
PIJANOTHTES I

Exet�seic SeptembrÐou 2010 - Om�da A

1. (15 bajmoÐ) Se mÐa rÐyh duì (diakekrimènwn) amerìlhptwn zari¸n, poi� eÐnai h pijanìthta to �jroisma
twn endeÐxewn touc na eÐnai to polÔ 10?

2. (20 bajmoÐ) Gia ta nomÐsmata A1, A2, h pijanìthta emf�nishc thc èndeixhc “kefal ” se mi� rÐyh eÐnai
p1 = 1/2, p2 = 1/10 antÐstoiqa. Epilègoume tuqaÐa èna apo ta dÔo (me Ðsh pijanìthta) kai ekteloÔme
diadoqikèc rÐyeic mèqri thn emf�nish gia pr¸th for� thc èndeixhc “kefal ”. 'Estw N o apaitoÔmenoc
arijmìc rÐyewn.

(a) Na brejoÔn oi pijanìthtec P (N = k), P (N ≥ k) gia k = 1, 2, . . .

(b) An se mÐa pragmatopoÐhsh tou peir�matoc èqoume N = 6, poiì nìmisma eÐnai pijanìtero na eÐqame
epilèxei sthn arq ? DÐnetai ìti 56 < 95.

3. (20 bajmoÐ) H tuqaÐa metablht  X akoloujeÐ thn ekjetik  katanom  me par�metro λ ∈ (0,∞),
dhlad  me puknìthta λe−λx1(0,∞)(x).

(a) Na brejeÐ h puknìthta thc tuqaÐac metablht c Y := 1/X.

(b) Na upologistoÔn analutik� oi mèsec timèc E(X2), E(1/X2).

4. (20 bajmoÐ) 'Estw (X,Y ) didi�stath tuqaÐa metablht  me sun�rthsh puknìthtac pijanìthtac

f(x, y) :=

{
2
3x+ 4

3y gia 0 < x, y < 1,

0 diaforetik�.

(a) Na upologisteÐ h pijanìthta P (X > 3Y ) .

(b) Na upologisteÐ h sundiakÔmansh twn X,Y .

(g) EÐnai oi X,Y anex�rthtec?

5. (20 bajmoÐ) (a) Na upologisteÐ h ropogenn tria MX(t) := E(etX) an h X akoloujeÐ thn ekjetik 
katanom  me par�metro λ. Gia poi� t ∈ R eÐnai h MX(t) peperasmènh?

(b) Poièc apo tic sunart seic

H1(t) :=

{
4/(2− t) gia t ∈ (−∞, 2),

∞ gia t ∈ [2,∞),
H2(t) :=

{
6

(2−t)(3−t) gia t ∈ (−∞, 2),

∞ gia t ∈ [2,∞),

H3(t) := cos t gia k�je t ∈ R
eÐnai ropogenn triec miac tuqaÐac metablht c me timèc sto R? Dikaiolog ste thn ap�nthsh sac.

6. (20 bajmoÐ) JewroÔme mia akoloujÐa rÐyewn enìc amerìlhptou zarioÔ. Gia j jetikì akèraio, jètoume
Xj = 1 an to apotèlesma thc j rÐyhc eÐnai 5   6, kai Xj = 0 diaforetik�.

(a) Na upologisteÐ h mèsh tim  kai h diaspor� thc X1.

(b) 'Estw T o arijmìc twn apotelesm�twn 5   6 stic pr¸tec 1800 rÐyeic. Na upologisteÐ proseggistik�
h pijanìthta P (580 < T < 640).

DÐnetai ìti Φ(1) ≈ 0.8413,Φ(1.5) ≈ 0.9332,Φ(2) ≈ 0.9773...

'Arista eÐnai to 100. H di�rkeia thc exètashc eÐnai 3 ¸rec. KALH EPITUQIA!
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LÔseic

1. 'Estw X1, X2 oi endeÐxeic twn dÔo zari¸n met� thn rÐyh. H zhtoÔmenh pijanìthta eÐnai

P (X1 +X2 ≤ 10) = 1− P (X1 +X2 > 10) = 1− P (X1 +X2 = 11)− P (X1 +X2 = 12)

= 1− P (X1 = 5, X2 = 6)− P (X1 = 6, X2 = 5)− P (X1 = 6, X2 = 6)

= 1− 3

62
=

33

36
=

11

12
.

2. (a)

P (N = k) = P (N = k | epilègoume to A1)P (epilègoume to A1)

+ P (N = k | epilègoume to A2)P (epilègoume to A2)

= p1(1− p1)k−1
1

2
+ p2(1− p2)k−1

1

2
.

H teleutaÐa isìthta isqÔei giatÐ dedomènou ìti èqoume epilèxei p.q. to A1, to nìmisma prèpei na fèrei
thn èndeixh “gr�mmata” stic pr¸tec k − 1 rÐyeic kai èpeita “kefal  ” sthn k rÐyh. 'Etsi prokÔptei o
par�gontac p1(1− p1)k−1.

'Omoia brÐskoume

P (N ≥ k) = (1− p1)k−1
1

2
+ (1− p2)k−1

1

2
.

H apaÐthsh N ≥ k isodunameÐ me to na èrjei h èndeixh “gr�mmata” stic pr¸tec k − 1 rÐyeic. Apo autì
prokÔptoun oi par�gontec (1− p1)k−1, (1− p2)k−1.

(b) UpologÐzoume to phlÐko

P ( epilègoume to A1 |N = 6)

P ( epilègoume to A2 |N = 6)
=
P ( epilègoume to A1, N = 6)/P (N = 6)

P ( epilègoume to A2, N = 6)/P (N = 6)

=
P (N = 6 | epilègoume to A1)P (epilègoume to A1)

P (N = 6 | epilègoume to A2)P (epilègoume to A2)
=
p1(1− p1)5

p2(1− p2)5
= 5

(
5

9

)5

=
56

95
< 1.

H teleutaÐa anisìthta dÐnetai sthn ekf¸nhsh. 'Ara eÐnai pijanìtero na èqoume epilèxei to nìmisma A2.

3. (a) Gia thn katanom  thc X gnwrÐzoume ìti P (X ≥ z) = e−λz gia k�je z ≥ 0. Opìte gia y > 0
èqoume

P (1/X ≤ y) = P (X ≥ 1/y) = e−λ/y

en¸ gia y ≤ 0 isqÔei P (1/X ≤ y) = 0. 'Ara h sun�rthsh katanom c thc Y eÐnai

FY (y) =

{
e−λ/y an y > 0,

0 an y ≤ 0.

H FY eÐnai suneq c pantoÔ (�ra den up�rqoun �toma) kai paragwgÐsimh me suneq  par�gwgo sto
sumpl rwma enìc peperasmènou sunìlou (sto R \ {0}), kai �ra h Y eÐnai suneq c tuqaÐa metablht 
me puknìthta thn par�gwgo thc FY . Dhlad 

fY (y) =
λ

y2
e−λ/y1(0,∞)(y)

gia y ∈ R.

(b) H pr¸th mèsh tim  upologÐzetai me paragontik  olokl rwsh



E(X2) =

∫ ∞
0

x2λe−λx dx = −
∫ ∞
0

x2(e−λx)′ dx = 2

∫ ∞
0

xe−λx dx = − 2

λ

∫ ∞
0

x(e−λx)′ dx

=
2

λ

∫ ∞
0

e−λx dx =
2

λ2
.

'Epeita

E(1/X2) =

∫ ∞
0

λe−λx
1

x2
dx ≥ λe−λ

∫ 1

0

1

x2
dx = λe−λ[−1/x]10+ =∞.

'Ara E(1/X2) =∞.

4. (a) H zhtoÔmenh pijanìthta isoÔtai me∫∫
x>3y

f(x, y) dxdy =

∫ 1

0

∫ x/3

0

(
2

3
x+

4

3
y

)
dydx =

∫ 1

0

(
2

9
x2 +

2

33
x2
)
dx =

8

81
.

(b) Oi X,Y eÐnai fragmènec tuqaÐec metablhtèc �ra orÐzontai kai eÐnai peperasmènec oi deÔterec
ropèc touc kai h sundiakÔmansh touc. Ja qrhsimopoi soume ton tÔpo Cov(X,Y ) = E(XY )−EXEY .
UpologÐzoume ìti

E(XY ) =

∫ 1

0

∫ 1

0
xyf(x, y) dxdy =

2

3

∫ 1

0

∫ 1

0
x2y dxdy +

4

3

∫ 1

0

∫ 1

0
xy2 dxdy

= 2

∫ 1

0

∫ 1

0
x2y dxdy = 2

1

3

1

2
=

1

3
.

'Omoia brÐskoume ìti

EX =

∫ 1

0

∫ 1

0
xf(x, y) dxdy = ... =

5

9
,

EY =

∫ 1

0

∫ 1

0
yf(x, y) dxdy = ... =

11

18
,

kai �ra Cov(X,Y ) = −1/162.

(g) An oi X,Y  tan anex�rthtec, tìte h sundiakÔmansh touc ja  tan 0, en¸ apo prohgoÔmeno er¸thma
eÐnai diaforetik  tou 0. Enallaktik�, to blèpoume apo to ìti h puknìthta den eÐnai to ginìmeno twn
perij¸riwn puknot twn.

5. (a) MX(t) =
∫∞
0 etXλe−λx dx = λ

∫∞
0 e−(λ−t)x dx. An t ≥ λ, o oloklhrwtèoc eÐnai pantoÔ

megalÔteroc h Ðsoc tou 1, opìte MX(t) = ∞. En¸ an t < λ, to olokl rwma sugklÐnei, kai paÐrnoume
MX(t) = λ/(λ− t).

(b) H ropogenn tria MZ miac tuqaÐac metablht c Z me timèc sto R ikanopoieÐ MZ(0) = 1,MZ(t) > 0
gia k�je t ∈ R. H H1 parabi�zei ton pr¸to periorismì en¸ h H3 parabi�zei ton deÔtero.

Gia thn H2, paÐrnoume dÔo anex�rthtec tuqaÐec metablhtèc X,Y pou èqoun katanom  ekjetik  me
paramètrouc 2 kai 3 antÐstoiqa. Apì to er¸thma (a) kai apo thn idiìthta MX+Y = MXMY , pou isqÔei
giatÐ oi X,Y eÐnai anex�rthtec, èpetai ìti h H2 eÐnai h ropogenn tria twn X + Y .

6. (a) H X1 eÐnai Bernoulli tuqaÐa metablht  me pijanìthta epituqÐac p = P (X1 = 1) = 1/3. Opìte
E(X2

1 ) = E(X1) = 1× P (X1 = 1) + 0× P (X1 = 0) = 1/3, kai Var(X1) = E(X2
1 )− E(X1)

2 = 2/9.

(b) Jètoume Sn := X1 + · · ·+Xn gia k�je jetikì akèraio n. To kentrikì oriakì je¸rhma lèei ìti h
akoloujÐa twn tuqaÐwn metablht¸n (

Sn − n/3√
(2/9)n

)
n≥1

sugklÐnei kat� katanom  sthn tupik  kanonik  katanom , N(0, 1).
Gia n = 1800, èqoume Sn = T , n/3 = 600 kai

√
(2/9)n = 20, opìte



P (580 < T < 640) = P

(
580− 600

20
<
S1800 − 600

20
<

640− 600

20

)
≈ P (−1 < Z < 2) = Φ(2)−Φ(−1).

H Z eÐnai mia tuqaÐa metablht  me katanom  N(0, 1), kai h prosèggish prokÔptei apo to kentrikì oriakì
je¸rhma. Tèloc, epeid  h Z eÐnai suneq c tuqaÐa metablht  me puknìthta �rtia sun�rthsh, èqoume
Φ(−1) + Φ(1) = 1. 'Ara h zhtoÔmenh prosèggish eÐnai Φ(2) + Φ(1)− 1 ≈ 0.8186.


