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26. 'Eotw X tonohoywdc ywpeoc. Amodeilte ot

() Av o X elvou xavovixoe (T3), 16t xde BUo SapopeTtind onueior Tou €youv TEPLOYES TV
omolwyv oL xAetoTéc Vixeg elvon Eévec.

(B) Av o X eivor guotohoywde (1), tote xde dVo Zéva *AEIGTE UTOGUVORS TOU TEPLEY OVTOL
OE avVOLY T GUVOAX TwV 0TolwY oL XAEWoTEC Vrneg elvon EEVeC.

Trédeitn: () Trodétoupe 6Tl 0 ywdpoc X eivon Ts xou €otw = # y dVo onuela tou. Agol
xade Ty ywpog evon T, undpyouv U,V avorytd urtoctvora tou X e o € U, y € V xw
UNV =10. Lougovo pe yvwotod yag yopaxtnetodd tov Ty ydpwy, undpyet W tepoyy| tou =
uex €W CW CU. Ouoc VCX\Udpa WNV = 0.

(B) Avéhoya pe to (a): Trodétoupe 61t 0 yodpoc X eivon Ty. Av ta A, B C X eivou xhelotd xou
&éva, toTe undpyouy U, V avorytd xaw éva untocivora tou X pe A C U xou B C V. Xlugpova
UE YVWOTO oG yopoxtnelold tov Ty yoewy, undeyet W C X avowyto yge A € W C W CUu.
Eneton 6t WNV = 0.

27. 'Eotw X,Y tomoloywxol yopot xou f,g : X — Y ouveyelc cuvopthoec. Av o Y ebvan
yopeoc Hausdorft (73), anodei€te 6t 10 obvoro K = {x € X : f(z) = g(x)} elvou xheioto.

Trédeitn: O detloupe 6tL 10 olvoro X \ K = {z € X : f(x) # g(x)} evar avoytd. Eotw
r e X\ K. Tote f(z) # g(x) xou agol o Y etvan Ty ywpog undpyouv U, V' avorytd utocivoro
tov Y pe f(x) € U, g(z) €V xw UNV = . Téte o ohvoho W = f~HU) N g (V) ebvou
avouy T Teptoyh Tou & xou av z € W, t6te f(2) # g(2), doa W C X \ K. Yuunepoivoupe 6Tt
0 X \ K elvor avoryto.

28. 'Eotw X 2o0¢ opuduficiuog Tomoloyinde ymeog xa S €va UTERUPLIUCLIO UTOGUVOAD
Tou. Arnodellte 6Tl T0 oUvolo TV onueiwy Tou S Tou elvor onueion cuochpeuoTg Tou S elvor
urepapriunoo. Ewbixdtepa, o X Oev mepléyel xoavévo UTEQUoIIUAGILO BlaxEltd UTOGUVOAO.

Tréoeitn: 'Eotw (By)neno po oprduiotun Bdon yio tyy tonoroyio tou X. ‘Eotw S éva unepa-
ewlurotuo utocivoho tou X. Anodewvioupe to {nToduevo pe anaywyr o€ dtono: Trovétouue
6Tt T0 6UVoho SN S’ Twv onueiwy Tou S Tou elvar onueian GucGOEEVCTIC Tou elvor To TOAD apLd-
wiowo, ondte to S\ S’ elvon unepoprdunowo xo anoteheitar and pepovouévo onueian. Tote,
v xde z € S\ S, undpyet Baowxr avowyth nepoyf By, ue By, NS = {z}. Encta 6 1
amexovion ¢ : S\ S = N e ¢(x) = n, evon 1 — 1, to onolo elvor drorno, agpod 10 S\ S eivan
unepaptiufowo. Xuunepaivoude 6Tt 10 S\ S, Inhadh 10 GOVOAO TWV UEUOVWUEVWY GNUElwY
Tou S elvon T0 TOAD opriunoLuo.

29. Arnodei&te ot xde dnepog ywpoc Hausdorff mepiéyet évay dmeipo undyweo tou onolou 1
oyt Tortohoyla ebvon 1) SLaxELTy).



Ymodeitn: Anodewxvioupe mpdTo Tt uropolue vo emthéZoupe o oxohouvdia (U, )pen avoly v
LN V&Y UTOoUYORGY Tou X Tétol Wote, Yo xdde n € N, 1o X \ Uj_, Uk vo ebvor dmetpo o
Unp1 € X \ UZ:1 Uk-

Ioyypiouds : T xdie dnewpo ywpo Hausdorft Y umdpyer €var avolytéd un xevéd utocivord tou
U tétoo wote 10 Y \ U va ebvor dmetpo.

Amnéoeién tov Ioyupiouot: Emhéyoupe onolodnfmote avoryté un xevé unoctvoro V tou Y e
Y \V # 0 — undpyer wétowo V agol o Y eivar Hausdorff xou [Y| > 2. Av 1o Y\ V ebvan drerpo,
éyoupe terewwoet. Av 1o Y\ V elvon menepaopévo, téte etvan xhetoté (apol o Y etvan T7), adhd.
etvon %o avory T, omdte Vétovtac U =Y \ V éyoupe Y \U =Y \U =V, dpa w0 Y \ U v
dmeLpo.

Eraywyixn enz/\oyrj g axolovdiag (U,): Z()pcpcovcx ue tov Ioyvpoud,, yia n = 1 urnopolue
vo. Bpole avorytd un xevéd Uy pe 0 X \ U, va glvou dmewo. Av to Uy, ..., U, EXOUV emAeYel
wote 10 Y = X \ Uj_, Uk va elvon dmerpo, f)smups Y = X\ Ui, Uk xot, GOUPOVOL UE TOV
IOXUPLOHO UTOPOUUE VoL Bpoups Upt1 C Y, avoyté (otov Y), un %xevo, pe 1o Y\ cly (Upt1) va
ebvau dmepo. Agol to Y etvor avoryté otov X, 10 Upy1 ebvor avoryté otov X. Emmiéoy, lO%(UEZl
cly (Uns1) = Up1 NY, onéte Y\ cly (Upyr) = Y\ Upyy = X \ UL, Uy, doa 1o X\ Uit

elvon dmelpo. Autd OAOXANPEWVEL TO ETUYWYIXO 3oL

Téhoc, emhéyovrog, yo xdde n € N, z,, € U, o unéywpoc Z = {x, : n € N} tou X, éyet m
OloxpLtr} Totohoyla.

30. Anodei&te 61T
(o) Kdrde xherotde undywpog evic Ty yopou etvon 1.

(B) Av o tonohoyixoc yweoc X eivon Ty, o Y elvon Th xan umdpyel amexévion f: X — Y
oLVeEYTC, XheloTY) xau el Tou Y, tote 0 Y ebvan Ty

Tréoeitn: (o) Eoww X Ty yodpoc xou Y xhetotdc vndywpog tou X. ‘Eotww A, B CY xheotd
otov Y xou Eéva. Trdpyouv tote F, K xheiotd unocOvoha tou X ye A=Y NF, B=Y NK.
Agol 10 Y elvor xhetotd unocivoro tou X, ta A, B elvan xhewotd otov X, dpo undpyouy U,V
avolytd otov X xaw Eévaye A C U, BCV,onéte ta UNY, VNY ebvar avorytd otov Y xou
draywpllouv ta A, B.

(ﬁ) ‘Eotw X Ty ywpog, Y T ywpog xou f: X — Y cuveyrg, xhetoty| xau enl Tou Y. Eotw
A, B CY »hewotd xon Eéva. Tote ta f71(A), f~H(B) eivan Eéva utocivoha Tou X xou xhelotd,
ooV 1 f elvan ouveyhc. Agol o X elvan Ty urndpyouv U, V' avorytd xou Eéva utochvoha Tou
X e f7HA) CUxa f7YB) CV. Téte wa f(X\U) xu f(X \ V) elvon xhetotd vroctvola
tou Y, agol 1 f etvan xhetoth, xou Vétovioe G =Y \ f(X\U), W =Y\ f(X \ V) éyouue 6Tt
ACG,BCW,twG,W elvaw avorytd xou Eéva (ehéyEte t0). Luunepaivoupe 6t o Y etvon Ty.

31. 'Onwg Eépoupe, évag umdywpeog evog Ty yweou Umopel vo unv etvar Ty %ol T0 X0ETECLAVO

ywouevo Ty yopwv umopel vo uny eivon Ty. Ao tnv dhkn ueptd, amodeilte 6Tt loylel To e€Xc:

Av o yopog yvouevo Hie] X; etvon Ty, tote xou x&de X; ebvon Ty.

Ynébaén: Trnodétouye 6t o ywduevo [[ X; eivon ydpoc Ty. Eotww ip € I. Oa deifouye
i€l

ot o X, ebvon Ty, Kot’ apyde, agol o [1X: etvan Ty woyber xou 6t xdde ywpoc X; eivou
i€l



Ty. Yradeponoolue éva (vi)ier € [[ Xi. 'Emetar 6t o undywpoc Z = X, X [[ {yi} ebvan
el il
! i#ig
xhewotoc otov [[ X ¢ yvoUevo XAEIGTHY GUVONGY. Enlong, o Z elvar opolopop@xdg ue tov
i€l
Xip. Emmiéov, o Z ebvar Ty ¢ xhetotog undyweoc Ty ywpeou. Xuunepatvouue Ot o X elvou
Ty.

32. BOewpolue v owxoyévewr cUVOrwY (U, ),ep Tou opicope otnyv anddetln tou Afupotog tou
Urysohn xou tnv avtiototyn ouvdptnon f. Anodei€te 6, yio xdde x € [0, 1), woydet:

)= ) N U U

reD,r>x seD, s<x

Trédeitn: And tov opioud tne f, yw xdlde z € Uy = X \ B, ebvan f(2) =inf{r e D: 2 € U,},
eved f(z) =1, av z € B. Emmiéov woylet 6n U, C Uy, yra xéde 0 <r < s < 1.

Ocwpolye howmév t € [0,1). Av z € X pe f(2) =t, 1610 Vr >t 2 € Uy, dpa 2 € (Nyep oy U
evo Vs < t 2 & Us, 8p0t 2 & Usep, sy Us- Bupnepaivoupe ot f1({t}) € Myep roe Ur \
USGD, s<t US‘

Avtiotpoga, €070 2 € (Nep oy Ur \ Usep, e Us: TOT€ 2 € (,cp yoy Ur, Spainf{r € D : 2 €
Uy <tz & Usep, gy Us, dpa xde s < t ebvon xdte gpdrype tou ouvérou {r € D : z € U, },
emopévoc t < inf{r € D : z € U,} xa ovunepodvoupe 6t ¢t = inf{r € D : z € U,} = f(2),
67])\0‘67/] z € fil ({t}) APO( ﬂrED,r>t UT \ UsGD,s<t US g fil <{t})

33. Adote W dueon anddeln tou Afupatoc tou Urysohn yio petpixolg yweoue (X, d),
YewpwvTag T ouvdptnor f ue

d(z, A)
(x,A) +d(z, B)’

fla) = -

omov d(z,C) = inf{d(z,c) : ¢ € C}, yaxdde z € X xu C C X, C # 0.

Trédeitn: T xéde C C X, n ouvdptnon ¢c : X = R pe ¢o(x) = d(z, C) ebvar ouveyric xou
dc(x) =0<= 2 € C. 'Enctan 611, av o0 A, B C X elvon xhetotd xan Eéva, toTE 1) f elvon xokd
optopévn xou cuveyng. Ta umdhoima eAEyyovTon dueoa.

34. 'Evo utocivoho A evog tonohoyixol yopeou X Aéyeton ohvoro G5 av LlooUToL UE TNV TouN
wag axoroudiag avoly Ty cUVOALY, dNhadh A = ﬂneN G, omou, yia xdwe n € N, 10 G, C X
ebvon ovolyt6. Amodellte To axdrouda:

() Av o X eivou log opriufiowoc xat Th ToToAoY oS YWeog, TOTE To LovooUvoha Tou X efvou
G5 obvoha.

(B) 'Eotw X Ty yopoc xou A unocivoho tou X. To A eivor xhetot6d xou Gy av xou u6évo oy
undpyet ouveyhic ouvdptnon f: X — [0,1] tétowx wote A = {z € X : f(x) = 0}.

Tnooaén: (o) 'Eotw X log aprdurowog xou Th ydpog xa éotw © € X. Av (Uy,)pen ebvan o
aprdurfowun Bdon neptoydv tou o pe U, avorxto yioxdde n € N, téte woybet ot (o, U, = {x}.
Hpdrypart, eivon goavepd 6tz € ()0, Uy Emmhéov, agol o X eivon 11, av y # x, tdTe Undpyet
no € N ME Y ¢ Unm OICPO( Y ¢ m;ozl Un



(B) Eotw X Ty yopoc xaw A C X. Trobétouye mpwto 61t undpyer f: X — [0, 1] ouveync ue
A={re X : f(x) =0}. Téte, agod A = f~1({0}) xou 1 f ebvor cuveyfc, To A elvor xheloTd.
Enlonc, A=, [ ((—oo, %)), doa to A elvon xau Gis.

Avtiotpoga, utodétoupe 61t to A elvon xdeotd xaw Gy, dSnhadh A = ()2, G, 61ov xdde
G, ebvar avouxté. T xdde n € N Oérovpe F, = X\ G,,. Ta A xou F), eivor xhetotd odvola xou
&éva, dpa, clugpwva ye o Afupa tou Urysohn, yio xde n € N undpyer cuveyric ouvdptnon
fo X = [0,1) pe fu(zx) = 0 yioo xéde x € A xau fr(z) = 1 yia x&de z € F,. Oétouue
f=> 2% fn- Amé 70 xputrplo Tou Weierstrass émeton OTL 1) OELRd GUYXAIVEL OUOLOUOPQIL Xou

n=1
Goo n f etvon ouveyric. Emmiéov, yo xdlde x € A woyler 6t f(z) = 0, evd av ¢ A t61€
undpyet ny € N ye z ¢ G,,, bpot © € F,,, onote f(x) > 5 fo, (z) > 0. Suprmepaivoupe 6Tt

{reX: f(z)=0} = A.

35. AnoTte napdderypo evog 20 aprdunoytou yweou Hausdorff tou dev etvan petpixonowioyloc.
Trodeién: Oewpolye 1o R e v tomoloyio .7 nou €yel wg utofdon TNV xAdoT Tou ANoTEAE-
fron omd GAar T avory Té Sras AT xou To 6Ovoho Q Ty entov aptiumy. O ywpog autdg etvar
Hausdorff xa 20¢ aprdunouog ahhd oyt xavovixoe (ehéy&te ta), emopévng Bev elvon JETELXO-
TOLACIIOC.



