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Abstract For any 0 < p < 2 and any natural numbers N > n, we give an explicit
definition of a random operator § : £, — RY such that forevery 0 < r < p < 2

with r < 1, the operator S, = § : ¢}, — ¢V satisfies with overwhelming proba-
bility that ||S, || ||(Sr)|}ILSII < C(p,r)"N=m where C(p,r) > 0 is a real number
depending only on p and r. One of the main tools that we develop is a new type of
multidimensional Esseen inequality for studying small ball probabilities.

Mathematics Subject Classification (2000) Primary 60E07 - 46B20 - 46B09;
Secondary 52A21

1 Introduction

A famous result of Dvoretzky [6] says that £3 is uniformly represented in any infinite
dimensional Banach space X, which means that for any ¢ > 0 and any natural number

n, Eg I:f X.Forany 1 < p < 2, even if it is impossible to embed Z;’, uniformly in
every Banach space, Maurey and Pisier [22] proved that E;’, is uniformly represented in
a Banach space X if and only if X is not of stable-type p. Itis possible to quantify these
results when X is of finite dimension. Milman [23] proved that if £ is a normed space
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1
of dimension N, then forany ¢ € (0, 1], Eg cif E, where n depends only on ¢ and on a

geometric parameter associated to E. If it is applied in the case of E = E{V , it tells that

1
forany e > 0, £} & ZZIV, where N = C(¢)n and C(¢) is a function depending only on

€. Johnson and Schechtman [12] proved that forany 0 <r < land0 <r < p < 2,

1
for any ¢ € (0, 1], E’I’, if Zﬁv, where N = C(p, r, ¢)n. Later, Pisier [25] gave a differ-

ent proof and extended their result to the case of a general finite dimensional normed

space E of dimension N, proving that for any ¢ > 0, Z’; lif E, where n depends only
on ¢ and on the stable-type constant of E. All these proofs are random. Typically for
Euclidean subspaces, it is possible to use matrices defined by Gaussian vectors, while
for £, subspaces, the matrices are more complicated and defined by “approximating”
p-stable vectors, for which there is no hope to get good properties of concentration
around their mean. However, even if ¢ is taken the largest possible, say equal to 1, it
is not possible to deduce the existence of an operator of rank say [N /2] satisfying the
desired property. In the Euclidean case, this is a theorem of Kashin [15], who proved

that for any » > 0, for any natural number 7, £3 C*'ﬁl) Kfl , where N = (1 4+ n)n and
C(n) depends only on 7. This result was generalized to the case of normed spaces
with bounded volume ratio by Szarek [30], Szarek and Tomczak-Jaegermann [31].
The main subject of this paper is to prove a Kashin-type theorem for embeddings from
E'I’, intoﬁf\’,whereO <r<1,0<r<p<2,N=({+nnandn > 0.In the case

. C(logn,n)
r = 1, Naor and Zvavitch [24] proved that for any € (0, 1) ¢/, & 651”)"

2+

bl

where C(logn, n) = (clog n)(lf . It is important to note that they provide an
explicit definition of a random operator which satisfies the desired property. Subse-
quently Johnson and Schechtman [13] proved that for any 1 < r < p < 2, there
exists an operator T : £} — ¢ uch that || T| ||T|1}}T|| < C(n). However, the
proof depends heavily on a result of Bourgain et al. [2] based on a theorem of Elton
[7], which is valid only in Ef’ . Moreover, it doesn’t give any explicit construction of
a random operator 7. Also, the result of Naor and Zvavitch has been extended by

Cllogn,n,r)
Bernués and L6pez-Valdes [1] who proved that £7, ogrmr ¢ When r < 1.

Even if it is not the main object of that paper, there is an important related sub-
ject concerning embedding subspaces of L into L, which started with the work of
[5,4,26,20]. Of course, this was extended to the finite dimensional setting and we refer
the reader to [3,32,33], where the embedding of general finite dimensional subspaces
of L, into ¢V were studied, and to the survey [14]. The notions of type and cotype
are important in this theory and we refer the interested reader to the survey [21].

Before stating our main result, we need some notations. For any s € (0, +00), and
any d € N, the space Ef is the real space R? equipped with the following norm:

d 1/s
Jxls = (Z |xi|S) . VxeR%
i=l

LetO <r < p <2 withr < 1and N > n be natural numbers. Let (¢;)1<i<n
be the canonical basis of RY, ¥ always denotes a random vector taking the values
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Random embedding of ¢}, into ¢ N 955

{£e1, ..., Zen} with probability ﬁ Let (Y; ;) be a sequence of independent copies
of Y, where 1 <i <n, j € N. We define the following operator:
S0 > RN
p
, 1 (1)
o= (],...,0,) > ZaiZT/pYi’j'
i=1  j>1 J

Theorem 1.1 Let 1 < p < 2, there exist positive real numbers C, and c, such that
for any n > 0, and any natural numbers n, N = (1 + n)n

P{vO<r=1: 811871 = )"} =1 cexp(—e,m),

where S, is the operator S : E’; — Zﬁv, ||Sr_1|| is the norm of the operator Sr_1
restricted to the range of S and c is an absolute positive constant.

Moreover, if 0 < p < 1 then for any 0 < ry < p, there exist positive real numbers
Cp.rp, and cp r,, such that for any n > 0, and any natural numbers n, N = (1 + n)n

P {vo <r<r: 1SS < c}){;’;} > 1 — cexp(—cporyn),

where c is an absolute positive constant.

This gives an explicit expression of a random operator that doesn’t depend on r
and satisfies the desired conclusion with overwhelming probability, for the full range
of values of r. It may be surprising that these operators are already defined in [25] for
the almost isometric result. Moreover, it solves completely the question of extending
the theorem of [12] to a Kashin-type setting.

The proof of Theorem 1.1 is based on a splitting of the unit sphere of Z’; into subsets.
In the case p = 2, this idea appeared in [18,29], and was deeply developed in [27,28]
to study the smallest singular value of some random operators. After splitting the unit
sphere of £’ into two subsets, we need to study a new type of small ball estimate. For
a real random variable, it is common to use an inequality due to Esseen [8]. Several
multi-dimensional versions of this result are known (see [11,34,28,10]). However,
in our situation, none of them seem to give the inequalities we need. Theorem 3.1 is
another type of multidimensional Esseen inequality that is at the heart of our proof.

The organization of the paper is as follows. In Sect. 2, we present some known
tools about p-sable random vectors and about martingale inequalities that are needed
later. In Sect. 3, we prove the new multidimensional Esseen-type inequality, which is
particularly adapted to our context because of the main technical Lemma4.7. Section 4
contains the proof of Theorem 1.1.

2 Preliminary results

We need several consequences of well-known results about p-stable random variables.
We refer the reader to Chapter 5 of the book [ 16]. We recall that a real-valued symmetric
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random variable 6 is called p-stable for p € (0, 2] if its characteristic function is as
follows: for some o > 0, Eexp(itf) = exp(—ao|t|?), for any real t. When o = 1, we
say that 6 is standard. Stable random variables are characterized by their fundamental
“stability” property: if (6;) is a standard p-stable sequence, for any finite sequence (c;)
of real numbers, > ; «;0; has the same distribution as (3, |«;|? Y!/rg,, in particular,

forany r < p,
r\ 1/r 1/p
(E 0; ) =s,,,r(2|ai|f’) : @)
i

where s, » > 0 depends only on p and r. A random vector ® € R is called p-stable
if for any vector & € RV, (&, ®) is a p-stable random variable. Let (1;) be independent
random variables with common exponential distribution P{A; > t} = exp(—1),t > 0.

SetI'; = Z{: | Ai» for j > 1. We recall that Y is the random vector taking the values
{£e1, ..., Zey} with probability 5.

Lemma 2.1 The random vector ® = > =1 F;l/ P Y, where Y are independent cop-
ies of Y, is a p-stable random vector. Moreover, there is a number s, > 0 depending

only on p, such that © has the same distribution as Nl/P Zévzl Opep, where by, ..., 0N
are independent real-valued symmetric standard p-stable random variables.

This result follows directly from [17]. More generally, is is known that if (X ;) j>1
is an i.i.d. sequence of symmetric random vectors in RY, then the random vector
S = ijl I‘j_l/p X is p-stable, and for any & € RV we have

Eexp(i (€, S)) = exp (—=E|(&, X1)I7/sp) -

For more information, we refer the reader to [19].
Let 0, be such that 6, 5,5, » = 1, where s, s, are the constants above. Now,
we define the main random operator

T : 6’; — ZN
3)

a:(al,...,(xn)'_)Nl/qZ Z

— ]>1

where % = % + é, and the following auxiliary operator:

7. N
7.0 — ¢

_ Op,r 1/p
a_(al"”’a”)'_)Nl/qz ZF Y;

i=1 ]>1

Lemma 2.2 LetO <r < p < 2. Forany a € £", we have E|7~“a|§ = |ot|;,.
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Vi iy @i O,
where ©; are independent copies of ©. Therefore, by property (2) and Lemma 2.1 we
have

n
R 1p B
IE|T‘a|r - ]E Nl/q Z ZF Y Ni’/q
i=1 j>1 P -
r Sr
r
- Nlj/q Nr/p Z Zot, it = U[C,rslrzs;),rwd; = |Ol|;,,
=1 li=1

since 6; ¢ are independent real-valued symmetric standard p-stable random variables,
0p,rSpSp,r = 1 and the definition of g. O

The next two lemmas are analogous to the main lemmas in [25]. The first one uses
the fact that, on the average, ® behaves very much like the series Z i>1 i~V PY;.
The second one follows from results about scalar martingale d1fference (see [12
Proposition 2]).

Lemma 2.3 Let 0 < r < p < 2 be such that r > %. There exists a positive real

number D, , depending only on p and r, such that for any o € £, we have

n\/a
< Do ()t

Proof 1f we denote by fi, ..., f; the functions fit) =--- = fj(t) = e "1;>0 then
it is well-known that fi x--- % f;(t) = (j 1),e "1;>0. Hence for any x > 0

E|T«|. —

IP’{I }— " (—uw)yd
<X _/ - exp(—u)du.
— !

) G )

Therefore,

ui—1
> ETVP T = / ST —um VP exp(—u)du.
: j (G — D!

j>1 j>1

Using Stirling’s formula, there exists a positive real number @ > 0 such that for any

j=>1, Jj—j, < a%. By the change of variable u/j = t, we get
o0

_ 1 t J
Z]E|j—l/p — rj 1/p|r < a/ [1— t—l/p|r; Z (—_1)) j1/2—r/pdt.
0 izl

=1 exp(t
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Observe that p > r > % > 5 and that —1/2 < 1/2 —r/p < 0. The integral

clearly converges near co and near 0. When ¢ is close to 1 1 —h?, where

13
> exp(t—1) hes0
t = 1 4+ h. By comparing series with integrals, it is easy to deduce that there is a real
number K, , depending only on r and p such that for ¢ close to 1, we have

3/2—r/p

t b 1 2r/p=3
Z (ex (t — 1)) S < Kpr exp(i—1) w0 Kporh e
j=1 NP In (2200}

From this inequality, it is clear that for » > % , the integral converges near 1. Hence,

for any 0 < 20 << p < 2, there exists a real positive number D’

2 such that

p.r

.—1 -1/
D BTV -1 <D,
jzl

Therefore, by Lemma 2.2 and the equation above, we get that

E|Tal] — |af| = )meli
< b Z|a,|’ZE|f”P R T
j>1
This is the announced result. O

Lemma 2.4 Let 0 < p/2 < r < p < 2. There exists a positive real number b, ,
depending only on p and r, such that for any a € E’;, with |a|, = 1, and any t > 0,
we have

P{||Tal, —E|Tal.| >t} < 2exp(=b,, N t9/").

Proof 1Tt is exactly analogous to the inequality (2.7) from [25]. For completeness,
we give a sketch of the proof following [25]. Let (Bx)k>1 be the non-increasing rear-
rangement of (|ozi|j_1/1’)15i5n,j21. We first observe that > /_, Zj>1 j_l/l’YiJ
has the same distribution as >, .| Bx Yk, where Y are independent copies of Y. More-
over, when s = p/r -

1B 115 oo = supu*card{(i, j) : lo;|"j "/ > u}

u>0

< supu' Zla |Pu=P/" = =lalh =

u>0 i—1
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Since 1 < s < 2, it is well-known (see [12, Proposition 2]) that if (dy) is a scalar
martingale difference sequence, such that |dx| < yx a.s. and if || (k) ||ls.c0 < 00, then
for any t > 0 we have

s
P | >t §2exp(—”;k%),

R
k>1 $,00

where 1/s + 1/s’ = 1. By the definition of s, it means that s’ = ¢g/r. Let us denote
by F; the o-algebra generated by Y1, ..., Y}, and define

r r
O,r
A Fe
di = o7 (B D BYi| —ET DBy,
jzl jzl

r r

By the triangle inequality for the Eﬁv -norm,

r

o
il = 7 B

and by definition, ||Ta|; — E|T«|/| has the same distribution as |Y";- di|, which
ends the proof of this lemma. O

We denote by S ;’7_1 the unit sphere of E’;,. We need the following standard lemma
(see [12, Lemma 2]), involving ¥ -net with respect to | - |;, of S;‘,’l, where r < 1. By
a ¥-net, N/, we mean that for any o € Sg_l, we have inf yepr o — y|;7 < 9.

g)n/r-

Lemma 2.5 Letr < 1. Then S;’)_l contains a U -net of cardinality at most (1 +3

3 Multi-dimensional Esseen type inequality

To study a small ball probability associated to a random variable, often an inequality
due to Esseen [8] is being used. Several multi-dimensional versions of this result are
known (see [11,34,28,10]). Our aim is to present a new type of such inequalities.
We say that a compact set K C R” is star shape if the origin O belongs to the relative
interior of K and if for any point a € K, the segment [0, a] C K. We define the
gauge associated to K by

x|k =inf{t > 0,x € tK}.

We denote by | K| the volume of K in RV,

Theorem 3.1 Let X be a random vector in RN, such that the function & >
Eexp(i (£, X)) belongs to L1(RN). Then for any compact star shape K C RN, for
anyt >0
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P{IXlx <t} < K] ( ) /IEeXp(l (&, X)) dg.

This result is useful for our purposes. We use it for K = Nl/’BrN and X = N'/"Ta
(with 0 < r < 1). In Lemma 4.7, we estimate the L; norm of the characteristic
function of X when « belongs to a particular subset of the unit sphere of £7,.

Proof By a simple change of variable, it is clear that we can assume that t = 1.
Moreover, for ¢ > 0, let ¥, be a C* function on R, such that . (¢) = 0ifr > 1 + ¢,
Ye(t) = 1ift < 1 and Vr € R, ¥ (¢) € [0, 1]. Define f(x) = v¥:(||lx||x) and let
(¢;)j>1 be the approximation of the identity on RY defined for any j > 1 by

Vx e RY, ¢ () = jN exp(=j2Ix[3/2)/ @m)V/2.
By the definition of f and v, f < 1(14k and we get | f| < (14 &)V |K|. Basy
computations imply that f x ¢; and f x ¢; belong to the class of Schwarz functions

on RV, so we can apply the inverse Fourier transform to deduce that for any x € RY
we have

frj(x) = /f(é)tbj(f)eXp(l(x §))ds.

2n )N

The function & — f(f;‘)q/ﬁ.\/ (€) exp(i (x, £)) belongs to L{(RY), and we may apply
Fubini’s theorem to deduce that

Ef*¢;j(X) = /f(§)¢](§)EeXP(l(X £))ds

Qn )N

1 —~
< (g) K| /|¢j(5)||Eexp(i<x,s>)|ds.
RN

Since ¥, is C*° and bounded, we get by the dominated convergence theorem of
Lebesgue

lim E|f(X —y) — f(X)| =0,
y—0
from which it is classical to deduce that

jli)n;oElf*cbj(X) — fX)]=0.
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Moreover, |@(é)| tends to 1 from below as j — oo and since & +— Eexp(i(X, &))
belongs to L1(R"), by the dominated convergence theorem of Lebesgue, we deduce
that

lim [ 15@ 1 Bexplitx. en1ds = [ Bexpli(x. £)lde.
RN RN

We conclude that for any ¢ > 0,

1 N
Ef(X) < (%) K| / [E exp(i (X, £))] dE.
RN

By the definition of f and ¥ we know that f(X) > 1g(X) and it is clear that
PliXllx =1} <= Ef(X),

which ends the proof of this theorem, letting ¢ — 0. O

Remark This Theorem is also a simple application of the fact that a measure whose
characteristic function is integrable is absolutely continuous. Moreover, in the partic-
ular case of K being the Euclidean ball, it is possible to estimate the classical Levy
concentration function of sum of independent random vectors. Indeed, it is enough to
perturb the random sum X by a Gaussian vector G (with the appropriate variance).
Therefore, the Levy concentration function of X has the same order as the one of
X + G and by properties of the characteristic function, we get integrability at infinity
so that we can apply Theorem 3.1. For instance, following this argument, one may
recover (and extend [9]) Theorem 3.3 from [28].

4 The random embedding

Letus fix p € (0, 2), and recall that for any fixed r, such that 0 < r < p, the operator
T was defined in (4). The main theorem that we shall prove is the following:

Theorem 4.1 Let O < r < p < 2withr <1 be such that r > %. Forany n > 0,
and any natural numbers n, N = (1 + n)n
P {ch € E;’,, c(p,r,nlalp, < |Tal, < C(p, r)|oz|p} > 1 —c exp(—cp rn),

where c(p,r,n) = c(p, )L/, c(p,r),C(p,r), cp, are positive numbers depending
only on p and r, and ¢ > 0 is an absolute constant.

This section is organized as follows. The two first parts provide the proof of this
theorem. The parameters r and p are fixed, such that they satisfy the assumption of
this theorem. Observe that % > p/2 and in this case, we may apply Lemmas 2.3
and 2.4. We first get an estimate for the upper bound. The main study of the lower
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bound focuses on an estimate for small ball probabilities and is presented in the second
part. The last part will be devoted to the proof of Theorem 1.1, where r is not fixed
anymore.

4.1 The upper bound

Proposition 4.2 There exist a constant C(p, r) > 0, such that for any natural num-
bers N > n

PITI = C(p,r)} = 1 =2 exp(—=cN/r),

where c is an absolute positive constant.

Proof By Lemma 2.3, let s > 0 be such that D, , < s/2, then we have for every
a e sl
p

|E|Tal, — 1| <s/2.
By Lemma 2.4 with t = s/2 we get by the triangle inequality
P{|ITal; — 1| > s} < 2exp(=b,, N s4/7/24/"),
which implies that
P{|Tal, > (1+5)} < 2exp(—b,, N s4/7/24/7).

Let AV be 1/2-net with respect to | - [, of SZ’I. By Lemma 2.5, it can be chosen of
cardinality less than 5"/”, then

P{3y e N, ITyl, = (1 +5)} < 2exp(=by,, N si/" /295"

r/q
For s = 2max (D P (if—pgrs) ), we deduce that with probability greater than

1 —exp(—cN/r), forany y € N we have |Ty|. < (1 +s).
By the definition of NV, for any o € S;_l, there exists y € NV, such that |a — y|;, <
1/2, therefore, by the triangle inequality

T r
ITI" = sup |Tal < sup Tyl + 2” ,

aesy! ye

from which we deduce that with probability greater than 1 — 2exp(—cN/r), || T ||
QU+ )" = C(p,r). o

IA
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4.2 The lower bound

We start with the following:

Theorem 4.3 There exist positive real numbers c(p,r), cp,, depending only on p
and r, such that for any n > 0, and any natural numbers n, N = (1 + n)n

P {Eioz IS E’;, |Tal, <c(p,r, n)lalp} < c exp(—cp,,rn),

where c(p,r,n) = c(p, Y and ¢ > 0 is an absolute constant.

For §, p € (0, 1), we define Sparse(§) = {o € E'I’, . | supp(a)| < dm}, and partition
the unit sphere of £”, SZ_I, into two sets with respect to Sparse(§) and p. We define
the following sets:

ASG, p) = {a € S;;—l : dist , (e, Sparse(8)) < p'/"},
NAS@. p) = 5,7 \ASG. ),

where AS(S, p) is the pl/ "-enlargement (for the Z’;, metric) of the set of sparse vectors
intersected with SZ_I.

4.2.1 The case of almost sparse vectors

Let C(p, r) be the number defined in Proposition 4.2.

Proposition 4.4 There exist constants cp, > 0 and 8y, -, pp,r € (0, 1), such that for
any é € (0,6, ) and p € (0, pp,r), for any natural numbers N > n

, 1
P [aejrsl(f&p) |Tal| < G &|T| < C(p, r)] <2exp(—cprn). 4)

Proof First we provide a small ball estimate for the sparse vectors.

1
P inf |Toz|£ < —
aeSparse((S)ﬂS;*l 2

1
:P{Eac{l,...,n}, lo| =6én:  inf |Tot|;§§]

acR? r’\S}ﬁ’l

(" \elaw e st rap < L1
— \6n P =2

By Lemma 2.3, we know that for any o € Sg”_l

r LAY r/q
}E|T“|r - 1} <Dy, N < Dp,8"1,
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964 O. Friedland, O. Guédon

from which we deduce that for § < 8;” = 1/(4Dp’r)r/q,
Va € 7', |E|Tal] — 1| < 1/4. 5)

Moreover, by Lemma 2.4, we know that for any o € Sf,”’l
IPTrIET’>1<2 b, N
|Tal; —ElTal| = gt < 2exp(=b), , N).

Let AV be a 1/12-net with respect to | - |, of Sf,”_l. By Lemma 2.5, it can be chosen
such that |N| < 25%/7 then using (5) and the union bound, we get

5 11
P[Vy eN, g = ITy|" < ?} > 1 —2exp(—b), ,N)25°"/".

From the classical net argument (like in the proof of Proposition 4.2), we deduce that
with this probability, for any z € R%" we have

ITz|) Izl

r_8

Moreover, for any o € S;S,”_l, there exists y € A, such that |o — y|’ < 1/12, which
implies

ITal, = |Tyl, — T~y = 5/8—12/8-1/12=1/2.

We conclude that

1
P [Eloz e S |Tal) < 5] < 2exp(—b/, ,N)25"".

Since N > n, it is easy to see that there exists a number ', ».r» such that for § < 8/,;’ -

1
]P{ inf ITal” < -} <2 (5”) -exp(~b), N + Cén/r)
; ,

aeSparse(é)ﬂS;Tl )
<2 exp ((Sn log(e/8) — b, N + CSn/r)
< 2 exp(—cprn). (6)
We define §,, , = Inln(8p o ,)
Assume now that there ex1sts a € AS(8, p), such that |Ta|. < 4 and that ||| <

C(p,r), where C(p, r) is defined in Proposition 4.2. Then by the definition of the
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Random embedding of ¢}, into ¢ N 965

almost sparse vectors, o can be written as a sum « = y + z, where y € Sparse(6) and
lzl’, < p. Thus, ||}, = le — zl), > ||}, — |z]}, = 1 — p, and

1
+C(p.r)p.

Tyl < 1Tal, + TN - lzl), < 7

We choose pp, » € (0, 1) small enough, such that % +C(p,r) pp,r = %(1 — Pp.r)-
Since |y|’ > 1—p,andforany p < pp ,, }‘ +C(p,r)'p < %(1 — p). We have found
a unit vector u = y/|y|, € Sparse(8), such that [Tu|; < 7, so we conclude

1
IP’[ inf |Ta|;sz&||T||sc<p,r>]

acAS(S,p)
. P
<P inf [Tol, < =t,
ozeSparse(S)ﬁ.S‘;',_1 2
which ends the proof of this lemma thanks to (6). m|

4.2.2 The case of non-almost sparse vectors

The main result of this section is the following:
Proposition 4.5 There exists a positive number c(p, r) depending only on p and r,

such that for any n > 0, and any natural numbers n, N = (1 4+ n)n,

P inf T < , &IT| < C(p. < . 7
[aelelxlS(a ITal, < cp,r,n) &|T (p V)] exp(—cn/r)

where C(p, r) is the constant defined in Proposition 4.2, § = 8, , and p = pp, are
chosen from Proposition 4.4 and ¢ > 0 is an absolute constant. Moreover it is valid
for any c(p, r, n) such that

c(p,r,m) < c(p,r)'/".

We shall need the following basic properties of a non-almost sparse vector.

Lemma 4.6 Let « € NAS(S, p). Then there exists a set I C {1,...,n} with |I| >
%8n,0”/’, such that for any k € I we have

pl/r 1
i Sl = —7-
Qn)l/r Bn)l/p

Proof Consider the subsets of {1, ..., n} defined as

1 pl/r

and put 7 := I) N I. Since |a|, = 1, then |[I]| < dn and y := Pllcoz € Sparse(§).
Recalla € NAS(S, p), therefore, | Pra| ) = o —y|p > o'/ . By the definition of I,
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plr plr
we have |P12coz|§ < nf— = £5—. Hence,
P P P r
|Pralp = [Pralp — |Prgal, > 5

Moreover, |P1a|§ < |Prally - |1 < $|1|, which proves that |/| > %Snpp/’.

O

First, we need to evaluate the small ball probability associated to a non-almost
sparse vector. To do this, we use Theorem 3.1 and we need the following main tech-

nical lemma.

Lemma 4.7 For any vector o € NAS(S, p), the function
§ > Eexp(i NV (£, Ta)),

belongs to L (RM). Moreover,

/ Eexp(i NV/" (£, Ta))dé < C(p.r.8, p)".
RN

Proof Let X be the random vector N'!'/” T . By the definition of T« and of the random

vector Y, and by independence of the sequence (Y ;) we have

[Eexp(i (€, X)) = HH

Eexp(zv“l’opr 3 Yk,>)‘
J

k=1 j>1
n
:HH Zcos(apr NY/P ]/p&)
i=1j>1
Since | cos 0| = | cos(0 + mm)| for any integer m € Z, we know that

|cos@| <1 — ¢y min |6 —nm|2,
meZ

where ¢ is a positive number. It is also clear that for any real number x, 1 — x <

exp(—x), therefore, we have

1/pgy.
o, NV Pa;
Eexp(i(&, X))| < 1—— mmp’— —nam
[Eexp(i (5, X))| < Hl]]:[l( min | == b
N 1/p .
. |oprNYPa;
< expl —— & —7mm
}—[1]1:[1 p( 1’"GZ jtr .
1/pgy.
opr N/ Pa;
< ex — L pin |22 —mm
1T e (-5 i3
(=1i=1j>1
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)

We shall now prove that the function

ap,,Nl/Pai

jl/p Z—T1mm

H:z HHexp(——m

i=1 o1 N meZ

belongs to L1 (R). Moreover, if R is defined by

-1
1 1/p
R Z(Up,r,ol/r (%) ) ’

then the function H satisfies for any |z| < R,

H(2) < exp(=by,8%/7p*"2%) @)
and for any |z| > R,

H(2) < exp(=by,8p*"/"2P), ®)

where b, , is a positive real numbers depending only on p and r. From now on, we
emphasize that the value of b, , may change from line to line, but it depends only on
p and r. Once it will be proved, then we easily conclude the proof of this lemma, since

N
[ et xia < [ Hedz
N R
Let I C {1,...,n} be the subset given by Lemma 4.6, then
H < . 0p7rN1/p(Xi 2
@ = [[[]ex __2161% — 2o )
iel j>1

1/r
; P . 1
By Lemma 4.6 for any i € I, we know omip = loi| < LR
Let us first assume that |z| < R, then for any i € I we have

oprNYPa; - 21/p
L = 81ppl/r ji/p

and we deduce that for j > jo = [27/8pP/"] > 2

2 2 A2/p a2
ap’rN a;
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We get that
HE <[] ( |5 2)
Z exp — =L min 7, L —Tnm
iel j>jo N mez J v
2/p
1 ap N a )
< H H exp( TZ .
i€l j=jo
By the definition of / in Lemma 4.6
02/ 2/
ZO‘ 1] - i 15 npP!" . p" 1 8p2/rtp/ry1=2/p
LT (2n)2/1’ -2 (2n)%/p ~ 21%27p '

iel
and by the definition of jj

bp.r

ZJ 2P = b, Go— D' = by, (o/2)' ™ 2/”_W

Jj=Jjo

We conclude that
H(Z) < exp (_bp,r(l + n)Z/p—182/pp4/rZ2) < exp (_bp,r(SZ/Pp4/rZ2) ,

which ends the proof of (7).
Now, we assume that |z| > R, then for any i € I we have ap,er/”|oc,-||z| > 1.
Let jo be given by

Jjo=lop Nlei|”z[P1+1,

then it is obvious that jo > 2 and jo — 1 > jo/2. Moreover, for any j > jo

opsN'Pg 2 o2 N¥Pa?
min : g z—mm| = ’Tz .
meZ i /p j /p
We get that
H@ <[] ]] o e 2
z exp ——m1 ———2z—7m
il o N meZ jl/p
2/p
c105 NPq
<HHexp( Ipr—pzz).
i€l j=jo
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By the definition of jj

. . — . — 1-2
S = by Go = DY 2 by Go/D' Y = by (0f Nl P217) T

izJo
and by the definition of / in Lemma 4.6,

P 1
P> ['O_>_8 2p/r
E a,_||2n_4p ,
iel

hence, we deduce that
H() = oxp (<by, 802 217

which proves (8), and ends the proof of this lemma. O

Proof of Proposition 4.5 The numbers 6 and p are now chosen and depend only on
p and r. We will not write these numbers anymore. By Lemma 4.7, we can apply
Theorem 3.1 with K = Nl/’BfV and X = NY/"Tq for a fixed «, which belongs to
the non-almost sparse vectors. Observe that || X ||k = |T«|, and it is known that there
is a positive real number A (independent of  and N), such that |K| < A" therefore,
we get that for any u > 0

P{|Tal, <u} < (cp u)",

where ¢, » depends only on p and r (it comes from Lemma 4.7). Let A/ be a ©/2-net
with respect to | - |; for the unit sphere S;’,_l. It is easy to construct from N a 9 -net,
N, with respect to | - |;, for the set of the NAS(8, p) vectors such that |A| < |A/].

n/r r
Therefore by Lemma 2.5, we have |N| < (%) . We choose ¢ = % (ﬁ) s

where C(p, r) is defined in Proposition 4.2. Since N = (1 4 n)n, we get by the union
bound that

o
1 10C(p, r)"\""
ey (O2ITY

ur

r r (I4+n)n 5 n/r
Py e N, Tyl; <u"} < (cp,ru) =

—1/n
For u = (c,l,fr" 2017 . C(p, r)) we get that

P{3y e N, [Tyl <u"} <exp(—cn/r).

If there exists @ € NAS(8, p) such that |Ta|. < u"/2 and if | T|| < C(p, r), then by
definition of \V, there is a vector y € A/, such that |a — y|; < ¥, and by the triangle
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inequality, we have
Ty, <|Tal, +|T@ -y, <u"/2+9-C(p,r) =u".
We conclude that for ¢(p, r, n) = c¢(p, r)'/",

P{3c € NAS@, p), |Talr =c(p,r,n) & IT| = C(p,r)} <exp(—cn/r),

thanks to the last inequality. O

Proof of Theorem 4.3 1tis enough to remark that S;’,’l = AS(, p)UNAS(S, p),and
to combine the results of Propositions 4.2, 4.4 and 4.5. O

Proof of Theorem 4.1 Ttis justacombination of Theorem 4.3 with the Proposition 4.2.
O

4.3 Conclusion

Proof of Theorem 1.1 Inthe case 1 < p < 2, let r; and r, be such that 0 < % <
r1 < 1 and r, = 1. By Theorem 4.1, we deduce that with overwhelming probability,
the operator § is simultaneously a nice embedding from Z’;, to both £ f{ and ¢ Z Indeed,
the operator S is just a multiplicity of the operator 7T,

i S ;’i/’qZ Z Yij=Ta.

which means that with probability greater than 1 — 2c exp(—cn), for any o € £7,
we have

c(p)l/an/rl—l/P |y < ISl < C(p)Nl/rl—l/P || s
c(p)! "NV |, < (Sal, < C(pNYTP g,

where the numbers ¢, ¢(p) and C(p) are the worse constants that come from Theo-
rem 4.1 for the fixed choice of r| and r;. Now, by a standard extrapolation argument,
it is easy to deduce that

() NP ), < (Sl < C(p)NYTTYP gl ,

where ¢’(p) is another positive real number depending only on p. The result follows
by interpolation for r; < r < 1.

For the last part, we repeat exactly the same argument in the case 0 < p < 1, but
we have to fix r» < p, then we obtain the desired conclusion for every 0 < r < rp
with constants depending only on p and r;. O
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