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Ewcaywyy

H Yuvaptnoion} Avdlvon anotekel onueio cuvdvinong 800 JepeAiwdwy ¥AGBWY Twv
Modnuotieady, e AhyefBpoc xar e Avdhuone. ‘Evac and toug Baotxolc otéyous g,
elvor 1 UEAETT TWV BLOVUCUATIXWDV YOPWY UE VOPUO XAl TEEOLTEP® 1) LEAETN TV YPUUUXWDY
CLVEYGV amewxovicewy Tou opilovton ¢ autolc. Kot ot 800 TeptnTdoElC TO YapaxTnpLo-
6 yvopoua elvon 1 ouVOTOEEN xou GUVAELTOLPYIO CAYEBPIXMY Yot AVOAUTIXWDY DOPMY.
(TCpopuuxol yopot, ypouuxol TENEOTES, TANPGTNTA, CUVEYEL, X.0.) ApyETuTa TV doPOY
TOL UeheTVTAL amoTtehoLY ot mparypatixol aprduol, | o yevxd o R™ pe v euxdeldeta
vépua. ‘Etol o gortnthc (gorthtpia) éxer wa e€oixelwon pe napdpoes doués and to op-
xxd pordfuortor Avdduone. Ev toltolg, ta apyétuna mou avapépaye dev amoTteholy T av-
TUNPOCWTEVTIXG TapadelyUoTa SEBOPEVOU 6Tl OTNY TEPITTWOTN TWV BLAVUCUATIXDY YWEWY
TENEPACUEVNC BLdoTaong eppoviovTon Qovoueva autdpatng TAnedTnTag xon cuvéyetag. Ta
OV TLTPOCWTEVTLXA TORABEY AT apOEOLY BLAVUOUATIXOUC YOEOUC ATELpNS BtdoTaomC.

Ané wa oxonid, o pdinua e Luvaptnotoxric Avdiuone amoedyel TNy duoxoiia Ty
podNUdTwY TOL ELGEYOLY VEEC EVVOLEC DEBOUEVOL OTL TO AAYEBPIXO AAAG XOL TO AVAAUTIXG
ué€poc tou podruatog £youv mapouclaoTel o TponyoUUeva pordiuata xou dea 0 QoLTNTAC
(porthtprar) elvon eZoelwpévos Ue Tic enl U€PoUC EVVOLONOYIXES cuVioThoES. Autd BéBata
OEV TEQLYPAPEL TNV TPAYHOTLXOTN T, Yiortl ag” evog uev 1 cuvdeon twv entl pépoug odnyel oe
véeg évvoleg xat enfong yrotl amanteiton tpoonddeia yio Ty e€oelwon e TNV TAUTOYEOVN
TAPOUGTA TV AAYEBEXDY X AVOUAUTIXDY JOUWY.

Ened? to uddnua tne HMpaypotiic Avdivone elvar tpdo@oto, oL TopoUcES ONUELOCELS
OEV TEQLEY 0LV TEOXATARPXTIXS XEQEALO amtd TNV Vewpiol HETEIXGY Ydpwy. Avtideta, éyouue
ouunepthdBet xdmota otovyelo tne IMoopixnhc AlyeBpoc mou elvon amopaitnTa Yo TR avdm-
Tuén Ty enduevey xepohainy. T'iveton cloTaoN Yot OUCLUCTIX HEAETYN TOU TEPLEYOUEVOU
Tou xeqaatou autol. Xwelic tnv xatavonon e Ieauuxric AlyeBpag mou eumiéxeto, elvon
adOvaTn 1 YEAETH TS BuvapTnoloxnc Avdiuvong.

To deltepo e@dhato, apopd TNV UEAETN TNC BOUNSC TWV YWeWY HE Vopua xal To TelTo
TEPLEYEL OLOTNTEC TV YPUUUXDY CUVEYODV OTEXOVICEWY XAl TWY BLAVUOUAUTIXWY YOPWY
TEAECTOV.

To tétapto xe@dhato, mepléyel TN UEAETN Twv YWewv Hilbert. Ov ywpol Hilbert efvou
oL TAnotéotepot Tpds tov R™ pe v euxeldeta voppo xou ot oot Tou eugpavilovta o
CLY VY OIS EQUPUOYEC.

Ta 800 endpeva xepdhato tepthapBdvouy to Yewpnuo Hahn — Banach xou tig eqop-
woyéc tou. To VYedpnua Hahn — Banach efvor 1 Yegehddne opyn oty omolo Booiletar
n Yuvaptnotaxr) Avdiuon. Ou egapuoyéc mou napovotdlovar elvon €va hixpd UEPOS Tou
TARY0UC TWV ATOTEAEGUATWY TIOU TPOXVTTOLY WG GUVETEIEC AUTOU.

To tekevtalo xepdiono Tepteyel SV0 ONUAVTIXES EQUPUOYES Tou Yewphiuatog Tou Baire
otn Yuvaptnotoxry Avédhuon. H mpdt elvar 1 Apyn tou Opolopdppou @pdypotos xou 1



devTeEN glvor To Oedpnua e Avorytric Anewdynong xou ol cuvenelég tou. Enfong peketdhv-
Tan yweol Tnilxa ywewv Banach xa Swaomdoeic ywpwy Banach e totohoynd adpoiouata.

H Yuvaptnotaxr Avduon eivor évoc evplc xhddog twv Modnuatixdy, Ue ToAES epap-
woyéc. To nepleyduevo tou podhuatog elvar pua etlcaywyr) ot Baowh Yewpla ue atdyo tnv
eZOEOT TWV QOLTNTAV PE EVVOLES Xal TEYVIXES oWTAS. ‘Omwe xat oto uddnua e Ipoy-
potiic Avaluong, ano@elyovTot anoTeEAEcUATo UE EXTEVELC amodelels, xat 6To TEhog xdle
AxeQUAalou UTEEYOLY AOXACELS YiaL TNV XAAVTERT XATAVOTOT] TOU TEPLEYOUEVOU TOUC.

H éyxaupn ohoxAfipwon e ouyYedpric TwV OTUEIOcE®Y oTnplydnxe oToug cuVeEpYdTES
pou, tov ANéxo ApBavitdxm, to Bacthn KaveA\énovro, tov Avtdvn Mavouodxrn xat tov
Avdpéa Toha, mou emduud vo eLyaptoTion Yo Ty TohbTun Bordeia Tou Lou tpocépepay.



KE®AAAIO 1

Ytouyela yeopuxne dAYeBpoag

1. Opiopdg BravuopaTiXol XWEou

OpzMozx 1.1. Hpoypatixde diavvopatikds xdpos (i ypaupukds xopos) ovoudleto
wa tedda (X, +, ) 6mou X elvan éva olvoro, + @ X x X — X uo eowtepixr] mpdln
(mpbodeon) xar - : R x X — X uio e€wteph| npd&n (Borduwtd yivouevo) mou ixavonotoly
T axdroudeg WLOTNTES:

(i) (x4+y)+z=x+ (y+2) yra xdde z,y,2 € X.
(ii) 4+ y =y +x yvia xdde x,y € X.
(ili) Yrdpyet éva otoyelo 0 Tou X, tou ovopdleton undevixd atoiyelo, wote x4+ 0 =
0+2x=uzyaxdde z € X.
(iv) Tw x&de z € X undpye éva otoryelo —z tou X, Tou ovopdletar avtideto Tou
x, Gdote ¢+ (—z) = (—z) +z = 0.
(v) Mz +y) =Xz + My yia xdde 2,y € X o A € R.
(vi) A+ )z = Az + px yo xdde x € X xou A\, pu € R (610u o710 Tp®TO PéNOC TO
oOuBolo + exgpedlel TN cLVAON TEGGVEST TWY TEAYHATIXWY dPLIUMY, EVE GTO
deltepo PéENog 0 cUUBoNO + exppdletl Ty Tpdaleon oTo BlavuopaTind xheo X).
(vii) A(pz) = M)z yio xdde z € X xou A, pp € R (610u 010 debtepo yéhoc Ap eivor
70 oUVNUES YWVOUEVO TWYV TRAYHUTIXOY aptdUdy A xou f).
(viil) 1z =z vy xdde z € X.
Ta otouyela evog dravuouatinod yweou xahodvtar xou oaviouata. Iapoxdtw, ydew cuv-
Toplag, Ya ypnotponootue v €xgpaon ‘O Swavuopatixde ydpog X 7.

YHMEIOSH:. AvTixodicTOVTOC 0TOV TORATdve Oploud To owud R twv mpaygatixdy
oprduody pe 10 oopo C twv yryadixdy aptducdy €youue Ty €vvola Tou uiyadikol Olavuo-
HatikoU ydpou.

IMopadelypoto
1. To mpogavéc mapddetya Stavuouatixol yopeou elvar o R (ue tic ocuvidelc npdleic).
2. Twa xéde k € N, o ydbpoc R ue tpéodeon xa Baduwtéd yvbpevo opllbueva xatd onyeio,
OnAadh and Tg oyéoel:

('r17x27"'7xk)+(y1?y27'-'ayk) = ($1+y1’x2+y27"'71‘k)+yk)

Mx1, @2, .., x) = Az, Axg, . .., Axg).

3. O yopoc coo(N) twv telxd undevixdy axohovdidy mpoyUaTixdy aptduody anoteAeiton
omd Ohec i axohoudieg TEAYHATIXOY aptdumdy e wopphc & = (21, Z2, .. .) Ylo TS OTOlES
undpyel 19 € N dote z; = 0 yia xdde ¢ > i9. H npdodeon xou 10 Boduwtd yivduevo
opilovton xotd onuelo, Snhadh and Ti¢ oYEoElS

(x1,22,...) + (Y1, 92, ..) = (1 + Y1, 22 + Y2, .. .)
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Az, 22, ...) = (Az1, Azg, .. ).

[Ipéner va onuewdooupe 6Tt 1o ddpolopa 500 TEMXE UNBEVIXWY axoAoLTIDY, Xad®E XaL TO
YWOUEVO EVOC TIpaYRATiXoD aplduol pe uiol Tehxd undevixr axoloudia elvar TeALXd undevixy
ocohovdor xou dpa ot TpdEels, dTwe oploTNHAY TPOTYOUUEVKS, Elvor XUAS OPLOUEVES GTO
coo(N). O Sravuopotixde ydpoc coo(N) eivar 1 puotohoyh enéxtaon xdde RY, k € N, uné
v éwvola 6t yia xdde k o RY umopel va tautiotel ge 10 6Ovoko v ototyeloy = (2;)ien
T0u coo(N) yio o ool z; = 0 v xde ¢ > k + 1.

4. T éva un xevd obvoro X, 0 y@poc F(X) Ghwv twv Tpay oty cuvaptHoewy Ye Tedio
opiopol 10 X (f : X — R) e npdZeic opilbuevec xatd onuelo, dnhadn and g oyéoelc

(f +9)(@) = f(z) +g(z)
(AS)(x) = Af(x).

5. it évar un xevéd obvohro I, o ywpeoc
cool)={f:1—R: {iel: f(i) # 0} nenepocyévo }

e mpdleic opldueves xatd onpelo.
6. O yopoc P 6AwV TV TOAUWVIU®Y YE TRaYUoTIX00C GUVTEAECTEC.
7. I x&e n o ydpog P, 6wV twv mohuwvOuwy pe Bodud wxpdtepo 1 (oo tou n %o
TEAYUATIXOVUC CUVTEAECTEC.

Trdpyouv dlavuoyatixol Yol Tou GLVBEOVTAL UE TNV avdAUCT Ylo TouC omoloug o
EheYyoc 6Tl oL TpdEelc elvor XoAd OpLOPEVES YENOUOTOLE! ATOTENEGHATA TG AVAAUOTC.
8. O ydpoc C(R) twv ouveydv cuvaptioewy f : R — R elvor Stavuopanxde yodpoc.
Ebe yenowwonoieitor 10 yvwotd anotéAecua TN avdiuong 6Tl To ddpolopa dUo GUVEYGDY
CLYVAPTACEWY, XoIAOC Xat To Barduwtd Yvouevo mpayuatixol aplduold Ue cUVEYT CUVAETNON
elvaw ouveyric ouvdpTtnon. Avtiotowya opileton xa 0 ydpoc Cla, b] Yo xdde xhetoté didotn-
wo [a, b] Tou R.
9. O yopoc €2(N) = {(an)nen : an € R, i aZ < oo} ue mpdielc oplldueves xaTd

n=1
OT]UEiO, 67])\0(87/] (an)nEN + (bn)nEN = (an + bn)nEN: A(an)nEN = (Aan)nEN- H OtTEéSELEY]

2

o0
6Tt v (@n)nen, (bn)nen elvon duo otowyela tou £2(N) t6te Y (an + by)? < 0o xon po
n=1

(@n + bn)nen € £2(N) anatel yprion tne aviedtnoag Cauchy—SEhwartz.

OprzMOz 1.2, Av X Stavuopatixde ywpog, évaun xevé Y C X ovoudletan (Ypappikds)
undywpos tou X av yla xdde z,y €Y xou A € Relvaw x +y €Y xou Az € Y.

Efvor dueco and tov opoud, 6t av o Y elvar undywpog tou dlavuouatixol yweou X,
6t 0 Y pe Tov mepoptopd Ty mpdiewy + : X X X — X xa - : RxX — X otov
Y XY xu R XY avtiotoya, ou onoleg Bdoet tou opopol naipvouv Twéc otov Y (dnh.
+:Y XY — Y xu-: RxY — Y) xatotodv tov (Y, +,-) Slavuopotind yweo, e
undevixd ctoLyelo o undevixd ctoryeio Tou X.

IMopadelypoto
1. T xdde dravuopatxd yoeo X, ot {0} (undevixde undywpoc) xou X anoteholy Ta Tpo-
pavy) TopadelyuorTo UToYGEWY Tou. ‘Evag undywpog Y tou X ovoudleton prijoiog undywpos
av {0} £Y # X.

2. O utbyweot oL R? elvor tecodpwy eldby.
(i) O undevixdec undywpoc {0}.
(if) Or evdeiec mou tepvolv and to 0.



(i) Ta eninedo nov nepvoly amd to 0.
(iv) O idoc o R3.
3. Eva mapdderypa uroydheou tou RF eivar o
Y ={(x1,22,...,2) eERY: o+ a0+ +ay = 0}.

ITPOTASH 1.3. Av (X4)aca €lvar pua owxoyéveia vroydpwy tov X téte kar o () X,
acA
efvar vrdywpog tou X.

AnoAei=H. Kot apyfivo (] X, nepiéyet to 0, agol autd nepiéyetar otov X, yia xdide

ac
a € A, xou dpa elvar un xevéc. Apxel va delovpe dntavz,y € (| Xg otrex+y e () Xq
acA acA
xor Az € [ X, vt xdde A € R, Agod z,y € [ X, éneton 61t yio xdde a € A elvon
acA acA
r € X, xuy € Xg xu agol o X, elvon ypouuixdg undywpeoc €netar 6Tt = +y € X,,.

Aol autd oupPaiver yia xdlde a € A éyovpe z+y € [ Xq. Opolwe mpoxdrtet xou 6Tt
acA
Az € [ Xq v xdde A € R. O
acA

OpizMos 1.4. Av X ypauuxde yodpoc xaw G C X, ovopdloupe ypappuxr 9nkn touv G
xat oupfolilovue pe < G > 10 PEOTEPO YRoUXO LTOYWEo Tou X Tou TeplEyeL to G.

H nponyoluevn npdtoon e€ocpariler v Utopén Tou ehayicTOL LTOYWPEOL TOU TEPLEYEL
70 G. Hpdyyart, Yewpdvtoag tny oxoyévela C GAwY TV UTOYWEKY ToL X TOL TEPLEYOLY TO
G, n omola etvar un xevi| apol meptéyet tov X, loyvpllduacte 6Tt 1) topn NC TNC ooy EveLog
awTthg elvan 0 ywpoc < G >. And v mponyoluevn nedtaon o NC elvar undywpos Tou X,
eved meptéyet 1o G agol Yy xdde Y € C elvoar G C Y. Av topa Z elvar évag undywpeoc
tou X mou meptéyet to G téte Z € C xan dpa NC C Z. Emoyévwe o NC elvon o edyiotog
undyweoc Tou X Tou meptéyel To G, dnhadh o < G >.

ITAPATHPHSEIS. (i) Av Gy C Gy t61e < G; >C< Gy >.
(i) <0 >= {0}
(ii) Tz € X ebvon < {z} >={ z: A e R}.

IIPoTASH 1.5 (Evahhooctixd| meprypagy| Tou < G >). Ta G C X ue G # 0 wyvea

n
<G >= {Z)\ﬂ?z NER xz, €G,i=1,...,n, TLGN}
i=1
n
ANOAEI=H. Oétovye Z = {Z Aiti: M ER z;€G,i=1,...,n, n€e N} xo Yo
i=1
deloupe o1t < G >= Z.
Eivor dueco 6n o Z elvon ypaupixdc undyweos tou X xadoe xa 6t G C Z. And
auTd ta BVo érneton bt < G >C Z. Av topa Y elvon évoc ypoupixde undywpos tou X
mou TeplEyel 0 G, elvon €0X0AO VoL BOUUE, YENOWOTOLOVTAC TOV OPLoHO TOU UTOYWEOU,
ot Vo mepLéyet xau xde ototyeio tou Z. ‘Etot cuunepaivoupe 61t Z C< G >. Enoyévac
Z=<G> O
YHMEIQsH:. H ypnowodtnta tng mopandve meotaong EYXELToL 0To YEYOVOS 6Tl Bivel
neptypay| Twv ototyelwy Tou < G > ue ypron otoxelwy tou G. Ta otouyelon Tou X
n

™S Hopphc D Ay Méyovton ypaupikol ouvduaoolf Twy STOEWY 1, ..., T, Me oquth
i=1

v opoloyla 1 yeopuxr 9 < G > tou G tautileTon YE TO GOVONO TWV YROUULXGDY

GLVBLUCUWY GAWY TWY TEMEPACUEVWY UTOGUVOAWY Tou G.
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OrizMos 1.6 (Tpoppixhy aveloptnoia). Eotw X évac ypauuixde ydpoc.

(i) "Evo nenepaoyévo untooOVoro {1,. .., &, } Tou X Aéyetor ypaupikd aveEdptnro
av Y xde Aq, ..., Ap € R ©ote Mz + -+ Az, = 0 énetot 6Tt Ay = -+ =
An = 0. Xe avtidetn neplntwon, dnhadh av Lndey oLy Ar, ..., A, € R oyt 6ha oa
pE UNdEY WOTE A\1Z1 + -+ - + Ay, = 0, T0 obvolo Aéyetan ypappikd efaptnpévo.

(if) Eva A C X, Myeto ypapixd aveldptnto av xdde TENEPAUOUEVO UTOGOVONS TOU
elvon ypouutxd ave&dptnTo, SlapopeTixd, dnAadh av éyel éva ypouuxd eZaptnuévo
TEMEPACUEVO UTOGUVONO, AEYETAL YPUUMIXA EC0PTNUEVO.

IMTopadeiypoto
1. Auo Sraviopata tou R? eivor ypouuxd aveEdptnta av Sev eivar cuveudetond xor tplo
Srovbopata Tou R? efvor ypapuxd aveZdotnto av dev eivar ouverineda.
2. Ye xdde droavuopatind yweo to {0} elvon ypouuxd eZaptnuévo eved Yo x € X ye x # 0
o {a} elvon ypapuxd aveZdptnro. To 0 elvar ypopuixd aveldptnto.
3. Av 10 A elvor ypouuxd ave&dptnto xaw B C A tdte xan t0 B elvor ypopuxd ave&dptnto.

ITaPATHPHSH. H ypoppur aveCoptnoto eivon wio oialtepa onuavtixy €vvolo otr Yew-
pla ypapuxdy yopwv. O opoude elvar 1oodlvapog ye 1o 6t xde = € A vy A ypauuixd
avedpTnTo TopdyeL TN Bix TOL BLdCTUCT TOL TopAUEveEL aveEdpTnTN and OAES TIC DLUOoTA-
OEIC TOU YPaUULxoL oL Twv urtoloinwy. H enduevn mpdtaon motonolel tny WLéTHTA
oUTA.

ITrorasH 1.7. Eoww X ypaupikds xapos kar A C X. Ta axérovla efvar w0od0vaua

(i) To A etvar ypaupuxd aveEdpTnro.
(if) Ta kdOe x € A, x €< A\ {z} >.

ANOAEIEH. ¥ty nepintwon tov A = 0 7 woduvopio elvar tpogoavic. Ltny tepintwon
mou o A glvor povoolvoro, A = {y} n woduvapia toyder agol {y} yeauuixd aveZdptnto
av xot Wévo av y # 0 dnhadi av xou pévo av y & {0} =< 0 >=< {y} \ {y} >. Mropolpe
hotnov var urtod€aouye 6Tt 1o A €yel 500 TOUAGYLoTOV GTOLYElA.

(i) = (ii) Eotw 6t A ypopuxd aveldptnto xa € A. Trnodétoupe, npoc amoywyn
oe §romo, 6Tt x €< A\ {x} >. Téte, odugpwva ye v Mpdtaon 1.5 vrdpyouvy n € N,
z1,...,2n € A\ {&} Tou unopoly vo unotedoly dlaopeTind avd Vo xaL Ar,..., A, €R
wote © = M1 + o+ Ay Enetor 61 Az 4+ -0 + Az + (—1)z = 0 xou dpa to
{Z1,...,2n, x} ey éva ypauuixd eCaptnuévo unocivoro tou A, dtomo. (Toviloupe €86
OTL T T, . .., Ty, T ElVOL DlaPOPETINS avd BYO.)

(ii) = (i) Eow o6t v xde z € A woylver v ¢< A\ {z} > xou 6u 10 A ebvar
yoouuixd e€optnuévo. Tote undpyouy n € N, z1,...,2, € A dgpopetind avd d0o xou
ALy A € R Oy Oha foo ye undéy, vote Ajzq + -+ - + Az, = 0. Kot’ apynv dev umopet
va glvar n = 1 6t t6te Ajzp = 0 ye A1 # 0 xau dpa 1 = 0 ovvendg 0 € A, drono
oot 0 €< A\ {0} >. Mnopolye howndy va vrnodécoupe étL n > 2 xou ywplc PASEN
e yewwdétnrac (adhdlovtog evieyouévne TN oepd xdmowwy x;) 61 A, # 0. Emeton 6t

1

A n—
Tn = (5o e (-

dtoTo. O

YTp_1 xo dpt Ty, €< {T1,...,Tp_1} >C< AN\ {z,} >,

OpizMOx 1.8. Eotw X évac ypappixoc yopoc. Eva B C X ovoudleton Hamel Bdon
(h akyeBpixny Bdon) tou X, av 1o B elvon ypopuuixd aveldptnto xar < B >= X.
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AskusH 1.1. Eow X ypauuixde yopog xau B C X. Aet&te 6t ta axdrouda elvan
Lo VYo,

(i) To B eivox Hamel Bdon touv X.

(if) T xdde z € X pe z # 0, undpyouv povadd k € N, by, ..., b, € B SlapopeTtind
avd 800 xat Aq, ..., Ak un undevixol mparypoatixol aprduol wote £ = Az + -+ +
)\kxk.

IMopadelypota
1. ZwovR¥ n{er,...,ex} 6move; = (0,...,0,1,0,...,0) (n uovida Beioxetor otny j-Oéon)
elvan 1) xavovix; (standard) Bédon tou R¥. Kéde dn Hamel Bdon tou R* anotehetton ané
k yoouuixd aveEdptnta dtavOoHaTa Xot avTtoTeOPnS, OTOHTOTE k Ypouuxd aveldptnta
Sravhoparta amoteholy Hamel Bdon tou R,
2. H xavovux (standard) Bdon tou coo(N) elvan n €1, e, ... 6mov e; = (0,0,...,0,1,0,...)
vy j=1,2,... (n wovdda Bpioxeton otny j-Yéon).
To Mjppa tov Zorn: To Afuua tou Zorn elvar éva anodetxtixd gpyohelo (an” dtou xou
n ovopaoio tou w¢ “Afuua’ ) mou egumnpetel napdpolec avdyxec énwe  Madnuotix
enaywy? (tne omolag elvan xar cuvénewr dnweg Ya dolue mapoxdtw oty TEPITTWON TOU
70 0UVOAS pag elvar oprdunoo). AVoude Tdpa XATOUC 0ploHolc AmapATNTOUS Yo TN
dtatinwon Tou. Mo diuedric oyéon < ot €va un xevé olvoho B xokelton pepixi) oidraén
oto I av elvon

(i) Avromathis, dnhadh = < z, Yy xdde x € E.
(il) MeraBatikn, dnhodh ov z,y,2 € B pe z <y xa y < z t61€ < 2.
(i) Avniovuperpirr, Snpadfav z,y € Eye z <yxay < z té1€c z = y.

Av < elvon pa yepxr; Sdtadn oto E t6te o (E, <) (f anhd o E) xahelton pepikd Satetay-
Hévog xapos. M pepux| didtadn dev elvor mdvta ol Anhadt elvon mdovdy yio xdmota
z,y € E vaunv woylet 00te <y 00te y < . Lav TUpddeLyUo UTOpOVUE VoL AVOQECOUYE
70 duvapoolvoro P(X) evic ouvohou X pe tn pepr| ddtadn “C” tou mepéyeodon. Eva
utooivoro C tou (X, <) ovopdleton advoida av duo onowadhnote otouyeio tov C elvon
ouyxplota we tpog Ty <, dnhadh yia xdde z,y € Celre x <yelrey <z. AVACE,
éva ototyelo z € E ovouydletan dvw gpdyua tou A, av a < z v xdde a € A. "Eva ototyelo
m € E Aéyetouw peyiotiksé av dev undpyer otoryelo tou E yeyoahutepd and autd (we mpoc
my <), Snhadh av € E xou m < 2 té61€ m = x.
AHMMA TOY ZORN: 'Eoctww (E, <) évag peptxd Slatetaypévoc yopoc. Av xdie alvot-
dor Tou I €yl dvw Qedyuo TOTE 0 I €xel UEYIOTXG oToLyElo.

Yty meplntwon mov to E elvan aprduriowo ocbvolo to AMuue Tou Zorn, 6nwe elnaye
Tponyouuévwe, eivan cuvénela Tng Madnuoatixic enaywyng.

ATNOAEIEH. (tou AMfupotog Tou Zorn oty nepintwon nou E aprdufowo.) Kdvouue v
anddelln v Ty mepintwon nov 1o E elvan drewo aprdufiowo E = {1, 22, 23,...}. (H
neplntwon mou 10 E elvar nenepacuévo eivon tpopavic.)

Trodétovye ot xdde ahucido Tou E €xel dvw qpdypa evéd 0 E dev €yel yeylotxd
ototyelo. Oétouue k1 = 1. Agol o ), dev elvon peyotixd ototyelo 10 olvoho {m € N :
m > ki xot T, < Ty} €lvon €va gn xEVO UTOCUVONO TV PUOLXADY Xat dpa EYEL EAdYIOTO
ototyelo, éotw ko '‘Etol 1 = k1 < kg xaw zg, < xp,.
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‘Ectw 61 éyouv opiotel ot 1 = k1 < kg < -+ < ky @ote yiaxde [ ye 1 <1 < n va
glvor kip1 = min{m € N: m > k; xou xg, < Ty b Oftovpe kpppp = min{m € N: m >
kn xou g, < Ty}

Me auté tov tpémo xataoxeudloupe Wi yynolwg adfouca axolovdia guowy 1 =
ky <k <o < ky <kpyr <o 0oy, <ahy <00 <1, < T, < o-0. To
obvoro C = {zk,, Ty, Thy, - - -} €V ohuoida Tou E cuvende, and tny undleor| yog, Exel
dvew @pdyua oto E dnhadh undpyel © € B dote zp, < x v xdde n=1,2,....

Agob E = {x1,x2,23,...} elvar & = x; yio xdnoto j € N xou dpa xx, < x; yia x&de
n=12....Avj =k, v xdrow ny € N t61€ z,

b1 < Tj = T, XU AQOV T, - <

Tk amG TNV AVTLOUPPETELXH WLOTNTA TNC pepixfc didtadng eneton 6Tt Tk, = Tk

no+1 ng+17
drorno. YroVétovroac 6t j & {k1, ko, ks, . ..} undpyet xdmow ng € N dote ky, < j < kp,+1.
Opwe 1018 j > kny x0T, < 5 eV0 § < kg1 TOU EPYETOL GE AVTIPOOT) UE TOV OPLOUO
U kpgti-

Enopévag 1o E €xel yeylotixd otoyeio. t

AskHzH 1.2. Eotw X Swvuopoatixde yopos, Y undywpoc tou X, A éva ypouuixd
ave€dptnTo utooUvoho ToL Y xot z € X \ Y. Anodellte 61 to AU {2z} eivon ypopuxd
aveEdptnro.

OEQPHMA 1.9. KdOe diavvopatikds ydpog éxer Hamel Bdon.
AnoAer=H. Eotw z Stavuopoatixde Yoeoc. Oewpolue 1o cOVORo
E={GC X : 10 G eivar ypopupixd aveZdptnto }.

To E pe ) pepny| dudtaln “‘C”” tou nepéyeodon efvor évag Ueptnd SlatetayUévog YOpoc.
Txomde pog ebvor vor EQapbGOLUE TO Mupa ToL Zorn 6To Leptxd dlatetaryuévo yohpo (E, C).
Actyvoupe 6t o (E, C) avornowel T cuvdrixn mou amoutel to Aupo tou Zorn dniad ot
xdde oahuoida 610 E €yel dvw @pdyua.

‘Eow C wa ahuoida oto E. Oewpolue 10 cbvoho UC, v évwon Snhadh Ohwy twv
cLYOAWY Tou avixouvy otn C.

(@) To UC eivar ypoapxd aveldptnrto , dnhadh UC € E. Hpdypoatt, av 10 UC Atav
yoouuixd e€aptnuévo Ya unhpyav n € N, x1,...,2, € UC xat Aq, ..., A, € R Oyt 6ha ioa
HE Undév wote Aix1 + - + Ay, = 0. T xdde k& = 1,...,n Yewpolye Gy € C dote

z € Gg. Aol 1o C elvor ahuoida Yo undpyel xdmoto ko € {1,...,n} dote G C Gy, Y
e k= 1,...,n xou dpot zx € Gy, k= 1,...,n. Apod \iz1 + -+ + Az, = 0 xou T
ALy ..., Ap 0EV elvon Oha {oa ge undév énetan 6Tt 10 Gy, elvon ypauuxd e€aptnuévo, dtomo.

(B) To UC elvan dvey ppdrypar tne C. Hpdypat, av A € C t6te mpogavire A C UC.

‘Etol xdde ahuvoido oto E €yel dve @pdyua, CUVETWS, amd To AMupa Tou Zorn t0 E
€yel peytotxd otoyelo. Eotw B éva yeyiotxd ototyeio tou E. Aelyvoupe 61t 10 B elvan
Hamel Bdon tou X.

Eg@bcov 10 B eivon ypopuuxd aveZdptnto (apol B € E) apxel vo deifouye 61 < B >=
X. Av auté dev ouuPaiver, uropolue va emhéCouue éva z € X\ < B >. Téte, obupuva
ue v Aoxnon 1.2, to B U {z} elvon ypopuxd avedptnro, dnhadh B U {z} € E, evd
B C BU{z} xau B # BU{z} nou avtixeitor oto yeyovdc 6t 1o B elvor peyiotxd otoiyelo
tou E. Enopévwe < B >= X xou aob 1o B elvar xou ypauuxd aveldptnto, to B elvoe
Hamel Bdon tov X. O

OEQPHMA 1.10 (enéxtaonc). Av X ypaupikds xdpos, Y ypapuikds vidywpos tov X
ka1 A pia Hamel Bdon tov Y tdte vrndpyer Hamel Bdon B tou X mou mepiéyer tny A.
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AMOAEIEH. Aoxnon. (Ynédeiln: Oplote xotdhhnho Blatetaryyévo cOVOAO 6TwS GTOo
Tponyoluevo Yedpnua xar e@apldote To AMAupe Tou Zorn.) O

AsknzH 1.3. 'Eotw X Savuopatindes xopeog, Y undywpeos tou X xav z € X \Y. Téte
x&e ooryeio Tou < Y U{z} > ypdpetor xotd povadind tpémo oty popph y+ Az ye y € Y
xou A € R.

OEQPHMA 1.11. Avdé Hamel Pdoes evés davvouatikol ydpov efvar woomAniikés
(6nkadr) av A, B eivar 6vo Hamel Bdoeig evds davvouatikot xdpov X téte uvmdpyel
ouvvdptnon ¢ : A — B, 1-1 ka1 emi).

ANOAEIEH. Av o ywpoc X €yet uo nenepocuévn Hamel Bdon tote xdde dhhn Hamel
Bdon €xel to (Blo TAYog pe awTh 6Twe elvor YVwoT6 and TN yeouuxy dAyeBpa.

Yy meplnwwon mouv o X éyet wo dnetpn oprdurioun Hamel Bdon (e, )nen xdde dhhn
Hamel (Bdon A tou X elvau eniong dnepen aprdurown. Hpdyuortt, éotw A wa dAAn Hamel
Bdon tou X. To bt 1 A elvon dmerpn €neton and to Tponyolpevo (av n A fTay TEREPACUEYN,
t61€ %80e AN Bdomn tou X Yo ftay nenepaopévn, dtomo, SLoTL 1 (€ )nen Elvon piot dnetpn
Hamel Bdon tou X). Ta xdde a € A undpyouy povadixd n, € N, kf < -+ < k% guowxol

AL, .o, AL un undevixol mparypatixol aprduol Gote a = i Af exa . OEWPOVUE TNV amexdvion
i=1
g: A — fin(N) (6mou pe fin(N) cuuBorilouye 10 OVOLO TWV METEPACUEVODY UTOGUVOAWY

tou N 1ov, g Yvwotdy, elvar aprdurowo) pe gla) = {kf, ..., k% } émou ta k¢ elvar 6mwe
mponyouuévws. Av o € A xau g(x) = F t61€ and tov opopd © €< e 1 k € F >. Apa
yio xéde F' € fin(N), av 1o F' éyel n ototyelo Yo undpyouv to mokd n ototyela tou A o
anewovilovton péow e g oto F (8ot Swapopetind o ydpos < e @ k € F > mou elva
dlavuouatiog yweoc ue Hamel Bdon peyédouc n da elye neplocdtepa and n ypauuixd
aveEdptnTa draviopata, dtomo) cuverde Y x&de F € fin(N) 1o g~} (F) menepaopévo.

Eto to A ypdgetow A = |J g (F) xou dpa etvor aprduiowo we aprdpfiown évaon
Fefin(N)
aprdunoluwy cuvérwy. Enopévwe to A elvar dnepo apriuriowwo cbvolo. O

H anédei&n otn yevinr| teplntwon elvan ntapduota xon yivetar Ue yperion tou e€XG ETLYELRT
potog. Xe xdde dnelpo GOVORO T0 GOVOIO TWV TEMEPACUEVWY UTOGUVOAWY TOU EYEL TNV (Lot
TAndudTnTo e owTo.

To mpornyoluevo Yedprnuo Lo EMTEENEL VO DOCOLUE TOV ETOUEVO 0pLOUO.

OpzMox 1.12. Aidotaon evée Suavuopatixol yopeov X (dim X) ovoudletou n mh-
nuodtnTa wog Hamel Bdong tou.

2. Tpappixoi Teheotég

Or ypopuxo! TeEAecTéC YETAEY DAVUCHATIXWY YWp®Y Elvor amexovicelc Tou dlatnpody
Tic mpdEelc. Autd €yel ooy GUVETELX VoL BlatnEoLY xat TNV ahyeBptxy| dou o eniong va
npoodlopilovton TARpKS and Ti TYWES Tou Aau3dvouy 6’ €va LTOGHVORO TOU TES(OU OPLOUOU.
AvopgiBora anoteholy avtixeipeva €€’ ({GOL GNUAVTIXE UE TOUC BLAVUGHATIXOUS YWEOUS XAl
Yo teptypddoupe cbvtoua xdmoteg and Tig Wotntée Tous. Apyilouye pe Tov 0ploud TouC.
OpizMmoOr 1.13. 'Eotww X,Y dwvucuatixol ywpot. Mia aneixdvion T : X — Y Aéyeton
Yoouuixdg tehecthg av Sartnpeel Tic mpdieic. Anhad:
(1) T(z1 +2z2) =T (x1) + T(m2) V1,22 € X.
(2) T(\x) =AT'(z)Vr € X, VA e R.
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INoaT:X —Y xou A unocOvoro tou X Va cuuBorilouvue
TAl={yeY:Ix e Aye T(z) =y}

xuyw ACY
T A) ={r e X:T(x) € A}.

Enloneg Yo oupPoriloupe ye Im T to olvoro T[X], to onolo elvor unocvoho tou Y xou ye
Ker T o cGvoro T~1({0}).

2.1. 'AN\ec WBLoTNTEC YEoRpx®y TEAEcTOV. Av T ¢ X — Y elvar ypoppixoe
teheoThg, TOTE:

(1) T(0x) = Oy, 6mou 0x,0y dnAddvouv Ta oLdETEPR oToLYEld TwV X Xxou Y avtio-
ToLyoL.

(2) To cOvoho Im T eivar undywpoc tou Y.

(3) To obvoro Ker T elvon utéywpoc tou X.

Kou ot tpeic tdidtnteg elvon cuvéneta tou 6Tt o tehectic dtatnpel tic tpdéeic. H anddeén
Toug elvar eOxohn. o topdderypo 1 (2) amodetxvieta we e€X¢:

Eoww y1,y2 € ImT. Ilpéner va detéoupe 6T y1 + y2 € ImT. Emhéyoupe x1,22 € X
wote T(x1) = y1, T(x2) = y2. Téte

Y1+ Y2 = T(IITl) + T(’JJQ) = T(’JJl + 1’2) c€ImT.

Mapdpora yior y € ImT xow A € R detyvouue 6t Ay € Im T'.
H (3) anodeixvieton e mopbduoto tpémo.

2.2. IMapadeiypota. H unddeon tne yeauuxdtntag neplopilet Ti¢ utodriglec cuvaptr-
oelc and tov X 6Tov Y ToU TNV LXovoToLoy.

(). To mhéov amhé moapdderypa ypauuxic amexdviong evae n 7T+ X — Y, XY
Sravuopatixol ydpeor ye T'(x) = Oy v Sha ta ¢ € X.

(B). Eow T : R — R ypopuixr. Oétovye T(1) = a. Téte T(A) =T(A-1) =a- A.

"Apa dAes oL yoapuxés anewxoviceie T : R — R efvar tne poppic T'(x) = a - x. Autd
onualver 6Tt umopolue vo tauticovue Ti¢ ypopuixéc T @ R — R ye touc mporypotixolc
apripole wote n T' vo tavtileton ye tov a aw T'(z) = a - .

(v). Eow T : R — R™ vypoauuxt. Téte undpyet évac m x n mivaxag (a;;) dote av

x €R™ x = (r1,22,...,2T,) TOTE
T(x) = (aij) cxt
H elpeon tou nivaka. Av {e1,ea,...,e,} 1 ouvAdng Bdon tou R™ xa {eq,e2,...,em}
n ouvAdng Bdorn tov R™ téte yiw i =1,...,n

m
T(ei) =Y aije;
j=1

xau o mivoog (aq;) elvon oxpBode autée mou 0pllouv oL GUVTEAECTES OTNY TEONYOUUEVT
Lo6TN T

Avti n neprypapn v Yeoupixdy tehkeotdv T R™ — R™ emtpénel va toug tauticovye
HE TOUg M X 1 TVAXES.

(8). Trmdpyouv teelc ypouuxol TeheoTtéc mou cuvdéovtan dueca pe v Avdhuon.
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(1) To oplopévo ohoxhipwua I

Cl0,1]5 f o I(f) = /f(t)dt €R,
0

elvon Vo YRAUUXOS TEAECTHC OTWE TEOXUTTEL Ao TIC LOLOTNTES TOU ONOXATIPR-
poToc.
(2) H noapdyovoa L,

Cl0,1] 3 f — L(f) € C[0, 1]

61OV

elvon enlong Yooy,
(3) H nopdywyoc D : Doo(R) — Deo(R) 6mov Do (R) elvon oL dmeipes popée di-
aoplotpes ouvopthoes xat D(f) = f'.

‘Onwg yivetar xatavontd, oL Yeauixég anetxovicelc unoxevtal o€ TEploplotole (dnhadn
Srotnpoly Ti¢ mpdlels). Koatd ouvénela Sev elvor owotd ot n audaipetn anetxévion yetold
000 DLAVUCHATIXWY YWewV elvar ypauwxt. Ev toltoic undpyet apxeth eheudepia va opiloupe
Y OUUUIXOUC TEAECTEC Yol AUTO TEPLYPAPETAL ATO TNV axOAoLDT| TEOTAOT.

ITrorasH 1.14. Eoww X,Y oOwavvouatikol yapor ka1 D pia Hamel Bdon tov X. Tdrte
ya kdUe avvdptnon g : D — Y vndpyer povadixds ypapuixos tekeotns T, : X — Y dote
ya kde x € D, Ty(z) = g(x).

ITpwv BdooLYE TNV amdBEIEN 0C TUPATNEHOOVYE OTL N TedTaoY, e€aopaiilel Tny Unapin
U1 TETPLUUEVWY YROUUULXWY TEAEGTWY HETOED SLovuoUaTIXOY YDpwY. Autd ogelheton 010 611,
OTWS €YOLPE BeL, xdUe SravupaTind ydpoc Exel wa Hamel Bdon D xou oto 61 1 ouvdpeTnon
g : D — Y ebvan tuyaio. Enlone Adyw tne povaduotntog, toautilel T yoouuwéc ' : X — Y
ue Tic ouvapthoec g : D — Y.

ANOAEIEH. Ac mopatnericoupe xat apydc 6t yia xdde = € X, x # Ox undpyet éva
wovodixd F, nenepoouévo unocivoho tou D xou yovadnd {A, : z € F,} C R dote A, # 0
pecis

T = AL - 2.
2EF,
Aodeione e anewdviong g and my lpdtaon, Vétouvue
Ty = 3 A (2).
2EF;
xou Ty(0) = 0. Eivow ebxolo va Solue 6t o Ty efvon xohd 0plopévos Ypouixos TEAEOTAS.
Enionc av 77 : X — Y elvon ypapuxéde xou T7(2) = g(z) vy xdde z € D, t61e Ty(x) =
T'(z) vy xd0e € X xou dpa o Ty elvon povadixde. O

Mo cuvénela TNE TeoNYOUUEVNS TPOTAoT S, ToL dely Vel Tn YeYdAn eheudepia Tou €youue
v, 0piloupe ypaupixole TEAecTéC elvon TO ENGUEVO.

IToprzMA 1.15 (Enéxtaon ypeauuixdy tehectdv). Eoww X, Y dvvouatikol xydpot kai
Z vndywpos tov X. Av T : Z — Y elvar ypaupuxds tedeotnis, vidpya T : X — Y
ypapuds, dote T|Z =T.
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AnoArr=H. Eotw Dz wa Hamel Bdon tou Z. Ané tny npotaon 1.10 undpyet wo D
Hamel Bdon tou X &ote Dy C D. Opilovpe g : D — Y wote g(z) =T(z) av z € Z xou
g(2) =0 av z € D\ Dz xau ¥étouye T = T,,. Bivar ebxoho va dolue 61t mpdypatt 1 T elvon
enéxtaon tne T (Snhadh T|Z = T). O

TTAPATHPHSH. H eméxtaon T tou T Sev eivor yovadinh av Z # X). Auté gaiveton
ebxoha 0161t Dz C D xou TNy oLUVAETNOY g TOU YPNOLIOTIOOUUE OTNY anddeln Unopolye
va TV oploouye eeddepa yio xdde z € D\ Dy.

2.3. O Swvvopatinde yweog L(X,Y). Eow X,Y duo Swavuopatixol yopot xou
T, Ty : X — Y yoayuxol teheotéc. Opllovpe 11 + 15 : X — Y ye tov xovéva

(Th + To)(z) = Th(x) + To(x).

xon eniong v A € R
(ATy)(x) = X - Ty (x).

OpiZouye topa L(X,Y) va elvon 0 Y®pog Twv Ypoix®y TeAest®y and tov X otov Y. Eivou
e0x0oAY) doxno va Sel€oupe 6t o L(X,Y) ye e npdewc (11, T2) — T+ 1o, (A, Th) — ATy
OTWC oplo XAy TEONYOLUEVWS, EVAL BLAVUGHATIXOS YDPOC.

‘Eotww X Swvuopatixde ywpoc. O alyeBpirds ovluyns (f dvikds tou X) cuufBoliletan
ue X* xou ebvon o ydpoc L(X,R) o onoloc émwe avapépape mponyoupévec elvon dloavuo-
HATIXOS Y WPOC.

2.4. Tpoppixol woopoppiopot.

OpizMOr 1.16. ‘Evac ypouuixde teheotic T : X — Y Aéyeton ypaujikds 10opuopgiouds
av etvor 1-1 xan enl. ¥ avth v neplntwon Aéue 6T o X elvon ypappuxd 1w0dpoppog mpoc
Tov Y.

Hopatnerioeig (o). AvT : X — Y elvon ypopixde toouoppiopnde, 16t 0 avtioTpopog
avtol T 1Y — X elvan enlone ypoppxde woopoppouéde. Enlonc av T @ X — Y xou
S Y — Z elvan ypopuixol icoyopgpioyol, 1éte SoT : X — Z elvan Yoo loopop@Loudc.
Or anodelelc autdv elvar edxolec. Luvéneta GAwy avty elvar 6t Yétovtac X =2 Y avw o
X elvon 1oouoppog mpog tov Y tote 1 =7 elvon oyéon iooduvaplac oty xAdoT OAwY TwV
OLAVUOUATIXDY YOPWV.

(B). O yeouuxde Loopop@iouds, TEENEL VoL YIVETOL AVTIANTTOS ooy TadTIoT TwY SLovuo-
poTixady yopwy X xan Y. Autd onuaiver Tt yLor 0moladimoTe WLoTnTo Tou Loy VEL Yo TNV
yoaupwa doury Tou X, n avtlotolyn WiéTNTA WoyLel otov Y. o mapdderyuyo av X etvan
wbpopgoc poc tov Y xou T : X — Y o0opoppiopdc (mpoooyrj: o 1oopop@opds dev elvor
povadixde) xou av D eivon Hamel Bdorn tou X, téte 10 olvoho D' = {T'(z) : « € D} elvau
Hamel Bdon tou Y.

(v)- H enduevn mpdtoon yopaxtnpiler tic xAdoec woduvaulus todpoppwy davuo-
HOTIXOY Y WDRWV.

ITrorasH 1.17. Ia X, Y davvopatikols xdpovs, ta endueva eivai ioodvvaua:

(1) O1 XY elvar ypaupikd 1wduopgpor.
(2) dim X =dimY.

ANOAEIEH. Av ot XY elvan ypopuxd iooyopgor xau T : X — Y woopop@iopds, D wa
Hamel Bdon tou X, téte T[D] elvan Bdon touv Y and v napathenon (B) xo toonindixd
ue o D agol n T eivon 1-1. ‘Apa dim X = dim Y.
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Avtiotpoga, av dim X = dimY, xou D, D’ Bdoec wwv X xa Y avtiotowya, téte Ya
undpyel g : D — D', 1-1 xou eni. Eivon ebxoho vo ehéyZoupe 6Tt ¢” authv Ty mepintwon,
o ypouuixoc teheothc Ty (Bh. mpdtaon 1.14) Va etvor enione 1-1 xou enl xou dpo ov X xou
Y Yo elvon 1odpoppol. O

3. Kuptd cOvora

Av z,y € R® ye & # g elvon yvwoté 6T 10 olvoho [z,y] = { Mz + (1 - Ny : A€ [0,1]}
Tautileton ye 1o evdlypaulo TUAR e dxpa T onuela z, y. Enlong av z,y, z elvon tpla un
ouveudetaxd onueia Tou R? 1o tpiyewvo T(z,y, 2) Ye xopupéc To onueia aUTA TepLypEdpeToL
e

T(x,y,z) = { Mz + Xy + A3z A1, A2, A3 >0, Ay 4+ Ao+ A3 =1}

H évvoia Tou %xUpToh GUVOAOL TEPLYPAMEL Uiat ONUAVTIXY XATNYOoplol UTOGUVOAWY Ot-

OVUCUOLTIXWY Y WEWV.

Orizmoz 1.18. "Eva untoctvoro K evdc Slavuopatixol yheou X AEyeton kupTd av Yia
x&e x,y € K xon 0 < A < 1elvow Az + (1 — Ny € K.

3.1. TTopadeiypato xLpT®dY cLVOALY. () Kdde undywpoc evic Sravuopotinod
X wpou elvan xupT6d clvoro. To aviiotpogo mpogavng dev Loy leL.
(B) Tw xdde z € X 10 povoolvoro {z} elvon xvpth.
) Eva A C R eivor xuptd av xar uévo av elvar Sidotnua (dyt xat avdyxn xhewotd

(8) To otvoro {x = (a1,az) € R?* : a2 + a3 < 1}, dnhadh o xhetotde povadioioc dloxoc

tou R, eivan xupté uToGUVOLO Tou R
3.2. Idubtnteg xLvpTddy cuvOAwy. (o) To clvoro K elvar xUptd av xou Uévo av n
enOUEYN WBLOTNTA Loy VEL:
n
T %x49e n € N, x1,29,...,2, 670 K xw A\, Aa,..., A, € RYU{0} pe SN = 1 10
otowyelo A1z + Aexa + -+ - + Az, aviixel oto K. =

H anédeiln aghvetan cav doxnon. Ov ypapuxol cuvduvacuol Y A;x; pe A; > 0 xau
i=1

1=

obvoro () K; elvan enfong xuptéd. Amodewvietar avdhoyo pe v avtiotouyn WBLotnta T
i€l

UTIOYWEWV.

=1, n € N Aéyovtar kuptol ourduacpol.

n
Ai
1
B) Av (K;)ier elvon oXoYEVELD XUPTMY UTOCUVORWY EVOC BLavuoUaTIXO) YWPOL TOTE TO

(v) AvT : X — Y ypopuxde teheotic xaw K C X xvpté to T[K] elvon xuptd unochvolo
oL Y. (Andde&n: ebxoln.)

3.3. H xvpth 97%x7 vog cuvélou L.

Opizmor 1.19. 'Eotww L éva un xevd unoobvolo evog davuopatixod yweouv X. H
kuptr} Onjkn evée ouvbhov L, nov cupfoliletar pe co(L) elvon to ixpdtepo xuptd ohvoro
ToL TEPLEYEL TO L.

H 0napén tou co(L) eacpariletar and 10 bTL UTdPYEL VOl TOUAAYIOTOY XUPTG GUVORO
mou mepiéyet o L (o drog o yipoc X) xou and tny npoavagpepleioa diétnta (B) mpoxdntel
6Tl TO

N{K: LC K xupto }
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elvor 10 ULxpdTEPO %VPTH GOVORO ToU TEPLEYEL TO L.
‘Onwe oty nepintwon e ypouuixic 9xne evée cuvélou G, étol xan yia v co(L)
UTIApY(EL EVOUAAIXTIXY TEPLYPOPT) TOU GLVOAOU TOU BiveTow amd TNV EROUEVT TEHTACT).

ITrorasH 1.20. Eotw L un kevé ovvolo evés diavvouatikol yapov X. Toéte

co(L)z{Z)\imi: z; €L, \y e RYU{0}, i=1,...,n, Z)\izlneN}.

=1 =1

(AnAadn To ovvodo co(L) efvar to ovrodo twr kuptdy ouvduvaoudy otoiyeiwy tov L.)

ANIOAEIZEH. A oV 0ploUd TPOXUTTEL GUEGI 6TL TO GUVONO TWV XVPTOV GUVBLIGUMY
Tou L elvar xuptd (ebxola) xou dpo to co(L) etvon unoclvoré tov. Eniong and ty Bibtnta
(o) xdde xuptd mou mepéyel To L meptéyel xou Toug xupTolE cLVBLACUOUS GToLYEIWY Tou,
ETOUEVWS EYOUUE TO GUUTEPACUAL. g

ITopadelypota
(o) Av L ={z,y} ye x # y t61€ co(L) = [z, y].
(B) Av L ={z,y,z} ye x,y, z un ouvveudetaxd téte 10 co(L) elvor 10 Tpiywvo pe xopugpés
o T, Y, 2.
(v) Etov R? 1 xupth $hxn tou xhhou L = {(a1,a9) € R? : a3 +a3 = 1} elvos 0 xuxduxde
dioxoc co(L) = {(a1,a2) €R?: a} +a} < 1}.

AYXKHXEIXY

1. Eow X dtavuopatixde yodpoc xou A, B un xevd unoctvoha tou X dote ANB = ()
xar AU B ypaupixd ave€dptnto aGvolo.
() Agléte 6t < A>N< B>={0}.
(B) Eow f: B —< A> cuvdptnon. AeiZte 61t 10 Glvoho

B'={y+f(y): y<€ B}

elvon Ypoppxd ave&dptnro.

2. EBoww T : X — Y ypoupwog tehecthc PETAE) TwV SLOVUOUATIXWY YOpwy X, Y.
Av A C X &ote 1o T[A] va elvar ypouuxd aveldptnto dei&te dti xon 10 A elvon ypopixd
avedptnro.

3. Eotw X Sovuoypatinée yopoc ue dretpn aprdufiown Hamel Bdon. AetEte 6t o X*
elvan woépopgpoc mpog tov F(N) = {f : N — R}

4. Eotww X Swvuopatixde yopoc xau Y undywpoc tou X. Acei&te 6t undpyet P :
X — Y yoouuxth, mpoBory (dnhadi P(y) =y, Yy € V).
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KE®AAAIO 2

Noépueg oe dlavuopatixols YwWeoug

1. Optopdg xou mopadeiypota

OpzMOz 2.1. 'Eotw X Swavuopatixde yopoc. M anexdvion || - || : X — R Aéyeton
vopua av txavorotel ti¢ axdlouvdeg WBtoTnTeS:
(i) |lz]] > 0y xdde z € X.
(i) |z]| =0&x=0.
(iii) | Azl = |A]- [l=]| v xdde z € X xow A € R.
)

(i) |lz +yll < llzll + llyl| o xdde z,y € X (tprywvind ovicdinra).

H vépua ot éva davuouatind yweo elvon 1o avdroyo tng améhutng tiung oto R. H
VEPEALDODNG LBLOTNTO TOL TIEPLEYETOL GTOV 0plopsd elvor dTL xdde vépua opllet wia “andotaon”
peTa€d TV BLVUCUETWY TOL YWEou, dNhadn wa petew. Hpdyuatt, dnwe éxet avopepdel
oto udinua tne Mpaypotinic Avdhuong, dodelone plag vopuag || - || n anetxdvion

X x X 3 (z,y) = py(z,y) = [z -y

elvan o petpr) otov X. Autd xat’ apydc onualver 6t o (X, || - ||) éxer Sour) yetpixot
XWpou N onola TopouLctdlel xdnotes Wogoppies tou Yo g e€etdooupe Tepontépw. Eniong
amo TNV TELYWVLXY) aVIoOTNTO TPOXUTTEL UE EMAYWYY OTL yia Xdde n, av T1,...,T, € X
n n
wome || 2 will < 2 il
H&;a8€iyp&;a

(2) To Baowxé nopdderypo elvar o (R, ] - ). Eivor 8e edxoho va Solue étu av || - || ebvor piat
SAAN voppa opiopévn otov R t6te ||z]] = alz| Y xéde = € R érnou a = |[1].

(B) Ovp—voppec otov R". T 1 < p < o0, & = (a1,...,a,) € R" 9étovue

n »
[zl = (ZWH’) 6mov = = (ai,...,a,).
i=1

Enione yia p = oo opilouue
|2]lcc = max{|a;|: i =1,...,n} émov z = (ay,...,a,).
(v) O p—véppec otov coo(N) vy 1 < p < 00. Tt & = (an )nen € coo(N) Yétoupe

2, = (i ai|p> %

=1

|z]|co = max {]a;| : ¢ € N}.

To 6Tt oL p—VpUES AVOTOOLY TIE IBLOTNTEC TN VOPUAC EIVAL GUVETELN TWV AVIOOTATWY
Holder xou Minkowski mou €youv amodewyVel oto yddnua tne Hpaypoatiic Avdluone
XL EUTEPLEYOVTOL 0TI LTUELWOELS TOU HorduaTog.

(®) O yopoc (C[01], ]| - lloo) ve [|flloe = sup{lf()] : ¢ € [0,1]} xou avtioTorya o yopoc
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7

C(K) 6mou K elvor oupmoayhic HeTpds X0Opog, elval YOeoL ue vopua.
() O ypos (C10,1], - [lp) y19: 1 < p < o0 pe T v6ppa

1 v
Il ={ [ /"] -
/

2. MndAec xou oQaipeg O YWHPOUS E VOPUO

SopBohopde: T (X, || - [|) xdpo ue vopua, © € X xou M € R, M > 0 opilouye:
() Avowth undha ue x€vtpo 1o & xou axtiva M

Bz, M) ={y € X: |z —y| <M}
(B) Khewoth umdho pe xévtpo 1o © xar oxtivar M

Blz, M] ={y € X : [z —yll < M}.
(v) Zgalpo e x€vtpo 1o @ xou axtiva M

Sz, M) ={y € X: [l —y| = M}.

Iopatnernocis:
1. H avowth undho B(z, M), mouv otoug petpols yweous t ouuPBolilayue pe S(z, M),
elvar avoixtd ocOvoho otn uetpxt| tou opilel 1 vépua. H xdetoth undho Blz, M| toutileton
we TV xhewotétnte tne Bz, M), elvon xhewotéd obvolo, xau téhoc S(z, M) = 0B[z, M] xau
n ogalpa S(z, M) eivon eniong xhewotd chvolo.
2. H 8opn tou (X, || - ||) wc petpixod yweou napouctdlet loyupt, odotoyévelo. Autd xot’
apydic TeoxUnTEL omd TNV axdhoudn, Tou elvor €0XOA0 Va BlamoTwiel, oyéon

x+ B(0, M) = B(x, M).

Anhadn 1 avoueth) prdha axtivoc M yOpw and 1o Tuxao  TEoXOTTEL Gay UETAPOPE xaTd
T TNC avoxthc undhac Ye xévtpo 0 xou v (B activa. Auth n amhy Wotnto Yo yenot-
ponotniel ot YERETN TWY CUVEYWY YRUUUIXWY TEAEOTOVY. AvtioTtoryn Wwibdtnta toylel yio
BLUOTOAES Xalt GUOTORES UTah@dY. Anhadh av A > 0 xou M > 0 woy Vet

A-B(0,M) = B(0,AM).
3. H oyxéon tng alyeBpixnic xow Tng TonoAoyixng Sopng XWpwy e VOpa

Mo onuovTind BtoTnTa TN vopuac elvon OTL ETLTEENEL VoL GUVAELTOLRYHOOUY 1) BOUT| TOU
BLUVUOUATIXNOD YWEOU Xol auTH Tou PETELX0V Ywpou. H mtpddtn elvon ahyeBoixr| xou 1 deltepn
tonoloywx. H olvbeor| touc eugavileton oe noANd empépoug onueia. H duvatdtnta olv-
deong eTepOXANTWY dopddy (ahyeBpxh xar Tomohoyixh) anotehel TRy oucio Tng cuvVaETY-
ClaxAC avEAUOTC %ol EVUTIEEYEL OTN Bouh TwV TEayHaTxdV aptdumy. Oo apyloouvue ue
XATOLES ATMAES WOLOTNTES TWV axOAoUDiwV.

Treviuuiloupe 6Tt o axoroudia (2, )nen 0€ Eva xoOpo e vopua (X, | - ||) ouyxiver
oo z € X av yw xdde ¢ > 0 vndpyet no(e) € N dote vy xdde n > ng(e) va toylet
|z, — z|| < e. Avtiotorya opileton 1 Baowh axohoudia (axoroudia Cauchy) Snhadnh n
oxohoudiol (2 )nen elvor Baoxh av yia x&de € > 0 undpyet no(e) € N dote yia xdde
n,m > ng(e) vo toyle ||z, — | < €.

IIPOTASH 2.2. Eotw (Zp)nen, (Yn)nen 0U0 akodoviics o€ éva xdpo ue vépua (X, ||-|]).
Tére
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(i) Av x, — ka1 y, — y ToT€ Tpy + Y — T + Y.
(il) Av z, — 2 ka1 (Ay)nen akodovllia oto R e A, — A tdte Apz, — Ax.
(i) Av 0t (n)nen, (Un)nen €ivar axolovdies Cauchy téte ka1 n (y + Yn)nen €va
Cauchy.

H anédetén tne npbdtaonc elvon oxptBae 1 (Bt e tar avtiotorya anote éopata Twv TpaLy-
porTixadv oprdudy, apxel avtl tne andiutng Tne va yenotponowniel n vopua. To nepieyduevo
TNC TEONYOUUEVNC TROTAONC apopd axp B¢ auTd Tou Tpositoape dNAady| T cUVIEST, TWY
TpdEewy PE TNV Totohoyla. Yoy cUVEREL aUTHC TPoXVTTEL OTL ot Tpdlec + : X x X — X
e mpdoveone xat - 1 R XX — X tou Baduwtod yivoyévou elvan cuveyelc ouvapthoels.

ITroTAsH 2.3. Eotw (X, | - ||) xdpos pe vdpua ka1 Y vrdywpos tou X.
(i) AvY° #0 tére Y = X.
(ii) H xhewotétnra Y tov'Y efvar vrdywpog tov X .

Anoaer=H. (i) YTrevdupilouvpe ot yio A C X, A° =U{V: V C A, V avowt6}. Av
Y # ) éneton 6T undpyet € > 0 xaw y € Y dote B(z,e) C Y. AMN\G téte, eneidrj o YV
elvar udywpoc B(0,e) = B(x,e) —x C Y. Apa, tdh eneldr o ¥ elvar undywpoc, éneton

61t B(0,Xe) = AB(0,e) C Y vy xdde A > 0 emopévoc X = |J B(0,Xe) C Y.
AS0
(i) Eow y1,92 € Y xou A € R. Apxel va delfouue 6t y1 + 92 € Y xou A\y; € Y.

Mpdrypott, apod y1,y2 € Y éretan 6Tt undpyouy axohovdiec (Y7 )nen %ot (Y3 )nen oTOV Y
Gote Yy — y1 xou yy — yo. Ened o Y elvan undywpog, v xdde n € Ny +y3 € YV
xou enlong Y + Y8 — y1 + Y2, dpat Y1 + y2 € Y. Avdhoya amodetxvieTor xou 1 delep
AT TOVUEVT] LOLOTNTAL. O

4. Xoeorw Banach

Mo onpoavTind UTOXAEoN TV YWpwy PE vopuo elvar ot ywpor Banach (o Stefan
Banach, xopugaioc ITohwvéc yadnuatixde, unhple and toug Yepehwtég g Yewplog Ywpewy
UE vopua).

OpizMoz 2.4. ‘Evag yopoc pe vopua (X, || - ||) Myeton ydpoc Banach av elvor mhfiong
we mpoc TN YeTph) Tou opller 1 vépua. (Anhadh av xdde axohoudia Cauchy otov X
ouyxhivel o éva ototyelo Tou X.)

Treviuuiletar 6Tt ®AeLGTA UTOGUVOAX TAPWY PETPIXWY YOpwy Elvar TAEY, dpa o
xheloTol undyweol ypwy Banach eivau enfong ydpor Banach. Ernionc av (X, || - ||) eivo
XWPOS UE Voppa xou Y undyweog Tou X wote 0 Y va ebvar yodpo¢ Banach téte o YV elvan
N0 TOC UTOYWpOC Tou X.

To mpogavéc mapdderypo yoeou Banach elvar o R. 'Onwe da dobue xdde ydpoc
we vépua (X, | - |) e tov X va elvar nenepoouévng ddotaong elvar ydpoc Banach. E-
TOUEVWS YWEOL UE Vopua Tou dev elvar ywpot Banach mnpémet va elvor amelpodidotoToL.
Oa delfouye mapaxdtw 6Tt xdle ancipodidoTatoc yheoc Banach éyer unoypewtxd unep-
apriurion Hamel Bdon. Apa woylel 61t yio onowadhnote voppa || - || otov coo(N) o ydpog
(coo(N), || - ||) Bev eivar ydpoc Banach.

OpzMOs 2.5. Eotww (X, || ||) xdpoc pe vépua xor (zn)nen por axoroudio otov X.

Aépe 6t moepd D x, elvon cuyxhivouoa av elvar cuyxhivouoa 1 axohoudio Twy UEPXOV
n=1
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adpolopdtey (3 @i)nen dnhadh av undpyer = € X dote || X o —z|| == 0. S auth Ty

=1 =1

nepintwon cupBolilouye Z Ty = T.

H oepd Z Ty, NEYETOUL OMONITWE CUYXAVOUGT OV Z lzn | < +oo.
n=1

ITroTAsH 2.6. Eotw (X, | ||) évag xdpos pe vépua. O (X, ]| ||) eivar xdpos Banach
av kai uévo av kdle anodvtwg ouykAivovoa oepd otov X elvar ovykAivovoa.

ATOAEI=H. Tnoﬁstoups ot o X elvar ydpoc Banach xou ﬁswpoups gLt amohOTewe

ouyxAilvouoa oelpd Z xn otov X. T vo Bel€oupe 6L 1 oelpd Z Tp OUYXAIVEL 0pXE,
n=1 n=1

n
epdoov o X elvon mAfpng, va delZoupe 6t axorovda (Y ;) nen TV UEPXOY adpotoudtwy
i=1

o0
elvar Cauchy. Eotw € > 0. Agol > ||lz,] < 400 undpyer ng € N dote yia xdde m > n >

n=1

m m
ng vawoyler > |lzg| < e Etotyaaxdde m > n > ng éyovpe || D>, ;]| < Z [l: )] <
1=n—+1 i=n-+1 i=n—+1
€ xou dpar 1 axohovdia twv peptx@v adpotopdtey eivor Cauchy dpoa cuyxhivouoa.

Avtiotpoga, unodétoupe bt xdde xde anohdtwe cuyxhivouca celpd otov X elvor ouy-

x\vovoa. 'Eotw (Yn)nen pia axohouvdia Cauchy otov X. Enaywyixd emhéyouue @uotxolc
’ 1 z

ky <ky <o <kp<kpyr <0 G0 |[Yk, = Ykpia |l < 5. OfTOUUE 20y = Yk y ) — Yk,

o0 o0 o0
yiwn =1,2,....Evor 3 |2, < 3 5 = 1 xou dpo omd Ty undIech pac 1 oelpd > T,
n=1 n=1 n=1

oo n

ouyxhivel. Eotww = Y @, Ouwe D & = Yk, — Yk, K0 40 Yp ., — T+ Yp, . Etoun
n=1 i=1

(Yn)nen mou eivor axohoudia Cauchy €yer ua suyxhivouvsa utaxorovdio (TnV (Y, , Jnen)

%o Gt M (Yn)nen elvor ouyxiivouoa. Emopéves o X elvan ydpoc Banach. g

OrizMos 2.7. 'Eow (X, || - ||) x®eoc pe vopua xou A vrootvoro tou X. Ta xdde
x € X opiloupe p(z,A) = inf{||lx —y|| : y€ A}

O opropdc elvor e€edixevon e andotaong onuelov amd VTOGOVONO TOU EYOUUE OEL
otouc Wetpolc yohpouc. ‘Etol oybouy p(z,A) = 0 & € A xu 10 A elvar 30t
UTooUVONO ToU X av xat uévo av v xdde & € X \ A woydel p(x, A) > 0.

ITroTASH 2.8. Eotw (X, || -||) xdpos e vépua, Y vrdywpos tov X, x € X ka1 A € R.
Téte 10y Vel
P, Y) = ol V).

AnoAgi=H. Ilupatnpoldue 6t av A = 0 1 anodeixtéa oyéon Loy Vel xatd Tpogavy TpOTo
(xon Tt dVo péhn etvon foa e 0) xou Gpa unopolue va vrodécoupe 6Tt A # 0. Etou

pO5,Y) = f{re—yl: ye V)
. 1
= mf{{Al- lz = <yl : y €Y}
. 1
= Pinf{llz = 3yl : ye Y}
= |Minf{]lz—z||: z€Y}
= [Alp(z,Y).
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OEQPHMA 2.9. Eoto (X, || -||) xdpos pe vépua nenepaouévng tidotaong. Tore o X
etvar xydapos Banach.

ANOAEIEH. Qo ypnowonoticovpe enaywy ot ddotaor tou X. 'Eotw 6t dim X =

1. Auté onuaiver 61t X = {dz : X € R} yia xdmowo x € X, z # 0. Mnopolue va

unoYéoouye Ot ||z = 1, ahhiode Vétovue o’ = ”i xow X = {2’ : X € R}. H anewxdvion
x

T:X — Rpe T(A\x) = X elvan oopetpla, apol |[Ax — pz|| = |A — pf, dpa 0 X elvou
TAAENC WS LOOUETELXOC Tpog Tov R.

‘Eoto tdpa 61t xde yopos ye vopua (X, || - ||) ve dim X = k elvau ydpoc Banach. Qo
detZouye 6t o (o oupPaiver yio xdde yopo (X, || - ||) ve dim X = k + 1. EntAéyoupe wa

Hamel Bdon e, ez, . . ., ex+1 10U X %ot €670 (X )nen ot Paoh| axohovdia otov X. Téte
®40e T, YOdPETOL OTN POpQH Ty, = ALer + A2eg + - 4+ Aotle 1y,
Ioyvewopég: Twwi=1,2,... k+ 1 naxoroudia () ,en eivon Baowcr| oxohoudio tou

R (xou dpa ouyxhivouoa).

AnNOAEIZH TOY IsXTPIEMOYT. 'Eotww 1 < ¢ < k+ 1. ©¢touvpe X; =< {e; : j =
1,...,k+1, j #i} >. O X; eivou dtdotaone k, dpo and tny enaywyinr unddeon Yo eltvon
x®poc Banach, dpa xhewotde undywpoc tou X, cuvende p(e;, X;) > 0. Enlong vy xdde
n,m € N, and v nponyoluevry npbdTaoT) €YOLUE

N = Alp(en, Xi) = p((N, = A )es, Xi) < (IO, = Aber — (= D (M = Mo)es) |
J#i
k+1 k+1

1> Nes = > Mesll = o — zmll- (1)
j=1 j=1

‘Etot and my (1), 10 yeyovéc 6t 1 (Tn)nen elvor axohoudio Cauchy otov X xor to

ot ples, X;) > 0 mpoxOnter 61 n (A}, )nen oxohoudio Cauchy otov R. O
‘ k41
Oétovue A; = lim A}, v ¢ = 1,2,.. .,k + 1 x z = Aie;. Me eqapuoyt Tng
n i=1
TOLYWVIXAC OVICOTNTAC TPOXUTTEL 6T
k+1 k41 k+1
e =l = 1) Aver =Y Aveill = [ ) (A, = Al
i=1 i=1 i=1
k+1 k41

<D= Alllell < max e - oI =N =0
i=1 i=1
O

ITopzMA 2.10. Eotw (X, |- ||) xdpos pe vdpua ka1 Y menepacuévns idotaong vnd-
xwpos tov X. Téte oY elvar kA€10T6§ UTdywpos.

ANIOAEIEH. Ané to mponyoluevo Jedpnua o Y ye tn voppa mou endyeton and tov X
elvon TAENG xa dpa, POy OTWC EYOUPE AVAPEREL OL TATPELS UTOYwEOL elvar xhetoTol, elvon
UAELGTOC. O

H endépevn ovvémeio tov Oewphuoatoc 2.9 yenowonoel o Yedpnuo tou Baire. Ag
Yuundolue 61t to Yedpnua tou Baire woyvptletar 6t av (X, p) elvor TAAENG UETELXOS Y WPOC
xat (K )nen oxohoudo xAetotdv vtocuvélwy tou Kote X = |J K, t61e utdpyet ng € N

n=1
wote Ky # 0.
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ITorrzMA 2.11. Eoww (X, | - ||) xdpos Banach. Téte n ddoraon dim X tov X elvar
efte memepaouérn 1 vrepaprunoun.

AnoAEIEH. Eotw (X, ||-]]) anepodidotatoc ywpoc Banach xou ac unodécouye 6Tt éyel
wat aprduriown Hamel Bdon (2, )nen- Opllovpe Yy, =< {z; : 1 < i < n} >. Hpopavie
x&0e Y, elvon memepaopévne didotaone xaw X = |J Y,. Enlong xdde Y, elvon xhewotéde

n=1
unoyweoc (Mbpioypa 2.10) dpa and to Vedpnua tou Baire undpyet ng € N dote Y2 #

0. H Ipétaon 2.3(i) ovvendyeton 6t Yy, = X dpo o X eivon nenepaouévng ddotaong,
dtomo. O

IHopatnerosis:

() Ac mapatneroouue 6T UTdEYOLY XOEOL Ye Vopua Tou €xouy aptiurown didotaor. T
mapdderypa oL (coo(N), || - [1p), 1 < p < oo elvar Tétotol y@peot. Luvénela Tou TEOTYOUUEVOU
noplopatoc etvon 6t av X elvan Stavuopotixde yweog ue apuurowun Hamel Bdorn téte dev
uTdpyEL BuvaTdTNTA Vo oploouue Voppa oTov X doTe va yivel ywpoc Banach.

(B) To yeyovog bt xdde Hamel Bdon oe anepodidotatoug yweous Banach elvon unepop-
wWurown xadotd avayxala ) yenotwonoinon e AvdAvong yio T HEAETH autdv. Autd
ogeiheton 610 6Tl ou Hamel Bdoeic oe autolc dev umopolv va €youv axeB3n meplypopy.
(Eivar eviuagépov 6Tt otnyv mepintwon auth n Onapén tne Hamel Bdong dev ouvendyetan
T0 AemTOpERT TPOGBLoptoUd Twv oTolyelwy Tne.) Tla napdderyua Yewpriote tov ywpo £o(N)
mou 6mw¢ Yo doLue elvan yweog Banach. O ydpog déyetan unepaprdurown Hamel Bdon
oG Bev uTdpyet SuvatdTnTa va teptypdouye ta oTotyela avTrc.

Treviupilouvpe 6t évag petpds xdpos (X, p) Aéyetar dtaywplowog av undpyet D C
X mou va efvor aprduriowo xan Tuxvéd. ‘Evag ywpoc e vopua Aéyeton daywpeloog av elvon
OlaywpeloWoc TN UETELXY TTOL EMAYEL 1 VOPUAL.

ITPOTATH 2.12. Av (X, || -||) efvar xdpos pe vépua nemepaoévns didotaons téte o X
efvar Sraywpionuos.

AnoAEIEH. 'Eotw n = dim X xou (z;), plo Hamel Bdon tov X pe ||z;]] = 1. Oétovpe

n
D:{Zrixi: r; € Q, izl,...,n}.

i=1

To obvoro D eivar aprduriowo yiotl tawtiletar pe 10 Q" (= {(r1,...,mn) : 7 € Q, © =
n
1,...,n}) nou elvou aprduniotpo. Enione 1o D eivar muxvé. Mpdypat, ave € X,z = 3 a;x;
i=1
€
xaL € > 0, emhéyovtoc r; € Q dote |a; — 1] < = yei =1,...,n éyovye
n
n n n e
|z — Zrmﬂ = | Z(ai —7i)xi|| < Z jai —rif <n-—=e.
=1 i=1 i=1
(]
ITroTAsH 2.13. O ydpos (coo(N), || - |1), dmov || - || eivar pa omowadrimote vépua, eivar
draywpiouos.

ANOAEIEH. 'Eoww (e,,)nen 1 ouvidne Hamel Bdon tou coo(N). Oswpolue to chvoro

DZ{ZH%I reQ, i=1,...,n, nEN}.

=1
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To D eivar aprduriolpo xa dnwe otny tponyoluevn tpdtacy delyvoupe 6Tt elvon muxvé. [

5. KAooowd nopadeiypota

To xhaoowd napadelypata yopewy Banach anotelolv ot ywpot axolouhdv £,(N),
1 <p<00,0 lo(N) xon 0 cp(N) xadide xouw o (C[0,1], || - [|oo)- O xdpoc (C0,1], ] - |loo)
éyel pehetniel otic Ynuewdoeig tou podiuatog e paypotixnic Avdhuong.

Na 1 <p < oo o ywpoc £,(N) opileton we

¢,(N) = { (Tn)nen: n €R, n=1,2,..., Z |z, |P < oo}
n=1

xou yiveton dtavuopatixde ywpog ue npdieic xatd onueio. H vépua otov €, (N) opileta yia
& = (Tn)nen ©C

o 1

lzll, = (D leal”) ™.

n+1
To yeyovoc 6t av ot (Ty)nen, (Yn)nen ovixouy otov £, téte 1 oxohoudio (X, + Yn)nen
aviixel eniong otov £, xadodg xon 1) TELY VX aviedTnTa TS Vopuag || - ||, amodevietar ye
xeron tne avioétnrac Minkowski.

O ydpoc Lo (N) anotedelton ano Ghec Tic Ppoaryuéves mpaypatixés oxoloudiec xat 1)
vopud ||+ oo Y& T = (X )nen € loo(N) opileton we

[|2]lcc = sup{|zn|: n € N}.
H anédeiln 61t 0 (Lo (N), || - [|oo) glvon ydpoc pe vopua eivar eOxohn.

O yopoc co(N) anotereitor ano dhec Tic oxOMOLVHES (An)neN TRAYUATIXGOVY apliudy
OoTE a,, — 0, xou elvon Tpoavs UTGYWEoS ToU Lo (N). Etot 0 (co(N), || - |oo) Elvor ydpog
UE VOPUAL.

IIroTAsH 2.14. O1 ydpor £,(N), 1 < p < oo, efvar Sraywpiotjior.

AMOAEIEH. T odév p, 1 < p < oo, mapatneolue 6Tt o (coo, || - ||p) elvor undywpog
Tou / ( ). Oa delfovpe 6Tt elvar muxvic. Bewpolpe © = (xn)neN € (,(N) xou e > 0.

Agol Z |z,|P < oo umopolue vo emiéZouvpe k € N wote Z |z, |P < eP. ©étoupe
n=1 n=k+1
Yy = (yn)neN € coo(N) pe yp =z yran < k xot yp, = 0 yia n > k + 1. Eivau ||z — gy, =

( Z |z, |p)p < e.Apa o (co, || - |lp) etvon Tuxvée otov £,(N).
n=k+1
Enedn o (coo, || - |lp) elvon Sroywplowos, éneton 61t o £,(N), elvar Sraywplooc. O

ITPOTATH 2.15. O xdpos le(N) Sev eivar diaxywpionpiog.

AnoAei=H. Ac Yupnolue ond Ty mpaypaTixh avdAuaT 6Tl Evag PETPXOC XDPOC
(X, p) elvar pn droywpliowoc av utdpyet € > 0 xou D C X dote 10 D vo elvar unepop-
wWuhowo xa v xdde ¢,y € D e x # y va oylel p(z,y) > €. Autd 10 xptrplo Yo
YENOWOTOLAGOLUE GTNY ATOOELEN TN TPOTAOTC.

BOewpole 10 cUVOAO

D={xa: ACN}
6mou x4 : N — R elvan 1 yopaxtneiotixd cuvdptnon touv A, dnhadf xa(n) =1ywan € A
xat xa(n) =0 oavn & A. Ilpogavie xa € oo(N) yio x89e A C N dnhadhy D C £ (N).
Enionc o D elvon urnepapripriotyo yiott toutiletar ye 10 ovoro twv utocuvéiwy tou N.
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Av xa,xB € D ye A # B, eivar e0x0oho va SLamoT®o0LPE 6T || X4 — XB|loo > 1. Emopévc
0 £ (N) elvon pn droywplowoc. O

5.1. IMoapadeiypata ywewyv Banach. Ot enduevol ydpol elvon yopor Banach.

(1) Ot 4y(N), 1 <p< 0.
(2)000()

(3) O £ (N).

(4) O (C[0 1], I - floe)-

Oa anodeifouue 6t 0 £1(N) elvon ydpoc Banach. H anddeiln yio toug £,(N), 1 < p <
00, Tov ¢ (N) 1ot Tov £og (N) yiveton topduota. H anddeiln 6t o (C[0,1], ]+ ]lo) Elvor TAHENC
(xou Gpa ydpog Banach) nepiéyeton otic onuewwoets tne Mpaypatinhc Avéluong.

ITroTAsH 2.16. O ¢1(N) efvar ydpos Banach.

AnOAEIEH. 'Eotw (2;)ien o oxohoudio Cauchy otov ¢1(N) (énou x; = (2;(n))nen).
'Eotww n € N. Ioyle

|zi(n) —x;(n)| < ||z —z;ll1 vy xdde i,j €N

xou dpat 1 axohovdia (x;(n))sen ebvor axoroudia Cauchy otov R xar dpo cuyxhivouoa. Etot
opiletar 1 ouvdptnon = : N — R ye z(n) = limx;(n). Apxel va detloupe 61t € £1(N)

xou ||z — x||1 i)}
‘Eotww £ > 0. Apol 1 (;)ien elvon axorovda Cauchy éneton dti undpyet ip € N dote
s =il < 5 Vi 2o
OnAadn
Zm —zj(n \< - Vi, >,

Yuvende Yo toylet

Vi,j >i9 Ym €N (1)

Z|$z —x] |<

onéte nodpvovtag éplo yio j — 0o oty (1) éxoupe

N ™

Z|x |§§ Vi >ip Ym € N. 2)

T m — oo and v (2 ) TPOXUTTEL

(L)

Z|x n)| < =(<o0)  Vi>ig (3)

[\)

H (3) éyeL d0o ouvénetee. T i = i éneton 61 m;, —x € €1 (N) xou dpa & = 5, — (w4, —

. . 6 r 4 z 4
x) € ¢1(N). Enlone yio x&de i > g, ||z; — |1 < 5 <e Etot, agol yio xéde € > 0 undpyet
io € N dote yo xdde i > ip va toylel ||z; — x||1 < &, ouurmepaivouye 6Tt ||z; — |1 2% 0.
Ernopéveg o £1(N) elvar mhfene. O

AYKHXEIY
1. 'Eotw X Y®poc YE VOpUa Xou D C X muxvo.

() Aci&te 61 10 olvoro D' = { x € D, x # 0} elvor tuxvé unocOVoro ot
wovadiator ogatpa S(0,1) ou X.
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(B) Av D C 5(0,1) eivor muxvé vroctvoro tne povadiaiog ogoipac tou X dellte 6Tl to
ocbvolo

D'={\x: z€ D, \eQ}
elvar muxvéd otov X.
(v) AelZte 6t évag ywpog ye vépua X elvar droywplowoc av xat pévo av 1 povadiaio
ogalpa S(0,1) tou X elvou Saywplowun.

2. Eow X daywploog yopeog pe vopua, D = {x, : n € N} éva tuxvé unocivolo
Tou X xat (Yn )nen oxorovdia oto B(0,1). AeiZte 61t 10 obvoro D' = {z,,+ lyn : n €N}
elvon UV uTocUVolo Tou X. "

3. Eotww X anepodidototoc yweoc Banach xau {z, : n € N} éva apriufiowo unocivo-
Mo tou X. AciZte 6t undpyet (Yn )nen o070 B(0,1) dote o 6Ovoro {z,+ —yn : n € N} va
elvor ypoauuxd aveldptnro. Xpnotwonowdvtac tny doxnon 2 del€te ot xde Sroywploog
anelpodLdoTatog ywpog Banach mepiéyet muxvé ypopuxd avegdptnto unocivoro. Ioylel
avdhoyo anotéreoua yio yweoug Banach nenepacuévne dudotaorng;

4. AceiZte 61 0 ¢(N) xor 0 £oo(N) elvar yodpor Banach.
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KE®AAAIO 3

Yuveyelc () ppaypévol) ypouuixol TEAECTES

1. Opiopodg - WLoTNTES

O ouveyelc ypauuxol teheotés Yetalld ywpwv Ue vopuo elvon amd T oNHoVTIXES
oLVOTWOoES TNE Buvoptnolaxic Avdluong. Amoteloly avtxelueva ota onola cuvuTdp-
XYoLV ot 800 doués, dnhadr 1 akyeBpuxt (Yoauuxdtnta) xou 1 avokutixr (cuvéyewa). ‘Onwg
Yot BoUpE, auTh N cUVOTIOEEY TNV EQODIALEL UE LOYUPT] XAVOVIXOTNTA, OIS Yio TOPAOELY AL,
av évog ypouuixde TeAecTiC elvan cuveyNc oe éva onuelo ToTE elvan cuveyric mavtol. Oa
Eexwvhooupe LTEVILPIZOVTAS TNV £VVOLXL TNG GUVEYELIC GUVAPTACEWY PETAED UETPIXWY YWE-
V.

OprzMoOz 3.1. M ouvdptnon f : X — Y, énou (X, p) xou (Y, d) Suo petpixol ydpot,
AyeTan ouveyfic oto z, € X av Yy xdde € > 0 undpyel 6 > 0 wote yia xdde z € X e

p(xo,x) < § vawoyer d(f(xo), f(x)) <e.
H ouvdptnon f Aéyeto cuveyric av elvor cuveyhc oe xdde = € X.

OEQPHMA 3.2. Eotw (X, p), (Y, d) 60 perpixol xdporkar f : X — Y pua ovvdptnon.
Ta endueva etvai i10odvaua.
(1) H f efvar ovveyris.
(2) I'a kdOe axolovdia (xp)nen 010 X ka1 x € X dote L wyver f(zy) 4,
f(=).
(3) AvV CY avoikté tére vo f~H(V) ={zx € X : f(x) € V} efvar avoikté oo X.
(4) Av K C Y xdaoté téte o f~H(K) efvar khewotd orov X.

IIpwv TpOYWEHOOUUE T XELTHPLOL CUVEYELIG YRUUUIXWDY TEAETTwY, Yupiloupe 6T éva
utoclvolo A evic yopou pe vépua (X, || - ||) Méyetar gpayuévo av vndpyer K > 0 wote
lz]| < K vy xéde z € A.

ITroTasH 3.3 (Xopaxtnplopol cuvéyelac yeouuuixov tedestwyv). FEotow (X, | - ||x),

Y|l - ly) xdpor pe vépua kar T : X — Y ypaupikds. Ta endueva efvar wodvvapa:

(1) OT: X — Y eivar ouveyrng.

(2) Ymdpyerxg € X ka1 § > 0 doze o ovvoro T[B(xo,0)] va elvar gpayuévo.

(3) Yrdpyer & > 0 dote to otworo T[B(0x,d)] va eivar ppayuévo.

(4) To T[B[0x,1]] efvar gpayuévo.

(5) Trdpyer M > 0 dote ||T(x)|ly < M|jz||x ya kd0e z € X.

(6) OT etvar Lipschitz, 6nkadn vrdpyer M € R doze ||T(x) —T(2)|ly < M|z—=z|x
yia kdle z,z € X.

ITpw Bdoouyue Ty anddelén, a&iler vo cUINTACOUPE TN ONUAGTA TV LGOBUVEUWY LORPHY
NG CLVEYELNC YPouUiX®Y TeEAeoT®V. Kat’ apyds o opoude tng ouvéyetag etvar duvauixde.
AnhadT yior var SmoTOGOUVUE T oLvEyel tou 1" 6To onpeio xo TEEneL va SwatpéEouue dAa
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o e > 0 xou vy xdde éva va Bpolue to avtiotoryo § > 0. H cuvidvxn (2) unootneilet 6t
OTNV TEPINTWON TWY YPUUUXOY TEAECTWY apxel vo delouue dTL xdmolor undho Ye xEvipo
xo ExeL pparypévn exéva. Autd elvor Tohd o amhé va eheyEVel. Evdiagépov napouotdlet 1
ouvixn (6). Lt yevinn Tepintwon TV GUVEYKY CUVIPTHOEWY UTEEYEL pla BlaBdduion tou
opy(let and N YEVXOTERT XAAOY TWV GUVEXWY GUVIPTAGE®Y, axoAoUTJoUV OL OUOLOPOPQI
CLVEYELC xou oxduTn WxpdTepn elvan 1 xhdon Twv Lipschitz cuvaptAcewy. Xtny teplntwon
YOUUMIXWY CUVAIPTACEWY UETAUED XOPWY UE VOPU, 1) CUVEYELW CUVETAYETHL OTL O TEAEOTHG
elvon Lipschitz. Me dhho Adyla dev umdipyel ouveynic xa oyt Lipschitz yoauuixée tekeotrc.

ANOAEIEH THE IPOTAsHE. (1) = (2) Av o teleotric elvon ouveyhc xon ©p € X, vl
e = 1 Yo undpyer 6 > 0 dote T[B(xo,d)] C B(T(xo),1). Eivor dueco 6t 10 obvo-
Ao B(T(x0),1) eivon gpoayuévo. (T xdde y € B(T(z0),1), llylly — [T (zo)lly < |ly —
T(xo)|ly <1 xoudpa||ylly <14 ||T(xo)|ly.) Enouévwe to T[B(zo,d)] eivon ppayuévo.

(2) = (3) Enedn, énwc éxouue AdN avapéper, B(xo,d) = xo + B(0x,9), éxouue
T[B(x0,d)] = Txo+ B(0x,0)] = T(x0) + T[B(0x, d)] xou dpa T[B(0x,0)] = (=T (x0)) +
T[B(z0,9)]. Eow thpa K > 0 wote |y|| < K vy xdde y € T[B(xo,9)]. Me ypfion e
Tolywvidic aviootnTac npoxVttet 6t yia xdde y € T[B(0x, )] woydet |ly|| < || T(xo)|| + K.

(3) = (4) Eotww K > 0 dote av & € X pe ||z||x < § va woyde ||T(z)]ly < K.

Ocwpolue thpa tuyaio z € X pe ||z|lx < 1. Eiva H§x||x = 5”1’”){ < 5 < d xou
] 5
dpat ||T(§$)Hy < K. Ao m ypoppwdtnta tou T npoxdnter étt ||§T(l‘)||y < K, dpa

] 2K
§||T(£L')||y < K, ovvende ||T(x)|ly < —. Enopévoc yio xéd9e y € T[B[0x, 1]] éyouue

]
2K

lylly < 5

(4) = (5) Eow M > 0 oote |[Tz]| < M vy xdde z € T[B[0x, 1]] xo éotw z € X.
Av z = 0x t6te T(0x) = Oy xou dpa | T(0x)||ly = 0 = M||0x||x. Av z # 0x téte

x 7 .r 7,
iz llx =1 8ea [T(——)lly < M ovverae [T(x)]ly < M|lz||x.
]l x ]l x

(5) = (6) Av z,z € X and ) ypopupwdtnta tov T xou ty (5) mpoxdntet ot ||T(x) —
Ty = IT(z = 2)lly < M|z - 2 x-

(6) = (1) Eivor dyeco and to 6u ot Lipschitz cuvapthioeic elvon cuveyeic. O

IHopathenon:
M ouvéneta e ouvdrxng (3) elvor 6T 0 cuveyRc Yeouwxée TeleoThc ametxovilel gpay-
péva utocUvola tou X oe @paypéva urtoclvola tou Y xot autd Befalwe, dnwe anodelE-
aue, etvar toodlvopo ye TN ouvéyeo. Xt BifAoypagio o cuveyelc ypauuxol TeAeoTéC
OLVOUPEROVTAL OOV PPAYUEVOL YROUULXO! TEAECTES XAl TO COVOAO TWV PEAYUEV®Y YROUULXWDY
TeheoTOY and tov X otov Y oupPorileto pe B(X,Y).

‘Exyoupe #0n avagépel 6Tt 0 xwpoc L(X,Y) wwv Ypoxmdy TEAeSTOV HETAEY dtavuo-
HOTIX@Y YOpwV elvat ETIONE BLavuoUATINGS Ypoc U Tic Tpopavelc tpdielc. H enduevn npd-
oo delyvel bt oty epinTwon ywewy we vopua o B(X,Y) eivor undywpoc tou L(X,Y).

ITrorAsH 3.4. Eoto (X, || 1), (Y, - 1) xdpor pe véppa. Av o T, S : X — Y elvar
ppayuévor ypappukol tekeotés kar A € R téte oo T+ S ka1 NT' efvai emions ppaypévor

ATOAEIEH. Andé v mponyoluevn npbtacn undpyouv My, My > 0 dote ||T(z)|| <

M||z|| xou ||S(2)|| < Ma|lz| o x&de x € X. Eretn 6t ||(T + S)(2)|| = ||T(x) +
S < NT@)+[S@) < Myllz]| + Ma|le|| = (M + Ma)||z]| v xdde z € X. Opole
IOT) @) < MM lal] yio xéde z € X. O
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ITorrzMA 3.5. O B(X,Y) efvar ravvopatikds xdpos.
ANOAEIEH. Apeon and v TponyoLUEVn TpoTao. U

2. H véppa oto yopo B(X,Y)

O yopoc B(X,Y) extog and to 6t elvon Bravuopatinds yhdpog déyetan xon ulor vop-
o oL optleton PuUGLOAOYIXE Sedouévou dTL elval YDEo< cuvapThoewy. Ac Yuurncoupe 6Tt
av K elvon ouunayhs petpinde ywpos xar f 1 K — R ouveyhc t6te opllovpe || f]| =
sup{|f(t)| : t € K} xou eivar || f|| € R 861 oL cuveyeic cLVOPTACES O CUUTAYT| HETPLXO
xweo elvor ppaypéves. Av thpa T' 1 X — Y gpayuévog ypouuxog tereotric xar 1 # 0
téte sup{||T(x)||y : = € X} = 00 od\& sup{||T(x)|ly : ||z|| < 1} < oo dpa unopolue va

oploouye
1T = sup{[T()]ly : |zl <1}.
ITPoTATH 3.6. H ouvdptnon || - || : B(X,Y) — R eivar vdpua ovov B(X,Y).
AnoAEI=H. EOxohn. O

ITrorazH 3.7. Av XY xdpor pe vipua kv T @ X — Y @payuévos ypapjukis
TeA€o TS TOTE

() IT@)] < I - o]l ya xébe 2 € X.
(i) |T]) = imf{M > 0: |T(x)] < M- [2]| Vo € X}.

AnoAei=H. EOxohn. O

ITrorasH 3.8. Av XY, Z xdpor pe vépua ki T : X — Y, S:Y — Z gpayuéror
ypaupikol teleotés. Tére n otwldeon S oT : X — Z wov T ka1 S elvar ppaypévog

VYPAUMIKOS TEAETTNS.
AnoAgiEH. T x40 z € X evor ||(S o T)(x)|| = IST(@)] < IS]| - 1T ()| <
1SN - 17N - ]| Enopévewe o S o T eivar gporyuévoe teheothc we [|[So T < ||IS] - |T]. O

OEQPHMA 3.9. Eotw X ydpos ue vépua kar'Y ydpos Banach. Téze o xdpos B(X,Y)
€ TN vépua Tov éxovue oploer elvar xdpos Banach.

AnoAEIEH. Eotw (T),)nen wa axoloudia Cauchy otov B(X,Y). Anhady vy xdde
e > 0 undpyet ng € N wote yia xdde n,m > ng va wylel (|1, — Tl < e. Oa dei€oupe 6t
undpyer T : X — Y @paypévog ypouuxog tekeothic wote 15, W o,

Ac napotnprioouye xat’ apyhy ot i xde x € X n axorouvda (T (z))nen elvor
oaxohovHa Cauchy otov Y. Hpdypat yia xd@de n,m € N woyler ||Th(x) — T (2)| <
|7 — Tl - ||| amd bmou mpoxdnter b1 n axohoudia (T}, (x))nen xavonotel 1o Lnroduevo.
Enedn o Y elvor ydpog Banach éneton 6t yia xdde & € X n axohovdia (1), (2))nen elvor
ouvyxhivovoa otov Y. O¢toupe T : X — Y pe T(x) = lim T, (z).

O T elvon ypouxoe. Hpdypatiav z,y € X t61€ T(m—&—r;}) =lim 7T, (z+y) =lim T, (z)+
liénTn(y) = T(x) + T(y) xou épora delyvetor 6Tt av A € R rgts T(A\x) = )\%(x) Y

ouvéyeta detyvoupe 6t o T elvon ppayuévoc. Eotw e > 0. Apol 1 (T,)nen elvar axorouvdia
€

Cauchy otov B(X,Y") undpyet ng € N dote yo xdde n, m > ng va woyle |1, — T < 5

xo dpal
ITa(@) = Tw(@)| < 5 Yo € X, o] <1, Yn,m > no.
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[TatpvovTag 6plo yia m — 00 TEOXUTTEL OTL

[T(z) =T(@)| <5 VeelX, |z <1, Vn=mne. (1)

3
2
H (1) yian =mng divet 6u Ty, — T € B(X,Y) xwdpa T =T, — (T, — T) € B(X,Y)
dnhadh o T elvan gpayuévoc. Enlone, ndhe 1 oyéon (1) diver 6w |1, = T) < = < € v

N ™

xdde n > ng. ‘Etor agol yia xdde € > 0 undpyel ng € N @ote yio xdde n > ng va Loy Vet
II-I

|75 — T < € ovunepaivoupe 6t T,, — T O

Ot opolduopgpa cuveyelc, xou doa ov Lipschitz cuvoptioeic, xavonoloby tny axdlouvidn
WiotnTo enéxtaonc. Av (X, p) ebvon petpinde yopoc, (Y, d) mhhenc petpindc yopoc, D C X
Tuxvé, xau f 1 D — Y ogolbpoppa suveyc cuvdpTnon Tote uTdpYEL ovadih f 1 X —
Y opoiduopga cuveyrc wote f|D = f. Ou Sei€oupe TNV avdroyn WBETNTA Yol QALY PEVOUS
YeopxoUS TEAECTEC.

OEQPHMA 3.10. Eotw X xdpos pe vépua, Z évag mukvis vmdywpos tov X kar Y
évag xapos Banach. Téte kdle gpayuévos ypauuixos tedeotns T @ Z — Y emextelvetar
katd povadikd Tpdmo o€ éva Ppayiévo ypap ko Tekeotn T:X — Y. Enmn\éov fa 10 Vel
1T = [IT1I-

AnoAEEH. H povedidtnta tou T eivor ouvénela tne uxvétntac tou Z otov X xou
e ouvéyetac tou T. Tpdypatt, eivar Yvwoté xa elxoho va detydel 6t av duo ouveyelc
ouvaptioe f,g : X — Y towtilovtan oe évo muxvo unochvoro tou X tote elvan oeg
navtod. H Baowh ibtnta mou yac emtpéner va opioouge tov T' eivor 1) axdrovdn: Av
(2n)nen elvar yro Baotxhy axoroudio otov Z t6t€ 1 (T'(25))nen elvar eniong Booxh. Auth
dramoT@vetor edxoha Aoyw tng Lipschitz wbiétntac tou T, aAld ioylel yevixdTEpRL Yiat
opoL6Uoppa cuveyeic ouvapThoeic. Me Bdon ta mapandve opilovue T : X — Y wc e&fic:
T(z) = T(z) vy xde z € Z evér av x € X \ Z emhéyoupe oxoouda (2, )nen 010V Z UE
2zn — & o opiloupe T(z) = lim T'(z,) (to 6plo uTdpyeL emedh o Y eivar ydpoc Banach
xou N (T(2n))nen €lvar Baowr axohoudia).

T va glvor 0 T xald opiopévog wpénet va delfoupe 6t 1 T'(x) elvan aveZdptntn and
™y eEMAOYH NS 2n, — . Hpdypatt, av (Yn)nen elvar pior GAAN axohoudia oto X pe v, — @
té1e, 6nwe eldape Tpoyoupéves N (T'(Yn))nen elvar cuyxiivouoa axoloudio otov Y. Ilpénel
va delovpe 6Tt imT(z,) = UmT (y,). H axoloudia (21,y1,22, Y2, 2n, Yn, .- .) Vo
eniong axoloudia Tou X mou cuyxAivel 6To X xon dpa 1) Exova TNg Wéow tou 17 Yo elvon
ouyxhivouvoa axohovdio otov Y. Ou (T(z,))nen xot (T(2n))nen €lvor duo unaxoroudiec
QUTAC o dpa cLYXAivoLY oTo {Blo bplo UE AUTH, CUVETKC €YOUY XOovd Gplo.

H yeaupixdtnta anodetxvietar ebxoha. Téhog, enedr| o Z elvon muxvdg Ut wEOE TOU
X, n Bz[0,1] eivar muoxvi oty Bx [0, 1]. Oewpdvtoc & € Bx|[0,1] undpyet axorouvdia
(2n)nen o Bz[0,1] dote 2, — . Eivow T(z) = imT(z,) dpa |T(z)| = lim ||T(z,)||
(Noyw Tne ouvéyetac e vépuag) xa epbooy Y xdde n o elvon || T(z,)|| < ||T|| éneton bt
IT(x)|| < ||IT). Suvende o T eivan gpaypévoc yeouuxoe teheotic xau |T]| < ||T. H
avtiotpogn avicbtnta ||| > ||T|| eivar tpogavic ané to yeyovéc bt Bz[0,1] C Bx|[0, 1].
Enopévec ||T) = ||T)- O

IoprzmA 3.11. Av XY, Z énwg oto mponyoluevo Jeddpnpa téte 1 aneikévion

I:B(Z,Y) — B(X,Y)
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o avuiotoiel o€ kdle ouvexn T : Z — Y ) povadikiy owvexrj tov enékraon T : X —
Y efvar ypap k) wouetpia.

AnoArr=H. Eivar dueom and to nponyoduevo Yedpnud. O

3. Teappxd cuvoptnooedy xou o X*

Me tov 6p0 ypauuix6 cLYIPTNOOELSES EVVOOUUE TIC Ypouuxég amewxoviceg f : X — R
6mou X elvor BlavuoUaTinos xhpoc. Av X ydpog Ue vopua Tal QparyMEVL YPoUULXE CUVAPTT
coeldh tou X (Bnh. oL cuveyels ypauuxés ouvaptroeic f : X — R) napoucidlouvy xdmoteg
Wiantepdtnies eved o X* = B(X,R) Méyeton ouluyhc 1 Suixde tou X xou €yel Sour| mou
cuvapTdTor Ue TN dour) Tou X . Oa apy{COLUE TN UEAETY TWV PEAYUEVWY YROUULXWY CUVIRTT-
COEBOVY YE xdmotec aAYEBPIXES BLOTNTEC TOUC.

ITrorasH 3.12. Eotw X Savvopatikés xadpos ka1 Y, Z vrdywpor tov X dote Y NZ =
{0}. Tére kdle x €e<Y U Z > ypdpetar katd povadikd tpémo ws ¢ =y + 2z pey € Y ka1
z € Z.

Eibixdrepa, av' Y efvar vndywpog tov X kar x € X \'Y tdte kd0e ' €< Y U {z} >
ypdgetal katd povadixd tpdmo ws &' =y + Az pey € Y ka1 A € R.

AnOAEIEH. 'Eotw x €< YUZ >. To  ypdeton 6T UopYH T = > Ajw; WS YRS
i=1

1=
ouvduaopde Tou cuvohov {w; ¢ i =1,...,n} C Y UZ. Apa {1,...,n} = I U I 6tou

i€l ow w; €Y xui € Iy dgpopetind (ondte w; € Z). Oétoupe ¥y = Y, Ajw; xou
i€l
z= > Nw;. Eteldf ou Y, Z elvar undywpor tou X cuunepaivoupe 6Tty € Y xu z € Z
i€ly
EVO TPOPAVRC T = Y + 2. Apa xdde x €< Y U Z > ypdgetw g & =y + 2 Yye y € Y

xaw z € Z. Aelyvoupe todpo ) povadixdtnia. ‘Eotw 61 1o €< Y U Z > éyer 0o
TéTolEC avamopaoTdoes, dnadh & = y+ 2 =y + 2 pe y, v € Y xou z,2" € Z. Tore
y—y =2 —zpey—y €Y xo 2’ —z € Z xon 8edopévou 61 Y NZ = {0} ouunepaivouye
oy —y =2 —z=0xudpay =1y xou z = 2 dnhadh n avanapdotacn tou z elvor
HovadLH.

To debtepo uépoc tne Ipdtaone elvar dueor cuvémeta tou mpddtou. IMpdyuatt, yia
x € X\Y, ¥oviac Z =< {a} >= {dz : X € R} éyoupe 6 Y NZ = {0} xo
<YUZ>=<Y U{a} > Apaxdle 2’ e<Y U{z} > ypdpeton xatd govadixbd 1pémo we
¥=y+lxyeyeY xu X eR. O

OpizMoz 3.13. (o) ‘Evoc undywpoc Y tou X Aéyeton menepaouérng ovvdidotaons oy
UTdpYEL TETERUOUEVO GUVONO {X1,...,Tn} C X dote X =< Y U{z1,...,2,} >.
(B) "Evoc undyweoc Y tou X Aéyetan ovvdidotaons 1 av Y # X xou undpyet éva o € X
dote X =<Y U{z} >.
(v) "Evac undywpoc Y tou X Myeton ouvdidotaone n, n uoxds aptdude, av utdpyouv
T1, ..., Ty 010V X 0O0t€ < Y U{21,...,2,} >= X, xou n elvor 0 uxpdtep0og QUOIXGS e
oQUTH TNV WBLOTNTA.

IMapathpnon: Av évac SLavuoUaTinds YOpog elvon TETEPACUEVTC DldoTUONG TOTE TPO-
pave xdde udywEdS Tou elvan Tenepacuévng didotaong. Ou undywpol cuvddotaong 1
elvon oL péyiotol yviotor undyweot. Etol yio napddetypo oL utdyweot cuvddctaong 1 Tou
R? eivan to emineda mou wepéyouy 0 0. Av Y eivar ouvdidotaone 1 undywpoc tou R? xou
z€R® thre 1o olvoro 2 +Y = {z+y: y € Y} npoodlopilet 10 povadixé emninedo tou R?
mou elvar TopdAANAo Teog T0 Y xou BiépyeTon and To .
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Orizmoz 3.14. 'Eva unoctvoho W evde Savuouatixold ywpou X Aéyeton umepenimedo
av W =z +Y émouv z € X xu Y elvou cuvdidotaong 1 undywpeog tou X.

Ipogavwe ol undyweor cuvddotaone 1 elvon unepenineda. H enduevn mpdtacy npoo-
dropilel TN oy€om TWV UTEPETUTEDWY UE TOL YPAUUUIXS CUVAPTNCOELSH.

ITrorasH 3.15. Eotw X dwavvouatikds xwpos. Tote

(i) Av f: X — R ypappukn pe f # 0 tére o Ker f eivar ovvdidotaong 1.
(il) Eva W C X elvar umepeninedo av ka1 pudvo av vndpyer f : X — R ypapjixry pe
f#0xkateR dore W= f=1{t}).
(i) Av f,9: X — R ypaupukd ovvaptnooeidr) tére Ker f = Ker g av ka1 pévo av
uvrndpyer A € R, A #£ 0 dote f = Ag.

AMOAEI=H. (i) Enewdn n f eivon ypoouuxh o Ker f = {o € X : f(z) = 0} -
var untdywpoc oL X xar Ker f # X 86t f # 0. Emdéyovue © € X dote f(x) = 1
(mapatnpeiote 6t av f @ X — R ypouux ye f # 0 téte unoyewtuxd n f elva ent).
O detlouye 6T yia xdde y € X undpyouv z € Kerf xat A € R dote y = Az + 2
0 omolo ouvendyetow 6Tt 0 Ker f elvou ouvdidotaone 1. Hpdypat, av A = f(y) € R t61¢
fly=Az) = fly)—=Af(z) = A=Al = 0 dpay— Az € Ker f ouvende, agod y = Ax+(y—Az)
0 {nroduevo éyel detyel.

(i) Av W C X elvon unepeninedo tote W = 2+ Y pe Y undyweo cuvdidotaong 1.
Avz €Y opllovpe f: X — R ye f(Ax +y) = A xou napotnpodpe 6t n f elvon xohd
optopévn, Yeouuw, f # 0xu W = f71({1}). Avz € Y t61e W =Y ondte emhéyovtag
woyalo z € X \'Y xou opllovtag f : X — Rye f(Az+y) = A, 1 f elvan ypoupd xou
W = f=1({0}).

(i) Av f = Ag ye A # 0 t6te f(z) = 0 av xor wévo av g(x) = 0, dpa Ker f = Kerg.
Avtiotpoga, éotw 61t Ker f = Kerg. Av Kerg = X t6te f = g = 0 xau dpa éyoupe 1o
ouunépacya. Av oy, emhéyoupe x € X wote g(z) = 1. Hpogavie = ¢ Ker g = Ker f xau
Gpa f(z) = A # 0. Téte xdde z € X ypdgpeton z =y + px pe y € Kerg = Ker f xou p € R
xou dpar

f(2) = pf(2) + f(y) = pA = Ag(pz +y) = Ag(2)

enouévwe f = Ag. O

To nepieydUevo g TpoNYoLUEVNS TedTaong elvor 1 TOAD xoh1 avtiototyio uetall un-
EPETUTEDWVY XAl YRAUUUXDY CLUVAETNOOEWWY. Me tnv enduevn npdtact divouue 800 emmiéoy
XPLTAPLOL Y10 T1) GUVEYELD YROUUXDY CUVARTNOOENDY Tou opllovtar GE YpoUC PE vopUa.

ITroTAsH 3.16 (Kprthpta cuvéyetag cuvaptnooedoy pe unepenineda). Eotw (X, | -]|)
xpos pe vopua kar f : X — R, f # 0 éva ypaupuxd ovvaptnooedés. Ta endueva eivai
100dVvaua:

(1) To f eivar ppayuévo (nkadn ouvexés).
(2) To Ker f eivar kAe10t6.
(3) To Ker f dev etvar tukvé oto X.

ATMOAEI=H. (1) = (2) ITpogavéc Biotin f, we GUVEYTHC, AVTLOTPEPEL XAELGT OE XAELOTA
xou Ker f = f71({0}).

(2) = (3) Aol f # 0 eivon Ker f # X xou dpo av 1o Ker f eivar xheiot6 t61€ dev
elvon muxvod.
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(3) = (1) Eotw f éva ypauuxd ouvoptnooedés dote to Ker f va unv elvon muxvé.
Oa unidpyer x € X xau e > 0 dote Bz, e)NKer f = ) dnhed?) (z+ B(0,2))N f~H({0}) =0
Spa 0 € f(x + B(0,¢e)) = f(z) + f(B(0,¢)) ouvenwe —f(x) € f(B(0,¢)). TroVétoupe
6t 1o f Bev elvan gpaypévo. Ané tny Ipbtaon 3.3 éneton 61t 10 ovvoro f[B(0,¢)] dev
elvar pporyuévo urooivoro tou R. Eneds] to B(0, €) elvor xuptd %o GUPPETEXG UTOGOVONO
Tou X (xou ta Vo amodewxviovtor edxoha) o 1 f elvon ypauuw, to f[B(0,¢)] Yo elvon
XVPTO XL CUUPETEXO UTocOVOho tou R dnAady, cupueteind ddotnua tou R. Yuvenwg,
apol to f[B(0,¢)] elvar un gpayuévo unoypewuxd f[B(0,¢)] = R, drono dwott —f(x) &
F(B(0,2)). D

ITorrzMA 3.17. Eotw Y undywpos ovvdidotaons 1 evés ydpov pe vépua (X, || - ||).
Téte éva amé ta axolovdd 10y Vel atokAeioTikd.
(1) OY xlewtds vndywpos.
(2) OY rukvds vndywpos.

AnoAe=H. Eow f: X — R ypouuxéd cuvaptnooedéc kote Ker f =Y. Trdpyouv
dVo mepittwoeic. H mpdtn elvon 1o f va elvon gpayuévo amd émou cuvdyeton 6t o Y elvan
xheloT6¢ Loy wpoc. H dedtepn nepintwon elvor 1o f va unv elvor gparyuévo, onote and tny
TpornyoLuevn TedTaoT éncton 6TL 0 Y = Ker f elvon muxvéc unoywpoc. O

IMapatnerosic:

1) Koat’ apyfiv 10 ouumépaopa tou mponyoluevou moplopatoc Selyvel 6t ol unbywpeol
ouvdidoTaone 1 €youv wa WLoUopgn ouuneptpopd. To ot elvor elte xhewotol 1 Sapope-
TS TUXVOL APOPd ATOXAELT TG AUTOUG Xo BEV EMEXTEIVETAL OE JANEC XAAOELS UTIOYWEWY
(m.y. unbywpot cuvdldotaong 2).

2) H andden autic e Widtnroc, n onola elvon 18dtnta tne Soundc tou X emtuyydvetar
UE YPNON YPUUUIXWDY CUVAPTNCOEWWOY Xt amoTEAEl €va ToEddeLYa GTOU Ol CUVAPTHOELS
TIOL BPOLY OE VoL YWEO UTOPOLY VoL BOCOLY TANEOYOELa YLoL T1) BOUT| TOL YWEOL.

OrizMoz 3.18. 'Eotww X yopoc pe voppa. O Ovikds  ovluyns tou X oupfBohileton ye
X* xou ebvan 0 ywpog B(X, R) 10V Qeayuévomy Yoouuxdy cuvaptnooedody tou X.

‘Onwc éyoupe avapéper o X* elvor umdywpoc Tou alyeBpol duixoh XF = L(X,R)
Tou X xou enedr o R ebvan mifong o X* ue tn vépua mou €youue oploet elvar ywpeog Banach
aveldptnta av o X elvon TAfipne 1 un mhfene (Oedenua 3.9).

ITroTAsH 3.19. Av X efvar nenepaopérng Sidotaons xdpos pe vépua téte kdle ypaju-
k6 ovvaptnooedés f : X — R efvar gpayuévo.

AnoAEI=H. Ané o Ilbpiopa 2.10 énetan 6Tt xdde undywpog Tou X elvor xAelGToC, dpa
to Ker f elvou xhetotde undywpoc tou X, enouévac to f elvan @poryuévo. O

IToprsMA 3.20. Av 0 X elvar memepaouérng 0idotaong xwpos ue vopua téte o alye-
Bpirés duirés X¥ xar o buikés X* tov X tavtilovral.

ANOAEIEH. Apeon and v TponyoLUEVn TpoTaoT. O

ITroTAsH 3.21. Av 0 X efvar aneipodidotato§ xdpog e vépua tote vndpyet f : X —
R ypappixs ka1 un gpaypévo auvvaptnooedés. Apa yia X ameipodidotato xaipo e vépua
o X* efvar yvijoog vrdywpos tou X*E.
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AnoAr=H. Eotw D pa Hamel Bdon tou X. Eivar e0xoho va 600pe 6t av D elvan éva

Yoouuxd aveZdptnto odvolo t6tE T0 clhvoro D' = ”x_” : x € D} nopopéver ypouuxd
x

aveldpTnTo, dpo uropolue vo utodécouue 6Tt yio xdde & € D eivan ||z|| = 1. Enedf 1o D
elvan amelpooOvolo umopolue vo emAé€oude pior axohovdia (2, )nen and dlapopetind avd
dVo otowyela tou D. Opillovpe g : D — Rye g(xn) =n yian =1,2... xu g(z) =0
v xdde x € D\ {x1,22,...}. Onuc éxoupe deller (pbtaon 1.14) vndpyer fy: X — R
Ypouixo cuvapTnooedéc wote fy(x) = g(x) vy xdde x € D. Ipogoavde 1o fy dev eiva

gpavuvo 816t sup |f,(2)] > sup | fy ()] = supn = +oc. .
z€B[0,1] n n

‘Onwce éyoupe mpoavagépet to Ker fy elvar muxvée undywpeoc cuvdidotaone 1. Ta 80o
TpoTYoLUEVa anoTeEAécUaTa BElYVOUY OTL EVag YWPOC UE Vopua elval TETEPOUEVTC BIdoTAONC
av xoL uévo av X* = X*,

4. Ioopopgiopol xou Iocopetpieg yhpwy pe voppa

‘Eva ané 1o Baoxd npoBARpata twv gadnuatixody tval 1 TaEVOUnon TwY avTIXEWEVLDY
oL cuvioTolV Tic ddpopes Vewplec. Me tov 6po ““talwdunon”’ evvoolue tavtomolnom
ueh@Y pac Yewploc 1 onola elvar evpltepr e todtntoc. To obvniec epyateio Tadivourioewy
elvor ov ouvapthoec. ‘Eva anhé noapdderyua elivor 1 mAnddmnta wy cuvélwy. ‘Etol ta
obvora N twv @uox®y xou Q Twv pnt®dv €youy Ty Blo TAnddTNTA, deat avhiXoLY GTNY
(B x\don cuVOAWY, yweic BéRoua va Tawtilovion TAfpwe (T.y. we mpoc T ddtadn elvou
SropopeTind petagl toug). Eyouue eniong et 61 ov Sravuopotixol yopeor tadlvopolvto
ue Bdom ) Sdotacy] Toug. Ol looyop@lopol xou oL LlGOUETEiES TAEVOPOUY TOUS YDPOUS UE
vopuaL.

OrizMos 3.22. 'Eow (X, |- [|x), (Y] - |ly) y®pol pe vopua.
() Ov X,Y Aéyovton 1wduopgor av undpyer T : X — Y ypopuxods 1-1 xau enl tehectic
oote ou T xow T va elvon gporypévor. (O teheothic T Méyetor o auTH TV TEpitTwON
1001L0p@PI01156.)
(B) O X,Y Ayovtau wopetpixof av vrdpyet T : X — Y ypouuxde 1-1 xou ent teheotic
dote |[T(x)]|ly = ||lzllx v xédde z € X. (O teheothic T Myetow oe auth Ty Tepintwon
1opeTpla.)

Eivon ebxoho va dolue 6t ot toopetple elvor toopoppropol 16t T'[B(0x, 1)] = B(0y, 1).
Apa on T, T~ etvan gporypévor tehecTée.

Eniong av X, Y, Z elvar ydpot ye vopua dote o X elvar 1odpoppog (avt. LoOUETELXOS)
we tov Y xor o Y elvor tobpoppoc (avt. Loopetpinds) Ye tov Z téte anodetxvieton eUXOAA
6t 0 X elvan tobpoppoc (avt. toouetpindc) pe tov Z. Aedouévou bt xdde ywpoc X efvan
LOOUETPXOC UE TOV EaUTS ToU Xan 6Tt av 0 X elvan odpopgoc (avt. wwopetpnde) pe tov Y
t61e 0 Y elvan wodpoppoc (avt. oopetpids) pe tov X ouunepaivouye OtL oL oyéoelg X
toouoppog Tou Y7 xon ‘X woouetpinde Tou Y7 elvan oyéoeic 1ooduvaplac oty xAdoT Twv
YOPWY UE VOPUOL.

ITrorasH 3.23. Eoww X,Y yopor pe vépua kar T : X — Y ypapjukds 1-1 kar ent.
Ta endueva eivar 10odvaua
(1) OT etvar iopopgrouds.
(2) Trdpyxovr Betikofl ¢, C' dote

cllzllx < [T(@)]ly < Cllzlx
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ya kdOe z € X.

ANOAEIEH. (1)= (2) Enedfo T : X — Y elvan gparyuévoc éneton 6t undpyet C' > 0
oote ||T(2)|ly < C|lz||x v xdde x € X. Enione, enedh o T 1 efvor gporypévoc éneton
ot undpyer €7 > 0 dote [T 1 (y)|lx < C'ylly vy xéde y € Y. Apa v x80e # € X
ebvau | 77T (2)))[lx < C'|IT(x)lly Snhoidt
gyouue 6T cllz||x < ||T(2)|ly < Clz|x v xdde x € X.

1
z||lx < T (2)|ly. Etor, Hétovtac ¢ = Yol

(2)= (1) Ané n oyxéon |T(x)]ly < C|z|x npoxintel 6u o T elvon pporyuévoc. And

™ oyéon cl|lz||x < ||T(z)]ly mpoxtmter 6t [T H(y)|lx < =|lylly v x8de y € Y xou dpa
c

o T elvan gporypévoc. O

IMapathpnon: H nponyoluevn npdtaon mpoodopilel T Stopopd UETAED LGORORQIOUOU
xa .oopeTplog Twv xdpwy X xou Y. Ilpdypatt, 1 woopetpio amewxoviler tn povadiola opaipa
tou X otn povadiada oaipa tou Y. Autd onuaiver datnpel TAfpwe TN YEWUETPIA TwWY
ywewv. O wopopploude anetxovilel xdde x € X pe ||z]| =1 oto T'(z) € Y nou avonotel
moyéonc < ||T(z)] < C. Anhadh anewxoviler T povadiala opaipa Tou X o€ Eva ywplo Tou
elvor “poxpld” and to undév xar and to dneipo. O icopoppionds dev Sartnpeel TN YewpeTpia
oMG Btartneel TV avahutixy (totohoyxn) Sopr Ty Ywewy. ‘Onwe Yo dolue auéons LeTd,
av ou X xou Y elvon menepacuévng didotaong yopot Ye vépua o dim X = dimY téte
elvor toopoppol. Autéd onuaiver 6tL uTdpyoLY YWpEOL Ue VopUa Tou elvar 1dHopPoL xar byt
wopetpixol. Tio mapdderypa ot (R2, | - [[1), (R?, || - ||2) Sev eivar toopetpixol. (Mopatnehote
6t S(0,1) otov (R2 || - [|l1) éxer evdlypauuo TUALOTA TOU BLoTnEotVToL amd YEaUUIXES
anewovioews, dpa dev Unopel va TouToTel Yéow ypauuxic anexdvione pe Ty S(0,1) tou
(R%,]| - ||2) mou efvor o povadiaiog x0xhoc.)

5. H auTOQATY CUVEXELX YROAUULKDY TEAECTHOV CE Y WEOLE MENEPACUEVNS

SudoTaomnc

"Exouye deiel 61t av 0 X elvon menepacyuévng didotaong ywpos e vopua téHte o X elvor
TARENG. Oo SWCOUPE Uil BIHQOPETIXT ATHOEIET AUTOL TOU ATOTENEGUATOS YETIOULOTIOLOVTAS
TAL YRAUUUIXE CUVORTNGOELDY).

ITPOTASH 3.24. KdOe xdpos pe vépua (X, ||-||) menepaopérng idocaons elvar tAipns.

AnoAEI=H. H andédedn da yiver ye emaywyn otn ddotaon tou X. Av dimX =1 o
X elvan woopetpinde tou R dpa mArieng. Trodétovue 6Tt 10 cuTEpacUa Lo VEL Yia XOPOUS
Sidotaone k xa Yewpolye ybpeo ye voppa X pe dim X = k4 1. Botw (e;)F ! wo Hamel
Bdon tou X pe |le;]] = 1. 'Eotww (zp)nen wo oxohoudio Cauchy touv X. T xdde n, €otw

Tp = ATey + -+ ARy ep . Oa oelloupe 6t v 1 < i < Kk + 1 1 axorowdia (A} )nen
k+1

elvan Boowxry oto R xan dpa ouyxhivouvoa. Opilovpe f; : X — Rye f( > rje;) =r;. H f
j=1

elvor ypouuxr xou o undyweog Ker f; =< e; : j # i > éyel didotaon k. And enaywyxr

unédeon, o Ker f; etvar mAfpng dpa xheiotde undywpoc tou X, cuvendg 1| f; elvor ppayuévn

(ouveync). Enetdh n (2n)nen elvan Baow xan f;(x,) = AP énetan 61t 1 (A} )nen ebvor Baoixh

oto R. To undroino tng anddeing €xet Sodel oty anddelln tou Oewpruatog 2.9. O

AHMMA 3.25. Eotw X xdpos pe vépua memepaouévns didotaons kar (e;)?; uia
Hamel Bdon wov X. Téte vndpyer M > 0, mov efaprdrar and wn vépua kai tn Pdon, dote
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n
yia ke x € X, x = > N\e; pe||z|| <1 va wyvea
i=1
max{|\;|: i=1,...,n} <M.

AnoAer=H. Tw xdde i = 1,...,n opllovye fz(i rie;) = ;. ‘Onwe avopépaue ot
oty TponyoLuevn anddelin xdle f; elvan ypouuxn xoa];;owpévn. O¢touvye M = max{||fi| :
1=1,...,n}.

Av topa z = i Aie; pe ||z]] < 1 téte yia xdde i = 1,...,n éyoupe |N| = |fi(z)| <
TIES/ =

OEQPHMA 3.26 (avtépatne ouvéyec). Eotw X, Y ydpor pe vépua pe tov X memepao-
pnévng oidotaons. Tote kdOe ypaupikds tedeotis T : X — Y elvar ppayuévog.

AnoAei=H. Emhéyoupe wo Hamel Bdon (e;)7-; tou X xaw Oétoupe N = " || T(e)]|-
i=1

Ané 1o mponyoluevo Muya udpyer M > 0 @ote ya xdde z = > he; € X pe ||z|| <1
i=1
va toylet max{|A;|: i=1,...,n} < M.

‘Etot yia xdde © = > \ie; € X pe ||z <1 éxoupe
i=1

1T ()] = IIT(Z Aiei)| = || ZMT(%)II < Z (Al - IT ()]l < MZ IT(ei)|| = MN.

Erouévwe o T elvar @porypévoc. 0

IloprsMA 3.27. Av XY elvar ydpor ue vopua nenepaopérng didoraons kar dim X =
dimY téte o0 X ka1 Y eivai 106popgor.

AnOAEIEH. Eow (2;)f-q, (v:)7=; Hamel Bdoeic tov X xau Y avtictouya. Opllouye
n n

T:X — Y ueT(> Nizi) = >, Ny Ebva dueco 6t o T elvan ypopuixoe 1-1 xou end.
i=1 i=1
Enedr) or X,Y elvon nenepaopévng didotaong and 1o Yedpnuo Tng auTOUATNG CUVEYELG

éneton 6Tt ou T, T 1 elvon pparypévor xon dpa or X xor Y elvor tobpoppot. g

IToprzMA 3.28. Eoww X xdpos ue vopua menepaopévng didotaons. Av K C X efvar
KA€10T6 ka1 ppayuévo tote to K eivar ovpnayés. Eidikdtepa o1 kAewtés undes Blx, M| kai
ot opaipes S(x, M) efvar ovurayrj otrola.

AnoAei=H. Ou wopop@iopol T @ X — Y anewxovilouv xAeotd xor @poryuéva un-
oolvoha tou X ot XheloTd xat pparypéva utocivoha Tou Y. ‘Eotw n = dim X xat Yewpolye
T:X — R, |- |l2) wopoppioud. Tvwpilovpe dTL T XAEWOTA xou PporyUéva UTOGHVONX
Tou (R™, || - ||2) elvon ouumayh dpa o (Bo wyder xou yia tov X . Enione ta olvora Bz, M|
xou S(z, M) elvon xhetotd xan pporypéva dpo ouumoyy. O

AYXKHXYEIY
1. Eow T : (C[0,1], ]| ||ec) = Rpe T(f) = fol f(t)dt. AelEte b o T elvan gpaypévoc
xa utohoyloTte TNV vopua Tou.
2. (a) 'Eotww T : £5(N) — £5(N) dote
T((an)nen) = (0,a1,a2,...,an,...).
Aci&te 6t o T elvan ypauuixy| loopeTpia.
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(B) Eotw S : l3(N) — £5(N) dote
S((an)nen) = (0,a2,0,...,0,a2,,0,...).
Aci&te 61t 0 S elvon ppaypévog, utohoyioTte TNV vopUa TOU Xo ToUg LToYGeous Im S xou
Ker S.

3. Eoww Duo[0,1] o1 “dmepec gopéc mapaywylowes ouvapthoes’” oto [0,1] pe ty
supremum vépua. Eotw axdépo D : D[0,1] — Dy[0,1] 0 tekeothic tne mapaydyou.
D(f) = f'. Aci&te 61 0 D eivon ypouuxos oARd 6yt pporyuévoc.

4. Eotww X yopoc ye vépua xou

T (coo(N), [ - [1) — X,

Yeouuixog, wote 1o {T'(ey) : n € N} va elvon gporyuévo unoctvoho tou X. Aetlte 6o T
elvon pporyuévog.

5. Ael€te 61 évac ywpoc e vopuo lvor TETEPUCUEVNE BIAOTAUONC oV Xo HOVO oy Xde
UTOYWPOS TOU Elval XAELOTOC.
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KE®AAAIO 4

Xwpol Hilbert

Ot ydpot Hilbert anoteholy pia Wiaitepn xAdorn ywewv Banach. Katoapyrv anotehoby
v guotohoyixf yevixevon tou (R™, | - ||2). ‘Onwe xar otov (R™, || - ||l2), n vépua otouc
yweoug Hilbert optleton and éva ecwtepind ywouevo. ‘Etol, 1 yewyetpio twv yodpwv
Hilbert, efvor épota e auth wwv yopewv (R, |

“[J2). ILy. opileton n xodetdtntal petadd 800
oToLyElwy Toug, évvola Tou dev LTdEYEL YEVIXE ot Ywpeoug Banach. Eniong elvon ouotaotind
povadixol. ‘Ohot ot yopot Hilbert ye v (Sio tonoroyxr didotaoy tautilovtor. ‘Etot, 6hot
oL daywplool anelpodidotatol oot Hilbert eivon tcopetpixol peta€d toug. ‘Onwe avapép-
aue xou oty BEloaywy?, ou y®pol autol €youv TOANEC e@apuoYEC e BLdpopous XAGDOUG
Twv Moadnuatxay xou e Puoic (Avéluon, Atagopirée eZiohoetc, Madnuatind Puowx,
KBavrounyovuxr x.4.)

1. Ecwtepud yvopeva

Orizmos 4.1. Eotw E Swvuopatixde yoeoc. Eowtepiké ywipevo otov E elvon pia
oLVAPETNOM
<,>»>FExFE—-R

ME TS LBLOTNTECS

(1) <z,2>>0, yia xdde x € E.

(2) Av <z, >=0 t61e = 0.
3) <z,y >=<y,x >, yiaxdde z,y € E.
4) < Xe+py,z>=A<z,z2>+pu<y,z>yoxde z,y,z € E xou A, u € R.

Hoapotnpelote 6t and g Wibtntes (3) xa (4) éyovpe 6t < z, Ay +pz >= A< z,y >
+u < x,2 >y xdde x,y,2 € B xawn A, p € R Enlong < z,2 >=0 <= = =0.

ITPoTASH 4.2 (avioétnror Cauchy—Schwartz). Av E xdpos ue €owtepikd ywviuevo,
Tote ya kdOe x,y € E éyovue

< z,y >i<c T, x> <Y, y>

AMOAEI=EH. Av y = 0 t61te 1) aviobtnta LoyUel ool xat ta 500 péAn tng lvon Pndev.
‘Eotww y # 0 xou éotw €va awdaipeto @ € E. Tote yia xdde A € R éyouue
<zx—Ay,x—Ay>2>0
=<y y> AN —2<r,y> A <z,x>>0.
Aol < y,y >> 0 xou 1) oviobtnTa toylel v xdde A € R, Yo mpéner A = 4 < z,y >?
—Ad<zr> -<yy><0f<zy><<zar> <yy>. O
ITroTASH 4.3. Eva cowtepixd ywipevo < , > o€ éva oiavvouatiké yopo E opiler ya
vépua otov E arné tn oxéon

|z| =< z,z >2,z € E
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AnoaAr=H. O Wiotnree |jz|| > 0, |lz] = 0= 2 =0, |A-z| = |A| - |
ebxoha. H tprywvued tétnta tne véuoee |z +y| < ||z||+ [ly|| mpoxinter and tny aviednta
Cauchy-Schwartz. Ilpdypatt, |z +yl|? =<z +y.z+y >=< 2,2 > + < z,y > + <
g >+ <y >= 2P +2 <2y > Hyl < J2l? + 2zl - Iyl + Il = () + i),
and émou éneton 6t ||z + y|| < ||z + [ly]]- O

z|| mpoxTTOLY

ITapaTHPHSH. H avioétnia Cauchy—Schwartz diatundveton todpa w¢ €€ng: Ta xdde
T,y b
| <zy>| <l [yl
[TPoTASH 4.4. Eotw E ydpos je eowtepixd ywiuevo kat ||z|| =< z,x >/ 2 € E n

vépua otov E mov opiletar ané to eowtepikd ywiuevo. Tote n anaikévion <,>: Ex E — R
efvar ouvvexns ovvdptnon.

ANOAEI=EH. Apxel va SeryVel 6t yia xde z,y € E, xou (24,)n, (Yn)n axohovdiec otov
E pe z,, — x ot yp, — Y, EYOLUE OTL < T, Yy, >—< ,y > . And v avicdtnta Cauchy—
Schwartz éneton 6Tt
| <Tn,yn > = <2,y > [ S| <Tnyyn > — <Tpoy > |+ [ <,y > — <z, > |
S <@nyn —y > |+ <zn —2,5 > |
< lzall - lyn = yll + llzn — || - Iyl

U QP < Ty, Y >—< T, Y > . O

1.1. IMopadeiypata xhpwy e ecwtepixd ywouevo. (1). O Euxheldeioc ydpog
R" e ecwtepnd YLVOUEVO

<$7y>:x1'y1+"'+$n'yn7

omov ¢ = (l.laﬂ'»xn)a y= (ylv"‘vyn)‘
(2). O x0pog cop TV TETEPAGUEVLDY 0XONOUTLOY TRy UATIXGY aptdudy, dnhadh

coo ={x = (zp)n : Tn € Rxar In, € Ny, =0,Yn > n,}

UE ECWTEPIXO YLVOUEVO

o
<z,y>= an *Yn, T = (-rn)na Yy = (yn)n

n=1
(To eowtepind Yvopevo oplleton xohd dtoTL 1) oelpd Exel tenepaoUévo ThARYoOC Un unNdevixddy
bpwV).
(3) O ywpeog £y dnhady,

(gz{x:(xn)n:xneRxou ix%<oo}

n=1

UE ECWTEPIXO YLVOUEVO

00
<z,y>= anyna T = (xn)na Yy = (yn)n

n=1
To ecwtepixd Yvbuevo opiletor Xohd BoTL 1) Gepd Yoo | TnYy ebvan (amohhTee) adpolown
Y10 %49 () ny (Yn)n 0TOV 2. Mpdypot: |2y - yn| < 20| + |ynl?
2 znynl < X lanl? + X lynl* < oo

yioe xdde n € N xan dpa
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(4). O ydpoc C[0, 1] v GUVEYDY TEAYUATIXGY CUVAPTHCEWY Oplopévmy oto [0, 1], pe
EOWTEPIXO YIVOUEVO

< fig>= / F(8) - g(t)dt.
0

H o < f, f >= 0= f = 0 tou eowtepxol yivopévou oyVet, agob av f € C[0,1]
pres fol F2(t)dt = 0 téte f2(t) = 0 yo x&de t € [0,1] (enewdh f2(¢) > 0 xou n f2 elvou
ouveyfic) xou dpa f(t) = 0 yia xéde t € [0, 1].

ITpoTAsH 4.5 (Koavévoe mopahhnhoypdupov). Av E elvar xdpos e eowtepikd yi-
vouevo, tote ya kdde x,y € £

lz+yl1* + llz = ylI* = 2]lz” + 2]lyll*.

AnoAEI=EH. H andSetln yiveton eUxola yonouLomotdvIac Tov 0ptoldd e vopuas
|| =< z,2 >'/2 %1 1 13L6TNTEC TOUL ECKTEPIXOY YWOUEVOU. O

Ynueiwon. H napandvew tpdtaon urnopel vo ypnotwomomdel xou yio va del€oupe 61t
gvac YOpoc Ue W vépua dev elvan yopoc pe eowteptxd yvépevo. . o (C[0,1], || - |leo)
eV elval YWEOC PE ECLTEPIXG YIVOUEVO (NAadY| 1 VopUa TOL BeV TPOEpYETAUL ATtd ECHTEPIXS
ywopevo.) HMpdyuatn av f(t) =1, g(t) = ¢, ¥t € [0,1] téte ||f + glloo =2, |f — 9llec =1,
[flloe =1, [[glloo = 1 xou

1F + 9% + 1 =gl =4+1=5#2f]% +2lgl% = 4.

OpizMOz 4.6. Eotw E ywpog ye eowtepnd ywvouevo. Avo otoyela z,y € E Aeyovtan
kdOeta (oupBorxd x L y), 6tav < x,y >=0.

ITapATHPHEH. To 0 elvar xddeto oe xade otoyelo Tou E xou elvon xat T0 dovoadixod
ototyeio ye v Widtnta auth. (Tpdypat: av < z,y >= 0,Vy € E téte < z,z >= 0 x
Goa x = 0.)

ITrorasH 4.7 (TTvdaydpeo Jewpnua). Eotw E xdpos pe eocwtepikd yvduevo kai
z,y € B dove x L y. Tore

lz +yl* = llzl1* + [ly]1*.

AnoAEI=H. H anddeln yivetar ebxolo pe mpdlerc. O

2. Xwpot Hilbert

OprzMOs 4.8. "Evac ydpoc Banach (H, || - ||) Myetu ywpoc Hilbert av n vépua tou
opileton amod €val EcWTEELXG YIVOUEVO oTov H, dnAady| utdpyel ecwTtepind yvépevo < , >

1/2

otov H &ote ||z]| =< z,z >'* yia xdde z € H.

ITAPATHPHSEIE. (1). IoodUvapa évac yopoc Hilbert elvon évac yodpoc pe ecwtepixd
YWOUEVO ToU elvol TARPNC WS TPOS TN UETEIXH ToL 0pllel TO E0WTERIUO YIVOUEVO.

(2) Kdde whetotog undywpog evée yweou Hilbert eivar ydpoc Hilbert.

(3) Av évac ydpoc Banach X elvor toopetpixde pe éva yodpo Hilbert H téte xon 0 X
elvar yodpoc Hilbert. Ipdypott av T : X — Y elvon woopetpla, 161 Vétovpe < x,y > =
< Tz, Ty >, Va,y € X xou anodewxvietar ebxora 61t 1 <, >: X — R elvon ecwtepind
ywéuevo otov X xou ||z|| =< 2,2 >/2 Vr € X.
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(4). Av o (X,] ) glvou évac yodpoc Banach xow o Y eivon évac nuxvbe undywpoc tou
X étoL dote 1 voppo atov Y va xadoplleton amd €vo ECWTERXS YVOUEVO GTOV Y, TOTE O
X eivou yopoc Hilbert. Tpdypate: yia xdde z,y € X opilouye

<z,y>= lim <zp,y, >
n—oo

Om0L (X )ns (Yn)n oxohoudiec otov Y pe ©,, — x,yn — y. Anodexvietor 61 10 < z,y >
elva xoAd oplopévo (aveZdptnto and Ty emhoyh v (25), (Yn)) ECOTEPIXS YIVOUEVO GTOV
X, mov otov Y towtiletan pe 10 e0wTERIUd YVOUEVO TIOU 1O UTdpyEL o OTL

|z|| =< z,z >/? Ve X.

(5). Tevixbtepa anodetxvieton to e€hc:

Av (E, <, >) elvon yopoc Ye eowteptxd yvopevo, téte undpyet yweoc Hilbert (H, <
, >) atov omolo 0 E gugutedetal Yeapixd Xot LoOPETELXE ¢ Tuxvog uttdywpeoc. O H elvan
Hovadixde, ye v évvora 6t av (H', <, >) elvon ywpoc Hilbert xou T : E — H' ypoppuixh
wwopetplo e Tuxv exdva, téte n T emexteivetan oe o Yoy wopetpia T omd tov H
enl Tou H'.

2.1. TTopodeiypata xwewy Hilbert. (1). O R™ ye 10 oVynlec eontepind yvouevo
elvan évac (nenepaopévne drdotaonc) xoeoc Hilbert.

(2). O £y pe 10 cowTeEPind YIVOUEVO TIOL 1N oploaue oty moapdypago 1 elva yodpog
Hilbert.

(3). O ¢gp pe 0 ecwtEPd YwoPeVo Tou oploaye dev elvar ydpoc Hilbert dubtt dev
elvon Thjeng.

(4). O C[0,1] ye eowtepxd YivoPEVO

< fg>= / £(t) - g(t)dt
0

amodewxvieTar 6Tt dev elvar TAAPNE WE TPOC TNV YETEWT ToL 0pllEl TO E0WTEPIUS YIVOUEVO,
dnhadh umdipyer oxohoudtia ( £y, )r mou eivor Cauchy we npoc TV petpixh tou opiletoa and
TNV Vopua 0AAd Bev cuYXAVEL oE cuvVEYT GLVdETNOT.

H nopoxdtw npotaon pag BeBardver 6t o nedBAnua tne BEATIOTNE TPOTEYYIoNG EVOS
otoelov € H and éva otoyelo y evic xhetotol Ldyweou (xor YeEVixdtepa and €va
X0 Td %UpTS LTOGUVONO) Tou H €xel MNoon xou pdAioTal Hovadixn.

IIroTASH 4.9. Fotw H ydpos Hilbert ka1 K xAeioté ka1 kuptd vmooivodo tov H.
Téte yia kdle x € H vndpyer povadixé y € K dote

o = yll = pla, K) = int{l|e — 2] : = € K},

ANOAEIEH. Ofétoupe d = p(x, K). Tote vndpyer wo axohovdia (y,), oto K dote
lyn — || — d. An6 Tov xavéveL ToU TaPUAANAOYEAUUOU

1
1y = ym* = 2y = 2l + 2lym — 2|* = 4|5 (yn + ym) — 2]

yioe xdde n, m € N.
Eneid?) 5 (Yn + ym) € K éyoupe
1
I3+ ) — P =
14



Ol CUVETIOC

lyn = ymll* < 2llyn — 2l + 2llym — =||* — 4d*.
‘Otov n — 00 xau m — 00 o defld péhoc e Topamdve avicbtnTac Telvel oto 2d? + 2d% —
4d? = 0. Enouéves 1 (yn)n etvor Baotxh axoroudio. Aol o H efvor miipng, undeyet y € H
&ote ||yn — yl| — 0. Enedi 1o K eivar xhewotd xon (Yn)n axohovdio oto K, éyoupe 6Tl
y € K. H ocuvéyelo tne vépuog divel 6t

ly =l =1 lim yn —zf = lim fy, —z| = d.
n— oo n— oo
H povadixdtnta énetar xon qutr amd OV Xavova Tou TopoAAnAoypduuov. Av yi,y2 € K
x|z —y1]] = ||z — y2|| = d té1e

1
0 < lyr — w2ll® = 2llyr — | + 2/ly2 — 2| — 4||§(:Ul +y2) — af?

= 9 + 20 — 4L (11 + 12) — o
< 2d* +2d° —4d® = 0
Apa y1 = yo. U
H enduevn mpdtaoy cuvemdyetar 6Tl yia xdde Yviolo XAelotd udywpo F evoc yhpou
Hilbert umdipyet €var un undevixd dSidvuoua xddeto otov F, pla Lot Tou efval YVooTy

yio To umepeninedo Tou R™.

OprzMOz 4.10. 'Eotww A un xevé unoclvoho evog ythpou PE EcnTepixd Yivouevo (B, <
, >). Eva otouyeio © € E xaheiton kddeto 010 A ouufohxd (xz L A), av yia xdde y € A,
< z,y >=00nhadn yiaxdde y € A, z L y.

ITrorasH 4.11. Eow H ywpos Hilbert, F' kkeiotds yvrjoiog vndywpos tov H kai
x € H\ F. Tére vndpyer povabixé y € F dote x —y L F.

ANOAEIEH. Ané tny mpdtaon 4.9, (enedh o F elvor x0ptéd utooivolo tou H xat xhetotd
and v unddeon) éyoupe 6L undpyer y € F dote ||z — y|| = p(x, F). Oo deiouye 6t
r—y L F.

Oétovye u =z — y.

‘Eotww z € F. Ay z = 0 t61€ mpogavéde v L z.

‘Eoww 2z # 0. Téte napatnpodue 6t

Jul| < [lu+ Az]|, VA € R.
Mpdypatt ||z —y| < ||z — (y — A2)|, apod y — Az € F VA € R xau y elvo 10 TAnotéotepo
onuelo ou F oto z. ‘Apa yio xdlde A € R,
flull < [lu+Az)? =< u+ Az,u+ Az >
=<u,u> 42N <u,z>+N < z,2>.

Oétovtac A = —E’Z‘ji €youpe OTL
2
<u,z > <u,z >
0< 22027 cy >4 202 ooz
<z2> <z2>

dNAadR 0 < — < u,z >2, ondte < u,z >=0, yla x&d¢ 2 € F. 'Apa u L F.
I va Set&oupe 6t t0 y elvon to povadixd onueio tou F dote . —y L F nopatnpolue
6tLav y € F oote x —y' L F, t6te yio xdde z € F da éyoupe b1t
lz = 2* = (@ = y) + (' = 2)II = llz = /> + Iy’ - =]I?
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agol x —y' Ly —zenedy —z € F.Apa
lz = 2l|* > [lo — o/|I*, Vz € F 1
le =2 = lz—¢'ll, vz € F

Tovenae ||z — || = p(x, F) dnhadni to ¢ elvar to mAnoéctepo oto © onuelo tou F xan
and y npdtoon 4.9, ¥ = y. O

ITAPATHPHTH. Xtnv nponyoUuevn npdtoon dellope xou 6 ||z — y|| = p(z, F) =
z—y Ll F

Orizmos 4.12. 'Eotw H ydpeoc Hilbert xon A C H. To oploydrio ovvoro touv A elvan
70 oUVOAO

At ={zcH:x Ly, Vyc A}

[poTASH 4.13. Fotw H ydépos Hilbert ka1 A C H. Tére to At efvar kheiotés ypaju-
JUiKk6S undywpos tov H.

AnoAerzH. T xdde z,y € AL xa A € R, éyoupe 6tz + Ay € AL, Apa o At
eivar Sravuopatinée utdywpoc tou H. Eotw (), axohoudia otov AL, x € H dote
xn, — x. Tote Yy € A, éyovue < zp,y > iy > xo enewn < zp,y >= 0, éyouye

< x,y >= 0, yia x89e y € A, dadf x € AL, Apa 0 AL elvor xhewoTdc Ypopuuixdie
undywpoc Tou H. O

ITAPATHPHSH. Av F ypappixdc unbywpoc evc yopou Hilbert H t6te FNF+L = {0}.
Hpdypot: Avz € FNFL t6te o L 2 dnhodf) < 2,0 >=0= 1 =0.

OEQPHMA 4.14. Eoww H ydpos Hilbert ka1 F' kAeioté§ vndywpos tov H. Tére H =
FoF+ (bn\adn F, F+ xdaovolf ypappuxof vndywpor tov H, FNF+ = {0} ket H = F+F*).

AnoArr=H. Eow z € H. Av y eivor to yovadixd onuelo tou F mou elvan mhnotéctepo

’

Apoz = y+y'
uey € Fxowy € FH. Ané v npdroon 4.13 o FL elvor xhetotde ypopuixndc umdyweoc

oto x (npbTaon 4.9) téte and TNy mpbdTaon 4.11 éyovye 6ty =z —y € FL.

tou H xou oné tnv mponyoluevn mopathpnon Yo éyovye 6t F N FL = {0}. O

ITrorasH 4.15. Eotw H xdpog Hilbert ka1 F' kAeiotds vndywpos tov H. Téte vrdpyer
mpofody P: H — F pe Ker P = F* xai | P|| = 1.

ANOAEI=EH. Ané 10 Oebdpnua 4.14 €youpe 6T yia xdde € H undpyouv 500 povadixd
ye€Fxuy € Ffryez =y+vy. (Toy wavorowl tic widtntec p(z, F) = ||z — yl| xou
z—y Ll F)

Oétouye P : H — F ye P(z) = y. Tote n P elvon ypopuxh xau P(z) = z yio xdde
z € F. Euniéov y Ly’ xou dpa

1 = lly + 52 = Iyll* + ly'I* = lyl* = 1 P(2)]*.
Apa ||P(z)| < |lz|| v x&de x € H, ondte | P|| < 1. Téhoc enedf P(z) = z, vy xdde

z € F, éyoupe |P| = 1. O

H mpoPory P : H — F pe P(z) = y énou ||z — y|| = p(x, F) xaheiton 0pd mpofori
tov H enf tov F.
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3. O duixdeg evog yweov Hilbert

Treviupiloupe 6T av X elvar évac y@poc Pe vopua, TOHTE 10 GOVORO TWV GUVEXWY
Yooy anewxovicewy f @ X — R anotelel Tov duixé X* tou X. O X* elvon yopoc
Banach e 1 vépua [|£]| = sup{|f(2)] : € X, [l2]| < 1}.

Aev elvor Tpogavég 6Tl 0 BUIXEC EVOC YWPOU UE VOPUA TEPLEYEL UT UNOEVIXS oTotyEld.
(Autd elvar ouvérewa Tov Yewpripatoc Hahn-Banach). tny nepintwon twv ydpwy Hilbert
UTOPOUUE VoL BLATOTWOOUUE OYETIXE EUXONA OTL 0 BUIXOC €xEL Tdpa TOAMNG oTotyelo o
ouotooTxd 6mwe Yo Solue, o H* tavtiletar (Ypoppxd xo loouetpixd) ue tov H.

ITrorAsH 4.16. Eotw E xdpog ue €owtepikd ywiuevo kar x € E. Ocwpolue tny
aneikovion
Je 1 E>y— fac(y) =<y,z >eR.

Téte n o eivar ypappuxr, ovvexris kat || f|| = ||z||.
AnmoaArr=H. H f, ebxola npoxdntel 61t elvan yoauuxh. Eniong

[feW) = <,z >| <[z -llyll, vy € E
xou dpat
I fall < ll]|- (1)
Av z =0 16t€ fr =0 xu ||f2]] = 0.
Av x # 0, t6te eneldn fo(75) =< T @ >= ||z, éneton 6t

[E
1fall = ]l (2)
Ané e (1) xou (2) éyoupe bt || fo|l = 1. O

ITAPATHPHSH. Av E y®pog Ue owtepixd ywouevo, xat Véoovue 1T @ E — E* ue
T(x) = fu, o€ n T elvon ypoupixt| toopetowx eupitevon tou E otov E*. (H ypoppxdtnta
TpoXOTTEL EUXON Xou 1) LoopeTpio and Ty mpdtact 4.16.) H T dev elvor duwe enl av o E
dev elvan Hilbert (dnhadn nhfene.) Ilpdyuott, o E* eivon mAidpne xaw av n T Aoy enl, autd
o elye we ouvénela 6t xar o £ Yo nrov mhipnc. To endpevo dedpnua tou Riesz pog
mnpogopel 6t N T elvar enl av xow pévo av o E elvon (we LooueTpixde Ue TARpN Ythpo)
yweoc Hilbert.

OEQPHMA 4.17 (Riesz). Eotw H xdpos Hilbert. Téte ya xdle f € H* vndpye
povabixé x € H dote f = fr, onkadn f(y) =< y,x >, Yy € H.

AnoaAer=H. Ay f =0 téte Yétovue z = 0.

‘Eow f#0xu M =Kerf ={y € H: f(y) = 0}. Téte wc yvwotdy o M eivou
Yoouude undyweoc tou H (n f elvar ypoppixh) mou elvar xon xAetotog agod 1 f elvon
ouveyfic. Emedn) f # 0, o M elvon xhetot6¢ YVAGLOE YRouuxog untdywpog tou H. And tny
npotaon 4.11, undpyet z € H wote z L M xou z # 0. Qo dellouvye 61t to {nroduevo z elvou
€vat TOMATAGOL0 ToU z, dNAadh) = Az yia xdmoto A € R.

‘Eotw y € H. 'Eyouye 61

f(2)y—=fly)-ze Mddn f(f(2) -y — f(y) - 2) = 0.
Emedn z L M, da éyouye
0=<f(2)y—fyz2>=f(2) <y,z2>—f(y) <z2>

=f(y) = _feE)

= <Y,z >=<Y,r >
<z,z> Y, Y, 5
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OmoL T = =
H povadudtnta tov x €neton Gueca, apol

for = foo =<y, 11 >=<y,z0> Yyc H
=><y,x;—x2>=0Vy e H
= 1 = To.
XL AUTO ONOXATIPWVEL TNV AHOELE . O
Ané 1o Yedprua Riesz xou tnv nponyoluevn mopatipnon éyouue to e€X:
ITorizMA 4.18. Eotw H ywpos Hilbert. H aneikdvion
T:Hozx—T(x)=f, € H"
efvar ypapukn woopetpla emt.
4. Opdoxavovixd cucTARAT

4.1. Opdoxavovixd cOvola.

OpzMOx 4.19. 'Eotw (B, <, >) Opoc YE ECWTEPUS YLVOUEVO.
‘Eva ovoho S = {e; € E : i € I} xahelron opfokavovikd ov
(1) e; Lej, Vi,jelpeis#jxu
(2) llesll =1, Vi € 1.
ITAPATHPHSH. Ta Siaviouota evog opdoxavovixod GuVehou elivar YpouuLxd oaveldotn-
o Hoparypomind, av Y i Aie; = 0 té1e

n
A =< Z)\iei,ek >=<0,ep, >=0 V1l <k <n.
i=1
OEQPHMA 4.20 (Awadixaocia opdoxavovixonoinone Gram-Schmidt). Eotw
{z1,22,...} pa axodovdia ypaupikd aveEdptntwr Savvoudtwy oe éva xYdpo pe e0mTepLks
ywiuevo (E, <, >). Tdre vrndpyer yua opfoxavorvikr axolovdia {ey, e, ...} dote

<e,:n=12 .. .>=<x,:n=12...>

omov ue < ep :n = 1,2,--- > < xp, :n = 1,2,--- > oguufodifovue tous ypapuikols
xpouvs mou wapdyovtar and ta {e, : n € N} kat {z, : n € N} avtiororya.

ATIOAEI=H. Oétouye e = Hii\l' Téte < e >=< 21 > . Trnodétouvye 6T Tt eq, ..., e,
€youv oploTel €tol hote 1o {eq, ..., ey} va givor opdoxavovixd clvolo xau
<eély,...,6p >=<T1,...,T >

v xdde k =1,...,n. Oétouue

n

Ynt+1l = Tnt1 — Z < Tp+1,€5 > €5.

=1
Eivat yp41 7# 0 (8167t SLapopetind Tpy1 = Z?Zl < Tpy1,€5 > ej xoun dpa Yo €youpe OTL
Tnt1 E< €1, 6y >=<T1,..., Ty >, GTOTO.)
z 7 _ Yn41 7 . _ z L
O¢touye emione ent1 = 20y TotE < engr,e >=0 (eMéyEre 0) vy j =1,...,n.
Apa 10 {e1,...,ent1} Elvon opdoxavovixd xar edxoha €youpe 6Tt < eq,..., €41 >=<
T1y-eoy Tpg1 > - Enoywynd €youye 10 cLUTEPACUAL. O
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TMapadeiypata (1). To cbvoro {e, : n=1,2,...} otov £, 610U
en=(0,...,0,1,0,...) xou 10 1 epgavileton otny n-¥éom, elvan o opoxavovix axohou-
Vo ooV £o.

(2). Ot mohuwvupLxéc ouvapThoelc ¢o(t) = 1, d1(t) = ¢, ¢2(t) =2, ... cuvoToLy éva
obvolo ypauuxd aveEdpmntwy dlavuoudtwy otov C[0,1]. Egoapuélovtac v dtadixaocia
Gram-Schmidt AouBdvouye pio oxohoutia cuvapTAcewy, 1 omolo amodetxvieTar 6Tt diveTou
and v e€ig oyéon:

1 a°

enlt) = 2! din

xan ebvan T Aeyoueva mohudvuda Legendre, mou cuviotodv éva opfoxavovixd cOotrua
otov C0,1].

2 —1)", n=0,...

)

ITrorasH 4.21. Eoww (E, <, >) xdpos pe eowtepiké ywiuevo ka1 S = {e1, ..., e}
éva memepaouérvo opBokavoviké ovvoro otov E.

Oérovue F =< eq,...,en > . Tote yia kdle x € E, to u = Z?Zl < x,ej > ej elvar
70 TANoiéoTepo aroweio tou F oto x.

ANOAEI=EH. And v mopathpnomn tng mapaypdpou 3, éyouue 6ty x € E, y € F
oy Vel 1) Looduvopla

|z —yll=p(z,F) <= z—y LF

Apa apxet va deytel 61t & — v L F mpdyua mou woylel agod < & — u, e >= 0 ylo 6hot o
k=1,...,n. O

ITroTAsH 4.22 (Aviobtnta Bessel). Eotw {e, : n € N} opokavovikn akolovlia otov
(E, <, >). Tdre

(o)
Z < z,en >2< |2
n=1

Anoarr=H. Eoww k € N. Oétouyue

k
uk:Z<x7en>en.

n=1

Téte and mponyoluevn npdtacn x — ur L uy xo dea and to Iudaydpeto Vedpnua
21 = lI(z — u) + urll* = o — ] + llus* > flur]*.

IIdh and to Hudayodpeto Vedpnua,

k
url* =) <z en >2.
k=1
Apa yio xdlde k € N,

k
D <zen >7< af?
n=1

X GUVETOC Y ooy < &, e, >2< ||z|%. O
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4.2. XYewéc oe ywpeoug Banach.

OpizMOs 4.23. 'Ectw X yweoc Banach xat (), o oxohoudio ototyeiwy tou X. Me
Tov 6po oeipd Y | Ty, 0voudLoude TV axorouda Twv PepIXGY adpoloUdTRV (S,)n 6TOU

Sp =1+ +xz,, VYneN.

Av 1 (sp)n oLYxhiver o€ xdmow x € X (Snhadh limy, .o [|Sn, — || — 0) Aépe b1 1 oepd

S £ Al dopoupe Y07 x, =
o7 Ty Elvon oUrYKAYOUOE 0TO T XL YPSPOUUE Y | Ty = L.

Iopatnpolue 6TL 6TOV OPLIOUS TNC CEPAC EUTAEXETL TO00 1) aAYePpix| dour Tou X
(oTov 0plopd TV TEMEPACUEVWY A¥POIOUATWY Sy = T1 + -+ - + ) OGO X0 1) AVUAUTLXN
T0U doun We UETEXOV YWeou (aTtov optowd tne obyxhone g oxohoudiog (sy,)y).

ITAPAAEITMA. Xtov ¢p éyoude 6Tt xdde otoyelo tTou © = (Ay)n YPSPETOL X WS
oelpd, T =Y o Apen. ‘Opota yiar toug £q, fo xon yevixd toug £, (1 < p < 00.) H anddedn
APAVETOL GAY AOXNGT] YO TOV AVAYVAOGTY).

‘Onwe xon 0 opiode g oelpdc ot €va ykpo Banach étol o oL 18LOTNTES TV GELRGY,
elvor avdhoyeg W aUTEC TWV GELPOY TEAYHATIXWY optIudY. Avapépoude eVBEXTIXG UEPIXES
o’ aUTEC.

ITPOTASH 4.24. Av n > 0% |z, ovykdivel, téte z, — 0.

ITPoTAsH 4.25 (Kpwthpo Cauchy). Mia oepd Y| &, 0" éva xdpo Banach X ouvyk-
Afver av ka1 uévo av n axoloviia twv pepikdy alpoioudtwy tng (s, )y €ivar Cauchy (6nkadn
yia kdde € > 0 vndpyer ng = no(e) € N, dote yia kde n,m > ng, ||Sn — Sm|| < €).

IIPOTASH 4.26. Av n oapd Y ., ||z, | ovyriiver (oo R) tére kar n >0~ | & OUYK-
Afver otov X.

O amodeilec v mopandvew TpoTdoewy elvar avdAOYES UE QUTEC YOl TIC OEPEC OTO
R xon agrivovian yior doxnon. (Apxel va ypnowonotioete v vépua avtl yior Ty andiutn
Th.) Tapatnpeiote enione 6u to avtiotpogo e Mpbdtaone 4.26 dev eoyver. IL.y. otov co,
W Ty = te, 6TE Y an =a,6movz = (1,5, 5,...),ev0 >0 | =200, 2 = oo

Tyetxnd pe toug ywpoug Hilbert yio oeipée tne popghc Yoo Aneén 6mou {e, : n =
1,2,...} oploxavovixd chvolo, €youde TNV ENOUEVN:

TTPOTATH 4.27. Eotw H ydpos Hilbert, {e, : n =1,2,...} oplokavovikrj axoloviia
otor H kar (An)n, akodovdia npaypatikdy apidudy. Tére n oeipd >~ Apey, oUykAiver av
ka1 uovo av (Ay,) € Llo.

ATIOAEIZH. O¢touye s, = D7) Ajej xant, = > ) A% Tére yia xdde n > m éyouye

n

150 = smll* = Z |)‘j|2 =tn —tm.

j=m+1

(sn)
<=1 (sy) elvon Baoxh
(tn) ebvon Baowxn
)

elvar ouyxiivouoa



%0 TO TEAEUTAUIO ONOXATPWVEL TNV amOdEET. O
Mop=MA 4.28. TNa kde x € H, n oeipd >~ | < &, e, > e, ovykAiver otov H.

Anoagr=H. IlpoxOntet dueoa amd Ty avicétnta Bessel xat tnv nponyoluevn npbdtaot.
O

4.3. OpYoxavovixég Bdoets. ‘Onwg £youpe HOTN avapéper Ge TEOTYOVUEVO XEQAALO,
e tov 6po (Hamel) Bdon evée Stavuopatixod yodeou X, evvoolye éva unochvoro B tou X
7oL amotehelTon oo Ypopud ve&dpTnTa dlaviopata Ye Ty 1tdtnta xdie ototyeio o X va
YedpeETOL GOV TEMEPAUEVOS YRoUXOS ouVdLaouos atotyelwy Tou B. I'vwplloupe enlong
ot xdde Hamel Bdor evéc aneipodidotatou yweou Banach etvor unepaprduioutn. Iponctind
elvor adOvartov va xataoxevdooupe yo Hamel Bdon evog anetpodidotatou yweou Banach.
‘Onwe bpwe éyoupe Ndn del oToV TPONYOLUEYY THPdYPOPO, GE OPLOUEVOUS YWDpOUS (T.).
otoug ¢g, ¢, 1 < p < 00) xdde otoyelo Toug ypdgetar cav “drepo’ dlpolopa. Anhadt
YPApETOL WS OELRd TS HOPPAC Yoy Aney. Etol otouc ywpoug avtole, da Méyope 6Tt to
obOvolo {e,}o2, oamotehel éva eldog “Bdonc” 6mou buwe xdde otouyelo Tou Ydpou elva
€vag “‘Amelpoo’’ YRaUUIXOS CUVBUACUOS TWY €y, N € N mou edxola mpoxdnTel 6T elvan xou
povadxoc. BTNy mopdypapo auth) Yo doLue 6Tl TéTole BdoEl UTdPYOUY OE GAOUC TOL-
¢ dywplowoug yweoug Hilbert xaw udhioto unopel va emheyoly €tol wote va elvar xa
opdoxavovixéc.

OpisMoz 4.29. Eow H yopoc Hilbert xau S = {e; : i € I} pa opdoxavovixh
owoyévew Tou H. H S xoheltow opokavorikiy Bdon tou H av elvar par Yeyiotiny| op-
Yoxavovixy) owxoyévela Tou H, dnhady) dev meptéyeton yviiol o plor G opdoxavovix
owxoyévela tov H.

Qd¢ ouvéneta Tou Afupatog Zorn, xdde ydpog Hilbert €yet uio opdoxavoviny| Bdon xon
yevixd xdde opdoxavovixy owxoyévela enextelvetar oe opdoxavovixn Bdorn. (H anddeln
aprivetan oav doxnon.)

ITpoTAsH 4.30. Eotww H xdpos Hilbert ka1 € = {e, :n=1,2,...} a oplokavovikn
axolovOia tov H. Ta emdueva elvar w0odVvapa:

1
2) Ave e Hkaix Le, yaddatan=1,2,... tére x = 0.

(1) H & eivar pa opYokavovikn Bdon tov H.
(2)
(3) Iakddex € Hyx =Y 0" | < T, €y > €p.
(4)
()

4) INa kdO z,y € H, <xz,y>=> " <x,6, >< Y, €y > .
5) Ia kdde x € H, ||z|> =307, < z,e, >2.

AnoaAe=H. (1)=(2) Avae Le, yian=1,2,... xou x # 0 t61€ 1 € Meptéyeton yviowa

otny £ U {m mou elvon opdoxavovixt| otxoyévela. ‘Atomo, apol 1 & elvar opdoxavovixr
Bdom.
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(2)=(3). ©étovpe u = Y7 | < xz,e, > e,. H oelpd ouyxhivel and to mponyoluevo
népopa xou < T — u,e; >= 0y dha T § € N. Iparypatind

k
<u,e; > =< kli_)m Z < T,y > €p,€5 >
Oon:l
k
:kllrrgo < 2:1 < Z,en > e, €5 >
n=

k
= klingoz << T,en > €p,€5 >

n=1
=<z,e; >.
Apa
<z —ue >=<z,8; >—<uU,e; >=0

ouvenae z — u = 0. Enoyévwe = = u.

(3)=(4). Enetor and tnv cuvéyelo Tou eowTEPX0) Yvopgvou (Sec xon mponyoluevn
anodELEN).

D=5). |z =< z,2>= 07, <z,6 >

(5)=(1). Av n € dev Hrav opBoxavovixy| Bdon, Yo unfpyxe = & € pe ||lz|| = Lxaz L E.
AMNS 16t < z,e, >= 0 v 6ha T 1, omdTe ||z]|?2 = 0 xon ouvvende z = 0, Tou elvou
dtoro. (]

OEQPHMA 4.31. Eotw H évag xyapos Hilbert dreipng didotaons. Tote o H eivar di-
aywplouog av kar uovo av o H éxea pa apiunoyun opoxavorikni Pdon.

AnoAEIEH. Eow 6t o H elvar draywelooc xou éotw D = {z1,22,...} €éva ap-
wWurowo yeouuxd aveldpmto tuxvd utocUvoro tou H. Eguapudlovtac tnyv Sadixaocta
Gram-Schmidt noafpvouye pia opoxavovix axohoudio € = {eq, ez, ... }. Ou deifouye 61t
n & elvor opYoxavovuer Bdon. Ipdypoti: Av autéd dev cupPoiver Téte undpyer « # 0, otov
H pe < z,e, >= 0, yia 6ha ta n € N. Mrnopolye va urnodéoouue 6t ||z|| = 1. E¢” doov

1

10 D eivor muxvé otov H umdpyel Tn, e [T — Tp,|| < 5. Bvaw < 2,2,, >= 0 yiori

zl<e, e, - >=<x1,T9,--- >. TotE

1
L=zl =< @2 >=< 2,2 = 2, >< |l - [lz = 2o || <

Tou elvan dtomo. Avtiotpoga, €otw 6Tt 0 H €yel uo aprduriown apdoxavovixy Bdon € =
{en:n=1,2,...} . Totex =) 2| <z, > e, v 6hax € H (npbraon 4.30). To
olbvolo .
D:{quej:qje(@, nEN}
j=1

elvor ebxoho va detytel ot efvan Eva apriurowo Tuxvé urtoclvolo tou H. O

OEQPHMA 4.32. KdOe Saywpiouog kar areipodidotatos xyapos Hilbert elvai wwopetpixd
100110p@ogS 1€ Tov L.

AnoAei=H. 'Eow H Swywplowos anepodidotatog yweoc Hilbert. And to Osdpnua
4.31 éyouye 61t 0 H €yer o aprduriown opoxavovxy| Bdon, éotw € = {e, :n=1,2,... }.
Ané v npdraon 4.30, yia xdde x € H €youye 6Tt

o0
T = E <Z,ep > €y
n=1
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xon amod TNy (Bla TpdTaoT,

oo
2> =) <wen >
n=1

Apa opileton n anexévion T': H — ly ye
T:(z)=(<men >)y € Lo

Eivow g0xoho vo dewytel ot T elvon ypopuixh xou and v |

2 _ oo 2
z||? = > < ey >
éyouue 6T elvan toopetpla. Téhoc, n T elvon xau ent and TNy mpdTacy 4.27. O

Ynueiwon. To napandve Yedpenuo wog detyver 6Tt GAoL oL SlarywelcLUoL anelpodLdoTaToL
xweot Hilbert eivar ioouetpxd iobuoppol Hetalld Touc ool eivol LGOUETEIXE. LGOUOPQOL UE
Tov ly. Ilpénel dpwe va molue ot 1) Sour, evoe yweou Hilbert e€optdton xon and tny @bon
Twv otoelwy tou. ILy. o €y anotelelton and axohovdieg mpaypaTix®y aEIPDY, EVE O
L5[0,1] and cuvapthoeic (axpBéotepa and *AACELS LOGOBLVOINS CUVIPTAGEWY. )

AYKHXEIY

1. Eotw (X, || - ||) xoOpoc pe vépua. Aci&te bt ta endueva elvon 1oodhvogas:
(i) Trdpye: ecwTepxd YIVOUEVO < -, - > otov X Gote ||z]| =< z,2 >2 yio xdde x € X
(ii) H | - || wavonotel tov xavdva tou mopahknhoypdupou, Snhady

Iz +ylI* + o = yl* = 2]|z]|* + 2l|y|)*

v xde z,y € X.
(Trédeln: D tn ovvenaywyy (il)=(i), Véoate < z,y >= i(”x +yl? = llz = yl?),
Va,y € X.)

2. 'Eoww H yopoc Hilbert ot (25 )neN,(Yn)nen duo axolovdiec tou H Gote ||x,]| =
lynll = 1 xou im ||z, + yn|| = 2. Aei&te 6T lim ||z, — yn|| = 0.

3. Eotw Ig ywpo¢ Hilbert xou (xn)neanLoc optoydvia axoloudia otov H, dnAadn
< Ty, T, >= 0 yio x&0e n # m. Aellte dtL to endueva elvar LoodOVaUA:

(o]
(i) Hoepd > x, ouyxhivet.
n=1

o0
(ii) Hoewpd Y [lzal/? ouyxiiver.
n=1
4.’Ectww H yopog Hilbert xou Y yvriotog xhetot6¢ undyweog tou H. Aegi&te dtt undpyet
x € H ye ||z =1 oote p(z,Y) = 1.
5. 'Eotww F, G xhewotol undywpeot evég ywpeou Hilbert H, dote ¢ L y yia xdde x € F

xor y € G. Ael€te 61 10 dpotopa F' + G elvar xhetot6¢ undyweoc tou H.
6. Eotw H ydpoc Hilbert xor ) # A C H. Aeifte 6m (A1) = < A >.

53






KE®AAAIO 5

To Yewpnua Hahn — Banach

‘Onwg €yovye KON avapeépel, ol cuveyelc ypouuxée anewxovioelc elvor and ta Baocixd
avTixelyeva uehéne e ouvaptnotaxrc avdhuonc. To TedBAnu ETEXTACNC CUVEYWY Y-
UIXOVY CUVOPTNCOEDWY oL Eival 0plopéva 6° €val UTOYWEO, avTETwTIlEToL YE To Vedpnua
Hahn — Banach. IIpénel va mopatnericoupe 6t 10 mpdBinua tne enéxtaong tidetar ye
didpopec Lop@éc oe moAAoUC xAddoue Twv Madnuotixwy. o mopddelypa, dnwe éyouue
deiZer oto Kegdharo 1 (mbptopa 1.15), yio ypopuxy| anewxévion mou opileta 6 évay ut-
OYWPOo, EMEXTEVETAUL Ypopuxd 6" 6ho 1o ywpo. Enlong, otn Jewpla uetpindy yopwy, av
(X, p) elvon petpnds ywpos, K C X xhewté xu f 1 K — R ouveyhc, tote UndipyeL
f: X — R ovveyhc, mou enexteiver v f. (Anhady fIK = f). To debprpa Hahn — Ba-
nach, delyvel TidE unopoluEe va EMTOYOLE EMEXTAOT) TOU THPAUUEVEL YEOUULXT XL TUPAUUEVEL
ouveyfc. Anotehel dnhad? o 6OLEVEN TwV TpoavapepYEVTLY 800 anoteheoudtoy. Ay -
vo UTERBOAY| var ToUue 6Tt anoteAel To Yeuehiddeg Vedpnuo TNE CLVAPTNOLAXTC AVIAUCNC,
ToL emTEENEL 6T Yewplo vo amoxthcel TNV TAoboa doun mou Ty xahotd yerown. Onwe
Yol TO BLOTUTICOVUE OVAPEPETOL oL GOV OVIAUTUIXT wop@T) Tou Vewpriuatoc Hahn — Ba-
nach. Trdpyel enione n YEWUETEIXH HOPPY| TOL TOL APOEA T Loty WELOTIXE VEWEHUATOL XAl
QVATTOGOETAL OTO EMOPEVO XEPAAALO.

OpP1zMOsx 5.1. M ouvdptnon p: X — R, X Stavuopatindc ywpeog, Ayetoaw unoypap-
MK ouraptnooeldés, oy Loy oLy o axohovda
(1) p(z) >0, Vo € X.
(2) p(Az) = Ap(z) YA > 0 (Yetixd opoyevic)
(3) p(z+y) <p(x) + p(y). (vpryovod).

ITAPATHPHSH. Ac¢ mapatneiGOUUE OTL TO UTOYROHUIXS GUVIETNCOEDY), €YUV Topd-
HOLES BLOTNTES UE TNV VOpUa xou eddtepa xdde vopua otov X opller éva unoypauuixd
ouvaptnooedéc. To avtiotpogo Bev oylet. T mapdderyuo, av X elvon Sloavuopatindg
xopos, f: X — R ypopuwd, téte n p(x) = | f(x)] elvar vroypayuixd cuvaptnooedéc. H
am6deEn Tou elvar EUXOAT).

OEQPHMA 5.2 (Hahn — Banach). Eotw X Suevvopatikds ydpos karp : X — R
unoypau ik ouvaptnooedés. Ay Y efvar vndywpos tov X kar f 1Y — R ypappixé
ouraptnooadés, dove f(y) < ply) ya xdde y € Y, wéve vndpya f : X — R ypapjuxij,
wote f(z) < p(x) ya kdbe x € X war fIY = f. (AnAadn n f efvar enéxraon s f).

Ipw mpoywericovue oty anddelln, ac TUPATNEHCOUPE TOV YEVIXO Yopax THpo ToU Vew-
potog. Anhadh ov uo¥EcEC apopolY £Val BLOVUCUATING YWPO Xol EVOL UTOYQROUUIXO
CLVUPTNOOELDES TOU XUELIEYEL EVOL YPUUUIXG GUVOETNOOEDES & évay uTdywpeo. Ot ao-
Yevelc vnodéoeic Tou Yewpruatog, To xahotoly Yproo ot dlavuopaTiols TOToAoYIX00C
xoeoug. (Mu yevixbdtepn xhdon and toug yweous ue vopua.) H anddeln tou Yewphparog,
xweiletar oe 600 uépn. Lo TEWTO YEPOC YIVETAL 1) XoTd o BidoTtacT enéxtaon g f xon
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oT0 BelTEPO PE YPNoN Tou ARupatoc Zorn omodetxvietar to Yedpnua. Apyllouvue ye to
EMOUEVO.

AnMMA 5.3. Eow X,Y,p, f énws oto mponyoluevo Jedpnua. Ankadn Y efvar vrd-
xwpos tov X, p etvar vroypaupukd, f Y — R eivar ypapuxn, kar f(y) < p(y) yay €Y.
Trotérovpe 6u zg € X ka1 zg ¢ Y. Tére vndpyer f : Z =< Y U {20} >— R ypajpuxrj
enéxraon s f dote f(z) < p(z) ya kdbe z € Z.

ATOAEIEH. ‘Onwg éyouvye del, xdde z € Z =< Y U {20} > ypdypeton xatd povodind
TEOTO We z2 =Y + Azg pe Yy € Y xou A € R. Apa xdde ypopuxr enéxtaoy f e f Yo €ye
™ poppi

Ffly+ Az0) = f(y) + Ae v xdmowo ¢ € R.

To {nrobyevo elvar va tpoadlopicouvye Ty T ToL ¢ HoTe va oy Vet f(y) +Ac < p(y+Azo)
v xdde y € Y xou A € R.

Ac napatnprioouye to e€nc:

Noz,y €Y woyleu

flz—y) <p(
f(x) = f(y)

plx—y) *
plz—y)=p@+ 20—y — 20)
< p(z + 20) + p(—y — 20).

IN

"Apa
—p(=y —20) = fy) < p(z +20) — f(2)-
Enedn ta z,y emAiéynoav tuyala, éyouue 6t
Sg{—p(—y —20) = f(y)} = nf {p(z + z0) — f(x)}.
Apa undpyet cg € R, dote

sup{—p(~y — 20) = f(y)} < co < mf {p(z + 20) — f(2)}
yey TE

IzxrpPizmoz. H f 1 Z — R nou opileton w¢:

fly+Az0) = f(y) + Aco

wavorowel Ty f(z) < p(z) yia xdde 2z € Z.
ATIOAEIZH TOY IZXTPISMOY. Av A =0, t6tc 2 € Y xou
f(z) = f(2) < p(2).
Av XA > 0, tote:

F(y+Xz20) = MF () + <o)

M) +p(5 +20) = £(5)

p(y + Azo).

Téhog, av A < 0, toylet

F+220) = =M(f(=5) = o)

< —MS(=3) +p(=5 = 20) + £

= p(y + A20).
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Enopévoe n i f(zo) = ¢p Jog Blvel TNV eméxTaon f:7Z >R, e f mou ixavorotel
f(z) <p(z) VzeZ
%0l TO TEAEUTA(O ONOXATPWVEL TNV AmOdEET. O

O

ANIOAEIEH TOT QEQPHMATOE. ‘Eyovtag amodel€er 61 1 xotd plo didotaoy enéxtaon
e f elvan duvath, Yo ohoxhnpddcouue TNy amddelln Tou Yewphpatoc, Ue XpHon Tou Afu-
patog Zorn.

Oewpolue 10 GUYOAO

E={(Z.fz): Z — X, fz: Z — R ypoux,
Y= Z f21Y = f, fz(z) <p(z) Vz € Z}.

Kartopyhyv to € elvon un xevé agot (Y, f) € €. Opllovye pla peptnt| dtdtan 6to ohvoro
E e tov xavéva (21, fz,) < (Za, fz,) av

Zl — Z2 pide i sz‘Zl = le'

Moupoatnpolpe 6t xde &' C € aluolda (dnhadh ypouuixd SlteTayUévo), ExeL £va dve
ppdypa. Hpdypatt, o Z = U{Z : (Z, fz) € €'} elvan unbywpoc yiatl 1) € elvor ahuoida, 1
fz=U{fz:(Z, fz) € Y} elvor xahd opiopévn yeopuxt, fz: Z — R xa (Z, f) € E.
xou Téhog elvor dvey Qpdyupa Tou £,

"Apa 0 peptrd drotetaryuévo olvoro (€, <) xavorotel T uToVECES TOU AMUUATOS TOL
Zorn xou enouévwe undpyel (Z, fz) € € mou elvor yeylotind. Oa Sel&ouye 6T UTOYPEWTXE
Z = X xou xotd ouvéneia ) fz elvon n {nrodpevn enéxtaon e ouvdptnone f. Av Z # X,
thte emhéyoupe zg € X \ Z, xou e Bdon to MAupa, undpyel yeauundh enéxtaon fz tne
fz ue fz :< ZU{z} >— R dote fz(z) < p(z) yia xdde z €< ZU {2z} >. A& autd
avtBalvel Ty peytotix WBétnta tou (Z, fz), drono. H anddeln tou Yewpriuatoc Hahn —
Banach é€yet ohoxAnpwiet. O

ITAPATHPHEELE. (1) To ovowotxd emyelpnua e anddelng, neptéyetor oto Afupa
e xatd plo Sdotaon enéxtaonc. To dedtepo pépoc mou yenowornowel to Zorn elvar 1
yevixeupévn enaywyr. Av yia nopdderyua o X €yel aprdurowun Hamel Bdom, téte to Zorn
unopel var avtixataotadel and €va amhd ETaywYxo entyeipnua.

(2) Elvor puowxd va tedel o epdtnpa av éva avtiotoryo Yedpnua uropel vo amodety tel
Yo YEVIXOUS YpouuLxoUe TeheoTég, dnhadh, avtl vo emextelvoupe Ypouuixd cuvapTnooEL-
07, vo emextelvoude TEAEGTEC TOU AopfBdvouv Twég oe éva ywpo Banach. Tétolou eidoug
Vedpnua ev YéveL dev oy Vel. Avatpéyovtag otny ETMAOYYH ToU ¢o oTNy anddelln tou AMu-
patog, Yo dovpe 6Tl autd yivetar ypnowonowdviac Ty ddtaln tou R xar 1 ddtaln tov R
elvon un emextdolun o€ YWEOUE TOAM®Y SLUGTACEWY.

H Baown epopuoyr| tou Yewpripatoc Hahn — Banach divetat oto enduevo.

IlorrzMA 5.4. Eoww X xdpos e vépua kar'Y vndywpos tov X. Av f:Y — R elvar
ppayuévo ypauuiké ovvaptnooeldés kar M > 0 dote f(y) < M||y|| ya dda ta y € Y, tdre
vrdpyer f: X — R ypapjuxn enéetaon tov f, dote f(z) < M||z|| ya dha ta = € X.

Exbicérepa, av M = || f||, ée || f]| = || f]|.
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AnoarI=H. Tlapatnpolue 6t n p(x) = M|jz|| eivon vroypoupind cuvapTNoOEdES Xaut
70 anoTéAeoua €wvol GueEcT cuvETEl Tou Vewprjuatoc Hahn — Banach. g

ITAPATHPHSEIE. (1) Ag moapatnpriooupe 6Tt vy X omelpodldotato Yweo ue vopud,
xwelc ™ xerion tou Yewpratoc Hahn — Banach, to uévo gpayuévo ypauuixd cuvoptn-
o0edéc Tou unopolpe va e€acpahicouye, elvon To undevixd, dnhady| f(x) = 0 Vo € X. To
Hahn — Banach, poc e€aogoliler tny Onopén un TETpUHEVOY W eENRC:

Oewpole évay LTOYWEO TenEpaouéVNC BtdoTaong Y tou X xaw onowodrinote f : Y — R
Yoouuixd o pn undevixd. Adyw tou 6Tt 1 BidoTacT Tou Y elvar TEnEpaopév, OTKC EYOUUE
delZel, 1o f Y elvon gporyuévo. To mbpiopa poc efacpaliler 6t undpyer f : X — R
YROUUIXO, POAYUEVD, OTE 1| f vo enextelvel o f, dpa f #0.

(2) Ac vnodéooupe 6Tt 0 X elvor TETEPAOUEVNS BLAOTAONES YWPOC UE VOPUA, Ol O
Y ypouuixdg undywedc tou. Efvar yvwotéd ot xdde ypouuxh f Y — R, emextelveton
oe youuuwh f @ X — R 1 onola Ya elvon xou ouveyhc, agod o X eivon Tenepaouévne
oudotaone. Eivar edxolo va ehéYEEL XAVEIC YPNOILOTOWOVTIS TOV OPIGHO TNG VOPUAS TWY
suvaptnooedoy, 6t ||| < || f]l. To dedpnua Hahn — Banach eZaogailer o authv ™y
nepintwon 6nwe eloye, ™y Uapln yeapuund enéxtaonc f, dote | f] = [If]-

1. Yuvéneieg Tov dewprpatoc Hahn — Banach

IIPOTASH 5.5. Eotw X xdpos e vépua karzg € X. Tére vrdpyer f € X* ue||f|| =1
kat f(zo) = [|2ol-

AnOAEIEH. Av zg = 0, 10 anotéleopa woyle vy xdle f € X*. Eotww howmdy g # 0.
Téte Vétovpe ¥ =< z9 > xou opilloupe f Y — R pe f(Azg) = Al|zoll. H f elvon
yoouxh, ot | f(y)] = |lyll, Yy € Y. Ané 1o Yedpnua Hahn — Banach n f enextelveton
Yeauuxd oe wa f : X — R, dote |f(z)] < ||z, yio 6ha e & € X. Apa || f]| < 1. Eneid

zg

f(zo) = f(zo) = ||lzol|, Do éyovue bt f(m) = 1. Suvende || f]| = 1 xa 0 f efvar 0

Unroluevo cuvdptnooeidéc Tou X ™. O
H nopamdve tpdtaon €xel we ouvénela Tt 1 vopua otov X, Tou elval EX TwV TEOTERWY
xardoplopévr, extiudton xon Yéow tou X, 6nwe axpBde xou 1 voppa tov X* opiletan péow
tou X. Eyouue dnhad tnv mapaxdtw TpdTac:
ITroTASH 5.6. Eotw X xdpos pe vépua. Tote ya kdle x € X,
]| = sup{a”(2) : z* € X7, [la"]| < 1}.
AnoAgr=H. ‘Eow z € X. Ané tny nponyoluevn tpdtact, €youvpe 6Tl utdpyet * € X,
lz*]] = 1 dote *(z) = ||z||. Enlone, yia xdde «* € X* pe ||z*| < 1,
|7 (@) < [|lz"|| - [l=]],  Snrodh 27(z) < ||z
%L TO TEAEUTAU(O ONOXATPWYVEL TNV amdEET. O
ITAPATHPHSELE. (1) Eredd undpyer z* € X*, ||z*|| = 1, dote z*(x) = ||z, éxovue
edxoTEPAL OTL
o]l = max{a*(x) : a* € X*, " < 1}.
(2) And v npdTaon 5.5, éyouye enlone 6t o X* Saywpilel ta onpueia tov X, dnhodn
v xdle z,y € X pe x # y, undpyet 2 € X* dote *(x) # x*(y). (HMpdypott. Oétouye
z=x—y. Tote z # 0 xou and v mpdtaon 5.5, undpyet ©* € X* dote 2*(z) = ||z|| # 0,
onote z*(z) — x*(y) #0.)
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ITroTASH 5.7. Eotw X xdpos pe vépua, Y kieiotds vndywpos tov X karzp € X \Y.
Tére vndpyer f € X* pe ||f|| =1 dote f(y) =0Vy €Y kar

f(xo) = d(x0,Y) = inf{|lzo —y| : y € Y}.
Yurends, av' Y pviows kkewtds vndywpos tov X, tdte vndpyer f € X*, ||f|| = 1 pe
flY =o0.

AMOAEIEH. Oétoupe Z =< Y U {xo} > xa d = d(z0,Y). Opilouye v ypauuixn
oLYAETNOM
f:Z—=R
we f(y + Azg) = Ad, yiay € Y xar A € R. T xdde A # 0 xou y € Y, éyouye,
Iy + Aol = AT~ 15+ @oll = A] - dlwo, Y) = | £(y + Aeo)|

xou ylo xdde y € Y,

fly) =o0.
Apa vy xdle z =y + Azg € Z, €youpe
[f(2)] < 2.
Enione f(x) = d. Ané 10 9ebpnuo Hahn — Banach, undpyel yoauundh enéxtoon f : X — R

fl<t.
Mével va Sewytet 6t || f]] = 1. Tpdypat. 'Eoww (yn)n axohoudia otov Y dote ||y, —
zo|| = d(xo,Y). Téte [f(yn — xo)| < [IFIl - llyn — zoll #
d < |IfIl- llgn —zoll ¥n €N

e f, dote |f(z)] < [z, o xdde z € X, Snhade

onéte madpvovtac o 6plo dtav n — oo, d < || f|| - d Smhadd || f]| > 1. Exedn ||f]] < 1,
éxoupe || f] =1. O

ITroTASH 5.8. Eoww X xdpos pe vipua. Av o X* elvar daywpiotjiog, tote kat o X
efvar Saywpionuos.

AnNOAEIEH. Eg éoov 0o X* elvan Sraywplotog xau 1 povadioda ogaipa Sx- = {z* €
X* o lz*|| = 1} ebvar Swyowplown. Eotw howmév D = {z} : n € N} éva aprdurowo
TUXV6 UTOGUYOAS Tne. And Tov oploud e voppoc otov X, urnopolpe Y xdde n € N va
emAéZoue , € Bx wote o} (z,) > 5. Oétoupe Y =< {z, : n € N} > .

Ioyupllépaote 6t Y = X, mpdrypa mou onpaiver 6t o X ebvan dtaywpiotpoc. Mpdyuatt.
Ac vnodéooupe Tpoc anaywyT ot dtono, 6Tt autod de cuuPaiver. Tote and Ty mponyoLuevn
Tpbdtaom, undpyer x* € X*, ||z*|| = 1, dote 2*|Y = 0. Enedf x, € Bx, éyouue 6Tt yu
xdde n € N,

la" =l = [(a" = a7) (@)

= [a"(2n) — 2 (0)]
1
= lrh (el > 3.
Auto buwe elvar dromo, agod 1o D = {z} : n € N} eivon nuxvé oty Sx-. O

ITapATHPHEH. To avtiotpogo tng mapamdve mpdtacng, dev woylel. ‘Onwe Yo dolue
07 = Lo xa 0 Lo SeV elvan Slarywploog.

AHMMA 5.9. Eotww Y pvioiog kA€otog vndywpos €vos xwpov e vopua X. Tote ya
kdOe € > 0, vndpyerx € Sx ped(r,Y)>1—e.
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ATOAEIEH. Ané tnv mpbdraon 5.7 éyouue 6t undpyet x* € Sx- pe z*|Y = 0. Enedn
L= [[z%]| = sup{z(z) : = € Sx}
yio S00€v € > 0, undpyer x € Sx dote
¥ (x) >1—e.
Enewdn ||z*|| = 1, v xdde y € Y,
2% (z —y)l < llz = yll,
xou emed) ¥ (y) = 0, éyoupe
L—e<fg™(@) <z -yl vyeY.
Apo d(z,Y) =inf{|lz —y|:yeY}>1—e O

OEQPHMA 5.10 (Riesz). Fotw X ydpos pe vépua. Tdéte n Bx elvar ovunayrs av kai
uovo av o X efvar menepacpévng Oidotaong.

AnoAei=H. T'vwpiCoupe ot av o X elvar nenepacpévne dudotaone, TOTE elvat LloOUop-
puxoe pe tov (R, ] - l2). Av T : X — R™ o wopopgiopde, t6te T(Bx) elvon XAelotéd xou
pparypévo umocivoro Tou R™ xau dpo ouunayée. Suvenwe Bx = T HT(Bx)) oupnayéc
otov X.

‘Eotw Aowméy 61t o X elvon anepodidototoc. Emhéyoupe e enaywyn pior oaxoloudia
(Tn)n oy Sx Oote v xdde n € N,

1
A(Tpt1, < T1y..., Ty >) > 7
H xotaoxevy yivetor we e€ic.
Emn\éyouye 1 € Sx. Eotw 61 21, ..., 2, €youv emhevel €10l Hote
d(@ig1,< T1,...,2; >) > 2y x&e @ < n. ToTE 0 Ypopunde YOPOC < T1,..., T, >

elvar yvriotog xhelotoc undywpeoc Tou X apol elvor menepaouévng dtdotaonc. Apa and o
TEONYOUUEVD MAUaL, UTBEYEL Tni1 € Sx GOTE d(Tpi1, < @1, ..., Ty >) > 3.

‘Apat Yo %89 n > m, |2, — Ty || > & xon ouvERGOC M (24,)n BEV ExeL Baotnh unaxohou-
Vi, ouvende dev €yel ouyxAivovoa utoxohovdio. And T0 YVWOTO XPLTHELO CUUTAYELOC
oe petpeole ywpouc (to K elvon cuunayéc av xat pévo av xdde oxohova oto K éyet
ouyxhivouoo uroxohoudio oto K), éyouue 6t 1 Bx dev elvor oupmorync. O

2. H xavovixn spgpidteuon tou X otov X**.

‘Eotww X yopog pe vopua xon X* o duixég tou X. Eyouue deléet 611 0 X elvon ydpog
Banach aveZdptnta av o X elvor mAfene # oxt. Tehelwe @uotohoyixd opileton o (X*)*, o
BUx6C Tou X mou xakeltan o deltepog dvikds Tou X. O oxondc auTAC TN TapayEdpou elvar
va eAeThooupe TNy oxéon tou X xou tou X **. Ilplv npoywercouue a&ilel va oyohdcouue
v oxéon ou X xat tou X*. 'Eyouue det oty meplntwon twv yoewv Hilbert 6t o X
Tautileton pe tov X* (dnhadnh xdde ywpoc Hilbert elvar avtoouluyic). Autd elvon o
afroonuelowtn WidtnTa Twv ywewv Hilbert, mtou duwe dev meptypdget v yevxn edva
duiouol petalld ywewv Banach. H Aé&n dviouds, yenowomnoeiton yio var teptypdupel mowiha
PAULVOUEVOL TWY HOINUATIXGY, TNG PUOKAC AAAE xaL TS @rhocoglag, (.y. avagépetan o
duioude e Puyric Xt ToU CWPATOS 1 0 SUIGHOS UAXAC ot XUPaTXhc @UOTE oTo owpatidia
e xBavtounyovixhc). H minoiéotepn xa neptocbtepo xatavont AEEn yia tov duioué elvon
n ouumAnpwpatikétnta. XNy nepintwon Twv ywewv Banach €youvue tnv mepintwon twy
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ywewv Hilbert X = H é6nov H = H* adhd av X = (1 (N) da dolpe 61t X* = {5 (N).
Xwplc vo unolue oe Aemtopépetes, 1 voppo tov ¢1(N) elvon 1 “peyoldtepn” duvath xou
emBaAReL M vopua oL duixol X* = Lo (N) va elvon 0 “uxpdtepn’” Suvath. Tevixd dev
ehniCoupe, ndvta ye v e€afpeon twv ywpwv Hilbert, o X xow o X* va éyouv nopduola
doun. Av dpwe dewpriooupe tov X** duUixé tou X¥, 16TE 0 BUICUOC UOC ETOVIPEREL GE
dopéc oL TPOCOUOLELoLY TEOS aUTH ToL X Xat AUTO TO QPUVOUEVO Vo LEAETHCOUE.

Oa apyloovue and pa yevixr apyf) mou ovotaoTixd arotelel TNy alyeBpun Bdon twv
AMOTEAEGUATWY oL Yol TALOUGLIGOUUE.

O duiopde evde ouvéhou T' xou proc xhdone cuvaptioewy F(T).

‘Eotww T éva obvoro xae D C F(T) = {f : T — R} yo oxoy€velo mpory oty
ouvapThoEwy pe Tedio oplopol to I'. Téte v xdlde v € I' avtiotoye! pla mporyyatixr
ouvdpTNoN

4:D—R
mou opiletan pe tov xavéva ¥(f) = f(v). Apa undpyet yLor anexdvion
~:T — F(D).

Eivar ebxoho va detydel 611 av yia xde v1,v2 € T' ye v1 # 2 undpyet f € D pe f(y1) #
f(v2) téte 0~ elvon 1-1.
Ac dolue dVo mapadelypata tou oyetiloviat ue qUTH TNV apyH.

ITAPAAEITMA (Ta pétpa Dirac). ‘Eotww I' = [0,1] xw D = C[0,1]. Téte yia xdde
t € 0,1] opilouvye &; : C[0,1] — R ye 6:(f) = f(¢).

ISbtnree wv &, t € [0,1].

1. To &, elvon ypouuxoé.

Hpdyporty, 6:(f1 + f2) = (fi + f2)(t) = fi(t) + f2(t) = 6(f1) + 6:(f2). Hopbpow
dramotdvetar 6t I (Af) = A - 8:(f).

2. To &; elvon pporyuévo xou ||| = 1. Hpdypott, av f € C[0,1] we ||f]| = sup{|f(¢)] :
t€0,1]} <1, t6te |6,(f)] <1 xau eniong 6,(1) =1, dpa ||| = 1.

3. Av 0 <ty <ty <1, 16t |0y, — 0| = 2. Hpdrypart, and TV Tprywvixd idtnta Tne
vopuoC,

166, = Ot || < N1t [ + 116, || < 2.

Enlone, edxola unopolue vo xataoxeudoovpe f € C[0,1] wote ||f]| = 1, f(t1) = 1 xa
f(t2) = —1. Tére (6, — 01,)(f) = f(t1) — f(t2) = 2.
4. O duixée tou (C[0,1], || - [|leo) ebvon un Saywplowwoc. Auté vyt o cdvoho {4, : t €

[0, 1]} etvon urepaprdunoo utocivoho tou (C10, 1])* xou and to nponyoluevo, yio ty < ta,
106, — 0s, || = 2, dpat 0 (C0,1])* Bev elvor droywplotpog.

ITAPATHPHEH. To yeyovég 6t 10 0, elvon ypouuixé cuvaptnooeldés, eivar alyeBpuxr
WiéTnTor xon ebvon ave&dptnTo amd to mota vopua €xoupe enthéet otov C|0, 1]. Avtideta to
6T elvan gpaypévo (ouveyée) eaptdrar ovolaoTixd and Tny supremum véppo otov C0, 1].

Tou mopdderypa, av Yewprioouvye tov yweo (C0,1], || - |[1), dnhadn

[flle = [ [f(®)]dt
[

ToTE Tl Oy OEV Elvan QEayUEVaL
H anédeién autod yivetor we e€rg:
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‘Eow t € [0, 1]. T vo def€ouye 6Tt o 6; dev elvan ppayuévo, apxel yia xdde N € N
va Bpolpe f e C[0,1] pe [|fll1 <1 xou &:(f) = f(t) > N. Tore

S:(B((C[0, 1], - 1), 1))

oev elvar pparyuévo unocivoro tou R, dpa to d; Bev elvon cuveyEc.

Eivor ebxoho va xataoxevdoouvue f € C[0,1], 0 < f(s) < 1Vs € [0,1], f(t) = 1
fol f(s)ds < . Hogatnpotpe 6t 6 (f) = 1 xau [[Nf[1 < 1, dpa 6:(Nf) = N xu 7o
Unroluevo €yel amodeuyVel.

Me uixpéc maporhayéc oty anddelln, mpoxdntel 6t To & OV elval GUVEYT GTOV
(CL0, 2], [+ [lp) pe 1 < p < oo

ITAPAAEITMA. To Sebtepo mopdderyua oyetileton Ye To Ye®pnuo TOU GXOTEVOVUE Val
anodeloupe xou TREOEPYETOL and TNV YUy dAyePBpa.

Eotw X dvuopatinde yopoc. Ouuilloupe 6t o ahyePpixde duixée X eivan o Bi-
QVUCUOTIXOC YWOPOC TWV YRUUUIXWDY CUVIRTNOOEWWY Ue Tedlo opiopol tov X. oz € X,
oploupe

i XP SR oue i(f) = f(x).
‘Onwg otnv mepintwon Tou tponyoluevou mapadelyyatog, anodevietar 0Tt xde £ elvon
Yoouuxd, dea & € (X*)F = X, Tlepontépw woyler 6t n "0 X — X elvor ypoppued, 1-1.
H anédelén eivan napodyota ye v amodeln tou Yewphpatog mou Ya delouue xan agprveton
ooy doUNoT.

To cuurnépacya eivor 6TL UTdpyEL Xavovixh euplhTeucn Tou X otov X,

To Yedpnuo TN xavovixrc egpitevonc tou X otov X** yua yweoug pe vépua elvon

TO VIAOYO TOU TPOTNYOVUEVOU TopadelyHotog 6Tou duwe AopBdvetor U 6y xou 1 vopua
Tou X.

OEQPHMA 5.11 (Kavovur eugitevorn tou X otov X**.). Eotw X xdpos pe vipua.
Téte vndpyer ypapikds Tekeotns
X - X
woTe
(D) llzllx = ll&llx--
(2) Ia kde x* € X* wyve z*(x) = &(z*).
AnoArlEH. Tw z € X opllouue & : X* — R pe tov xavova &(x*) = z*(z) xou
delyvouue 6TL N & elvon ypouuxr anewxovion. pdyyort,
(@ +y") = (@ +y7)(2)
=a"(2) +y*(z) = (") + 2(y")
F(Az™) = (Az*)(z)
=X-z"(z) = X 2(z").
T va BetZoupe 6t ||z x = ||&]| x++ Do yenotwonomicoupe TNy evolhax x| TepLypapn
e ||z]|x mou etvon cuvénela Tou Yewphipatoc Hahn - Banach Snhady) 6t
2] = sup{|a”(2)] : lz7[| < 1}.
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Aedoyévou 6t &(x*) = z*(z) xatahiyoupe ot

2] x++ = sup{@(2”) : [l2"[| < 1}
= sup{a”(z) : [7] < 1}

= [l x-

7oL AmodEXVUEL To {NToUYEVO.

To (2) touv Yewpripatog elvan dueon cuvénela Touv optogol tou &. To ubvo mou pével
var eAéyZoupe elvan 1 ypouuxdTnTa Tov

Mpdrypaty, vy z,y € X, Yo deloupe ot

Try=2+9 (1)
Aedouévou 6T T+ y, &+ elva oLVAPTNCOELST Vot EAEYEOUUE TNV TOPATEVW tOLOTTA XATd
onueto. Anhadn, 1 (1) wyber av xou ubvov av yia xdde z* € X*,

z+y(z®) = (& +9)(z"). (2)

‘Ouwc 1 (2) elvar dueomn cuvEREL TS YpouxdTNTaC TS T*.
Me rapduolo emyelpnuo SlAmoTOVOLUE OTL

—

A =\-2.
Apa 7 elvon ypappx) xar ) anddedn elvon TAHENG. O

IMapATHPHEH. (1) H vpoupuxdmta tne ~ xat 1 l06TNTa TV VopUodY onuolvel 6T 1
xavovixy| eggpUTeLoT Tou X 010 X elvon tGoPeTE ot OTWS €YOUUE AVAPEREL OTO XE-
pdhono 3, autéd onuaiver 6Tl datneelton 1 TARENG Yewueteion Tou X. Me dAha Aoyia, o X
unope! va Yewpniel cav undyweog Tou X**.

(2) Mo BéTnTa Ty ahYEBEXGY BUIXGY aTelpoBidoTaTwY SVUOUATIXGY YOpwY, XF,
XFEXHE L elvon 6L éyouv yvnolwe adfouca ddotaon. T mapddetypa av o X éyet
apriuron Bdon Hamel téte 0 X* éyer didotaon lon ye tnv mhnddTnto Tou cuveyole
(OnAadh v TAnddta touv R). Ee avtideon undpyouv aneoddotator yopeor Banach
oL 1 xavovixh gupidTevon Tou X oto X** elvan enl. Evoa tétolo mapdderyuo elvon ol
yoeor Hilbert. Ou ywpor X @ote ™ @ X — X** elvan enl, ovoudlovtan autonadels (9
avaxhaoTixol) xou amoTeENOVY Wiot XAGON YWewV UE EVLIPEROVTES OLOTNTES XU EQUPUOYES.

Mo onuavtue ouvénela TG xavovixig eggputevong Tou X otov X** elvar 1 mhjpwon
EVOC YWPOL UE VopUaL.

OEQPHMA 5.12. Fotw X ydpos pe vépua. Tdére vndpyer xépos Banach X xai i-
oopetpikry eppvrevon T : X — X dote T[X] va efvar mukrds undywpos Tou X.

AnOAEIEH. Oétoupe X = [X] C X**. Enewdh o X** elvow mhfipng, énetan 6t o X elvan
emione mhiene xor o T[X] eivar toopetpinde poc tov X xon muxvéc otov X. O

ITAPATHPHSH. ‘Onwe €youue avagépel oto xe@dloto 3, ot ydpol B(X,R) = X* xa
B(X,R) = (X)* elvo 1oopetpuxol, dpa o duixde tou X meprypdper mhhpwe Tov BUixd e
TAAPWOTNC TOL.
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3. O duixol ywpeot twy £,(N)

ZupBorilouue pe X xdmow £,(N), 1 < p < 0o % t0v ywpo co(N). O ywpoc X elvan
X&pog axohovhmy xou ta ototyelo Tou X elvor e Lopphic & = (an)nen OTOU N (an)neN
avoroel ) oyéon (3 |an|p)% < 00, otny mepintwon tou £, (N) xou ™ oyéon a, — 0,
oty nepintwon tou c(N).

Y10 xepdiono 4 6mou uekethooue TIC GEWEC o YWpoug Banach €youue dwoel pla

evahhaxTind| eptypaph Tou X dnhadh & = > ape, 6mou e, oupfBoliler Ty axoroudia
n=1
ToL glvol TVToU PNdEV extég g n—oothg Véong omou hauBdver Ty Ty 1. H obyxhon

€0 voeltar ot vopua Tou yweou X.
k
Ac Yuundolye enione étL to oToyEld TNE YoPYhHS T = Y. ane, opllouv éva Tuxvd
n=1

UGy Weo tou X. Me Bdon to mapoamdve utopolue va anodetouye Ty axdroudn tedtaon.

ITpoTAsH 5.13. Eow X va ovupolila kdmow ¢,(N), 1 < p < 0o 1§ tov co(N). Tdre
kdle x* € X* avanapiotatar pe pa akodovdia (Bn)nen mpaypatikdy apidudy dote ya

kd0e x = (an)nen € X va 1w0yve
o0
x*(z) = Zﬁnan.
n=1
AMOAEIEH. Eow z* € X*. Ian € N 9¢tovue B, = x*(e,) xan woyvpldpacte dtL n

axohoudia (B )nen elvou 1 Lnroduevn. Kat’ apydc napatnpolue 6Tt AoYw TN YpoixdTnTag
k

U ZF Yl T = Y, anen
n=1

k k
¥ (x) = Zanx*(en) = Z an .
n=1 n=1
Aedopévou 6t x = (a1, as,...,a;,0,0,0,...) tpoxintel 61 6" auth TV TepinTwon
o0
¥ (x) = Z anBn
n=1

onwe elvan to {nroluevo.

oo
‘Eotww tdpa £ = (an)nen = 2 anepn €vo onodninote otoyelo tou X. Térte

n=1
k
z = lim Z AnCn
k n=1

%ot AOYW TNC GUVEYELIC Xl TNC YROUUUIXOTNTOC TOU &*

k k k 0o
* = 1' * = 1' * = 1. =
x* () imz (HZ::I anen) 1’?; anz™(en) 11511; Bt nz::l Bran
%ol 1) TedTIoY AnodelyUnXe. O

ITAPATHPHSH. Ilpénel va mopatneroovpe 6Tt 1 avanapdoTaoy) Tou anodelaue Tpo-
nyovuévwe dev oyler 6tay X = (o (N). H autia elvon 61t ta (e )nen 0Ny nepintwon tou
U5 (N) Bev mapdyouv muxvé uTdYwEo ToU oo (N) dpa ol Tée mou howBdver éva cuveyés
OLVOPTNOOEDES GTA (€ )nen OEV UTopoly va To Tpoodlopicouy povadixd. Hpénel eniong va
TOEATNEACOUPE OTL 0 XAELGTOS UTOYWEOS TIOL TAREYOUY T (€ )nen 010V og(N) elvor o
co(N). (H andden auvtol agphvetar oav doxnon otov avayveoT.)
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ITroTAsH 5.14. Eotw X dnws otnr mponyoluevn npdraon kar x*,y* € X*. Téte

(i) H axodovdia (By)nen mov avanapiotd to x* eivar povadikj.
(if) Av n axodovdia (Bn)nen avanapiotd to x* ka1 n akodovdia (Vn)nen avanapiotd
0 y* tote (B + Yn)nen avamapiotd to x* + y*.
(i) Av X € R ka1 (Bn)nen avarapiotd to x* twdve (ABp)nen avamapiod o Ax*.

H oan6deln etvar eUxoln %ot aQrivEToL GTOV oVILY VOOTH.

To mepieyduevo Tng TponyolueVnC TedTaone elvar 6Tt To ohvoho Twv axolovthdy Tou
avamoptoTtoly o otolyelo Tou X* opllouv éva Slavuopatind yweo axohovdidv. To epdtn-
por Tou Quotohoyxd tideTton elvar av undpyel o oxEIBC TEPLYPAPT TOL YWeou autol. H
AMAVTNOT] TEQLEYETAL GTO ETOPEVO VEDENHAL

OEQPHMA 5.15. (a) FEotw 1 < p < 0o kat ¢ to ov{uyés touv p. Ankadn g = oo av
1
p=1, evdd yia 1 < p < 00 ta p,q tkavoroody wn oxéon — + — = 1. Tére yia X = £,(N)
p q
ka1 x* € X*, av (Bn)nen €lvar n akodovdia mov avarapiotd to x* 1wyvder (Bn)nen € L4(N)
kat ||z*|| = ||(Bn)nenllq- Apa 0 X* elvar wopetpixds pe tov £4(N).
(B) Av X = ¢o(N) téte 0 X* etvar wopetpixds pe tov £1(N).

ITApATHPHEH. (o) Ipwv mpoywehiooupe otny anddeln tou onuavtixod auvtol Yewpi-

uatog ag dolpe xdmoteg ouvénetes. Kat' apydec yio 1 < p < oo mpoxtntet 61t £,(N)* = £4(N)
xau Ly(N)* = £,(N). "Apa £,(N)** = £,(N) dnhadr| ot ydpot £,(N), 1 < p < oo elvar ow-
tonoelc. Avtideta co(N)* = £1(N) xou ¢1(N)* = Lo (N) dpa o yopoc ¢o(N) dev eivan
autonatic o0te 0 ywpoc £1(N) elvar autonadrc. To teleutaio wylbel d6t 0 Lo (N) elvon
un Srorywplotog emouévewe xot 0 Lo (N)* = €1 (N)** elvon un draywplowoc eved o £1(N) elvou
olaywplotpoc.
(B) AZiler va dolpe mwe petodAeTon T0 dUixd ¢ Tou p bTay To p datpéyer TNV NueLdeia
[1,00). A nopatnericoupe 6t 6tav p € (1,2] t61e g € [2,00) % aviiotpoga. Edixdtepa
oc yioo p = 2 éneton ¢ = 2 xou 10 VYewdpnua emuBefordvel xdtt mou Yvwpllovye and Toug
x&peoug Hilbert 6t dnhadh £2(N)* = £5(N). Enlonc av p — 1 t61€ ¢ — 00 o av p — 2
t61e ¢ — 2. Tuvodilovtag, ot £,(N), 1 < p < oo elvar avtonadelc o ov ¢o(N), ¢1(N) dev
elvon automadeic.

ATIOAEIEH TOT OEQPHMATOE. Ou anodetfouue to Yedpnua yio X = £,(N), 1 <p <
00. O mepntwoete £1(N) xan ¢p(N) anodewxxvbovton pe nopduota entyetphuata. To Baoud
gpyaieio yioo Tnv anddeln etvar n avicétrta Holder mou avagéper yia Suo axolouldieg
TEOY ATV AptIUGY (ap )neN,(Bn)nen ot 1 < p < 0o toylet:

> lanBal < ll(@n)nenlly - | (Bn)nenlly
n=1

61OV To ¢ glvon To BUIXS TOL P.
‘Eotww tdpa z* € £,(N)* xou (8y)nen 1 axohoudia tou to avanapotd. Oa delfouye

lz*]| = sup{la*(2)] : [l=]<1}
L sup{| S Butal : (3 lanl?)? <13 = (31895
n=1 n=1 n=1
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O 800 mpdteg wotnTe elvon tpogaveic. [ar var bei€ouye Ty tekeutala amodetxviouue
e 800 aviodTnTes Tou Ty Tpoodopilovy. Hpdyuatt and Holder mpoxintel

sup{l > Baaal s (3 Jaal?)? < 1)
n=1 n=1

<sup{[|(Bn)nenllq - [[(an)nenllp = [[(an)nenllp < 1}
S‘l(ﬁn)nENHq'
Apa [[z*| < [[(B)llq-

H avtiotpoen avicétnta Bactleton oto endyevo:

IsXTPISMOE. AV (Bn)nen € £4(N) t61€ undpyet (an)nen € Lp(N) pe |[(an)nenllp =1

%2 anBn = || (Bn)nenlla-

ANIOAEIZH TOT IEXTPIEMOY.  Av 8, = 0 yiaxdde n € N 10 anotéheopa elvar tpogavéc.

e dgopetixn nepintwon étovge A = ||(Bn)nenllq > 0 xou Yewpolye tnv axoroudia
q

(@n)neN PE ap = sgn(ﬂn)(w—;l) ? (6novsgn(a) =1 ava > 0xousgn(a) = —1 StopopeTind).

Hopatneriote 6t sgn(a) - a = |a| vy xdde a € R. Eivaw edxoho va delZoupe 61t

”(ﬂn)neNHg _

A4 !

l(@n)nenlly =

o 8pat || (an)nenllp = 1.
Enfone

(e’ 1 (e’ B 1 [ee) B 1 [ee] pig
D anBn =3 sgn(Bu)Bl? Bn = — D _1Bal? T = 2D (Bl
n=1 AP n=1 AP n=1 AP n=1
I o=, 1 1 4
=7 Bul? = — Balt= A =X"7 =
6moL ypenotonoticale T oyéon p + ¢ = pg Tou wyle yio duixd Lebyn (p, ¢)- O

"Eyovtoc anodeiet tov toyupiopd éneton dueoa 6t

00 oo
1
sup{| Y Buan| = (3 lanl?)? <1} > [|(Ba)nenllq
n=1 n=1
xaw Gpat [|2*] > |[(Bn)nenllq-
Ernopévac ||2*] = [|(Bn)nenllq- H

AYXKHXEIY
Ytig embpeveg aoxfioelc X elvon €vag ywpog Ye vopua.

1. ’Eotww Y unéywpog tou X xou xp € X.
(i) Aei&te 6T

p(xo,Y) = sup{|z*(a)]: 2" € X*, ||z*||=1, Y C Kerz"}
= max{|z*(x)]: 2" € X*, ||z"||=1, Y C Kerz*}.

(ii) Av z* € X*, ye [|z*]| = 1 v Y = Kerz*, deite 6t p(xo, Ker z*) = |2*(x0)|.

2. 'Eotw Y undywpoc tou X. Aeléte 6
(1) Y =n{Keraz*: z* € X*, Y C Kera*}.
(ii) {0} = N{Kerz*: z* € X*}.
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3. Eow X dywplowoc ydpog ye vopua. Aeléte dti undpyet aptduriolo untochvolo
{z} : n=1,2,...} e povaduioc opaipac tov X* dote {0} = (] Kerz},.

n=1
(YnédeEn: Av {z, : n = 1,2,...} tuxvé unoclvoho tng yovadlalag ogaipas tou X
Yewpriote 10 olvoro {z} : n =1,2,...} énov vy x&Ve n, z, € X* pe [|z}]| = 1 xou

zy(zn) = 1.)

4. 'Eow Y vndéywpog tou X pe tnv Wibtnra av o € X* xu 2*|Y = 0 t6te 2* = 0.
AelZte 6t 0 Y elvar muxvéc otov X.

5. 'Eow {z1,...,2,} yeouuxd aveldptnto unoclvoro tou X, xat A, ..., A, € R.
AeiZte 6u undpyet 2 € X* dote 2" (x;) = A yiaxdde i =1,...,n.

6. Eotww Y undywpoc tou X. T z* € X* opilouvpe R(z*) = z*|Y (6nov 2*|Y : Y —
R elvor o meproptopde tov X otov Y). Aeilte 61t R : X* — Y™ gpaypévoc ypouuixoe
teleothc xar R[Bx+[0,1]] = B5 [0, 1].

7. Eoww t1,...,t, € [0,1] dtagopetxd avd dlo, xau Ar,..., A, € R. Aellte 6u
n n
I >° Xde, ]l = D [Nil, omou &y elvor To @paypévo Ypoixd cuVapTNCOEEC TOL avrixeL
i=1 i=
otov (C10,1], ] - |leo)™-
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KE®AAAIO 6

I'ewpetpxr| pwopyr tov Ocwpvuatoc Hahn — Banach

1. To ocuvapinooedéc Minkowski

OpizMOsr 6.1. 'Eotw X ywpoc ye vopua, K xuptd utochvoro tou X dote 0 € K°.
To ouvaptnooeidés Minkowski tov K opileton va elvar n ouvdptnom pi : X — R, ye

pK(x):inf{)\>0:;eK}:inf{)\>O:$€)\K}.

H unédeon 0 € K° ypedleton yia va eaoparioet 6Tt to cuvoptnooedéc Minkowski,
PK, Elvon xohd opiopévn cuvdptnon. Hpdypat,, av x € X n anewédvion f: R — X ye
f(t) = tz etvar ouveyhc xor f(0) = 0. Apa o f~H(K®) elvar avoixté vroctvoro tou R
o TepEyEL o 0 xon oLVETHE LTEYEL € > 0 dote (—e,e) C fH(K?). Apa Sz € K° xau
ouvenie z € 2K° C 2K, dnhadh to oOvoro {A > 0: 2 € AK} elvan pun xevo.

Enione napatnpolpe 6n yia xde x € X xou xdde s > pg(z), éyovue ot ek

Mpdypatt, and tov optopd tou pi (), undpyet A € R dote 0 < pi(x) < A < s xou

A A A
Tote 0 < — < 1 %o apot 1o K efvan xupté xou 0 € K, éneton 6Tt z= (I—=)-0+—-
s

e K.

R > 8®

e K.

TéNoc avagépouye 6Tt Yevixd dev elivor owotd 6Tt pi(z) = min{A > 0: z € AK}. Zav

amhé mapdderypa Jewpeiote X =R, K = (—1,1) xaw x = 1. Téte pg(1) =1l evdr 1 ¢ K.
H enduevr mpdtaon delyvel 6Tt 10 px elvor YeTind unoYpopUind CUVIPTNOOELDEC.

ITroTAsH 6.2. Eotw X xdpos ue vépua, K kuptd vrootvoro tov X pe 0 € K°. Tdte
) p ()>OylaKa’19€x€X.

(1

(2) px(0) =

(3) prx(Ax) = )\pK( ) yia kd9e A >0 ka1 xz € X.

(4) pr(z+y) < pr (@) + pr(y) ya kdbe z,y € X.
(5) {reX:pr(x) <1} CK C{reX:px(zx) <1}

AnoAEIEH. Ta (1), (2) xou (3) mpoxdnTtouy elxola atd TOV 0ploPd TOU P .
(4) Eotw s > pr(y) xou t > pg(x). Tote £, ¥ € K xou enedn to K elvan xupté
rT+y s T t

= CZ ek
s+t s+t s s+t t

Onhadh px (z + y) < s+ t. Eneldh autéd ovuBaiver ya xdde s > pr(z), t > pr(y), énetu
61 pr (2 +y) < pr () + pr (Y)-

(5) Av z € X xou pr(x) < 1 téte yio xdde s € R ye pr(z) < s < 1 éyovpe x € sK A
2 € K. Eneidr) 1o K elvar xupt6 xou 0 € K, €xoupe 6t

—(1-5)0+s- K.
s
Enlone mpogavie av x € K =1- K, éyoupe 61 pi(z) < L. O
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TTAPATHPHSH. Aev toylel tdvta 6t px () = 0 = = = 0. TLy. Yewpeiote we X = R?
xor we K to emypdgpnua e f(z) = 2% — 1, dnhodh K = {(z,y) : € Rxawy > 22 — 1},
Téte v xdde onueto (0,t), t > 0 éxoupe pk (0,t) = 0, agod yia xdde A > 0, (0,t) € AK
(eréyZte 10). Anodevieton Guwe 6t av To K elvon gpaypévo t6te pr(z) =0 < = = 0.

Oa deiloupe tpa 6Tl T0 cuvaptnooedég Minkowski eivon cuveync cuvdpetnon. H
enéuevn TEdTACT] Bivel 160BUVIUES CUVIAXESC OOTE €va UETIXO UTOYRUUUIXO CUVIQTNOOEL-
0éc va efvor cuveyéc. Ot ouvinxec autéc elvan EVTEANS AVAAOYEC UE QUTEC TWV YEOUULXWY
amexovicewy Petagd 800 YDpwy Ue vopua.

ITroTAsH 6.3. Eoww X xdpos ue vipua kar p : X — R éva Jetikd vnoypajipukd
ouvvaptnooeldés. Ta endueva elvar 1wodvrvapua.
(1) H p eivar ouvexrig.
(2) H p etvar ouvexris oto 0 € X.
(3) Trmdpxer V avowkerj mepioyrj tov 0 € X dote p(V) gpayuévo vroovroro tou R.

AnoAEI=H. Ot ouvenaywyée (1) = (2) = (3) eivar npogaveic.
(3) = (1). Eow = € X xou ¢ > 0. Ipéner va Bpolue 6 > 0 dote p(B(x,d)) C (p(x) —
g, p(x) + ). Exoupe 611 undpyet 69 > 0 xar M > 0 dote p(B(0,00)) C (=M, M). Apa
p(B(0, 5700)) € (—¢,¢). Tote ya 6 = 70 €xovue 10 {nroluevo ouunépacua. Ilpdyuat,
v xdde y € B(x, 5700) éxouvpe |ly—z| < 5760, Snhadhy—z € B(0, 5700). Apa p(y—x) €
(e,€) xou cUVETHC
p(y) = ply =z +x) < ply — ) + p(z) € (p(x) — &, p(a) +€) .
(]

IToprsMA 6.4. Av o K kuptd ue 0 € K° tdte wo ovvaptnooedés Minkowski tov K
efvar ouveyE.

AnoAEIEH. T xdie z € K° éyoupe pr(z) < 1, agob z € K. "Apu pr(K°) C [0,1]
xou am6 Ty ouvdixn (3) e mponyoluEVNS TPdTUOTE To p Elvar cuVEYEC. O

ITroTAsH 6.5. Eotw K kuptd vnoodvolo €vég ywpouv e vépua X ue 0 € K° ka1 éotw
pPK To oguvaptnooedés Minkowski tov K. Tdte

(1) Ke={z € X : px(z) < 1}.
(2) K={r€ X :pg(x) <1}.
(3) OK ={z € X : px(z) =1}.
ATNOAEIEH. (1) Ané Ipbraon 6.2 éyoupe 6Tt
{reX:pg(xr) <1} CK,
o emedi) 1o px ebvor cuveyée o pit((—00, 1)) efvar avorxtéd Glvoro xa dpo
{reX:pg(x) <1} C K°.
Oa deifouye 6Tt woyler xar K° C {z € X : pg(x) < 1}. Hpdypartt, ¢oww =z € K°. H
owvdptnon f: R — X pe f(A) = Az elvou ouveyhic xon dpo f~1(K?) avoxtd unochvoro
tou R nou mepiéyer 10 A = 1. ‘Apa undpyer € > 0 wote (1 —e,1+¢) C f7H(K°), ondte
(1+5)r € K° C K. Yuvendc pg(z) < ﬁ < 1.
(2) Ané v Hpdtaon 6.2 €youue
Kg{xéX:PK(x)Sl}a
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xou amé TN ouvéyela Tou px o {z € X : pr(z) < 1} = pr'([0,1]) eivor xheroTé. Apa
KC{reX:pg(x) <1}

T va Set€oupe 6T {z € X @ pg(z) < 1} C K Yewpolyce éva x € K. Téte undpyet
V' avowt weptoyh tou = wote VN K = (. Av f elvar n anexévion tou opicoue oto (1),
61 0 fTH(V) elvan avoutd umocivoho tou R mou nepéyet o 1. ‘Apa undpyet € > 0 dote
(I1—e,1+e) C f7HV),onbte (1-5)z e V. Apa (1-5)z ¢ K &z ¢ %K X0l GUVETIC
pK () > 1713 > 1. Apa av pr () <116t 7 € K, dnhadhy {z € X : px(z) <1} C K.

(3) Enewdr) 0K = K \ K°, an6 (1) xou (2) éxouye 6t

OK ={x € X : pg(x) =1}.
]

ITroTAsH 6.6. Eotw X ywpos pe vépua, K kuptd vrootvodo tov X, wote 0 € K°.
Tére
PKe = PK =PI »

0oV pKo, pK, Py T@ oUVapTnoo€1dy Minkowski twry K°, K ka1 K avtiotoia.

Anoaei=H. Kotapy Ay mapatnpolue 6Tt 1o pxo, piz 0pllovion xahd, apol K°, K xuptd
xo 0 € K° C (K)°. Aefyvouue xatapyhv 6Tt pro = pr.

Ened K° C K = pi(z) < pro(x), Vo € X. "Apa yéver va derydel 61t pgo(z) <
pr(x), Yo € X. Apxel va derydel 611 yio xdle x € X xaw s € R av pg(z) < s téte
pro(z) < s. (Mpdypatt téte pro(x) < pr(x), SbT dapopetind undpyer s € R dote
pr () < 8 < pgo(x), dromo). Eotw howmdy € X xu s € R dote 0 < pg(x) < s. Tote

€Y OLuE OTL
%pK(x)—pK(g) <1 (s >0)
= % € K° (am6 Mpbtaom 6.5)
= PKO(%) <1 (amd TOV 0pLoPd TOL pio)

= pgo(z) <s.

Apa pro(z) < pi(x), Vo € X, ondte pro(z) = pr(x) Vo € X.

Acelyvouue topa 6Tl px = pr-

Enedf K C K = pgr(z) < pr(z) Vo € X, dpa méh opxet vo deydel 6Tt toyleL n
avtiotpopn avicotnta. Xenolponotolue tny (Bl e tponyouuévws uévodo. Eotw Aoy
z€X xou s €R dote 0 < ppe(z) < 5. Tote

x
Pf(g) <1
= f € (K)°Cc K (an6 Hpbraon 6.5)
= pK(f) <1 (on6 Ipbtoon 6.5)

= pk(z) <s.
Apa pi(x) < pr(x) Vo € X xou ovvends pr(x) = pi(x) Vo € X. O

IoPizMA 6.7. Eotw K kuptd vrnoovolo evds xdpou ue vépua X pe K° # 0. Tére
K°=K xa1 (K)° = K°.
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AMOAEIEH.  Xwplc BAIBN g vevixdtntog (ue plo yetddeon av yperdletar) unodétouye
6t 0 € K°. And tic nopandve Ipotdoeic €youue

Ke={reX:pgo(z)<1}={zeX:px(x) <1} =K

X0l
(K)Y={zeX:pga)<l}={zeX:px(x) <1} =K.
g

IorizMA 6.8. Eotw K kuptd pe K° # 0. Tére yia ki V C K avoiktd kuptd kai
rukvé oto K éyovue ou'V = K°.

AMOAETEH. Ané 1o mapandve népopa, (V)° = VO (9étouue 6mouv K to V). Enelds
70 V glvor avouxtd VO =V xau dpa (V)° = V. Ouwc 1o V glvor tuxvé oto K. Apa V = K

X GUVETOE TdAL amb To Tpomyoluevo Téptopa, (V)° = (K)° = K°. Apa K° = V. O

2. Awywpiotixd Oeswpruata Hahn - Banach

Tvopiloupe 6t av Ky, Ko eivor Eéva xuptd unootvora tou R? téte undpyet eninedo
70U R? 1ou 1o Braywpilet, Snhadi ta aghiver exatépwiey tou. To eninedo autd oe OpLOUEVES
TEPUTTWOELC PTopel xou va efvar povadixd (1.y. Yewpelote b1t o K7, Ko elvon 800 avouxtéc
opaipec Tou R? tou epdntovior efwtepnd).

Ened?, éva eninedo tou R? (xou yevixdtepa éva unepeninedo tou R™) eivon 1 toootaduixd
{z € R" : f(x) = ¢} woc ypapuxhic ouvdptnone f : R™ — R, 10 yewuetpixd @ouvouevo
TOU Loy WEIoHOU BLaTUTTMVETOL ot avoALTIXd we €V (otov R™):

Av Ky, Ky xvptd Zéva utoolvora tou R", t6te undpyer f : R" — R ypouuxr xou
c € R dote

KiC{zeR": f(z)<c}xw Ko C{x eR": f(x) >c}
o sup f() < inf fx) |
2eK, €K
Yo endueva Yoo UEAETAOOUPE TO TROBANUA Tou dlaywpetool 800 EEVeV XUpTWY YEVIXS
og €va YWpo UE vopua. Enedy| ouctaotind eviLapepOUAoTE VLol ATELPOBLACTATOUS YOPOUG
xdmoteg emmAéov ouvirixes Yo ypetaotoly Yo Ta xuptd. (Aceite xar onuelwon oto téhog
NG TopAYPAPOL).

Oa EeXVACOUYE UE TNV AT Tep(TTwoT 6ToL 10 €var amd T 800 XUPTd Elvat HOVOGUVOAO.
Ou yevixdtepeg nepntidoel TpoxdnTouy and auth Ty anhy| wopen. I'a 1o Adéyo autd 1o
Topodte Yewprnuo ovoudleton xon Oeuelinddes Alaywplotind Oedpnuo.

OEQPHMA 6.9 (Oepehddec Aoywpiotxd Oewpnua). Eotw X xdpos pe vépua, K
kupté vrooUvodo tov X pe K° # 0 kar xg € X \ K°. Tére vndpyer f € X*, f #0, dote
supe f(2) < f(2o)-

Anoarr=H. Ilupatnpolue xotapy v 61t apxel vo del€oupe to Yedpnua yio Tny nepintwon
6mov 0 € K°. (ITpdrypott av 0 ¢ K°, téte emhéyoupe yo € K° xou Vétovye L = K — yp,
xou zg = &g — Yo Té1e 0 € L° uan 29 & L°. Buvenwe av f € X* ye sup, <y f(z) < f(zo)
6T Sup,ep, f(2) = SuPrery, f(2) = sup,ex f(2) — f(yo), f(20) = f(0) — f(yo) xou
dipa supe e () < f(x0).

"Apo pmopolpe va utodécoupe 6t 0 € K°. 'Eotww px 10 ouvoptnooedéc Minkowski
yw 1o K. Eow eniong Y = (xg) = {Azo : A € R} o ypopuixde undyweoc ddotaong 1 tou
X mou mopdyetan and o xg. Optlouvpe v ypouuxh ouvdptnon f: Y — Rue f(y) = A,

72



av y = Azg. Tote yo xdde y € YV éyovue 6t f(y) < pr(y). Hpdypat, av y = Axg ye
A <0, téte f(y) = A <0< pr(y) eved av A > 0, €youpe 6TL

pr(y) = pr(Az0) = Apx (z0) > A = f(y)

06Tt epocoy T & K° pK(;vo) > 1. Yuvenwg and TNV avohuTIX popq)v’] Tou OewphpaTog
Hahn - Banach undpye: f : X — R ypopyuue enéxTaon ™S f dote f(z) < pr(z), Vo € X.
EnsLSn 10 px v ppayuévo éyoude 6t xon 1 f elvou (ppocYpsvn o ouvende f € X*.
Eniong f # 0 agol f(xo) = f(xo) = 1. Téhog, sup,cx f(z) < sup,ex pr(z) < 1 %o
enedh fzo) = 1, sup,ex f(2) < f(o)- O

YHMEIOSH. Ac ouvodicoupe €56 1 uédodo Tou axoloulHoaue 6To Tapardve YeMpnUaL.
O otby0c yoc apyxd Arav vo dtoywplcovue pe éva utepeninedo éva xuptd cbvoro K and
éva onpelo g € X \ K°. 'Onwg éyoupe avagépet, autd avdyetor otny eVpecT eVOS pporyué-
you Ypopuixol cuvaptnooewolc f: X — R dote sup,ep f(x) < f(xo). T va Bpolue
70 ouvaptnooedéc f Eexwvdvtac and 1o K, oploope 0 YeTind LTOYPUUIIXO GUVIPTNCOELDES
Minkowski pr %o ypnotwonowdvtog to Yedpnua Hahn — Banach nepdooue otn {ntoduevy
yoaupu ouvdptnon f.

ITAPATHPHSH. Ytny eldu nepintwon onou zg € 0K ye K xuptod Ye un xevd ecwtepino,

TO ToPATAV VDN wo delyvel 6T undpyel vmepenimedo oTipEns tou K oto xg. Ilpdy-
wot,av H={z e X: f(x)=1}=zo+Kerfwére KCH ={x e X: f(z)<1}.

OEQPHMA 6.10. Eoww K, Ky kuptd pun kevd vmoovvola evis xdpov pe vipua X,
dote K¢ # 0 ka1 K9 N Ky = 0.
Tére vndpyer f € X*, f #0, dote
sup f(z) < sup f(z) .

r€K €K

AnoAgr=H. 'Eyouue 6t 1o K7 givon xupté. ‘Apa 10 KY — Ko = Ugek, K — x elvan
avoxTo (we Evwon avoxTdy) xot xuptd (o Sagopd xuptdv). Agod KN Ky = (), éyouyue
ot 0 ¢ K7 — Ky. Hopoatnpolue 6t av ¥éoovye K = K — Ky tote K° = K° — K.
Mpdrypatt and Tic WBL6TNTES TOoL cLVIPTNooeboLc Minkowski, éyouue 6Tt To K elvar muxvéd
oto Ki (Quundeite 61t K7 = Ki) xou dpo 10 K¢ — Ko elvar avoutéd muxvé xon xupté
unocbvoro tou K1 — Ko = K. Apa and 1o [lépiopa 6.8, K° = K¢ — Ka. Yuvende 0 ¢ K°
xat ané 10 Oeuehddec Atoywptotixd Oemdpnua éyouue 6Tt undpyer f € X*, f # 0 wote

sup f(z) < f(0)
reK

7 sup  f(z) < f(0) xow ouvende sup f(z) < inf f(z).
z€K1—K> z€K; z€Ks

O

OEQPHMA 6.11. Eoww Ki, Ky kuvptd un kevd vroodvola €vis xdpov e vipua X,
dote K1 N Ky =0, K1 ovunayés kar Ky kheotd. Tdre vrdpyer f € X* dote
< inf .
sup f(v) < inf f(a)

reK1
AnoAEI=H. Of¢toupe K = Ky — K. Téte 10 K elvor xupté xou 0 € K. Enlong 10 K
elvar xheloto. Hpdypatt éotw 2, € Ko— K1, n=1,2,...xu z € X dot€ 2, — 2. Lo xdde
n=1,2,... Yewpolye =, € Ko xat y,, € K1 Y€ 2, = Ty, — Yn. Eneld?r] 1o K elvon cuumaryég
urdpyet uTaxohoVi (Yk, )n NS (Yn)n X Yo € K1 O6TE Y, — Yo. TOTE 21, — 2 not
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doot T, = 2k, + Yk, — 2+ yo. Encdn 1o Ky elvar xhetoté éneton 61t 2 + yp € Ka. ‘Apa
z=(z4+yo) —yo € K2 — K.

Yuvenoe undpyet € > 0 dote B(0,e) N K = 0, énou B(0,€) 1 avouxth Undho xEvipou
0 xan axtivag €. And Oewpnua 6.10, undpyer f € X*, f # 0, dote

sup f(z) < inf f(x
o (@) < _nf f(z)

=0<e¢|f]| < inf f(z)— sup f(z)
zeK> €K,

:>Iseuf;{)1 flz) < CElen}a f(z) .

O
ITapATHPHSH. Hopoatnpeiote 61t oto Oewpnua 6.11, 1 f doyweller yrioa ta Ky, K.

YHMEIQSH. e y®poug pe vopua dmeteng dtdotaone elvar duvatdy va undpyouvyv Ky,
Ky E&va xuptd mou elvon muxvd oto }wpeo. o topdderyua, av X anelpodidototog xkpog
we vépua xar f: X — R wa ypouuixh un ouveyrc (mdvto undpyet 6nwe €youpe HOT del yLat
Tétow ouVdpTNon) téTe 0 Tuphvac Ker f tne f elvan muxvéde oto ydpo. Oétovpe K1 = Ker f
xon Ko = mg + Ker f pe zo € Ker f. Téte K1 N Ky =0, Ky, Ko xupté xan K; = Ko. Alo
TéTola XUpTd elvon aBlvarTov va Bloywpelaotoly and wa g € X*, agot g(K) = g(K2) =R
Vg € X*. (Tlpdypatt, agod Ki, Ko muxvd xo xuptd unocbvoha tou X, éyoupe g(Ki),
g(K2) munvd xou xuptd unoohvoha tou g(X) = R xau dpa g(K1) = g(K2) = R).

3. To Oewpnua Krein-Milman

Y10 xepdiato autd Yo del€oupe Ot xdle ouumayES xUETO UTOGUYOAO EVOS XOPOU UE
vopua elvan 1 ¥AeloTh xupThH Mxn Twv axpolwy onuelov Tou, dnhady Twv onuelwv Tou
0EY PmOPOVY VO YPAPTOLY W¢ XUPTOC GUVBLACUSS B00 GAAWY BLAQORETIXWY UETAEY TOUG
onuelwyv Tou xUpTol. ‘Onne Yo dodue UTEPYOLY XAELWTTA PpayUéva xUPTd (oL duwe dev
elvar oupmay?) ywelc axpala onueio. Xuvende 1 avahutix Sour Tou xupTol (cUUTYELR)
€)EL ONUOVTIXES CUVETELES OTNY AAYERpIX-YEWUETEWY Soun) Tou (oxpaior onueta).

Op1zMOs 6.12. 'Eotw X diavuouatindg yopeog, K xuptéd unocivolo ou X xaw ¢ € K.
To = Aéyetan akpaio onpueio Tov K, av dev undpyouy 3,z € K yey # zxaw 0 < A < 1
dote = Ay + (1 — N)z. (Anhady| to = elvon axpato onuelo tou K av dev elvon yvhotog
%UPTOE cLVBLAGUGE BUo AWy anueiwy tou K.) To chvolo twv axpoiwy onueiwy tou K
ouufBohileta pe Ex(K).

OpP1zMOs 6.13. 'Eotw X ydpoc pe vopua, K éva un xevd xAetotéd xou xUpTtd UTOCOVONO
tou X. 'Eva unocOvoho A tou K xakeitaw akpaio vrootrodo tou K av to A eivar xhelotd,
%xVPTO o xavornotel TNy €N WBLOTNTAL
T xdde 2,y € K xan 0 < A< 1, v Ax + (1 — Ny € A 161 xu x,y € A.

ITAPAAEITMA. Av K = [0,1] x [0, 1] té1te axpoda unochvoha touv K elvar to (dto 10 K,
ol mheupéc tou K xat xdde xopuen tou.

ITAPATHPHSH. Av K %\eloT6 xUpT6 UTOGOVONO EVOS YDEOU UE Vopua, TOTE éva onuelo
x elvar axpoto onuelo Tou K av xou pévo av to {x} elvar axpoio umosivoho tou K.

ITroTasH 6.14. Eotw X ywpos pe vépua kar K éva un wevdé kuvptd xar kA€ot
vroovodo tov X.
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(1) Av {A; i € I} elvar ua owkoyéveia ané akpaia vrootvoda tov K pe NierA; =
A # 0, tére To A elvar akpalo vroovodo tou K.

(2) Av A C B C K dote 1o B efvar axpaio vrootUvolo touv K ka1 to A axpaio vrootivolo
wov B, téte to A eivar akpaio vroovvolo tov K.

AnoAEI=H. (1) To A elvor xhewotd xon xUpT6d LTOGUVORO ToU K ¢ TOUH XAEIGTOY %o
xupTév. 'Eotw 2 € Axn 0 < A < 1,2,y € K ©dote 2z = Az + (1 — N)y. Téte z € A,
Vi e I xou dpa z,y € A; Vi € 1. Yuvende x,y € NierA; = A xat dpa 1o A glvon axpotio
uroclvolo tou K.

(2) Eow 0 <A< 1,2,y € KxuzeAdotre z=Ar+(1—N)y. Apod A C B éyouue
otL 2 € B xon enedny to B elvon axpalo unocivoro tou K, éyouue 6t x,y € B. Enedr o
A elvan axpaio utocUvolo tou B, énetan 61l o,y € A. Apa 10 A elvan axpaio utocUvolo
Touv K. O

ITAPATHPHSH. Ané 10 (2) tng mponyoluevng npdtaong €YOuUe dueca xat o e&fc: Av
A C K axpaio unocOvolo touv K, t6te Ex(A) C Ex(K).

OEQPHMA 6.15. (Krein-Milman) Eotw X ydpos e vépua kar K éva un kevé ovunayés
kuptd vrootvolo tou X. Tdote K = coEx(K).

ATOAEIEH.  Acelyvouye xatopyfv 6t Ex(K) # (). ©étouye
A={AC K : A oxpaio utocivoro tou K'}.

BHMA 1. . H owoyéveta A mepiéyet éva ehaytotind otowyelo we mpog tny C, dnhady
urdipyet A € A dote v xdde B € A pe B C A éyoupe 61t B = A.

AnoAei=H. Opilovpe A < B & B C A, yaxdde A, B € A. H < elvar oyéon yeptnhic
Oudtagng oto A. Hpénel va dewydel 6t n A mepiéyel éva ueyiotind (we mpog Ty <) ototyelo.
Ou eqapuboovpe 0 Afuua Zorn. Eotw C = {4, : i € I} wa chuolda oty A. Apxel va
detyOel 6tL ) C €yxel v ppdyuo oty A. Oétouye A = NicrA;. Tote 1o A elvan un xevé.
Mpdypatt n owxoyévewa C (enedy elvon ahvoida) €yer Ty WHTNTA TS TENEPACUEYNS TOURC,
amoteléiton amd xheloTd olvola xon to K elvon oupmayéc. ‘Apa and yVwoTh mpoTaoT TG
Hpaypatxic Avdhuone NierA; # 0. Enlone and Hpbtaon 6.14(1) éxoupe 61 A € A xou
npogavee A > A; Vi € T agob A C A;, Vi € 1. O

BHMA 2. Kde ehaylotxd ototyelo tne A elvar povoosivolo.

AnoAEIEH. Yro¥€toupe, mpog anaywyr oe dtomno, dtL utdpyet A ehaylotixd ototyelo
e A pe touldyloTtov B0 dapopeTtixd onueia z,y € A. I'vwpilouue ot undpyel x* € X*
dote z*(z) # z*(y), xu éow z*(z) < *(y). Enedf 1o A elvar ovunayéc (wg xheotd
unoalvoho tou cuunayolc K), éyoude 6tL undpyer o € R dote a = sup,c 4 2*(2) xou
emnAéov 10 oUvoho B = {z € A : 2*(z) = a} elvon un xevé. Eivar edxolo va dramiotdoer
xavele (doxnon) 6t 1o B elvon axpafo unocivoho tou A xau dpa and v Ipbtacn 6.14(2)
€youue 6t 10 B elvon axpoafo unochvoro tou K, dnhadh B € A. Enedr z ¢ B, €youpe 6Tt
B e Axu B G A, drono agod 1o A elvor ehoyiotind axpaio utocivoho tou K. O

Ano o nponyovyeva Buata éyovue 6t Ex(K) # 0, agol av {x} eivon oxpaio un-
ocOvolo touv K téte npogovas © € Ex(K).

Ipoywpolye thpa va deifoupe 61t K = coFx(K).

BHMA 3. K = coEz(K).
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AnOAEIEH. Of¢toupe L = coEx(K). Téte 1o L eivon xhetotd unoolvoro tou K xou
Gipar CUUTIAYES, Xo XUPTO WS XAELGTOTNTA TOL XUpToU cuvdIou coEx(K). Trodétouue npog
amaywyh oe dtomo 6t L G K. Téte undpyer x € K\ L. Ané 10 Buaywplotind Yewpriua
6.11, undpyer ¥ € X* wote

supz*(z) < z*(x) .
z€L

‘Eotww a =sup{z*(y) : y € K} xu B={y € K : 2*(y) = a}. Onwc xo oto BAya 2, 10
B etvau axpato utoctvoro tou K. Eneldr 1o B elvon cuunoyéc xuptéd and ta dbo mpomta
Bruarta éyovpe 61t Ex(B) # 0. Enedf dpwe 10 B elvar axpalo utocivoho tou K, and and
v mapathpnon petd v lpdtoon 6.14,

Ex(B)C Ex(K)C L.

Auté buwc elvon addvarto, agol av y € Ex(B) t6te 2*(y) = o, evd av y € L, 2*(y) <
z*(x) < a. "Apa K =coEx(K). O

O

ITAPATHPHSH. Av o X elvor évog TETEPACUEVNC BLACTAONE YWPOS UE VORUAL, TOTE Xdde
XAELOTO nou Ppaypévo uToalvolo Tou elvar oupmayés. ‘Apa xdie xAeloTd xUPTO PRUYUEVO
UTOOUVONO EVHC TETMEPACUEVNC SLACTAONC YWPOL UE voppa €xeL oxpaio onueio. (Autd dmwe
Yo Solue ot cuvEYELd dev elval CWOTO GE AMELPOBLECTATOUS YWEOUS UE Vopua). Mdhiota,
OTWC AMOOEVOETAL, YLol Xd¥E AEIGTO xUETO XAt Ppaypévo unocivoho K evébe nenepao-
wévne ddotaong xodpou pe vopua, toylel 6t K = coEx(K) (ywplc xhetotétnta). Autd
elvon cUVETEL TOL eMduEVOL Oewprpatoc Tou Kapadeodwe.

OEQPHMA. (KapaOeodwpri) Eotw X xdpos pe vépua nenepaopérng didotaons,
dimX = n, ka1 K xAew0té kvptd gpayuérvo vroovrolo tov. Tote kdle x € K efvar kuptdg
owdvaouds to ToAU n + 1 akpaiwy onueiwy tov K.

To embuevo mapdderyuo yoc Befouwver 6Tt udpyouv “ouvniiouéva’ *AELOTA xVETY
pearyuéva uTocUvola ywewyv Banach mou dev €youv axpala onueia.

ITAPAAEITMA. 'Eow B, n povadiada undha tou ¢o. Téte Ex(B.,) = 0.

ATIOAEIEH. Oupilouye 61t 0 YWpoc ¢ anotelelton and dhec Tic axohovdies (T )y TOU
R pe z, — 0 xou n vépua tou divetar and ™ oyéon |[(zn)n|lco = SUP, ey |Zn]. Oc dei&ouue

6T %8 x € By, Yedpetor we x = L2 ye yy £ yo xon Y1, Y2 € Be,.

, ; o , , , , 1
Mpdypat, 0w = (2),. Téte 2, — 0 xou dpa uTdpyeL ng € N doTe |2y, < 3.

T avn #n
Oétoupe Y1 = (yL)n 6mou yl =<7 7 no %ot y2 = (y2), 6mou

1
Tpy T 7, AV =g
o ) avnFEng oo . .
Yo = L . Téte elvon ebxolo va BLOMOTWOCOLYE OTL
Tpg — 7, AVI =Ty

(1) Ta y1,y2 avhxouvy oTov C.

(2) Ta y1,y2 avAxouvy oty Bey, dnhadh [lyi|l < 1, |y < 1.
(3) @ =1E you yy,ys # a.

‘Apa Ex(Be,) = 0. O

ITAPATHPHEH. Toviouye €8¢ 6Tl 0 oxondC YIS OTO TEOTYOUUEVO TUEABELYHA HToy
vol BpoVUE Y1, Y2 OTNY UmdAa TOU ¢p BOTE Y1 F# Y2 XL T = yl—;yQ (Kd&de ororyeio x evic
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BravuouaTiXol yweou umogel va ypopel wg T = w UE Y1 7 Y2, EUelc ouwe Véhouye Ta
Y1, Y2 Vo elvon xon autd oty undha Tou ¢g.) ot to Adyo autd To mopandve ‘e’ dev
umopel va e@apuocel e dANOUC YDEOUE T.Y. 6TOV 1, BLOTL TOHTE 1) VOPUA EVOC TOUASYLIGTOV

EX TWV Y1, Y2 Vo yvotay peyohbtepn tou 1.

Ye avtideon ye v povadialor Undho Tou cp, oL Jovadlafeg Pmdheg Tou £1 xou Tou fo
wavoroloty to Oetdpnua Krein- Milman énwe Selyvouv ta endueva nopadetyyata. Yrev-
Yupiletor 6T oL povadiodee UTAAES AMELPOBLAOTATWY YOPWY HE VOpUa dev elvon ouunayelc
xa dpa BEV UmopoVUe va eapudécouue To Oewpnua Krein-Milman otny yopgr| mou diveton
OTNG ONUELDTELC aUTEC. Ag avagépoupe €86 6Tl to Oewdpnua Krein- Milman enexteiveto
xat Yot oOVoRa oL Bev elval GupTay 6T norm TonoAoYid, OTWC T.y. Yo UTAAES BUIXWDY
YOPWV.

ITAPAAEITMA. 'Eotw By, 1 povadiofa pndha tou £, Téte
Ex(Bgz) = 552 = {Z €ly: ||JC|| = 1}
xat dpo By, = coEx(Bg,).

ATNIOAEI=H. Eexwvdue pe tnv e€ig omhi napathenon:
Av z,y € Sy, o (x,y) = 1 té1e T =y, 610UV (-, +) TO ECWTEPXO YVOPEVO GTOV o
Mpdrypart, apxel va delovye 6t & —y =04 (z — y,z — y) = 0. Exyoupe

(x—yx—y)=(z,2) -2,y +(yy) =1-2+1=0.

Apo x =y.
Me Bdom tnv napathpenon auth delyvoupe 6Tl xdde onueio e Sp, elvon axpaio onueio
e By,, dnhady
Se, C Ex(Be,) (1).
Eow x € S, xau ac vnodéooupe 6t undpyouvy yi,y2 € By, xau A € (0,1) dote =
A1+ (1 — Nys. Oa mpénet y1,y2 € Se, OLOTL BtapopeTixd, av xdnoto and autd elye vopua
uxpdTeEEn ToUL 1, £0TW TO Y2, TOTE

]l < Mlyall + (1= Myl <A+ (1 = A) =1, dromo.

Opoiwe Yo mpéner (z,y1) = 1 xou (z,y2) = 1. Hpdypat and v avcdtnra Cauchy-
Schwarz,

(@, yn)| <l - llyall = 1
xou dpowa |(z, y2)| < 1. ‘Ouwc

1=z = (z,2) = (A1 + (L= Nya, 2) = My, z) + (1 = M) (g2, z)

Gpar v xdmowo and o (Y1, x), (Y2, ) frov wxpdtepo tov 1, tote 1 > A+ (1 — ) = 1,
drono. TUVETADS T, Y1, Y2 € Sp, xa (Y1,x) = (y2,2) = 1. Anb v apyx mapathenon,
T =y = yo.

Aelyvouye topa 6t Ex(By,) C Sy, .

Mpdrypoatt, av @ € Ex(By,) xou ||z]| < 1 téte

() Ay z = 0, emhéyoupe y € Sy, (€otw y = eq) xou t61€ 0 = w

(B) Av z # 0, ¥étouue y1 = o7 € Sp, ¥ y2 = 0. Téte yia A = |[z]] € (0,1) éyoupe
x =My + (1 = N)ye.

YUVETOC

Eac(Bg2) - 542 (2)
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Ané g (1) xou (2) éyouye to {nrotuevo. Enlong eivor edxolo va Sewydel 61t By, = coSy,
xat dpo By, = co(ExBy,). O

ITAPATHPHSH. Mnope! va deuydel yevixd 6t av X ywpoc ye vopua, Bx 1 uovadolo
umdho Touv xon Sx 1 povadibo ogaipa tou, téte Ex(Bx) C Sx xou Bx = coSx. (H
anddelln aprivetar we ‘Aoxnon.)

ITAPAAEITMA. 'Eotww By, 1 yovadia undia tou £1. Téte
Ex(By,) ={fen:n=1,2,...} xu By, =coExz(By,).

ATIOAEIZH. Aciyvouye npdta 6Tt yia xdde n € N, te,, € Ex(By, ).

Moupoatnpoldpe 6Tt apxel va det€oupe 6Tt 0 ey, n € N elvon axpolo. (Tpdypatt av
en € FEx(By,) téte xav —e, € Ex(By,), d6Tt dwagpopetind —e, = Az + (1 — Ny, pe
x,y € By, x # y xaw dpa e, = A(—z) + (1 — A)(—y), ondte xou 10 e, dev Va Arav oxpaio).

‘Eotww ng € N, &,y € By, xaw XA € [0,1] dote ey = Ax + (1 = N)y. Av z = (zp)n,
Y = (Yn)n TOTE
0, avn#ng

5 aAv n =ny

Aol [lz| = X2, |lzal < 1, [lyll = 22, lynl < 1, €xoupe 61 |20, ], [yn,| < 1. Eneidf) bpoc
Ay + (1 — XNy, = 1, éneton 61 Tpy = Ypy = 1. Aol

Z|xn|§1:xn=0 Vn # ng

xo Spota Y, = 0 Vn # ng. Apa © =y = e,,,. LUVETWDC
{xe, :n€ N} C Ex(By,). (1)

Aciyvoupe topa 61t Ex(By,) C {te, : n € N}.

Mpdrypat, ac vtodéoovue 6t undpyer & € Ex(By,) pe « € {xe, : n € N}. Enedy
x € Ex(By,) Ya npénet ||z|| = 1 (deite xou mponyoluevn napatienon). Eow z = (x,),
xa €0t ng € N dote 2, # 0 xaw z, = 0 Vn < ng (Snhadh zp, elvor 1 mpodTn un undevixy
ovvtetaypévn tou ). Enedf © # e, VYn € N, éyoupe 0 < |z,,] < 1. Oétoupe A = |2y, |

, 0 avn<ny __,
xot Yy = (Yn)n, OTOL Y, = . Tote
Ty, AV N> N
2. el
I =t = 2
1-A 1—A I-x
O4ToulE Y1 = €ny AV Ty > 0 | Y1 = —epy WV Ty, < 0 xaw yo = 725 Tote v =
Ay1 + (1 = Nyz xou dpa @ & Ex(By,). Tuvennce
Ex(B;,) C {xe, :n=1,2,...}. (2)

Ané (1) xon (2) éneton 61t Ex(By,) = {£e, :n=1,2,...}.

X ouvéyew delyvouue étt By, = coEx(By,).

Apxel va dewyel 61 yia xdde x € By, xou yioo xdde € > 0 vndpyet y € coEx(By,)
oote ||z -yl <e.
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Aelyvouye xatapyfiv 6Tt autd oyler vy xdde © € By, ue ||z]| = 1. 'Eow lowndy
T = (xn)n € By, e Y, |xn] =1 % 0 < e < 1. Trdpyet ng € N @ote

oo

€
> el <3 3).
n=no+1
O¢toupe y' = (yy,)n pe
, {xn, av n < ng
Yn =
0, av n >ng .
no o0
Tote [yl = X lwnl =zl = 32 |on| >1— 5. O¢touvpe
n=1 n=ng+1
y/
Y= -
/]l

Téte

v= |Zy"":||yuZ "“_Zlmnl

/] ly ||

(6mou Vétouye +e, av T, > 0 xot —e, av T, < 0). EmLSn

G |17n‘
> Z\ nl =1
n—

— |ly'll IIy [

€YoupE OTL Y € coEx(Bgl) W¢ xUPTOHE ouVdLAoUOS TwY £, n = 1,...,n9. EmmAéov

1 %) ng fe’s) c
Iyl = '~y ’H R e A el T Dolzal=) leal= D0 Jzal <y,

Yy n=1 n=1 n=no+1

o0
xow axoun ||z —y'|| = >0 o] < 5. Apa tehixd €xouye
n=ng+1

lz =yl <llz =9I+ 1y —yll <e.

Yuvende dellope 6t 0 coEx(By,) elvor tuxvd oty ogalpa Se, = {x € By, : |Jz|| = 1}.
Topa av x € By, \ S¢,, undpyouy 1,29 € Sp, xar A € (0,1) dote x = Azy + (1 — N)za.
T dedopévo € > 0, undpyouy Y1, Y2 € coEx(By,) wote ||z1 — y1]] < e xu ||z — yo| < €.
Apa

[l = (Ayr + (1= Ng2) | < Allzy =l + (1= Mlwz -yl <€
xor Ay + (1 — N)ya € coEx(By,). Suvenoe By, = coEx(By, ). O

IMAPATHPHSH. Ioylet 6t coEx(By,) & Sp,. Hodypott, av z = (z,)n € Sy, Ue zn #
0 vy drewpa n € N, t61t€ & &€ coEx(By, ), agpob xdde y = (Yn)n € coEx(By,) elvau
TEMEPAUOUEVOS XUPTOE CUVBLACUOS TV e, xat dpa untdpyet ng € N wote y, = 0 Vn > ny.

AYKHXEIX
Ytic embuevee aoxfoelc X elvon €vag yopoc Ue vopua.

1. Eow K, Ky xuptd unocOvolo tou X pe 0 € K¢ N K5, Aeléte 6u px,nk, =
max{pic,  pics - B

2. 'Eotw K xuptéd utoctvolo tou X pe 0 € K°. Aci&te 61t N{AK : A > 1} = K

3. 'Eotw K »upt6 unocbvoho tou X ue 0 € K. Aci€te 6t 10 K elvon xhetotd av xon
uovo av yia xdde evdeio £ tou diépyetar and to 0, 0 K N £ elvar xAeloTo.
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4. 'Eotw K xupté unocivoro tou X ue 0 € K°. Av g Jetixd unoypauuixd cuvoptr-
COELBEC DOTE
{reX: glr)<1l}cKc{reX: g(x) <1}
t67e detéte 6Tl g = pi.
5. (i) Eotww A, B xuptd unocivoha tou X. Aeilte 61t

co(AUB)={dz+(1—-XNy: z€ A, ye B, A€[0,1]}.
(ii) Eow A, B xvptd cupnayy) vnochvola tou X. Ael€te 6Tt
co(AU B) =co(AU B).

6. Av A C X avowxté del€te 61t 1o co A elvor avorxtéd. Eivar 1 xupth 9hxn evioc xhetotod
ouVHLoU, XheloTd ohVoho; (TddelEn: Oewphiote otov R? éva clvoro tou aroteheiton omd
o evdelor xou €va onueio extédg avthc.)

7. 'Eotw K ouunayéc xuptéd unoclvoro tou X xau ¥ € X™*. ©étouue

A={ze K: z*(x) =sup{z*(z) : z€ K}}.

(i) AelZte 6t 10 A elvon un xevéd axpofo unocivoro tou X.
(if) Aci&te 6t undpyet zp € Ex(K) dote x*(xg) = sup{z*(z) : z € K}.

8. (1) Eotwl#ACX, z* € X*xua € R. Avsup{z*(z) : z € A} < a deléte 6n
sup{z*(z) : = € ToA} <a.
(ii) "Eotw K %xupté xhewoté ppayuévo unocivoro tou X wote K = toFx(K), xou z* € X*.
Aeltte 6T

sup{z"(z): = € Ex(K)} =sup{z*(z) : = € K}.
9. 'Eotw (an)neN€ loo(N). Acilte b1t

(i) sup{ il anfn il |Bn| < 1} = sup{|an|: n € N}.

(ii) Ymdpyet (Bn)nen HE D [On] < 1 xaw > anfy = sup{|a,| : n € N} av xo yévo av
n=1 n=1
utdpyet ng € N dote sup{|an| : n € N} = |ay,]|.

10. Eotww K %upté @payuévo unochvolo tou X xou xg € X dote Y xdde z* € X,
x*(x0) < sup{z*(z): x € K}. Actte 61t 79 € K.

11. 'Ectww K xuptd unoolvolo tou X. Aeléte 6t ExK C 0K.

12. Anodei&te 6t ta povadixd oxpala onuela tne povadiadag pndhag tou C0, 1] elvar
ot ouvapthce f1, f2:[0,1] — Rpe fi(t) =1 x fo(t) = —1, Vt € [0, 1].
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KE®AAAIO 7

E¢gapuoyéc tou Oewprpuatoc Baire ctoug ywpeoug

Banach

Y10 %EQPIANO AUTO BLATUTOVOVTAL X0l OTOJELXVUOVTOL BUO amd To TAEOV VeUEADD-
n Yewpruata e Luvaptnotaxnc Avdluone, n Apy tov Ouolopdppou Pedypoatoc xou To
Oedpnua Avouxtric Aneixdviong. Kau ta 800 apopoly didtnteg teheotedv YeTagd ywpwy Ba-
nach. Kevtpixé pého otic anodellelc toug et 1o Oedpnua tou Baire. Eyouue 7on avagépet
CUVETIEIEC QUTOU OE TPOTYOUUEVY XEQAAALAL, AANS 1) XeHioT TOU oTa YewphpaTo auTol Tou
xepataiov elvor and Tic onuavTxdTepES EQappoyéc tou. Tdoo 1 Apyh tou Ouotoudppou
Podypatog 600 xar 10 Oewenuo Avouxtric Anewdviong €youv onUavTIXES CUVETELES OpLo-
wéveg and Ti¢ onoleg mapatidevtan (m.y. Oewenua Kietotol Tpaghuctoc). Enlone opilovton
xo UEAETOUVTOL Ol YWEOL TNAIXO %ot Ol BIHOTACEIC ATELPOBLAOTATWY YWewy Banach.

1. Apy" Oporopdpgpou Ppdypatog

OEQPHMA 7.1 (Apyh Opowoubpgou Ppdyuatoc). Eoww X évag xdpos Banach, Y
évag xapos pe vépua kar (T;)ier M@ 01K0YEVEIR PPAYUEVLY YPAUMIKGY TEAETTDY and
wov X otor Y. Av n awxoyévea (T;);cr elvar katd onuelo ppayuévn (6nkadn ya kde
x € X wxvVea sup{||T3(z)]| : ¢ € I} < 400) wdte elvar opobuoppa gpayuévn (dnladn
sup{||T;|| : ¢ € I} < 400).

AnOAE=H. T xdde n=1,2,... Oétoupe

A, ={z e X : |Ti(v)] <n, yoxdde i € IT}.
Egéoov A, = () T, (By[0,n]) xou eneldh Abyw tne ouvéyetog xdde T; wo T, (By [0,7])
i€l
elvar xheotéd unochivoro touv X 1o A, Ya eivar xhetotd utocivolo tou X yia xdde n =
1,2,... g touh ®AeoTOY cuvohwy. Ernione, and tnv undldeoy| yog 6tL 1 owoyévewo T

o0
elvar xatd onuelo gporyuévn, éneton 6t X = |J A, Hpdypan av z € X, dewpdvrag
n=1

n > sup{||T;(x)|| : ¢ € I} éyouue bt & € A,,.

O X elvor miipng xodpog (utodéoaue étL o X elvan ydpog Banach) dpa and 1o Oedpnua
Baire undpyet ng € N @ote int(A,,) # 0 ovvende vndpyouv zg € X xou € > 0 dote
Bx|[zg,€] C Ap,- Etot yia xdde x € X pe || — x0]| < e Yo woyle ||T;(x)]| < no yio xdde
1€l

‘Eotww tdpa tuyaio ¢ € I. T xdde x € X pe ||z]| < 1 a toydet

IT@) = Il = ST +<2) - Titzo)|

2n
(10 +10) = =2

M | =

< (TG0 + o) + [ Ti(ao) ) <

enopévoc ||T;]| < . Egboov auté woyler yia xdde i € I ovunepaivoupe 6t sup{|| T :
iel}< 2o, O

2'(7.0
>4
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ITorrEMA 7.2 (Oedpnua Banach-Steinhaus). Eotw X évag xdpog Banach, Y évag
xopos pe vépua ka1 T, : X — Y, n = 1,2,... a axolovdia ppayuévor ypapuxdv
Tedeatddv dote ya kdle x € X va vrndpyer To dpo lim T,,(x). Tdre Oétovtag T : X — Y

n

pe T(z) =limT,(x), o T eivar ppayuéros ypapjuikds teAeotrs.
AnoOAEI=ZH. Av 2,y € X xou A, 1 € R t61e
T(Ax + py) = liTILn T,(Ax + py) = )\hTILn Tn(x) + ,uliTILn To(y) = AT'(z) + uT(y)

xou Gpa o T elvan ypauuixde. Hopatnpodue 61t 1 owxoyévela Teheotdy (T, )nen Elvon xatd
onuelo gpaypévn. Hpdypatt, yio xdde x € X, n axohovdia (T5,(x))nen elvor cuyxAivouvoo
xou Gpa pporyuévn. Ané v Apyr Opolopdpgou @pdyuatos (Oedpnua 7.1) éneton du ut-
Goxer M > 0 dote ||T,|| < M vy xdde n € N. Av Jewpricovpe © € X pe |z < 1
t6te [T (z)|| < M vy xdde n = 1,2,... xou dpo epboov T(x) = li7rlnTn(3c) Yo €youpe

IT(x)]] < M. Enopévwe o tekeotic T elvon @porypévoc. O

IloprzMA 7.3. Eoww X évag xdpos ue vépua ka1 K C X dote ya kdfe x* € X* va
wyve sup{|z*(z)| : = € K} < +o00. Tdre to ovroro K elvar gpaypévo.

AnoAer=H. T xdde z € K Jewpolue 10 ouvaptnooeéc & € X** (unevduuilovpe
6Tt T X — X elvon m xavovixt, epgdteuon tov X otov X**). H owoyévewa tehestddv
(Z)zex elvon yro xatd onuelo peayuévn owoyévela teheot®y and tov X* otov R, epbdoov
vy xdde z* € X* éyovue sup{|Z(z*)] : x € K} = sup{jz*(z)| : 2 € K} < +o0.
Egboov o X* elvor yodpoc Banach ond v Apyn Ouotopdppou Ppdyuatoc €netour 6Tt
sup{||Z|| : = € K} < 400 dpasup{||z| : z € K} < 400 dnhadr| 10 K eivon pporypévo. O

ITAPAAEITMA. Ocewpolye tov Ydpo X = (coo(N), || [|oo) Tt x&de n = 1,2, ... dew-

polue tov teheot fr, 1 X — R pe f,(z) = > @ v xdde = = (z;)ien € coo(N). Kdde
i=1

n
fn elvon ypopuuxde evad || frnll < n agod yia xdde x € X éyovue |frn(x)] = | D x] <
=1

n

S x| < nl|e]|co. Oewpidvioc 10 © = (2;)ien € coo(N) pe 2; = 1 vy ¢ < mxow z; =0
i=1

vy i > n+ 1, éxovde 6T |2l = 1 xou dpat || full = fu(z) = n. Tuvendce || full = n v

e n =1,2,... xou dpa sup{||fnll : »=1,2...} = 400 dnhadn N oxoyévela TENETTOY

(fr)newn dev elvar opolopoppa peoryuévn. H owovévela teheatdV (fr)nen elvan dpwe xatd

onuelo gpayuévn. Mpdypatt, av o = (2;)ien € coo(N) t61E Yo %80 n = 1,2,... éyouue
n n

[fn(@)] = | D0 x| < D2 |zl < ||zfl1- Me o mapdderypa autd yiveton goavepd 6t 1 und-

=1

Yeon e n)ﬁpémwg Tou ywpou X oty Apyh Opowopdppou Ppdyuatoc dev pnopel va
napaheLpOet.

2. Oswphpata Avoxtic Anewxoviorne, Kieiotod I'pagpruatog

AuMMA 74, Eoww X évag ydpos Banach, Y évag ydpos ue véppa kar T : X —
Y évag gpayuérvos ypapuukds tedeotris. Av ya kdmoww v > € > 0 wyva By (0,7) C
T[Bx(0,1)] + By (0,¢) tére By (0,7) C T[Bx(0, %%)].

Eibixdrepa av By (0,7) C T[Bx(0,1)] tére By (0,7) C T[Bx(0,1)].
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AnoAEI=H. Kot apyfy napatneolue 61t and tnv unddeon woc AOyw TG YeouuixoTtnTag
tou T' énetan 6T yra xdde 6 > 0 1oy lel

By(0,0) € T(Bx(0, )] + By(0, ). 1)

'Eotw topa y € By(O r). Ou xonocoxsucxooups axohovdio (Tp)nen otov. X wote
lznl < ()" %ou ||y— Z Tai|| < =t yraxdden = 1,2,... (xou dpa hm||y Z Tzl =

0). H xoataoxeut, szroa srcocyo)ytxoc Ané my unddeon yac undpyer 1 € X ps ||x1|\ <1
k—1

oote |ly =Tz < e. Eotw thpa 6Tt €x0LV xotaoxevaoTel o1, .. ., Ty GoTe [Tk || < (£)
xou ||y — Zk:TxZH < T‘,f—: vy xé¢9e k = 1,...,n. Eyovue y — ZTxl € By (0,5=)
Spar, écpéc;o:vl and v (1) yw 0 = % npoxVnTeL 6Tt By (0, Tf:l) C T[Bx(0, sn))] +
By (0, £

n+1

) rm

) Vo undpyet Tp1 € X Y [|on 1] < (5)" dote ||(y72 Tz;)—Txa1| <

Onhad [|ly — Z Tai|

Egébcov Z lzn || < Z ()t = _15 xou 0 X elvou ywpoc Banach 1 oelpd Z Zp o
n=1 n=1 n=1
ouyxhiver oe éva @ € X. Emmiéov Yo woyle ||z < 2=. Enionc ané tn ouvéyewo tou T

xaL NS voppag Yo €youpe Ot

ly =Tzl = lly=TCQ )l =lly = Tim) )|
n=1 i=1

n n
=y~ T(Y )| =lim [y — 3 T = 0
=1 =1

o dpat y = Tx. Enouévec y € T[Bx (0, 2= )].

Trodétovtac thpa 61t By (0,7) C m énsrou 6t By (0,7) C T[Bx(0,1)] +
By (0,¢) v xde € > 0 o dpa By (0,7) C T[Bx (0, —= )] yioe xde 0 < € < 7 GUVETKOS
By (0,7) C T[Bx (0, M)] v xdde M > 1. Oewpolye rwpcx y € By (0,7) xou emmhéyouue
[yl < 6 < r. Téte y € By (0,0) = 2By (0,7) C ¢T[Bx(0,%)] = T[Bx(0,1)]. Enopévex
By(o,’l") C T[Bx(o,l)] O

OEQPHMA 7.5 (Avouxtic Anewdvione). Eotw X,Y dvo xdpot Banach kT : X —
Y gpayuévog ypaupurdg tekeotnig mov eivai eni. Téte o T efvar avoixktij ameikdévion, onAadn
yia kdde G avoikté vrnootvolo tov X to T[G] eivar avoiktd vrootvvolo tou Y.

Anoaei=H. Egéoov o T ebvar enl YV = T[X] = T[ U Bx(0,n)] = U T[Bx(0,n)]

n=1 n=1

xu dpa Y = |J T[Bx(0,n)]. Egboov 0o Y elvar miipne (vnodéoope 6t o Y elvor ydpoc
n=1

Banach) ané to Osbpnua Baire éneta 6t undpyet ng € N dote int(T[Bx (0,n)]) # 0.
‘Ouowe int(T[Bx(0,n)]) = int(nT[Bx(0,1)]) = int(nT[Bx(0,1)]) = nint(T[Bx(0,1)])
xou Gpa o éyoupe int(T[Bx(0,1)]) # 0 ocuvvenme o umdpyer yo € Y % € > 0 vote
By (yo.) € T[Bx (0, 1)].

To obvoho T'[Bx (0,1)] elvar cuuuetpixd xon xvptd. Adyw tne ouppetplac tou T[Bx (0,1)]
énetar 61t —By (yo,¢) C T[Bx(0,1)] dnhadr 6t By (—yo,€) C T[Bx(0,1)]. Eotww tdpu
y € By (0,¢). Oua éyoupe 6T yo+y € By (yo,&) C T[Bx(0,1)] xou —yo+y € By (—yo,¢) C
T[Bx(0,1)]. Ané 7o yeyovéc 6w 1o T[Bx (0,1)] elvor xupté éneton b1t y = Tlyo+y) +
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1(—yo +y) € T[Bx(0,1)]. Suvenaxe By (0,e) C T[Bx(0,1)]. Ané o Afpua 7.4 (eded
xpnowonoteltor To yeyovog 6t o X elvon mApng) éneton 6 By (0,e) C T[Bx(0,1)].

‘Eotw tdpa G éva un xevéd avoxtd vrnochvoro tou X. Qo deiouye 6t 1o T[G] elva
avoxtd urocUvoho tou Y. 'Eotw y € T[G]. Emhéyoupe = € G dote Tz = y. Epdoov 10
G elvar avowxtéd undpyet § > 0 dote Bx (z,6) C G. Eneta 6t

By(y,0e) = y+ By(0,0e) =Tz + By (0,e) C Tz + 6T[Bx(0,1)]
= T[Bx(z,0)] C T[G].
Enopévoc 1o T[G] elvar avouxto. O

IloprsMA 7.6. Eotw X, Y dvo xdpor Banach. Av T : X —'Y elvar évag gpaypévog
ypau kg tedeotns kar o T' efvar 1-1 ka1 enf téte o T' efvar 100opPLoL0S.

ANOAEIEH. Y0ugwva pe 10 Odpnua Avouxthc Amewxdvione o tekeothic T Yo elvou
avoLx T anexévion dnhadt yia xdde avowtéd utosivoro G touv X to T[G] u elvor avorxtd
unocbvoro tou Y. Egbécov o T eivor 1-1 xou enl opiletar o T-1.Y — X, evo elvon
ouveyhic (pparypévoc) apol yio xde avowxtd utochvoho G touv X 1o (T71)"HG) = TG
elvon avouxtd utochvoho Tou Y. Enopévwe o T elvol 16ouop@iogoc. O

ITorsMA 7.7. Av X elvar évas ypaupuxis xadpos, || ||, || || eivar dvo vépues oror X
dote ot (X, || ), (X, || |I') va efvar xdpor Banach kar vrdpyer M > 0 doze ||z|| < M||z|/
yia kdOe x € X tdre o vépues || || kar || || etvar woddvapes (5nradn Oa vrdpyer karm > 0
dote m||z||” < ||z|| ya kdOe x € X).

AnoAgi=H. IIpoxOntet dueca and 10 TEoNYOUUEVO TOPIGUN dPOU O THUTOTUXOC TENECTH-
cI: (X, I — (X,]| 1) etvon 1-1 enl xon gporypévoc xat dpa lval Loopop@LoRoC. O

Me 1 Bordeia Tou Afupotoc 7.4 anodetxvietar Xat 1 ETOUEVY TEOTUON.

ITroTAsH 7.8. I'a kdOe daywpioo xdpo Banach Y vndpyer évag enl ppayuévos
ypaupikés tekeotns T : 61 (N) — Y.

ATNOAEIEH. Egéoov o Y elvar Suaywplotwoc n By (0,1) elvor Staywplowun. Eow D =
{yn : n € N} éva apriuriowo nuxvd unoclvoré tne By (0, 1).

Opioupe T : £1(N) — Y pe T((An)nen) = Y. Anyn. Hapatnpolue xot’ apyhv 6Tt 0
n=1

T elvar xahd opopévoc. IMpdyuatt, yia xdde © = (A )nen € €1(N) éxovpe Y [[Anynll =
n=1

o0 &)
S Ayl < X0 1Al = 2]l < +o0 xou dpa, agod o Y elvan ydpoc Banach 1 amohdtwe
n=1

n=1

o0
ouyxhivouoa oepd Y Apy, ouyxAiver otov Y. ‘Etot o T elvar xohd opiopévoc eved elvor
n=1

Tpogavég Ot elvan Ypauuxédc. Enlone vy to tuyaio z = (Ay)nen € 41(N) woylet

1Tz =1 Ayl <D PAal = ||zl
n=1

n=1
ouvende o T elvar gpaypévog teheotic we ||T| < 1.

Anopéver va deyydel 611 o T elvon enl. Oewpwvtac tuyalo y € By (0,1), epboov 10 D
elvar muxvo oty By (0,1) xou n By (0, 1) 8ev €xel pegoveuéva anpeior UTEE)EL Lol UTOXONOU-
0iot (Y, Jnen TS (Yn)nen GOTE ||yk, — yl| — 0. Oétovtac @, = (1— L)ey, € £1(N) éyoupe
6t 2 € By, vy(0,1) xou [Ty, — y|| — 0 ovvends y € T[By, ) (0,1)]. Aci€aye hownéy ot

84



By (0,1) C T[B,(0,1)]. An6 to Afjpua 7.4 éneton 61t By (0,1) C T'[By, (w)(0,1)] ano
6mou €éneton dueca 6t o T’ elvoun enl. O

Av (X, p), (Y,d) elvor duo petpol ywpor xau f: X — Y wa ouveyfic ocuvdptnon
t61e 10 Ypdpnua tne f Snhadh to clvoko Gy = {(z,y) € X xY : f(z) = y} e
xhewot6 vnoovvoro tou X x Y. (Ilpdypott, ov (2, Yn)nen Wo axorouvdia oto Gy xou
(z,y) € X XY &bote (@, yn) — (z,y) 6T 2 2> T %00 Yy Ly Egéoov (2n,yn) € Gy
Yo €xoupe f(zn) = yn Yo xdde n =1,2,... xou dpa f () Ly Abyw NG CUVEYELNS TNS
f émetan b f(xy) < f(z) xou amd ) povadixdtnta Tou oplou Va €xoupe f(z) = y dnhoadn
(2,9) € Gy

To avtlotpogo ouwe Bev oyler Yewxd, dnAady| UTdEYoLY Un CUVEYE(C CUVAPTACEL
HETAED UETEOVY YWOPWY oV €YOLY XAEloTO yodenua. o mapdderypa n f : R — R ue
f(@) =2 vz # 0 xu f(0) = 0 éyer xhewotd ypdpnua ywplc va efvar cuveyhc (Yewpolue
tov R pe ™ ouvidn petpud). Mdhota o autéd to mapdderyua o (R, py|) elvor mhfpne
HETEXOC YWPOC Xou 1 cLVAUNG UeTpix elvon 1 PeTp| Tou endryeton and tov (R, | |) movu
elvon ywpo¢ Banach.

To Oewpnua Kiewotol loagruatog pac Aéel 6Tt oTny TEPINTWON YEOUUIXWY TEAECTMY
HETHEY ywpwv Banach to avtiotpogo woybel. Lnuewdvoupe 6t av (X, | [Ix), Y| Ilv)
elvar duo ydpot pe vépua tote otov X X Y Yewpodue t vépua ||(z, y)|| = llzllx + llylly-

Enuetdvouue 6t av (Tn)neN, (Yn)nen elvon duo axohovdiec otouc X, Y avtiotouyo xou

x € X,y €Y 16t€ (2, yn) TLN (x,y) av xor wévo av x, I o Yn L y. Enlong av

Z elvan €vag omotoodritote ywpog Banach xa T': Z — X X Y t6te o T elvar cuveyrc av
xou uovo av ot 1y o1, my o T efvon ouveyelc dmou m : X XY — X xoump: X XY — Y
elvar oL Tpoforéc otoug X xau Y avtiotowa (ot w1, m elvon npogave cuveyeic). Télog o
X xY ebvar yodpog Banach av xou pévo av ou X xar Y elvon ywpor Banach.

OEQPHMA 7.9 (K)ewotol Tpaghuatoc). Eotw X, Y dvo xydpor Banach ka1 T : X —
Y évag ypappikds tedeong. Av o ypdenua tov T eivar kAewotd tote o teheotns T efvar

ppayévos.

Anmoaer=H. To vypdonua Gr tou telecth| T' elvor Tpogaveg untdywpeog tou X X Y
AOYw NG YpopuxdtnTog Tou 1. ‘Etol egpbéoov 10 Gr elvon xhewot6 otov X X Y o Gr ue
Tov meptoploud Tng vopuag Tou X x Y elvon ydpoc Banach. O meplopiopdc tne mpofBoihc
m1 oToV LTOYWEo G, dnhadh o S = mi|q, : Gr — X elvar gpoyuévoc ypouuxds eved
epooov elvan tpogaveg 1-1 xan enl xau ot G, X elvon ywpol Banach ané to Ildpiopa 7.6 Ya
efvan woopopgiopée. ‘Etoro S = (m1]gp) ™' 1 X — Gr pe S(z) = (x, Tx) elvor gporypévoc
yoauuxoe teleothc. Enouyévwe, epdgov T'=mp 0S5 : X — Y, o T Ya elvar gpayuévoc
w¢ alvieom 800 QEAYHEVGLY YROUUXDY TEAECTOV. O

Me ta endyeva napadelyporta xotadetxvietar 6Tt oL UToYETELC TANPdTNTOC ool Oewp-
potar Avowtiic Anewdviong xaw Khieotol Tpagriuatog 6ev pnopody vo napahetpioiy.

ITAPAAEIPMATA. 1. Tlapatnpotue xatapyhy 6t o £1(N) & lo(N). Hedypatt, av z =

(Tn)nen € £1(N) té1e UTdpEyEL ng € N ote |2,] < 1 v %80e n > ng xouw dpa Y. |,]? =
n=1

no ] no [ee] no
YolealP X Jwal < YlwalP+ X el £ Xzl + |zl < +oo ouvendc
n=1 n=no+1 n=1 n=ng+1 n=1
z € £5(N). Etor £1(N) C £(N) evés (L),en € £o(N) \ £1(N).
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Mapatnpotpe tpa 6Tt 0 (¢1(N), || ||2) dev eivon xdpoc Banach. E@dcov o coo(N) eivou
nuxvoe undywpoc tou (L2(N), || |l2) xar coo(N) C 41(N) o ¢1(N) da elvon enlong muxvoc
unoyweoc oL (L2(N), || [|2). Etov agol £1(N) & £2(N) o £1(N) dev elvan xhetotdg undywpeog
tou (L2(N), | ||2) ocuverde o (£1(N),] [|2) dev elvon ydpoc Banach.

Oétovge X = ((1(N), || [11), Y = (Lr(N), || |l2) xou Yewpodye tov Towtotuxd TeAecTh
I:X — Y. 0 I elvar ypaupxog 1-1 xon enl xon elvon @paypévoc tehectic. Hpdypatt,

w z = (Tp)neny € (1(N) pe |lz]|1 < 1 t6te |zy] < 1 yio xdde n = 1,2,... cuvende
oo o0

22 = (2 |mn\2)1/2 <(X |acn|)1/2 < 1 xou 1ot éyoupe deller 6T ||I]| < 1. Opwc o [
n=1 n=1

dev elvan avowty| ametxdvion. Hpdypatt, av o I Atav avouth arexévion (dnhadh av o 11
fray gpaypévog) téte o I Ya frav ioopoppopds xou dpa o Y = (€1(N), || ||2) we toéuoppog
we tov X = (41(N), || []1) Vo Arav ydpoc Banach, dromo. To nopdderypo autd Setyvel 6t n
unodeor 6Tl 0 Beltepog ywpog elvar TAHENG 0To Oewenua Avowtic Anexdviong dev punopet
vor Tapahelpdet.

2. Adyw tne ouvéyelag tou I oto mponyoluevo mopddetyua to yedenua G tou
elvor xAelot6 unocbvoro tou X x Y. H anewdvion F: X x Y — Y x X mnou opileton
and tov tono F(z,y) = (y,x) evor mpogavde ouotopopgiopds. ‘Etol 1o F(Gr) = G-
elvon xhetoté vnoolvoro Tou Y X X. O teheotic I': Yy - X ouwe, OoTwe eldaue oto
TponyolUEvo TopddelyUa, Oev elvon ppaypévoc. Me to moapddetyyo autd Seifoue dtL Bev
unope! va mopaiepdel ) unddeon 6Tl 0 TEATOC YWEoC lvar TAYeng oTto Bewprnua Kieiotold
Cpapruartoc.

3. Av I elvon éva dnetpo otvoho cupfoliloupe pe coo(l) 0 chvoro

coo(I) ={x:1— R: {iel: x(i) # 0} nenepooyévo }.
To coo(I) elvon Bravuopatindg ywpoc pe tpdiels xatd onuelo. Elvar dueco va eheydel dtu
o tonoc ||z|i = D |z(i)] opiler wa vopua otov coo(l). (Enueidvouge 6t t0 ddpotoua
i€l

oTOV 0ploUd TNC VOPUOC Elvol TEMEPACUEVO BLOTL HOVO Ylot TETEPAOUEVAL TO TARYoC © € T
glvor (7)) # 0.) O (coo(I), ] ||1) Sev eivon yodpoc Banach. T'a va to Samiotdooupe autd
Yewpolpe wa axorovdia (iy)nen and Sagopetind avd dVo otouyela Tou I xou v xdde n
Yewpolpe To didvuoyua , € coo(l) mou opileton and ) oyéon

1 . .
= av i =1k, k<n
In(l):{2k7 ks =

0, OLAPOPETLXAL.
m
Mopatneolye 6Tt Yo n < m €YOUUE ||Tm — Tnll1 = . o5 < 5= X Gp0 1 (T )nen eivor
PATTPEOLW Y XOLH m n|ll ok on PAMN (Tn )neN
k=n+1

axohovHa Cauchy otov (coo(1), || []1). Aetyvoupe bt dev elvar cuyxiivovoca. Yrodétoupe
6t undpyer = € coo(I) dote ||z, — 2|1 == 0. E@éoov yia x&de i € I éyovye |2, (i) —
z(3)| < ||en — |1, Yo oyler lirgnmn(i) = z(i) yia xdde i € I. Apa yra xdde k = 1,2,...
Vo woyver x(ix) = 55, dT0m0 Aol x € coo(I). Enopévec o (coo(1), || [|1) dev etvor ydpoc
Banach.

Oewpole T Evay Tuyalo aneloddotato Yoeo Banach Y xor emAéyouye yro Hamel
Bdomn tou (yi)ier Pe |lysll = 1 v xdle ¢ € I. Oewpolye tov X = (coo(L), ] ||1) »ou tov
T:X — Y yueT(z) = x(i)y; xau mapatnpolpe ot o T eivon ypopmuxde 1-1 xou en.

el

O T elvar enione ppayuévoc agol yio xde x € coo(I) €xovue [|T(x)|| = || D z (sl <
i€l

Slz@)|lyill = X2 Jx@)| = ||z]li. O T Sev elvar avouxt| anexdvion, ddTL av Aoy toTe

i€l iel
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Yo Arav toopoppiopde xon dpa 0 X = (coo(1), || ||1) ws wobpoppog tou Y da frav yidpoc
Banach, dtono. Me 1o mapdderyya autd deliydnxe 6t n unddeon dtL o TpdToC YWeog elvan
Tiene oto Oedpnue Avouxthc Anewxdvione dev unopel va mopohewpiel.

4. 'Onee oxpde xou oto deltepo Tapdderyua to yedgnue Gr-1 tou teheoth T
Y — X ebvar xheiot6d ot0v Y x X, eved 0 teheothic T Bev elvon pparyuévoc 6nwe eldoye
070 TpONYOLUEVO Topdderypa (apol o T dev elvon avouxt anewdvion). To napdderypa autd
oetyver 6T oto Oewpnua Kieiotol I'pagruatog dev unopel va napakeipdei n unddeon bt
0 deUTEPOC YWPOS Elval TARETC.

3. Xaopotl mnhixa

‘Eotw X €évag yeauuxog yoeog xaL Y évag yeduuxos unoyweog tou. oz, 2 € X
optleton 1 oyéon
Ty~ Ty =X — X2 €Y

xon elvon dueco Ot 1) ~ elva oyéon tooduvapiog otov X. Enlone x1 ~ 9 <= 1 — 22 €
Y <= 21 € 22+Y xou dpo 1) xAdom wooduvayiog evog z € X elvor o obvoro {z € X 1 2z ~
z} =x+Y. O ydpoc bAwv 1wy xhdoewy tooduvapiog cuuBohiletar ye X/Y xat ovoudleto
X®poc TnAixo tou X w¢ mpog 1ov Y. Etol X/Y ={z+Y : z € X}. O X/Y egodidleton
xatd Quotoloyixd tpémo Ue mpdieic mpdodeone xou Boduwmtod molamhactacuol and Tic
OYEOELC
(21 +Y) + (22 +Y) = (21 +22) + YV
AMz+Y)=X z+Y.

Eivou dueco 6 or mpdies efvar xohd opopéves (Snhadf av 21 +Y =2i +Y xaw 22 +Y =
xh+Y tote (21 +22) +Y = (2] +25) + Y xow Azg +Y = A2} +Y) %o xadiotody tov
X/Y Bavuopotind ywpeo pe undevixd ototyelo 0o 0+Y =Y.

Trodétovpe thpa Ot (X, || ||) elvon ydpoc pe vépua xar Y ypauuixde undywede tou.
H guotohoyixr| vnodhgra vopua yio tov yweo X/Y elvar auth mou opileton and tn oyéon

e+ Y[ =inf{llz +yll: ye Y} =inf{[lx —yll: y €Y} =px,Y). (1)

An6 v Ipéraon 2.8 éneton 6t | A(x+Y)|| = |A||lz+Y || v xdde A € Rxow z+Y € X/Y.
[ v Solue v tptywvix WwBLotnto Yewpolye 21, T2 € X xou napatneolue 6Tt Yo xdde
Y1,Y2 € Y woyle

plxr +22,Y) <|lzr + 22 — (y1 +y2)|| < |z — w1l + llz2 — w2l

Yuvenax [|(z1 + x2) + V| < inf{{lzy — wall + (o2 — w2+ y1,92 € Y} = inf{[[z1 —y1] :
yr € i} +inf{flzs —wfl g2 € Yo} = [z + Y| + [Joz + V. Enopéve [[(z1 +
Y)4+ (x2 +Y)|| < |lz1 + Y| + |Jz2 + Y| xon 1 tprywvind) avicdtnta €xet derydel. Enionge
lx+Y| > 0yaxdde x+Y € X/Y. T vaeivar 1y || || mov oplotnne otny (1) vopua npénet
va oylel ||z + Y| = 0 av xou pévo av £ +Y =Y dnhadh av xou pévo av = € Y. Ouwe
lz+Y|| =0+ p(z,Y)=0<= 2 €Y. Etwon
av Y =Y, Snhodh av xor wévo av o Y glvar xhetotédc unbywpoc tou X.

| || ebvon voppa otov X/Y av xou uévo

ITrorasH 7.10. Eotw (X, || ||) évas xdpos pe vipua ka1 Y évag kAewotds vndympos
tov X. Téte 0 X/Y e

lo + Y] = ple,¥) = inf{lle + 9] : y €Y}
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efvar xyopos ue vépua karom: X — X/Y pen(z) =z +Y elvar ppayuérvos ypap ki
tedeatng. (O (X/Y, | ||) Aéyetar xdpog mnAiko tov X kar o m : X — X/Y zeleotrig
TnAiKko).

Av o X elvar ydpos Banach tite kar o (X/Y, | ||) evar xdpog Banach.

AMOAEIEH. To 6t o (X/Y, || ||) elvar ydpog ue vopua €xet detyVel nponyovuévwe. O
elvar TpoQavdS Ypoxdec eve epbooy || (z)|| = p(z,Y) < ||z|| yia xdde z € X o teheotic
T elvol ppayuévoc.

Trodétouye tdpa 6Tl 0 elvon ywpog Banach xou delyvouye oL xou 0 Ywpog TNAIxo o
(X/Y, || ']l) elvar ydpoc Banach. Edugwva pe v Hpbtoaon 2.6 apxel va del€ouye bt xdde
arohltwe cuyxAivousa oepa otov (X/Y, || ||) elvon cuyxhivouoa. Eotww (2, +Y)52, otov

X/Y dote Y ||lzn + Y| < 4o0. T x&de n = 1,2,... emhéyouue 2z, € z, + Y dote
n=1
20l < 3 + llzn + Y| Tére 2 llenll < Zl(z% Fllzn +¥) =14 3 flzn + Y| < +00
n= n= n=

o0
xa dpa, agol o X elvan ydpoc Banach, n oepd Y 2, ouyxhivel oe éva z € X. Aceiyvouue
n=1

Ot Y (2 +Y)=2z+Y.Twaxdde n=1,2,... éxovye

n=1
ID (@ +Y) =G+ = 1D (E+Y) = G+Y)I=1Q_z -2+
i=1 i=1 i=1
< D zm—2 =0
i=1
xou Gpa Y (xzy, +Y) =2+ Y. Enopévoc o (X/Y, || ||) eivor ydpoc Banach. O
n=1

ITrorasu 7.11. Eow X,Z ywpor Banach ka1 T : X — Z @payuévos ypapuikos
teAeotris enl. Tdte o ydpos tnliko X/ Ker T eivar i0duoppos tov Z.

Anoaei=H. Opilovue F @ X/KerT — Z ye F(x + KerT) = T(z). Houpatnpolue
xatapy iy 6Tt o F elvon xahd opopévoc. Mpdypatt, av z+Ker T = 2’ +Ker T téte x —z’ €
Ker T dpa T'(x — 2') = 0 ouvende T'(x) = T(z'). Enlong o F elvan ypauuixde ago

FMz+KerT) + pu(y + KerT)) = F((A\x + py) + Ker T) = T(\z + py)
= \(z) + pT(y) = AF(z+ KerT) + pF(y + Ker T')

v xdde A, g € Rxaw ¢ + Ker T,y + KerT € X/ KerT. Enionc o F eivar 1-1 agod av
F(z+KerT) = F(2'+KerT) t61e T'(x) =T (") dpa T'(x—2') = 0 dnradfjz —a’ € Ker T
ovvende x + KerT = 2’ + KerT. O F eivou xou eni. Hpdypott av z € Z té1e, egdoov o T'
elvor enl, undpyet « € X dote T(z) = z xou dpot F'(z + Ker T') = z.

Acgiyvoupe 611 0 teheotic F @ X/ KerT — Z eivon gpayuévoc pe [|[F|| < T
‘Eow = + KerT € X/KerT. I'a xdde € > 0 ynopolye va emrégovye y € = + Ker T ye
lyll < ||z + Ker T|| + & »on dpa

[1F(z+Ker T)|| = [|[F(y + Ker T)|| = [T ()l < I Tllyll < [ITll(lz + Ker T[] +¢).

Egpboov autd woydet vy xdde € > 0 éneton 6t ||[F(x + Ker T)|| < |7 - ||z + Ker T||.
‘Etot o F elvon évag 1-1 xon enl pparypévog Ypoppixde Teheothc uetall twv ywewv Banach
X/ KerT xau Z xou dpo olugwva ye to Ioptoya 7.6 o F eivan toopopgiopdc. Enopéves o
xopeoc mniixo X/ Ker T eivon tobuopgog tou Z. g
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IoprsMA 7.12. I'a kd¥e aywpionpo xdpo Banach X vndpyer évag kAeiotds vndywpos
Y zov £1(N) dote 0 ydpos nnAiko £1(N)/Y va elvar iw0duopgos ue tov X.

AnoAEI=H. And v Hpdtaon 7.8 undpyet €vac Qpapuévoc Yeouuxog tehectic T :
41 (N) — X novu eivar enl. ©étovtog Y = Ker(T) and v Hpbtaon 7.11 cuunepaivoupe
6t 0 (1 (N)/Y elvon wobpoppoc pe tov X. O

4. Awondosic xwpwv Banach

‘Evog ypopuxde yoeoc X elvor to evdl ddpotopa duo umoywewy tou Y, Z av xdde
x € X umopel va ypapel xatd povadins 1pémo ot uop i =y+2 ey €Y xou z € Z. 3e
ot TNV Tepintwon cudBolilovye X =Y @ Z. [apatnpolye 61t X =Y @ Z av xo poévo
v X =Y+ ZxuYNZ={0}. Av o X ypdgpeton g evdd ddpowopya X =Y & Z téte
opileton n anexdvion P : X — X and tov tono P(y+2z) = y xou n P elvon tawtodivopoc
Yooux6e teheoThc, dnhadr P? = P, evé P(x) = x av xow pévo av z € Y xau P(z) =0
av xot povo av ¢ € Z. H aneixévion auvth eivor 1 tpoBols ent tou Y xatd pnxog tou Z.
Avtiotpbpoc av P i X — X elvor ypopuixde tehecthc wote P? = P téte, 9étovtac
Y = P[X] xou Z = Ker(P), éyoupe X =Y @& Z xou 0 teheotic P elvar npoBols tou X
ent tou Y. (Ipdypat, éotw w € Y NZ. TéHte w € Y = P[X] xou dpo undpyet € X wote
w = P(z). Epéoov P? = P Yo éyoupe P(x) = P(P(z)) = P(w) xou dpa w = P(w). Ago0
w € Z = Ker(P) éneton 61 P(w) = 0 xou dpa w = 0 enopévac Y N Z = {0}. Av tdpu
x € X t6te x = P(z) + (I — P)(x) ye P(x) € Y xau (I — P)(z) € Ker(P) = Z epboov
P((I — P)(x)) = (P — P?)(z) = 0.) Av X elvor ypouuxoc xopoc xar Y évac umdywpoc
tou X xdde undywpoc Z Tou X wote X =Y @ Z Myeton oAyeBpind cuumAfipwua Tou Y.

Av o X elvou ydpoc ye vopuo pac evitapépouy ot TpoBoléc Tou elvar Qpayuévor ypap-
wxol teheotée. Iapatnpoldue bt av P € B(X) elvan évag ppayUévos Yeauuixos TEAECTHS
ue P2 = P 1t61e 0 Y = P[X] elvor xherot6c undywpoc tou X . Hpdypott, €016 (Yn)nen wiot
axohovHa otov Y = P[X] xou ¢ € X @ote y, — x. T xdde n emhéyovrac z, € X dote
P(zy,) = yn éyoupe 61t P(y,) = P(P(z,)) = P?(x,) = P(xy,) = yn. Adyw Tng cuvéyetoc
e P énetan 6t P(yy,) — P(x) dnhod| ¥, — P(x). Suvendoe ¢ = P(x) € P[X] xou dpa o
P[X] elvar xhetotéc.

"‘Evoc xhetot6¢ undywpeoc Y tou X AEYETUL GUUTATIOWUATIXOS UTOYWEOSC oY UTHEYEL
peaypévn (ouveyhc) mpoBorf tou X enl tou Y.

ITrorasH 7.13. Eotw X évag xdpos Banach ka1 Y évag kheiotds vndywpos touv X.
Ta axdélovla efvar 1w0060vaua:
(i) OY elvar ouumAnpopatikés vrdywpog tov X.
(il) Yrmdpyer évag kAewtds vndywpos Z tov X dote X =Y @ Z. (Xe avtiy v
Tepintwon o Z Aéyetar Ttotodoyiké ouutAnpwua tov Y kai Aéue 6t o X eivar to
Tomohoyikd evlv dipowpa wwr Y ka1 Z.)

ANOAEIEH. (i)=-(ii) Trodétoupe bt undpyer P : X — X @payUévos ypopuixdc
teheothc wote P2 = P xa P[X] = Y. O¢tovtoc Z = Ker(P) éyouue, 6mwc eldope
TPONYOLUEVWS, 6TL X =Y @ Z evid Moyw tng cuvéyetag tou P, o undywpog Z = Ker(P) =
P71({0}) etvor xhetotéc.

(il)=(i) Eotw Y, Z xkewtol vndywpeor tov X dote X =Y @ Z. Aciyvouue 6Tt o
yYoopuwode teheotic P X — X ye Py + z) = y elvon gpoayuévog. (Eivor mpogavég ot
npopavés 61t P[X] =Y xou Ker(P) = Z.) Auté da npoxdiel we ouvénela tou Yewpruatog
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Kieiotob Tpagripatoc. E@bécov o X elvon ywdpog Banach apxel va del€ouye otL t0 yedpnua
G p tou teheot| P elvan x\elotd unoclvoro tou X x X.

OewpolYE (Tn, Yn)nen W axorovda oto Gp xa (x,y) € X X X dote (2, yn) —
(z,y) xon Yo detlouye 61 (z,y) € Gp. Me v unddeon dnradn 6Tt zp, — x, Yy — Y xo
Yn = P(xn) yiot xd9e n da deifouye 61t Px) = v.

Kartopyhv agol o Y elvou xhewotée xon Y, = P(x,) € PIX]| =Y yuuxdde n=1,2,...
and To YEYOVOC Ot Y, — Y émeton oL y € Y xou dpa P(y) = y. [ xdde n, epdoov
P(zy) = yn xw yp, € Y énetar 6w P(xy, — yn) = P(zn) — Plyn) = P(xp) —yn =0
OLVETOS Ty, — Yn € Ker(P) = Z. 'Etol, agol o Z elvoar XAE6TOC XU Ty, — Y, — T — Y
gneto 6Tt . —y € Z xou dpo P(z — y) = 0. Enopévwe P(x) = P(y), dpa P(x) =y %o n
an6deln ohoxhneddnxe. O

ITorPisMA 7.14. Eoww X évag xapos Banach ka1 Y évag kAeiotdg vndywpos tov X e
remepaouévn ovvhdotaon. Tote kdle akyefpikd ovumAnipwpa tov Y eivar kar tomodoyio.
Edikdtepa o Y elvar ouumAnpwpatikés vrdywpos tov X.

AnoAEIEH. 'Eotww Z éva ahyeBpind cuunifpwpa tov Y. O Z elvon nenepacuévng ddo-
Taong undyweog Tov X dpa elvar ®Ael0TOC. BOUQWVo UE TNV TEOTYOUUEVT TROTUOT 0 Z
elvor TomOAOY G cuuTApwua Tou Y. g

ITroTasH 7.15. Eotw X évag ydpos Banach ka1 Y évag memepaouévng didotaong
undywpos tov X. Tote 0 Y elvar ouumAnpwpatikos vrdywpos.

AnoAeI=H. Kotopyhy agol o Y elvon nenepacuévne didotaone elvar xhewotéc. ‘Eotw
dimY =n xou {y1,...,yn} wo Hamel Bdon touv Y. Oewpolye yo xdde ¢ = 1,...,n
Yoouueh amewxovion f; 1 Y — Rye fi( i Ajyi) = i H f; elvon ypoupuixd ouvaptnooeidéc
Tou Y, dpa and to Yedpnua Hahn-Banl;clh undpyer F; € X* wote Fiy = fi. ©¢touye
Z = ﬂ Ker(F;).

O Z elvon xhelotde udyweoc tou X. Aelyvouue 61t X = YD Z. KO(‘EO(pX‘qV TAEATNPOVUE
6t Y NZ = {0}. EBow w € Y NZ. Téte epboov w € Y elvan w = Z AiYi €V ool
we Zyaxdde k=1,...,néyovpe 0 = Fi(w) = fr(w) = A\ xou dpa uj::l 0. Eoww tpa
x € X. Oétovye y = zn:IFz(x)yz € Y. Hapoatnpotye ot & —y € Z. Hpdypatt yia xdde

k=1,...,n é&youue 6TL

Fp(x—y) = Fy(z)— Fi(y) ZF VFi (i)

= Fi(z) - Z Fi(@) fr(yi) = Fr(z) — Fi(z) =0

xou dpa T —y € ﬂ Ker(F;) = Z. Etor X =Y @& Z ye woug Y, Z va elva xhetotol xou dpat
i=1
o Y elvar ouumAnpouatixde Uty weog Tou X. O

ITroTAsH 7.16. Eotw X évag xdpos Banach ka1 Y, Z dvo kheiotol undywpor tov X e
YNZ = {0}. Tére o urdywpos Y +7Z efvai kkewotds av ka1 udvo av p(Sy (0,1),S7(0,1)) > 0.

ANOAEIEH. Trnodétoupe 6t 0 Y + Z elvon xhetotdc undywpoc tou X. Téte o Y + 7
elvor ydpoc Banach xau dpo and tny Ipétaon 7.13 o Y @ Z elvar 1o tomoloyixd gudl
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ddpolopa TV xAeloTédy utoywewy Y, Z. Etot nnpoBori P : Y & Z — Y ye P(y+2) =y
v xdde y € Y xu z € Z elvon gparypévog tereothc. N xdde y € Sy (0,1), z € Sz(0,1)
Yo €OLUE

L=yl =Py =21 <P - ly — =l
oo ||y — 2| > H_11°H' Enopévwc

p(Sy(0,1),57(0,1)) =inf{|ly — || : vy € Sy(0,1), z € Sz(0,1)} > 0.

Trodétouue Twpa 6Tt 0 Y + Z Bev elvar xheiotéc undywpeoc tou X. Tote 1 meofBoly
P:Y®Z —YyuyePly+z) =yyaxddey €Y xu z € Z dev elvor gpayuévoc
teheothc. (IMpdypatt, unodétovtag 6t o P elvar gpaypévoe, téte xw o Q : Y &2 — Z
e Qly+2) =z v xdlde y € Y xaw z € Z Yo frav gpaypévoc agod Q = Iygz — P.
Apaotedecthc T Y @ Z — Y x Zyuye T(y+2) = (y,2) yiaxdde y € Y xu z € Z
Vo efvor ouveyhc. Ouwe xaw 0 T71: Y X Z — Y @ Z elvan xou autde cuveyhc apob elvon
0 mepLoptopde TNe tpdodeonc + 1 X X X — X otov Y X Z. Yuvendc o Y & Z Yo Yoy
ouoloop@dC Ue Tov Y X Z mou efvon ydpoc Banach w¢ ywvéuevo twv Y, Z mou etvar ywpol
Banach w¢ xheiotol undywpor Tou ydeou Banach X. Enoyévewc o Y + Z da ftav ywpog
Banach ouvende xhetotdc vndywpoc tou X, dtono.)

‘Eoww £ > 0. EmMéyouye u € Y xaw v € Z dote [|[P(u —v)|| > Z|lu — v|| dnhodA

full > 2[ju+ v|| o dpa Hmu - ”—iHUH < 5. Oétouue y = mu XL w = ”%v. Téte
y € Sy(0,1) xou [ly —w| < 5. Enetaw 6t [|Jw]| = 1| = [[Jw| = [|y]l| < [lw—y| < §. Oéroupe
z= mw € 5z(0,1). Eyovpe
€ 1
p(Sy(0,1),52(0,1)) < ly =2l < lly —wl + llw =2l < 5 +lw— mwll
€ € €
= — — ]_ — — =

bl 1< S+ 5=

Aol auté woylel v xdde & > 0 éneton 6L p(Sy (0,1),5%(0,1)) = 0. O

ITAPATHPHSEIS. Ytoug xhaootxols yodpous (£,(N), 1 < p < oo, C[0,1]) ot cuunhnpw-
patol LTdYWEOL AUTAY €YOLY dour| TaEOUOLNL UE TN DOUT] OAOXANEOU TOU YWEOU. XuY-
xexpwéva, av 1 < p < oo xdde anepodidotatoc cLUTANEWUATIXGC UTGYWeoS Tou £ (N)
elvan toopopgxde pe tov £, (N). Edixdtepa otov £og (N) Sev undpyet xavévog dloywpioog
CLUTATPWUATXOC UTOYWeoS. Enfong yia 1 < p < 0o xdle anelpodidotatog XAELGTOC UTS-
xwpeos oL £,(N) éyer évav tepoutépw UTOYWPO ToU EfVaL CULTANPWUATIXGS UTOYWPOS TOU
£,(N). Ztov C[0,1] xdde cupmAnpouatixds UToYWEoS Tou Tou Exel un doywplowo duixd
elvan toopopgxde pe tov C|0,1]. Tlapouéver avouxtd mpdBinua av xdde aneipodidototog
ouuTAnELuaTXdS LTOYWEoc Tou C[0, 1] Tou éyet draywpiolo duixd elvar loopopPXdS e
tov C(K) vy xdnoto aprdufoto ovunayéc obvoro K (ao@olids €vac TETolog Ywpog dev
uropel va elvon toopopexde we tov C[0, 1] apod o C0, 1]* eivar un draywplotpoc).

To anoteréoparta autd €xouy detydel T dexaetior tou 1960 and toug A. Pelczynski xau
H.P. Rosenthal yetayevéotepa dnAad| and 1 eueiinon xo o apyixd Paoxd anoteréo-
patar Tng Yewplag ywewv Banach otic apyéc tou exootol auwdva xar anoteAoly xouPind
onuelo g Yewplog.

O xhaoowol yopor £,(N), 1 < p < oo xou C[0,1] elvar Thololol 6e GUUTANEL-
HaTeo0g LToYWEOLC xat €10t xadévag and autole uropel va ypagel ue Tohholc Tpdmouc
w¢ TomoAoY6 eudl dlpooua Y @ Z 500 anelpodldoTatmy XAELGTOY Untoywpwy tou. Tlapd-
Ao autd undpyouy yweot Banach ot omolol dev efvor draondotuot dnhady| dev umopoliv va
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Yeupoly we TomoloyLxd evldd ddpotopa Y @ Z ye toug Y, Z va glvor xat oL 500 anelpodLdo-
tatot. (Puowd av o Y elvon memepaopévne Sdotaone undywpeos evoc ykpou Banach X
onwe eldope otny Ilpdtaon 7.15 mdvta uTdpyEel xAel0TOC UTdYWeoc Z Tou X wote o X
va Ypdpetal we tonohoyixd eudl ddpoioya X =Y @ Z.) To 1992 xotaoxeudotnxe and
touc W.T. Gowers xau B. Maurey évoc ywpoc Banach xavévac xhetotdg undywpog tou
omolou dev umopel va yYpupel we Tomoloyixd eudl dipotopa 00 ATELPOBLACTATWY UTO-
xWewv tou. O Yoot mou €youv auTh TNV WL6TNTA ovopdotnxay Kodohxd Addonactot
xat omodely oy TOMES YEVIXEC WOLOTNTEC oWTWY, PETAED TV OOV 6Tl XAVEVAS UTO-
xwpoc evoc Kadohnd ASidonactou ytpou dev elvar LloORop@ixds Ue OAOXANRO TOV YKDEO.
Auté Belyver 6T uTdpyouy ywpol Banach mou éyouv tekelwe dtapopetinf| Sour and Toug
xhaooixolg yopoug. Ta tedeutaio ypdvia or Koadohxd Adidonaotor yohpol £xouy YekeTr-
Vel extevdg, el XaTaoxeLUoTEL Yol OAOXANET YEVIA Amd TETOLOUC YWPOUC X0l XAUTEYOUV
AoV Eval XEVTELXO xoupdTt TNg Yewplag ywpwv Banach. EmnmAéov anotehody éva avoxtd
nedlo €peuvag xou UTEEYOLY TOANS avoTd epwThNTa Tou oyeTtiCovtar ue toug Kadohuxd
ABidonacTtoug ydpouc.
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