
Basika ajroismata

Gia n ≥ 1 jetikì akèraio isqÔei

n∑
i=1

i = 1 + 2 + · · ·+ n =
n(n+ 1)

2
,

n∑
i=1

i2 = 12 + 22 + · · ·+ n2 =
n(n+ 1)(2n+ 1)

6
.

To pr¸to �jroisma mac bohj�ei na broÔme to �jroisma diadoqik¸n ìrwn arijmhtik c proìdou. Dhlad 

a1 + (a1 + ω) + (a1 + ω) + · · ·+ (a1 + (n− 1)ω) = n
(2a1 + (n− 1)ω)

2
.

'Ajroisma ìrwn gewmetrik c proìdou
n∑

i=0

ri = 1 + r + r2 + · · ·+ rn =
rn+1 − 1

r − 1
gia r 6= 1 (1)

∞∑
i=0

ri = 1 + r + r2 + · · · = 1

1− r
gia |r| < 1 (2)

∞∑
i=1

iri−1 = 1 + 2r + 3r2 + · · · = 1

(1− r)2
gia |r| < 1 (3)

∞∑
i=2

i(i− 1)ri−2 = 2 + 6r + 12r2 + · · · = 2

(1− r)3
gia |r| < 1 (4)

Sthn (1), ajroÐzoume touc pr¸touc n + 1 ìrouc miac gewmetrik c proìdou me pr¸to ìro 1 kai lìgo
r. Autì sunep�getai ìti an èqoume n diadoqikoÔc ìrouc gewmetrik c proìdou a1, ra1, . . . , r

n−1a1 to
�jroisma touc eÐnai

a1 + a1r + . . .+ a1r
n−1 = a1

rn − 1

r − 1
.

H (2) prokÔptei apo thn (1) paÐrnontac n→∞.
Oi (3), (4) prokÔptoun apo thn (2) me parag¸gish. Profan¸c èqoun kai ekdìseic an h �jroish stamat�ei
se k�poio peperasmèno n. Dhlad 

∑n
i=1. 'Omoia kai autèc prokÔptoun apì thn (1) me parag¸gish.

Di¸numo NeÔtwna

Gia a, b ∈ C, n ≥ 1

(a+ b)n =

n∑
k=0

(
n

k

)
akbn−k

Dunamoseir� thc ekjetik c

Gia x ∈ C,

ex =

∞∑
k=0

1

k!
xk

Dunamoseir� tou logarÐjmou

Gia x ∈ (−1, 1]

log(1 + x) = x− 1

2
x2 +

1

3
x3 + · · · =

∞∑
k=1

(−1)k−1

k
xk

log eÐnai o log�rijmoc me b�sh to e.



Parat rhsh: Di�fora ajroÐsmata upologÐzontai me qr sh twn pio p�nw. Gia par�deigma,

ex
2/2 =

∞∑
k=0

1

k!2k
x2k, qk + qk+1 + · · ·+ qn = qk

qn−k+1 − 1

q − 1
,

∞∑
k=1

k

2k
= 2,

log 2 =
∞∑
k=1

(−1)k−1

k
, 2n =

n∑
k=0

(
n

k

)
, 3n =

n∑
k=0

(
n

k

)
2k

n∑
k=1

sin(kx) = Im

(
n∑

k=1

eikx

)
= Im

(
eix

einx − 1

eix − 1

)
= · · · =

cos(x/2)− cos
(
(n+ 1

2)x
)

2 sin(x/2)
, x ∈ R

To teleutaÐo par�deigma den mac qrei�zetai sto m�jhma, dÐnetai apl¸c gia na faneÐ h qrhsimìthta twn
basik¸n ajroism�twn pio p�nw.


