.M. eÐnai
anex�rthtec an dÔo opoiad pote endeqìmena pou aforoÔn to kajèna apokleistik�
th mÐa apì tic dÔo T.M. eÐnai anex�rthta.

L mma 6.4. (Krit rio anexarthsÐac diakrit¸n T.M.) DÔo diakritèc T. M. X, Y , me
sÔnola tim¸n SX , SY , apì koinoÔ m�za pXY (x, y), kai perij¸riec m�zec pX(x), pY (y),
eÐnai anex�rthtec an kai mìno an

pXY (x, y) = pX(x)pY (y), ∀x ∈ SX , ∀y ∈ SY . (6.2)

Apìdeixh. 'Estw katarq n pwc oiX, Y eÐnai anex�rthtec. Tìte h exÐswsh (6.2) prokÔ-
ptei, gia k�je x, y, me efarmog  tou orismoÔ thc anexarthsÐac gia ta sÔnola A = {x},
B = {y}. Antistrìfwc, èstw pwc isqÔei h (6.2). 'Estw dÔo uposÔnola A ⊆ SX ,
B ⊆ SY . Ja deÐxoume ìti isqÔei h (6.1). Pr�gmati:

P (X ∈ A, Y ∈ B) =
∑

x∈A, y∈B
pXY (x, y) =

∑
x∈A

∑
y∈B

pX(x)pY (y)

=
∑
x∈A

(
pX(x)

∑
y∈B

pY (y)
)

=
(∑
x∈A

pX(x)
)
×
(∑
y∈B

pY (y)
)

= P (X ∈ A)P (Y ∈ B),

kai h apìdeixh oloklhr¸jhke. (Sthn pr¸th isìthta qrhsimopoi same to L mma 6.1
en¸ sthn deÔterh thn upìjesh.)

Parathr seic
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1. Parathr ste pwc ìtan oiX, Y eÐnai anex�rthtec, tìte an P (X = x) = pX(x) > 0
ja èqoume

P (Y = y|X = x) =
P (X = x, Y = y)

P (X = x)
=
pXY (x, y)

pX(x)

=
pX(x)pY (y)

pX(x)
= pY (y) = P (Y = y).

Mia an�logh apìdeixh ja isqÔei an all�xoume tic jèseic twn X, Y . 'Ara telik�,
an ta X, Y eÐnai anex�rthta, ja isqÔei ìti:

∀x ∈ SX , P (X = x) > 0 ⇒ P (Y = y|X = x) = P (Y = y),

∀y ∈ SY , P (Y = y) > 0 ⇒ P (X = x|Y = y) = P (X = x).

MporoÔme na apodeÐxoume, epiplèon, ìti an isqÔoun oi �nw, tìte oi X, Y eÐnai
anex�rthtec.

2. To anagkaÐo kai ikanì krit rio tou L mmatoc 6.4 eÐnai to basikì ergaleÐo pou
qrhsimopoioÔme gia na diapist¸noume thn anexarthsÐa dÔo diakrit¸n T.M. DeÐte
to epìmeno par�deigma.

Par�deigma 6.17. (DÔo z�ria � sunèqeia) Parathr ste pwc ìtan h apì koinoÔ
m�za twn apotelesm�twnX, Y dÔo zari¸n eÐnai h pr¸th apì tic dÔo tou ParadeÐgmatoc
6.2, tìte sÔmfwna me to �nw krit rio oi X, Y eÐnai anex�rthtec, giatÐ gia k�je x, y ∈
{1, . . . , 6} ja èqoume

pXY (x, y) =
1

36
=

1

6
× 1

6
= pX(x)pY (y).

An ìmwc h apì koinoÔ m�za twn X, Y eÐnai h deÔterh tou ParadeÐgmatoc 6.2, tìte oi
X, Y den eÐnai anex�rthtec, giatÐ, gia par�deigma

pXY (1, 2) = 0 6= 1

6
× 1

6
= pX(1)pY (2).

Parathr seic

1. Se poia �lla apì ta prohgoÔmena paradeÐgmata eÐqame anex�rthtec T.M.? Se
ìlec tic peript¸seic, bebaiwjeÐte ìti sumbadÐzei h diaÐsjhs  sac me to krit rio
tou L mmatoc 6.4.

2. Suqn� h anexarthsÐa dÔo T.M. den eÐnai to zhtoÔmeno, all� dÐnetai wc upìjesh.
DeÐte to akìloujo par�deigma.
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Par�deigma 6.18. (El�qisto dÔo anex�rthtwn gewmetrik¸n T.M.) 'Estw X kai
Y dÔo anex�rthtec gewmetrikèc T.M., me paramètrouc p1 kai p2, antÐstoiqa. Ja upo-
logÐsoume th m�za thc nèac T.M. Z = min(X, Y ).

ParathroÔme ìti to el�qisto Z eÐnai toul�qiston k, an kai mìno an kai oi dÔo T.M.
X, Y paÐrnoun timèc toul�qiston k. Opìte, gia k�je k ≥ 1,

P (Z ≥ k) = P (min(X, Y ) ≥ k) = P (X ≥ k, Y ≥ k) = P (X ≥ k)P (Y ≥ k)

= (1− p1)
k−1(1− p2)

k−1 = [(1− p1)(1− p2)]
k−1,

ìpou h trÐth isìthta isqÔei lìgw anexarthsÐac kai h tètarth eÐnai gnwst  idiìthta thc
gewmetrik c katanom c.

An t¸ra orÐsoume q = 1− (1− p1)(1− p2), efìson

P (Z ≥ k) = P (Z = k) + P (Z ≥ k + 1),

èqoume

P (Z = k) = P (Z ≥ k)− P (Z ≥ k + 1) = (1− q)k−1 − (1− q)k = q(1− q)k−1.

Sunep¸c, h Z akoloujeÐ epÐshc gewmetrik  katanom , all� me par�metro q = 1− (1−
p1)(1− p2).

Autì exhgeÐtai eÔkola: An diex�goume tautìqrona dÔo akoloujÐec anex�rthtwn
peiram�twn, mporoÔme na orÐsoume èna olikì peÐrama sto opoÐo ja èqoume epituqÐa thn
pr¸th for� pou ja èqei epituqÐa èna apì ta dÔo peir�mata. S' aut  thn perÐptwsh, to
pl joc twn epanal yewn pou apaitoÔntai gia thn pr¸th epituqÐa tou olikoÔ peir�ma-
toc eÐnai Z = min(X, Y ) ìpou X, Y eÐnai to pl joc epanal yewn mèqri thn pr¸th
epituqÐa sto pr¸to kai to deÔtero peÐrama, antÐstoiqa. To olikì peÐrama apotugq�nei
ìtan apotÔqoun kai ta dÔo epÐ mèrouc, dhlad  me pijanìthta (1 − p1)(1 − p2), �ra h
pijanìthta epituqÐac eÐnai 1− (1− p1)(1− p2) = q. Sunep¸c, to pl joc twn prospa-
jei¸n tou olikoÔ peir�matoc mèqri thn pr¸th epituqÐa akoloujeÐ gewmetrik  katanom 
me par�metro q.

L mma 6.5. (Idiìthtec anex�rthtwn diakrit¸n T.M.) 'Estw X, Y anex�rthtec dia-
kritèc T.M.

1. 'Estw sunart seic g : SX → R, kai h : SY → R. Ja isqÔei

E(g(X)h(Y )) = E(g(X))E(h(Y ))).

Eidik  perÐptwsh thc �nw eÐnai h

E(XY ) = E(X)E(Y ).

2. COV(X, Y ) = 0.

3. VAR(X + Y ) = VAR(X) + VAR(Y ).
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Apìdeixh. 1. Efarmìzontac to L mma 6.2 èqoume:

E(g(X)h(Y )) =
∑

x∈SX , y∈SY
h(x)g(y)pXY (x, y)

=
∑
x∈SX

∑
y∈SY

g(x)h(y)pX(x)pY (y)

=
∑
x∈SX

(
g(x)pX(x)

∑
y∈SY

h(y)pY (y)
)

=
( ∑
x∈SX

g(x)pX(x)
)( ∑

y∈SY
h(y)pY (y)

)
= E(g(X))E(h(Y )).

2. ProkÔptei �mesa apì to pr¸to skèloc kai thn efarmog  tou L mmatoc 6.3.

3. ProkÔptei �mesa apì to deÔtero skèloc kai thn efarmog  tou L mmatoc 6.3.

Par�deigma 6.19. (DÔo z�ria � sunèqeia) 'Estw pwc h apì koinoÔ m�za twn
apotelesm�twn X, Y dÔo zari¸n eÐnai h pr¸th apì tic dÔo tou ParadeÐgmatoc 6.2,
opìte oi X, Y eÐnai anex�rthtec. Ja èqoume, gia to �jroism� touc X + Y :

VAR(X + Y ) = VAR(X) + VAR(Y ) =
35

12
+

35

12
=

35

6
.

Parathr ste epÐshc ìti

E(X + Y ) = E(X) + E(Y ) =
7

2
+

7

2
= 7.

Prèpei na tonisteÐ ìti h teleutaÐa isìthta ja Ðsque akìma kai an ta X, Y DEN  tan
anex�rthta, kaj¸c to L mma 6.2 (p�nw sto opoÐo basist kame) den apaiteÐ anexarth-
sÐa!

Par�deigma 6.20. Ja deÐxoume èna par�deigma dÔo diakrit¸n T.M. X, Y me dia-
sporèc VAR(X) = VAR(Y ) > 0, all� tètoiec ¸ste na èqoume VAR(X + Y ) = 0.

'EstwX ∼ Bern(1/2) opìte VAR(X) = (1/2)(1/2) = 1/4 > 0, kai èstw Y = −X
opìte VAR(Y ) = VAR((−1)X) = (−1)2VAR(X) = 1/4 > 0. All� efìson ex
orismoÔ h X + Y = 0 eÐnai apl¸c mia stajer�, èqoume VAR(X + Y ) = 0, to opoÐo
fusik� den isoÔtai me ton �jroisma twn diaspor¸n VAR(X) + VAR(Y ) = 1/2, ìpwc
problèpei to �nw l mma. Autì sumbaÐnei giatÐ profan¸c oiX, Y den eÐnai anex�rthtec.

Par�deigma 6.21. (Mh anex�rthtec T.M. me mhdenik  sundiakÔmansh) EÐnai du-
natìn dÔo T.M. na mhn eÐnai anex�rthtec, na èqoun ìmwc mhdenik  sundiakÔmansh. Gia
par�deigma, èstw dÔo diakritèc T.M. X, Y me apì koinoÔ m�za pXY ìpwc ston pio
k�tw pÐnaka:
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x −1 0 1
y pY (y)

−1 0 1/4 0 1/4
0 1/4 0 1/4 1/2
1 0 1/4 0 1/4
pX(x) 1/4 1/2 1/4

Oi perij¸riec m�zec pX(x), pY (y) èqoun epÐshc upologisteÐ ston pÐnaka. Oi X, Y den
eÐnai anex�rthtec, afoÔ

pXY (0, 0) = 0 6= 1

2
× 1

2
= pX(0)pY (0).

Gia th sundiakÔmans  touc, pr¸ta upologÐzoume

E(X) = (−1)× 1

4
+ 0× 1

2
+ 1× 1

4
= 0,

kai paromoÐwc E(Y ) = 0 afoÔ oi X kai Y èqoun thn Ðdia m�za. Epiplèon parathroÔme
pwc

E(XY ) =
∑

x=−1,0,1

∑
y=−1,0,1

xypXY (x, y) = 0,

diìti ìloi oi ìroi tou pio p�nw ajroÐsmatoc eÐnai mhdenikoÐ! ('H x = 0   y = 0  
pXY (x, y) = 0, gia ìla ta dunat� zeÔgh tim¸n (x, y).) 'Ara,

COV(X, Y ) = E(XY )− E(X)E(Y ) = 0− 0× 0 = 0.

Orismìc 6.4. (Asusqètistec T.M.) DÔo T.M. X, Y , kaloÔntai asusqètistec an h
sundiakÔmans  touc COV(X, Y ) eÐnai mhdenik , dhlad  COV(X, Y ) = 0. Apì ta
prohgoÔmena eÐdame ìti dÔo T.M. pou eÐnai anex�rthtec eÐnai kai asusqètistec, all�
to antÐstrofo mporeÐ na mhn isqÔei.
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6.5 'Ajroisma Anex�rthtwn TuqaÐwn Metablht¸n

Par�deigma 6.22. (Sunèlixh) 'Estw dÔo anex�rthtec diakritèc T.M. X, Y me
SX = SY = Z kai m�zec pX(x), pY (y) antÐstoiqa. Ja deÐxoume ìti h nèa T.M.
X + Y èqei m�za:

pX+Y (m) =
∞∑

k=−∞
pX(k)pY (m− k), m ∈ Z.

H pio p�nw èkfrash eÐnai gnwst  wc h sunèlixh twn dÔo maz¸n pX(x) kai pY (y),
kai emfanÐzetai suqn� se efarmogèc, akìma kai ektìc jewrÐac pijanot twn. Argìte-
ra ja doÔme kai thn suneq  ekdoq  thc, pou èqei th morf  oloklhr¸matoc antÐ gia
ajroÐsmatoc, kai thc opoÐac h qr sh eÐnai akìma pio diadedomènh.

Pr�gmati, parathroÔme pwc, gia opoiod pote tim  m ∈ Z, h X + Y isoÔtai me m
an kai mìno an h X = k kai h Y = m− k gia k�poio k ∈ Z. Sunep¸c:

pX+Y (m) = P (X + Y = m) = P

( ∞⋃
k=−∞

({X = k} ∩ {Y = m− k})
)

=
∞∑

k=−∞
P ({X = k} ∩ {Y = m− k}) =

∞∑
k=−∞

P (X = k)P (Y = m− k)

=
∞∑

k=−∞
pX(k)pY (m− k).

H pr¸th kai h teleutaÐa isìthta prokÔptoun apì ton orismì thc m�zac, h deÔterh
prokÔptei gr�fontac to endeqìmeno {X + Y = m} san ènwsh xènwn endeqìmenwn,
h trÐth prokÔptei akrib¸c epeid  ta endeqìmena eÐnai xèna, en¸ h tètarth lìgw thc
anexarthsÐac twn X, Y .

Parat rhsh: Parathr ste ìti an mia T.M. X èqei sÔnolo tim¸n SX ⊂ Z mporoÔ-
me na jèsoume wc nèo sÔnolo tim¸n thc to Z, jètontac mhdenikèc tic pijanìthtec twn
akeraÐwn ektìc tou arqikoÔ SX . Antistrìfwc, mporoÔme na afairèsoume apì to sÔno-
lo tim¸n SX opoiad pote tim  x gia thn opoÐa pX(x) = 0. Kai oi dÔo autèc diadikasÐec
den all�zoun ousiwd¸c thn X, kai genikeÔoun thn efarmog  tou �nw paradeÐgmatoc.
DeÐte ta paradeÐgmata pou akoloujoÔn.

Par�deigma 6.23. ('Ajroisma anex�rthtwn Poisson T.M.) An oi T.M. X kai Y
eÐnai anex�rthtec, me katanomèc Poisson(λ) kai Poisson(µ) antÐstoiqa, ja deÐxoume ìti
h T.M. X + Y èqei katanom  Poisson(λ+ µ).
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Pr�gmati, èstw pX(x) kai pY (y) oi m�zec twn X kai Y , antÐstoiqa, kai èstw
pX+Y (m) h m�za thc X + Y . Apì to prohgoÔmeno par�deigma, èqoume:

pX+Y (m) =
∞∑

k=−∞
pX(k) pY (m− k) =

m∑
k=0

(e−λλk
k!

)(e−µµm−k
(m− k)!

)
=

e−(λ+µ)

m!

m∑
k=0

m!

k!(m− k)!
λkµm−k =

e−(λ+µ)

m!
(λ+ µ)m.

Parathr ste ìti se aut  thn perÐptwsh kai oi dÔo T.M. pou apartÐzoun to �jroisma
eÐnai mh arnhtikèc, kai sunep¸c den prokÔptei �peiro �jroisma ìpwc sthn genik  pe-
rÐptwsh tou prohgoÔmenou paradeÐgmatoc. EpÐshc, h teleutaÐa isìthta prokÔptei apì
to diwnumikì je¸rhma:

(α + b)n =
n∑
k=0

(
n

k

)
αkbn−k.

Sunep¸c, X + Y ∼ Poisson(λ+ µ).

Par�deigma 6.24. ('Ajroisma anex�rthtwn diwnumik¸n T.M.) Se autì to par�-
deigma ja deÐxoume ìti to �jroisma dÔo diwnumik¸n T.M. X, Y me paramètrouc n1, p

kai n2, p antÐstoiqa, anex�rthtwn metaxÔ touc, èqei Diwn(n1 + n2, p) katanom .
'Estw pX(x) kai pY (y) oi m�zec twn X kai Y , antÐstoiqa. Parathr ste pwc

pX+Y (m) =
∞∑

k=−∞
pX(k)pY (m− k)

=

min{n1,m}∑
k=max{0,m−n2}

(
n1

k

)
pk(1− p)n1−k

(
n2

m− k

)
pm−k(1− p)n2−m+k

= (pm(1− p)n1+n2−m)

min{n1,m}∑
k=max{0,m−n2}

(
n1

k

)(
n2

m− k

)
. (6.3)

Ta ìria sto �jroisma proèkuyan krat¸ntac mìno tic timèc tou k gia tic opoÐec eÐnai
jetikèc kai oi dÔo m�zec. Parathr ste ìti ìtanm > n1+n2  m < 0, to �nw �jroisma
eÐnai kenì kai prokÔptei pwc pX+Y (m) = 0, ìpwc kai me thn Diwn(n1+n2, p) katanom .
ArkeÐ loipìn na epikentrwjoÔme sthn perÐptwsh 0 ≤ m ≤ n1 + n2.

Se aut  thn perÐptwsh, parathr ste pwc

min{n1,m}∑
k=max{0,m−n2}

(
n1

k

)(
n2

m− k

)
=

(
n1 + n2

m

)
. (6.4)
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Pr�gmati, èstw to ex c prìblhma: 'Eqoume n1 > 0 �ntrec kai n2 > 0 gunaÐkec, kai
prèpei na fti�xoume mia epitrop  apì m �toma, me 0 ≤ m ≤ n1 + n2. To dexÐ mèloc
thc (6.4) mac dÐnei touc dunatoÔc sunduasmoÔc. Epiplèon, k�je ènac apì touc ìrouc
tou aristeroÔ skèlouc thc (6.4) mac dÐnei touc trìpouc me touc opoÐouc mporoÔme na
fti�xoume mia epitrop  m atìmwn me k �ntrec. Sqetik� me ta ìria tou ajroÐsmatoc,
parathr ste ìti se k�je ìro tou ajroÐsmatoc o arijmìc twn antr¸n k ja prèpei na
eÐnai:

1. to polÔ Ðsoc me ton olikì arijmì antr¸n, dhlad  k ≤ n1,

2. to polÔ Ðsoc me to mègejoc thc epitrop c, dhlad  k ≤ m,

3. megalÔteroc   Ðsoc tou mhdenìc, dhlad  k ≥ 0, kai tèloc,

4. an m > n2 (dhlad  ta mèlh thc epitrop c eÐnai perissìtera apì tic gunaÐkec)
megalÔteroc   Ðsoc apì to m− n2, dhlad  k ≥ m− n2.

Sundu�zontac ìlouc autoÔc touc periorismoÔc, prokÔptoun telik� ta ìria tou ajroÐ-
smatoc. H tautìthta (6.4) eÐnai mia apì tic aploÔsterec morfèc thc tautìthta tou
Vandermonde (kai ìqi Voldemort).

Efarmìzontac telik� thn (6.4) sthn (6.3), prokÔptei telik� pwc

pX+Y (m) =

(
n1 + n2

m

)
pm(1− p)n1+n2−m,

dhlad  to zhtoÔmeno.

To apotèlesma eÐnai anamenìmeno. Pr�gmati, to X ekfr�zei to pl joc twn epitu-
qi¸n se n1 peir�mata, anex�rthta metaxÔ touc kai me pijanìthta epituqÐac p, kai to
Y paromoÐwc ekfr�zei to pl joc twn epituqi¸n se n2 peir�mata, anex�rthta metaxÔ
touc, kai anex�rthta apì ta pr¸ta, epÐshc me pijanìthta epituqÐac p. 'Ara, logik� to
X+Y ekfr�zei ton pl joc twn epituqi¸n sto sÔnolo twn n1 +n2 ìmoiwn peiram�twn,
kai sunep¸c prèpei na akoloujeÐ thn diwnumik  katanom .

Par�deigma 6.25. (Dungeons & Dragons) Ja upologÐsoume thn m�za tou ajroÐ-
smatoc twn apotelesm�twn tri¸n dÐkaiwn kai anex�rthtwn zari¸n.

'Estw pwc X, Y, Z ta apotelèsmata twn tri¸n rÐyewn. Arqik�, parathroÔme pwc
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me qr sh tou ParadeÐgmatoc 6.22 èqoume

pX+Y (2) = pX(1)pY (1) =
1

6
× 1

6
,

pX+Y (3) = pX(2)pY (1) + pX(1)pY (2) = 2× 1

6
× 1

6
,

pX+Y (4) = pX(3)pY (1) + pX(2)pY (2) + pX(1)pY (3) = 3× 1

6
× 1

6
,

pX+Y (5) = pX(4)pY (1) + pX(3)pY (2) + pX(2)pY (3) + pX(1)pY (4) = 4× 1

6
× 1

6
,

kai suneqÐzontac me autìn ton trìpo prokÔptoun oi ex c timèc thc m�zac tou X + Y :

pX+Y (2) =
1

36
, pX+Y (3) =

2

36
, pX+Y (4) =

3

36
, pX+Y (5) =

4

36
,

pX+Y (6) =
5

36
, pX+Y (7) =

6

36
, pX+Y (8) =

5

36
, pX+Y (9) =

4

36
,

pX+Y (10) =
3

36
, pX+Y (11) =

2

36
, pX+Y (12) =

1

36
.

Sta �nw, ousiastik� aparijm same ìlouc touc trìpouc me touc opoÐouc mporeÐ se k�je
perÐptwsh na prokÔyei èna apotèlesma gia to �jroisma kai upologÐsame to �jroisma
twn antÐstoiqwn pijanot twn, qrhsimopoi¸ntac kai thn anexarthsÐa twn rÐyewn.

Katìpin, gia na upologÐsoume thn m�za thc X + Y +Z, epanalamb�noume thn �nw
mèjodo, all� gia tic tuqaÐec metablhtèc (X + Y ) kai Z. Gia par�deigma,

pX+Y+Z(3) = pX+Y (2)pZ(1) =
1

36
× 1

6
=

1

216
,

pX+Y+Z(4) = pX+Y (3)pZ(1) + pX+Y (2)pZ(2) =
2

36
× 1

6
+

1

36
× 1

6
=

3

216
,

kai suneqÐzontac me ton Ðdio trìpo prokÔptei telik�

pX+Y+Z(3) =
1

216
, pX+Y+Z(4) =

3

216
, pX+Y+Z(5) =

6

216
,

pX+Y+Z(6) =
10

216
, pX+Y+Z(7) =

15

216
, pX+Y+Z(8) =

21

216
,

pX+Y+Z(9) =
25

216
, pX+Y+Z(10) =

27

216
, pX+Y+Z(11) =

27

216
,

pX+Y+Z(12) =
25

216
, pX+Y+Z(13) =

21

216
, pX+Y+Z(14) =

15

216
,

pX+Y+Z(15) =
10

216
, pX+Y+Z(16) =

6

216
, pX+Y+Z(17) =

3

216
,

pX+Y+Z(18) =
1

216
.

H m�za kai h sun�rthsh katanom c tou X + Y + Z èqoun sqediasteÐ sto Sq ma 6.1.
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Sq ma 6.1: H m�za kai h katanom  tou ParadeÐgmatoc 6.25.
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6.6 Pollèc TuqaÐec Metablhtèc

Stic prohgoÔmenec paragr�fouc autoÔ tou kefalaÐou periorist kame sthn perÐptwsh
dÔo apì koinoÔ katanemhmènwn diakrit¸n T.M. 'Omwc ìlh h jewrÐa pou anaptÔxa-
me mporeÐ na epektajeÐ eÔkola sthn perÐptwsh poll¸n diakrit¸n T.M. Se aut  thn
par�grafo parousi�zoume sunoptik� thn epèktash thc jewrÐac, kai ta pio qr sima
apotelèsmata thc. ParaleÐpoume tic perissìterec apodeÐxeic, kaj¸c eÐnai ìmoiec me
autèc thc perÐptwshc twn dÔo T.M.

Orismìc 6.5. (Apì koinoÔ m�za kai perij¸ria m�za) 'Estw n diakritèc tuqaÐec
metablhtèc X1, . . . , Xn, me sÔnola tim¸n SX1

, . . . , SXn
antistoÐqwc.

1. OrÐzoume thn apì koinoÔ sun�rthsh m�zac pijanìthtac   apì koinoÔ m�za wc thn
sun�rthsh pX1...Xn

(x1, . . . , xn) : SX1
× · · · × SXn

→ [0, 1] me

pX1...Xn
(x1, . . . , xn) = P (X1 = x1, . . . , Xn = xn), ∀x1 ∈ SX1

, . . . , ∀xn ∈ SXn
.

2. Oi m�zec pijanìthtac twn X1, . . . , Xn kaloÔntai perij¸riec m�zec pijanìthtac.

L mma 6.6. (Idiìthtec apì koinoÔ m�zac) 'Estw n diakritèc T.M. X1, . . . , Xn, me
sÔnola tim¸n SX1

, . . . , SXn
kai m�zec pX1

(x1), . . . , pXn
(xn) antistoÐqwc. H apì koinoÔ

m�za touc pX1...Xn
(x1, . . . , xn) èqei tic ex c idiìthtec:

1.
∑

x1∈SX1
,...,xn∈SXn

pX1...Xn
(x1, . . . , xn) = 1.

2. 'Estw A èna opoiod pote uposÔnolo tou kartesianoÔ ginomènou SX1
× · · · × SXn

.
Tìte

P ((X1, . . . , Xn) ∈ A) =
∑

(x1,...,xn)∈A
pX1...Xn

(x1, . . . , xn). (6.5)

3. pXi
(x) =

∑
x1∈SX1

,...,xi−1∈SXi−1
,xi+1∈SXi+1

,...,xn∈SXn

pX1...Xn
(x1, . . . , xn).

L mma 6.7. (Idiìthtec mèshc tim c sun�rthshc poll¸n T.M.) 'Estw n diakritèc
tuqaÐec metablhtèc X1, . . . , Xn, me sÔnola tim¸n SX1

, . . . , SXn
kai apì koinoÔ m�za

pX1...Xn
(x1, . . . , xn).

1. 'Estw T.M. Z = g(X1, . . . , Xn). H mèsh tim  thc isoÔtai me

E(Z) = E(g(X1, . . . , Xn)) =
∑

x1∈SX1
,...,xn∈SXn

g(x1, . . . , xn)pX1...Xn
(x1, . . . , xn).
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2. An ai, b ∈ R,

E

(
n∑
i=1

aiXi + b

)
=

n∑
i=1

aiE(Xi) + b.

3. Pio genik�, an èqoume K T.M. Zk = gk(X1, . . . , Xn), k = 1, . . . , K, kai ak ∈ R,

E

(
K∑
k=1

akgk(X1, . . . , Xn)

)
=

K∑
k=1

akE(gk(X1, . . . , Xn)).

4.

VAR

(
n∑
i=1

Xi + b

)
=

n∑
i=1

VAR(Xi) + 2
∑

1≤i<j≤n
COV(Xi, Xj). (6.6)

Apìdeixh. Ja apodeÐxoume mìno to teleutaÐo skèloc, kaj¸c parousi�zei endiafèron.
Parathr ste pwc

VAR

(
n∑
i=1

Xi + b

)

= VAR

(
n∑
i=1

Xi

)
= E

( n∑
i=1

Xi − E
(

n∑
i=1

Xi

))2


= E

((
n∑
i=1

Xi − E
(

n∑
i=1

Xi

))
×
(

n∑
j=1

Xj − E
(

n∑
j=1

Xj

)))

= E

((
n∑
i=1

(Xi − E(Xi))

)
×
(

n∑
j=1

(Xj − E(Xj))

))

=
n∑
i=1

n∑
j=1

E ((Xi − E(Xi))(Xj − E(Xj)))

=
n∑
i=1

E ((Xi − E(Xi))(Xi − E(Xi)))

+
n∑
i=1

N∑
j=1, j 6=i

E ((Xi − E(Xi))(Xj − E(Xj)))

=
n∑
i=1

VAR(Xi) + 2
∑

1≤i<j≤n
COV(Xi, Xj).
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Orismìc 6.6. (n anex�rthtec T.M.) n diakritèc T.M. X1, . . . , Xn, me sÔnola tim¸n
SX1

, . . . , SXn
, antistoÐqwc, kaloÔntai anex�rthtec an gia opoiad pote uposÔnola Ai ⊆

SXi
, i = 1, . . . , n isqÔei

P (X1 ∈ A1, . . . , Xn ∈ An) = P (X1 ∈ A1) . . . P (Xn ∈ An).

L mma 6.8. (Krit rio anexarthsÐac T.M.) 'Estw n diakritèc T.M. X1, . . . , Xn, me
sÔnola tim¸n SX1

, . . . , SXn
, apì koinoÔ m�za pX1...Xn

(x1, . . . , xn), kai perij¸riec m�zec
pXi

(xi), i = 1, . . . , n. Oi X1, . . . , Xn eÐnai anex�rthtec an kai mìno an gia opoiad pote
xi ∈ SXi

èqoume
pX1...Xn

(x1, . . . , xn) = pX1
(x1) . . . pXn

(xn).

L mma 6.9. (Idiìthtec anex�rthtwn metablht¸n) 'Estw n diakritèc anex�rthtec
T.M. X1, . . . , Xn.

1. Opoiod pote uposÔnolo apì tic X1, . . . , Xn eÐnai epÐshc anex�rthtec T.M.

2. 'Estw sunart seic gi : SXi
→ R. Ja isqÔei

E(g1(X1) . . . gn(Xn)) = E(g1(X1)) . . . E(gn(Xn)).

Eidik  perÐptwsh thc �nw eÐnai h

E(X1 . . . Xn) = E(X1) . . . E(Xn).

3. VAR

(
n∑
i=1

Xi

)
=

n∑
i=1

VAR(Xi).

Par�deigma 6.26. 'Estw treic anex�rthtec T.M. X1, X2, X3 pou èqoun ìlec thn
Ðdia m�za, kai, kat� sunèpeia, thn Ðdia mèsh tim  µ = E(Xi). OrÐzoume dÔo nèec T.M.,
tic Y = X1 + X2 kai Z = X1 + X3. Efìson kai oi dÔo exart¸ntai ap' thn X1

perimènoume pwc den ja eÐnai anex�rthtec, kai pwc pijanìtata h sundiakÔmans  touc
den ja eÐnai mhdenik . 'Eqoume:

COV(Y, Z) = E(Y Z)− E(Y )E(Z)

= E((X1 +X2)(X1 +X3))− E(X1 +X2)E(X1 +X3)

= E(X2
1 +X1X3 +X1X2 +X2X3)− E(X1 +X2)E(X1 +X3)

= E(X2
1) + E(X1X3) + E(X1X2) + E(X2X3)

−(E(X1))
2 − E(X1)E(X3)− E(X1)E(X2)− E(X2)E(X3).
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'Omwc epiplèon, lìgw thc anexarthsÐac twn Xi, èqoume E(XiXj) = E(Xi)E(Xj).
Sunep¸c, oi èxi ìroi pio p�nw ektìc tou pr¸tou kai tou tètartou aplopoioÔntai, diìti
eÐnai ìloi Ðsoi me ±(E(Xi))

2 = µ2, kai telik� prokÔptei pwc COV(Y, Z) = VAR(X1).
'Ara, h sundiakÔmansh metaxÔ Y kai Z ìqi mìno eÐnai mh mhdenik  (ìpwc perimèname),
all� epiplèon isoÔtai me th diaspor� thc T.M. X1 h opoÐa sundèei tic Y kai Z.

Par�deigma 6.27. (Mèsh tim  kai diaspor� thc diwnumik c katanom c) Ja qrhsi-
mopoi soume thn jewrÐa pou èqoume anaptÔxei mèqri t¸ra gia na upologÐsoume, me polÔ
eÔkolo trìpo, thn mèsh tim  kai th diaspor� thc diwnumik c katanom c. 'Estw T.M.
X pou akoloujeÐ thn diwnumik  katanom  me paramètrouc N kai p. Kat� ta gnwst�
apì th jewrÐa, h X ekfr�zei ton arijmì twn epituqi¸n se N anex�rthta peir�mata,
kajèna me pijanìthta epituqÐac p. Sunep¸c, h X mporeÐ na grafteÐ wc X =

∑N
i=1Xi

ìpou oi Xi, i = 1, . . . , N eÐnai anex�rthtec T.M. Bernoulli, ìlec me par�metro p, kai
sunep¸c me mèsh tim  E(Xi) = p kai diaspor� VAR(Xi) = p(1− p). 'Eqoume:

E(X) = E

(
N∑
i=1

Xi

)
=

N∑
i=1

E(Xi) =
N∑
i=1

p = Np.

Gia na upologÐsoume th diaspor�, parathroÔme apl¸c pwc

VAR(X) = VAR

(
N∑
i=1

Xi

)
=

N∑
i=1

VAR(Xi) = Np(1− p).

Par�deigma 6.28. (Mèsh tim  kai diaspor� thc upergewmetrik c katanom c) Me
k�poiec tropopoi seic, mporoÔme na qrhsimopoi soume th mèjodo tou prohgoÔmenou
paradeÐgmatoc gia na upologÐsoume th mèsh tim  kai th diaspor� thc upergewmetrik c
katanom c. 'Estw X me katanom  Uper(N, k, n). H X ekfr�zei ton arijmì antikeimè-
nwn tÔpou I pou ja l�boume an p�roume n antikeÐmena apì N , ek twn opoÐwn k eÐnai
tÔpou I kai ta upìloipa tÔpou II. Sunep¸c, h X mporeÐ na ekfrasteÐ wc �jroisma
X =

∑n
i=1Xi, ìpou oi Xi eÐnai ìlec Bernoulli, profan¸c me par�metro k

N . 'Ara:

E(X) = E

(
n∑
i=1

Xi

)
=

n∑
i=1

E(Xi) =
n∑
i=1

k

N
=
nk

N
.

Gia na upologÐsoume th diaspor�, parathroÔme katarq n pwc oi Xi DEN eÐnai ane-
x�rthtec. Gia par�deigma, an to pr¸to antikeÐmeno pou ja p�roume eÐnai tÔpou I, tìte
mei¸netai k�pwc h pijanìthta na eÐnai tÔpou I kai to deÔtero antikeÐmeno. 'Ara, ja
prèpei na qrhsimopoi soume th sqèsh

VAR(X) = VAR

(
n∑
i=1

Xi

)
=

n∑
i=1

VAR(Xi) + 2
∑

1≤i<j≤n
COV(Xi, Xj).
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ParathroÔme katarq n ìti, afoÔ oiXi eÐnai ìlec Bernoulli me par�metro k
N , ja èqoume

VAR(Xi) =
k

N

(
1− k

N

)
.

Epiplèon, profan¸c, gia lìgouc summetrÐac, ja èqoume epiplèon

COV(Xi, Xj) = COV(X1, X2) = E(X1X2)− E(X1)E(X2),

gia k�je i, j tètoia ¸ste 1 ≤ i < j ≤ n. ParathroÔme ìmwc pwc h T.M. X1X2 eÐnai
1 an kai mìno an ta pr¸ta dÔo antikeÐmena eÐnai tÔpou I. Autì gÐnetai me pijanìthta
k
N × k−1

N−1 . 'Ara telik�

E(X1X2) = 1× k

N
× k − 1

N − 1
+ 0×

(
1− k

N
× k − 1

N − 1

)
=

k(k − 1)

N(N − 1)
,

kai sundu�zontac ìla ta �nw:

VAR(X) = n
k

N

(
1− k

N

)
+ n(n− 1)

[
k(k − 1)

N(N − 1)
− k2

N 2

]
=

nk

N

[
1− k

N
+

(n− 1)(k − 1)

N − 1
− (n− 1)k

N

]
=
nk(N − k)(N − n)

N 2(N − 1)
.

Par�deigma 6.29. (To prìblhma twn suzÔgwn) Se k�poio p�rti, N �toma af noun
ta kapèla touc se èna trapèzi. Ta kapèla anakateÔontai kai, feÔgontac, k�je �tomo
paÐrnei sthn tÔqh èna kapèlo. 'Estw X to pl joc twn atìmwn pou paÐrnoun to dikì
touc kapèlo. Ja upologÐsoume th mèsh tim  kai th diaspor� thc X.

Ja qrhsimopoi soume tic bohjhtikèc T.M. Xi, i = 1, 2, . . . , N , ìpou Xi = 1 an to
�tomo i p�rei to dikì tou kapèlo, kai Xi = 0 sthn antÐjeth perÐptwsh. ParathroÔme
ìti X = X1 + X2 + · · · + XN . Epiplèon, lìgw thc summetrÐac tou probl matoc, h
pijanìthta na p�rei èna �tomo to dikì tou kapèlo eÐnai 1

N . Sunep¸c h mèsh tim  thc
k�je Xi eÐnai

E(Xi) = 1× 1

N
+ 0× (1− 1

N
) =

1

N
,

kai sunep¸c

E(X) = E(X1 +X2 + · · ·+XN) = E(X1) + E(X2) + · · ·+ E(XN) = N × 1

N
= 1.

'Ara, kat� mèso ìro, akrib¸c èna �tomo ja fÔgei me to dikì tou kapèlo. Parathr ste
ìti to apotèlesma eÐnai anex�rthto tou N , k�ti pou Ðswc na mhn anamenìtan.
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Gia na upologÐsoume th diaspor�, mporoÔme na qrhsimopoi soume thn (6.6). Enal-
laktik� (kai me perÐpou ton Ðdio ìgko pr�xewn) parathroÔme katarq n pwc

E(X2) = E

( N∑
i=1

Xi

)2
 = E

((
N∑
i=1

Xi

)(
N∑
j=1

Xj

))

= E

(
N∑
i=1

N∑
j=1

XiXj

)
=

N∑
i=1

N∑
j=1

E(XiXj).

Sto teleutaÐo pio p�nw diplì �jroisma, up�rqoun N ìroi thc morf c E(X2
i ), kai

N(N − 1) ìroi thc morf c E(XiXj) gia i 6= j. Efìson oi Xi eÐnai T.M. Bernoulli,
p�ntote èqoume X2

i = Xi kai sunep¸c,

E(X2
i ) = E(Xi) =

1

N
,

en¸ gia i 6= j, brÐskoume, apì ton orismì thc desmeumènhc pijanìthtac,

E(XiXj) = P (Xi = Xj = 1)× 1 + (1− P (Xi = Xj = 1))× 0

= P (Xi = 1 kai Xj = 1)

= P (Xi = 1)P (Xj = 1|Xi = 1) =
1

N
× 1

N − 1
.

'Ara, telik�,

E(X2) = E

( N∑
i=1

Xi

)2
 = N

1

N
+N(N − 1)

1

N(N − 1)
= 2,

kai gia th diaspor� èqoume

VAR(X) = E(X2)− (E(X))2 = 1.

An kai den to apodeiknÔoume ed¸, anafèroume ìti h katanom  tou X, kaj¸c to
N → ∞, teÐnei sthn katanom  Poisson me par�metro λ = 1. MporeÐte na exhg sete
diaisjhtik� giatÐ?

Par�deigma 6.30. (Epiz¸nta zeug�ria) 'Estw mÐa pìlh me N zeÔgh andr¸n kai
gunaik¸n (dhlad  me sunolikì plhjusmì 2N atìmwn.) An upojèsoume ìti k tuqaÐ-
a �toma pejaÐnoun, ja upologÐsoume th mèsh tim  kai h diaspor� tou pl jouc twn
zeugari¸n pou paramènoun. EnnoeÐtai ìti ìloi oi �njrwpoi eÐnai exÐsou dunatìn na pe-
j�noun, kai oi j�natoi eÐnai anex�rthtoi metaxÔ touc. To prìblhma autì diatup¸jhke
gia pr¸th for� apì ton Daniel Bernoulli, to 1768.
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'Estw oi tuqaÐec metablhtèc Mi, Fi, i = 1, 2, . . . , N , ìpou, gia k�je i, èqoume
Mi = 1 (  0) an o i-ostìc �ndrac epibi¸sei (  pej�nei), kai antistoÐqwc Fi = 1 (  0)
an h i-ost  gunaÐka epibi¸sei (  pej�nei). Epiplèon, orÐzoume tic T.M. Zi oi opoÐec
paÐrnoun thn tim  1 an to zeug�ri i parameÐnei, alli¸c Zi = 0, kai parathroÔme pwc
Zi = MiFi, gia k�je i. To sunolikì pl joc, èstw Z, twn zeugari¸n pou paramènoun
eÐnai Z =

∑N
i=1 Zi =

∑N
i=1MiFi kai gia ton upologismì thc zhtoÔmenhc mèshc tim c

E(Z) arkeÐ na upologÐsoume thn E(Zi) thc k�je Zi. ParathroÔme ìti, apì ton orismì
thc mèshc tim c kai ton orismì thc desmeumènhc pijanìthtac, èqoume,

E(Zi) = 1× P (Zi = 1) + 0× P (Zi = 0) = P ({Mi = 1} ∩ {Fi = 1})
= P (Mi = 1)P (Fi = 1|Mi = 1) =

2N − k
2N

× 2N − k − 1

2N − 1
,

ìpou h teleutaÐa isìthta prokÔptei kaj¸c, an gnwrÐzoume ìti epibÐwse o �ndrac i,
mènoun 2N − 1 �toma ek twn opoÐwn ja epibi¸soun ta 2N − k − 1. Sundu�zontac ta
pio p�nw brÐskoume thn zhtoÔmenh mèsh tim :

E(Z) = E

(
N∑
i=1

Zi

)
=

N∑
i=1

E(Zi) =
(2N − k)(2N − k − 1)

2(2N − 1)
.

Epiplèon,

E(Z2
i ) = 12 × P (Mi = Fi = 1) + 02 × P ((Mi = Fi = 1)′) = P (Mi = Fi = 1)

=
2N − k

2N
× 2N − k − 1

2N − 1
.

AkoloÔjwc, parathroÔme ìti

E(Z2) = E

( N∑
i=1

Zi

)2
 = E

((
N∑
i=1

Zi

)(
N∑
j=1

Zj

))
=

N∑
i=1

N∑
j=1

E(ZiZj).

'Omwc, an i 6= j:

E(ZiZj) = P (Mi = Mj = Fi = Fj = 1)

=

(
2N−4
k

)(
2N
k

) =
(2N − k)(2N − k − 1)(2N − k − 2)(2N − k − 3)

N(N − 1)(N − 2)(N − 3)
.

H teleutaÐa isìthta prokÔptei kaj¸c up�rqoun
(

2N
k

)
sunduasmoÐ jan�twn, all� mìno(

2N−4
k

)
apì autoÔc af noun �jikta ta dÔo zeÔgh.

Sundu�zontac tic �nw, prokÔptei, met� apì pr�xeic, ìti:

VAR(Z) = E(Z2)− (E(Z))2 = (2N − k)(2N − k − 1)

×
[

(2N − k − 2)(2N − k − 3)

(N − 2)(N − 3)
+

1

2(2N − 1)
− (2N − k)(2N − k − 1)

4(2N − 1)2

]
.



Kef�laio 7

SuneqeÐc TuqaÐec Metablhtèc

Sta prohgoÔmena kef�laia asqolhj kame apokleistik� me th mia apì tic dÔo shman-
tikèc kathgorÐec tuqaÐwn metablht¸n, tic diakritèc. Se autì to kef�laio ja asqolh-
joÔme me th deÔterh shmantik  kathgorÐa, tic suneqeÐc.

DÔo basikoÐ lìgoi wjoÔn to endiafèron mac gia tic suneqeÐc T.M. O ènac eÐnai
profan c: Pollèc posìthtec pou eÐnai shmantikèc sthn pr�xh, mporoÔn apì th fÔsh
touc na montelopoihjoÔn eÔkola kai epakrib¸c wc suneqeÐc T.M. � p.q., o qrìnoc
pou diarkeÐ h ektèlesh enìc algorÐjmou, h jermokrasÐa enìc epexergast , h apìstash
metaxÔ enìc kinhtoÔ thlef¸nou kai thc keraÐac me thn opoÐa epikoinwneÐ, k.o.k. O
deÔteroc lìgoc eÐnai pio leptìc, kai sqetÐzetai me Kentrikì Oriakì Je¸rhma. SÔmfwna
me to autì to je¸rhma, an oi T.M. X1, X2, . . . , XN eÐnai anex�rthtec kai èqoun ìlec
thn Ðdia katanom  tìte o empeirikìc mèsoc ìroc

X̄N =
1

N

N∑
i=1

Xi

mporeÐ na proseggisjeÐ mèsw thc katanom c miac suneqoÔc tuqaÐac metablht c, sug-
kekrimèna thc legìmenhc kanonik c katanom c. Autì isqÔei akìma kai an oi T.M.
X1, X2, . . . , XN den eÐnai suneqeÐc.

7.1 SuneqeÐc TuqaÐec Metablhtèc

Orismìc 7.1. (SuneqeÐc T.M.) Suneq c TuqaÐa Metablht  (T.M.) kaleÐtai k�je
sun�rthshX : Ω→ R ìpou o Ω eÐnai ènac deigmatikìc q¸roc, kai gia thn opoÐa up�rqei
mia sun�rthsh f : R → [0,∞), h opoÐa kaleÐtai sun�rthsh puknìthtac pijanìthtac,
  puknìthta pijanìthtac,   apl¸c puknìthta, tètoia ¸ste gia k�je B ⊆ R

P (X ∈ B) =

∫
B

f(x) dx. (7.1)
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x

f(x)

a b

P (a ≤ X ≤ b)

Sq ma 7.1: Grafik  ermhneÐa tou upologismoÔ thc pijanìthtac P (a ≤ X ≤ b) gia mia suneq  T.M.
X mèsw thc puknìthtac f(x). H pijanìthta P (a ≤ X ≤ b) eÐnai Ðsh me to embadìn tou skiasmènou
qwrÐou pou sqhmatÐzetai apì to gr�fhma thc f(x), ton �xona x, kai tic eujeÐec x = a kai x = b.

Parat rhsh: Sthn aploÔsterh perÐptwsh qr shc thc (7.1), to B eÐnai kleistì kai
fragmèno di�sthma kai h f(x) oloklhr¸simh se autì. Tìte to olokl rwma up�rqei
me thn austhr  ènnoia tou ìrou. Gia par�deigma, an B = [a, b], kai h f(x) eÐnai
oloklhr¸simh sto [a, b], h (7.1) gÐnetai

P (a ≤ X ≤ b) =

∫ b

a

f(x) dx.

H olokl rwsh apeikonÐzetai grafik� sto Sq ma 7.1. DeÐte to akìloujo par�deigma.

Par�deigma 7.1. (Tmhmatik� grammik  puknìthta pijanìthtac)Mia suneq c T.M.
X èqei thn puknìthta

f(x) =



0, x < −2,
1
3(2 + x), −2 ≤ x < −1,
1
3 , −1 ≤ x < 1,
1
3(2− x), 1 ≤ x < 2,

0, x ≥ 2.

Ja apant soume ta akìlouja erwt mata:

1. Poia eÐnai h pijanìthta P
(

3
2 ≤ X ≤ 2

)
?

2. Poia eÐnai h pijanìthta P
(

3
2 ≤ X ≤ 2|0 ≤ X ≤ 2

)
?

'Eqoume, kat� perÐptwsh,
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x

f(x)

−2 −1 1

3/2

2

1/6

1/3

x

F (x)

−2

1/2

21

1

−1

1/6

5/6

23/24

3/2

P (X > 3/2) = 1/24

Sq ma 7.2: ParadeÐgmata 7.1, 7.2.

1.

P

(
3

2
≤ X ≤ 2

)
=

∫ 2

3/2

1

3
(2− x) dx =

[
2x

3

]2

3/2

−
[
x2

6

]2

3/2

=
1

3
− 7

24
=

1

24
.

2. Apì ton orismì thc desmeumènhc pijanìthtac, èqoume

P

(
3

2
≤ X ≤ 2|0 ≤ X ≤ 2

)
=
P
(

3
2 ≤ X ≤ 2, 0 ≤ X ≤ 2

)
P (0 ≤ X ≤ 2)

=
P
(

3
2 ≤ X ≤ 2

)
P (0 ≤ X ≤ 2)

,

ìpou P (3
2 ≤ X ≤ 2) = 1

24 kai

P (0 ≤ X ≤ 2) =

∫ 1

0

1

3
dx+

∫ 2

1

1

3
(2− x) dx =

1

3
+

1

6
=

1

2
.

'Ara

P

(
3

2
≤ X ≤ 2|0 ≤ X ≤ 2

)
=

[
1

24

]
×
[

1

2

]−1

=
1

12
.
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x

f(x)

a + Δx
2a − Δx

2

f(a)

P (a − Δx
2 ≤ X ≤ a + Δx

2 )

Sq ma 7.3: Diaisjhtik  ermhneÐa thc puknìthtac f(x): h pijanìthta P (a − ∆x
2
≤ X ≤ a + ∆x

2
)

isoÔtai me to embadìn tou skiasmènou qwrÐou, to opoÐo, ìtan to ∆x eÐnai mikrì, proseggistik� eÐnai
Ðso me to embadìn f(a)∆x enìc orjogwnÐou Ôyouc f(a) kai pl�touc ∆x. (FantasteÐte ti sumbaÐnei
ìtan ∆x→ 0.)

Parathr seic

1. Diaisjhtik�, h puknìthta f(a) sth jèsh a ekfr�zei pìso meg�lh eÐnai h pijanìth-
ta na l�bei h X timèc kont� sthn a. Pr�gmati, èstw pwc h f(x) eÐnai suneq c sto
a. Tìte, apì to Jemeli¸dec Je¸rhma tou OloklhrwtikoÔ LogismoÔ, prokÔptei
pwc isqÔei to ex c ìrio:

lim
∆x→0+

P
(
a− ∆x

2 ≤ X ≤ a+ ∆x
2

)
∆x

= lim
∆x→0+

1

∆x

∫ a+∆x
2

a−∆x
2

f(x) dx = f(a),

kai sunep¸c

∆x ' 0,∆x > 0⇒ P

(
a− ∆x

2
≤ X ≤ a+

∆x

2

)
' f(a)∆x.

H idiìthta aut  exhgeÐtai diaisjhtik� sto Sq ma 7.3.

2. Lìgw thc fÔshc tou oloklhr¸matoc, mporeÐ dÔo T.M. na èqoun akrib¸c thn Ðdia
sumperifor�, dhlad  oi pijanìthtèc touc na brejoÔn se èna sÔnolo na eÐnai Ðdiec
gia opoiod pote sÔnolo, all� oi puknìthtèc touc na eÐnai diaforetikèc! Ske-
fteÐte, gia par�deigma, ti ja gÐnei an all�xoume se èna shmeÐo mia puknìthta.
ParomoÐwc, oi pijanìthtec ìlwn twn endeqìmenwn pou aforoÔn mia T.M. mpo-
roÔn na perigrafoÔn b�sei perissìterwn apì miac puknot twn. Sta akìlouja,
ìtan ja lème ìti br kame thn puknìthta miac T.M., ja ennoeÐtai ìti br kame mÐa
puknìthta thc T.M.
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3. Ston orismì thc puknìthtac pijanìthtac den periorizìmaste ston austhrì orismì
tou oloklhr¸matoc:

(aþ) An to B den eÐnai kleistì, tìte to olokl rwma lamb�netai sthn kleistìthta
tou B, dhlad  sto mikrìtero kleistì upersÔnolo tou B. Gia par�deigma, an
to B = (1, 2), tìte to olokl rwma lamb�netai sto [1, 2].

(bþ) An to B eÐnai ènwsh diasthm�twn, tìte to olokl rwma lamb�netai wc to
�jroisma twn epÐ mèrouc oloklhrwm�twn.

(gþ) Epiplèon, to olokl rwma mporeÐ na eÐnai kataqrhstikì. Gia par�deigma, an
h B = (−∞, k), h (7.1) gÐnetai

P (X < k) =

∫ k

−∞
f(x) dx.

4. UpenjumÐzoume touc akìloujouc orismoÔc kataqrhstik¸n oloklhrwm�twn pr¸-
tou tÔpou: ∫ a

−∞
f(x) dx , lim

t→−∞

∫ a

t

f(x) dx,∫ ∞
a

f(x) dx , lim
t→∞

∫ t

a

f(x) dx,∫ ∞
−∞

f(x) dx , lim
t→−∞

∫ c

t

f(x) dx+ lim
t→∞

∫ t

c

f(x) dx,

efìson den prokÔptei aprosdioristÐa ∞−∞, kai ìpou to c ∈ R kai h epilog 
tou den èqei shmasÐa.

5. UpenjumÐzoume touc akìloujouc orismoÔc kataqrhstik¸n oloklhrwm�twn deÔ-
terou tÔpou: ∫ b

a

f(x) dx , lim
t→b−

∫ t

a

f(x) dx,∫ b

a

f(x) dx , lim
t→a+

∫ b

t

f(x) dx,

ìpou a < b. Sthn pr¸th perÐptwsh h f(x) den eÐnai oloklhr¸simh sto [a, b],
all� eÐnai sto [a, t] gia k�je t < b. (Gia par�deigma, giatÐ lim

t→b−
f(x) = ∞.) Sth

deÔterh perÐptwsh h f(x) den eÐnai oloklhr¸simh sto [a, b], all� eÐnai sto [t, b]
gia k�je t > a. (Gia par�deigma, giatÐ lim

t→a+
f(x) =∞.)
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6. UpenjumÐzoume pwc ta kataqrhstik� oloklhr¸mata mporoÔn na sunduastoÔn me
di�forouc trìpouc, efìson bèbaia den prokÔptoun aprosdioristÐec ∞−∞. Gia
par�deigma, mporeÐ èna olokl rwma na eÐnai kataqrhstikì pr¸tou tÔpou lìgw
tou aristeroÔ tou �krou kai kataqrhstikì deutèrou tÔpou lìgw tou dexioÔ tou
�krou. Perissìtera se eisagwgik� maj mata OloklhrwtikoÔ LogismoÔ.

7. O Orismìc 7.1 den  tan apolÔtwc swstìc, giatÐ up�rqoun sÔnola B tìso polÔ-
ploka, pou eÐnai adÔnato na èqoun olokl rwma, akìma kai an h f(x) eÐnai polÔ
apl , gia par�deigma stajer . Ja agno soume autì to prìblhma.

8. Up�rqoun T.M. pou den eÐnai oÔte diakritèc, oÔte suneqeÐc, all� se autì to
m�jhma mac apasqoloÔn mìno aut� ta dÔo eÐdh.

9. Opoiad pote sun�rthsh f(x) ≥ 0 èqei olokl rwma
∫∞
−∞ f(x) dx = 1 mporeÐ na

jewrhjeÐ ìti eÐnai h puknìthta miac T.M. (GiatÐ qrei�zetai h isìthta?)

Orismìc 7.2. H sun�rthsh katanom c pijanìthtac,   katanom  pijanìthtac,   a-
pl¸c katanom  thc X eÐnai h sun�rthsh F : R→ [0, 1] h opoÐa orÐzetai wc

F (x) = P (X ≤ x) =

∫ x

−∞
f(t) dt. (7.2)

Par�deigma 7.2. Ja upologÐsoume thn katanom  thc T.M. X tou ParadeÐgmatoc
7.1. PaÐrnoume peript¸seic. An x < −2, tìte

F (x) =

∫ x

−∞
f(t) dt =

∫ x

−∞
0 dt = 0.

An −2 ≤ x ≤ −1,

F (x) =

∫ x

−∞
f(t) dt =

∫ −2

−∞
0 dt+

∫ x

−2

1

3
(2 + t) dt =

[
2t

3
+
t2

6

]x
−2

=
1

6
(x2 + 4x+ 4).

An −1 ≤ x ≤ 1, tìte

F (x) =

∫ x

−∞
f(t) dt =

∫ −2

−∞
0 dt+

∫ −1

−2

1

3
(2 + t) dt+

∫ x

−1

1

3
dt

=

[
2t

3
+
t2

6

]−1

−2

+

[
t

3

]x
−1

=
1

6
(2x+ 3),
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kai telik�, upologÐzontac kai tic �llec peript¸seic, prokÔptei

F (x) =



0, x < −2,
1
6(x2 + 4x+ 4), −2 ≤ x < −1,
1
6(2x+ 3), −1 ≤ x < 1,
1
6(−x2 + 4x+ 2), 1 ≤ x < 2,

1, x ≥ 2.

H katanom  emfanÐzetai sto Sq ma 7.2.

Par�deigma 7.3. 'Estw pwc h di�rkeia zw c X, se qrìnia, miac ojìnhc upologist 
eÐnai mia suneq c T.M. me puknìthta

f(x) =

{
0, x < 0,

e−x, x ≥ 0.

H grafik  thc par�stash dÐnetai sto Sq ma 7.4.
Parathr ste kat' arq n pwc h f(x) eÐnai pantoÔ mh arnhtik , kai epiplèon∫ ∞

−∞
f(x) dx =

∫ 0

−∞
0 dx+

∫ ∞
0

e−x dx = 0 + lim
t→∞

∫ t

0

(−e−x)′ dx = 1.

Sthn pr¸th isìthta l�bame up' ìyin ìti f(x) = 0 gia x < 0. Pr�gmati, loipìn,
ikanopoieÐ tic proôpojèseic gia na eÐnai puknìthta.

An jèloume na upologÐsoume thn pijanìthta P (1 ≤ X ≤ 2), èqoume

P (1 ≤ X ≤ 2) =

∫ 2

1

f(x) dx =

∫ 2

1

e−x dx =
[
−e−x

]2
1

= e−1 − e−2.

An jèloume na upologÐsoume thn P (−5 < X < 2), èqoume

P (−5 < X < 2) =

∫ 2

−5

f(x) dx =

∫ 2

0

e−x dx =
[
−e−x

]2
0

= 1− e−2.

Gia na upologÐsoume thn katanom  F (x), parathroÔme kat' arq n pwc gia x < 0
ja èqoume:

F (x) = P (X ≤ x) =

∫ x

−∞
f(t) dt = 0,

afoÔ h oloklhrwtèa sun�rthsh eÐnai 0 pantoÔ sto di�sthma olokl rwshc. Epiplèon,
gia x ≥ 0 èqoume:

F (x) = P (X ≤ x) =

∫ x

−∞
f(t) dt =

∫ x

0

e−t dt =
[
− e−t

]x
0

= 1− e−x.
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x

f(x)

1

e−1

x

F (x)

1

1

1 − e−1

P (X > 3) = e−1

1

Sq ma 7.4: Grafikèc parast�seic thc puknìthtac f(x) kai thc katanom c F (x) thc T.M. X sto
Par�deigma 7.3.

Sugkentrwtik�,

F (x) =

{
0, x < 0,

1− e−x, x ≥ 0.

Oi grafikèc parast�seic thc puknìthtac kai thc katanom c dÐnontai sto Sq ma 7.4.
To ìti gnwrÐzoume thn sun�rthsh katanom c mac dieukolÔnei shmantik� ston u-

pologismì pijanot twn sqetik� me thn X. Gia par�deigma, h pijanìthta P (X > 1)
mporeÐ na upologisteÐ apeujeÐac apì thn puknìthta wc

P (X > 1) = P (1 < X <∞) =

∫ ∞
1

f(x) dx =

∫ ∞
1

e−x dx =
[
− e−x

]∞
1

= e−1,

 , enallaktik� (kai eukolìtera), mèsw thc sun�rthshc katanom c:

P (X > 1) = 1− P (X ≤ 1) = 1− F (1) = 1− (1− e−1) = e−1.

Sthn pr¸th isìthta qrhsimopoi same to gegonìc ìti to endeqìmeno {X > 1} eÐnai
sumpl rwma tou {X ≤ 1}. ParomoÐwc mporoÔme na upologÐsoume kai desmeumènec
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pijanìthtec gia thn X. Gia par�deigma:

P (X < 4|X > 3) =
P (3 < X < 4)

P (X > 3)
=
P (3 < X ≤ 4)

1− P (X ≤ 3)
=
P (X ≤ 4)− P (X ≤ 3)

1− P (X ≤ 3)

=
F (4)− F (3)

1− F (3)
=

(1− e−4)− (1− e−3)

1− (1− e−3)
= 1− e−1 ' 0.6321.

Sthn deÔterh isìthta qrhsimopoi same to ìti oi dÔo pijanìthtec twn dÔo arijmht¸n
dÐnontai apì to Ðdio olokl rwma. Sthn trÐth, qrhsimopoi same thn gnwst  idiìthta
P (A ∩B′) = P (A)− P (A ∩B), ìpou A = {X ≤ 4}, B = {X ≤ 3}.

L mma 7.1. (Basikèc Idiìthtec Puknìthtac) 'Estw suneq c T.M. X me puknìthta
f(x).

1.

∫ ∞
−∞

f(x) dx = 1.

2. ∫ b

a

f(x) dx

= P (a ≤ X ≤ b) = P (a < X ≤ b) = P (a ≤ X < b) = P (a < X < b).

gia k�je a, b ∈ R, me a < b.

3. P (X = a) = 0.

4. P (X ≥ a) = P (X > a) =

∫ ∞
a

f(x) dx.

5. P (X ≤ a) = P (X < a) =

∫ a

−∞
f(x) dx.

Apìdeixh. 'Olec prokÔptoun �mesa apì ton Orismì 7.1.

L mma 7.2. (Basikèc Idiìthtec Katanom c) 'Estw suneq c T.M. X me puknìthta
f(x) kai katanom  F (x).

1. H F (x) eÐnai suneq c.

2. 'Opou h f(x) eÐnai suneq c, isqÔei ìti

F ′(x) = f(x).
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3. lim
x→∞

F (x) = 1 kai lim
x→−∞

F (x) = 0.

4. P (X ≤ a) = P (X < a) = F (a).

5. P (X ≥ a) = P (X > a) = 1− F (a).

6. 'Estw a < b.

F (b)− F (a)

= P (a ≤ X ≤ b) = P (a < X ≤ b) = P (a ≤ X < b) = P (a < X < b).

Apìdeixh. 1. ProkÔptei �mesa apì to ìti h katanom  eÐnai olokl rwma me to x na
emfanÐzetai wc ìrio olokl rwshc.

2. ProkÔptei apì to Jemeli¸dec Je¸rhma tou OloklhrwtikoÔ LogismoÔ.

3. H apìdeixh eÐnai meg�lh kai paraleÐpetai.

4. Ex orismoÔ P (X ≤ a) = F (a), en¸ èqoume P (X < a) = P (X ≤ a) me qr sh
tou L mmatoc 7.1.

5. Parathr ste pwc P (X > a) = 1− P ({X > a}′) = 1− P (X ≤ a) = 1− F (a),
en¸ apì to L mma 7.1 èqoume ìti P (X ≥ a) = P (X > a).

6. 'Eqoume

F (b) = P (X ≤ b) = P ({−∞ < X ≤ a} ∪ {a < X ≤ b})
= P (−∞ < X ≤ a) + P (a < X ≤ b) = F (a) + P (a < X ≤ b)

⇒ P (a < X ≤ b) = F (b)− F (a).

Oi upìloipec isìthtec prokÔptoun parathr¸ntac ìti h pijanìthta na p�rei h X
opoiad pote sugkekrimènh tim  eÐnai 0. Gia par�deigma:

P (a ≤ X ≤ b) = P (a < X ≤ b)+P (X = a) = F (b)−F (a)+0 = F (b)−F (a).
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7.2 ParadeÐgmata

Parat rhsh: PolÔ suqn� o prosdiorismìc miac {kat�llhlhc} puknìthtac, dhlad 
miac puknìthtac pou antapokrÐnetai kal� sto fusikì prìblhma, eÐnai ousi¸dec mèroc
tou majhmatikoÔ probl matoc. DeÐte to epìmeno par�deigma.

Par�deigma 7.4. 'Estw, gia par�deigma, pwc o qrìnoc X (se deuterìlepta) pou
apaiteÐtai gia thn ekkÐnhsh thc leitourgÐac enìc diktÔou eÐnai p�ntote metaxÔ 10 kai
20 deuterolèptwn, kai kat� ta �lla eÐnai {entel¸c tuqaÐoc}, den emfanÐzetai dhlad 
h t�sh k�poio eÔroc tim¸n na emfanÐzetai pio suqn� apì k�poio �llo. Gia na perigr�-
youme to qrìno X wc mia T.M. ja jèlame h pijanìthta tou na p�rei opoiad pote tim 
sto di�sthma [10, 20] na eÐnai kat� k�poio trìpo omoiìmorfh. P.q., ja jèlame h pija-
nìthta to X na eÐnai metaxÔ 10 kai 11 deuterolèptwn na eÐnai h Ðdia me thn pijanìthta
na èqoume 19 ≤ X ≤ 20. Epiplèon, ja jèlame na ikanopoieÐ thn

P (10 ≤ X ≤ 15) = P (15 ≤ X ≤ 20) =
1

2
. (7.3)

H �nw sqèsh shmaÐnei pwc ja eÐnai to Ðdio pijanì h ekkÐnhsh na gÐnei ta pr¸ta 5  
ta teleutaÐa 5 deuterìlepta.

Ta �nw mporoÔn na epiteuqjoÔn an orÐsoume thn puknìthta f(x) wc mia stajer�
c > 0, gia x ∈ [10, 20]:

f(x) =

{
c, x ∈ [10, 20],

0, x 6∈ [10, 20].

Gia na prosdiorÐsoume thn tim  thc stajer�c c parathroÔme pwc ja prèpei to olokl -
rwma thc puknìthtac se ìlo to R na eÐnai mon�da:

1 =

∫ ∞
−∞

f(x) dx =

∫ 20

10

c dx =
[
cx
]20

10
= 20c− 10c = 10c⇒ c =

1

10
.

Sthn deÔterh isìthta all�xame ta ìria lamb�nontac up' ìyin ìti h puknìthta eÐnai
mhdenik  ektìc tou [10, 20].

Gia na elègxoume an aut  h T.M. pr�gmati èqei idiìthtec pou antapokrÐnontai stic
apait seic mac wc proc thn posìthta thn opoÐa jèloume na perigr�youme, parathroÔme
pwc

P (15 ≤ X ≤ 20) =

∫ 20

15

f(x) dx =

∫ 20

15

1

10
dx =

20− 15

10
=

1

2
,

kai paromoÐwc brÐskoume pwc kai h pijanìthta P (10 ≤ X ≤ 15) isoÔtai me 1
2 . Sunep¸c

h sqèsh (7.3), thn opoÐa diatup¸same diaisjhtik�, epalhjeÔetai kai majhmatik�.
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2015

1/10
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F (x)
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2015
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1/2

P (15 ≤ X ≤ 20) = 1/2

Sq ma 7.5: Grafikèc parast�seic thc puknìthtac f(x) kai thc katanom c F (x) thc T.M. X sto
Par�deigma 7.4.

H katanom  F (x) thc X upologÐzetai eÔkola me qr sh thc (7.2). ParathroÔme
katarq n pwc an x ∈ [10, 20], tìte

F (x) = P (X ≤ x) =

∫ x

−∞
f(t) dt =

∫ x

10

1

10
dt =

x− 10

10
.

An x > 20, èqoume

F (x) = P (X ≤ x) =

∫ x

−∞
f(t) dt =

∫ 20

10

1

10
dt = 1,

afoÔ h oloklhrwtèa sun�rthsh gia x > 20 gÐnetai mhdenik . Tèloc, gia x < 10,
èqoume

F (x) = P (X ≤ x) =

∫ x

−∞
f(t) dt = 0,

afoÔ h oloklhrwtèa sun�rthsh eÐnai pantoÔ mhdèn metaxÔ twn orÐwn olokl rwshc.
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1
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1

-1

y
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Ω

Sq ma 7.6: H T.M. Z tou ParadeÐgmatoc 7.5.

SunoyÐzontac:

F (x) =


0, x < 10,
x−10

10 , x ∈ [10, 20],

1, x > 20.

Oi grafikèc parast�seic thc puknìthtac kai thc katanom c dÐnontai sto Sq ma 7.5.

Parat rhsh: Se pollèc peript¸seic o upologismìc thc puknìthtac  /kai thc kata-
nom c eÐnai èna prìblhma pijanot twn apì mìnoc tou. DeÐte to akìloujo par�deigma.

Par�deigma 7.5. (TuqaÐo shmeÐo se kÔklo) Epilègoume èna tuqaÐo shmeÐo ω entìc
tou kleistoÔ monadiaÐou kuklikoÔ dÐskou Ω. 'Estw Z h apìstash tou shmeÐou apì thn
arq  twn axìnwn. To sÔnolo tim¸n thc Z eÐnai to [0, 1]. DeÐte to Sq ma 7.6. 'Estw
pwc to shmeÐo ω epilègetai omoiìmorfa, ètsi ¸ste h pijanìthta na brejeÐ se k�poio
uposÔnolo K tou monadiaÐou kÔklou na eÐnai Ðsh me |K|/π, ìpou |K| eÐnai to embadìn
tou K, kai anex�rthth apì otid pote �llo. Tìte prokÔptei pwc

FZ(z) = P (Z ≤ z) =


0, z < 0,

πz2/π = z2, 0 ≤ z ≤ 1,

1, z > 1.
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ParagwgÐzontac,

fZ(z) = F ′Z(z) =


0, z < 0,

2z, 0 ≤ z ≤ 1,

1, z > 1.

Parat rhsh: PolÔ suqn� h puknìthta  /kai h katanom  dÐnontai mèsw ekfr�sewn
pou perilamb�noun �gnwstec paramètrouc. DeÐte to akìloujo par�deigma:

Par�deigma 7.6. (Puknìthta me �gnwsth par�metro) 'Estw ìti o qrìnoc (se deu-
terìlepta) X mèqri thn emf�nish tou pr¸tou pakètou se ènan router eÐnai mia suneq c
T.M. me puknìthta

f(x) =


C, 0 ≤ x ≤ 5,
C
5 (10− x), 5 < x ≤ 10,

0, x /∈ [0, 10].

Ja apant soume ta akìlouja erwt mata:

1. Poia eÐnai h tim  tou C?

2. Pìsh eÐnai h pijanìthta P (X < 5)?

3. Pìsh eÐnai h pijanìthta P
(
X ≤ 1

2 |X < 5
)
?

'Eqoume, kat� perÐptwsh,

1. Gia na eÐnai h f(x) puknìthta prèpei:∫ ∞
−∞

f(x) dx = 1⇒
∫ 5

0

C dx+

∫ 10

5

C

5
(10− x) dx

= 1⇒ 5C +
C

5

[
10x− x2

2

]10

5
= 1,

kai �ra

5C +
C

5
(100− 100

2
− 50 +

25

2
) = 1⇒ 15C

2
= 1⇒ C =

2

15
.

H puknìthta f(x), kaj¸c kai h katanom  F (x), pou eÔkola mporeÐ na prosdiori-
steÐ oloklhr¸nontac thn f(x), emfanÐzontai sto Sq ma 7.7.

2. P (X < 5) =

∫ 5

0

f(x) dx =

∫ 5

0

2

15
dx =

2

15
× 5 =

2

3
.
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x

f(x)

2/15

5 10

x

F (x)

10

2/3

5

1

P (0 ≤ X ≤ 5) = 2/3

Sq ma 7.7: Par�deigma 7.6.

3.

P

(
X ≤ 1

2
|X < 5

)
=
P (X ≤ 1

2 , X < 5)

P (X < 5)
=
P (X ≤ 1

2)

P (X < 5)

=

∫ 1
2

0
2
15 dx
2
3

=
1
2 × 2

15
2
3

=
1

10
.

ShmeÐwsh: Kai sta trÐa upoerwt mata, antÐ gia ton upologismì twn oloklhrwm�twn
ìpwc pio p�nw ja mporoÔsame na èqoume apl� upologÐsei to antÐstoiqo embadìn apì
to di�gramma. Gia par�deigma, sto deÔtero skèloc èqoume ìti h zhtoÔmenh pijanìthta
P (X < 5) eÐnai apl� to embadìn tou orjogwnÐou me b�sh to tm ma tou �xona x apì
to 0 wc to 5 kai Ôyoc to tm ma tou �xona y apì to mhdèn wc to C = 2/15. 'Ara h
pijanìthta P (X < 5) isoÔtai me (5− 0)× (2/15− 0) = 2/3.
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7.3 Mèsh Tim  kai Diaspor�

H mèsh tim  kai h diaspor� gia mia suneq  T.M. X orÐzontai kat� trìpo an�logo me
ekeÐnon pou eÐdame sthn perÐptwsh diakrit¸n T.M.

Orismìc 7.3. (Mèsh tim ) 'Estw suneq c T.M. X me puknìthta f(x). OrÐzoume
wc th mèsh tim    anamenìmenh tim    prosdok¸menh tim  thc X to olokl rwma

E(X) ,
∫ ∞
−∞

xf(x) dx.

Parathr seic

1. Suqn� qrhsimopoieÐtai to sÔmbolo µ gia thn mèsh tim  miac T.M.

2. Oi orismoÐ twn mèswn tim¸n sthn diakrit  kai thn suneq  perÐptwsh eÐnai entel¸c
antÐstoiqoi. Parathr ste ìti sth diakrit  perÐptwsh

E(X) =
∑
x∈S

xp(x).

'Ara, ton rìlo tou ajroÐsmatoc ton paÐzei to olokl rwma, kai sth jèsh thc m�zac
brÐsketai h posìthta f(x)dx, pou ìpwc  dh èqoume dei ekfr�zei proseggistik�
thn pijanìthta na l�bei h X timèc sto di�sthma [x−dx/2, x+dx/2]. H analogÐa
gÐnetai pio xek�jarh an gr�youme ton orismì tou �nw oloklhr¸matoc Riemann
gia thn eidik  perÐptwsh ìpou to di�sthma olokl rwshc eÐnai to [a, b]:

E(X) =

∫ b

a

xf(x) dx , lim
∆xi→0, n→∞

n∑
i=1

xif(xi)∆xi.

UpenjumÐzoume ìti ston �nw orismì èqoume diamerÐsei to [a, b] se èna sÔnolo n
diasthm�twn twn opoÐwn to pl�toc ∆xi teÐnei sto 0, en¸ to xi èqei epilegeÐ apì
to i-ostì di�sthma.

3. Diaisjhtik�, ìpwc kai sth diakrit  perÐptwsh, perimènoume ìti o mèsoc ìroc
poll¸n T.M. katanemhmènwn ìpwc h T.M. X ja eÐnai kont� sth mèsh tim  E(X).
Diaisjhtik�, epÐshc, perimènoume ìti oi timèc diadoqik¸n T.M. katanemhmènwn
ìpwc h X {teÐnoun na kumaÐnontai} gÔrw apì thn E(X).

Par�deigma 7.7. 'Enac megist�nac ja z sei akìma èna qronikì di�sthma X (se
èth) pou èqei thn akìloujh puknìthta:

f(x) =

{
2− 2x, x ∈ [0, 1],

0, alloÔ.
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To mèso di�sthma pou tou mènei na z sei eÐnai

E(X) =

∫ ∞
−∞

xf(x) dx =

∫ 1

0

x(2− 2x) dx

=

∫ 1

0

(x2)′ dx−
∫ 1

0

(
2x3

3

)′
dx = 1− 2

3
=

1

3
.

L mma 7.3. (Mèsh tim  sun�rthshc T.M.) 'Estw X suneq c T.M. me puknìthta
fX(x).

1. 'Estw Y = g(X) mia nèa T.M., sun�rthsh thc prohgoÔmenhc, me mèsh tim 
E(Y ). Ja isqÔei:

E(Y ) = E(g(X)) =

∫ ∞
−∞

g(x)fX(x) dx.

2. An Y = aX + b, ìpou a, b ∈ R, èqoume E(aX + b) = aE(X) + b.

3. Pio genik�, an Y = a1g1(X) + a2g2(X) + · · ·+ angn(X) =
∑n

i=1 aigi(X), tìte

E

(
n∑
i=1

aigi(X)

)
=

n∑
i=1

aiE(gi(X)).

Apìdeixh. 1. EÐnai arket� sÔnjeth kai paraleÐpetai.

2. Qrhsimopoi¸ntac to prohgoÔmeno skèloc, parathroÔme pwc:

E(aX + b) =

∫ ∞
−∞

(ax+ b)fX(x) dx

= a

∫ ∞
−∞

xfX(x) dx+ b

∫ ∞
−∞

fX(x) dx = aE(X) + b.

3. Pio genik�, p�li me qr sh tou pr¸tou skèlouc, èqoume:

E

(
n∑
i=1

aigi(X)

)
=

∫ ∞
−∞

n∑
i=1

aigi(xi)fX(x) dx

=
n∑
i=1

ai

∫ ∞
−∞

gi(xi)fX(x) dx =
n∑
i=1

aiE(gi(X)).
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Parat rhsh: To �nw l mma isqÔei anex�rthta apì to an h Y eÐnai diakrit ,  
suneq c,   tÐpota apì ta dÔo! (Parathr ste ìti, gia thn teleutaÐa perÐptwsh, den
èqoume orÐsei thn mèsh tim .)

Par�deigma 7.8. Epistrèfontac sto Par�deigma 7.7, èstw pwc o megist�nac pan-
treÔetai mia near  hjopoiì, kai to progamiaÐo sumbìlaio problèpei pwc kat� to j�nato
tou megist�na h hjopoiìc ja eispr�xei klhronomi� Y = 10X + 2 ekatommÔria dol�ria.
H mèsh tim  thc klhronomi�c ja isoÔtai me

E(Y ) = E(10X + 2) = 10E(X) + 2 = 10× 1

3
+ 2 =

16

3
.

Epiplèon,

E(X2) =

∫ ∞
−∞

x2f(x) dx =

∫ 1

0

x2(2− 2x) dx

=

∫ 1

0

(
2

3
x3

)′
dx−

∫ 1

0

(
x4

2

)′
dx =

2

3
− 1

2
=

1

6
.

Orismìc 7.4. (Diaspor�) 'Estw suneq c T.M. X me mèsh tim  E(X). H diaspor�
thc orÐzetai wc

VAR(X) = E
[
(X − E(X))2

]
.

H tupik  apìklish thc X orÐzetai wc
√

VAR(X).

Parathr seic

1. Sunep¸c, h diaspor� orÐzetai an�loga me thn perÐptwsh twn diakrit¸n T.M., kai
ekfr�zei to pìso {aplwmènh} eÐnai h T.M. gÔrw apì th mèsh tim  thc.

2. 'Opwc kai sth diakrit  perÐptwsh, qrhsimopoioÔme epÐshc to sÔmbolo σ2 gia th
diaspor�, kai sunep¸c to σ gia thn tupik  apìklish.

L mma 7.4. (Idiìthtec diaspor�c) 'Estw T.M. X me mèsh tim  E(X) kai diaspor�
VAR(X). IsqÔoun ta akìlouja:

1. VAR(X) = E(X2)− (E(X))2.

2. VAR(aX + b) = a2VAR(X).

Apìdeixh. H apìdeixh eÐnai entel¸c an�logh me aut  thc diakrit c perÐptwshc.
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Par�deigma 7.9. Epistrèfontac sta ParadeÐgmata 7.7, 7.8, èqoume

VAR(X) = E(X2)− (E(X))2 =
1

6
−
(

1

3

)2

=
1

18
.

BebaiwjeÐte ìti mporeÐte na ft�sete sto Ðdio apotèlesma qrhsimopoi¸ntac ton orismì
thc diaspor�c.

Par�deigma 7.10. (KanonikopoÐhsh) An h X eÐnai T.M. me mèsh tim  E(X) = µ
kai diaspor� VAR(X) = σ2, tìte h T.M. Y = X−µ

σ èqei mèsh tim  E(Y ) = 0 kai
diaspor� VAR(Y ) = 1. H apìdeixh eÐnai akrib¸c ìpwc kai sth diakrit  perÐptwsh.

Par�deigma 7.11. Ja upologÐsoume th mèsh tim  thc T.M. X tou ParadeÐgma-
toc 7.3. Ja deÐxoume dÔo trìpouc upologismoÔ tou kataqrhstikoÔ oloklhr¸matoc
pou prokÔptei.

O pr¸toc akoloujeÐ austhr� ton orismì twn kataqrhstik¸n oloklhrwm�twn:

E(X) =

∫ ∞
−∞

xf(x) dx = lim
t→−∞

∫ 0

t

f(x) dx+ lim
t→∞

∫ t

0

f(x) dx

= 0 + lim
t→∞

∫ t

0

xe−x dx = lim
t→∞

[[
−xe−x

]t
0

+

∫ t

0

e−x dt

]
= lim

t→∞

[[
−xe−x

]t
0

+
[
−e−x

]t
0

]
= lim

t→∞

[
−xe−x

]t
0

+ lim
t→∞

[
−e−x

]t
0

= lim
t→∞

[
−te−t + 0

]
+ lim

t→∞

[
1− e−t

]
= lim

t→∞
t

et
+ 1 = lim

t→∞
1

et
+ 1 = 1.

Sthn tètarth isìthta jèsame u = x kai dv = e−xdx, ètsi ¸ste du = dx kai v = −e−x,
kai efarmìsame olokl rwsh kat� par�gontec. Sthn proteleutaÐa exÐswsh k�name
qr sh tou kanìna tou L’Hôspital.

O deÔteroc trìpoc basÐzetai sthn Ðdia jewrÐa, all� eÐnai pio sunoptikìc:

E(X) =

∫ ∞
−∞

xf(x) dx =

∫ 0

−∞
f(x) dx+

∫ ∞
0

f(x) dx

= 0 +

∫ ∞
0

xe−x dx =
[
−xe−x

]∞
0

+

∫ ∞
0

e−x dt

=
[
−xe−x

]∞
0

+
[
−e−x

]∞
0

= lim
t→∞

[
−xe−x

]t
0

+ lim
t→∞

[
−e−x

]t
0

= · · · = 1.

Sthn teleutaÐa gramm  suneqÐzoume tic pr�xeic ìpwc me ton pr¸to trìpo. Parath-
r ste pwc antimetwpÐsame to ∞ ìpote emfanÐsthke wc ìrio oloklhr¸matoc wc èna
koinì arijmì, mèqri pou qrei�sthke na to aplopoi soume, opìte kai katafÔgame ston
upologismì enìc orÐou.
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Me ton Ðdio sunoptikì trìpo upologÐzoume kai thn mèsh tim  tou X2:

E(X2) =

∫ ∞
−∞

x2 f(x) dx =

∫ ∞
0

x2 e−x dx =
[
− x2e−x

]∞
0

+

∫ ∞
0

2xe−x dx

=
[
− x2e−x

]∞
0

+ 2E(X) = lim
t→∞

[
−x2e−x

]t
0

+ 2

= lim
t→∞

[
−t2e−t + 0

]
+ 2 = − lim

t→∞
t2

et
+ 2 = − lim

t→∞
2t

et
+ 2 = − lim

t→∞
2

et
+ 2 = 2.

Sthn trÐth isìthta jèsame u = x2 kai dv = e−xdx, ètsi ¸ste du = 2xdx kai v =
−e−x, kai katìpin efarmìsame olokl rwsh kat� par�gontec. Sthn tètarth isìthta
qrhsimopoi same to �nw olokl rwma. Sto tèloc, k�name dipl  qr sh tou kanìna
tou L’Hôspital. Sunep¸c,

VAR(X) = E(X2)− (E(X))2 = 2− 12 = 1.

Parat rhsh: Sta epìmena, ja qrhsimopoioÔme pagÐwc ton sunoptikì trìpo pou pe-
rigr�fhke sto �nw par�deigma gia na upologÐzoume kataqrhstik� oloklhr¸mata. EÐnai
ìmwc shmantikì na èqoume katano sei pl rwc kai touc dÔo. Se perÐptwsh sÔgqushc,
sunÐstatai h qr sh tou analutikoÔ trìpou, pou akoloujeÐ pio pist� ton orismì.

Par�deigma 7.12. H mèsh tim  thc T.M. X tou ParadeÐgmatoc 7.4 eÐnai:

E(X) =

∫ ∞
−∞

x f(x) dx =

∫ 20

10

x
1

10
dx =

1

20

∫ 20

10

(x2)′ dx =
1

20
(202 − 102) = 15.

To apotèlesma  tan anamenìmeno.
'Estw t¸ra pwc h X ekfr�zei thn apìstash pou dianÔei mia bol  kanonioÔ pou

èqei èna stìqo pou brÐsketai se apìstash 15 qiliomètrwn. Sunep¸c, o qeirist c tou
kanonioÔ petuqaÐnei to stìqo an X = 15, se perÐptwsh pou h bol  eÐnai X = 20 to
sf�lma eÐnai 5 qiliìmetra, k.o.k. 'Estw pwc o dioikht c tou qeirist  tou epib�llei
poin  Y = (X − 15)2 mèrec. Me qr sh tou L mmatoc 7.3,

E(Y ) = E
(
(X − 15)2

)
=

∫ ∞
−∞

(x− 15)2f(x) dx =

∫ 20

10

(x− 15)2 1

10
dx

=
1

30

∫ 20

10

[
(x− 15)3

]′
dx =

1

30

[
(x− 15)3

]20

10
=

25

3
.

Me parìmoio trìpo upologÐzoume kai thn mèsh tim  tou X2:

E(X2) =

∫ ∞
−∞

x2 f(x) dx =

∫ 20

10

x2 1

10
dx =

1

30

∫ 20

10

(x3)′ dx =
1

30

[
x3
]20

10
=

700

3
.

Sunep¸c,

VAR(X) = E(X2)− [E(X)]2 =
700

3
− 152 =

25

3
.
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7.4 ParadeÐgmata

Par�deigma 7.13. 'Estw mia suneq c T.M. X me puknìthta

f(x) =

{
cx2, x ∈ [0, 1],

0, x 6∈ [0, 1].

H tim  thc c mporeÐ na upologisteÐ apì thn apaÐthsh to olokl rwm� thc se ìlo to R
na isoÔtai me th mon�da:

1 =

∫ ∞
−∞

f(x) dx =

∫ 1

0

cx2 dx =
[cx3

3

]1

0
=
c

3
,

kai sunep¸c èqoume c = 3. H puknìthta èqei sqediasteÐ sto Sq ma 7.8.
'Eqontac thn puknìthta, mporoÔme na upologÐsoume thn pijanìthta to X na brejeÐ

se opoiod pote di�sthma. Gia par�deigma:

P

(
1

2
≤ X ≤ 1

)
=

∫ 1

1/2

3x2 dx =
[
x3
]1

1/2
=

7

8
.

To embadìn emfanÐzetai skiasmèno sto Sq ma 7.8. 'Enac parìmoioc upologismìc mac
dÐnei kai thn sun�rthsh katanom c thc X: profan¸c èqoume F (x) = P (X ≤ x) = 0
gia x < 0, kai F (x) = P (X ≤ x) = 1 ìtan x > 1, en¸ gia x ∈ [0, 1] èqoume

F (x) = P (X ≤ x) =

∫ x

0

3y2 dy = x3,

opìte

F (x) =


0, x < 0,

x3, x ∈ [0, 1],

1, x > 1.

H katanom  èqei sqediasteÐ sto Sq ma 7.8. GnwrÐzontac plèon thn katanom , h pi-
janìthta P (1

2 ≤ X ≤ 1) pou èqoume  dh upologÐsei ja mporoÔse enallaktik� na
prokÔyei wc ex c:

P

(
1

2
≤ X ≤ 1

)
= F (1)− F

(
1

2

)
= 1−

(
1

2

)3

=
7

8
.

EpÐshc,

E(X) =

∫ ∞
−∞

x f(x) dx =

∫ 1

0

3x3 dx, =
[3x4

4

]1

0
=

3

4
,

E(X2) =

∫ ∞
−∞

x2 f(x) dx =

∫ 1

0

3x4 dx =
[3x5

5

]1

0
=

3

5
,

VAR(X) = E(X2)− (E(X))2 =
3

5
−
(3

4

)2

=
3

80
= 0.0375.
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x

f(x)

1

3

1/2

3/4

x

F (x)

1

1

1/8

1/2

P (1/2 ≤ X ≤ 1) = 7/8

Sq ma 7.8: Grafikèc parast�seic thc puknìthtac kai thc katanom c thc T.M. X tou ParadeÐgma-
toc 7.13.

Par�deigma 7.14. 'Estw pwc h sun�rthsh katanom c miac T.M. X eÐnai

F (x) =

{
C − 4/x2, x ≥ 2,

0, x < 2.

Ja broÔme thn tim  tou C, thn puknìthta fX(x), kai th mèsh tim  E(X).
Katarq n, gia k�je katanom  isqÔei ìti limx→∞ F (x) = 1, �ra ed¸ èqoume:

lim
x→∞

(
C − 4

x2

)
= 1⇒ C = 1.

Apì to deÔtero skèloc tou L mmatoc 7.2, h puknìthta isoÔtai me thn par�gwgo thc
katanom c, opìte

f(x) = F ′(x) =

{
8x−3, x ≥ 2,

0, x < 2.
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x

f(x)

1

x

F (x)

2

2

1

Sq ma 7.9: 'Askhsh 7.14.

H tim  thc puknìthtac sto x = 2, ìpou h dosmènh katanom  den eÐnai paragwgÐsi-
mh, epilèqjhke aujaÐreta, afoÔ h tim  thc puknìthtac se èna shmeÐo den mporeÐ na
ephre�sei thn tim  twn oloklhrwm�twn thc. Tèloc, h mèsh tim  isoÔtai me

E(X) =

∫ ∞
−∞

xf(x) dx =

∫ ∞
2

x
8

x3
dx =

∫ ∞
2

8

x2
dx =

[
−8

x

]∞
2

=
8

2
= 4.

H puknìthta fX(x) kai h katanom  FX(x) èqoun sqediasteÐ sto Sq ma 7.9.
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7.5 'Alla EÐdh TuqaÐwn Metablht¸n

Orismìc 7.5. (TuqaÐa Metablht )

1. TuqaÐa Metablht  (T.M.) kaleÐtai k�je sun�rthsh X : Ω → R ìpou o Ω eÐnai
ènac deigmatikìc q¸roc.

2. H sun�rthsh katanom c pijanìthtac,   katanom  pijanìthtac,   apl¸c katanom 
thc X eÐnai h sun�rthsh F : R→ [0, 1] h opoÐa orÐzetai wc

F (x) = P (X ≤ x) = P ({ω : X(ω) ≤ x}), ∀x ∈ R.

Parathr seic

1. Sta prohgoÔmena èqoume dei ta dÔo pio qr sima eÐdh tuqaÐwn metablht¸n, tic
suneqeÐc kai tic diakritèc.

2. 'Ena �llo endiafèron eÐdoc eÐnai oi miktèc T.M. Mia T.M. kaleÐtai mikt  an me
pijanìthta p isoÔtai me mia suneq  T.M., kai me pijanìthta 1− p isoÔtai me mia
diakrit .

3. Up�rqoun kai T.M. pou den an koun se kanèna apì ta �nw eÐdh. Gia ìlec, ìmwc,
up�rqei h sun�rthsh katanom c pijanìthtac.

Par�deigma 7.15. (Mia mikt  T.M.) 'Estw pwc èna �tomo èqei 5 tsèpec. To kinhtì
tou brÐsketai me pijanìthta 1/20 se k�je mia apì tic 5 tsèpec, kai me pijanìthta 3/4
k�pou sto spÐti tou. Th qronik  stigm  0 to �tomo arqÐzei na y�qnei tic tsèpec tou
diadoqik� gia na brei to kinhtì tou, kai o qrìnoc pou apaiteÐtai gia k�je tsèph eÐnai
akrib¸c 1 deuterìlepto. An to �tomo exantl sei tic tsèpec, tìte y�qnei to kinhtì
tou sto spÐti tou, kai o qrìnoc pou apaiteÐtai se aut  thn perÐptwsh, metr¸ntac apì
th qronik  stigm  0, èqei puknìthta

fZ(z) =

{
0, z < 5,
1
10e
−(z−5)/10, z ≥ 5.

Parathr ste ìti P (Z < 5) = 0, afoÔ to �tomo arqÐzei na y�qnei to kinhtì sto spÐti
tou met� apì 5 deuterìlepta.

Parathr ste ìti o qrìnoc T pou apaiteÐtai gia na brei to �tomo to kinhtì tou
den eÐnai oÔte diakrit  T.M. (afoÔ oi timèc pou mporeÐ na p�rei èqoun mh arijm simo
pl joc), oÔte suneq c, afoÔ èqei jetik  pijanìthta na p�rei tic timèc 1, 2, 3, 4, 5.
EÐnai ìmwc mia mikt  T.M., afoÔ me pijanìthta p = 1/4 isoÔtai me mia diakrit  T.M.
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X me

pX(1) = pX(2) = pX(3) = pX(4) = pX(5) =
1

5
,

en¸ me pijanìthta 1− p = 3/4 isoÔtai me mia suneq  T.M. Z.
An kai den èqoume dei austhrì orismì gia th mèsh tim  tètoiwn T.M., profan¸c, h

mèsh tim  thc sugkekrimènhc eÐnai

E(T ) =
1

4
E(X) +

3

4
E(Z)

=
1

4
×
(

1× 1

5
+ 1× 1

5
+ 2× 1

5
+ 3× 1

5
+ 4× 1

5
+ 5× 1

5

)
+

3

4
×
∫ ∞

5

z

10
e−(z−5)/10 dz

=
1

4
× 3 +

3

4
× 15 = 12.

Parathr ste ìti o tÔpoc pou qrhsimopoi same eÐnai mia mÐxh twn tÔpwn gia thn mèsh
tim  pou isqÔoun sthn diakrit  kai thn suneq  perÐptwsh.

Par�deigma 7.16. (Akìma mia mikt  T.M.) O qrìnoc T pou qrei�zetai gia na
doÔme mia istoselÐda eÐnai t0, an aut  h istoselÐda eÐnai  dh topik� apojhkeumènh ston
upologist  mac. Alli¸c, o qrìnoc akoloujeÐ thn katanom 

f(t) =

{
0, t < 0,

e−t, t ≥ 0.

Epiplèon, dÐnetai ìti h pijanìthta na up�rqei h istoselÐda topik� eÐnai p. Parathr ste
pwc o qrìnoc T den eÐnai oÔte diakrit  T.M. (afoÔ mporeÐ na p�rei mh arijm simo
pl joc tim¸n), oÔte suneq c, afoÔ èqei jetik  pijanìthta na p�rei thn tim  t0. EÐnai
ìmwc mikt .

Parìmoia me to prohgoÔmeno par�deigma

E(T ) = pt0 + (1− p)
∫ ∞

0

te−t dt = pt0 + (1− p)× 1 = pt0 + 1− p.
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Kef�laio 8

Sun jeic Peript¸seic Suneq¸n
TuqaÐwn Metablht¸n

8.1 Omoiìmorfh Katanom 

H pio apl  perÐptwsh miac suneqoÔc T.M. eÐnai ekeÐnh pou paÐrnei {omoiìmorfa tuqaÐ-
ec} timèc se k�poio di�sthma [a, b] sto R, qwrÐc na deÐqnei protÐmhsh se k�poio eÔroc
tim¸n ènanti k�poiou �llou tou Ðdiou megèjouc.

Orismìc 8.1. Mia T.M. X èqei omoiìmorfh katanom  sto di�sthma [a, b], gia k�poia
a < b, an èqei puknìthta

f(x) =

{
1
b−a , x ∈ [a, b],

0, x 6∈ [a, b].

Gia suntomÐa, gr�foume X ∼ U [a, b].

L mma 8.1. (Idiìthtec omoiìmorfhc katanom c) 'Estw suneq c T.M. X omoiìmorfa
katanemhmènh sto di�sthma [a, b]. IsqÔoun ta akìlouja:

1. F (x) =


0, x < a,
x−a
b−a , a ≤ x ≤ b,

1, x > b.

2. E(X) =
a+ b

2
.

3. E(X2) =
a2 + ab+ b2

3
.

4. VAR(X) =
(b− a)2

12
.

187
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x

f(x)

a

b

1/(b − a)

x

F (x)

a

b

1

Sq ma 8.1: Grafik  par�stash thc puknìthtac f(x) kai thc katanom c F (x) miac T.M.X omoiìmorfa
katanemhmènhc sto di�sthma [a, b].

Apìdeixh. 1. Profan¸c èqoume

F (x) = P (X ≤ x) = 0, gia x < a,

F (x) = P (X ≤ x) = 1, gia x > b,

en¸ gia x ∈ [a, b] brÐskoume

F (x) = P (X ≤ x) =

∫ x

−∞
f(t) dt =

∫ x

a

1

b− a dt =

[
t

b− a

]x
a

=
x− a
b− a .

2. EÔkola prokÔptei pwc

E(X) =

∫ ∞
−∞

x f(x) dx =

∫ b

a

x

b− a dx =

[
x2

2(b− a)

]b
a

=
b2 − a2

2(b− a)
=

(b− a)(b+ a)

2(b− a)
=
a+ b

2
.
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3. Parìmoia, èqoume:

E(X2) =

∫ ∞
−∞

x2 f(x) dx =

∫ b

a

x2

b− a dx =

[
x3

3(b− a)

]b
a

=
b3 − a3

3(b− a)
=

(a2 + ab+ b2)(b− a)

3(b− a)
=
a2 + ab+ b2

3
.

4. Sundu�zontac ta �nw skèlh,

VAR(X) = E(X2)− (E(X))2 =
a2 + ab+ b2

3
−
(
a+ b

2

)2

=
4a2 + 4ab+ 4b2 − 3a2 − 6ab− 3b2

12
=

(b− a)2

12
.

Par�deigma 8.1. 'Estw T.M. X omoiìmorfa katanemhmènh metaxÔ twn a = 10 kai
b = 30. Ja apant soume ta akìlouja erwt mata:

1. Poia eÐnai h pijanìthta P (X > 25)?

2. Poia eÐnai h desmeumènh pijanìthta P (X > 25|X > 20)?

Gia na apant soume to pr¸to er¸thma, to pio aplì eÐnai na parathr soume ìti h
pijanìthta na brÐsketai mia omoiìmorfh T.M. se èna di�sthma eÐnai an�logh tou m kouc
tou, kai epomènwc

P (X > 25) = P (25 < X < 30) =
30− 25

30− 10
=

1

4
.

Austhr�, mporoÔme na oloklhr¸soume sto di�sthma [25, 30] thn puknìthta

f(x) =

{
1
20 , x ∈ [10, 30],

0, x 6∈ [10, 30],

opìte lamb�noume thn

P (X > 25) =

∫ 30

25

1

20
dx =

1

4
.

MporeÐte na ft�sete sto Ðdio apotèlesma qrhsimopoi¸ntac thn katanom ?
Sqetik� me to deÔtero er¸thma, to pio aplì eÐnai na parathr soume pwc, afoÔ to

endeqìmeno X ≤ 20 èqei apokleisteÐ, h X eÐnai plèon omoiìmorfa katanemhmènh sto
[20, 30], �ra h zhtoÔmenh pijanìthta eÐnai h

P (X > 25) =
30− 25

30− 20
=

1

2
.
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O �nw diaisjhtikìc sullogismìc mporeÐ na gÐnei apolÔtwc austhrìc me qr sh thc
ènnoiac thc desmeumènhc puknìthtac, pou den ja doÔme ed¸.

Enallaktik�, me qr sh thc puknìthtac èqoume:

P (X > 20) =

∫ 30

20

1

20
dx =

1

2
,

P (X > 25|X > 20) =
P (X > 25 kai X > 20

P (X > 20)
=
P (X > 25)

P (X > 20)
=

1/4

1/2
=

1

2
.

MporeÐte na ft�sete sto Ðdio apotèlesma qrhsimopoi¸ntac thn katanom ?
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8.2 Ekjetik  Katanom 

Orismìc 8.2. Mia suneq c T.M. X èqei ekjetik  katanom  me par�metro θ > 0 an
èqei puknìthta

f(x) =

{
1
θe
−x/θ, x ≥ 0,

0, x < 0.

Gia suntomÐa, gr�foume X ∼ Ekj(θ).

Parat rhsh: Parathr ste pwc h f(x) eÐnai pantoÔ mh arnhtik  kai epiplèon∫ ∞
−∞

f(x) dx =

∫ ∞
0

1

θ
e−x/θ dx =

∫ ∞
0

(
−e−x/θ

)′
dx =

[
e−x/θ

]0

∞
= 1− 0 = 1,

ìpwc prèpei.

L mma 8.2. (Idiìthtec thc ekjetik c katanom c) 'Estw X ∼ Ekj(θ). H X èqei tic
ex c idiìthtec:

1. F (x) =

{
0, x ≤ 0,

1− e−x/θ, x ≥ 0.

2. E(X) = θ.

3. E(X2) = 2θ2.

4. VAR(X) = θ2.

5. (Idiìthta èlleiyhc mn mhc) Gia k�je a, b ≥ 0:

P (X ≥ a+ b |X ≥ a) = P (X ≥ b).

Dhlad  h pijanìthta P (X ≥ a + b |X ≥ a) den ephre�zetai apì to a, kai eÐnai
Ðsh me ekeÐnh pou antistoiqeÐ sto a = 0, dhlad  thn P (X ≥ 0 + b|X ≥ 0) =
P (X ≥ b).

Apìdeixh. 1. Profan¸c gia x < 0 èqoume F (x) = P (X ≤ x) = 0. Gia x ≥ 0,
brÐskoume

F (x) = P (X ≤ x) =

∫ x

−∞
f(y) dy =

∫ x

0

1

θ
e−y/θ dy =

[
−e−y/θ

]x
0

= 1− e−x/θ.
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x

f(x)

1/θ

e−1/θ

θ

x

F (x)

θ

1

1 − e−1

Sq ma 8.2: Grafik  par�stash thc puknìthtac f(x) kai thc katanom c F (x) miac ekjetik� katane-
mhmènhc T.M. X me par�metro θ.

2. Apì ton orismì thc mèshc tim c miac suneqoÔc T.M. kai thn puknìthta thc ekje-
tik c katanom c brÐskoume

E(X) =

∫ ∞
−∞

x f(x) dx =

∫ ∞
0

x

θ
e−x/θ dx =

∫ ∞
0

y e−y θdy

=
[
− θy e−y

]∞
0

+ θ

∫ ∞
0

e−y dy = 0 +
[
− θ e−y

]∞
0

= θ,

ìpou sthn trÐth isìthta k�name thn antikat�stash y = x/θ, kai sthn tètarth
isìthta oloklhr¸same kat� par�gontec, jètontac u = y kai dv = e−ydy, ètsi
¸ste du = dy kai v = −e−y. Sthn pèmpth isìthta, qrhsimopoi same to ìrio[

− y e−y
]∞

0
= − lim

t→∞

[
y e−y

]t
0

= − lim
t→∞

[
te−t − 0

]
= − lim

t→∞
t

et
= 0.

(H teleutaÐa isìthta eÐnai mia apl  efarmog  tou kanìna L’Hôspital.)



8.2. EKJETIK�H KATANOM�H 193

3. ParomoÐwc,

E(X2) =

∫ ∞
−∞

x2 f(x) dx =

∫ ∞
0

x2

θ
e−x/θ dx =

∫ ∞
0

θy2 e−y θdy

=
[
− θ2y2 e−y

]∞
0

+ 2θ2

∫ ∞
0

y e−y dy,

ìpou sthn trÐth isìthta k�name p�li thn antikat�stash y = x/θ, kai sthn tè-
tarth isìthta oloklhr¸same kat� par�gontec, jètontac u = y2 kai dv = e−ydy,
ètsi ¸ste du = 2ydy kai v = −e−y. O pr¸toc ìroc sthn teleutaÐa pio p�nw
èkfrash eÐnai mhdenikìc, ìpwc prokÔptei an upologÐsoume to ìrio me qr sh tou
kanìna L’Hôspital, ìpwc kai prin. Epiplèon, to teleutaÐo olokl rwma isoÔtai me
thn mèsh tim  miac T.M. me katanom  Ekj(1), �ra, apì thn pr¸th idiìthta, eÐnai
Ðso me 1. Sunep¸c èqoume

E(X2) = 0 + 2θ2 × 1 = 2θ2.

4. H diaspor� thc X upologÐzetai eÔkola wc

VAR(X) = E(X2)− (E(X))2 = 2θ2 − θ2 = θ2.

5. QrhsimopoioÔme ton orismì thc desmeumènhc pijanìthtac kai to prohgoÔmeno skè-
loc:

P (X ≥ a+ b |X ≥ a)

=
P (X ≥ a+ b kai X ≥ a)

P (X ≥ a)
=
P (X ≥ a+ b)

P (X ≥ a)
=

1− P (X < a+ b)

1− P (X < a)

=
1− F (a+ b)

1− F (a)
=
e−(a+b)/θ

e−a/θ
= e−b/θ = 1− F (b) = P (X ≥ b).

Parathr seic

1. H idiìthta èlleiyhc mn mhc emfanÐzetai kai me �llec morfèc. Gia par�deigma,

P (X ≤ a+ b|X > a) = P (X ≤ b),

P (X < a+ b|X ≥ a) = P (X < b).

Se ìlec tic peript¸seic, h apìdeixh eÐnai an�logh thc apìdeixhc tou l mmatoc.
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2. H diaisjhtik  ermhneÐa thc idiìthtac èlleiyhc mn mhc eÐnai Ðdia me aut  thc perÐ-
ptwshc thc gewmetrik c katanom c: an doÔme thn X san di�rkeia zw c, tìte an
m�joume pwc h X xepèrase k�poio ìrio, h upìloiph di�rkeia pou apomènei èqei
katanom  Ðdia me thn katanom  thc X sthn arq  tou qrìnou. Kat� mia ènnoia,
k�ti pou èqei di�rkeia zw c ekjetik� katanemhmènh, den {gern�}. Par�deigma
eÐnai oi pur nec twn radienerg¸n ulik¸n.

3. Apì k�poiec apìyeic, h ekjetik  katanom  eÐnai h suneq c perÐptwsh thc gew-
metrik c katanom c. Pr�gmati, moir�zontai arketèc apì tic jemeli¸deic idiìthtèc
touc, gia par�deigma thn èlleiyh mn mhc. To apotèlesma eÐnai ìti èqoun parì-
moiec qr seic, gia par�deigma sthn montelopoÐhsh tou qrìnou mèqri na sumbeÐ
k�ti.

'Enac formalistikìc trìpoc gia na diapist¸soume thn omoiìtht� touc, eÐnai na
parathr soume pwc h puknìthta f(x) miac T.M. me Ekj(θ) katanom  eÐnai majh-
matik� panomoiìtuph me thn m�za p(x) miac T.M. me Gewm(p) katanom . Sugke-
krimèna, sth suneq  perÐptwsh, gia x > 0 h puknìthta f(x) eÐnai thc morf c

f(x) =
1

θ
e−x/θ = C γx, x > 0,

ìpou orÐsame tic stajerèc C = 1/θ kai γ = e−1/θ. AntÐstoiqa, sth diakrit 
perÐptwsh, gia x ≥ 1 h m�za p(x) mporeÐ na ekfrasteÐ wc

p(x) = p(1− p)x−1 =
p

1− p × (1− p)x = C γx, x ≥ 1,

ìpou t¸ra èqoume tic stajerèc C = p/(1 − p) kai γ = (1 − p). H omoiìthta
metaxÔ twn dÔo katanom¸n eÐnai profan c.

Par�deigma 8.2. 'Estw pwc o qrìnoc X, se m nec, mèqri thn pr¸th for� pou ènac
sklhrìc dÐskoc ja parousi�sei k�poio sf�lma, èqei ekjetik  katanom  me mèso ìro 30
m nec. Sunep¸c, h X ∼ Ekj(30).

H pijanìthta to pr¸to sf�lma na emfanisteÐ met� touc pr¸touc 30 m nec eÐnai

P (X > 30) = 1− P (X ≤ 30) = 1− F (30) = 1− [1− e−30/30] = e−1 ' 0.3679.

H pijanìthta o dÐskoc na mhn parousi�sei sf�lma gia touc epìmenouc 30 m nec, dedo-
mènou ìti  dh leitourgeÐ 30 m nec qwrÐc prìblhma, eÐnai kai p�li

P (X > 60|X > 30) = P (X > 30) = e−1 ' 0.3679,

ìpou qrhsimopoi same thn idiìthta èlleiyhc mn mhc. Tèloc, h pijanìthta to pr¸to
sf�lma na emfanisteÐ met� ton dèkato m na all� prin ton eikostì eÐnai

P (10 < X < 20) = F (20)− F (10) =
[
1− e−20/30

]
−
[
1− e−10/30

]
' 0.2031.
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Par�deigma 8.3. 'Estw pwc eiserqìmaste se mia tr�peza me 10 tamÐec kai 30 pel�-
tec, ek twn opoÐwn oi 10  dh sunall�ssontai me k�poio tamÐa. Oi upìloipoi 20 pel�tec
brÐskontai se austhr  seir� proteraiìthtac. Poia eÐnai h pijanìthta na katafèroume
na exuphrethjoÔme prin fÔgoun ìloi ìsoi eÐnai  dh mèsa sthn tr�peza? Upojètoume
ìti sthn tr�peza den mpaÐnei potè p�nw apì ènac pel�thc k�je qronik  stigm .

Exet�zoume dÔo peript¸seic, pou kat� mia ènnoia eÐnai akraÐec. H pr¸th eÐnai k�je
pel�thc na jèlei akrib¸c T qrìno gia na exuphrethjeÐ. Se aut  thn perÐptwsh, eÐnai
profanèc pwc ìtan bgoÔme apì thn tr�peza èqoun  dh bgei ìloi ìsoi eÐqan ft�sei prin
apì em�c, giatÐ èqoun xekin sei thn exuphrèths  touc pr¸toi.

'Estw t¸ra pwc o qrìnoc exuphrèthshc eÐnai ekjetikìc, me thn Ðdia par�metro θ gia
ìlouc touc pel�tec. Ek pr¸thc ìyewc, to er¸thma eÐnai polÔ dÔskolo na apanthjeÐ.
H idiìthta ìmwc thc èlleiyhc mn mhc mac epitrèpei na d¸soume mia eÔkolh ap�nthsh.
Ac metaferjoÔme qronik� sth stigm  pou arqÐzei h dik  mac exuphrèthsh. Lìgw thc
ap¸leiac mn mhc, kai stouc �llouc pel�tec pou aut  th stigm  exuphretoÔntai apomènei
qrìnoc exuphrèthshc ìmoia katanemhmènoc me to dikì mac, dhlad  me ekjetik  katanom 
paramètrou θ. Lìgw summetrÐac, loipìn, h pijanìthta na eÐmaste emeÐc autoÐ pou ja
bgoÔme teleutaÐoi, eÐnai 1/10, �ra h zhtoÔmenh pijanìthta eÐnai 9/10.

Lìgw thc idiìthtac thc èlleiyhc mn mhc, kai gia orismènouc �llouc lìgouc, h ekje-
tik  katanom  eÐnai exairetik� eÔqrhsth se probl mata thc JewrÐac Anamon c. Autì
to par�deigma eÐnai qarakthristikì.
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8.3 Kanonik  Katanom 

Orismìc 8.3. Mia suneq c T.M. X èqei kanonik  (  Gkaousian ) katanom  me
paramètrouc µ ∈ R kai σ > 0, an èqei puknìthta

f(x) =
1√

2πσ2
e−(x−µ)2/2σ2

, x ∈ R. (8.1)

Gia suntomÐa, gr�foume X ∼ N(µ, σ2).

Parathr seic

1. An kai, ek pr¸thc ìyewc, h polÔplokh morf  thc puknìthtac (8.1) Ðswc mac xe-
nÐzei, eÐnai shmantikì na shmei¸soume pwc h kanonik  katanom  antleÐ th shmasÐa
thc apì to Kentrikì Oriakì Je¸rhma, to opoÐo mac lèei pwc aut  h katanom 
eÐnai, kat� k�poion trìpo, anapìfeukth! Sugkekrimèna, ìtan exet�zoume ton em-
peirikì mèso ìro X̄N enìc sqetik� meg�lou pl jouc T.M. Xi, h katanom  tou
X̄N teÐnei p�ntote, me mia kat�llhlh kanonikopoÐhsh, sthn kanonik  katanom ,
anex�rthta tou ti katanom  èqoun ta memonwmèna Xi!

2. Gia na bebaiwjoÔme pwc o pio p�nw orismìc eÐnai majhmatik� orjìc ja prèpei na
elègxoume ìti ∫ ∞

−∞
f(x) dx =

∫ ∞
−∞

1√
2πσ2

e−(x−µ)2/2σ2

dx = 1.

Autì fusik� pr�gmati isqÔei, all� o sqetikìc upologismìc eÐnai arket� teqnikìc
kai makroskel c, kai gia autì ton paraleÐpoume.

3. 'Estw pwc, gia mia T.M. X me katanom  X ∼ N(µ, σ2), jèloume na upologÐsoume
thn pijanìthta P (a ≤ X ≤ b). An kai h pijanìthta aut  mporeÐ na ekfrasteÐ
wc to olokl rwma thc puknìthtac

P (a ≤ X ≤ b) =

∫ b

a

1√
2πσ2

e−(x−µ)2/2σ2

dx,

autì to olokl rwma den mporeÐ na ekfrasteÐ se kleist  morf . EpÐshc, oÔte kai
h katanom  thcX mporeÐ na upologisteÐ se apl  morf . SÔntoma ja anaptÔxoume
mia mejodologÐa pou ja mac epitrèpei na upologÐzoume ta sqetik� oloklhr¸mata
me sqetik� lÐgo kìpo.



8.3. KANONIK�H KATANOM�H 197

x

f(x)

μ μ + σμ − σ
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√
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F (x)
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1/2

1

Sq ma 8.3: Grafik  par�stash thc puknìthtac f(x) kai thc katanom c F (x) miac T.M.X ∼ N(µ, σ2).

L mma 8.3. (Idiìthtec thc Kanonik c Katanom c) 'Estw X ∼ N(µ, σ2).

1. E(X) = µ.

2. VAR(X) = σ2.

3. (KanonikopoÐhsh): H T.M. Z = X−µ
σ èqei katanom  Z ∼ N(0, 1).

Apìdeixh. 1. Parathr¸ntac pwc h puknìthta f(x) thc X èqei par�gwgo

f ′(x) =
d

dx

[
−(x− µ)2

2σ2

]
× 1√

2πσ2
e−(x−µ)2/2σ2

= −(x− µ)

σ2
f(x).
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brÐskoume

E(X) =

∫ ∞
−∞

x f(x) dx =

∫ ∞
−∞

(x− µ+ µ) f(x) dx

= σ2

∫ ∞
−∞

(x− µ)

σ2
f(x) dx+ µ

∫ ∞
−∞

f(x) dx

= σ2

∫ ∞
−∞

(−f ′(x)) dx+ µ = −σ2
[
f(x)

]∞
−∞ + µ = µ.

2. 'Eqoume:

VAR(X) = E
[
(X − µ)2

]
=

∫ ∞
−∞

(x− µ)2 f(x) dx

= σ2

∫ ∞
−∞

(x− µ)
(x− µ)

σ2
f(x) dx = σ2

∫ ∞
−∞

(x− µ)(−f ′(x)) dx

=
[
− σ2(x− µ)f(x)

]∞
−∞ + σ2

∫ ∞
−∞

f(x) dx = 0 + σ2 × 1 = σ2,

ìpou sthn pèmpth isìthta oloklhr¸same kat� par�gontec, jètontac u = x − µ
kai dv = f ′(x)dx, ètsi ¸ste du = dx kai v = f(x). Sthn èkth isìthta,[

(x− µ)f(x)
]∞
−∞

= lim
x→∞

x− µ√
2πσ

exp

[
−(x− µ)2

2σ2

]
− lim

x→−∞
x− µ√

2πσ
exp

[
−(x− µ)2

2σ2

]

=
1√
2πσ

 lim
x→∞

(x− µ)

exp
[

(x−µ)2

2σ2

] − lim
x→−∞

(x− µ)

exp
[

(x−µ)2

2σ2

]
 = 0− 0 = 0,

ìpwc prokÔptei me qr sh tou kanìna L’Hôspital.

3. Ja upologÐsoume thn katanom  thc Z:

FZ(z) = P (Z ≤ z) = P

(
X − µ
σ

≤ z

)
= P (X − µ ≤ σz)

= P (X ≤ σz + µ) =

∫ σz+µ

−∞

1√
2πσ2

exp

[
−(x− µ)2

2σ2

]
dx

=

∫ z

−∞

1√
2π

exp

[
−t

2

2

]
dt.

Sthn teleutaÐa isìthta jèsame t = x−µ
σ , �ra x = zσ + µ ⇒ t = z, x = −∞ ⇒

t = −∞, kai dx = σdt. Parathr ste t¸ra pwc h katanom  pou br kame pr�gmati
tautÐzetai me thn katanom  miac Gkaousian c me paramètrouc µ = 0 kai σ2 = 1.
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f(x)
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F (x)
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σ3

1

μ

μ

Sq ma 8.4: Grafik  par�stash thc puknìthtac f(x) kai thc katanom c F (x) miac kanonik c T.M.
X gia treic timèc σ1 < σ2 < σ3 thc diaspor�c.

Parathr seic

1. Sto Sq ma 8.4 èqoume sqedi�sei thn puknìthta kai thn katanom  tri¸n kanonik¸n
T.M. me Ðdiec mèsec timèc, all� auxanìmenec diasporèc. Parathr ste ìti ìso
megal¸nei to σ2, tìso fardaÐnei kai qamhl¸nei h antÐstoiqh puknìthta, ètsi ìmwc
¸ste to olokl rwma na paramènei mon�da. Tautoqrìnwc, h katanom  gÐnetai
ligìtero apìtomh.

2. H teleutaÐa apì tic �nw idiìthtec mac epitrèpei na qrhsimopoi soume mia mejodo-
logÐa gia ton upologismì pijanot twn pou perièqoun thn Gkaousian  katanom  h
opoÐa basÐzetai sthn eidik  perÐptwsh pou µ = 0, σ2 = 1. H eidik  aut  perÐptw-
sh parousi�zei loipìn xeqwristì endiafèron, kai autì mac odhgeÐ ston akìloujo
orismì.
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z

φ(z)

1−1

1√
2π

e−1/2
√

2π

z

1

� 0.1587

� 0.8413

−1

1/2

1
Φ(z)

Sq ma 8.5: Grafik  par�stash thc puknìthtac φ(z) kai thc katanom c Φ(z) thc tupik c T.M.
N(0, 1).

Orismìc 8.4. An h T.M. X ∼ N(0, 1), lème pwc èqei tupik  kanonik  katanom 
kai sumbolÐzoume thn puknìthta kai th sun�rthsh katanom c thc wc

φ(z) =
1√
2π
e−z

2/2, z ∈ R, (8.2)

Φ(z) =

∫ z

−∞

1√
2π
e−x

2/2 dx, z ∈ R, (8.3)

antÐstoiqa.

L mma 8.4. (SummetrÐa tupik c kanonik c katanom c). IsqÔei to akìloujo:

Φ(z) = 1− Φ(−z).
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Apìdeixh. Parathr ste pwc

1− Φ(−z) = 1−
∫ −z
−∞

1√
2π
e−x

2/2 dx

=

∫ z

−∞

1√
2π
e−x

2/2 dx+

∫ ∞
z

1√
2π
e−x

2/2 dx+

∫ z

∞

1√
2π
e−x

2/2 dx

=

∫ z

−∞

1√
2π
e−x

2/2 dx+

∫ ∞
z

1√
2π
e−x

2/2 dx−
∫ ∞
z

1√
2π
e−x

2/2 dx

=

∫ z

−∞

1√
2π
e−x

2/2 dx = Φ(z).

Sthn trÐth isìthta, k�name allag  metablht c x→ −x sto trÐto olokl rwma.
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8.4 Upologismìc Pijanot twn Kanonik c Katanom c

L mma 8.5. (Upologismìc pijanot twn kanonik¸n T.M.) An X ∼ N(µ, σ2), tìte

P (a ≤ X ≤ b) = Φ

(
b− µ
σ

)
− Φ

(
a− µ
σ

)
,

P (X ≤ b) = Φ

(
b− µ
σ

)
,

P (X ≥ a) = 1− Φ

(
a− µ
σ

)
.

Apìdeixh. Parathr ste pwc

P (a ≤ X ≤ b) = P

(
a− µ
σ
≤ X − µ

σ
≤ b− µ

σ

)
= P

(
a− µ
σ
≤ Z ≤ b− µ

σ

)
= Φ

(
b− µ
σ

)
− Φ

(
a− µ
σ

)
.

Sth deÔterh isìthta jèsame Z = X−µ
σ . H trÐth isìthta prokÔptei giatÐ, apì to

teleutaÐo skèloc tou L mmatoc 8.3, èqoume Z ∼ N(0, 1). ProkÔptei ètsi h pr¸th
exÐswsh. Oi �llec dÔo prokÔptoun me an�logo trìpo.

Par�deigma 8.4. An jèloume na upologÐsoume thn P (0 ≤ X ≤ 1.5) gia thn
X ∼ N(1, 3), èqoume

P (0 ≤ X ≤ 1.5) = Φ

(
1.5− 1√

3

)
− Φ

(
0− 1√

3

)
' Φ (0.2887)− Φ (−0.5774) .

Parathr seic

1. An kai mporoÔme na efarmìsoume p�nta to �nw l mma, eÐnai pio eÔkolo na jumìma-
ste thn akìloujh mèjodo, h opoÐa ousiastik� akoloujeÐ ta b mata thc apìdeixhc
tou l mmatoc.

'Estw pwc jèloume na upologÐsoume k�poia pijanìthta thc morf c P (a ≤ X ≤ b)
gia mia T.M. X ∼ N(µ, σ2). (H mèjodoc tropopoieÐtai me ton profan  trìpo
prokeimènou na upologÐsoume pijanìthtec thc morf c P (X ≤ b)   P (X ≥ a).)

Katarq n, ekfr�zoume thn zhtoÔmenh pijanìthta wc

P (a ≤ X ≤ b) = P

(
a− µ
σ
≤ X − µ

σ
≤ b− µ

σ

)
.
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P.q., an h zhtoÔmenh pijanìthta  tan h P (0 ≤ X ≤ 1.5) gia thn X ∼ N(1, 3),
ìpwc sto �nw par�deigma, tìte

P (0 ≤ X ≤ 1.5)

= P

(
0− µ
σ
≤ X − µ

σ
≤ 1.5− µ

σ

)
= P

(
0− 1√

3
≤ X − µ

σ
≤ 1.5− 1√

3

)
= P

(
− 1√

3
≤ X − µ

σ
≤ 0.5√

3

)
.

Apì thn Idiìthta 3 tou L mmatoc 8.3 prokÔptei pwc h Z = X−µ
σ ∼ N(0, 1), �ra

èqoume

P (a ≤ X ≤ b) = P

(
a− µ
σ
≤ Z ≤ b− µ

σ

)
= Φ

(
b− µ
σ

)
− Φ

(
a− µ
σ

)
.

Sto �nw par�deigma,

P (0 ≤ X ≤ 1.5) = P

(
− 1√

3
≤ Z ≤ 0.5√

3

)
= Φ

(
0.5√

3

)
− Φ

(
− 1√

3

)
' Φ(0.2887)− Φ(−0.5774).

2. Anex�rthta apì to an qrhsimopoi soume to �nw l mma   thn �nw mèjodo, telik�
qreiazìmaste tic timèc thc Φ gia èna   perissìtera orÐsmata. Tic timèc autèc
mporoÔme na tic broÔme me qr sh tou PÐnaka 8.1 (  k�poiou antÐstoiqou � ìla
ta biblÐa pijanot twn èqoun èna tètoio pÐnaka). O PÐnakac 8.1 perièqei, gia
èna meg�lo eÔroc jetik¸n orism�twn z, tic antÐstoiqec timèc Φ(z), wc ex c: Oi
grammèc dÐnoun to akèraio mèroc kai to pr¸to dekadikì yhfÐo tou z kai oi st lec
to deÔtero dekadikì tou yhfÐo. To antÐstoiqo stoiqeÐo tou pÐnaka dÐnei to Φ(z).
Kaj¸c Φ(z) = 1 − Φ(−z), mporoÔme na prosdiorÐsoume thn tim  thc Φ kai gia
arnhtik� orÐsmata.

Sthn perÐptwsh tou �nw paradeÐgmatoc, apì thn trÐth gramm  kai thn teleutaÐa
st lh brÐskoume Φ(0.2887) ' Φ(0.29) ' 0.6141. Epiplèon, gia na broÔme thn
tim  Φ(−0.5774) ' Φ(−0.58) = 1 − Φ(0.58), p�me ston pÐnaka kai koit�me
sthn èkth gramm  kai sthn ènath st lh kai brÐskoume pwc Φ(0.58) ' 0.7190⇒
Φ(−0.58) ' 0.2810. Telik� èqoume

P (0 ≤ X ≤ 1.5) ' Φ(0.29)− Φ(−0.58) ' 0.6164− 0.2810 = 0.3331.
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PÐnakac 8.1: Timèc thc tupik c kanonik c sun�rthshc katanom c Φ(z) gia jetik� orÐsmata z. Oi
grammèc dÐnoun to akèraio mèroc kai to pr¸to dekadikì yhfÐo, kai oi st lec to deÔtero dekadikì
yhfÐo tou orÐsmatoc z. Gia arnhtik� orÐsmata, qrhsimopoioÔme th sqèsh Φ(z) = 1− Φ(−z).

0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
0.0 0.5000 0.5040 0.5080 0.5120 0.5160 0.5199 0.5239 0.5279 0.5319 0.5359
0.1 0.5398 0.5438 0.5478 0.5517 0.5557 0.5596 0.5636 0.5675 0.5714 0.5753
0.2 0.5793 0.5832 0.5871 0.5910 0.5948 0.5987 0.6026 0.6064 0.6103 0.6141
0.3 0.6179 0.6217 0.6255 0.6293 0.6331 0.6368 0.6406 0.6443 0.6480 0.6517
0.4 0.6554 0.6591 0.6628 0.6664 0.6700 0.6736 0.6772 0.6808 0.6844 0.6879
0.5 0.6915 0.6950 0.6985 0.7019 0.7054 0.7088 0.7123 0.7157 0.7190 0.7224
0.6 0.7257 0.7291 0.7324 0.7357 0.7389 0.7422 0.7454 0.7486 0.7517 0.7549
0.7 0.7580 0.7611 0.7642 0.7673 0.7704 0.7734 0.7764 0.7794 0.7823 0.7852
0.8 0.7881 0.7910 0.7939 0.7967 0.7995 0.8023 0.8051 0.8078 0.8106 0.8133
0.9 0.8159 0.8186 0.8212 0.8238 0.8264 0.8289 0.8315 0.8340 0.8365 0.8389
1.0 0.8413 0.8438 0.8461 0.8485 0.8508 0.8531 0.8554 0.8577 0.8599 0.8621
1.1 0.8643 0.8665 0.8686 0.8708 0.8729 0.8749 0.8770 0.8790 0.8810 0.8830
1.2 0.8849 0.8869 0.8888 0.8907 0.8925 0.8944 0.8962 0.8980 0.8997 0.9015
1.3 0.9032 0.9049 0.9066 0.9082 0.9099 0.9115 0.9131 0.9147 0.9162 0.9177
1.4 0.9192 0.9207 0.9222 0.9236 0.9251 0.9265 0.9279 0.9292 0.9306 0.9319
1.5 0.9332 0.9345 0.9357 0.9370 0.9382 0.9394 0.9406 0.9418 0.9429 0.9441
1.6 0.9452 0.9463 0.9474 0.9484 0.9495 0.9505 0.9515 0.9525 0.9535 0.9545
1.7 0.9554 0.9564 0.9573 0.9582 0.9591 0.9599 0.9608 0.9616 0.9625 0.9633
1.8 0.9641 0.9649 0.9656 0.9664 0.9671 0.9678 0.9686 0.9693 0.9699 0.9706
1.9 0.9713 0.9719 0.9726 0.9732 0.9738 0.9744 0.9750 0.9756 0.9761 0.9767
2.0 0.9772 0.9778 0.9783 0.9788 0.9793 0.9798 0.9803 0.9808 0.9812 0.9817
2.1 0.9821 0.9826 0.9830 0.9834 0.9838 0.9842 0.9846 0.9850 0.9854 0.9857
2.2 0.9861 0.9864 0.9868 0.9871 0.9875 0.9878 0.9881 0.9884 0.9887 0.9890
2.3 0.9893 0.9896 0.9898 0.9901 0.9904 0.9906 0.9909 0.9911 0.9913 0.9916
2.4 0.9918 0.9920 0.9922 0.9925 0.9927 0.9929 0.9931 0.9932 0.9934 0.9936
2.5 0.9938 0.9940 0.9941 0.9943 0.9945 0.9946 0.9948 0.9949 0.9951 0.9952
2.6 0.9953 0.9955 0.9956 0.9957 0.9959 0.9960 0.9961 0.9962 0.9963 0.9964
2.7 0.9965 0.9966 0.9967 0.9968 0.9969 0.9970 0.9971 0.9972 0.9973 0.9974
2.8 0.9974 0.9975 0.9976 0.9977 0.9977 0.9978 0.9979 0.9979 0.9980 0.9981
2.9 0.9981 0.9982 0.9982 0.9983 0.9984 0.9984 0.9985 0.9985 0.9986 0.9986
3.0 0.9987 0.9987 0.9987 0.9988 0.9988 0.9989 0.9989 0.9989 0.9990 0.9990
3.1 0.9990 0.9991 0.9991 0.9991 0.9992 0.9992 0.9992 0.9992 0.9993 0.9993
3.2 0.9993 0.9993 0.9994 0.9994 0.9994 0.9994 0.9994 0.9995 0.9995 0.9995
3.3 0.9995 0.9995 0.9995 0.9996 0.9996 0.9996 0.9996 0.9996 0.9996 0.9997
3.4 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9998
3.5 0.9998 0.9998 0.9998 0.9998 0.9998 0.9998 0.9998 0.9998 0.9998 0.9998
3.6 0.9998 0.9998 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999
3.7 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999
3.8 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999
3.9 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
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Par�deigma 8.5. 'Estw pwc to rolìi enìc epexergast  apoklÐnei kat� X deuterì-
lepta met� apì èna qrìno suneqoÔc leitourgÐac, ìpouX ∼ N(1, 4). Poia h pijanìthta
met� apì èna qrìno:

1. To rolìi na p�ei {pÐsw}, dhlad  na èqei arnhtik  apìklish?

2. H apìklish na eÐnai megalÔterh apì +3.5 deuterìlepta?

3. H apìklish na eÐnai mikrìterh apì ±2 deuterìlepta?

1. Qrhsimopoi¸ntac ed¸ thn genik  pio p�nw mèjodo me µ = 1 kai σ =
√

4 = 2,
orÐzontac mia tupik  kanonik  T.M. Z ∼ N(0, 1), gia to pr¸to er¸thma eÔkola
brÐskoume

P (X ≤ 0) = P

(
X − 1

2
≤ 0− 1

2

)
= P (Z ≤ −0.5) = Φ(−0.5),

kai antikajist¸ntac thn tim  thc Φ(−0.5) ' 0.3085 me qr sh tou PÐnaka 8.1,
èqoume P (X ≤ 0) ' 0.3085. DeÐte thn pr¸th apì tic grafikèc parast�seic tou
Sq matoc 8.6.

2. ParomoÐwc,

P (X > 3.5) = P

(
X − 1

2
>

3.5− 1

2

)
= P (Z > 1.25) = 1− P (Z ≤ 1.25)

= 1− Φ(1.25) ' 1− 0.8944 = 0.1056,

ìpou antikatast same thn tim  thc Φ(1.25) ' 0.8944 apì ton PÐnaka 8.1. DeÐte
thn deÔterh apì tic grafikèc parast�seic tou Sq matoc 8.6.

3. Tèloc,

P (|X| < 2) = P (−2 < X < 2) = P

(−2− 1

2
<
X − 1

2
<

2− 1

2

)
= P (−1.5 < Z < 0.5) = Φ(0.5)− Φ(−1.5)

' 0.6915− 0.0668 = 0.6247,

ìpou antikatast same tic timèc Φ(0.5) ' 0.6915 kai Φ(−1.5) ' 0.0668 me qr sh
tou PÐnaka 8.1. DeÐte thn trÐth apì tic grafikèc parast�seic tou Sq matoc 8.6.

Par�deigma 8.6. 'Estw pwc h èntash tou hlektrikoÔ jorÔbou se èna kÔklwma
eÐnai X ∼ N(−2, 3). Poia h pijanìthta to X na mhn xepern�ei to 1 se apìluth tim ?
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x

f(x)

1

P (X ≤ 0) � 0.3085

x

f(x)

3.51

P (X > 3.5) � 0.1056

x

f(x)

21−2

P (|X | < 2) � 0.6247

Sq ma 8.6: Oi pijanìthtec pou upologÐsthkan sto Par�deigma 8.5 emfanÐzontai wc skiasmèna embad�.
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'Opwc kai sto prohgoÔmeno par�deigma, efarmìzontac thn genik  pio p�nw mèjodo
me µ = −2 kai σ =

√
3 kai orÐzontac mia tupik  kanonik  T.M. Z ∼ N(0, 1), brÐskoume

P (|X| ≤ 1) = P (−1 ≤ X ≤ 1) = P

(−1− (−2)√
3

≤ X − (−2)√
3

≤ 1− (−2)√
3

)
' P (0.58 ≤ Z ≤ 1.73) = Φ(1.73)− Φ(0.58)

' 0.9582− 0.7190 = 0.2392,

ìpou antikatast same tic timèc Φ(1.73) ' 0.9582 kai Φ(0.58) ' 0.7190 apì ton
PÐnaka 8.1.

Par�deigma 8.7. (TuqaÐa epilog  T.M.) H T.M. X èqei omoiìmorfh katanom  sto
di�sthma [−3, 5], kai h T.M. Y èqei kanonik  katanom  me mèsh tim  1 kai diaspor� 10.
RÐqnoume èna dÐkaio kèrma, kai an èrjei kor¸na katagr�foume thn tim  tou X en¸ an
èrjei gr�mmata katagr�foume thn tim  tou Y . H rÐyh tou kèrmatoc eÐnai anex�rthth
twn tim¸n twn X, Y . An h tim  pou katagr�yame eÐnai megalÔterh tou 4, poia eÐnai h
pijanìthta na eÐqame epilèxei thn X?

Gia na apant soume to er¸thma, orÐzoume thn bohjhtik  T.M. Z h opoÐa paÐrnei thn
tim  1 an fèroume kor¸na kai thn tim  0 an fèroume gr�mmata. Epiplèon, èstw T h tim 
pou katagr�yame. Qrhsimopoi¸ntac ton kanìna tou Bayes, h zhtoÔmenh pijanìthta
isoÔtai me:

P (Z = 1|T > 4) =
P (Z = 1, T > 4)

P (T > 4)

=
P (Z = 1, X > 4)

P (T > 4|Z = 1)P (Z = 1) + P (T > 4|Z = 0)P (Z = 0)

=
P (X > 4)P (Z = 1)

P (X > 4)P (Z = 1) + P (Y > 4)P (Z = 0)

=
1
2

∫ 5

4
1
8 dx

1
2

∫ 5

4
1
8 dx+ 1

2P
(
Y−1√

10
> 4−1√

10

) =
1
8

1
8 +

(
1− Φ

(
3√
10

)) ' 0.422.

Ston arijmht  thc deÔterhc gramm c qrhsimopoi same to ìti an Z = 1, tìte T = X.
Ston arijmht  thc trÐthc gramm c qrhsimopoi same thn anexarthsÐa twn X, Z. Ston
paronomast  thc trÐthc gramm c qrhsimopoi same to gegonìc ìti an Z = 1, tìte
T = X, en¸ an Z = 0, tìte T = Y .

Par�deigma 8.8. ('Uyh majht¸n) To Ôyoc X twn majht¸n enìc sqoleÐou a-
koloujeÐ thn Gkaousian  katanom  me mèsh tim  mA = 1.70 m gia ta agìria kai
mK = 1.60 m gia ta korÐtsia, kai diaspor� σ2 = (0.1 m)2, koin  gia agìria kai
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korÐtsia. H pijanìthta ènac majht c na eÐnai korÐtsi eÐnai 0.5. Poia eÐnai h pijanìthta
to Ôyoc enìc majht  pou epilègetai sthn tÔqh na xepern� to 1.80 m?

'Estw ta endeqìmena A ={O majht c eÐnai agìri} kai B ={o majht c eÐnai p�nw
apì 1.80 m}. 'Eqoume:

P (B) = P (B|A)P (A) + P (B|A′)P (A′) =
1

2
P (X > 1.8|A) +

1

2
P (X > 1.8|A′)

=
1

2
P

(
X − 1.7

0.1
> 1
∣∣∣A)+

1

2
P

(
X − 1.6

0.1
> 2
∣∣∣A′)

=
1

2
(1− Φ(1)) +

1

2
(1− Φ(2)) ' 0.0907.

Sta �nw, qrhsimopoi same to ìti an o majht c eÐnai agìri, to Ôyoc èqei mèsh tim  1.7
en¸, an eÐnai korÐtsi, to Ôyoc èqei mèsh tim  1.6.
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8.5 MetasqhmatismoÐ Y = f (X)

Suqn� se efarmogèc mac dÐnetai h puknìthta   h katanom  miac T.Q. X kai prèpei na
broÔme thn puknìthta   thn katanom  miac sun�rths c thc, èstw Y = f(X). DeÐte
ta akìlouja paradeÐgmata.

Par�deigma 8.9. (Omoiìmorfh → ekjetik ) 'Estw mia T.M. U omoiìmorfa kata-
nemhmènh sto (0, 1]. An λ > 0, h nèa T.M. Y = −λ logU èqei katanom  Ekj(λ). Gia
na deÐxoume aut  thn idiìthta, ja upologÐsoume thn sun�rthsh katanom c F (y) thc
Y . Gia y ≥ 0,

F (y) = P (Y ≤ y) = P (−λ logU ≤ y) = P (logU ≥ −y/λ)

= P (U ≥ e−y/λ) =

∫ 1

e−y/λ
1 dx = 1− e−y/λ.

Gia y < 0,

F (y) = P (Y ≤ y) = P (−λ logU ≤ y) = P (logU ≥ −y/λ) = 0.

Sunep¸c, pr�gmati Y ∼ Ekj(λ). DeÐte to Sq ma 8.7 gia mia grafik  apeikìnish tou
apotelèsmatoc.

Par�deigma 8.10. (DhmiourgÐa opoiasd pote katanom c) 'Estw F (·) suneq c ka-
tanom  kai èstw U T.M. omoiìmorfa katanemhmènh sto di�sthma [0, 1]. An X =
F−1(U), na deiqjeÐ ìti h X akoloujeÐ thn katanom  F . Poia eÐnai h praktik  shmasÐa
autoÔ tou apotelèsmatoc?

ParathroÔme apl� pwc

P (X ≤ a) = P (F−1(U) ≤ a) = P (U ≤ F (a)) =

∫ F (a)

0

1 dx = F (a).

Gia thn deÔterh exÐswsh qrhsimopoi same to gegonìc ìti h F eÐnai aÔxousa, sunep¸c
kai h antÐstrof  thc F−1 eÐnai aÔxousa. Gia thn trÐth exÐswsh qrhsimopoi same to
ìti h U eÐnai omoiìmorfa katanemhmènh sto (0, 1).

To apotèlesma èqei ter�stia praktik  shmasÐa. An mporoÔme na dhmiourg soume
me k�poio trìpo mia T.M. omoiìmorfa katanemhmènh sto [0, 1], autìmata mporoÔme na
dhmiourg soume opoiad pote �llh. Sqedìn ìlec oi gl¸ssec programmatismoÔ èqoun
mia routÐna pou epistrèfei mia T.M. omoiìmorfa katanemhmènh sto [0, 1], pou sun jwc
onom�zetai rand(), all� el�qistec (pèran twn exeidikeumènwn) parèqoun routÐnec pou
na epistrèfoun T.M. me �llec katanomèc. 'Enac basikìc jewrhtikìc lìgoc gia aut 
thn èlleiyh eÐnai to apotèlesma aut c thc �skhshc: an èqoume sth di�jes  mac thn
rand(), mporoÔme eÔkola na fti�xoume ìpoia �llh katanom  jèloume!
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1
λ

1

0

fU (u)

fY (y)

Y = −λ logU

y

u

Sq ma 8.7: Par�deigma 8.9. An epilèxoume omoiìmorfa ènan arijmì mèsa sto di�sthma [0, 1] tou
�xona u, tìte epilègoume epÐshc ènan ekjetik� katanemhmèno arijmì apì ton jetikì hmi�xona y.

Par�deigma 8.11. (Tetr�gwno ekjetik c) 'Estw mia T.M. X me katanom  Ekj(1).
'Estw f(x) kai F (x) h puknìthta kai h katanom  thc antÐstoiqa. 'Estw mia nèa T.M.
Y = aX2, ìpou a > 0. Ja broÔme thn puknìtht� thc g(y) kai thn katanom  thc G(y).

Gia y < 0 èqoume G(y) = P (Y ≤ y) = P (aX2 ≤ y) = 0, �ra g(y) = 0 gia y < 0.
UpologÐzoume katìpin thn G(y) gia y ≥ 0:

G(y) = P (Y ≤ y) = P (aX2 ≤ y) = P (X ≤
√
y/a) = F (

√
y/a) = 1− e−

√
y/a.

H puknìthta thc Y gia y > 0 prokÔptei wc ex c:

g(y) = G′(y) =
(

1− e−
√
y/a
)′

=
1

2
√
ay
e−
√
y/a,

en¸ h tim  thc sto 0 den èqei shmasÐa. Sugkentrwtik�,

G(y) =

{
0, y < 0,

1− e−
√
y/a, y ≥ 0,

g(y) =

{
0, y < 0,

1
2
√
aye
−
√
y/a, y ≥ 0.

Oi g(y), G(y) èqoun sqediasteÐ sto Sq ma 8.8.
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y

g(y)

y

G(y)

1

Sq ma 8.8: Grafik  par�stash thc puknìthtac g(y) kai thc katanom c G(y) thc T.M. y sto Par�-
deigma 8.11.

Par�deigma 8.12. (Qrìnoc met�doshc) O qrìnoc T pou mesolabeÐ apì thn apo-
stol  mèqri thn par�dosh enìc email megèjouc X KB apì ènan diakomist  se ènan
�llon eÐnai T = X(X + 1)/4 lept�. An to X èqei ekjetik  katanom  me mèsh ti-
m  5 KB, ja upologÐsoume th mèsh tim  tou qrìnou T kai thn pijanìthta o qrìnoc
ektèleshc na xeper�sei ta 10 lept�. 'Eqoume:

1. H mèsh tim  tou qrìnou T eÐnai:

E(T ) = E

(
X(X + 1)

4

)
=

1

4
E(X2 +X) =

1

4
[E(X2) + E(X)]

=
1

4
[VAR(X) + (E(X))2 + E(X)] =

1

4
[52 + 52 + 5] = 13.75,

ìpou sthn tètarth isìthta qrhsimopoi same to ìti VAR(X) = E(X2)−(E(X))2,
kai sto tèloc antikatast same tic gnwstèc timèc twn paramètrwn gia thn ekjetik 
katanom  me par�metro 5.
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2. H pijanìthta o qrìnoc ektèleshc na xeper�sei ta 10 lept�, dhlad  T > 10, eÐnai

P (T > 10)

= P

(
X(X + 1)

4
> 10

)
= P (X(X + 1) > 40) = P (X2 +X − 40 > 0)

= P

((
X − −1−

√
161

2

)(
X − −1 +

√
161

2

)
> 0

)

= P

(
X >

−1 +
√

161

2

)
= 1− P

(
X ≤ −1 +

√
161

2

)
= e−(−1+

√
161)/10 ' 0.3107,

ìpou sthn pèmpth isìthta qrhsimopoi same to gegonìc ìti p�ntote to X eÐnai jetikì,
kai sto tèloc antikatast same ton tÔpo thc sun�rthshc katanom c miac ekjetik c
T.M. me par�metro 5.

Parat rhsh: Se perÐptwsh pou h f(X) eÐnai grammik , dhlad  Y = aX + b,
mporoÔme na qrhsimopoi soume to akìloujo l mma:

L mma 8.6. (Grammikìc metasqhmatismìc miac T.M.) 'Estw suneq c T.M. X me
puknìthta f(x) kai katanom  F (x). 'Estw a, b ∈ R, me a 6= 0. H T.M. Y = aX + b

eÐnai epÐshc suneq c, me puknìthta g(y) kai katanom  G(y) pou isoÔntai me

g(y) =
1

|a|f
(
y − b
a

)
,

G(y) = F (
y − b
a

), an a > 0,

G(y) = 1− F (
y − b
a

), an a < 0.

Apìdeixh. Ja melet soume qwrist� tic dÔo peript¸seic: a > 0 kai a < 0.
'Estw loipìn a > 0. ParathroÔme pwc

G(y) = P (Y ≤ y) = P (aX + b ≤ y) = P

(
X ≤ y − b

a

)
= F

(
y − b
a

)
.

Epiplèon,

g(y) = G′(y) =
1

a
F ′
(
y − b
a

)
=

1

|a|f
(
y − b
a

)
.
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'Estw t¸ra pwc a < 0. ParathroÔme pwc

G(y) = P (Y ≤ y) = P (aX + b ≤ y) = P

(
X ≥ y − b

a

)
= 1− F

(
y − b
a

)
.

Epiplèon,

g(y) = G′(y) =
d

dy

[
1− F

(
y − b
a

)]
= −1

a
F ′
(
y − b
a

)
=

1

|a|f
(
y − b
a

)
,

kai h apìdeixh oloklhr¸jhke.

Par�deigma 8.13. 'Estw X ∼ Ekj(1), dhlad  me puknìthta kai katanom 

f(x) =

{
e−x, x ≥ 0,

0, x < 0,
F (x) =

{
1− e−x, x ≥ 0,

0, x < 0.

'Estw epÐshc h T.M. Y = 1− 2X. H puknìthta kai h katanom  thc ja isoÔntai me

g(y) =
1

2
f

(
−y − 1

2

)
=

{
1
2e

y−1
2 , y ≤ 1,

0, y > 1,

G(y) = 1− F
(
−y − 1

2

)
=

{
e
y−1

2 , y ≤ 1,

1, y > 1.

Oi g(y), G(y) èqoun sqediasteÐ sto Sq ma 8.9.

Parat rhsh: PolÔ suqn� ìmwc h f den eÐnai grammik  sun�rthsh. Den up�rqei
k�poio eÔqrhsto genikì je¸rhma gia aut  thn perÐptwsh, pou na mac epitrèpei ton upo-
logismì thc katanom c kai thc puknìthtac thc f(X),   èstw pijanot twn endeqìmenwn
pou aforoÔn thn f(X). 'Omwc, mporeÐ p�nta na efarmosteÐ h genik  mejodologÐa pou
efarmìsthke sthn apìdeixh tou L mmatoc 8.6 kai sta ParadeÐgmata 8.9 èwc 8.12.
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y

g(y)

1

e−1/2

2

1/2

y

1

1

G(y)

e−1/2

Sq ma 8.9: Grafik  par�stash thc puknìthtac g(y) kai thc katanom c G(y) thc T.M. Y sto Par�-
deigma 8.13.



Kef�laio 9

ZeÔgh Suneq¸n TuqaÐwn Metablht¸n

An�loga me ì,ti sumbaÐnei sthn perÐptwsh twn diakrit¸n T.M., h sqèsh pou èqoun
metaxÔ touc dÔo suneqeÐc T.M. den mporeÐ na apotupwjeÐ me qr sh twn puknot twn
touc, kai eÐnai aparaÐthto na eis�goume thn ènnoia thc apì koinoÔ puknìthtac. Mia
basik  diafor� thc jewrÐac pou prokÔptei se sqèsh me thn perÐptwsh thc melèthc
memonwmènwn suneq¸n T.M., eÐnai ìti ta oloklhr¸mata pou emfanÐzontai ston upolo-
gismì pijanot twn den eÐnai pia apl�, all� dipl�, kai sunep¸c eÐnai arket� pio sÔnjeta
ston upologismì. Xekin�me me mia sÔntomh anafor� sta dipl� oloklhr¸mata kai sto
basikì je¸rhma pou mac epitrèpei ton upologismì touc, to Je¸rhma tou Fubini. Sto
upìloipo kef�laio, h an�ptuxh thc jewrÐac eÐnai an�logh me aut  tou antÐstoiqou
kefalaÐou gia ta zeÔgh diakrit¸n T.M.

9.1 Dipl� Oloklhr¸mata

Sthn par�grafo aut  ja anaferjoÔme, polÔ sunoptik�, se stoiqeÐa thc jewrÐac twn
dipl¸n oloklhrwm�twn pou ja qreiastoÔme se autì to kef�laio.

ParaleÐpoume ton austhrì orismì tou diploÔ oloklhr¸matoc, pou eÐnai arket�
ektetamènoc. Praktik�, to diplì olokl rwma thc f(x, y) sto qwrÐo R ⊂ R × R
sumbolÐzetai me ∫∫

R

f(x, y) dA

kai isoÔtai me ton ìgko tou stereoÔ pou perikleÐetai metaxÔ tou R kai thc f(x),
ìpou aut  eÐnai jetik , meÐon ton ìgko tou stereoÔ pou perikleÐetai metaxÔ tou R kai
thc f(x), ìpou aut  eÐnai arnhtik . Dhlad , en¸ ta apl� oloklhr¸mata ekfr�zoun
proshmasmèno embadìn, ta dipl� ekfr�zoun proshmasmèno ìgko. Aut  h ermhneÐa
eÐnai arket  gia tic dikèc mac an�gkec. Gia par�deigma, to diplì olokl rwma thc
sun�rthshc f(x, y) = xy sto qwrÐo R = [0, 2] × [−2, 3] eÐnai o ìgkoc tou stereoÔ
pou brÐsketai metaxÔ tou qwrÐou R1 = [0, 2] × [0, 3], ìpou h sun�rthsh eÐnai jetik ,

215



216 KEF�ALAIO 9. ZE�UGH SUNEQ�WN TUQA�IWN METABLHT�WN

Sq ma 9.1: To diplì olokl rwma thc f(x, y) = xy isoÔtai me ton ìgko tou stereoÔ p�nw apì to
qwrÐo R = [0, 2]× [0, 3] meÐon ton ìgko tou stereoÔ k�tw apì to qwrÐo R = [0, 2]× [−2, 0].

kai tou graf matoc thc f(x, y), meÐon ton ìgko tou stereoÔ pou brÐsketai metaxÔ tou
qwrÐou R2 = [0, 2]× [−2, 0], ìpou h sun�rthsh eÐnai arnhtik , kai tou graf matoc thc
f(x, y). DeÐte to Sq ma 9.1. Suqn�, bèbaia, to qwrÐo R èqei sq ma pio polÔploko
apì autì enìc orjogwnÐou.

Sto akìloujo je¸rhma èqoume sugkentr¸sei merikèc apì tic pio qr simec idiìthtec
twn dipl¸n oloklhrwm�twn. BebaiwjeÐte ìti tic brÐskete ìlec diaisjhtik� profaneÐc.

Je¸rhma 9.1. (Idiìthtec diploÔ oloklhr¸matoc) 'Estw a, b, c ∈ R, sunart seic
f, g sto R×R, kai qwrÐa R, S ⊆ R×R. To diplì olokl rwma ikanopoieÐ tic akìloujec
idiìthtec:

1. (Grammikìthta DiploÔ Oloklhr¸matoc)∫∫
R

(af(x, y) + bg(x, y)) dA = a

∫∫
R

f(x, y) dA+ b

∫∫
R

g(x, y) dA.

2. An f(x, y) ≤ g(x, y) pantoÔ sto R, tìte∫∫
R

f(x, y) dA ≤
∫∫

R

g(x, y) dA.
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3. An f(x, y) ≥ 0 kai R ⊆ S, tìte∫∫
R

f(x, y) dA ≤
∫∫

S

f(x, y) dA.

4. An ta qwrÐa R kai S den allhlokalÔptontai, ektìc Ðswc sta sÔnor� touc, tìte∫∫
R∪S

f(x, y) dA =

∫∫
R

f(x, y) dA+

∫∫
S

f(x, y) dA.

EnnoeÐtai ìti ta �nw isqÔoun an up�rqoun ìla ta oloklhr¸mata pou emfanÐzontai.

Je¸rhma 9.2. (Fubini)

1. 'Estw qwrÐo R ⊆ R× R thc morf c

R = {(x, y) : a ≤ x ≤ b, φ1(x) ≤ y ≤ φ2(x)}, (9.1)

ìpou a, b ∈ R me a < b, kai oi sunart seic φ1(x), φ2(x) : [a, b]→ R eÐnai suneqeÐc
me φ1(x) ≤ φ2(x) gia k�je x ∈ [a, b]. 'Estw epÐshc f(x, y) suneq c sun�rthsh
sto R. To diplì olokl rwma thc f sto R up�rqei kai mporeÐ na upologisteÐ mèsw
miac epallhlÐac apl¸n oloklhrwm�twn wc ex c:∫∫

R

f(x, y) dA =

∫ b

a

(∫ φ2(x)

φ1(x)

f(x, y) dy

)
dx. (9.2)

2. 'Estw qwrÐo R ⊆ R× R thc morf c

R = {(x, y) : a ≤ y ≤ b, φ1(y) ≤ x ≤ φ2(y)}, (9.3)

ìpou a, b ∈ R me a < b, kai oi sunart seic φ1(y), φ2(y) : [a, b]→ R eÐnai suneqeÐc
me φ1(y) ≤ φ2(y) gia k�je y ∈ [a, b]. 'Estw epÐshc f(x, y) suneq c sun�rthsh
sto R. To diplì olokl rwma thc f sto R up�rqei kai mporeÐ na upologisteÐ mèsw
miac epallhlÐac apl¸n oloklhrwm�twn wc ex c:∫∫

R

f(x, y) dA =

∫ b

a

(∫ φ2(y)

φ1(y)

f(x, y) dx

)
dy. (9.4)

Parathr seic

1. To �nw eÐnai to basikì ergaleÐo gia ton upologismì dipl¸n oloklhrwm�twn.
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R

y = φ2(x)

y = φ1(x) x

y

a b

R x = φ2(y)

x = φ1(y)

x

y

a

b

Sq ma 9.2: Ta qwrÐa twn dÔo peript¸sewn tou Jewr matoc Fubini.

2. Oi dÔo morfèc tou �nw jewr matoc eÐnai entel¸c an�logec, me tic jèseic twn x, y
anestrammènec.

3. H apìdeixh eÐnai arket� sÔnjeth kai xefeÔgei apì touc stìqouc tou maj matoc.

4. Diaisjhtik�, to je¸rhma mac lèei pwc gia na upologÐsoume ton ìgko enìc stereoÔ
me aujaÐreto sq ma (to diplì olokl rwma) mporoÔme na to kìyoume se polÔ
leptèc fètec, na upologÐsoume to embadìn k�je miac apì autèc (to eswterikì
olokl rwma), kai met� na prosjèsoume ta embad� afoÔ ta pollaplasi�soume me
to (polÔ mikrì) p�qoc touc (ektel¸ntac ètsi thn exwterik  olokl rwsh).

5. Suqn� èna diplì olokl rwma mporeÐ na upologisteÐ me qr sh kai twn dÔo morf¸n
tou Jewr matoc Fubini. Se pollèc peript¸seic, ìmwc, h mia morf  odhgeÐ se polÔ
aploÔsterouc upologismoÔc apì thn �llh.

6. 'Otan to R eÐnai orjog¸nio, dhlad  R = [a, b]× [c, d], èqoume∫∫
[a,b]×[c,d]

f(x, y) dA =


∫ b
a

(∫ d
c f(x, y) dy

)
dx∫ d

c

(∫ b
a f(x, y) dx

)
dy

7. Se exis¸seic ìpou emfanÐzetai epallhlÐa apl¸n oloklhrwm�twn, ìpwc stic (9.2),
(9.4), merikèc forèc ja paraleÐpoume na gr�foume tic parenjèseic pou qwrÐzoun
thn eswterik  apì thn exwterik  olokl rwsh. Ja prèpei p�nta na eÐmaste pro-
sektikoÐ sthn antistoÐqish thc k�je metablht c olokl rwshc me ta swst� ìria.
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8. SunhjÐzetai na gr�foume kai
∫∫

R f(x, y) dxdy antÐ gia
∫∫

R f(x, y) dA. Den ja
qrhsimopoi soume aut  th sÔmbash, gia na apofÔgoume tic parano seic.

Par�deigma 9.1. San èna aplì par�deigma efarmog c tou Jewr matoc tou Fubini,
ja upologÐsoume to diplì olokl rwma thc sun�rthshc f(x, y) = y2

√
x se k�je èna

apì ta akìlouja qwrÐa:

1. Sto orjog¸nio R1 me gwnÐec ta shmeÐa (0, 0), (2, 0), (0, 1), kai (2, 1).

2. Sto trÐgwno R2 me gwnÐec ta shmeÐa (0, 0), (0, 1), kai (2, 1).

3. Sto qwrÐo R3 pou perikleÐetai apì tic eujeÐec x = 0, y = 1, kai thn exÐswsh
y =

√
x/2.

Se k�je perÐptwsh, to pio shmantikì b ma eÐnai na perigr�youme to qwrÐo ìpou ja gÐnei
h olokl rwsh se mia apì tic morfèc (9.1), (9.3) pou zht� h ekf¸nhsh tou Jewr matoc
tou Fubini. 'Eqoume, kat� perÐptwsh:

1. To qwrÐo mporeÐ na grafeÐ wc

R1 = {(x, y) : 0 ≤ x ≤ 2, 0 ≤ y ≤ 1},

�ra∫∫
R1

f(x, y) dA =

∫ 2

0

(∫ 1

0

y2
√
x dy

)
dx =

∫ 2

0

(
√
x

∫ 1

0

(
y3

3

)′
dy

)
dx

=

∫ 2

0

√
x

3
dx =

2

9

∫ 2

0

(
x3/2

)′
dx =

4
√

2

9
.

2. Se aut  thn perÐptwsh,

R2 =
{

(x, y) : 0 ≤ x ≤ 2,
x

2
≤ y ≤ 1

}
,

�ra∫∫
R2

f(x, y) dA =

∫ 2

0

(∫ 1

x/2

y2
√
x dy

)
dx =

∫ 2

0

(
√
x

∫ 1

x/2

(
y3

3

)′
dy

)
dx

=

∫ 2

0

√
x

(
1

3
− x3

24

)
dx =

∫ 2

0

(
2

9
x3/2 − 1

108
x9/2

)′
dx

=
4
√

2

9
− 16

√
2

108
=

8
√

2

27
.
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Sq ma 9.3: Ta stere� tou ParadeÐgmatoc 9.1.



9.1. DIPL�A OLOKLHR�WMATA 221

Sq ma 9.4: To qwrÐo kai to stereì tou ParadeÐgmatoc 9.2.

3. Se aut  thn perÐptwsh,

R3 =

{
(x, y) : 0 ≤ x ≤ 2,

√
x

2
≤ y ≤ 1

}
,

�ra ∫∫
R3

f(x, y) dA

=

∫ 2

0

(∫ 1

√
x/2

y2
√
x dy

)
dx =

∫ 2

0

(
√
x

∫ 1

√
x/2

(
y3

3

)′
dy

)
dx

=

∫ 2

0

√
x

(
1

3
− 1

6
√

2
x3/2

)
dx =

∫ 2

0

(
2

9
x3/2 − 1

18
√

2
x3

)′
dx

=
4
√

2

9
− 8

18
√

2
=

2
√

2

9
.

Ta qwrÐa kai ta antÐstoiqa stere� èqoun sqediasteÐ sto Sq ma 9.3. MporeÐte na
upologÐsete ta �nw oloklhr¸mata an qrhsimopoi sete thn deÔterh morf  tou Jewr -
matoc Fubini?

Parat rhsh: To Je¸rhma tou Fubini mporeÐ na efarmosteÐ akìma kai an to diplì
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olokl rwma eÐnai kataqrhstikì, dhlad  eÐnai eÐte p�nw se èna qwrÐo pou ekteÐnetai
mèqri to �peiro, eÐte h oloklhrwtaÐa sun�rthsh den eÐnai fragmènh sto qwrÐo   sto
ìriì tou. DeÐte to akìloujo par�deigma.

Par�deigma 9.2. Ja upologÐsoume to olokl rwma thc sun�rthshc f(x, y) =
e−x−2y sto trigwnikì qwrÐo pou perikleÐetai metaxÔ twn eujei¸n x = 0 kai y = x. To
qwrÐo, kai to antÐstoiqo stereì pou dhmiourgeÐtai, èqoun sqediasteÐ sto Sq ma 9.4.
Katarq n,

R = {(x, y) : 0 ≤ y ≤ ∞, 0 ≤ x ≤ y}.
Parathr ste pwc qrhsimopoioÔme thn deÔterh morf  tou Jewr matoc Fubini, kaj¸c
ètsi katal goume se ligìterec pr�xeic. 'Eqoume∫∫

R

f(x, y) dA =

∫ ∞
0

(∫ y

0

e−x−2y dx

)
dy =

∫ ∞
0

e−2y

(∫ y

0

e−x dx

)
dy

=

∫ ∞
0

e−2y
[
−e−x

]y
0
dy =

∫ ∞
0

e−2y
(
1− e−y

)
dy

=

∫ ∞
0

(
1

3
e−3y − 1

2
e−2y

)′
dy =

1

2
− 1

3
=

1

6
.
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9.2 ZeÔgh Suneq¸n TuqaÐwn Metablht¸n

Orismìc 9.1. DÔo T.M. kaloÔntai apì koinoÔ suneqeÐc ìtan up�rqei mia sun�rthsh
fXY (x, y) : R × R → [0,∞), h apì koinoÔ sun�rthsh puknìthtac pijanìthtac,  
apì koinoÔ puknìthta,   apl¸c puknìthta, tètoia ¸ste gia opoiod pote qwrÐo R ⊆
R× R, na isqÔei ìti

P [(X, Y ) ∈ R] =

∫∫
R

fXY (x, y) dA. (9.5)

Parathr seic

1. Sthn perÐptwsh pou èqoume mia T.M., oi pijanìthtec pou thn aforoÔn upologÐ-
zontai mèsw apl¸n oloklhrwm�twn thc puknìthtac kai isodunamoÔn me embad�.
Sthn perÐptwsh dÔo T.M., oi pijanìthtec upologÐzontai mèsw dipl¸n oloklh-
rwm�twn kai epomènwc isodunamoÔn me ìgkouc! 'Estw, gia par�deigma, pwc mac
dÐnetai h sun�rthsh fXY (x, y) tou Sq matoc 9.5(a). H pijanìthta to zeÔgoc
(X, Y ) na brÐsketai se k�poio qwrÐo R isoÔtai me ton ìgko tou stereoÔ pou o-
riojeteÐtai apì to qwrÐo R kai to gr�fhma thc sun�rthshc. DeÐte gia par�deigma
to Sq ma 9.5(b).

2. Sthn aploÔsterh perÐptwsh, to qwrÐo R eÐnai kleistì kai fragmèno, kai h su-
n�rthsh fXY eÐnai oloklhr¸simh se autì me thn austhr  ènnoia tou ìrou.

3. Gia par�deigma, ìtan to R eÐnai kartesianì ginìmeno thc morf c R = [a, b]×[c, d],
h (9.5) gÐnetai

P [(X, Y ) ∈ R] =

∫∫
[a,b]×[c,d]

fXY (x, y) dA =


∫ b
a

(∫ d
c fXY (x, y)dy

)
dx,∫ d

c

(∫ b
a fXY (x, y)dx

)
dy.

(9.6)

Parathr ste ìti to diplì olokl rwma èqei grafeÐ, me dÔo diaforetikoÔc trìpouc,
wc dÔo diadoqik� apl�, me qr sh tou Jewr matoc tou Fubini.

4. Sthn genikìterh perÐptwsh ìmwc, to R mporeÐ na mhn eÐnai kleistì (opìte lamb�-
noume to olokl rwma sthn kleistìtht� tou),   na eÐnai ènwsh diakrit¸n qwrÐwn
(opìte prosjètoume ta antÐstoiqa oloklhr¸mata),   mporeÐ to olokl rwma na
up�rqei mìno wc kataqrhstikì.

5. Se k�je perÐptwsh, prèpei na upologÐsoume èna   perissìtera dipl� oloklhr¸-
mata, p�nta me qr sh tou Jewr matoc tou Fubini.
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(a)

(b)

Sq ma 9.5: (a) Mia apì koinoÔ puknìthta pijanìthtac fXY (x, y). (b) H pijanìthta P [(X, Y ) ∈ R]
to zeÔgoc (X, Y ) na eÐnai sto qwrÐo R dÐnetai apì ton ìgko tou skiasmènou stereoÔ pou brÐsketai
an�mesa sto gr�fhma thc fXY (x, y) kai to R.
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Sq ma 9.6: Kaj¸c ta ∆x,∆y → 0, to stereì pou dhmiourgeÐtai an�mesa sto gr�fhma thc fXY (x, y)
kai to orjog¸nio

[
x0 − ∆x

2
, x0 + ∆x

2

]
×
[
y0 − ∆y

2
, y0 + ∆y

2

]
teÐnei se èna orjog¸nio parallhlepÐpedo,

kai o ìgkoc tou isoÔtai, proseggistik�, me fXY (x0, y0)∆x∆y.

6. Arket� suqn�, o upologismìc thc pijanìthtac me thn mÐa mèjodo tou Jewr matoc
tou Fubini eÐnai arket� aploÔsteroc apì ton upologismì me thn �llh mèjodo.

7. Diaisjhtik�, h apì koinoÔ puknìthta sth jèsh (x0, y0) ekfr�zei thn pijanìthta
to zeÔgoc (X, Y ) na èqei timèc {kont�} sto (x0, y0). Pr�gmati, èstw pwc h
f(x, y) eÐnai suneq c sto (x0, y0). Tìte

P

(
x0 −

∆x

2
≤ X ≤ x0 +

∆x

2
, y0 −

∆y

2
≤ Y ≤ y0 +

∆y

2

)
= P

(
(X, Y ) ∈

[
x0 −

∆x

2
, x0 +

∆x

2

]
×
[
y0 −

∆y

2
, y0 +

∆y

2

])
=

∫∫
[x0−∆x/2,x0+∆x/2]×[y0−∆y/2,y0+∆y/2]

fXY (x0, y0)dydx ' fXY (x0, y0)∆x∆y,

ìpou to ' shmaÐnei ìti ìtan ta ∆x, ∆y teÐnoun sto 0, tìte to phlÐko twn dÔo
skel¸n arister� kai dexi� tou ' teÐnei sth mon�da. Autì prokÔptei apì mia
genÐkeush tou Jemeli¸douc Jewr matoc tou OloklhrwtikoÔ LogismoÔ stic 2
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diast�seic, kai exhgeÐtai diaisjhtik� sto Sq ma 9.6. Sunep¸c, ìso pio meg�lh
eÐnai h tim  thc puknìthtac, tìso pio pijanì eÐnai to zeÔgoc (X, Y ) na brejeÐ
{kont�} sto (x0, y0), an kai bèbaia h pijanìthta na p�rei akrib¸c thn tim  (x0, y0)
eÐnai mhdèn.

8. 'Opwc kai sthn perÐptwsh thc miac T.M.:

(aþ) An all�xoume thn puknìthta se peperasmèno pl joc shmeÐwn, den all�zei
to olokl rwm� thc se opoiod pote qwrÐo. 'Ara, èna zeÔgoc T.M. mporeÐ na
perigr�fetai epakrib¸c, ìson afor� thn pijanìthta na brÐsketai se k�poio
qwrÐo, apì perissìterec apì mia apì koinoÔ puknìthtec.

(bþ) Gia orismèna perÐploka qwrÐa R, to olokl rwma (9.5) den orÐzetai, akìma
kai an h fXY eÐnai polÔ apl , p.q., stajer . AgnooÔme to prìblhma.

(gþ) Opoiad pote sun�rthsh fXY (x, y) ≥ 0 èqei olokl rwma∫∫
R×R

fXY (x, y) dA = 1

mporeÐ na jewrhjeÐ puknìthta enìc zeÔgouc T.M.

Par�deigma 9.3. (Apl  puknìthta pijanìthtac) 'Estw pwc to zeÔgoc (X, Y ) èqei
thn apì koinoÔ puknìthta pijanìthtac

f(x, y) =

{
1
3(2x+ 4y), 0 ≤ x ≤ 1, 0 ≤ y ≤ 1,

0, alloÔ,

h opoÐa èqei sqediasteÐ sto Sq ma 9.7.

1. Ja upologÐsoume thn pijanìthta P
(
0 ≤ X ≤ 1

2 , 0 ≤ Y ≤ 1
2

)
.

2. Ja upologÐsoume thn pijanìthta P (0 < X < Y ).

Katarq n, parathroÔme pwc:∫∫
R×R

fXY (x, y) dA

=

∫∫
[0,1]×[0,1]

fXY (x, y) dA+

∫∫
([0,1]×[0,1])

′

fXY (x, y) dA =

∫∫
[0,1]×[0,1]

fXY (x, y) dA

=

∫∫
[0,1]×[0,1]

2x

3
dA+

∫∫
[0,1]×[0,1]

4y

3
dA =

∫ 1

0

2x

3

(∫ 1

0

dy

)
dx+

∫ 1

0

4y

3

(∫ 1

0

dx

)
dy

=

∫ 1

0

2x

3
dx+

∫ 1

0

4y

3
dy =

∫ 1

0

(
x2

3

)′
dx+

∫ 1

0

(
2y2

3

)′
dy =

1

3
+

2

3
= 1.
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0
0.5

1

0

0.5

1

0

0.5

1

1.5

2

xy

f X
Y

(x
,y

)

Sq ma 9.7: H puknìthta pijanìthtac tou ParadeÐgmatoc 9.3. Ektìc twn orÐwn 0 ≤ x ≤ 1, 0 ≤ y ≤ 1,
h puknìthta eÐnai 0, en¸ entìc eÐnai grammik  wc proc ta x, y.

Sthn pr¸th isìthta qrhsimopoi same to teleutaÐo skèloc tou Jewr matoc 9.1, kai
sthn deÔterh isìthta to ìti ektìc tou [0, 1] × [0, 1] h sun�rthsh eÐnai 0. Sthn trÐth
isìthta qrhsimopoi same thn grammikìthta tou diploÔ oloklhr¸matoc, sÔmfwna me to
Je¸rhma 9.1. Sthn deÔterh, efarmìsame to Je¸rhma tou Fubini gia k�je olokl rwma,
bg�zontac èxw apì k�je eswterikì olokl rwma suntelestèc pou den exart¸ntai apì
thn eswterik  metablht  olokl rwshc. To telikì apotèlesma anamenìtan.

Sthn pr¸th perÐptwsh, to qwrÐo eÐnai to

R1 =

{
(x, y) : 0 ≤ x ≤ 1

2
, 0 ≤ y ≤ 1

2

}
,

kai èqoume:

P

(
0 ≤ X ≤ 1

2
, 0 ≤ Y ≤ 1

2

)
=

∫∫
[0, 12 ]×[0, 12 ]

(
2x

3
+

4y

3

)
dA =

∫ 1
2

0

(∫ 1
2

0

(
2x

3
+

4y

3

)
dy

)
dx

=

∫ 1
2

0

[
2xy

3
+

2y2

3

] 1
2

0

dx =

∫ 1
2

0

(
x

3
+

1

6

)
dx =

∫ 1
2

0

(
x2

6
+
x

6

)′
dx =

1

8
.
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Sq ma 9.8: Oi ìgkoi twn stere¸n isoÔntai me tic pijanìthtec P
(
0 ≤ X ≤ 1

2
, 0 ≤ Y ≤ 1

2

)
kai P [(X <

Y ) tou ParadeÐgmatoc 9.3.
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Parathr ste ìti ed¸ epilèxame na mhn qrhsimopoi soume thn grammikìthta tou olo-
klhr¸matoc, kai ètsi efarmìsame to Je¸rhma tou Fubini mia for�. To stereì tou
opoÐou ton ìgko upologÐsame èqei sqediasteÐ sto Sq ma 9.8.

Sthn deÔterh perÐptwsh, to qwrÐo èqei trigwnikì sq ma, ekteÐnetai sto �peiro, kai
mporeÐ na perigrafeÐ wc

R = {(x, y) : 0 ≤ y <∞, 0 ≤ x ≤ y} .
'Omwc, ìpwc kai sthn prohgoÔmenh perÐptwsh, h sun�rthsh eÐnai mhdenik  ektìc tou
tetrag¸nou [0, 1] × [0, 1], �ra telik� arkeÐ na oloklhr¸soume sthn tom  twn dÔo
qwri¸n, pou perigr�fetai wc

R2 = {(x, y) : 0 ≤ y ≤ 1, 0 ≤ x ≤ y} .
Kat� ta gnwst� apì to Je¸rhma Fubini, èqoume:

P (X < Y ) =

∫ 1

0

(∫ y

0

(
2x

3
+

4y

3

)
dx

)
dy =

∫ 1

0

(∫ y

0

(
x2

3
+

4yx

3

)′
dx

)
dy

=

∫ 1

0

(
y2

3
+

4y2

3

)
dy =

5

3

∫ 1

0

y2 dy =
5

9

∫ 1

0

(y3)′ dy =
5

9
.

To stereì tou opoÐou ton ìgko upologÐsame faÐnetai skiasmèno sto Sq ma 9.8.

Par�deigma 9.4. (Puknìthta pijanìthtac pou ekteÐnetai sto �peiro) 'Estw pwc to
zeÔgoc (X, Y ) èqei thn apì koinoÔ puknìthta pijanìthtac

f(x, y) =
1

2
e−2|x|−|y|, x, y ∈ R,

h opoÐa èqei sqediasteÐ sto Sq ma 9.9. 'Opwc kai sto prohgoÔmeno par�deigma,

1. Ja upologÐsoume thn pijanìthta P
(
0 ≤ X ≤ 1

2 , 0 ≤ Y ≤ 1
2

)
.

2. Ja upologÐsoume thn pijanìthta P (0 < X < Y ).

Katarq n, parathroÔme pwc:∫∫
R×R

fXY (x, y) dA =

∫ ∞
−∞

(∫ ∞
−∞

1

2
e−2|x|−|y|

)
dx

=

∫ ∞
−∞

1

2
e−2|x|

(∫ ∞
−∞

e−|y| dy

)
dx =

∫ ∞
−∞

e−2|x| dx = 1.

Sthn trÐth isìthta qrhsimopoi same to ìti∫ ∞
−∞

e−|y| dy = 2

∫ ∞
0

e−y dy = 2
[
−e−y

]∞
0

= 2, (9.7)
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,y
)

Sq ma 9.9: H puknìthta pijanìthtac tou ParadeÐgmatoc 9.4. H puknìthta eÐnai jetik  pantoÔ sto
R× R.

en¸ sthn tètarth isìthta to ìti∫ ∞
−∞

e−2|x| dx = 2

∫ ∞
0

e−2x dx =
[
−e−2x

]∞
0

= 1. (9.8)

To telikì apotèlesma anamenìtan, kaj¸c h pijanìthta na p�rei to zeÔgoc (X, Y )
opoiad pote tim  prèpei na eÐnai mon�da. Sthn pr¸th perÐptwsh, to qwrÐo eÐnai to

R1 =

{
(x, y) : 0 ≤ x ≤ 1

2
, 0 ≤ y ≤ 1

2

}
,

kai èqoume:

P

(
0 ≤ X ≤ 1

2
, 0 ≤ Y ≤ 1

2

)
=

∫∫
[0, 12 ]×[0, 12 ]

(
e−2x−y

2

)
dA =

∫ 1
2

0

(∫ 1
2

0

e−2x−y

2
dy

)
dx =

∫ 1
2

0

e−2x

2

(∫ 1
2

0

e−y dy

)
dx

=

∫ 1
2

0

1

2
e−2x

[
−e−y

] 1
2

0
dx =

∫ 1
2

0

1

2
e−2x

(
1− e−1/2

)
dx =

1− e−1/2

2

∫ 1
2

0

e−2x dx

=
1− e−1

2

[
−1

2
e−2x

] 1
2

0

=
1

4
(1− e−1)(1− e−1/2).
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To stereì tou opoÐou ton ìgko upologÐsame èqei sqediasteÐ sto Sq ma 9.10.

Sthn deÔterh perÐptwsh, to qwrÐo mporeÐ na perigrafeÐ wc ex c:

R2 = {(x, y) : 0 ≤ y ≤ ∞, 0 ≤ x ≤ y},

Kat� ta gnwst� apì to Je¸rhma Fubini, èqoume:

P (0 < X < Y ) =

∫ ∞
0

(∫ y

0

1

2
e−2x−y dx

)
dy =

∫ ∞
0

1

2
e−y
(∫ y

0

e−2x dx

)
dy

=

∫ ∞
0

1

2
e−y
[
−e
−2x

2

]y
0

dy =

∫ ∞
0

1

2
e−y
(

1

2
− e−2y

)
dy

=

∫ ∞
0

(
1

4
e−y − 1

2
e−3y

)
dy =

[
−1

4
e−y +

1

6
e−3y

]∞
0

=
1

4
− 1

6
=

1

12
.

To stereì tou opoÐou ton ìgko upologÐsame faÐnetai skiasmèno sto Sq ma 9.10.

L mma 9.1. (Basikèc idiìthtec thc apì koinoÔ puknìthtac) 'Estw apì koinoÔ sune-
qeÐc T.M. me apì koinoÔ puknìthta fXY (x, y). IsqÔoun ta akìlouja:

1.

∫∫
R×R

f(x) dA = 1.

2. To orjog¸nio qwrÐo R me pleurèc x = a, x = b, y = c, y = d, ìpou a ≤ b, c ≤ d,
èqei pijanìthta

P ((X, Y ) ∈ R) =

∫∫
[a,b]×[c,d]

fXY (x, y) dA =


∫ b
a

(∫ d
c fXY (x, y)dy

)
dx,∫ d

c

(∫ b
a fXY (x, y)dx

)
dy,

anex�rthta apì to an kai pìsa apì ta oriak� tou shmeÐa an koun se autì   ìqi.

3. P (X = a, Y = b) = 0 gia opoiod pote zeÔgoc a, b ∈ R.

4. H X eÐnai suneq c me puknìthta

fX(x) =

∫ ∞
−∞

fXY (x, y) dy. (9.9)

5. H Y eÐnai suneq c me puknìthta

fY (y) =

∫ ∞
−∞

fXY (x, y) dx. (9.10)
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Sq ma 9.10: Oi ìgkoi twn stere¸n isoÔntai me tic pijanìthtec P
(
0 ≤ X ≤ 1

2
, 0 ≤ Y ≤ 1

2

)
kai

P (X < Y ) tou ParadeÐgmatoc 9.3.
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Apìdeixh. 1. ProkÔptei apì to gegonìc ìti h pijanìthta na p�rei to zeÔgoc (X, Y )
opoiad pote tim , pou isoÔtai me to dosmèno olokl rwma, prèpei na eÐnai mon�da.

2. ProkÔptei apì ton orismì (9.5).

3. ProkÔptei apì ton orismì (9.5).

4. Parathr ste pwc, gia opoiod pote A ⊆ R,

P (X ∈ A) = P (X ∈ A, Y ∈ R) =

∫∫
A×R

fXY (x, y) dA

=

∫
A

(∫
R
fXY (x, y) dy

)
dx⇒ P (X ∈ A) =

∫
A

(∫ ∞
−∞

fXY (x, y) dy

)
dx.

'Ara, br kame mia sun�rthsh fX(x) =
∫∞
−∞ fXY (x, y) dy h opoÐa lamb�nei mh

arnhtikèc timèc kai h opoÐa epiplèon èqei thn idiìthta, gia opoiod pote A ⊆ R,

P (X ∈ A) =

∫
A

fX(x) dx.

'Ara ex orismoÔ twn suneq¸n T.M., h X eÐnai suneq c, me puknìthta pou dÐnetai
apì thn (9.9).

5. ProkÔptei entel¸c an�loga me thn prohgoÔmenh perÐptwsh.

Orismìc 9.2. An oiX, Y eÐnai apì koinoÔ suneqeÐc, oi puknìthtèc touc fX(x), fY (y)
kaloÔntai perij¸riec puknìthtec pijanìthtac.

Par�deigma 9.5. Ja upologÐsoume tic perij¸riec puknìthtec tou ParadeÐgma-
toc 9.4. Me efarmog  twn (9.9), (9.10), èqoume:

fX(x) =

∫ ∞
−∞

e−2|x|−|y|

2
dy =

e−2|x|

2

∫ ∞
−∞

e−|y| dy = e−2|x|, x ∈ R,

fY (y) =

∫ ∞
−∞

e−2|x|−|y|

2
dx =

e−|y|

2

∫ ∞
−∞

e−2|x| dx =
e−|y|

2
, y ∈ R.

Stic �nw, qrhsimopoi same tic (9.7), (9.8). H perÐptwsh aut  eÐnai arket� apl , giatÐ
h apì koinoÔ puknìthta den eÐnai kladik , k�ti pou den sumbaÐnei suqn�. DeÐte to
akìloujo par�deigma gia mia k�pwc pio sÔnjeth perÐptwsh.
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x < 0 x > 10 ≤ x ≤ 1

y < 0

y > 1

0 ≤ y ≤ 1

(1, 0)(0, 0)

(0, 1) (1, 1)

x

y

R

Sq ma 9.11: Par�deigma 9.6: H apì koinoÔ puknìthta eÐnai mh mhdenik  sto qwrÐo R = [0, 1] ×
[0, 1]. Gia na upologÐsoume tic perij¸riec puknìthtec fX(x), fY (y), prèpei na oloklhr¸soume thn
apì koinoÔ kat� m koc eujei¸n kajètwn   orizontÐwn (antÐstoiqa), èqontac thn metablht  pou den
oloklhr¸netai, x   y antÐstoiqa, wc mia par�metro pou ja ephre�sei thn tim  tou oloklhr¸matoc
mèsw thc jèshc thc eujeÐac.

Par�deigma 9.6. Ja upologÐsoume tic perij¸riec puknìthtec tou ParadeÐgma-
toc 9.3. Gia na upologÐsoume thn fX(x), parathroÔme pwc an x < 0   x > 1, tìte
prokÔptei ìti fX(x) = 0. Pr�gmati, se aut  thn perÐptwsh h fX(x) isoÔtai me to
olokl rwma miac sun�rthshc pou eÐnai pantoÔ 0. An 0 ≤ x ≤ 1, tìte

fX(x) =

∫ ∞
−∞

fXY (x, y) dy =

∫ 1

0

(
2x

3
+

4y

3

)
dy

=
2x

3

∫ 1

0

dy +
4

6

∫ 1

0

(
y2
)′
dy =

2

3
(x+ 1).

DeÐte to Sq ma 9.11 gia tic treic peript¸seic. Sugkentrwtik�:

fX(x) =

{
2
3(x+ 1), x ∈ [0, 1],

0, x 6∈ [0, 1].

ParomoÐwc,

fY (y) =

{
1
3(4y + 1), y ∈ [0, 1],

0, y 6∈ [0, 1].
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9.3 Mèsh Tim  kai SundiakÔmansh

L mma 9.2. (Mèsh tim  sun�rthshc dÔo T.M.) 'Estw dÔo suneqeÐc T.M. X, Y , me
apì koinoÔ puknìthta pijanìthtac fXY (x, y).

1. 'Estw T.M. Z = g(X, Y ). H mèsh tim  thc isoÔtai me

E(Z) =

∫∫
R×R

g(x, y)fXY (x, y) dA =

∫ ∞
−∞

∫ ∞
−∞

g(x, y)fXY (x, y) dxdy.

2. E(aX + bY + c) = aE(X) + bE(Y ) + c.

3. Pio genik�, an èqoume K T.M. Zk = gk(X, Y ), k = 1, . . . , K, tìte

E

(
K∑
k=1

gk(X, Y )

)
=

K∑
k=1

E(gk(X, Y )).

Apìdeixh. 1. H apìdeixh eÐnai polÔplokh kai paraleÐpetai.

2. ParathroÔme pwc:

E(aX + bY + c)

=

∫ ∞
−∞

∫ ∞
−∞

(ax+ by + c)fXY (x, y) dxdy

= a

∫ ∞
−∞

∫ ∞
−∞

xfXY (x, y) dxdy + b

∫ ∞
−∞

∫ ∞
−∞

yfXY (x, y) dxdy

+c

∫ ∞
−∞

∫ ∞
−∞

fXY (x, y) dxdy

= a

∫ ∞
−∞

x

(∫ ∞
−∞

fXY (x, y) dy

)
dx+ b

∫ ∞
−∞

y

(∫ ∞
−∞

fXY (x, y) dx

)
dy + c

= a

∫ ∞
−∞

xfX(x) dx+ b

∫ ∞
−∞

yfY (y) dy + c

= aE(X) + bE(Y ) + c.

Sthn pr¸th isìthta qrhsimopoi same to pr¸to skèloc. Sthn deÔterh, th gram-
mikìthta tou diploÔ oloklhr¸matoc. Sthn trÐth, to ìti to olokl rwma thc apì
koinoÔ puknìthtac se ìlo to epÐpedo prèpei na isoÔtai me mon�da. Sthn tètarth,
tic (9.9) kai (9.10). Sthn pèmpth, ton orismì thc mèshc tim c gia tic sunart seic
mÐac metablht c. Parathr ste ìti h idiìthta ja mporoÔse enallaktik� na eÐqe
deiqjeÐ an epikaloÔmastan to pr¸to skèloc sto tèloc thc deÔterhc isìthtac.
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3.

E

(
K∑
k=1

gk(X, Y )

)
=

∫ ∞
−∞

∫ ∞
−∞

(
K∑
k=1

gk(X, Y )

)
fXY (x, y) dxdy

=
K∑
k=1

∫ ∞
−∞

∫ ∞
−∞

gk(X, Y )fXY (x, y) dxdy

=
K∑
k=1

E(gk(X, Y )).

Sthn deÔterh isìthta, qrhsimopoi same thn grammikìthta tou diploÔ oloklhr¸-
matoc. Sthn trÐth, to pr¸to skèloc.

Parat rhsh: To l mma mac epitrèpei na upologÐsoume mèsec timèc tuqaÐwn meta-
blht¸n me polÔ ligìtero kìpo se sqèsh me thn perÐptwsh pou qrhsimopoioÔsame ton
orismì thc mèshc tim c. DeÐte to akìloujo par�deigma.

Par�deigma 9.7. Gia tic T.M. X, Y tou ParadeÐgmatoc 9.3 èqoume

E(XY ) =

∫ ∞
−∞

∫ ∞
−∞

xyfXY (x, y) dxdy =
1

3

∫ 1

0

(∫ 1

0

xy(2x+ 4y) dy

)
dx

=
1

3

∫ 1

0

(∫ 1

0

(
x2y2 +

4

3
xy3

)′
dy

)
dx =

1

3

∫ 1

0

(
x2 +

4x

3

)
dx

=
1

3

∫ 1

0

(
x3

3
+

2x2

3

)′
dx =

1

3

(
1

3
+

2

3

)
=

1

3
.

QwrÐc qr sh tou �nw l mmatoc, gia na upologÐsoume thn mèsh tim  E(Z) thc T.M.
Z , XY , ja èprepe

1. na upologÐsoume thn katanom  FZ(z) = P (Z ≤ z) = P (XY ≤ z), mèsw tou
diploÔ oloklhr¸matoc

P (XY ≤ z) =

∫∫
xy≤z

fXY (x, y) dA =

∫∫
xy≤z, 0≤x,y≤1

(
2x

3
+

4y

3

)
dA.

2. na upologÐsoume thn puknìthta thc Z, me qr sh thc sqèshc fZ(z) = F ′Z(z), kai

3. katìpin na efarmìsoume ton orismì thc mèshc tim c E(Z) =
∫∞
−∞ zfZ(z) dz.

H diadikasÐa ja  tan polÔ pio makroskel c (idiaÐtera to pr¸to b ma).



9.3. M�ESH TIM�H KAI SUNDIAK�UMANSH 237

Orismìc 9.3. H sundiakÔmansh COV(X, Y ) metaxÔ dÔo suneq¸n T.M. X, Y orÐ-
zetai wc:

COV(X, Y ) , E
[(
X − E(X)

)(
Y − E(Y )

)]
.

Parat rhsh: Mia pr¸th diaisjhtik  ermhneÐa thc sundiakÔmanshc eÐnai pwc, ì-
tan COV(X, Y ) > 0, tìte oi dÔo T.M. X, Y teÐnoun na paÐrnoun kai oi dÔo tau-
tìqrona {meg�lec} timèc,   kai oi dÔo tautìqrona {mikrèc} timèc. AntÐstoiqa, ìtan
COV(X, Y ) < 0, tìte ìtan h mÐa T.M. paÐrnei meg�lec timèc h �llh teÐnei na paÐr-
nei mikrèc timèc. 'Ara h sundiakÔmansh COV(X, Y ) parèqei mia pr¸th èndeixh gia th
sqèsh an�mesa stic X, Y .

L mma 9.3. (Idiìthtec sundiakÔmanshc) 'Estw X, Y suneqeÐc T.M.

1. COV(X,X) = VAR(X).

2. COV(X,−X) = −VAR(X).

3.
COV(X, Y ) = E(XY )− E(X)E(Y ). (9.11)

4.
VAR(X + Y ) = VAR(X) + VAR(Y ) + 2COV(X, Y ). (9.12)

Apìdeixh. H apìdeixh eÐnai Ðdia me thn apìdeixh gia thn diakrit  perÐptwsh, kai sunep¸c
paraleÐpetai.

Par�deigma 9.8. Gia tic T.M. X, Y tou ParadeÐgmatoc 9.3 èqoume, qrhsimopoi¸n-
tac tic perij¸riec puknìthtec pou br kame sto Par�deigma 9.6:

E(X) =

∫ ∞
−∞

xfX(x) dx =

∫ 1

0

x
2

3
(x+ 1) dx =

∫ 1

0

(
2x3

9
+
x2

3

)′
dx =

2

9
+

1

3
=

5

9
.

ParomoÐwc,

E(Y ) =

∫ ∞
−∞

yfY (y) dy =

∫ 1

0

y
1

3
(4y + 1) dy

=

∫ 1

0

1

3

(
4y3

3
+
y2

2

)′
dy =

1

3

(
4

3
+

1

2

)
=

11

18
.

Tèloc, sto Par�deigma 9.7 br kame pwc E(XY ) = 1
3 , �ra telik�

COV(X, Y ) = E(XY )− E(X)E(Y ) =
1

3
− 5

9
× 11

18
= − 1

162
.
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9.4 Anex�rthtec SuneqeÐc TuqaÐec Metablhtèc

Orismìc 9.4. (ZeÔgh anex�rthtwn suneq¸n T.M.) DÔo suneqeÐc T.M. X, Y ka-
loÔntai anex�rthtec an gia opoiad pote uposÔnola A,B ⊆ R isqÔei

P (X ∈ A, Y ∈ B) = P (X ∈ A)P (Y ∈ B). (9.13)

Parat rhsh: 'Opwc kai sthn perÐptwsh twn diakrit¸n T.M., dÔo T.M. eÐnai ane-
x�rthtec an dÔo opoiad pote endeqìmena pou aforoÔn to kajèna apokleistik� th mÐa
apì tic dÔo T.M. eÐnai anex�rthta. H anexarthsÐa loipìn kai twn suneq¸n T.M. eÐnai
�mesa sqetismènh me thn anexarthsÐa twn endeqìmenwn.

L mma 9.4. (Krit rio anexarthsÐac T.M.)

1. DÔo suneqeÐc T. M. X, Y , me apì koinoÔ puknìthta fXY (x, y) kai perij¸riec
puknìthtec fX(x), fY (y) eÐnai anex�rthtec an

fXY (x, y) = fX(x)fY (y), ∀x, y ∈ R. (9.14)

2. An dÔo T.M. X, Y , me puknìthtec, antistoÐqwc, fX(x), fY (y), eÐnai anex�rth-
tec, tìte mporoÔme na jèsoume wc apì koinoÔ puknìtht� touc thn fXY (x, y) =
fX(x)fY (y).

Apìdeixh. Ja apodeÐxoume mìno to pr¸to skèloc. 'Estw pwc isqÔei h (9.14) kai èstw
dÔo endeqìmena A,B ⊆ R. ParathroÔme pwc

P (X ∈ A, Y ∈ B) =

∫∫
A×B

fXY (x, y) dA =

∫
A

(∫
B

fX(x)fY (y) dy

)
dx

=

∫
A

fX(x)

(∫
B

fY (y) dy

)
dx

=

(∫
B

fY (y) dy

)(∫
A

fX(x) dx

)
= P (X ∈ A)P (Y ∈ B).

H deÔterh isìthta proèkuye apì efarmog  tou Jewr matoc tou Fubini (se mia pio
genik  morf  apì aut  pou èqoume dei) kai thn upìjesh, en¸ h trÐth kai h tètarth
bg�zontac stajerèc ektìc oloklhrwm�twn.

Parat rhsh: MporeÐ dÔo T.M. na eÐnai anex�rthtec qwrÐc h apì koinoÔ touc
puknìthta na ikanopoieÐ thn (9.14). Gia na katal�bete giatÐ, skefteÐte wc ex c: 'Estw
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dÔo T.M. X, Y gia tic opoÐec h (9.14) ikanopoieÐtai, opìte oi T.M. eÐnai anex�rthtec.
An all�xoume thn apì koinoÔ puknìthta se èna mìno shmeÐo, tìte to krit rio den
ikanopoieÐtai plèon, ìmwc oi X, Y suneqÐzoun na eÐnai anex�rthtec, afoÔ h allag 
thc apì koinoÔ puknìthtac se èna shmeÐo den mporeÐ na ephre�sei ton upologismì
tou oloklhr¸matoc thc se kanèna sÔnolo, �ra kai tic timèc twn pijanot twn pou
emfanÐzontai sta dÔo skèlh thc (9.13).

Par�deigma 9.9. Ja exet�soume kat� pìson oi X, Y tou ParadeÐgmatoc 9.3 eÐnai
anex�rthtec. ParathroÔme katarq n, pwc up�rqoun zeÔgh tim¸n twn x, y gia ta opoÐa
den isqÔei h (9.14) (mporeÐte na breÐte merik�?). 'Ara, den mporoÔme na qrhsimopoi -
soume to L mma 9.4.

ParathroÔme epÐshc pwc h sundiakÔmansh, pou èqoume upologÐsei sto Par�deigma
9.8, den eÐnai mhdenik , �ra apì to �nw l mma prokÔptei pwc oi X, Y den mporeÐ na
eÐnai anex�rthtec.

Enallaktik�, ja mporoÔsame na qrhsimopoi soume tic perij¸riec puknìthtec twn
X, Y , pou èqoun brejeÐ sto Par�deigma 9.6, wc ex c:

P

(
0 ≤ X ≤ 1

2

)
=

∫ 1
2

0

2

3
(x+ 1) dx =

2

3

[
x2

2
+ x

] 1
2

0

=
2

3
×
[

1

8
+

1

2

]
=

5

12
,

P

(
0 ≤ Y ≤ 1

2

)
=

∫ 1
2

0

1

3
(4y + 1) dx =

1

3

[
2y2 + y

] 1
2

0
=

1

3
×
[

1

2
+

1

2

]
=

1

3
.

Epomènwc,

P

(
0 ≤ X ≤ 1

2

)
P

(
0 ≤ Y ≤ 1

2

)
=

5

36
6= 1

8
= P

(
0 ≤ X ≤ 1

2
, 0 ≤ X ≤ 1

2

)
.

H tim  thc pijanìthtac P
(
0 ≤ X ≤ 1

2 , 0 ≤ X ≤ 1
2

)
èqei upologisteÐ sto Par�deig-

ma 9.3. 'Ara, apì ton orismì thc anexarthsÐac prokÔptei ìti oi X, Y den eÐnai anex�r-
thtec, afoÔ den isqÔei h (9.13) gia A = B =

[
0, 1

2

]
.

Par�deigma 9.10. Oi X, Y tou ParadeÐgmatoc 9.4, twn opoÐwn oi perij¸riec
puknìthtec èqoun upologisteÐ sto Par�deigma 9.5, eÐnai anex�rthtec, afoÔ ikanopoioÔn
thn (9.14).

L mma 9.5. (Idiìthtec anex�rthtwn suneq¸n T.M.) 'Estw X, Y anex�rthtec sune-
qeÐc T.M.

1. 'Estw sunart seic g : R→ R, kai h : R→ R. Ja isqÔei

E(g(X)h(Y )) = E(g(X))E(h(Y ))).
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Eidik  perÐptwsh thc �nw eÐnai h

E(XY ) = E(X)E(Y ).

2. COV(X, Y ) = 0.

3. VAR(X + Y ) = VAR(X) + VAR(Y ).

Apìdeixh. 1. Efarmìzontac to L mma 9.2 èqoume:

E(g(X)h(Y )) =

∫ ∞
−∞

∫ ∞
−∞

g(x)h(y)fXY (x, y) dxdy

=

∫ ∞
−∞

∫ ∞
−∞

g(x)h(y)fX(x)fY (y) dxdy

=

(∫ ∞
−∞

g(x)fX(x) dx

)(∫ ∞
−∞

h(y)fY (y) dy

)
.

H deÔterh isìthta prokÔptei apì thn upìjesh thc anexarthsÐac. H trÐth bg�-
zontac stajerèc èxw apì oloklhr¸mata.

2. ProkÔptei �mesa apì to prohgoÔmena skèloc kai thn efarmog  thc (9.11).

3. ProkÔptei �mesa apì to prohgoÔmeno skèloc kai thn efarmog  thc (9.12).

Orismìc 9.5. (Asusqètistec T.M.) DÔo suneqeÐc T.M. X, Y , eÐnai asusqètistec
an h sundiakÔmans  touc COV(X, Y ) eÐnai mhdenik , dhlad  COV(X, Y ) = 0.

Parat rhsh: MporeÐ na deiqteÐ ìti dÔo asusqètistec T.M. mporeÐ na mhn eÐnai
anex�rthtec, ìpwc kai sth diakrit  perÐptwsh.



9.5. PARADE�IGMATA 241

9.5 ParadeÐgmata

Par�deigma 9.11. O StaÔroc kai o Gi�nnhc èqoun d¸sei ranteboÔ se èna mpar,
gia tic 03:00 p.m. 'Estw X, Y oi qrìnoi kajustèrhs c touc, se ¸rec. Upojètoume
ìti oi T.M. X, Y eÐnai anex�rthtec h mia apì thn �llh, kai epiplèon eÐnai omoiìmorfa
katanemhmènec apì to 0 wc to 1. Ja apant soume ta akìlouja erwt mata:

1. Poia eÐnai h pijanìthta h diafor� stouc qrìnouc afÐxewn se apìluth tim , dhlad 
to |X − Y |, na eÐnai k�tw apì 0.5 ¸rec?

2. Pìsh eÐnai h mèsh tim  thc diafor�c twn qrìnwn �fixhc se apìluth tim ? Me
�lla lìgia, kat� mèso ìro pìso ja perimènei o pr¸toc pou ja èrjei ton deÔtero?

3. Gia na touc apotrèpei na argoÔn, o mp�rman touc qre¸nei sto logariasmì, ektìc
apì ta pot�, kai èna kìstoc 20X + 10Y Eur¸. Kat� mèso ìro, pìso plhr¸noun
k�je for� ston mp�rman lìgw thc kajustèrhs c touc?

4. Poia eÐnai h pijanìthta na plhr¸soun p�nw apì 20 Eur¸ kìstoc kajustèrhshc?

5. Pìsh eÐnai h sundiakÔmansh COV(X, Y )?

Gia na apant soume ta erwt mata, parathroÔme katarq n pwc oi perij¸riec kata-
nomèc eÐnai oi

fX(x) =

{
1, x ∈ [0, 1],

0, x 6∈ [0, 1],
fY (y) =

{
1, y ∈ [0, 1],

0, y 6∈ [0, 1],

kai qrhsimopoi¸ntac thn upìjesh thc anexarthsÐac mporoÔme na broÔme thn apì koinoÔ
puknìthta:

fXY (x, y) = fX(x)fY (y) =

{
1, (x, y) ∈ R = [0, 1]× [0, 1],

0, (x, y) 6∈ [0, 1]× [0, 1].

'Eqontac thn apì koinoÔ katanom , mporoÔme na apant soume ta �nw erwt mata:

1.

P

(
|X − Y | < 1

2

)
=

∫∫
|x−y|<1/2

fXY (x, y) dA =

∫∫
|x−y|<1/2, 0≤x,y≤1

1 dA.

Sth deÔterh isìthta l�bame up' ìyin ìti h oloklhrwtèa sun�rthsh eÐnai mhdèn
ektìc tou tetrag¸nou [0, 1] × [0, 1], kai Ðsh me th mon�da entìc. To qwrÐo A =
{(x, y) : |x − y| < 1

2 , 0 ≤ x, y ≤ 1} èqei sqediasteÐ sto Sq ma 9.12. Epeid 
h oloklhrwtèa sun�rthsh isoÔtai me th mon�da, to olokl rwma isoÔtai me to
embadìn tou A, pou eÐnai 3

4 . 'Ara, me pijanìthta
3
4 h anamon  tou pr¸tou gia thn

�fixh tou deÔterou den ja xeper�sei thn mis  ¸ra.
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2. Kat� ta gnwst� apì th jewrÐa,

E(|X − Y |) =

∫∫
R×R
|x− y|fXY (x, y) dA =

∫∫
[0,1]×[0,1]

|x− y| dA

=

∫∫
R1

(x− y) dA+

∫∫
R2

(y − x) dA,

ìpou

R1 = {0 ≤ x ≤ 1, 0 ≤ y ≤ x} , R2 = {0 ≤ x ≤ 1, x ≤ y ≤ 1} .

to pr¸to ek twn �nw oloklhrwm�twn upologÐzetai wc ex c:∫∫
R1

(x− y) dA =

∫ 1

0

(∫ x

0

(x− y) dy

)
dx =

∫ 1

0

[
xy − y2

2

]x
0

dx

=

∫ 1

0

x2

2
dx =

[
x3

6

]1

0

=
1

6
.

To deÔtero olokl rwma mporeÐ na upologisteÐ parìmoia,   enallaktik� parath-
roÔme pwc lìgw summetrÐac prèpei an isoÔtai me to pr¸to. Telik�,

E(|X − Y |) =
1

3
.

3. H mèsh tim  tou kìstouc eÐnai eÔkolo na upologisteÐ:

E(Z) = E(20X + 10Y ) = 20E(X) + 10E(Y ) = 20× 1

2
+ 10× 1

2
= 15.

4. UpologÐzoume thn pijanìthta P (Z > 20) wc ex c:

P (Z > 20) = P (20X + 10Y > 20) = P (2X + Y > 2)

=

∫∫
2x+y>2

fXY (x, y) dA =

∫∫
2x+y>2, 0≤x,y≤1

1 dA.

Kai to qwrÐo B = {(x, y) : 2x + y > 2, 0 ≤ x, y ≤ 1} emfanÐzetai skiasmèno
sto Sq ma 9.12. To embadìn tou eÐnai 1

4 , �ra, epeid  h puknìthta eÐnai stajer 
kai Ðsh me th mon�da, èqoume P (Z > 20) = 1

4 .

5. AfoÔ oi X, Y eÐnai anex�rthtec, h sundiakÔmansh COV(X, Y ) = 0.
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Sq ma 9.12: Ta qwrÐa tou ParadeÐgmatoc 9.11. H apì koinoÔ puknìthta eÐnai mon�da entìc tou
tetrag¸nou R = {(x, y) : 0 ≤ x, y ≤ 1}, kai mhdenik  ektìc.
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Par�deigma 9.12. 'Estw t¸ra pwc o StaÔroc kai o Gi�nnhc ft�noun se tuqaÐouc
qrìnouc X kai Y antÐstoiqa, gia touc opoÐouc gnwrÐzoume ìti h apì koinoÔ puknìthta
pijanìthtac eÐnai h

fXY (x, y) =

{
cx(1− y), (x, y) ∈ [0, 1]× [0, 1],

0, (x, y) 6∈ [0, 1]× [0, 1].

Ja apant soume ta akìlouja erwt mata:

1. Poia eÐnai h tim  thc stajer�c c?

2. Poiec eÐnai oi perij¸riec puknìthtec twn X, Y ?

3. EÐnai oi T.M. X, Y anex�rthtec?

4. Pìsh eÐnai h sundiakÔmansh COV(X, Y )?

5. Pìsh eÐnai h pijanìthta P (X ≤ Y )?

'Eqoume:

1. Ja qrhsimopoi soume to gegonìc ìti to olokl rwma thc puknìthtac se ìlo to
epÐpedo prèpei na isoÔtai me th mon�da. 'Eqoume∫∫

R×R

fXY (x, y) dA = c

∫ 1

0

(∫ 1

0

x(1− y) dx

)
dy

= c

∫ 1

0

(1− y)

(∫ 1

0

x dx

)
dy

= c

(∫ 1

0

x dx

)(∫ 1

0

(1− y) dy

)
= c× 1

2
× 1

2
,

sunep¸c prèpei c = 4. H puknìthta èqei sqediasteÐ sto Sq ma 9.13.

2. Kat� ta gnwst� apì th jewrÐa,

fX(x) =

∫ ∞
−∞

fXY (x, y) dy.

Profan¸c ìtan x > 1   x < 0, to �nw olokl rwma eÐnai mhdèn, giatÐ tìte h
oloklhrwtèa sun�rthsh eÐnai pantoÔ mhdenik .

Sthn perÐptwsh pou 0 ≤ x ≤ 1, èqoume:

fX(x) =

∫ ∞
−∞

fXY (x, y) dy =

∫ 1

0

4x(1− y) dy = 4x

∫ 1

0

(1− y) dy = 2x.



9.5. PARADE�IGMATA 245

0
0.5

1

0

0.5

1

0

1

2

3

4

xy

f X
Y

(x
,y

)

Sq ma 9.13: H puknìthta pijanìthtac fXY (x, y) tou ParadeÐgmatoc 9.12.

'Ara, sugkentrwtik�

fX(x) =

{
2x, x ∈ [0, 1],

0, x 6∈ [0, 1].

ParomoÐwc, h perij¸ria fY (y) = 0 ìtan y 6∈ [0, 1], en¸ ìtan y ∈ [0, 1] èqoume:

fY (y) =

∫ ∞
−∞

fXY (x, y) dx =

∫ 1

0

4x(1− y) dx = (1− y)

∫ 1

0

4x dx = 2(1− y),

kai sugkentrwtik� fY (y) =

{
2(1− y), y ∈ [0, 1],

0, y 6∈ [0, 1].

Gia na katano sete kalÔtera ton upologismì twn perijwrÐwn puknot twn, mpo-
reÐte na deÐte to Sq ma 9.11, pou efarmìzetai wc èqei kai se autì to par�deigma.

3. Gia k�je zeÔgoc (x, y) ∈ R× R, isqÔei ìti fXY (x, y) = fX(x)fY (y). (Exet�ste
tic sunolik� 9 peript¸seic gia na sigoureuteÐte.) 'Ara oi X, Y eÐnai anex�rthtec.

4. AfoÔ oi X, Y eÐnai anex�rthtec, h sundiakÔmansh COV(X, Y ) = 0.
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Sq ma 9.14: O ìgkoc tou stereoÔ isoÔtai me thn P [X ≤ Y ] tou ParadeÐgmatoc 9.12.

5.

P (X ≤ Y ) =

∫∫
(x,y):x≤y

fXY (x, y) dA =

∫ 1

0

(∫ y

0

4x(1− y) dx

)
dy

= 4

∫ 1

0

(
(1− y)

∫ y

0

x dx

)
dy = 4

∫ 1

0

(1− y)
y2

2
dy

= 4

∫ 1

0

(
y3

6
− y4

8

)′
dy = 4

(
1

6
− 1

8

)
=

1

6
.

Sto Sq ma 9.14 èqoume sqedi�sei to stereì tou opoÐou o ìgkoc antistoiqeÐ me
thn �nw pijanìthta.

Par�deigma 9.13. 'Estw, tèloc, pwc o StaÔroc kai o Gi�nnhc ft�noun se tuqaÐouc
qrìnouc X kai Y antÐstoiqa, gia touc opoÐouc gnwrÐzoume ìti

fXY (x, y) =

{
cx(1− y), 0 ≤ x, y ≤ 1, x+ y ≤ 1,

0, alloÔ.

1. Poia eÐnai h tim  thc stajer�c c?

2. Poiec eÐnai oi perij¸riec puknìthtec twn X, Y ?
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Sq ma 9.15: H puknìthta pijanìthtac tou ParadeÐgmatoc 9.13.

3. EÐnai oi T.M. X, Y anex�rthtec?

4. Pìsh eÐnai h sundiakÔmansh COV(X, Y )?

'Eqoume, kat� perÐptwsh:

1. Kai p�li, prèpei to olokl rwma thc fXY (x, y) sto R×R na eÐnai mon�da. 'Omwc,∫∫
R×R

fXY (x, y) dA

=

∫ 1

0

(∫ 1−y

0

cx(1− y) dx

)
dy =

∫ 1

0

(
c(1− y)

∫ 1−y

0

x dx

)
dy

=

∫ 1

0

c(1− y)
(1− y)2

2
dy = c

∫ 1

0

(
−(1− y)4

8

)′
dy =

c

8
.

'Ara telik� c = 8. H puknìthta èqei sqediasteÐ sto Sq ma 9.15.

2. 'Otan x 6∈ [0, 1], èqoume fX(x) = 0. An x ∈ [0, 1],

fX(x) =

∫ ∞
−∞

fXY (x, y) dy =

∫ 1−x

0

8x(1− y) dy

= 8x

∫ 1−x

0

(1− y) dy = −8x

∫ 1−x

0

(
(1− y)2

2

)′
dy = 4x(1− x2),
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x < 0 x > 10 ≤ x ≤ 1

y < 0

y > 1

0 ≤ y ≤ 1

(1, 0)(0, 0)

(0, 1)

x

y

R

Sq ma 9.16: Par�deigma 9.13: H apì koinoÔ puknìthta eÐnai mh mhdenik  sto qwrÐo R. Gia na
upologÐsoume tic perij¸riec puknìthtec fX(x), fY (y), prèpei na oloklhr¸soume thn apì koinoÔ kat�
m koc eujei¸n kajètwn   orizontÐwn (antÐstoiqa), èqontac thn metablht  pou den oloklhr¸netai, x
  y antÐstoiqa, wc mia par�metro pou ja ephre�sei thn tim  tou oloklhr¸matoc mèsw thc jèshc thc
eujeÐac.

kai sugkentrwtik�

fX(x) =

{
4x(1− x2), x ∈ [0, 1],

0, x 6∈ [0, 1].

Parìmoia, an y 6∈ [0, 1], tìte fY (y) = 0. An y ∈ [0, 1], tìte

fY (y) =

∫ ∞
−∞

fXY (x, y) dx =

∫ 1−y

0

8x(1− y) dx

= 4(1− y)

∫ 1−y

0

(x2)′ dx = 4(1− y)3.

Telik�,

fY (y) =

{
4(1− y)3, y ∈ [0, 1],

0, y 6∈ [0, 1].

Sto Sq ma 9.16 èqoume sqedi�sei to qwrÐo R sto opoÐo h fXY (x, y) eÐnai mh
mhdenik , kaj¸c kai tic di�forec eujeÐec p�nw stic opoÐec upologÐsame to (a-
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plì) olokl rwma thc apì koinoÔ puknìthtac, prokeimènou na upologÐsoume tic
perij¸riec puknìthtec.

3. EÔkola diapist¸noume ìti up�rqoun zeÔgh (x, y) gia ta opoÐa

fXY (x, y) 6= fX(x)fY (y).

Par�deigma enìc tètoiou zeÔgouc tim¸n eÐnai oi x = y = 3
4 , gia to opoÐo to

aristerì skèloc eÐnai 0, en¸ to dexÐ jetikì. 'Ara to krit rio tou L mmatoc 9.4
den mporeÐ na qrhsimopoihjeÐ.

MporoÔme m�lista na diapist¸soume pwc oi X, Y den eÐnai anex�rthtec parath-
r¸ntac ìti, en¸ profan¸c

P

(
1

2
≤ X ≤ 1

)
> 0, P

(
1

2
≤ Y ≤ 1

)
> 0,

èqoume

P

(
1

2
≤ X ≤ 1,

1

2
≤ Y ≤ 1

)
=

∫∫
1
2≤x,y≤1

0 dA = 0,

�ra h sunj kh (9.13) den ikanopoieÐtai gia A = B =
[

1
2 , 1
]
.

4. AfoÔ oi X, Y , den eÐnai anex�rthtec, h sundiakÔmansh endeqomènwc na mhn eÐnai
mhdenik , kai prèpei na upologisteÐ. 'Eqoume:

E(X) =

∫ ∞
−∞

xfX(x) dx =

∫ 1

0

4x2(1− x2) dx = 4

∫ 1

0

(
1

3
x3 − 1

5
x5

)′
dx

= 4

[
1

3
x3 − 1

5
x5

]1

0

=
8

15
,

E(Y ) =

∫ 1

0

yfY (y) dy = 4

∫ 1

0

y(1− y)3 dy

= 4

∫ 1

0

(y − 3y2 + 3y3 − y4) dy = 4

∫ 1

0

(
1

2
y2 − y3 +

3

4
y4 − 1

5
y5

)′
dy

= 4

[
1

2
y2 − y3 +

3

4
y4 − 1

5
y5

]1

0

=
1

5
,
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E(XY ) =

∫∫
R×R

xyfXY (x, y) dA =

∫∫
0≤x,y≤1, x+y≤1

8x2(1− y)y dA

=

∫ 1

0

(∫ 1−x

0

8x2(1− y)y dy

)
dx =

∫ 1

0

8x2

(∫ 1−x

0

(y − y2) dy

)
dx

=

∫ 1

0

8x2

(∫ 1−x

0

(
y2

2
− y3

3

)′
dy

)
dx =

∫ 1

0

8x2

[
y2

2
− y3

3

]1−x

0

dx

=

∫ 1

0

8x2

(
1

2
(1− x)2 − 1

3
(1− x)3

)
dx

=

∫ 1

0

4

3
x2
(
2x3 − 3x2 + 1

)
dx =

∫ 1

0

(
8

3
x5 − 4x4 +

4

3
x2

)
dx

=

∫ 1

0

(
4

9
x6 − 4

5
x5 +

4

9
x3

)′
dx =

[
4

9
x6 − 4

5
x5 +

4

9
x3

]1

0

=
4

45
,

kai telik�

COV(X, Y ) = E(XY )− E(X)E(Y ) =
4

45
− 8

15
× 1

5
= − 4

225
.

Par�deigma 9.14. (Sunèlixh) 'Estw dÔo anex�rthtec suneqeÐc T.M. X, Y me pu-
knìthtec fX(x), fY (y) kai me apì koinoÔ puknìthta (dedomènhc thc anexarthsÐac touc)
thn fXY (x, y) = fX(x)fY (y). H puknìthta tou ajroÐsmatìc touc, èstw Z = X + Y ,
isoÔtai me

fZ(z) =

∫ ∞
−∞

fX(t)fY (z − t) dt.

(H pio p�nw èkfrash eÐnai h suneq c morf  thc sunèlixhc dÔo sunart sewn. Thn
sunant�me polÔ suqn� sthn epexergasÐa s matoc. Gia par�deigma, o  qoc pou ft�-
nei sto autÐ sac apì to stereofwnikì sac eÐnai h sunèlixh thc kumatomorf c pou
eÐnai apojhkeumènh sto ìpoio mèso apoj keushc (CD, ktl.) kai miac sun�rthshc pou
enswmat¸nei tic rujmÐseic tou equalizer sac, ta qarakthristik� tou dwmatÐou pou
brÐskeste, th sumperifor� twn auti¸n sac, k.o.k.)

Gia na apodeÐxoume thn �nw sqèsh, ja upologÐsoume pr¸ta thn katanom  thc Z.
'Eqoume:

FZ(z) = P (Z ≤ z) = P (X + Y ≤ z)

=

∫∫
(x,y):x+y≤z

fXY (x, y) dA =

∫ ∞
−∞

(∫ z−x

−∞
fX(x)fY (y) dy

)
dx

=

∫ ∞
−∞

fX(x)

(∫ z−x

−∞
fY (y) dy

)
dx =

∫ ∞
−∞

fX(x)FY (z − x) dx.
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ParagwgÐzontac, prokÔptei telik�

fZ(z) = F ′Z(z) =
d

dz

(∫ ∞
−∞

fX(x)FY (z − x) dx

)
=

∫ ∞
−∞

fX(x)F ′Y (z − x) dx =

∫ ∞
−∞

fX(t)fY (z − t) dt.

Sthn trÐth isìthta, all�xame thn seir� thc olokl rwshc kai thc parag¸gishc (sthn
sugkekrimènh perÐptwsh ikanopoioÔntai oi sunj kec pou epitrèpoun aut  thn enalla-
g .) Sthn tètarth isìthta all�xame thn metablht  olokl rwshc apì x se t.

Par�deigma 9.15. (El�qisto kai mègisto) 'Estw oi anex�rthtec suneqeÐc T.M. X,
Y me katanomèc FX(x), FY (y) kai puknìthtec fX(x), fY (y). 'Estw epÐshc oi suneqeÐc
T.M.W = max{X, Y } kai V = min{X, Y }. Ja upologÐsoume tic katanomèc FW (w),
FV (v) kai tic puknìthtec fW (w), fV (v), twn W kai V , sunart sei twn FX(x), FY (y)
kai fX(x), fY (y).

Gia na broÔme thn katanom  thc W , qrhsimopoi¸ntac to gegonìc ìti oi X, Y eÐnai
anex�rthtec, èqoume

FW (w) = P (W ≤ w) = P
(
{X ≤ w} ∩ {Y ≤ w}

)
= P (X ≤ w)P (Y ≤ w) = FX(w)FY (w).

ParagwgÐzontac,
fW (w) = fX(w)FY (w) + FX(w)fY (w).

ParomoÐwc, gia na broÔme thn sun�rthsh katanom c thc V èqoume:

FV (v) = P (V ≤ v) = 1− P (V > v) = 1− P
(
{X > v} ∩ {Y > v}

)
= 1− P (X > v)P (Y > v) = 1− (1− FX(v))(1− FY (v)).

ParagwgÐzontac:

fV (v) = fX(v)(1− FY (v)) + fY (v)(1− FX(v)).

'Ola ta apotelèsmata èqoun diaisjhtik  ex ghsh. MporeÐte na th breÐte?
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9.6 Pollèc SuneqeÐc TuqaÐec Metablhtèc

'Opwc kai sthn perÐptwsh twn diakrit¸n T.M., h jewrÐa pou èqoume anaptÔxei mèqri
t¸ra epekteÐnetai kai sthn perÐptwsh perissìterwn apì dÔo suneq¸n T.M. Se aut 
thn par�grafo parousi�zoume sunoptik� thn epèktash thc jewrÐac, kai merik� qr sima
apotelèsmata thc. ParaleÐpoume ìlec tic apodeÐxeic, kaj¸c eÐnai an�logec me autèc
thc perÐptwshc twn dÔo T.M.

Orismìc 9.6. 'Ena pl joc n T.M. X1, . . . , Xn kaloÔntai apì koinoÔ suneqeÐc ì-
tan up�rqei mia sun�rthsh fX1...Xn

(x1, . . . , xn) : Rn → [0,∞), thn opoÐa kaloÔme
apì koinoÔ sun�rthsh puknìthtac pijanìthtac,   apì koinoÔ puknìthta, tètoia ¸ste
gia opoiod pote qwrÐo R ⊆ Rn, na isqÔei ìti

P [(X1, . . . , Xn) ∈ R] =

∫
· · ·
∫

R

fX1...Xn
(x1, . . . , xn) dx1 . . . dxn. (9.15)

L mma 9.6. (Idiìthtec apì koinoÔ puknìthtac) 'Estw n apì koinoÔ suneqeÐc T.M.
X1, . . . , Xn. H apì koinoÔ puknìtht� touc fX1...Xn

(x1, . . . , xn) èqei tic ex c idiìthtec:

1.

∫
· · ·
∫

Rn

fX1...Xn
(x1, . . . , xn) = 1.

2. H T.M. Xi eÐnai suneq c kai èqei perij¸ria puknìthta thn

fXi
(xi) =

∫
· · ·
∫

(x1,...,xi−1,xi+1,...,xn)∈Rn−1

fX1...Xn
(x1, . . . , xn) dx1 . . . dxi−1dxi+1 . . . dxn.

L mma 9.7. (Idiìthtec mèshc tim c sun�rthshc poll¸n T.M.) 'Estw n suneqeÐc T.M.
X1, . . . , Xn me apì koinoÔ puknìthta fX1...Xn

(x1, . . . , xn).

1. 'Estw T.M. Z = g(X1, . . . , Xn). H mèsh tim  thc isoÔtai me

E(Z) =

∫
· · ·
∫

Rn

g(x1, . . . , xn)fX1...Xn
(x1, . . . , xn) dx1 . . . dxn.

2. E

(
n∑
i=1

aiXi + b

)
=

n∑
i=1

aiE(Xi) + b.
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3. Pio genik�, an èqoume K T.M. Zk = gk(X1, . . . , Xn), k = 1, . . . , K, tìte

E

(
K∑
k=1

gk(X1, . . . , Xn)

)
=

K∑
k=1

E(gk(X1, . . . , Xn)).

4. VAR

(
n∑
i=1

Xi

)
=

n∑
i=1

VAR(Xi) + 2
∑

1≤i<j≤n
COV(Xi, Xj).

Orismìc 9.7. 'Ena pl joc n apì koinoÔ suneq¸n T.M. X1, . . . , Xn eÐnai anex�rthtec
an gia opoiad pote uposÔnola Ai ⊆ SXi

, i = 1, . . . , n isqÔei

P (X1 ∈ A1, . . . , Xn ∈ An) = P (X1 ∈ A1) . . . P (Xn ∈ An).

L mma 9.8. (Krit rio anexarthsÐac apì koinoÔ suneq¸n T.M.) 'Estw n apì koinoÔ
suneqeÐc T.M.X1, . . . , Xn, me apì koinoÔ puknìthta fX1...Xn

(x1, . . . , xn), kai perij¸riec
puknìthtec fXi

(xi), i = 1, . . . , n. Oi X1, . . . , Xn eÐnai anex�rthtec an

fX1...Xn
(x1, . . . , xn) = fX1

(x1) . . . fXn
(xn) ∀(x1, . . . , xn) ∈ Rn.

L mma 9.9. (Idiìthtec anex�rthtwn suneq¸n T.M.) 'Estw n suneqeÐc anex�rthtec
T.M. X1, . . . , Xn.

1. Opoiod pote uposÔnolo apì tic X1, . . . , Xn eÐnai epÐshc anex�rthtec T.M.

2. 'Estw sunart seic gi : SXi
→ R. Ja isqÔei

E(g1(X1) . . . gn(Xn)) = E(g1(X1)) . . . E(gn(Xn)).

Eidik  perÐptwsh thc �nw eÐnai h

E(X1 . . . Xn) = E(X1) . . . E(Xn).

3. VAR

(
n∑
i=1

Xi

)
=

n∑
i=1

VAR(Xi).

Par�deigma 9.16. (MhnÔmata) H di�rkeia apostol c enìc SMS se deuterìlepta
èqei omoiìmorfh katanom  sto di�sthma [1, 3], kai h di�rkeia apostol c enìc MMS èqei
ekjetik  katanom  me mèsh tim  ta 8 deuterìlepta. Stèlnoume, se treic anex�rthtec
apostolèc, 2 SMS kai èna MMS. Ja apant soume sta akìlouja:



254 KEF�ALAIO 9. ZE�UGH SUNEQ�WN TUQA�IWN METABLHT�WN

1. Poia eÐnai h mèsh tim  thc sunolik c di�rkeiac apostol c?

2. Poia eÐnai h pijanìthta kai ta 2 SMS kai to MMS na èqoun ìla di�rkeia p�nw
apì 2 deuterìlepta to kajèna?

3. Poia eÐnai h pijanìthta to MMS na èqei di�rkeia megalÔterh apì th mèsh tim 
thc sunolik c di�rkeiac twn 2 SMS?

Gia na apant soume ta �nw, èstw X1 h di�rkeia apostol c tou pr¸tou SMS, X2

h di�rkeia apostol c tou deÔterou SMS, Y h di�rkeia apostol c tou MMS, kai Z h
sunolik  di�rkeia apostol c twn dÔo SMS kai tou MMS, opìte Z = X1 +X2 + Y .

1. Gia th mèsh tim  thc sunolik c di�rkeiac apostol c èqoume:

E(Z) = E(X1 +X2 +Y ) = E(X1) +E(X2) +E(Y ) =
3 + 1

2
+

3 + 1

2
+ 8 = 12,

afoÔ oi X1, X2 èqoun omoiìmorfh katanom  sto di�sthma [1, 3] kai h Y èqei
ekjetik  katanom  me mèsh tim  8.

2. Efìson oi treic apostolèc eÐnai anex�rthtec metaxÔ touc èqoume ìti h pijanìthta
ta 2 SMS kai to MMS na èqoun di�rkeia p�nw apì 2 deuterìlepta to kajèna
eÐnai:

P (X1 > 2, X2 > 2, Y > 2)

= P (X1 > 2)P (X2 > 2)P (Y > 2) =

[∫ 3

2

1

3− 1
dx

]2

× e−2/8 =
e−1/4

4
.

3. H pijanìthta to MMS na èqei di�rkeia megalÔterh apì th mèsh tim  thc sunolik c
di�rkeiac twn 2 SMS eÐnai

P (Y > E(X1 +X2)) = P (Y > 2 + 2) = 1− P (Y ≤ 4) = e−4/8 ' 0.6065.

Par�deigma 9.17. (El�qisto n ekjetik¸n T.M.) 'Estw n T.M. X1, . . . , Xn, ìlec
ekjetik� katanemhmènec, kai me mèsec timèc θ1, . . . , θn. Ja upologÐsoume thn katanom 
tou elaqÐstou touc, Z = min{X1, . . . , Xn}, upojètontac pwc eÐnai anex�rthtec.

FZ(z) = P (Z ≤ z) = 1− P (Z > z) = 1− P (X1 > z, . . . , Xn > z)

= 1− P (X1 > z) . . . P (Xn > z) = 1− exp

[
− z
θ1

]
. . . exp

[
− z

θn

]
= 1− exp

[
−z
(

n∑
i=1

1

θi

)]
.

'Ara, to el�qisto Z eÐnai epÐshc katanemhmèno ekjetik�, me mèsh tim 

[
n∑
i=1

θ−1
i

]−1

.



Kef�laio 10

Oriak� Jewr mata

10.1 Anisìthta tou Markov

Perilhptik�, h anisìthta tou Markov lèei pwc an mia T.M. èqei {mikr } mèsh tim 
tìte den mporeÐ na paÐrnei meg�lec timèc me meg�lh pijanìthta. Gia na katano soume
autì ton anagkaÐo periorismì, èstw pwc akoÔme èna biolìgo na isqurÐzetai pwc {to
mèso b�roc tou afrikanikoÔ (ìqi tou eurwpaðkoÔ!) qelidonioÔ eÐnai 100 gramm�ria, en¸
to 60% twn afrikanik¸n qelidoni¸n èqei b�roc �nw twn 200 grammarÐwn}. Profan¸c
o isqurismìc den mporeÐ na eustajeÐ, giatÐ akìma kai an to 40% twn qelidoni¸n den
eÐqe kajìlou b�roc, kai to upìloipo 60% eÐqe to el�qisto epitreptì, dhlad  200,
tìte p�li autì to upìloipo 60% ja arkoÔse ¸ste to mèso b�roc na eÐnai toul�qiston
200 × 0.6 = 120 gramm�ria, kai ja eÐqame �topo. H genÐkeush akrib¸c autoÔ tou
sullogismoÔ odhgeÐ sthn anisìthta tou Markov kai thn apìdeix  thc.

L mma 10.1. (Anisìthta tou Markov) 'Estw mia T.M. X pou paÐrnei p�nta timèc
X ≥ 0, kai èqei mèsh tim  E(X). Tìte:

P (X ≥ c) ≤ E(X)

c
, ∀c ∈ R, c > 0.

Apìdeixh. H anisìthta isqÔei gia ìla ta eÐdh T.M. Ja doÔme thn apìdeix  thc se dÔo
eidikèc peript¸seic: ìtan h X eÐnai diakrit , kai ìtan eÐnai suneq c.

'Estw katarq n pwc h X eÐnai suneq c me puknìthta f(x). Xekin¸ntac apì ton
orismì thc mèshc tim c,

E(X) =

∫ ∞
−∞

xf(x) dx =

∫ ∞
0

x f(x) dx =

∫ c

0

x f(x) dx+

∫ ∞
c

x f(x) dx.

Sthn deÔterh isìthta l�bame upìyh ìti f(x) = 0 ìtan x < 0. Efìson ìlec oi timèc x
sto pr¸to apì ta dÔo oloklhr¸mata tou dexioÔ skèlouc eÐnai megalÔterec   Ðsec tou

255
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mhdenìc, to olokl rwma eÐnai ki autì megalÔtero   Ðso tou mhdenìc, sunep¸c

E(X) ≥
∫ ∞
c

x f(x) dx ≥
∫ ∞
c

c f(x) dx = c

∫ ∞
c

f(x) dx,

ìpou, sthn deÔterh anisìthta, qrhsimopoi same to gegonìc ìti sto olokl rwma pou
apomènei x ≥ c ⇒ xf(x) ≥ cf(x). Parathr¸ntac, tèloc, pwc apì ton orismì thc
puknìthtac to teleutaÐo olokl rwma �nw isoÔtai me P (X ≥ c), èqoume

E(X) ≥ c P (X ≥ c),

pou eÐnai h zhtoÔmenh anisìthta.
'Estw t¸ra h perÐptwsh pou h X eÐnai diakrit , me sÔnolo tim¸n S ⊆ [0,∞) kai

m�za p(x). Xekin¸ntac apì ton orismì thc mèshc tim c,

E(X) =
∑
x∈S

x p(x) =
∑

x∈S: x<c

x p(x) +
∑

x∈S: x≥c
x p(x),

ìpou qwrÐsame to �jroisma se dÔo mèrh, autì pou antistoiqeÐ se timèc x ∈ S mikrìterec
tou c, kai tic timèc x ≥ c. Efìson ìlec oi timèc x ∈ S thc X eÐnai megalÔterec  
Ðsec tou mhdenìc, to pr¸to �jroisma �nw eÐnai ki autì megalÔtero   Ðso tou mhdenìc,
sunep¸c

E(X) ≥
∑

x∈S: x≥c
x p(x) ≥

∑
x∈S: x≥c

c p(x) = c
∑

x∈S: x≥c
p(x),

ìpou, gia thn deÔterh anisìthta, qrhsimopoi same to gegonìc ìti sto �jroisma pou
apomènei ìla ta x eÐnai megalÔtera   Ðsa tou c. Parathr¸ntac, tèloc, pwc to teleutaÐo
�jroisma �nw isoÔtai me P (X ≥ c) èqoume

E(X) ≥ c P (X ≥ c),

pou eÐnai h zhtoÔmenh anisìthta.

Par�deigma 10.1. (Afrik�niko qelidìni) 'Enac biolìgoc isqurÐzetai to ex c: {To
mèso b�roc tou afrikanikoÔ qelidonioÔ eÐnai 100 gramm�ria, en¸ to 60% twn afri-
kanik¸n qelidoni¸n èqei b�roc �nw twn 200 grammarÐwn}. B�sei thc anisìthtac tou
Markov, o isqurismìc tou den eustajeÐ.

Pr�gmati, an X eÐnai to b�roc enìc tuqaÐou qelidonioÔ, ja prèpei na èqoume,

P (X ≥ 200) ≤ E(X)

200
=

100

200
=

1

2
,

pou den sumfwneÐ me ton isqurismì tou biolìgou ìti aut  h pijanìthta eÐnai Ðsh me
60%.
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Par�deigma 10.2. (Gewmetrik  katanom ) 'Estw mia T.M. X ∼ Gewm(1/5), opìte
h X èqei mèsh tim  E(X) = 1

1/5 = 5. Apì thn anisìthta tou Markov èqoume pwc

P (X ≥ 15) ≤ 5/15 =
1

3
.

Sthn pragmatikìthta ìmwc, h pio p�nw pijanìthta eÐnai (qrhsimopoi¸ntac gnwstì
tÔpo gia thn gewmetrik  katanom )

P (X ≥ 15) = P (X > 14) =
(

1− 1

5

)14

' 0.044,

dhlad  shmantik� mikrìterh.

Parat rhsh: To fr�gma pou dÐnei h anisìthta tou Markov eÐnai exairetik� qr si-
mo. Gia par�deigma, ìpwc ja doÔme sÔntoma, qrhsimeÔei sthn apìdeixh thc anisìthtac
tou Chebychev kai mèsw aut c sthn apìdeixh tou Nìmou twn Meg�lwn Arijm¸n. Al-
l� se pollèc peript¸seic, ìpwc sto �nw par�deigma, eÐnai sqetik� asjenèc. H isqÔc
tou ègkeitai kurÐwc sto gegonìc pwc den qrhsimopoieÐ k�poia plhroforÐa gia thn ka-
tanom  thc X pèran thc mèshc tim c thc E(X), kai sunep¸c isqÔei gia opoiad pote
T.M. X me mèsh tim  E(X).

Par�deigma 10.3. (Qrìnoc ektèleshc algorÐjmou) 'Enac algìrijmoc èqei wc de-
domèna eisìdou ènan akèraio arijmì Y kai mÐa seir� apì n bits, X1, X2, . . . , Xn. O
qrìnoc ektèleshc tou algorÐjmou eÐnai

T = Y + 2
n∑
i=1

Xi +

(
n∑
i=1

Xi

)2

deuterìlepta.

An upojèsoume ìti ta Y,X1, X2, . . . , Xn eÐnai anex�rthtec T.M. ìpou Xi ∼ Bern(1/4)
kai to Y paÐrnei tic timèc 0, 2, 5 kai 9 me pijanìthta 1/4 thn k�je mÐa:

1. Ja upologÐsoume ton mèso qrìno ektèleshc.

2. Ja deÐxoume ìti h pijanìthta o qrìnoc ektèleshc na xepern� ta n2 deuterìlepta
eÐnai to polÔ

1

16
+

11

16n
+

4

n2
.

(Sunep¸c, gia meg�la n aut  h pijanìthta eÐnai to polÔ ' 1
16 = 6.25%.)

Pr�gmati:
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1. Katarq�c, an orÐsoume

Z =
n∑
i=1

Xi,

tìte h Z ∼ Diwn(n, 1/4) kai sunep¸c

E(Z) =
n

4
kai VAR(Z) = n× 1

4
×
(

1− 1

4

)
=

3n

16
.

Epiplèon,

E(Z2) = VAR(Z) + [E(Z)]2 =
3n

16
+
n2

16
.

Parathr¸ntac pwc o qrìnoc ektèleshc T mporeÐ na ekfrasteÐ wc T = Y + 2Z +
Z2, brÐskoume

E(T ) = E(Y + 2Z + Z2) = E(Y ) + 2E(Z) + E(Z2)

=
1

4
× 0 +

1

4
× 2 +

1

4
× 5 +

1

4
× 9 + 2× n

4
+

3n

16
+
n2

16

= 4 +
11n

16
+
n2

16
.

2. Apì to prohgoÔmeno skèloc kai thn anisìthta tou Markov èqoume

P (T ≥ n2) ≤ E(T )

n2
=

1

16
+

11

16n
+

4

n2
.

Par�deigma 10.4. (Anisìthta tou Chernoff) Ja deÐxoume pwc gia opoiad pote
T.M. X kai gia k�je c, λ ∈ R, λ > 0, isqÔei

P (X ≥ c) ≤ E(eλX)

eλc
,

efìson h mèsh tim  E(eλX) up�rqei. H anisìthta eÐnai mia apì tic pio aplèc morfèc thc
anisìthtac tou Chernoff. Parathr ste ìti to fr�gma pou dÐnei mei¸netai ekjetik� me to
c, kai gia autì to lìgo h anisìthta aut  eÐnai polÔ qr simh sth JewrÐa Pijanot twn.

Gia na thn apodeÐxoume, parathr ste pwc h T.M. eλX profan¸c paÐrnei p�nta ti-
mèc megalÔterec   Ðsec tou mhdenìc, kai èqei mèsh tim  E(eλX). 'Ara mporoÔme na
efarmìsoume thn anisìthta tou Markov gia aut  thn T.M., ètsi ¸ste

P (X ≥ c) = P (λX ≥ λc) = P
(
eλX ≥ eλc

)
≤ E(eλX)

eλc

kai ètsi prokÔptei h zhtoÔmenh anisìthta.
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Ac efarmìsoume thn anisìthta tou Chernoff sthn perÐptwsh pou X ∼ Ekj(θ).
Parathr ste pwc

E(eλX) =

∫ ∞
−∞

eλx f(x) dx =

∫ ∞
0

eλx
1

θ
e−x/θ dx =

1

θ

∫ ∞
0

e−x(1/θ−λ) dx.

'Estw pwc λ = 1
θ . Tìte profan¸c E(eλX) =∞. 'Estw pwc λ 6= 1

θ . Tìte èqoume

E(eλX) =
1

θ

∫ ∞
0

e−x(1/θ−λ) dx =
1

θ(1/θ − λ)

[
−e−x(1/θ−λ)

]∞
0

=
1

θ(1/θ − λ)

[
1− lim

x→∞
e−x(1/θ−λ)

]
.

To ìrio pou emfanÐzetai eÐnai mhdèn gia λ < 1/θ, kai ∞ gia λ > 1/θ. 'Ara, sugken-
trwtik�,

E(eλX) =

{
∞, λ ≥ 1/θ,

1
1−λθ , λ < 1

θ .

Me antikat�stash thc mèshc tim c pou br kame sthn anisìthta tou Chernoff, lam-
b�noume telik�

P (X ≥ c) ≤ e−λc

1− λθ,

efìson bèbaia λ < 1/θ.
Gia par�deigma, gia λ = 1/2 < 1/θ = 1 kai c = 10, to pio p�nw fr�gma eÐnai

perÐpou Ðso me 0.0135, en¸ to fr�gma pou mac dÐnei h anisìthta Markov eÐnai 1/c = 0.1.
Sunep¸c to fr�gma pou apodeÐxame ed¸ eÐnai shmantik� mikrìtero, kai kat� sunèpeia
polÔ isqurìtero apì autì pou ja mac èdine h apeujeÐac qr sh thc anisìthtac tou
Markov.



260 KEF�ALAIO 10. ORIAK�A JEWR�HMATA

10.2 Anisìthta tou Chebychev

To epìmeno apotèlesma (to opoÐo prokÔptei apì mia sqetik� apl  efarmog  thc ani-
sìthtac tou Markov) lèei pwc an mia T.M. èqei {mikr } diaspor�, tìte den mporeÐ na
paÐrnei timèc makru� ap' thn mèsh tim  thc me meg�lh pijanìthta.

L mma 10.2. (Anisìthta tou Chebychev) 'Estw mia T.M. X me mèsh tim  E(X)
kai diaspor� VAR(X). Tìte:

P (|X − E(X)| ≥ c) ≤ VAR(X)

c2
, ∀c ∈ R, c > 0.

Apìdeixh. 'Estw mia nèa T.M. Y = (X − µ)2 gia thn opoÐa, ex orismoÔ, p�nta èqoume
Y ≥ 0. Apì ton orismì thc diaspor�c, parathroÔme pwc to Y èqei mèsh tim  E(Y ) =
E[(X − µ)2] = VAR(X). Efarmìzontac thn anisìthta tou Markov gia thn T.M. Y
brÐskoume

P (|X − µ| ≥ c) = P
(
(X − µ)2 ≥ c2

)
= P

(
Y ≥ c2

)
≤ E(Y )

c2
=

VAR(X)

c2
.

Par�deigma 10.5. 'Estw mia T.M. X me katanom  Uper(500, 150, 15). Apì tic
gnwstèc idiìthtec thc upergewmetrik c katanom c, h X èqei mèsh tim 

E(X) =
150× 15

500
= 4.5

kai diaspor�

VAR(X) =
150× 15× (500− 150)× (500− 15)

5002 × (500− 1)
' 3.06162.

'Estw t¸ra pwc jèloume na upologÐsoume thn pijanìthta P (|X−4.5| ≥ 3), dhlad 
thn pijanìthta to X na isoÔtai me 0   me 1   me k�poion akèraio apì to 8 wc kai to
15. Efìson gnwrÐzoume thn m�za p(x) thc X, mporoÔme na upologÐsoume aut  thn
pijanìthta wc p(0)+p(1)+p(8)+p(9)+ · · ·+p(15). All� lìgw thc poluplokìthtac
tou tÔpou thc m�zac p(x), kai epiplèon epeid  apaiteÐ ton upologismì paragontik¸n
k! gia meg�la k � pr�gma to opoÐo suqn� odhgeÐ se shmantik� arijmhtik� sf�lmata
� eÐnai polÔ pio eÔkolo na qrhsimopoi soume thn anisìthta Chebychev gia na broÔme
èna fr�gma gia thn zhtoÔmenh pijanìthta:

P (|X − 4.5| ≥ 3) = P (|X − E(X)| ≥ 3) ≤ VAR(X)

32
' 0.34018.
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Me bo jeia upologist  mporoÔme na broÔme pwc

P (|X − 4.5| ≥ 3) ' 0.0807.

Par�deigma 10.6. 'Estw ènac exuphretht c pou dèqetai ait mata apì qr stec
kai apokrÐnetai, met� apì k�poia epexergasÐa tou k�je ait matoc. Apì empeirikèc
metr seic gnwrÐzoume pwc o qrìnoc apìkrishc X (se deuterìlepta) èqei mèsh tim 
E(X) kai tupik  apìklish σ = 6 deuterìlepta.

Jèloume na broÔme èna {fr�gma} θ tètoio ¸ste na mporoÔme na egguhjoÔme ìti,
me pijanìthta toul�qiston 99%, h qronik  apìkrish den ja apèqei apì thn mèsh tim 
p�nw apì ±θ. Dhlad , jèloume P (|X − E(X)| < θ) ≥ 0.99,  , isodÔnama,

P (|X − E(X)| ≥ θ) ≤ 0.01. (10.1)

All� apì thn anisìthta tou Chebychev èqoume pwc

P (|X − E(X)| ≥ θ) ≤ σ2

θ2
=

62

θ2
.

Sunep¸c, gia na isqÔei to zhtoÔmeno (10.1), arkeÐ na dialèxoume to θ ètsi ¸ste na
èqoume 36/θ2 ≤ 0.01, gia to opoÐo arkeÐ na dialèxoume θ = 60 deuterìlepta. Me
�lla lìgia, mporoÔme na egguhjoÔme pwc, me pijanìthta toul�qiston 99%, o qrìnoc
apìkrishc den ja apèqei apì th mèsh tim  gia p�nw apì èna leptì.

Par�deigma 10.7. (Apìstash T.M. apì th mèsh tim  thc) Gia mia T.M. X me
�gnwsth katanom  kai me mèsh tim  µ, k�poioc statistikolìgoc isqurÐzetai ìti h pija-
nìthta h tim  thc X na apèqei apì th mèsh tim  thc kat� parap�nw apì 3µ eÐnai mikr .
UposthrÐzei autì to sumpèrasma diìti gnwrÐzei pwc, sth sugkekrimènh perÐptwsh, h
diaspor� thc X, σ2, eÐnai arket� mikrìterh apì th mèsh tim  sto tetr�gwno (dhlad 
apì to µ2). 'Eqei dÐkio ston isqurismì tou   ìqi?

Gia na apant soume, parathroÔme pwc, afoÔ èqoume σ2 � µ2 (dhlad  h diaspor�
thc X eÐnai {polÔ mikrìterh} apì th mèsh tim  sto tetr�gwno), apì thn anisìthta tou
Chebychev prokÔptei pwc:

P (|X − µ| ≥ 3µ) ≤ σ2

(3µ)2
� µ2

9µ2
=

1

9
.

Epomènwc, o statistikolìgoc èqei dÐkio.



262 KEF�ALAIO 10. ORIAK�A JEWR�HMATA

10.3 O Nìmoc twn Meg�lwn Arijm¸n

Se autì to shmeÐo èqoume plèon anaptÔxei arket� majhmatik� ergaleÐa ¸ste na eÐmaste
se jèsh na diatup¸soume kai na apodeÐxoume (se mia apl  morf  tou) Ðswc to pio
jemeli¸dec apotèlesma thc JewrÐac Pijanot twn, ton Nìmo twn Meg�lwn Arijm¸n.
QwrÐc na mpoÔme akìma se majhmatikèc leptomèreiec, o Nìmoc twn Meg�lwn Arijm¸n
lèei to ex c:

'Estw èna {meg�lo} pl joc N apì anex�rthtec T.M. X1, . . . , XN , oi opoÐec
èqoun ìlec thn Ðdia katanom , kai kat� sunèpeia thn Ðdia mèsh tim  E(Xi) =
µ. Tìte

1

N

N∑
i=1

Xi ' µ, me pijanìthta ' 1.

H austhr  majhmatik  diatÔpwsh eÐnai h akìloujh:

Je¸rhma 10.1. (Nìmoc twn Meg�lwn Arijm¸n (N.M.A.) ) 'Estw mia akoloujÐa
apì anex�rthtec T.M. X1, X2, . . . pou èqoun ìlec thn Ðdia katanom  kai kat� sunè-
peia thn Ðdia mèsh tim  µ = E(Xi) kai thn Ðdia diaspor� σ2 = VAR(Xi). 'Estw o
empeirikìc mèsoc ìroc

X̄N ,
1

N

N∑
i=1

Xi.

Gia k�je ε > 0, èqoume

P
(
|X̄N − µ| < ε

)
→ 1, kaj¸c to N →∞.

Apìdeixh. H apìdeixh eÐnai mia apl  efarmog  thc Anisìthtac tou Chebychev. Ka-
tarq n parathroÔme pwc h mèsh tim  thc T.M. X̄N eÐnai

E(X̄N) = E

(
1

N

N∑
i=1

Xi

)
=

1

N

N∑
i=1

E(Xi) =
1

N
×N × µ = µ.

ParomoÐwc, qrhsimopoi¸ntac to gegonìc ìti ta Xi eÐnai anex�rthta, h diaspor� thc
T.M. X̄N eÐnai

VAR(X̄N) = VAR

(
1

N

N∑
i=1

Xi

)
=

1

N 2
VAR

(
N∑
i=1

Xi

)
=

1

N 2

N∑
i=1

VAR(Xi)

=
1

N 2
×N × σ2 =

σ2

N
.
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Tèloc, dedomènou tou ìti ε > 0, apì thn anisìthta tou Chebychev èqoume

P
(
|X̄N − µ| ≥ ε

)
= P

(
|X̄N − E(X̄N)| ≥ ε

)
≤ VAR(X̄N)

ε2
=

σ2

Nε2
.

'Ara,

P
(
|X̄N − µ| < ε

)
= 1− P

(
|X̄N − µ| ≥ ε

)
≥ 1− σ2

Nε2
,

to opoÐo profan¸c teÐnei sto 1, kaj¸c to N →∞.

Parathr seic

1. To apotèlesma isqÔei ìpoio kai an eÐnai to eÐdoc twn Xi, arkeÐ na up�rqoun h
mèsh tim  kai h diaspor� touc.

2. Sthn paroÔsa tou morf , o N.M.A. mac lèei ìti h akoloujÐa twn T.M. (kai ìqi
akoloujÐa arijm¸n!) X̄N teÐnei sthn stajer� µ kaj¸c to N →∞ me thn ènnoia
ìti h pijanìthta na apèqei èstw kai apeiroel�qista to X̄N ap' th µ teÐnei sto
mhdèn. Dhlad , gia opoiad pote apìklish ε > 0, osod pote mikr , èqoume

P
(
|X̄N − µ| ≥ ε

)
→ 0, kaj¸c to N →∞.

Sth gl¸ssa twn pijanot twn, to eÐdoc aut c thc sÔgklishc onom�zetai {sÔgkli-
sh kat� pijanìthta}.

3. H sugkekrimènh diatÔpwsh tou N.M.A. kaleÐtai {Asjen c Nìmoc twn Meg�lwn
Arijm¸n}. Up�rqei kai ènac {Isqurìc Nìmoc twn Meg�lwn Arijm¸n}, sÔmfwna
me ton opoÐo

P
(

lim
N→∞

X̄N = µ
)

= 1.

Sthn gl¸ssa twn pijanot twn, h akoloujÐa X̄N sugklÐnei sto µ {sqedìn sÐ-
goura}. Oi dÔo nìmoi moi�zoun arket� sthn diatÔpwsh, ìmwc o Isqurìc N.M.A.
apodeiknÔetai polÔ pio dÔskola, den apaiteÐ thn Ôparxh thc diaspor�c σ2, kai
eÐnai polÔ pio qr simoc se jewrhtik� probl mata pijanot twn.

4. 'Opwc faÐnetai kai apì ta epìmena paradeÐgmata, o N.M.A. mac exasfalÐzei ìti
isqÔoun pollèc idiìthtec twn Pijanot twn pou diaisjhtik� eÐnai anamenìmenec,
all� den tic eÐqame apodeÐxei mèqri t¸ra. Kat� mÐa ènnoia, o N.M.A. eÐnai {apì-
deixh} ìti h JewrÐa Pijanot twn {douleÔei}!

Par�deigma 10.8. (Ti ja pei {pijanìthta}?) 'Estw pwc mac endiafèrei h pijanì-
thta p = P (A) tou na sumbeÐ èna sugkekrimèno endeqìmeno A. Lìgou q�rh, to A ja
mporoÔse na antistoiqeÐ sta {h jerapeÐa tou asjen   tan epituq c}   {to dÐktuo pa-
rousÐase sf�lma}   {h ektèlesh tou algorÐjmou oloklhr¸jhke kanonik�} klp. 'Enac
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trìpoc gia na d¸soume èna diaisjhtikì nìhma sthn pijanìthta p eÐnai na fantastoÔme
pwc epanalamb�netai to Ðdio akrib¸c peÐrama p�ra pollèc, anex�rthtec forèc, ètsi
¸ste, toul�qiston sto diaisjhtikì epÐpedo: {h pijanìthta p = P (A) eÐnai to posostì
twn for¸n, makroprìjesma, pou sumbaÐnei to A}. O N.M.A. eÐnai akrib¸c to apotèle-
sma ekeÐno pou tekmhri¸nei autìn to sullogismì majhmatik�, giatÐ deÐqnei ìti o trìpoc
pou orÐsame thn pijanìthta eÐnai sumbatìc me thn �nw ermhneÐa thc pijanìthtac P (A).

Sugkekrimèna, to pio p�nw fantastikì sen�rio mporeÐ na perigrafeÐ wc ex c. 'Estw
pwc èqoume èna meg�lo pl joc, N , anex�rthtwn epanal yewn tou Ðdio peir�matoc, kai
ac orÐsoume, gia thn k�je epan�lhyh i, mia T.M. Xi pou na isoÔtai me 1 an to A sunèbh
th for� i, alli¸c na isoÔtai me 0. Tìte,

{posostì twn for¸n pou sunèbh to A} =
1

N

N∑
i=1

Xi,

kai o N.M.A. mac lèei pwc, me pijanìthta pou teÐnei sth mon�da, autì ja apèqei apì
thn mèsh tim  twn Xi ligìtero apì ε. Efìson ta Xi eÐnai Bernoulli T.M., h mèsh tim 
E(Xi) eÐnai apl� h pijanìthta p = P (A) tou na èqoume Xi = 1, dhlad  tou na sumbeÐ
to A. Me �lla lìgia:

H pijanìthta p tou na sumbeÐ èna opoiod pote endeqìmeno A, isoÔtai me
th suqnìthta me thn opoÐa ja sumbeÐ, makroprìjesma, to A, se pollèc
anex�rthtec epanal yeic tou Ðdiou peir�matoc.

Par�deigma 10.9. (GiatÐ gÐnontai dhmoskop seic?) 'Estw pwc se ènan plhjusmì
M atìmwn oi M/4 eÐnai yhfofìroi k�poiou kìmmatoc, dhlad  to kìmma autì stic
eklogèc ja p�rei posostì 25%. Mia dhmoskìphsh epilègei sthn tÔqh èna {meg�lo}
pl joc atìmwn N (me epanatopojèthsh) kai ta rwt� an ja yhfÐsoun to kìmma autì.
(Se tupikèc dhmoskop seic èqoume N metaxÔ 1000 kai 2000 erwthjèntwn se ènan
plhjusmì M metaxÔ 500 qili�dwn kai 8 ekatommurÐwn atìmwn.)

'Estw Xi mia T.M. pou isoÔtai me 1 an to �tomo i pou rwt�tai eÐnai yhfofìroc tou
kìmmatoc, kai 0 an ìqi, opìte oi Xi eÐnai anex�rthtec T.M. Bern(0.25). Tìte,

{posostì erwthjèntwn pou eÐnai yhfofìroi tou kìmmatoc} =
1

N

N∑
i=1

Xi

kai o N.M.A. mac lèei pwc, me pijanìthta pou teÐnei sth mon�da, autì ja apèqei apì
thn mèsh tim  twn Xi, dhlad  to 0.25, ligìtero apì ε. 'Ara, apì èna arket� meg�lo
(tuqaÐo) deÐgma, mporoÔme na ektim soume to pragmatikì posostì y fwn pou autì to
kìmma ja p�rei stic eklogèc.
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Par�deigma 10.10. (DeigmatolhyÐa) 'Estw pwc jèloume na upologÐsoume to mèso
Ôyoc ȳ (se ekatost�) pou èqoun M korÐtsia se èna sqoleÐo. An yk eÐnai to Ôyoc tou
koritsioÔ k = 1, 2, . . . ,M , jèloume na ektim soume to

{mèso Ôyoc} = ȳ =
1

M

M∑
k=1

yk.

AntÐ na exet�soume olìklhro ton plhjusmì, epilègoume tuqaÐa, me epanatopojèthsh,
N mèlh tou plhjusmoÔ, ìpou to mègejocN tou deÐgmatìc mac eÐnai men sqetik� meg�lo,
all� eÐnai shmantik� mikrìterou tou sunolikoÔ megèjoucM tou plhjusmoÔ (ìpwc kai
sto prohgoÔmeno par�deigma). 'Estw Xj to Ôyoc tou koritsioÔ j pou epilèxame. Tìte
ta Xj eÐnai anex�rthta, kai to k�je Xj èqei sÔnolo tim¸n S = {y1, y2, . . . , yM} kai
m�za

p(yk) = P (Xj = yk) = P ({epilèxame to korÐtsi k}) =
1

M
.

(Gia aplìthta, upojèsame ìti ìla ta Ôyh eÐnai diaforetik�, ac poÔme giatÐ ta èqoume
metr sei me �peirh akrÐbeia.) 'Ara ta Xj èqoun mèsh tim 

E(Xj) =
M∑
k=1

yk × p(yk) =
M∑
k=1

yk ×
1

M
=

1

M

M∑
k=1

yk = ȳ.

An ektim soume loipìn to ȳ wc ton mèso ìro ap' ta Ôyh twn koritsi¸n pou epilèxame,
o N.M.A. diabebai¸nei pwc, an to mègejoc N tou deÐgmatìc mac eÐnai arket� meg�lo,
tìte h ektÐmhs  mac ja eÐnai akrib c me pijanìthta kont� sto 100%:

{mèso Ôyoc deigm�twn} =
1

N

N∑
i=1

Xi ' E(Xi) = ȳ, me pijanìthta ' 1.

Par�deigma 10.11. (Kìstoc sunt rhshc autokin tou) 'EstwXi o qrìnoc (se èth)
an�mesa sthn i − 1 kai thn i bl�bh enìc autokin tou. ('Estw pwc X1 eÐnai o qrìnoc
gia thn pr¸th bl�bh.) 'Estw epÐshc Yi to kìstoc thc bl�bhc i, se eur¸. DÐnetai ìti
oi Xi èqoun ìlec thn Ðdia katanom , me mèsh tim  µX , kai eÐnai anex�rthtec metaxÔ
touc. Epiplèon, oi Yi èqoun epÐshc ìlec thn Ðdia katanom , me mèsh tim  µY , kai eÐnai
anex�rthtec metaxÔ touc. Apì ton Nìmo twn Meg�lwn Arijm¸n, kaj¸c n→∞,∑n

i=1Xi

n
→ µX ,

∑n
i=1 Yi
n

→ µY .

PaÐrnontac to phlÐko, èqoume ∑n
i=1 Yi∑n
i=1Xi

→ µY
µX

.

To aristerì skèloc ekfr�zei to mèso kìstoc, se eur¸ an� èth, kai br kame ìti h
posìthta aut  sugklÐnei sto µY

µX
, ìpwc  tan diaisjhtik� anamenìmeno.
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10.4 To Kentrikì Oriakì Je¸rhma

'Estw Xi, i = 1, 2, . . . mia akoloujÐa apì anex�rthtec T.M. me thn Ðdia katanom , mèsh
tim  E(X) = µ kai diaspor� VAR(X) = σ2.

To pr¸to jemeli¸dec apotèlesma twn pijanot twn, o N.M.A., mac exasfalÐzei ìti
h pijanìthta o empeirikìc mèsoc ìroc

X̄N ,
1

N

N∑
i=1

Xi

na parousi�zei apìklish apì to µ megalÔterh apì ε teÐnei sto 0, dhlad 

lim
N→∞

P (|X̄N − µ| > ε) = 0.

DÔo basik� kai m�llon profan  erwt mata pou gennioÔntai apì ton N.M.A. eÐnai
ta ex c:

1. Pìso meg�lo prèpei na eÐnai to pl joc N twn deigm�twn, ¸ste na èqoume k�poia
sqetik  bebaiìthta pwc o empeirikìc mèsoc ìroc X̄N ja eÐnai arket� kont� sth
mèsh tim  µ?

2. Epiplèon, dedomènou tou pl jouc N , pìso mikr  eÐnai h pijanìthta to X̄N na
apèqei kat� polÔ apì to µ?

An exet�soume prosektik� thn apìdeixh tou N.M.A. pou d¸same ja doÔme pwc,
pèra ap' to asumptwtikì apotèlesma tou jewr matoc (to opoÐo isqÔei mìno kaj¸c to
N →∞), h apìdeixh perièqei kai k�poiec pr¸tec apant seic sta pio p�nw erwt mata.
Sugkekrimèna, deÐxame pwc h mèsh tim  kai h diaspor� tou X̄N eÐnai, antÐstoiqa,

E(X̄N) = µ kai VAR(X̄N) =
σ2

N
, gia k�je N.

Epiplèon br kame èna akribèc posotikì fr�gma gia thn pijanìthta o empeirikìc mèsoc
ìroc X̄N na apèqei apì thn mèsh tim  µ kat� toul�qiston ε:

P
(
|X̄N − µ| ≥ ε

)
≤ σ2

Nε2
.

An kai majhmatik� swstì, to pio p�nw fr�gma stic perissìterec peript¸seic den eÐnai
arket� akribèc ¸ste na eÐnai qr simo sthn pr�xh. Me �lla lìgia, h zhtoÔmenh pija-
nìthta sthn �nw sqèsh eÐnai sun jwc shmantik� mikrìterh apì to fr�gma σ2/(Nε2).

To deÔtero jemeli¸dec apotèlesma twn pijanot twn, to Kentrikì Oriakì Je¸-
rhma kalÔptei aut  thn adunamÐa tou N.M.A., dÐnontac mia akrib  prosèggish thc
pijanìthtac P

(
|X̄N − µ| ≥ ε

)
.
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Sugkekrimèna, to Kentrikì Oriakì Je¸rhma lèei pwc, k�tw apì orismènec sun-
j kec, h katanom  tou empeirikoÔ mèsou ìrou X̄N mporeÐ na proseggisteÐ me meg�lh
akrÐbeia apì thn kanonik  katanom  me paramètrouc µ kai σ

2

N , ìpou σ2 eÐnai h diaspor�
twn Xi.

IsodÔnama, epeid  gia tic kanonikèc T.M. gnwrÐzoume ìti an h X ∼ N(µ, σ2) tìte
h Y = X−µ

σ ∼ N(0, 1), ja isqÔei epÐshc ìti to �jroisma

X̄N − µ√
σ2/N

=

√
N

σ

[(
1

N

N∑
i=1

Xi

)
− µ

]
=

1

σ
√
N

N∑
i=1

(Xi − µ)

akoloujeÐ kat� prosèggish thn tupik  kanonik  katanom  N(0, 1). Sunep¸c, oi pija-
nìthtec endeqìmenwn pou aforoÔn ton X̄N mporoÔn eÔkola na upologistoÔn.

Je¸rhma 10.2. (Kentrikì Oriakì Je¸rhma (K.O.J.) ) 'Estw mia akoloujÐa apì
anex�rthtec T.M. X1, X2, . . . pou èqoun ìlec thn Ðdia katanom  kai kat� sunèpeia
thn Ðdia mèsh tim  µ = E(Xi) kai thn Ðdia diaspor� σ2 = VAR(Xi). 'Estw to
kanonikopoihmèno �jroisma

S̄N ,

(
1
N

∑N
i=1Xi

)
− µ

σ
√

1/N
=

1

σ
√
N

N∑
i=1

(Xi − µ) =

(∑N
i=1Xi

)
−Nµ

σ
√
N

.

'Estw epÐshc a, b ∈ R, a < b. IsqÔoun ta akìlouja, kaj¸c N →∞:

P
(
a ≤ S̄N ≤ b

)
→ Φ(b)− Φ(a),

P
(
S̄N ≤ b

)
→ Φ(b),

P
(
S̄N ≥ a

)
→ 1− Φ(a).

Parathr seic

1. H apìdeixh tou K.O.J. eÐnai polÔ teqnik , kai xefeÔgei kat� polÔ apì touc
stìqouc tou parìntoc maj matoc. Sunep¸c thn paraleÐpoume.

2. To K.O.J. den eÐnai mìno sto diaisjhtikì epÐpedo mia akribèsterh morf  tou
N.M.A., all� mporoÔme kai na apodeÐxoume ton N.M.A. apì to K.O.J.

3. Parathr ste ìti èqoume èna eÐdoc sÔgklishc pou den èqoume xanadeÐ. Sugke-
krimèna, h katanom  miac akoloujÐac T.M. S̄N sugklÐnei se mia �llh katanom ,
sthn sugkekrimènh perÐptwsh thn tupik  kanonik . AutoÔ tou eÐdouc h sÔgklish
kaleÐtai {sÔgklish kat� katanom }.
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N = 1

N = 2

N = 3

N = 4

Sq ma 10.1: SÔgklish thc katanom c twn ajroism�twn
∑N

i=1Xi (arister�) kai twn kanonikopoihmè-

nwn ajroism�twn S̄N =
(
∑N

i=1Xi)−Nµ
σ
√
N

(dexi�) sthn kanonik  katanom , sthn perÐptwsh Xi ∼ U [0, 1].
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4. 'Ena par�deigma thc sÔgklishc pou problèpei to K.O.J. faÐnetai sto Sq ma 10.1.
Arister� faÐnontai me suneq  gramm  oi puknìthtec, ìpwc èqoun upologisteÐ
me qr sh H/U, twn ajroism�twn

∑N
i=1Xi, gia N = 1, 2, 3, 4, kai ìtan ta Xi

eÐnai katanemhmèna omoiìmorfa sto [0, 1]. FaÐnontai epÐshc, me diakekommènh
gramm , oi kanonikèc katanomèc stic opoÐec sugklÐnoun oi puknìthtec. Sto de-
xÐ mèroc èqoume sqedi�sei tic puknìthtec twn kanonikopoihmènwn ajroism�twn
S̄N = 1

σ
√
N

∑N
i=1(Xi − µ) kai tic antÐstoiqèc touc kanonikèc. Parathr ste ìti h

sÔgklish eÐnai polÔ kal , akìma kai gia thn mikr  tim  N = 4.

5. H praktik  qrhsimìthta tou K.O.J. eÐnai ìti mac epitrèpei na upologÐzoume pro-
seggistik� pijanìthtec pou aforoÔn mèsouc ìrouc kai/  ajroÐsmata enìc pl -
jouc N anex�rthtwn T.M. X1, X2, . . . , XN , ìlwn me thn Ðdia katanom . H mejo-
dologÐa eÐnai p�nta h Ðdia:

(aþ) UpologÐzoume (an den gnwrÐzoume  dh) th mèsh tim  kai th diaspor� twn Xi.

(bþ) Ekfr�zoume to endeqìmeno tou opoÐou thn pijanìthta jèloume na upologÐ-
soume wc mia anisìthta   sunduasmì anisot twn pou aforoÔn to kanoniko-
poihmèno �jroisma S̄N , se opoiad pote apì tic morfèc tou mac boleÔei.

(gþ) EpikaloÔmaste to K.O.J. gia na proseggÐsoume thn pijanìthta tou endeqì-
menou pou br kame sto prohgoÔmeno b ma mèsw thc kanonik c katanom c.

6. To sf�lma pou k�noume sthn �nw prosèggish exart�tai apì polloÔc par�gontec:

(aþ) Thn apìstash metaxÔ twn a, b.

(bþ) Thn sqèsh an�mesa sta a, b, µ.

(gþ) Thn katanom  twn Xi.

(dþ) Thn tim  tou N .

Genik¸c, ìtan to N eÐnai arket� meg�lo, pq megalÔtero tou 50, kai ìtan ta a, b
apèqoun arket� metaxÔ touc kai eÐnai arket� kont� sto µ, ¸ste h pijanìthta pou
brÐskoume na mhn eÐnai polÔ mikr , p.q., megalÔterh tou 0.01, tìte h prosèggish
eÐnai ikanopoihtik .

7. DeÐte ta akìlouja paradeÐgmata gia efarmogèc aut c thc mejodologÐac.

Par�deigma 10.12. 'Estw pwc Xi eÐnai h jermokrasÐa enìc epexergast  thn hmèra
i, ìpou jewroÔme pwc ta Xi eÐnai anex�rthtec T.M. me katanom  Xi ∼ U [10, 50]. Poia
h pijanìthta h mèsh jermokrasÐa tou epexergast  se mÐa perÐodo 3 mhn¸n (dhlad  90
hmer¸n) na xepern� touc 31 bajmoÔc?
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Gia na efarmìsoume to K.O.J. arqik� upologÐzoume thn mèsh tim  kai thn diaspor�
twn Xi oi opoÐec, apì tic antÐstoiqec idiìthtec thc omoiìmorfhc katanom c eÐnai

µ = E(Xi) =
10 + 50

2
= 30, σ2 = VAR(Xi) =

(50− 10)2

12
=

400

3

antÐstoiqa. 'Ara, h zhtoÔmenh pijanìthta mporeÐ na ekfrasteÐ wc proc to kanoniko-
poihmèno �jroisma tou K.O.J. wc ex c:

P
( 1

N

N∑
i=1

Xi > 31
)

= P
( 1

N

N∑
i=1

(Xi−µ) > 31−30
)

= P
( 1

σ
√
N

N∑
i=1

(Xi−µ) >

√
N

σ

)
,

ìpou h tim 
√
N/σ eÐnai

√
90/
√

400/3 ' 0.8216. 'Ara, apì to K.O.J., h zhtoÔmenh
pijanìthta mporeÐ na proseggisteÐ wc

P
( 1

N

N∑
i=1

Xi > 31
)
' P (Z > 0.82) = 1− P (Z ≤ 0.82) = 1− Φ(0.82),

ìpou h Z èqei katanom  N(0, 1). Antikajist¸ntac thn tim  Φ(0.82) ' 0.7939, telik�
brÐskoume pwc h zhtoÔmenh pijanìthta eÐnai ' 1− 0.7939 = 0.2061.

Par�deigma 10.13. Apì empeirikèc metr seic parathroÔme pwc h di�rkeia ektèle-
shc enìc algorÐjmou diarkeÐ kat� mèso ìro 17.5 deuterìlepta, me tupik  apìklish ±4
deuterìlepta. Poia eÐnai h pijanìthta, se 400 diadoqikèc, anex�rthtec qr seic tou
algorÐjmou, o sunolikìc qrìnoc ektèleshc na mhn xepern� tic dÔo ¸rec?

'Estw Xi o qrìnoc ektèleshc tou algorÐjmou thn for� i gia i = 1, . . . , N = 400.
Apì ta dedomèna tou probl matoc èqoume pwc ta Xi eÐnai anex�rthtec T.M. me mèsh
tim  µ = 17.5 deuterìlepta kai tupik  apìklish σ = 4 deuterìlepta. Sunep¸c,
h zhtoÔmenh pijanìthta mporeÐ na ekfrasteÐ qrhsimopoi¸ntac to kanonikopoihmèno
�jroisma tou K.O.J. wc ex c:

P
( N∑

i=1

Xi ≤ 2× 60× 60
)

= P
( N∑

i=1

(Xi − µ) ≤ 7200− 400× 17.5
)

= P
( 1

σ
√
N

N∑
i=1

(Xi − µ) ≤ 200

4×
√

400

)
' P (Z ≤ 2.5),

ìpou Z ∼ N(0, 1) kai p�li efarmìsame to K.O.J. 'Ara h zhtoÔmenh pijanìthta eÐnai

P
( N∑

i=1

Xi ≤ 7200
)
' P (Z ≤ 2.5) = Φ(2.5) ' 0.9938,

ìpou antikatast same thn tim  Φ(2.5) ' 0.9938.
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Par�deigma 10.14. (Diag¸nisma) Se èna diag¸nisma up�rqoun 150 erwt seic
multiple choice, h k�je mia me 5 dunatèc apant seic. Gia k�je swst  ap�nthsh o
exetazìmenoc paÐrnei 3 bajmoÔc kai gia k�je l�joc q�nei 1 bajmì. Upojètoume ìti
k�poioc apant�ei ìlec tic erwt seic sthn tÔqh, anex�rthta th mia ap' thn �llh. Poia
h pijanìthta na p�rei mèso ìro bajmologÐac mikrìtero tou 1

6 ?
H pijanìthta na epilèxei th swst  ap�nthsh eÐnai 1/5 kai h pijanìthta na epilèxei

l�joc eÐnai 4/5. OrÐzoume tic parak�tw T.M., gia i = 1, . . . , 150:

Xi =

{
3, me pijanìthta p = 1/5,

−1, me pijanìthta 1− p = 4/5.

'Eqoume ìti:

E(Xi) = 3× 1

5
− 1× 4

5
= −1

5
kai

VAR(Xi) = E(X2
i )− (E(Xi))

2 =

(
32 × 1

5
+ (−1)2 × 4

5

)
−
(
−1

5

)2

=
64

25
.

H pijanìthta na p�rei o exetazìmenoc telik� mèso ìro bajmologÐac k�tw tou 1
6 eÐnai

P

(
1

150

150∑
i=1

Xi <
1

6

)
= P

(
150∑
i=1

Xi < 25

)
= P

(
150∑
i=1

(Xi − (−1/5)) < 55

)

= P

(∑150
i=1(Xi − (−1/5))√

150× 64/25
<

55√
150× 64/25

)

= Φ

(
55√

150× 64/25

)
' Φ(2.81) ' 0.9975.

Parat rhsh: H �nw mejodologÐa mporeÐ na efarmosteÐ gia opoiod pote eÐdoc ka-
tanom c twn Xi. Sthn eidik  perÐptwsh pou oi Xi lamb�noun suneqìmenec akèraiec
timèc, mporoÔme na k�noume mia mikr  tropopoÐhsh, pou belti¸nei k�pwc thn akrÐbeia
thc prosèggishc, idiaitèrwc ìtan h zhtoÔmenh pijanìthta eÐnai polÔ mikr . Sugkekri-
mèna, èstw m < M kai èstw pwc prèpei na upologÐsoume thn pijanìthta

P

(
m ≤

N∑
i=1

Xi ≤M

)
.

Tìte, proseggÐzoume antÐ aut c thn pijanìthta

P

(
m− 1

2
≤

N∑
i=1

Xi ≤M +
1

2

)
,



272 KEF�ALAIO 10. ORIAK�A JEWR�HMATA

Parathr ste ìti afoÔ oi Xi eÐnai akèraiec, ja eÐnai kai to �jroism� touc akèraio, kai
�ra oi dÔo pijanìthtec eÐnai akrib¸c Ðsec. Oi proseggÐseic touc ìmwc ja diafèroun
metaxÔ touc, kai h prosèggish pou ja basÐzetai sto deÔtero endeqìmeno ja eÐnai
kalÔterh. Diaisjhtik�, eÐnai logikì na antistoiqÐsoume sto endeqìmeno

∑N
i=1Xi = m

to di�sthma (m− 1
2 ,m+ 1

2), sto endeqìmeno
∑N

i=1Xi = m+1 to di�sthma (m+ 1
2 ,m+

3
2), k.o.k., kai telik� sto endeqìmeno

∑N
i=1Xi = M to di�sthma (M − 1

2 ,M + 1
2).

Parathr ste m�lista pwc ìtan M = m h pr¸th prosèggish ja d¸sei pijanìthta
akrib¸c 0. DeÐte ta akìlouja paradeÐgmata.

Par�deigma 10.15. Gia N = 150 rÐyeic enìc dÐkaiou nomÐsmatoc (p = 1/2), poia
eÐnai h pijanìthta oi sunolikèc kor¸nec na eÐnai metaxÔ twn 90 kai twn 105?

Gia na apant soume, èstw X1, X2, . . . , XN T.M. ìpou Xi = 1 an h i-ost  rÐyh eÐnai
kor¸na, kai Xi = 0 alli¸c. H mèsh tim  twn Xi eÐnai 1

2 kai h diaspor� p(1− p) = 1
4 ,

kat� ta gnwst� gia thn katanom  Bernoulli. 'Estw epÐshc Y =
∑N

i=1Xi to �jroisma
apì kor¸nec. ParathroÔme pwc

P (90 ≤ Y ≤ 105)

= P

(
90− 1

2
≤ Y ≤ 105 +

1

2

)
= P

(
90− 1

2
− 150× 0.5 ≤ Y − 150× 0.5 ≤ 105 +

1

2
− 150× 0.5

)

= P

90− 1
2 − 150× 0.5√

1501
4

≤ Y − 150× 0.5√
1501

4

≤ 105 + 1
2 − 150× 0.5√

1501
4


' Φ(4.98)− Φ(2.37) ' 1− 0.9911 = 0.0089,

An den eÐqame tropopoi sei arqik� to eÔroc tim¸n, to apotèlesma ja  tan

Φ(4.90)− Φ(2.45) ' 1− 0.9928 = 0.0072,

H akrib c tim , ìpwc prokÔptei me qr sh upologist , eÐnai 0.0088. H tropopoihmènh
mejodologÐa dÐnei kalÔtero apotèlesma, all� p�li up�rqei mia mikr  diafor�, pou
ofeÐletai sto ìti h zhtoÔmenh pijanìthta eÐnai polÔ mikr .

Par�deigma 10.16. (Tzèngkic Qan) Ne¸terec arqaiologikèc kai istorikèc èreunec
epibebaÐwsan thn paradosiak  doxasÐa ìti o Tzèngkic Qan eÐqe akrib¸c 104 paidi�
(giouc kai kìrec). Upojètontac ìti to fÔllo tou kajenìc paidioÔ eÐnai anex�rthto
apì ta �lla, kai ìti to k�je paidÐ eÐnai gioc me pijanìthta 50%, ja upologÐsoume
proseggistik�, me qr sh tou K.O.J., thn pijanìthta oi gioi tou Tzèngkic Qan na
 tan sto pl joc metaxÔ 4900 kai 5100 (sumperilambanomènwn twn �krwn 4900, 5100).
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'Estw Xi, i = 1, . . . , 10000, tuqaÐec metablhtèc Bernoulli. H Xi = 1 an to i-ostì
paidÐ eÐnai agìri, kai Xi = 0 an to i-ostì paidÐ eÐnai korÐtsi. Oi Xi èqoun mèsh tim 
µ = 1

2 kai diaspor� σ2 = 1
2(1 − 1

2) = 1
4 , sunep¸c tupik  apìklish σ = 1

2 . Gia thn
zhtoÔmenh pijanìthta èqoume:

P (4900 ≤
10000∑
i=1

Xi ≤ 5100)

= P (4899.5 ≤
10000∑
i=1

Xi ≤ 5100.5)

= P (4899.5− 10000× 1

2
≤

10000∑
i=1

Xi − 10000× 1

2
≤ 5100.5− 10000× 1

2
)

= P

(
4899.5− 10000× 1

2
1
2

√
10000

≤
∑10000

i=1 Xi − 10000× 1
2

1
2

√
10000

≤ 5100.5− 10000× 1
2

1
2

√
10000

)

= P

(
−2.01 ≤

∑10000
i=1 Xi − 10000× 1

2
1
2

√
10000

≤ 2.01

)
' P (−2.01 ≤ Z ≤ 2.01) = Φ(2.01)− Φ(−2.01) = 2Φ(2.01)− 1 ' 0.955574.

QwrÐc thn tropopoÐhsh thc pr¸thc isìthtac, to apotèlesma ja proèkupte ' 0.954499.
H akrib c tim , me qr sh upologist , eÐnai ' 0.955574.

Par�deigma 10.17. 'Estw pwc h di�rkeia k�je thlefwnik c kl shc se èna dÐktuo
èqei ekjetik  katanom  me mèsh di�rkeia 85 deuterìlepta, kai èstw pwc oi di�rkeiec twn
diadoqik¸n kl sewn eÐnai anex�rthtec. Mia kl sh jewreÐtai {sÔntomh} an diarkèsei
ligìtero apì èna leptì. Poia eÐnai h pijanìthta, to pl joc twn sÔntomwn kl sewn
an�mesa stic 250 pou èginan se mÐa mèra na eÐnai mikrìtero 120?

'Estw mia T.M. Y ∼ Ekj(85). H pijanìthta mia kl sh na eÐnai sÔntomh eÐnai

p = P (Y ≤ 60) = 1− e−60/85 ' 0.5063.

'Estw, t¸ra, anex�rthtec Bern(p) T.M. Xi, ìpou h k�je Xi = 1 an h kl sh i eÐnai
sÔntomh. H mèsh tim  twn Xi eÐnai E(Xi) = p kai h diaspor� touc σ2 = p(1− p). H
zhtoÔmenh pijanìthta eÐnai

P

(
250∑
i=1

Xi < 120

)
= P

(
250∑
i=1

Xi ≤ 119.5

)
= P

(
250∑
i=1

(Xi − p) ≤ 119.5− 250p

)

= P

(
1√

250p(1− p)
≤

250∑
i=1

(Xi − µ) ≤ 119.5− 250p√
250p(1− p)

)
' P (Z ≤ −0.8959) = Φ(−0.8959) ' 0.1851,
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An den eÐqame tropopoi sei arqik� to eÔroc tim¸n, to apotèlesma ja  tan (epibebai¸-
ste to) Φ(−0.8326) ' 0.2025. H akrib c tim , ìpwc prokÔptei me qr sh upologist ,
eÐnai epÐshc ' 0.1851! Gia thn akrÐbeia, to sf�lma tou pr¸tou mac upologismoÔ eÐnai
perÐpou Ðso me 10−6.

Parat rhsh: Parathr ste ìti sta �nw dÔo paradeÐgmata eÐqame thn prosèggish
enìc ajroÐsmatoc ìmoia katanemhmènwn kai anex�rthtwn T.M. Bernoulli mèsw thc
kanonik c katanom c. Parathr ste ìpwc ìti èna �jroisma ìmoia katanemhmènwn kai
anex�rthtwn T.M. Bernoulli akoloujeÐ thn diwnumik  katanom . 'Ara, mporoÔme na
proseggÐsoume thn diwnumik  katanom  mèsw thc kanonik c! Austhr�, èqoume to
akìloujo l mma, pou dÐnoume qwrÐc apìdeixh:

L mma 10.3. (Prosèggish thc Diwnumik c Katanom c apì thn Kanonik ) 'Estw
akoloujÐa apì diwnumikèc T.M. XN me paramètrouc N , p. Tìte, kaj¸c N →∞:

P

(
a ≤ XN −Np√

Np(1− p)
≤ b

)
→ Φ(b)− Φ(a),

P

(
XN −Np√
Np(1− p)

≤ b

)
→ Φ(b),

P

(
XN −Np√
Np(1− p)

≥ a

)
→ 1− Φ(a).

Parathr seic

1. Sto Sq ma 10.2 èqoume sqedi�sei mia akoloujÐa apì diwnumikèc m�zec T.M. me
p kai N = 2, 5, 10, 15. Parathr ste pwc, ìpwc problèpei to K.O.J., kaj¸c
megal¸nei to N , oi m�zec teÐnoun sthn kanonik  katanom 

2. Praktik�, h �nw prosèggish eÐnai ikanopoihtik  ìtan to N eÐnai arket� meg�lo,
p.q., megalÔtero tou 50, kai tautìqrona to Np eÐnai arket� megalÔtero thc
mon�dac, p.q. megalÔtero tou 10.



10.4. TO KENTRIK�O ORIAK�O JE�WRHMA 275

0 5 10 15
0

0.5 N = 2, p = 0.4

0 5 10 15
0

0.5 N = 5, p = 0.4

0 5 10 15
0

0.5 N = 10, p = 0.4

0 5 10 15
0

0.5 N = 15, p = 0.4

Sq ma 10.2: SÔgklish thc diwnumik c katanom c sthn kanonik , gia p = 0.4 kai gia auxanìmenec
timèc tou N (N = 2, 5, 10, 15.)
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