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OdhgÐec Qr shc

To parìn DEN eÐnai didaktikì biblÐo. EÐnai oi shmei¸seic twn dialèxewn kai twn frontisthrÐ-
wn tou maj matoc {Pijanìthtec} ìpwc autì did�sketai sto Tm ma Plhroforik c tou OikonomikoÔ
PanepisthmÐou Ajhn¸n. To m�jhma did�sketai se èna ex�mhno (to deÔtero), kai ì,ti perièqetai ed¸
kalÔptetai se perÐpou 40 dÐwrec dialèxeic (ta frontist ria eÐnai enswmatwmèna stic dialèxeic). Oi
shmei¸seic dÐnontai hlektronik� stouc foithtèc.

H diamìrfwsh thc Ôlhc tou maj matoc, kai sunep¸c twn shmei¸sewn, èqei gÐnei lamb�nontac up'
ìyin tic ufist�menec gn¸seic kai to gegonìc ìti to m�jhma did�sketai sto deÔtero ex�mhno enìc
tm matoc Plhroforik c.

Den up�rqei upokat�stato thc se b�joc melèthc enìc kaloÔ biblÐou gia thn katanìhsh tou anti-
keimènou, ìpwc kai den up�rqei upokat�stato thc fusik c parousÐac sto amfijèatro. Sunep¸c, den
sunist�tai stouc foithtèc, oÔte na qrhsimopoi soun tic shmei¸seic san biblÐo, oÔte wc upokat�stato
thc parakoloÔjhshc. AntÐjeta, o skopìc touc eÐnai:

1. Na dieukolÔnoun thn parakoloÔjhsh twn foitht¸n, mia pou den ja qrei�zetai na antigr�foun
ì,ti gr�fetai ston pÐnaka, sun jwc upì dusmeneÐc sunj kec.

2. Na dieukolÔnoun thn melèth thc Ôlhc pou did�qthke se sunduasmì me to biblÐo.

3. Na bohjoÔn touc foithtèc pou den parakoloÔjhsan k�poiec dialèxeic na meÐnoun se epaf  me
to m�jhma.

EpÐshc oi shmei¸seic Ðswc bohj soun ¸ste ìsoi foithtèc brÐskontai sto amfijèatro na mhn eÐnai ekeÐ
apl¸c gia na {p�roun tic shmei¸seic}.

To parìn keÐmeno eÐnai upì diark  exèlixh. Ja ektim soume idiaitèrwc opoiad pote prìtash gia
th beltÐws  tou ìpwc kai tuqìn parathr seic sqetik� me orjografik�/tupografik� sf�lmata, l�jh
stic ask seic kai k�je fÔsewc prìblhma. Ja eÐnai qar� mac epÐshc an to qrhsimopoi soun kai �lloi
did�skontec.
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iv PERIEQ�OMENA



Kef�laio 1

ZeÔgh Diakrit¸n TuqaÐwn Metablht¸n

H ènnoia thc sun�rthshc pijanìthtac mac epitrèpei thn memonwmènh melèth T.M. Se
probl mata ìmwc ìpou emfanÐzontai pollèc T.M, h memonwmènh melèth k�je miac apì
autèc den apokalÔptei ta p�nta. FantasteÐte gia par�deigma pwc k�poioc rÐqnei dÔo
z�ria me tètoio trìpo ¸ste

P ((1, 1)) = P ((2, 2)) = P ((3, 3)) = P ((4, 4)) = P ((5, 5)) = P ((6, 6)) =
1

6
,

en¸ ìla ta �lla endeqìmena èqoun mhdenik  pijanìthta. EÔkola mporoÔme na upolo-
gÐsoume ìti, memonwmèna, k�je èna apì ta z�ria eÐnai {dÐkaio}, afoÔ h pijanìthta na
prokÔyei opoiod pote noÔmero eÐnai 1

6 . O sunduasmìc twn rÐyewn, ìmwc, DEN eÐnai
{dÐkaioc}, kai autì eÐnai k�ti pou den mac apokalÔptoun oi sunart seic pijanot twn
kajenìc apì ta dÔo z�ria! To kenì autì kalÔptetai apì thn apì koinoÔ sun�rthsh
pijanìthtac, thn sundiakÔmansh, kai �llec ènnoiec pou ja doÔme se autì to kef�laio.

1.1 Apì KoinoÔ Sun�rthsh Pijanìthtac

Orismìc 1.1. (Apì koinoÔ kai perij¸riec sunart seic pijanìthtac) 'Estw dÔo
diakritèc T.M. X, Y pou orÐzontai ston Ðdio q¸ro pijanìthtac (Ω,A, P ).

1. OrÐzoume thn apì koinoÔ sun�rthsh pijanìthtac wc thn sun�rthsh fX,Y (x, y) :
R× R→ [0, 1] pou orÐzetai wc:

fX,Y (x, y) = P (X = x, Y = y), ∀x, y ∈ R.

2. Oi sunart seic pijanìthtac twnX, Y kaloÔntai perij¸riec sunart seic pijanìthtac.

Sumb�seic: 1) Se autèc tic shmei¸seic, ìpote se èna je¸rhma, par�deigma,   �skhsh
emfanÐzontai toul�qiston dÔo tuqaÐec metablhtèc, ja upojètoume ìti orÐzontai ston
Ðdio q¸ro pijanìthtac, kai den ja to zht�me rht�. Autì eÐnai aparaÐthto gia na

1
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orÐzontai posìthtec ìpwc P (X = x, Y = y) = P ({ω ∈ Ω : X(ω) = x, Y (ω) = y}),
E(X + Y + Z), E(XY ).

2) Gia mÐa sun�rthsh X : Ω→ Rn jètoume

SX := X(Ω) = {X(ω) : ω ∈ Ω} ⊂ Rn

to sÔnolo tim¸n thc. MÐa tètoia X thn lème n-di�stath tuqaÐa metablht  an

X−1(I) ∈ A gia kaje upodi�sthma I tou R.

Parat rhsh: H (X, Y ) tou OrismoÔ 1.1 eÐnai mia didi�stath tuqaÐa metablht . Ta
sÔnola tim¸n SX , SY , twn X, Y eÐnai arijm sima afoÔ eÐnai diakritèc tuqaÐec metablh-
tèc. 'Ara kai to sÔnolo tim¸n, S(X,Y ), thc (X, Y ) eÐnai arijm simo wc uposÔnolo tou
SX × SY . Profan¸c ta mìna (x, y) gia ta opoÐa endeqomènwc h fX,Y eÐnai diaforeti-
k  apì to mhdèn eÐnai ta stoiqeÐa tou S(X,Y ), giatÐ gia ta upìloipa (x, y), to sÔnolo
{X = x, Y = y} = {ω ∈ Ω : (X(ω), Y (ω)) = (x, y)} = ∅, kai �ra èqei pijanìthta 0.

Par�deigma 1.1. (DÔo progr�mmata) DÔo diaforetik� progr�mmata katanèmontai
tuqaÐa se treic upologistèc, qwrÐc k�poio apì aut� na deÐqnei protÐmhsh se k�poion
upologist , kai anex�rthta to èna apì to �llo. 'Estw X, Y, Z ta pl jh twn program-
m�twn pou katèlhxan ston k�je upologist , �ra X + Y + Z = 2. Ac exet�soume tic
dÔo metablhtèc X, Y . H pijanìthta na èqoume X = 0 kai Y = 0 eÐnai h pijanìthta
tou endeqìmenou kai ta dÔo progr�mmata na p gan ston trÐto upologist :

fX,Y (0, 0) = P (X = 0, Y = 0) =
1

3
× 1

3
=

1

9
.

ParomoÐwc, h pijanìthta na èqoume X = 0 kai Y = 1 eÐnai h pijanìthta to pr¸to
prìgramma na p ge ston upologist  2 kai to deÔtero ston 3,   antÐstrofa, dhlad ,

fX,Y (0, 1) = P (X = 0, Y = 1) =
1

3
× 1

3
+

1

3
× 1

3
=

2

9
.

Me ton Ðdio trìpo mporoÔn na upologistoÔn ìlec oi timèc thc fX,Y , pou sunoyÐzontai
ston akìloujo pÐnaka:

x 0 1 2
y

0 1/9 2/9 1/9

1 2/9 2/9 0

2 1/9 0 0
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'Estw, t¸ra, pwc jèloume na upologÐsoume apì tic �nw timèc tic timèc thc pe-
rij¸riac sun�rthshc pijanìthtac thc X. Qrhsimopoi¸ntac ton kanìna thc olik c
pijanìthtac èqoume

fX(1) = P (X = 1) = P (X = 1, Y = 0) + P (X = 1, Y = 1) + P (X = 1, Y = 2)

= fX,Y (1, 0) + fX,Y (1, 1) + fX,Y (1, 2) =
2

9
+

2

9
+ 0 =

4

9
.

'Ara, gia na broÔme thn fX(1), ajroÐsame ìlec tic timèc tou pÐnaka pou antistoiqoÔsan
sthn st lh X = 1. Me parìmoio trìpo, ajroÐzontac tic timèc stic st lec X = 0
kai X = 2 brÐskoume tic fX(0) kai fX(2). AntÐstoiqa, ajroÐzontac tic timèc pou
brÐskontai sthn k�je gramm  Y = y tou pÐnaka, brÐskoume tic pijanìthtec fY (y).
Sumplhr¸netai ètsi o akìloujoc pÐnakac:

x 0 1 2
y fY (y)

0 1/9 2/9 1/9 4/9

1 2/9 2/9 0 4/9

2 1/9 0 0 1/9

fX(x) 4/9 4/9 1/9

Lìgw tou ìti oi timèc twn maz¸n fX(x) kai fY (y) pou aforoÔn mìno mÐa ap' tic dÔo
T.M. mporoÔn na graftoÔn, ìpwc pio p�nw, sto {perij¸rio} tou pÐnaka thc apì koinoÔ
sun�rthshc pijanìthtac, oi epÐ mèrouc sunart seic pijanìtht�c touc orÐsthkan �nw
san perij¸riec.

L mma 1.1. (Idiìthtec apì koinoÔ sun�rthshc pijanìthtac) 'Estw dÔo diakritèc
T.M. X, Y me sunart seic pijanìthtac fX(x) kai fY (y), antÐstoiqa. H apì koinoÔ
sun�rthsh pijanìtht�c touc fX,Y (x, y) èqei tic ex c idiìthtec:

1.
∑

(x,y)∈R2

fX,Y (x, y) = 1.

2. Gia k�je A ⊂ R2,

P ((X, Y ) ∈ A) =
∑

(x,y)∈A
fX,Y (x, y). (1.1)

3.

fX(x) =
∑
y∈R

fX,Y (x, y) gia k�je x ∈ R, kai

fY (y) =
∑
x∈R

fX,Y (x, y) gia k�je y ∈ R.
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Apìdeixh. 1. Gia diaforetik� zeÔgh tim¸n (x, y) ∈ S(X,Y ) ta endeqìmena {X =
x, Y = y} eÐnai xèna metaxÔ touc, kai profan¸c h ènwsh touc kalÔptei ìlo
to deigmatikì q¸ro Ω, �ra apì thn arijm simh prosjetikìthta thc pijanìthtac
(afoÔ S(X,Y ) arijm simo) èqoume

1 = P (Ω) = P

 ⋃
(x,y)∈S(X,Y )

{X = x, Y = y}

 =
∑

(x,y)∈S(X,Y )

P (X = x, Y = y)

=
∑

(x,y)∈S(X,Y )

fX,Y (x, y) =
∑

(x,y)∈R2

fX,Y (x, y)

H teleutaÐa isìthta isqÔei giatÐ sto deÔtero �jroisma oi ìroi me (x, y) /∈ S(X,Y )

isoÔntai me 0.

2. Me parìmoio trìpo èqoume

P ((X, Y ) ∈ A) = P

 ⋃
(x,y)∈A∩S(X,Y )

{X = x, Y = y}


=

∑
(x,y)∈A∩S(X,Y )

P (X = x, Y = y) =
∑

(x,y)∈A
fX,Y (x, y).

3. Tèloc, gia dedomèno x kai gia ìla ta diaforetik� y, ta endeqìmena {X = x, Y =
y} eÐnai xèna metaxÔ touc kai h ènws  touc isoÔtai me to endeqìmeno {X = x}.
'Ara, p�li apì thn arijm simh prosjetikìthta thc pijanìthtac, èqoume thn trÐth
idiìthta:

fX(x) = P (X = x) = P

 ⋃
y∈SY

{X = x, Y = y}


=

∑
y∈SY

P (X = x, Y = y) =
∑
y∈SY

fX,Y (x, y) =
∑
y∈R

fX,Y (x, y).

H antÐstoiqh sqèsh gia thn fY (y) apodeiknÔetai me akrib¸c ton Ðdio trìpo. (Pa-
rathr ste ìti autì to skèloc ja mporoÔse na prokÔyei kai wc eidik  perÐptwsh
tou prohgoÔmenou.)

Par�deigma 1.2. (DÔo z�ria � sunèqeia) RÐqnoume èna z�ri dÔo forèc. 'Estw
pwc oi rÐyeic eÐnai anex�rthtec kai to z�ri dÐkaio. Oi timèc thc apì koinoÔ sun�rthshc
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pijanìthtac fX,Y (x, y) twnX, Y eÔkola upologÐzontai wc ex c: gia k�je zeÔgoc (x, y)
ìpou x, y = 1, 2, 3, 4, 5, 6 èqoume

fX,Y (x, y) = P (X = x, Y = y) = P (X = x)P (Y = y) =
1

6
× 1

6
=

1

36
.

H deÔterh isìthta proèkuye lìgw anexarthsÐac, kai h trÐth lìgw tou ìti to z�ri eÐnai
dÐkaio. ProkÔptei telik� o akìloujoc pÐnakac:

x 1 2 3 4 5 6
y fY (y)

1 1/36 1/36 1/36 1/36 1/36 1/36 1/6

2 1/36 1/36 1/36 1/36 1/36 1/36 1/6

3 1/36 1/36 1/36 1/36 1/36 1/36 1/6

4 1/36 1/36 1/36 1/36 1/36 1/36 1/6

5 1/36 1/36 1/36 1/36 1/36 1/36 1/6

6 1/36 1/36 1/36 1/36 1/36 1/36 1/36

fX(x) 1/6 1/6 1/6 1/6 1/6 1/6

Parathr ste ìti oi perij¸riec pou prokÔptoun eÐnai oi anamenìmenec.
'Estw t¸ra ìti èrqontai p�nta diplèc, kai ìlec oi diplèc èqoun thn Ðdia pijanìthta

na emfanistoÔn. H nèa apì koinoÔ sun�rthsh pijanìthtac eÐnai h akìloujh:

x 1 2 3 4 5 6
y fY (y)

1 1/6 0 0 0 0 0 1/6

2 0 1/6 0 0 0 0 1/6

3 0 0 1/6 0 0 0 1/6

4 0 0 0 1/6 0 0 1/6

5 0 0 0 0 1/6 0 1/6

6 0 0 0 0 0 1/6 1/6

fX(x) 1/6 1/6 1/6 1/6 1/6 1/6

Parathr ste ìti oi perij¸riec sunart seic pijanìthtac twn dÔo peript¸sewn tau-
tÐzontai, parìti ta peir�mata apì ta opoÐa proèrqontai eÐnai polÔ diaforetik�.

Par�deigma 1.3. (DÔo z�ria � sunèqeia) RÐqnoume èna z�ri dÔo forèc, kai upo-
jètoume ìti oi rÐyeic eÐnai anex�rthtec kai ìti to z�ri eÐnai dÐkaio.

1. Poia eÐnai h apì koinoÔ sun�rthsh pijanìthtac twn Z = min(X, Y ) kai W =
max(X, Y )?
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2. Poiec eÐnai oi perij¸riec sunart seic pijanìthtac twn Z,W ?

3. Me dedomèno ìti W = 5, poia h pijanìthta tou endeqìmenou Z = 1?

Gia k�je èna apì ta erwt mata èqoume:

1. 'Eqoume èna peÐrama me 6 × 6 = 36 diaforetik� apotelèsmata. Epiplèon, h apì
koinoÔ sun�rthsh pijanìthtac fZ,W (z, w) twn Z,W prèpei na upologisteÐ gia
6 × 6 = 36 zeÔgh tim¸n (z, w). Arqik� parathroÔme pwc k�poia ap' aut� eÐnai
adÔnaton na emfanistoÔn, p.q., den mporeÐ to el�qisto ap' tic dÔo zarièc na eÐnai
5 kai to mègisto 2. Sunep¸c, fZ,W (5, 2) = 0, kai genik� fZ,W (z, w) = 0 an
z > w. Gia na upologÐsoume k�je mia apì tic upìloipec timèc prèpei na broÔme
ta apotelèsmata pou thc antistoiqoÔn.

fZ,W (1, 1) = P (X = 1, Y = 1) =
1

36
,

fZ,W (1, 2) = P (X = 1, Y = 2) + P (X = 2, Y = 1) =
2

36
.

SuneqÐzontac me ton Ðdio trìpo, sumplhr¸noume ton akìloujo pÐnaka:

w 1 2 3 4 5 6
z fZ(z)

1 1/36 2/36 2/36 2/36 2/36 2/36 11/36

2 0 1/36 2/36 2/36 2/36 2/36 9/36

3 0 0 1/36 2/36 2/36 2/36 7/36

4 0 0 0 1/36 2/36 2/36 5/36

5 0 0 0 0 1/36 2/36 3/36

6 0 0 0 0 0 1/36 1/36

fW (w) 1/36 3/36 5/36 7/36 9/36 11/36

2. Oi sunart seic pijanìthtac fW (w) kai fZ(z) upologÐzontai sto perij¸rio tou
pio p�nw pÐnaka, ajroÐzontac tic timèc thc apì koinoÔ sun�rthshc pijanìthtac
sthn antÐstoiqh st lh   gramm .

3. Me qr sh twn orism¸n thc desmeumènhc pijanìthtac kai thc apì koinoÔ sun�r-
thshc pijanìthtac:

P (Z = 1|W = 5) =
P (Z = 1,W = 5)

P (W = 5)
=
fZ,W (1, 5)

fW (5)
=

2/36

9/36
.

Par�deigma 1.4. (Asansèr) Se èna ktÐrio me 3 orìfouc kai isìgeio, to asansèr
brÐsketai ston ìrofoX kai ènac tuqaÐoc qr sthc ston ìrofo Y ìpou taX, Y dÐnontai
apì thn akìloujh apì koinoÔ sun�rthsh pijanìthtac:
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x 0 1 2 3
y fY (y)

0 1/6 1/12 1/12 1/12 15/36

1 1/12 1/18 1/36 1/36 7/36

2 1/12 1/36 1/18 1/36 7/36

3 1/12 1/36 1/36 1/18 7/36

fX(x) 15/36 7/36 7/36 7/36

EnnoeÐtai pwc o ìrofoc 0 eÐnai to isìgeio.
Parathr ste katarq n pwc oi pijanìthtec tou �nw pÐnaka an koun ìlec sto [0, 1]

kai ajroÐzontai sth mon�da. Parathr ste epÐshc pwc to �nw montèlo lamb�nei up'
ìyin ìti oi metakin seic apì   proc to isìgeio eÐnai polÔ suqnìterec apì ìti se �llouc
orìfouc, kai to ìti suqn� to Ðdio �tomo qrhsimopoieÐ to asansèr dÔo forèc sth seir�,
sthn opoÐa perÐptwsh to asansèr paramènei ston ìrofo pou eÐnai to �tomo. 'Etsi, gia
par�deigma, to endeqìmeno X = 2, Y = 3 eÐnai ligìtero pijanì apì to X = 2, Y = 2,
to opoÐo me th seir� tou eÐnai ligìtero pijanì apì to X = 2, Y = 0.

AkoloÔjwc, èstw ìti mac dÐnetai ìti h kajustèrhsh sth qr sh tou asansèr eÐnai
Z = |X − Y |, kai kaloÔmaste na upologÐsoume thn sun�rthsh pijanìthtac thc Z kai
th mèsh tim  thc. Qrhsimopoi¸ntac thn apì koinoÔ katanom , brÐskoume:

fZ(0) = P (Z = 0) = P (X = Y ) =
1

6
+

1

18
+

1

18
+

1

18
=

1

3
,

fZ(1) = P (Z = 1) = P (X = Y + 1) + P (X = Y − 1)

=
1

12
+

1

36
+

1

36
+

1

12
+

1

36
+

1

36
=

5

18
,

fZ(2) = P (Z = 2) = P (X = Y + 2) + P (X = Y − 2)

=
1

12
+

1

36
+

1

12
+

1

36
=

2

9
,

fZ(3) = P (Z = 3) = P (X = 3, Y = 0) + P (X = 0, Y = 3)

=
1

12
+

1

12
=

1

6
,

kai akoloÔjwc

E(|X − Y |) = E(Z) = 0× 1

3
+ 1× 5

18
+ 2× 2

9
+ 3× 1

6
=

11

9
.

Par�deigma 1.5. (Telik  bajmologÐa) B�sei empeirik¸n dedomènwn, èna kalì mo-
ntèlo gia thn apì koinoÔ sun�rthsh pijanìthtac tou bajmoÔ X ∈ {0, 1, 2, . . . , 8}
enìc foitht  sthn telik  exètash enìc maj matoc kai tou bajmoÔ Y ∈ {0, 1, 2} sthn
prìodo autoÔ tou maj matoc eÐnai to akìloujo:



8 KEF�ALAIO 1. ZE�UGH DIAKRIT�WN TUQA�IWN METABLHT�WN

x 0 1 2 3 4 5 6 7 8
y fY (y)

0 1/18 1/18 1/18 1/27 1/27 1/27 0 0 0 5/18
1 1/18 1/18 1/18 1/27 1/27 1/27 1/18 1/18 1/18 8/18
2 0 0 0 1/27 1/27 1/27 1/18 1/18 1/18 5/18
fX(x) 1/9 1/9 1/9 1/9 1/9 1/9 1/9 1/9 1/9

Oi perij¸riec proèkuyan ajroÐzontac tic antÐstoiqec grammèc/st lec. Parathr ste
ìti to montèlo problèpei ìti foithtèc pou lamb�noun meg�lo bajmì sth mia exètash
eÐnai arket� pijanì na l�boun meg�lo bajmì kai sthn �llh.

Ja upologÐsoume th mèsh tim  thc telik c bajmologÐac Z = X + Y . Ja upologÐ-
soume katarq n thn sun�rthsh pijanìthtac tou Z:

fZ(0) = fX,Y (0, 0) =
1

18
,

fZ(1) = fX,Y (1, 0) + fX,Y (0, 1) =
1

9
,

fZ(2) = fX,Y (2, 0) + fX,Y (1, 1) + fX,Y (0, 2) =
1

9
,

fZ(3) = fX,Y (3, 0) + fX,Y (2, 1) + fX,Y (1, 2) =
5

54
,

fZ(4) = fX,Y (4, 0) + fX,Y (3, 1) + fX,Y (2, 2) =
2

27
,

fZ(5) = fX,Y (5, 0) + fX,Y (4, 1) + fX,Y (3, 2) =
1

9
,

fZ(6) = fX,Y (6, 0) + fX,Y (5, 1) + fX,Y (4, 2) =
2

27
,

fZ(7) = fX,Y (7, 0) + fX,Y (6, 1) + fX,Y (5, 2) =
5

54
,

fZ(8) = fX,Y (8, 0) + fX,Y (7, 1) + fX,Y (6, 2) =
1

9
,

fZ(9) = fX,Y (8, 1) + fX,Y (7, 2) =
1

9
,

fZ(10) = fX,Y (8, 2) =
1

18
.

H mèsh tim  E(Z) prokÔptei

E(Z) = 0× 1

18
+ 1× 1

9
+ 2× 1

9
+ 3× 5

54
+ 4× 2

27

+5× 1

9
+ 6× 2

27
+ 7× 5

54
+ 8× 1

9
+ 9× 1

9
+ 10× 1

18
= 5.
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Par�deigma 1.6. (Sumpl rwsh pÐnaka) Oi diakritèc T.M. X kai Y èqoun apì
koinoÔ sun�rthsh pijanìthtac pou dÐnetai apì ton parak�tw pÐnaka:

x −5 −2 2 5
y fY (y)

0 0.01 0.01 0.01
1 0.05 0.05 0 0.19
2 0.07 0.07 0.07
3 0.15 0 0.15

fX(x) 0.26 0.15

ZhtoÔntai ta akìlouja:

1. Na sumplhrwjoÔn oi timèc pou leÐpoun.

2. Na upologisteÐ h P (Y = 1|X = 2).

Gia to k�je er¸thma èqoume:

1. Prèpei h tim  thc perij¸riac na isoÔtai me to �jroisma thc antÐstoiqhc gramm c
  st lhc. Me b�sh aut  thn parat rhsh, mporeÐ na sumplhrwjeÐ o akìloujoc
pÐnakac:

x −5 −2 2 5
y fY (y)

0 0.01 0.01 0.01 0.09 0.12
1 0.05 0.09 0.05 0 0.19
2 0.07 0.07 0.09 0.07 0.30
3 0.15 0.09 0 0.15 0.39

fX(x) 0.28 0.26 0.15 0.31

2. Apì ton orismì thc desmeumènhc pijanìthtac kai tic timèc tou pio p�nw pÐnaka
èqoume

P (Y = 1|X = 2) =
P (Y = 1, X = 2)

P (X = 2)
=
fX,Y (2, 1)

fX(2)
=

0.05

0.15
=

1

3
.

Par�deigma 1.7. Merikèc forèc to pl joc twn tim¸n pou paÐrnei mia tuqaÐa meta-
blht  Y eÐnai apagoreutik� meg�lo gia na anaparast soume se pÐnaka thn apì koinoÔ
sun�rthsh pijanìthtac thc me mia �llh T.M. X.

'Estw, gia par�deigma, to akìloujo peÐrama. Epilègoume sthn tÔqh ènan apì treic
kalajosfairistèc, kai tou zht�me na ekteleÐ eleÔjerec bolèc mèqri na b�lei to pr¸to
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kal�ji. Oi kalajosfairistèc epilègontai qwrÐc k�poia protÐmhsh o ènac apì ton �llo,
kai èqoun posost� epituqÐac 50%, 33%, kai 25%.

OrÐzoume thn tuqaÐa metablht  X wc

X =


1/2, me pijanìthta 1/3,

1/3, me pijanìthta 1/3,

1/4, me pijanìthta 1/3.

Sunep¸c, h X ekfr�zei thn eustoqÐa tou tuqaÐa epilegmènou paÐkth. OrÐzoume epÐshc
thn Y wc mia Gewmetrik  tuqaÐa metablht  me mèsh tim  X. Dhlad , h par�metroc
thc tuqaÐac metablht c Y eÐnai epÐshc tuqaÐa!

H apì koinoÔ sun�rthsh pijanìthtac twn X, Y mporeÐ eÔkola na upologisteÐ apì
ton orismì thc desmeumènhc pijanìthtac: Gia x ∈ SX kai y ∈ SY ,

fX,Y (x, y) = P (X = x, Y = y) = P (X = x)P (Y = y|X = x) =
1

3
(1− x)y−1x,

ìpou qrhsimopoi same ton tÔpo thc sun�rthshc pijanìthtac thc Gewm(x) katanom c.
H perij¸ria sun�rthsh pijanìthtac thc X mac eÐnai ex orismoÔ gnwst , en¸ eÔkola

mporoÔme na upologÐsoume kai tic timèc thc perij¸riac sun�rthshc pijanìthtac thc
Y . Gia par�deigma,

fY (1) = fX,Y (1/2, 1) + fX,Y (1/3, 1) + fX,Y (1/4, 1)

=
1

3

(
1− 1

2

)1−1
1

2
+

1

3

(
1− 1

3

)1−1
1

3
+

1

3

(
1− 1

4

)1−1
1

4
=

13

36
.

Apì ton orismì thc X gnwrÐzoume pwc h pijanìthta P (X = 1/4) = 1/3. All�
dedomènou ìti to Y = 1, poia ja  tan h pijanìthta na èqoume X = 1/4? To X =
1/4 antistoiqeÐ sthn perÐptwsh pou to Y èqei gewmetrik  katanom  me par�metro
1/4, dhlad  me pijanìthta {epituqÐac} pou eÐnai h mikrìterh apì tic treic dunatèc
peript¸seic (1/2, 1/3   1/4). 'Ara jewroÔme ìti up�rqei mikr  pijanìthta na èqoume
X = 1/4 dedomènou ìti eÐqame Y = 1, dhlad  {epituqÐa} apì to pr¸to kiìlac peÐrama.
Me �lla lìgia, perimènoume pwc h desmeumènh pijanìthta P (X = 1/4|Y = 1) ja
eÐnai mikrìterh apì thn arqik  P (X = 1/4) = 1/3. Pr�gmati, apì ton orismì thc
desmeumènhc pijanìthtac brÐskoume

P (X = 1/4|Y = 1) =
P (X = 1/4, Y = 1)

P (Y = 1)
=
fX,Y (1/4, 1)

fY (1)
=

1
3

(
1− 1

4

)1−1 1
4

13/36
=

3

13
.
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1.2 Mèsh Tim  Sun�rthshc DÔo TuqaÐwn Metablht¸n

L mma 1.2. (Mèsh tim  sun�rthshc dÔo T.M.) 'Estw dÔo diakritèc tuqaÐec meta-
blhtèc X, Y , me apì koinoÔ sun�rthsh pijanìthtac fX,Y (x, y), kai tuqaÐa metablht 
Z = g(X, Y ). H mèsh tim  thc isoÔtai me

E(Z) = E(g(X, Y )) =
∑

(x,y)∈R2

g(x, y)fX,Y (x, y). (1.2)

Apìdeixh. 'Estw fZ(z) h sun�rthsh pijanìthtac thc Z. ParathroÔme pwc

E(Z) =
∑
z∈R

zfZ(z) =
∑
z∈R

z ∑
(x,y)∈R2:g(x,y)=z

fX,Y (x, y)


=
∑
z∈R

 ∑
(x,y)∈R2:g(x,y)=z

g(x, y)fX,Y (x, y)


=

∑
(x,y)∈R2

g(x, y)fX,Y (x, y).

H pr¸th isìthta isqÔei ex orismoÔ. Sthn deÔterh isìthta qrhsimopoi same ton nìmo
thc olik c pijanìthtac, ìpwc autìc emfanÐzetai sto deÔtero skèloc tou L mmatoc 1.1.

Parat rhsh: 'Opwc eÐdame kai se prohgoÔmena paradeÐgmata, polÔ suqn� qrei�-
zetai na upologÐsoume thn mèsh tim  T.M. Z pou eÐnai sunart seic dÔo �llwn T.M.
Se pollèc peript¸seic, to �nw l mma aplousteÔei shmantik� touc upologismoÔc pou
qrei�zontai, giatÐ mac epitrèpei na apofÔgoume ton upologismì thc sun�rthshc pija-
nìthtac thc Z. DeÐte ta paradeÐgmata pou akoloujoÔn.

Par�deigma 1.8. (Asansèr � sunèqeia) Se sunèqeia tou ParadeÐgmatoc 1.4, mpo-
roÔme na upologÐsoume to mèso qrìno anamon c E(Z) = E(|X − Y |) kai wc ex c:

E(|X − Y |) = |0− 0| × 1

6
+ (|1− 1|+ |2− 2|+ |3− 3|)× 1

18

+(|1− 0|+ |2− 0|+ |3− 0|+ |0− 1|+ |0− 2|+ |0− 3|)× 1

12

+(|2− 1|+ |3− 1|+ |1− 2|+ |3− 2|+ |1− 3|+ |2− 3|)× 1

36

=
11

9
.
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Par�deigma 1.9. (Telik  BajmologÐa � sunèqeia) Se sunèqeia tou ParadeÐgmatoc
1.5,

E(X) = (0 + 1 + 2 + . . .+ 8)× 1

9
= 4,

E(Y ) = 0× 5

18
+ 1× 8

18
+ 2× 5

18
= 1,

E(X + Y ) = E(X) + E(Y ) = 5.

Par�deigma 1.10. (DÔo z�ria � sunèqeia) 'Estw to akìloujo paiqnÐdi: rÐqnoume
dÔo dÐkaia kai anex�rthta z�ria, kai kerdÐzoume 2 max{X, Y }+3 min{X, Y } eur¸. Gia
na paÐxoume ìmwc, prèpei arqik� na katab�loume 15 eur¸. 'Estw P = 2 max{X, Y }+
3 min{X, Y } − 4 to kajarì kèrdoc. Mac sumfèrei na paÐxoume? Gia na apant soume
to er¸thma, prèpei na upologÐsoume thn mèsh tim 

E(P ) = E(2 max{X, Y }+ 3 min{X, Y } − 15).

Me dedomèno ìti gnwrÐzoume tic mèsec timèc E(max{X, Y }) kai E(min{X, Y }) apì
prohgoÔmena paradeÐgmata, mac sumfèrei na qrhsimopoi soume to trÐto skèloc tou
�nw l mmatoc wc ex c:

E(2 max{X, Y }+ 3 min{X, Y } − 15) = 2E(max{X, Y }) + 3E(min{X, Y })− 15

= 2× 161

36
+ 3× 91

36
− 15 =

55

36
.

Epeid  h mèsh tim  prokÔptei jetik , mac sumfèrei na paÐxoume.
Enallaktik�, qwrÐc qr sh tou l mmatoc, ja èprepe na upologÐsoume thn sun�rthsh

pijanìthtac tou kèrdouc P , kai apì aut  thn mèsh tim  thc P me qr sh tou orismoÔ
thc mèshc tim c.

Orismìc 1.2. H sundiakÔmansh Cov(X, Y ) metaxÔ dÔo diakrit¸n tuqaÐwn metablh-

t¸n X, Y pou èqoun peperasmènh deÔterh rop  (dhlad  E(X2), E(Y 2) <∞), orÐzetai
wc:

Cov(X, Y ) , E
[(
X − E(X)

)(
Y − E(Y )

)]
.

Parat rhsh: Mia pr¸th diaisjhtik  ermhneÐa thc sundiakÔmanshc eÐnai pwc, ìtan
Cov(X, Y ) > 0, tìte oi dÔo T.M. X, Y teÐnoun na paÐrnoun tic {meg�lec} kai tic
{mikrèc} timèc touc tautìqrona. AntÐstoiqa, ìtan Cov(X, Y ) < 0, tìte ìtan h mÐa
T.M. paÐrnei meg�lec timèc h �llh teÐnei na paÐrnei mikrèc timèc. 'Ara h sundiakÔmansh
Cov(X, Y ) parèqei mia pr¸th èndeixh gia th sqèsh an�mesa stic X, Y . DeÐte tic
sundiakum�nseic twn epìmenwn paradeigm�twn.
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Par�deigma 1.11. (DÔo progr�mmata � sunèqeia) Gia tic T.M. X, Y tou Para-
deÐgmatoc 1.1 èqoume

E(X) = E(Y ) = 0× 4

9
+ 1× 4

9
+ 2× 1

9
=

2

3
.

Apì ton orismì thc sundiakÔmanshc kai thn apì koinoÔ sun�rthsh pijanìthtac twn
X, Y , eÔkola upologÐzoume

Cov(X, Y ) =
1

9

(
0− 2

3

)(
0− 2

3

)
+

2

9

(
1− 2

3

)(
0− 2

3

)
+

1

9

(
2− 2

3

)(
0− 2

3

)
+

2

9

(
0− 2

3

)(
1− 2

3

)
+

2

9

(
1− 2

3

)(
1− 2

3

)
+

1

9

(
0− 2

3

)(
2− 2

3

)
= −2

9
,

ìpou ston upologismì paraleÐyame ta trÐa zeÔgh tim¸n (x, y) me mhdenik  pijanìthta.

Parat rhsh: Stic perissìterec peript¸seic, gia ton upologismì thc sundiakÔman-
shc den qrhsimopoioÔme ton orismì all� ton tÔpo thc akìloujhc prìtashc.

Prìtash 1.1. An oi tuqaÐec metablhtèc X, Y èqoun peperasmènh deÔterh rop ,
tìte

Cov(X, Y ) = E(XY )− E(X)E(Y ). (1.3)

Apìdeixh. Apì ton orismì thc sundiakÔmanshc, �mesa èqoume:

Cov(X, Y ) = E
[(
X − E(X)

)(
Y − E(Y )

)]
= E

[
XY − E(X)Y −XE(Y ) + E(X)E(Y )

]
= E[XY ]− E[E(X)Y ]− E[XE(Y )] + E[E(X)E(Y )]

]
= E(XY )− E(X)E(Y )− E(X)E(Y ) + E(X)E(Y )

= E(XY )− E(X)E(Y ).

Prìtash 1.2. (Idiìthtec thc sundiakÔmanshc) 'Estw X, Y, Z, {Xi : 1 ≤ i ≤ m},
{Yj : 1 ≤ j ≤ n} diakritèc tuqaÐec metablhtèc kajemÐa me peperasmènh deÔterh rop ,
kai a ∈ R. Tìte

1. Cov(X,X) = V(X).

2. Cov(X, Y ) = Cov(Y,X).

3. Cov(a,X) = 0.
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4. Cov(aX, Y ) = aCov(X, Y ).

5. Cov(X + Y, Z) = Cov(X,Z) + Cov(Y, Z).

6. Cov

(
m∑
i=1

Xi,
n∑
j=1

Yj

)
=

m∑
i=1

n∑
j=1

Cov(Xi, Yj).

Apìdeixh. 1. Apì ton orismì thc sundiakÔmanshc, �mesa prokÔptei pwc

Cov(X,X) = E
[(
X − E(X)

)(
X − E(X)

)]
= E

[
(X − E(X))2

]
= V(X).

2. Profan c.

3. Cov(a,X) = E((X − E(X))(a− E(a))) = E(0) = 0, afoÔ E(a) = a.

4. Cov(aX, Y ) = E{(aX−E(aX))(Y −E(Y ))} = E{a(X−E(X))(Y −E(Y ))} =
aE{(X − E(X))(Y − E(Y ))} = aCov(X, Y ).

5.

Cov(X + Y, Z) = E{(X + Y − E(X + Y ))(Z − E(Z))}
= E{(X − E(X) + Y − E(Y ))(Z − E(Z))}
= E{(X − E(X))(Z − E(Z))}+ E{(Y − E(Y ))(Z − E(Z))}
= Cov(X,Z) + Cov(Y, Z)

6. ProkÔptei apì ta 2 kai 5 me epagwg .

Prìtash 1.3. 'Estw {Xi : 1 ≤ i ≤ n} diakritèc tuqaÐec metablhtèc kajemÐa me
peperasmènh deÔterh rop . Tìte

V

(
n∑
i=1

Xi

)
=

n∑
i=1

V(Xi) + 2
∑

1≤i<j≤n
Cov(Xi, Xj). (1.4)

Apìdeixh. Apì tic idiìthtec 1 kai 6 thc piì p�nw prìtashc èqoume

V

(
n∑
i=1

Xi

)
= Cov

(
n∑
i=1

Xi,

n∑
i=1

Xi

)
=

n∑
i=1

n∑
j=1

Cov(Xi, Xj)

=
n∑
i=1

Cov(Xi, Xi) + 2
∑

1≤<j≤n
Cov(Xi, Xj)

=
n∑
i=1

V(Xi) + 2
∑

1≤i<j≤n
Cov(Xi, Xj)
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Par�deigma 1.12. (DÔo z�ria � sunèqeia) 'Estw pwc rÐqnoume dÔo z�ria X kai
Y ètsi ¸ste h apì koinoÔ sun�rthsh pijanìthtac touc na eÐnai h pr¸th tou ParadeÐg-
matoc 1.2. Dhlad  eÐnai dÔo sun jh z�ria. Kat� ta gnwst�, èqoume:

E(X) = E(Y ) =
6∑
i=1

iP (X = i) =
6∑
i=1

i
1

6
=

7

2

E(XY ) =
6∑

i,j=1

ijP (X = i, Y = j)

= (1 + 2 + 3 + 4 + 5 + 6)× (1 + 2 + 3 + 4 + 5 + 6)
1

36
=

49

4
,

Cov(X, Y ) = E(XY )− E(X)E(Y ) =
441

36
− 7

2
× 7

2
= 0.

An ìmwc ta z�ria èqoun apì koinoÔ sun�rthsh pijanìthtac thn deÔterh tou Para-
deÐgmatoc 1.2, tìte, afoÔ kai p�li E(X) = E(Y ) = 7

2 , èqoume:

E(XY ) = (12 + 22 + 33 + 42 + 52 + 62)× 1

6
=

91

6
,

Cov(X, Y ) = E(XY )− E(X)E(Y ) =
91

6
− 7

2
× 7

2
=

35

12
.

Par�deigma 1.13. (Telik  bajmologÐa � sunèqeia) Se sunèqeia twn Paradeig-
m�twn 1.5 kai 1.9, h sundiakÔmansh twn bajm¸n X, Y upologÐzetai wc ex c:

E(XY ) = [1× (1 + 2 + 6 + 7 + 8) + 2× (6 + 7 + 8)]× 1

18

+(1× (3 + 4 + 5) + 2× (3 + 4 + 5))× 1

27
= 5,

Cov(X, Y ) = E(XY )− E(X)E(Y ) = 5− 4× 1 = 1.

Par�deigma 1.14. (Asansèr � sunèqeia) Se sunèqeia tou ParadeÐgmatoc 1.4,

E(X) = E(Y ) = 0× 15

36
+ (1 + 2 + 3)× 7

36
=

7

6
,

E(XY ) = (12 + 22 + 33)× 1

18

+(1 + 2)× (3 + 4 + 5)× 1

36
=

25

18
,

Cov(X, Y ) = E(XY )− E(X)E(Y ) =
25

18
− 7

6
× 7

6
=

1

36
.
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Orismìc 1.3. O suntelest c susqètishc ρ(X, Y ) metaxÔ dÔo diakrit¸n tuqaÐwn
metablht¸n X, Y pou èqoun peperasmènh kai jetik  diaspor� orÐzetai wc:

ρ(X, Y ) :=
Cov(X, Y )√
V(X)

√
V(Y )

.

Prìtash 1.4. 'Estw X, Y diakritèc tuqaÐec metablhtèc me V (X), V (Y ) ∈ (0,∞),
kai a, b, c, d ∈ R me ac 6= 0. Tìte

ρ(aX + b, cY + d) =

{
ρ(X, Y ) an ac > 0,

−ρ(X, Y ) an ac < 0.

Apìdeixh. Qrhsimopoi¸ntac thn Prìtash (1.2), èqoume

Cov(aX + b, cY + d) = Cov(aX, cY ) + Cov(aX, d) + Cov(b, cY ) + Cov(b, d)

= Cov(aX, cY ) + 0 + 0 + 0 = acCov(X, Y ).

EpÐshc V(aX + b) = V(aX) = a2V(X) kai V(cY + d) = c2V(Y ). 'Ara

ρ(aX + b, cY + d) =
acCov(X, Y )√
a2V(X)

√
c2V(Y )

=
ac

|ac|
Cov(X, Y )√
V(X)

√
V(Y )

=
ac

|ac|ρ(X, Y ).

Pou eÐnai to zhtoÔmeno.

Prìtash 1.5. 'Estw X, Y diakritèc tuqaÐec metablhtèc me V (X), V (Y ) ∈ (0,∞).
Tìte

1. |ρ(X, Y )| ≤ 1.

2. ρ(X, Y ) = 1⇔ Up�rqoun a > 0, b ∈ R ¸ste Y = aX + b.

3. ρ(X, Y ) = −1⇔ Up�rqoun a < 0, b ∈ R ¸ste Y = aX + b.

Den ja apodeÐxoume aut  thn prìtash, apl¸c ja k�noume k�poia sqìlia. To 1
prokÔptei apì thn anisìthta Cauchy-Schwarz. Gia to 2, to antÐstrofo eÐnai eÔkolo.
Pr�gmati, an Y = aX + b me a > 0, b ∈ R, tìte

ρ(X, Y ) = ρ(X, aX + b) = ρ(X,X) =
Cov(X,X)√
V(X)

√
V(X)

=
V(X)

V(X)
= 1.

To antÐstrofo sthn 3 èpetai ìmoia.
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1.3 Anex�rthtec TuqaÐec Metablhtèc

Orismìc 1.4. (ZeÔgh anex�rthtwn diakrit¸n T.M.) DÔo diakritèc T.M. X, Y ka-
loÔntai anex�rthtec an gia opoiad pote uposÔnola A,B ⊂ R, isqÔei

P (X ∈ A, Y ∈ B) = P (X ∈ A)P (Y ∈ B). (1.5)

Parat rhsh: Sunep¸c, dÔo T.M. eÐnai anex�rthtec an dÔo opoiad pote endeqìmena
pou aforoÔn to kajèna apokleistik� th mÐa apì tic dÔo T.M. eÐnai anex�rthta. H
anexarthsÐa loipìn twn T.M. eÐnai �mesa sqetismènh me thn ènnoia thc anexarthsÐac
endeqìmenwn.

L mma 1.3. (Krit rio anexarthsÐac diakrit¸n T.M.) DÔo diakritèc tuqaÐec metablh-
tècX, Y , me apì koinoÔ sun�rthsh pijanìthtac fX,Y (x, y), kai perij¸riec sunart seic
pijanìthtac fX(x), fY (y), eÐnai anex�rthtec an kai mìno an

fX,Y (x, y) = fX(x)fY (y), ∀x, y ∈ R. (1.6)

Apìdeixh. 'Estw pwc oi X, Y eÐnai anex�rthtec. Tìte h exÐswsh (1.6) prokÔptei,
gia k�je x, y, me efarmog  tou orismoÔ thc anexarthsÐac gia ta sÔnola A = {x},
B = {y}. Antistrìfwc, èstw pwc isqÔei h (1.6). 'Estw dÔo uposÔnola A,B ⊂ R.
Ja deÐxoume ìti isqÔei h (1.5). Pr�gmati:

P (X ∈ A, Y ∈ B) =
∑

x∈A, y∈B
fX,Y (x, y) =

∑
x∈A

∑
y∈B

fX(x)fY (y)

=
∑
x∈A

fX(x)
∑
y∈B

fY (y) = P (X ∈ A)P (Y ∈ B),

kai h apìdeixh oloklhr¸jhke. (Sthn pr¸th isìthta qrhsimopoi same to L mma 1.1
en¸ sthn deÔterh thn upìjesh.)

Parathr seic

1. Parathr ste pwc ìtan oiX, Y eÐnai anex�rthtec, tìte an P (X = x) = fX(x) > 0
ja èqoume

P (Y = y|X = x) =
P (X = x, Y = y)

P (X = x)
=
fX,Y (x, y)

fX(x)

=
fX(x)fY (y)

fX(x)
= fY (y) = P (Y = y).
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Mia an�logh apìdeixh ja isqÔei an all�xoume tic jèseic twn X, Y . 'Ara telik�,
an ta X, Y eÐnai anex�rthta, ja isqÔei ìti:

∀x ∈ R, P (X = x) > 0 ⇒ P (Y = y|X = x) = P (Y = y),

∀y ∈ R, P (Y = y) > 0 ⇒ P (X = x|Y = y) = P (X = x).

MporoÔme na apodeÐxoume, epiplèon, ìti an isqÔoun oi �nw, tìte oi X, Y eÐnai
anex�rthtec.

2. To anagkaÐo kai ikanì krit rio tou L mmatoc 1.3 eÐnai to basikì ergaleÐo pou
qrhsimopoioÔme gia na diapist¸noume thn anexarthsÐa dÔo diakrit¸n T.M. DeÐte
to epìmeno par�deigma.

Par�deigma 1.15. (DÔo z�ria � sunèqeia) Parathr ste pwc ìtan h apì koinoÔ
sun�rthsh pijanìthtac twn apotelesm�twn X, Y dÔo zari¸n eÐnai h pr¸th apì tic dÔo
tou ParadeÐgmatoc 1.2, tìte sÔmfwna me to �nw krit rio oi X, Y eÐnai anex�rthtec,
giatÐ gia k�je x, y ∈ {1, . . . , 6} ja èqoume

fX,Y (x, y) =
1

36
=

1

6
× 1

6
= fX(x)fY (y).

An ìmwc h apì koinoÔ sun�rthsh pijanìthtac twn X, Y eÐnai h deÔterh tou ParadeÐg-
matoc 1.2, tìte oi X, Y den eÐnai anex�rthtec, giatÐ, gia par�deigma

fX,Y (1, 2) = 0 6= 1

6
× 1

6
= fX(1)fY (2).

Parathr seic

1. Se poia �lla apì ta prohgoÔmena paradeÐgmata eÐqame anex�rthtec T.M.? Se
ìlec tic peript¸seic, bebaiwjeÐte ìti sumbadÐzei h diaÐsjhs  sac me to krit rio
tou L mmatoc 1.3.

2. Suqn� h anexarthsÐa dÔo T.M. den eÐnai to zhtoÔmeno, all� dÐnetai wc upìjesh.
DeÐte to akìloujo par�deigma.

Par�deigma 1.16. (El�qisto dÔo anex�rthtwn gewmetrik¸n T.M.) 'Estw X kai
Y dÔo anex�rthtec gewmetrikèc T.M., me paramètrouc p1 kai p2, antÐstoiqa. Ja upo-
logÐsoume th sun�rthsh pijanìthtac thc nèac T.M. Z = min(X, Y ).

ParathroÔme ìti to el�qisto Z eÐnai toul�qiston k, an kai mìno an kai oi dÔo T.M.
X, Y paÐrnoun timèc toul�qiston k. Opìte, gia k�je k ≥ 1,

P (Z ≥ k) = P (min(X, Y ) ≥ k) = P (X ≥ k, Y ≥ k) = P (X ≥ k)P (Y ≥ k)

= (1− p1)k−1(1− p2)k−1 = [(1− p1)(1− p2)]k−1,
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ìpou h trÐth isìthta isqÔei lìgw anexarthsÐac kai h tètarth eÐnai gnwst  idiìthta thc
gewmetrik c katanom c.

An t¸ra orÐsoume q = 1− (1− p1)(1− p2), efìson
P (Z ≥ k) = P (Z = k) + P (Z ≥ k + 1),

èqoume

P (Z = k) = P (Z ≥ k)− P (Z ≥ k + 1) = (1− q)k−1 − (1− q)k = q(1− q)k−1.
Sunep¸c, h Z akoloujeÐ epÐshc gewmetrik  katanom , all� me par�metro q = 1− (1−
p1)(1− p2).

Autì exhgeÐtai eÔkola: An diex�goume tautìqrona dÔo akoloujÐec anex�rthtwn
peiram�twn, mporoÔme na orÐsoume èna olikì peÐrama sto opoÐo ja èqoume epituqÐa thn
pr¸th for� pou ja èqei epituqÐa èna apì ta dÔo peir�mata. S' aut  thn perÐptwsh, to
pl joc twn epanal yewn pou apaitoÔntai gia thn pr¸th epituqÐa tou olikoÔ peir�ma-
toc eÐnai Z = min(X, Y ) ìpou X, Y eÐnai to pl joc epanal yewn mèqri thn pr¸th
epituqÐa sto pr¸to kai to deÔtero peÐrama, antÐstoiqa. To olikì peÐrama apotugq�nei
ìtan apotÔqoun kai ta dÔo epÐ mèrouc, dhlad  me pijanìthta (1 − p1)(1 − p2), �ra h
pijanìthta epituqÐac eÐnai 1− (1− p1)(1− p2) = q. Sunep¸c, to pl joc twn prospa-
jei¸n tou olikoÔ peir�matoc mèqri thn pr¸th epituqÐa akoloujeÐ gewmetrik  katanom 
me par�metro q.

L mma 1.4. (Idiìthtec anex�rthtwn diakrit¸n T.M.) 'Estw X, Y anex�rthtec dia-
kritèc T.M.

1. 'Estw sunart seic g : SX → R, kai h : SY → R. Ja isqÔei

E(g(X)h(Y )) = E(g(X))E(h(Y ))).

Eidik  perÐptwsh thc �nw eÐnai h

E(XY ) = E(X)E(Y ).

2. Cov(X, Y ) = 0.

3. V(X + Y ) = V(X) + V(Y ).

Apìdeixh. 1. Efarmìzontac to L mma 1.2 èqoume:

E(g(X)h(Y )) =
∑

(x,y)∈R2

h(x)g(y)fX,Y (x, y)

=
∑
x∈R

∑
y∈R

g(x)h(y)fX(x)fY (y)

=
∑
x∈R

g(x)fX(x)
∑
y∈R

h(y)fY (y) = E(g(X))E(h(Y )).
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2. ProkÔptei �mesa apì to pr¸to skèloc kai thn Prìtash 1.1.

3. ProkÔptei �mesa apì to deÔtero skèloc kai thn Prìtash 1.3.

Par�deigma 1.17. (DÔo z�ria � sunèqeia) 'Estw pwc h apì koinoÔ sun�rthsh
pijanìthtac twn apotelesm�twn X, Y dÔo zari¸n eÐnai h pr¸th apì tic dÔo tou Pa-
radeÐgmatoc 1.2, opìte oi X, Y eÐnai anex�rthtec. Ja èqoume, gia to �jroism� touc
X + Y :

V(X + Y ) = V(X) + V(Y ) =
35

12
+

35

12
=

35

6
.

Parathr ste epÐshc ìti

E(X + Y ) = E(X) + E(Y ) =
7

2
+

7

2
= 7.

Prèpei na tonisteÐ ìti h teleutaÐa isìthta ja Ðsque akìma kai an ta X, Y DEN  tan
anex�rthta, kaj¸c to L mma 1.2 (p�nw sto opoÐo basist kame) den apaiteÐ anexarth-
sÐa!

Par�deigma 1.18. Ja deÐxoume èna par�deigma dÔo diakrit¸n T.M. X, Y me dia-
sporèc V(X) = V(Y ) > 0, all� tètoiec ¸ste na èqoume V(X + Y ) = 0.

'Estw X ∼ Bern(1/2) opìte V(X) = (1/2)(1/2) = 1/4 > 0, kai èstw Y = −X
opìte V(Y ) = V((−1)X) = (−1)2V(X) = 1/4 > 0. All� efìson ex orismoÔ h
X + Y = 0 eÐnai apl¸c mia stajer�, èqoume V(X + Y ) = 0, to opoÐo fusik� den
isoÔtai me ton �jroisma twn diaspor¸n V(X) + V(Y ) = 1/2, ìpwc problèpei to �nw
l mma. Autì sumbaÐnei giatÐ profan¸c oi X, Y den eÐnai anex�rthtec.

Par�deigma 1.19. (Mh anex�rthtec T.M. me mhdenik  sundiakÔmansh) EÐnai du-
natìn dÔo T.M. na mhn eÐnai anex�rthtec, na èqoun ìmwc mhdenik  sundiakÔmansh. Gia
par�deigma, èstw dÔo diakritèc T.M. X, Y me apì koinoÔ sun�rthsh pijanìthtac fX,Y
ìpwc ston pio k�tw pÐnaka:

x −1 0 1
y fY (y)

−1 0 1/4 0 1/4
0 1/4 0 1/4 1/2
1 0 1/4 0 1/4
fX(x) 1/4 1/2 1/4

Oi perij¸riec sunart seic pijanìthtac fX(x), fY (y) èqoun epÐshc upologisteÐ ston
pÐnaka. Oi X, Y den eÐnai anex�rthtec, afoÔ

fX,Y (0, 0) = 0 6= 1

2
× 1

2
= fX(0)fY (0).
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Gia th sundiakÔmans  touc, pr¸ta upologÐzoume

E(X) = (−1)× 1

4
+ 0× 1

2
+ 1× 1

4
= 0,

kai paromoÐwc E(Y ) = 0 afoÔ oi X kai Y èqoun thn Ðdia sun�rthsh pijanìthtac.
Epiplèon parathroÔme pwc

E(XY ) =
∑

x=−1,0,1

∑
y=−1,0,1

xyfX,Y (x, y) = 0,

diìti ìloi oi ìroi tou pio p�nw ajroÐsmatoc eÐnai mhdenikoÐ! ('H x = 0   y = 0  
fX,Y (x, y) = 0, gia ìla ta dunat� zeÔgh tim¸n (x, y).) 'Ara,

Cov(X, Y ) = E(XY )− E(X)E(Y ) = 0− 0× 0 = 0.

Orismìc 1.5. (Asusqètistec T.M.) DÔo T.M. X, Y , kaloÔntai asusqètistec an
h sundiakÔmans  touc Cov(X, Y ) eÐnai mhdenik , dhlad  Cov(X, Y ) = 0. Apì ta
prohgoÔmena eÐdame ìti dÔo T.M. pou eÐnai anex�rthtec eÐnai kai asusqètistec, all�
to antÐstrofo mporeÐ na mhn isqÔei.
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1.4 'Ajroisma Anex�rthtwn TuqaÐwn Metablht¸n

Par�deigma 1.20. (Sunèlixh) 'Estw dÔo anex�rthtec diakritèc T.M. X, Y me
SX = SY = Z kai sunart seic pijanìthtac fX(x), fY (y) antÐstoiqa. Ja deÐxoume
ìti h nèa T.M. X + Y èqei sun�rthsh pijanìthtac:

fX+Y (m) =
∞∑

k=−∞
fX(k)fY (m− k), m ∈ Z.

H pio p�nw èkfrash eÐnai gnwst  wc h sunèlixh twn dÔo maz¸n fX(x) kai fY (y),
kai emfanÐzetai suqn� se efarmogèc, akìma kai ektìc jewrÐac pijanot twn. Argìte-
ra ja doÔme kai thn suneq  ekdoq  thc, pou èqei th morf  oloklhr¸matoc antÐ gia
ajroÐsmatoc, kai thc opoÐac h qr sh eÐnai akìma pio diadedomènh.

Pr�gmati, parathroÔme pwc, gia opoiod pote tim  m ∈ Z, h X + Y isoÔtai me m
an kai mìno an h X = k kai h Y = m− k gia k�poio k ∈ Z. Sunep¸c:

fX+Y (m) = P (X + Y = m) = P

( ∞⋃
k=−∞

({X = k} ∩ {Y = m− k})
)

=
∞∑

k=−∞
P ({X = k} ∩ {Y = m− k}) =

k=∞∑
k=−∞

P (X = k)P (Y = m− k)

=
∞∑

k=−∞
fX(k)fY (m− k).

H pr¸th kai h teleutaÐa isìthta prokÔptoun apì ton orismì thc sun�rthshc pijanì-
thtac, h deÔterh prokÔptei gr�fontac to endeqìmeno {X +Y = m} san ènwsh xènwn
endeqìmenwn, h trÐth prokÔptei akrib¸c epeid  ta endeqìmena eÐnai xèna, en¸ h tètarth
lìgw thc anexarthsÐac twn X, Y .

Parat rhsh: Parathr ste ìti an mia T.M. X èqei sÔnolo tim¸n SX ⊂ Z mporoÔ-
me na jèsoume wc nèo sÔnolo tim¸n thc to Z, jètontac mhdenikèc tic pijanìthtec twn
akeraÐwn ektìc tou arqikoÔ SX . Antistrìfwc, mporoÔme na afairèsoume apì to sÔno-
lo tim¸n SX opoiad pote tim  x gia thn opoÐa fX(x) = 0. Kai oi dÔo autèc diadikasÐec
den all�zoun ousiwd¸c thn X, kai genikeÔoun thn efarmog  tou �nw paradeÐgmatoc.
DeÐte ta paradeÐgmata pou akoloujoÔn.

Par�deigma 1.21. ('Ajroisma anex�rthtwn Poisson T.M.) An oi T.M. X kai Y
eÐnai anex�rthtec, me katanomèc Poisson(λ) kai Poisson(µ) antÐstoiqa, ja deÐxoume ìti
h T.M. X + Y èqei katanom  Poisson(λ+ µ).
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Pr�gmati, èstw fX(x) kai fY (y) oi sunart seic pijanìthtac twn X kai Y , antÐ-
stoiqa, kai èstw fX+Y (m) h sun�rthsh pijanìthtac thc X+Y . Apì to prohgoÔmeno
par�deigma, èqoume:

fX+Y (m) =
∞∑

k=−∞
fX(k) fY (m− k) =

m∑
k=0

(e−λλk
k!

)(e−µµm−k
(m− k)!

)
=

e−(λ+µ)

m!

m∑
k=0

m!

k!(m− k)!
λkµm−k =

e−(λ+µ)

m!
(λ+ µ)m.

Parathr ste ìti se aut  thn perÐptwsh kai oi dÔo T.M. pou apartÐzoun to �jroisma
eÐnai mh arnhtikèc, kai sunep¸c den prokÔptei �peiro �jroisma ìpwc sthn genik  pe-
rÐptwsh tou prohgoÔmenou paradeÐgmatoc. EpÐshc, h teleutaÐa isìthta prokÔptei apì
to diwnumikì je¸rhma:

(α + b)n =
n∑
k=0

(
n

k

)
αkbn−k.

Sunep¸c, X + Y ∼ Poisson(λ+ µ).

Par�deigma 1.22. ('Ajroisma anex�rthtwn diwnumik¸n T.M.) Se autì to par�-
deigma ja deÐxoume ìti to �jroisma dÔo diwnumik¸n T.M. X, Y me paramètrouc n1, p
kai n2, p antÐstoiqa, anex�rthtwn metaxÔ touc, èqei Diwn(n1 + n2, p) katanom .

'Estw fX(x) kai fY (y) oi sunart seic pijanìthtac twn X kai Y , antÐstoiqa. Pa-
rathr ste pwc

fX+Y (m) =
∞∑

k=−∞
fX(k)fY (m− k)

=

min{n1,m}∑
k=max{0,m−n2}

(
n1
k

)
pk(1− p)n1−k

(
n2

m− k

)
pm−k(1− p)n2−m+k

= (pm(1− p)n1+n2−m)

min{n1,m}∑
k=max{0,m−n2}

(
n1
k

)(
n2

m− k

)
. (1.7)

Ta ìria sto �jroisma proèkuyan krat¸ntac mìno tic timèc tou k gia tic opoÐec eÐnai
jetikèc kai oi dÔo sunart seic pijanìthtac. Parathr ste ìti ìtan m > n1 + n2
  m < 0, to �nw �jroisma eÐnai kenì kai prokÔptei pwc fX+Y (m) = 0, ìpwc kai
me thn Diwn(n1 + n2, p) katanom . ArkeÐ loipìn na epikentrwjoÔme sthn perÐptwsh
0 ≤ m ≤ n1 + n2.
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Se aut  thn perÐptwsh, parathr ste pwc

min{n1,m}∑
k=max{0,m−n2}

(
n1
k

)(
n2

m− k

)
=

(
n1 + n2
m

)
. (1.8)

Pr�gmati, èstw to ex c prìblhma: 'Eqoume n1 > 0 �ntrec kai n2 > 0 gunaÐkec, kai
prèpei na fti�xoume mia epitrop  apì m �toma, me 0 ≤ m ≤ n1 + n2. To dexÐ mèloc
thc (1.8) mac dÐnei touc dunatoÔc sunduasmoÔc. Epiplèon, k�je ènac apì touc ìrouc
tou aristeroÔ skèlouc thc (1.8) mac dÐnei touc trìpouc me touc opoÐouc mporoÔme na
fti�xoume mia epitrop  m atìmwn me k �ntrec. Sqetik� me ta ìria tou ajroÐsmatoc,
parathr ste ìti se k�je ìro tou ajroÐsmatoc o arijmìc twn antr¸n k ja prèpei na
eÐnai:

1. to polÔ Ðsoc me ton olikì arijmì antr¸n, dhlad  k ≤ n1,

2. to polÔ Ðsoc me to mègejoc thc epitrop c, dhlad  k ≤ m,

3. megalÔteroc   Ðsoc tou mhdenìc, dhlad  k ≥ 0, kai tèloc,

4. an m > n2 (dhlad  ta mèlh thc epitrop c eÐnai perissìtera apì tic gunaÐkec)
megalÔteroc   Ðsoc apì to m− n2, dhlad  k ≥ m− n2.

Sundu�zontac ìlouc autoÔc touc periorismoÔc, prokÔptoun telik� ta ìria tou ajroÐ-
smatoc. H tautìthta (1.8) eÐnai mia apì tic aploÔsterec morfèc thc tautìthta tou
Vandermonde (kai ìqi Voldemort).

Efarmìzontac telik� thn (1.8) sthn (1.7), prokÔptei telik� pwc

fX+Y (m) =

(
n1 + n2
m

)
pm(1− p)n1+n2−m,

dhlad  to zhtoÔmeno.
To apotèlesma eÐnai anamenìmeno. Pr�gmati, to X ekfr�zei to pl joc twn epitu-

qi¸n se n1 peir�mata, anex�rthta metaxÔ touc kai me pijanìthta epituqÐac p, kai to
Y paromoÐwc ekfr�zei to pl joc twn epituqi¸n se n2 peir�mata, anex�rthta metaxÔ
touc, kai anex�rthta apì ta pr¸ta, epÐshc me pijanìthta epituqÐac p. 'Ara, logik� to
X+Y ekfr�zei ton pl joc twn epituqi¸n sto sÔnolo twn n1+n2 ìmoiwn peiram�twn,
kai sunep¸c prèpei na akoloujeÐ thn katanom  Bernoulli.
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1.5 Pollèc TuqaÐec Metablhtèc

Stic prohgoÔmenec paragr�fouc autoÔ tou kefalaÐou periorist kame sthn perÐptwsh
dÔo apì koinoÔ katanemhmènwn diakrit¸n T.M. 'Omwc ìlh h jewrÐa pou anaptÔxa-
me mporeÐ na epektajeÐ eÔkola sthn perÐptwsh poll¸n diakrit¸n T.M. Se aut  thn
par�grafo parousi�zoume sunoptik� thn epèktash thc jewrÐac, kai ta pio qr sima
apotelèsmata thc. ParaleÐpoume ìlec tic apodeÐxeic, kaj¸c eÐnai ìmoiec me autèc thc
perÐptwshc twn dÔo T.M.

Orismìc 1.6. (Apì koinoÔ kai perij¸riec sunart seic pijanìthtac) 'Estw n dia-
kritèc tuqaÐec metablhtèc X1, . . . , Xn.

1. OrÐzoume thn apì koinoÔ sun�rthsh pijanìthtac wc thn sun�rthsh

fX1,...,Xn
: Rn → [0, 1]

me

fX1,...,Xn
(x1, . . . , xn) = P (X1 = x1, . . . , Xn = xn), ∀ (x1, . . . , xn) ∈ Rn.

2. Oi sunart seic pijanìthtac twn X1, . . . , Xn kaloÔntai perij¸riec sunart seic
pijanìthtac.

L mma 1.5. (Idiìthtec apì koinoÔ sun�rthshc pijanìthtac) 'Estw n diakritèc T.M.
X1, . . . , Xn, me sunart seic pijanìthtac fX1

(x1), . . . , fXn
(xn) antistoÐqwc. H apì koi-

noÔ sun�rthsh pijanìthtac touc fX1,...,Xn
(x1, . . . , xn) èqei tic ex c idiìthtec:

1.
∑

(x1,...,xn)∈Rn

fX1,...,Xn
(x1, . . . , xn) = 1.

2. 'Estw A ⊂ Rn. Tìte

P ((X1, . . . , Xn) ∈ A) =
∑

(x1,...,xn)∈A
fX1,...,Xn

(x1, . . . , xn). (1.9)

3. fXi
(x) =

∑
x1∈R,...,xi−1∈R,xi+1∈R,...,xn∈R

fX1,...,Xn
(x1, . . . , xi−1, x, xi+1, . . . , xn)

gia k�je x ∈ R.

L mma 1.6. (Idiìthtec mèshc tim c sun�rthshc poll¸n T.M.) 'Estw n diakritèc tu-
qaÐec metablhtècX1, . . . , Xn, me apì koinoÔ sun�rthsh pijanìthtac fX1,...,Xn

(x1, . . . , xn).
'Estw T.M. Z = g(X1, . . . , Xn). H mèsh tim  thc Z isoÔtai me

E(Z) = E(g(X1, . . . , Xn)) =
∑

(x1,...,xn)∈Rn

g(x1, . . . , xn)fX1,...,Xn
(x1, . . . , xn).
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Orismìc 1.7. (n anex�rthtec T.M.) n diakritèc T.M.X1, . . . , Xn kaloÔntai anex�rthtec
an gia opoiad pote uposÔnola Ai ⊂ R, i = 1, . . . , n isqÔei

P (X1 ∈ A1, . . . , Xn ∈ An) = P (X1 ∈ A1) · · ·P (Xn ∈ An).

L mma 1.7. (Krit rio anexarthsÐac T.M.) 'Estw n diakritèc T.M. X1, . . . , Xn, me
apì koinoÔ sun�rthsh pijanìthtac fX1,...,Xn

(x1, . . . , xn), kai perij¸riec sunart seic
pijanìthtac fXi

(xi), i = 1, . . . , n. Oi X1, . . . , Xn eÐnai anex�rthtec an kai mìno an gia
opoiad pote xi ∈ R èqoume

fX1,...,Xn
(x1, . . . , xn) = fX1

(x1) . . . fXn
(xn).

L mma 1.8. (Idiìthtec anex�rthtwn metablht¸n) 'Estw n diakritèc anex�rthtec
T.M. X1, . . . , Xn.

1. Opoiod pote uposÔnolo apì tic X1, . . . , Xn eÐnai epÐshc anex�rthtec T.M.

2. 'Estw sunart seic gi : SXi
→ R. Ja isqÔei

E(g1(X1) · · · gn(Xn)) = E(g1(X1)) · · ·E(gn(Xn)).

Eidik  perÐptwsh thc �nw eÐnai h

E(X1 · · ·Xn) = E(X1) · · ·E(Xn).

3. V

(
n∑
i=1

Xi

)
=

n∑
i=1

V(Xi).

Par�deigma 1.23. 'Estw treic anex�rthtec T.M. X1, X2, X3 pou èqoun ìlec thn
Ðdia sun�rthsh pijanìthtac, kai, kat� sunèpeia, thn Ðdia mèsh tim  µ = E(Xi). O-
rÐzoume dÔo nèec T.M., tic Y = X1 + X2 kai Z = X1 + X3. Efìson kai oi dÔo
exart¸ntai ap' thn X1 perimènoume pwc den ja eÐnai anex�rthtec, kai pwc pijanìtata
h sundiakÔmans  touc den ja eÐnai mhdenik . 'Eqoume:

Cov(Y, Z) = Cov(X1 +X2, X1 +X3)

= Cov(X1, X1) + Cov(X1, X3) + Cov(X2, X1) + Cov(X2, X3)

= V(X1) + 0 + 0 + 0 = V(X1).

'Ara, h sundiakÔmansh metaxÔ Y kai Z ìqi mìno eÐnai mh mhdenik  (ìpwc perimèname),
all� epiplèon isoÔtai akrib¸c me th diaspor� thc T.M. X1 h opoÐa sundèei tic Y kai
Z.
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Par�deigma 1.24. (Mèsh tim  kai diaspor� thc diwnumik c katanom c) Ja qrhsi-
mopoi soume thn jewrÐa pou èqoume anaptÔxei mèqri t¸ra gia na upologÐsoume, me polÔ
eÔkolo trìpo, thn mèsh tim  kai th diaspor� thc diwnumik c katanom c. 'Estw T.M.
X pou akoloujeÐ thn diwnumik  katanom  me paramètrouc N kai p. Kat� ta gnwst�
apì th jewrÐa, h X ekfr�zei ton arijmì twn epituqi¸n se N anex�rthta peir�mata,
kajèna me pijanìthta epituqÐac p. Sunep¸c, h X mporeÐ na grafteÐ wc X =

∑N
i=1Xi

ìpou oi Xi, i = 1, . . . , N eÐnai anex�rthtec T.M. Bernoulli, ìlec me par�metro p, kai
sunep¸c me mèsh tim  E(Xi) = p kai diaspor� V(Xi) = p(1− p). 'Eqoume:

E(X) = E(
N∑
i=1

Xi) =
N∑
i=1

E(Xi) =
N∑
i=1

p = Np.

Gia na upologÐsoume th diaspor�, parathroÔme apl¸c pwc

V(X) = V(
N∑
i=1

Xi) =
N∑
i=1

V(Xi) = Np(1− p).

Par�deigma 1.25. (To prìblhma twn suzÔgwn) Se k�poio p�rti, N �toma af noun
ta kapèla touc se èna trapèzi. Ta kapèla anakateÔontai kai, feÔgontac, k�je �tomo
paÐrnei sthn tÔqh èna kapèlo. 'Estw X to pl joc twn atìmwn pou paÐrnoun to dikì
touc kapèlo. Ja upologÐsoume th mèsh tim  kai th diaspor� thc X.

Ja qrhsimopoi soume tic bohjhtikèc T.M. Xi, i = 1, 2, . . . , N , ìpou Xi = 1 an to
�tomo i p�rei to dikì tou kapèlo, kai Xi = 0 sthn antÐjeth perÐptwsh. ParathroÔme
ìti X = X1 + X2 + . . . + XN . Epiplèon, lìgw thc summetrÐac tou probl matoc, h
pijanìthta na p�rei èna �tomo to dikì tou kapèlo eÐnai 1

N . Sunep¸c h mèsh tim  thc
k�je Xi eÐnai

E(Xi) = 1× 1

N
+ 0× (1− 1

N
) =

1

N
,

kai sunep¸c

E(X) = E(X1 +X2 + . . .+XN) = E(X1) + E(X2) + . . .+ E(XN) = N × 1

N
= 1.

'Ara, kat� mèso ìro, akrib¸c èna �tomo ja fÔgei me to dikì tou kapèlo. Parathr ste
ìti to apotèlesma eÐnai anex�rthto tou N !

Gia na upologÐsoume th diaspor�, mporoÔme na qrhsimopoi soume thn Prìtash 1.3.
Enallaktik� (kai me perÐpou ton Ðdio ìgko pr�xewn) parathroÔme katarq�c pwc

E(X2) = E

( N∑
i=1

Xi

)2
 = E

((
N∑
i=1

Xi

)(
N∑
j=1

Xj

))

= E

(
N∑
i=1

N∑
j=1

XiXj

)
=

N∑
i=1

N∑
j=1

E(XiXj).
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Sto teleutaÐo pio p�nw diplì �jroisma, up�rqoun N ìroi thc morf c E(X2
i ), kai

N(N − 1) ìroi thc morf c E(XiXj) gia i 6= j. Efìson oi Xi eÐnai T.M. Bernoulli,
p�ntote èqoume X2

i = Xi kai sunep¸c,

E(X2
i ) = E(Xi) =

1

N
,

en¸ gia i 6= j, brÐskoume, apì ton orismì thc desmeumènhc pijanìthtac,

E(XiXj) = P (Xi = Xj = 1)× 1 + (1− P (Xi = Xj = 1))× 0

= P (Xi = 1 kai Xj = 1)

= P (Xi = 1)P (Xj = 1|Xi = 1) =
1

N
× 1

N − 1
.

'Ara, telik�,

E(X2) = E

( N∑
i=1

Xi

)2
 = N

1

N
+N(N − 1)

1

N(N − 1)
= 2,

kai gia th diaspor� èqoume

V(X) = E(X2)− (E(X))2 = 1.

An kai den to apodeiknÔoume ed¸, anafèroume ìti h katanom  tou X, kaj¸c to
N → ∞, teÐnei sthn katanom  Poisson me par�metro λ = 1. MporeÐte na exhg sete
diaisjhtik� giatÐ?



Kef�laio 2

ZeÔgh Suneq¸n TuqaÐwn Metablht¸n

An�loga me ì,ti sumbaÐnei sthn perÐptwsh twn diakrit¸n T.M., h sqèsh pou èqoun
metaxÔ touc dÔo suneqeÐc T.M. den mporeÐ na apotupwjeÐ me qr sh twn puknot twn
touc, kai eÐnai aparaÐthto na eis�goume thn ènnoia thc apì koinoÔ puknìthtac. Mia
basik  diafor� thc jewrÐac pou prokÔptei se sqèsh me thn perÐptwsh thc melèthc
memonwmènwn suneq¸n T.M., eÐnai ìti ta oloklhr¸mata pou emfanÐzontai ston upolo-
gismì pijanot twn den eÐnai pia apl�, all� dipl�, kai sunep¸c eÐnai arket� pio sÔnjeta
ston upologismì. Xekin�me me mia sÔntomh anafor� sto basikì je¸rhma pou mac epi-
trèpei ton upologismì dipl¸n oloklhrwm�twn, to Je¸rhma tou Fubini. Sto upìloipo
kef�laio, h an�ptuxh thc jewrÐac eÐnai an�logh me aut  tou antÐstoiqou kefalaÐou
gia ta zeÔgh diakrit¸n T.M.

2.1 Je¸rhma tou Fubini

Je¸rhma 2.1. (Fubini)

1. 'Estw qwrÐo R ⊆ R× R thc morf c

R = {(x, y) : a ≤ x ≤ b, φ1(x) ≤ y ≤ φ2(x)},
ìpou a, b ∈ R me a < b, kai oi sunart seic φ1(x), φ2(x) : [a, b]→ R eÐnai suneqeÐc
me φ1(x) ≤ φ2(x) gia k�je x ∈ [a, b]. 'Estw epÐshc f(x, y) suneq c sun�rthsh
sto R. To diplì olokl rwma thc f sto R up�rqei kai mporeÐ na upologisteÐ mèsw
miac epallhlÐac apl¸n oloklhrwm�twn wc ex c:∫∫

R

f(x, y) dA =

∫ b

a

(∫ φ2(x)

φ1(x)

f(x, y) dy

)
dx. (2.1)

2. 'Estw qwrÐo R ⊆ R× R thc morf c

R = {(x, y) : a ≤ y ≤ b, φ1(y) ≤ x ≤ φ2(y)},

29



30 KEF�ALAIO 2. ZE�UGH SUNEQ�WN TUQA�IWN METABLHT�WN

R

y = φ2(x)

y = φ1(x) x

y

a b

R x = φ2(y)

x = φ1(y)

x

y

a

b

Sq ma 2.1: Ta qwrÐa twn dÔo peript¸sewn tou Jewr matoc Fubini.

ìpou a, b ∈ R me a < b, kai oi sunart seic φ1(y), φ2(y) : [a, b]→ R eÐnai suneqeÐc
me φ1(y) ≤ φ2(y) gia k�je y ∈ [a, b]. 'Estw epÐshc f(x, y) suneq c sun�rthsh
sto R. To diplì olokl rwma thc f sto R up�rqei kai mporeÐ na upologisteÐ mèsw
miac epallhlÐac apl¸n oloklhrwm�twn wc ex c:∫∫

R

f(x, y) dA =

∫ b

a

(∫ φ2(y)

φ1(y)

f(x, y) dx

)
dy. (2.2)

Parathr seic

1. Oi dÔo morfèc tou Jewr matoc eÐnai entel¸c an�logec, me tic jèseic twn x, y
anestrammènec.

2. H apìdeixh eÐnai arket� sÔnjeth kai xefeÔgei apì touc stìqouc tou maj matoc.

3. En¸ ta apl� oloklhr¸mata ekfr�zoun embadìn, ta dipl� ekfr�zoun ìgko. Sug-
kekrimèna, to diplì olokl rwma thc f(x) sto R isoÔtai me ton ìgko tou stereoÔ
pou perikleÐetai metaxÔ tou R kai thc f(x), ìpou aut  eÐnai jetik , meÐon ton
ìgko tou stereoÔ pou perikleÐetai metaxÔ tou R kai thc f(x), ìpou aut  eÐnai
arnhtik .

4. Diaisjhtik�, to je¸rhma mac lèei pwc gia na upologÐsoume ton ìgko enìc stereoÔ
me aujaÐreto sq ma (to diplì olokl rwma) mporoÔme na to kìyoume se polÔ
leptèc fètec, na upologÐsoume to embadìn k�je miac apì autèc (to eswterikì
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olokl rwma), kai met� na prosjèsoume ta embad� afoÔ ta pollaplasi�soume me
to (polÔ mikrì) p�qoc touc (ektel¸ntac ètsi thn exwterik  olokl rwsh).

5. Suqn� èna diplì olokl rwma mporeÐ na upologisteÐ me qr sh kai twn dÔo morf¸n
tou Jewr matoc Fubini. Se pollèc peript¸seic, ìmwc, h mia morf  odhgeÐ se polÔ
aploÔsterouc upologismoÔc apì thn �llh.

6. 'Otan to R eÐnai orjog¸nio, dhlad  R = [a, b]× [c, d], èqoume∫∫
[a,b]×[c,d]

f(x, y) dA =


∫ b
a

(∫ d
c f(x, y) dy

)
dx∫ d

c

(∫ b
a f(x, y) dx

)
dy

7. Se exis¸seic ìpou emfanÐzetai epallhlÐa apl¸n oloklhrwm�twn, ìpwc stic (2.1),
(2.2), merikèc forèc ja paraleÐpoume na gr�foume tic parenjèseic pou qwrÐzoun
thn eswterik  apì thn exwterik  olokl rwsh. Ja prèpei p�nta na eÐmaste pro-
sektikoÐ sthn antistoÐqish thc k�je metablht c olokl rwshc me ta swst� ìria.

8. SunhjÐzetai na gr�foume kai
∫∫

R f(x, y) dxdy antÐ gia
∫∫

R f(x, y) dA. Den ja
qrhsimopoi soume aut  th sÔmbash, gia na apofÔgoume tic parano seic.

Par�deigma 2.1. San èna aplì par�deigma, ja upologÐsoume to olokl rwma thc
f(x, y) = y2

√
x sto trÐgwno R pou orÐzetai apì ta shmeÐa (0, 0), (2, 0), (2, 1). To

trÐgwno, kai h sun�rthsh se autì, emfanÐzontai sto Sq ma 2.2. To olokl rwma pou
kaloÔmaste na upologÐsoume eÐnai o ìgkoc tou skiasmènou stereoÔ tou sq matoc. Ja
upologÐsoume to olokl rwma kai me tic dÔo mejìdouc pou mac dÐnei to Je¸rhma tou
Fubini.

Katarq n parathroÔme pwc

R =
{

0 ≤ x ≤ 2, 0 ≤ y ≤ x

2

}
.

'Ara,∫∫
R

f(x, y) dA =

∫ 2

0

(∫ x
2

0

y2
√
x dy

)
dx =

∫ 2

0

(∫ x
2

0

(
y3

3

√
x

)′
dy

)
dx

=

∫ 2

0

[
y3

3

√
x

]x
2

0

dx =
1

24

∫ 2

0

x
7
2 dx

=
1

108

∫ 2

0

(
x

9
2

)′
dx =

1

108

[
x

9
2

]2
0

=
4
√

2

27
.

Enallaktik�, parathroÔme pwc to trÐgwno mporeÐ na perigrafeÐ kai wc ex c:

R = {0 ≤ y ≤ 1, 2y ≤ x ≤ 2}.
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Sq ma 2.2: To stereì tou ParadeÐgmatoc 2.1.

'Ara,∫∫
R

f(x, y) dA =

∫ 1

0

(∫ 2

2y

y2
√
x dx

)
dy =

∫ 1

0

(∫ 2

2y

(
2

3
x

3
2y2
)′)

dy

=

∫ 1

0

[
2

3
x

3
2y2
]2
2y

dy =
4
√

2

3

∫ 1

0

(
y2 − y 7

2

)
dy

=
4
√

2

3

∫ 1

0

(
1

3
y3 − 2

9
y

9
2

)′
dy =

4
√

2

3

[
1

3
y3 − 2

9
y

9
2

]1
0

=
4
√

2

27
.
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2.2 ZeÔgh Suneq¸n TuqaÐwn Metablht¸n

Orismìc 2.1. DÔo T.M. X, Y kaloÔntai apì koinoÔ suneqeÐc ìtan up�rqei mia su-
n�rthsh fX,Y (x, y) : R×R→ [0,∞), h apì koinoÔ sun�rthsh puknìthtac pijanìthtac,
  apì koinoÔ puknìthta,   apl¸c puknìthta, tètoia ¸ste gia opoiod pote qwrÐo R ⊆
R× R, na isqÔei ìti

P [(X, Y ) ∈ R] =

∫∫
R

fX,Y (x, y) dA. (2.3)

Parathr seic

1. Sthn perÐptwsh pou èqoume mia T.M., oi pijanìthtec pou thn aforoÔn upologÐ-
zontai mèsw apl¸n oloklhrwm�twn thc puknìthtac kai isodunamoÔn me embad�.
Sthn perÐptwsh dÔo T.M., oi pijanìthtec upologÐzontai mèsw dipl¸n oloklh-
rwm�twn kai epomènwc isodunamoÔn me ìgkouc! 'Estw, gia par�deigma, pwc mac
dÐnetai h sun�rthsh fX,Y (x, y) tou Sq matoc 2.3(a). H pijanìthta to zeÔgoc
(X, Y ) na brÐsketai se k�poio qwrÐo R isoÔtai me ton ìgko tou stereoÔ pou o-
riojeteÐtai apì to qwrÐo R kai to gr�fhma thc sun�rthshc. DeÐte gia par�deigma
to Sq ma 2.3(b).

2. Sthn aploÔsterh perÐptwsh, to qwrÐo R eÐnai kleistì kai fragmèno, kai h su-
n�rthsh fX,Y eÐnai oloklhr¸simh se autì me thn austhr  ènnoia tou ìrou.

3. Gia par�deigma, ìtan to R eÐnai kartesianì ginìmeno thc morf c R = [a, b]×[c, d],
h (2.3) gÐnetai

P [(X, Y ) ∈ R] =

∫∫
[a,b]×[c,d]

fX,Y (x, y) dA =


∫ b
a

(∫ d
c fX,Y (x, y)dy

)
dx,∫ d

c

(∫ b
a fX,Y (x, y)dx

)
dy.

(2.4)

Parathr ste ìti to diplì olokl rwma èqei grafeÐ, me dÔo diaforetikoÔc trìpouc,
wc dÔo diadoqik� apl�, me qr sh tou Jewr matoc tou Fubini.

4. Sthn genikìterh perÐptwsh ìmwc, to R mporeÐ na mhn eÐnai kleistì (opìte lamb�-
noume to olokl rwma sthn kleistìtht� tou),   na eÐnai ènwsh diakrit¸n qwrÐwn
(opìte prosjètoume ta antÐstoiqa oloklhr¸mata),   mporeÐ to olokl rwma na
up�rqei mìno wc kataqrhstikì. (Ta kataqrhstik� dipl� oloklhr¸mata orÐzontai
an�loga me ta apl� kataqrhstik� oloklhr¸mata.)

5. Se k�je perÐptwsh, prèpei na upologÐsoume èna   perissìtera dipl� oloklhr¸-
mata, p�nta me qr sh tou Jewr matoc tou Fubini.
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(a)

(b)

Sq ma 2.3: (a) Mia apì koinoÔ puknìthta pijanìthtac fX,Y (x, y). (b) H pijanìthta P [(X, Y ) ∈ R]
to zeÔgoc (X, Y ) na eÐnai sto qwrÐo R dÐnetai apì ton ìgko tou skiasmènou stereoÔ pou brÐsketai
an�mesa sto gr�fhma thc fX,Y (x, y) kai to R.
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Sq ma 2.4: Kaj¸c ta ∆x,∆y → 0, to stereì pou dhmiourgeÐtai an�mesa sto gr�fhma thc fX,Y (x, y)
kai to orjog¸nio

[
x0 − ∆x

2
, x0 + ∆x

2

]
×
[
y0 − ∆y

2
, y0 + ∆y

2

]
teÐnei se èna orjog¸nio parallhlepÐpedo,

kai o ìgkoc tou isoÔtai, proseggistik�, me fX,Y (x0, y0)∆x∆y.

6. Arket� suqn�, o upologismìc thc pijanìthtac me thn mÐa mèjodo tou Jewr matoc
tou Fubini eÐnai arket� aploÔsteroc apì ton upologismì me thn �llh mèjodo.

7. Diaisjhtik�, h apì koinoÔ puknìthta sth jèsh (x0, y0) ekfr�zei thn pijanìthta
to zeÔgoc (X, Y ) na èqei timèc {kont�} sto (x0, y0). Pr�gmati, èstw pwc h
f(x, y) eÐnai suneq c sto (x0, y0). Tìte

P

(
x0 −

∆x

2
≤ X ≤ x0 +

∆x

2
, y0 −

∆y

2
≤ Y ≤ y0 +

∆y

2

)
= P

(
(X, Y ) ∈

[
x0 −

∆x

2
, x0 +

∆x

2

]
×
[
y0 −

∆y

2
, y0 +

∆y

2

])
=

∫∫
[x0−∆x

2 ,x0+
∆x
2 ]×[y0−∆y

2 ,y0+
∆y
2 ]

fX,Y (x0, y0)dydx ' fX,Y (x0, y0)∆x∆y,

ìpou to ' shmaÐnei ìti ìtan ta ∆x, ∆y teÐnoun sto 0, tìte to phlÐko twn dÔo
skel¸n arister� kai dexi� tou ' teÐnei sth mon�da. Autì prokÔptei apì mia
genÐkeush tou Jemeli¸douc Jewr matoc tou OloklhrwtikoÔ LogismoÔ stic 2
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diast�seic, kai exhgeÐtai diaisjhtik� sto Sq ma 2.4. Sunep¸c, ìso pio meg�lh
eÐnai h tim  thc puknìthtac, tìso pio pijanì eÐnai to zeÔgoc (X, Y ) na brejeÐ
{kont�} sto (x0, y0), an kai bèbaia h pijanìthta na p�rei akrib¸c thn tim  (x0, y0)
eÐnai mhdèn.

8. 'Opwc kai sthn perÐptwsh thc miac T.M.:

(aþ) An all�xoume thn puknìthta se peperasmèno pl joc shmeÐwn, den all�zei
to olokl rwm� thc se opoiod pote qwrÐo. 'Ara, èna zeÔgoc T.M. mporeÐ na
perigr�fetai epakrib¸c, ìson afor� thn pijanìthta na brÐsketai se k�poio
qwrÐo, apì perissìterec apì mia apì koinoÔ puknìthtec.

(bþ) Gia orismèna perÐploka qwrÐa R, to olokl rwma (2.3) endeqomènwc na mhn
orÐzetai, akìma kai an h fX,Y eÐnai polÔ apl , p.q., stajer . AgnooÔme to
prìblhma.

(gþ) Opoiad pote sun�rthsh fX,Y (x, y) ≥ 0 èqei olokl rwma∫∫
R×R

fX,Y (x, y) dA = 1

mporeÐ na jewrhjeÐ puknìthta enìc zeÔgouc T.M.

Par�deigma 2.2. (Apl  puknìthta pijanìthtac) 'Estw pwc to zeÔgoc
(X, Y ) èqei thn apì koinoÔ puknìthta pijanìthtac

f(x, y) =

{
1
3(2x+ 4y), 0 ≤ x ≤ 1, 0 ≤ y ≤ 1,

0, alloÔ,

h opoÐa èqei sqediasteÐ sto Sq ma 2.5.

1. Ja upologÐsoume thn pijanìthta P
(
0 ≤ X ≤ 1

2 , 0 ≤ Y ≤ 1
2

)
.

2. Ja upologÐsoume thn pijanìthta P (X < Y ).

Katarq�c, parathroÔme pwc:∫∫
R×R

fX,Y (x, y) dA =

∫∫
[0,1]×[0,1]

2x

3
dA+

∫∫
[0,1]×[0,1]

4y

3
dA

=

∫ 1

0

2x

3

(∫ 1

0

dy

)
dx+

∫ 1

0

4y

3

(∫ 1

0

dx

)
dy

=

∫ 1

0

2x

3
dx+

∫ 1

0

4y

3
dy =

∫ 1

0

(
x2

3

)′
dx+

∫ 1

0

(
2y2

3

)′
dy

=
1

3
+

2

3
= 1.
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Sq ma 2.5: H puknìthta pijanìthtac tou ParadeÐgmatoc 2.2. Ektìc twn orÐwn 0 ≤ x ≤ 1, 0 ≤ y ≤ 1,
h puknìthta eÐnai 0, en¸ entìc eÐnai grammik  wc proc ta x, y.

Sthn pr¸th isìthta qrhsimopoi same thn grammikìthta tou diploÔ oloklhr¸matoc,
dhlad  ìti to olokl rwma enìc ajroÐsmatoc sunart sewn isoÔtai me to �jroisma twn
antÐstoiqwn oloklhrwm�twn. Sthn deÔterh, efarmìsame to Je¸rhma tou Fubini gia
k�je olokl rwma, bg�zontac èxw apì k�je eswterikì olokl rwma suntelestèc pou
den exart¸ntai apì thn eswterik  metablht  olokl rwshc. To telikì apotèlesma
anamenìtan, kaj¸c h pijanìthta na p�rei to zeÔgoc (X, Y ) opoiad pote tim  prèpei
na eÐnai mon�da.

Gia na upologÐsoume tic zhtoÔmenec pijanìthtec, ja qrhsimopoi soume ton orismì
thc apì koinoÔ puknìthtac (2.3), oloklhr¸nontac thn sta antÐstoiqa qwrÐa. Sthn
pr¸th perÐptwsh, èqoume:

P

(
0 ≤ X ≤ 1

2
, 0 ≤ Y ≤ 1

2

)
=

∫∫
[0, 12 ]×[0, 12 ]

(
2x

3
+

4y

3

)
dA =

∫ 1
2

0

(∫ 1
2

0

(
2x

3
+

4y

3

)
dy

)
dx

=

∫ 1
2

0

[
2xy

3
+

2y2

3

] 1
2

0

dx =

∫ 1
2

0

(
x

3
+

1

6

)
dx =

∫ 1
2

0

(
x2

6
+
x

6

)′
dx =

1

8
.

Parathr ste ìti ed¸ epilèxame na mhn qrhsimopoi soume thn grammikìthta tou olo-
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klhr¸matoc, kai ètsi efarmìsame to Je¸rhma tou Fubini mia for�. To stereì tou
opoÐou ton ìgko upologÐsame èqei sqediasteÐ sto Sq ma 2.6.

Sthn deÔterh perÐptwsh, to qwrÐo èqei trigwnikì sq ma. Kat� ta gnwst� apì to
Je¸rhma Fubini, èqoume:

P (X < Y ) =

∫ 1

0

(∫ y

0

(
2x

3
+

4y

3

)
dx

)
dy =

∫ 1

0

(∫ y

0

(
x2

3
+

4yx

3

)′
dx

)
dy

=

∫ 1

0

(
y2

3
+

4y2

3

)
dy =

5

3

∫ 1

0

y2 dy =
5

9

∫ 1

0

(y3)′ dy =
5

9
.

To stereì tou opoÐou ton ìgko upologÐsame faÐnetai skiasmèno sto Sq ma 2.6.

L mma 2.1. (Basikèc idiìthtec thc apì koinoÔ puknìthtac) 'Estw apì koinoÔ sune-
qeÐc T.M. me apì koinoÔ puknìthta fX,Y (x, y). IsqÔoun ta akìlouja:

1.

∫∫
R×R

f(x) dA = 1.

2. To orjog¸nio qwrÐo R me pleurèc x = a, x = b, y = c, y = d, ìpou a ≤ b, c ≤ d,
èqei pijanìthta

P ((X, Y ) ∈ R) =

∫∫
[a,b]×[c,d]

fX,Y (x, y) dA =


∫ b
a

(∫ d
c fX,Y (x, y)dy

)
dx,∫ d

c

(∫ b
a fX,Y (x, y)dx

)
dy,

anex�rthta apì to an kai pìsa apì ta oriak� tou shmeÐa an koun se autì   ìqi.

3. P (X = a, Y = b) = 0 gia opoiod pote zeÔgoc a, b ∈ R.

4. H X eÐnai suneq c me puknìthta

fX(x) =

∫ ∞
−∞

fX,Y (x, y) dy gia k�je x ∈ R. (2.5)

5. H Y eÐnai suneq c me puknìthta

fY (y) =

∫ ∞
−∞

fX,Y (x, y) dx gia k�je y ∈ R. (2.6)

Apìdeixh. 1. ProkÔptei apì to gegonìc ìti h pijanìthta na p�rei to zeÔgoc (X, Y )
opoiad pote tim , pou isoÔtai me to dosmèno olokl rwma, prèpei na eÐnai mon�da.

2. ProkÔptei apì thn sqèsh (2.3).
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Sq ma 2.6: Oi ìgkoi twn stere¸n isoÔntai me tic pijanìthtec P
[
0 ≤ X ≤ 1

2
, 0 ≤ Y ≤ 1

2

]
kai P [X <

Y ] tou ParadeÐgmatoc 2.2.
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3. ProkÔptei apì thn sqèsh (2.3).

4. Parathr ste pwc, gia opoiod pote A ⊆ R,

P (X ∈ A) = P (X ∈ A, Y ∈ R) =

∫∫
A×R

fX,Y (x, y) dA

=

∫
A

(∫
R
fX,Y (x, y) dy

)
dx⇒ P (X ∈ A) =

∫
A

(∫ ∞
−∞

fX,Y (x, y) dy

)
dx.

'Ara, br kame mia sun�rthsh fX(x) =
∫∞
−∞ fX,Y (x, y) dy h opoÐa lamb�nei mh

arnhtikèc timèc kai h opoÐa epiplèon èqei thn idiìthta, gia opoiod pote A ⊆ R,

P (X ∈ A) =

∫
A

fX(x) dx.

'Ara ex orismoÔ twn suneq¸n T.M., h X eÐnai suneq c, me puknìthta pou dÐnetai
apì thn (2.5).

5. ProkÔptei entel¸c an�loga me thn prohgoÔmenh perÐptwsh.

Orismìc 2.2. An oiX, Y eÐnai apì koinoÔ suneqeÐc, oi puknìthtèc touc fX(x), fY (y)
kaloÔntai perij¸riec puknìthtec pijanìthtac.

Par�deigma 2.3. Ja upologÐsoume tic perij¸riec puknìthtec tou ParadeÐgmatoc
2.2. Gia na upologÐsoume thn fX(x), parathroÔme pwc an x < 0   x > 1, tìte
prokÔptei ìti fX(x) = 0. Pr�gmati, se aut  thn perÐptwsh h fX(x) isoÔtai me to
olokl rwma miac sun�rthshc pou eÐnai pantoÔ 0.

An 0 ≤ x ≤ 1, tìte

fX(x) =

∫ ∞
−∞

fX,Y (x, y) dx =

∫ 1

0

(
2x

3
+

4y

3

)
dy

=
2x

3

∫ 1

0

dy +
4

6

∫ 1

0

(
y2
)′
dy =

2

3
(x+ 1).

Sugkentrwtik�:

fX(x) =

{
2
3(x+ 1), x ∈ [0, 1],

0, x 6∈ [0, 1].

ParomoÐwc,

fY (y) =

{
1
3(4y + 1), y ∈ [0, 1],

0, y 6∈ [0, 1].
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x < 0 x > 10 ≤ x ≤ 1

y < 0

y > 1

0 ≤ y ≤ 1

(1, 0)(0, 0)

(0, 1) (1, 1)

x

y

R

Sq ma 2.7: Par�deigma 2.3: H apì koinoÔ puknìthta eÐnai mh mhdenik  sto qwrÐo R = [0, 1] ×
[0, 1]. Gia na upologÐsoume tic perij¸riec puknìthtec fX(x), fY (y), prèpei na oloklhr¸soume thn
apì koinoÔ kat� m koc eujei¸n kajètwn   orizontÐwn (antÐstoiqa), èqontac thn metablht  pou den
oloklhr¸netai, x   y antÐstoiqa, wc mia par�metro pou ja ephre�sei thn tim  tou oloklhr¸matoc
mèsw thc jèshc thc eujeÐac.

Sto Sq ma 2.7 èqoume sqedi�sei to qwrÐoR sto opoÐo h fX,Y (x, y) eÐnai mh mhdenik ,
kaj¸c kai tic di�forec eujeÐec p�nw stic opoÐec upologÐsame to (aplì) olokl rwma
thc apì koinoÔ puknìthtac, prokeimènou na upologÐsoume tic perij¸riec puknìthtec.
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2.3 Mèsh Tim  kai SundiakÔmansh

Prìtash 2.1. (Mèsh tim  sun�rthshc dÔo T.M.) 'Estw dÔo apì koinoÔ suneqeÐc
T.M. X, Y , me apì koinoÔ puknìthta fX,Y (x, y). 'Estw T.M. Z = g(X, Y ). H mèsh
tim  thc isoÔtai me

E(Z) =

∫∫
R×R

g(x, y)fX,Y (x, y) dA =

∫ ∞
−∞

∫ ∞
−∞

g(x, y)fX,Y (x, y) dxdy. (2.7)

Parat rhsh: H prìtash mac epitrèpei na upologÐsoume mèsec timèc tuqaÐwn meta-
blht¸n me polÔ ligìtero kìpo se sqèsh me thn perÐptwsh pou qrhsimopoioÔsame ton
orismì thc mèshc tim c. DeÐte to akìloujo par�deigma.

Par�deigma 2.4. Gia tic T.M. X, Y tou ParadeÐgmatoc 2.2 èqoume

E(XY ) =

∫ ∞
−∞

∫ ∞
−∞

xyfX,Y (x, y) dxdy =
1

3

∫ 1

0

(∫ 1

0

xy(2x+ 4y) dy

)
dx

=
1

3

∫ 1

0

(∫ 1

0

(
x2y2 +

4

3
xy3
)′

dy

)
dx =

1

3

∫ 1

0

(
x2 +

4x

3

)
dx

=
1

3

∫ 1

0

(
x3

3
+

2x2

3

)′
dx =

1

3

(
1

3
+

2

3

)
=

1

3
.

QwrÐc qr sh thc pio p�nw prìtashc, gia na upologÐsoume thn mèsh tim  E(Z) thc
T.M. Z , XY , ja èprepe

1. na upologÐsoume thn katanom  FZ(z) = P (Z ≤ z) = P (XY ≤ z), mèsw tou
diploÔ oloklhr¸matoc

P (XY ≤ z) =

∫∫
xy≤z

fX,Y (x, y) dA =

∫∫
xy≤z, 0≤x,y≤1

(
2x

3
+

4y

3

)
dA.

2. na upologÐsoume thn puknìthta thc Z, me qr sh thc sqèshc fZ(z) = F ′Z(z), kai

3. katìpin na efarmìsoume ton orismì thc mèshc tim c E(Z) =
∫∞
−∞ zfZ(z) dz.

H diadikasÐa ja  tan polÔ pio makroskel c (idiaÐtera to pr¸to b ma).

H sundiakÔmansh Cov(X, Y ) kai o suntelest c susqèthshc ρ(X, Y ) dÔo suneq¸n
T.M. X, Y orÐzontai akrib¸c ìpwc kai sthn diakrit  perÐptwsh wc

Cov(X, Y ) , E
[(
X − E(X)

)(
Y − E(Y )

)]
,

ρ(X, Y ) ,
Cov(X, Y )√
V(X)

√
V(Y )

.
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'Opou gia na orÐsoume thn sundiakÔmansh upojètoume ìti kajemÐa apì tic X, Y èqei
peperasmènh deÔterh rop , en¸ gia na orÐsoume ton suntelest  susqètishc upojètoume
ìti kajemÐa èqei peperasmènh kai jetik  diaspor�.

Parat rhsh: Oi prot�seic 1.1, 1.2, 1.3, 1.4, 1.5 isqÔoun kai sthn perÐptwsh
suneq¸n tuqaÐwn metablht¸n, me thn Ðdia apìdeixh. Den tic diatup¸noume xan�.

Par�deigma 2.5. Gia tic T.M. X, Y tou ParadeÐgmatoc 2.2 èqoume, qrhsimopoi¸n-
tac tic perij¸riec puknìthtec pou br kame sto Par�deigma 2.3:

E(X) =

∫ ∞
−∞

xfX(x) dx =

∫ 1

0

x
2

3
(x+ 1) dx

=

∫ 1

0

(
2x3

9
+
x2

3

)′
dx =

2

9
+

1

3
=

5

9
.

ParomoÐwc,

E(Y ) =

∫ ∞
−∞

yfY (y) dy =

∫ 1

0

y
1

3
(4y + 1) dy

=

∫ 1

0

1

3

(
4y3

3
+
y2

2

)′
dy =

1

3

(
4

3
+

1

2

)
=

11

18
.

Tèloc, sto Par�deigma 2.4 br kame pwc E(XY ) = 1
3 , �ra telik�

Cov(X, Y ) = E(XY )− E(X)E(Y ) =
1

3
− 5

9
× 11

18
= − 1

162
.

Par�deigma 2.6. 'EstwX, Y suneqeÐc tuqaÐec metablhtèc me apì koinoÔ puknìthta

f(x, y) =

{
2 an 0 < x < y < 1,

0 diaforetik�.

Tìte

E(XY ) =

∫∫
R2

xyf(x, y) dxdy = 2

∫ 1

0

∫ y

0

xy dxdy = 2

∫ 1

0

y3

2
dy =

1

4
,

kai ìmoia brÐskoume ìti gia r > 0 isqÔei

E(Xr) =

∫ 1

0

∫ y

0

xr2 dxdy = ... =
2

(r + 1)(r + 2)
,

E(Y r) =

∫ 1

0

∫ y

0

yr2 dxdy = ... =
2

r + 2
.
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'Ara qrhsimopoi¸ntac autèc tic sqèseic gia r = 1, 2, brÐskoume

Cov(X, Y ) = E(XY )− EXEY =
1

4
− 1

3

2

3
=

1

36
,

V (X) = E(X2)− (EX)2 =
2

3× 4
−
(

1

3

)2

=
1

18
,

V (Y ) =
2

4
− 4

9
=

1

18
,

ρ(X, Y ) =
Cov(X, Y )√
V (X)V (Y )

=
1/36

1/18
=

1

2
.
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2.4 Anex�rthtec SuneqeÐc TuqaÐec Metablhtèc

Orismìc 2.3. (ZeÔgh anex�rthtwn suneq¸n T.M.) DÔo suneqeÐc T.M. X, Y ka-
loÔntai anex�rthtec an gia opoiad pote uposÔnola A,B ⊆ R isqÔei

P (X ∈ A, Y ∈ B) = P (X ∈ A)P (Y ∈ B). (2.8)

Parat rhsh: 'Opwc kai sthn perÐptwsh twn diakrit¸n T.M., dÔo T.M. eÐnai ane-
x�rthtec an dÔo opoiad pote endeqìmena pou aforoÔn to kajèna apokleistik� th mÐa
apì tic dÔo T.M. eÐnai anex�rthta. H anexarthsÐa loipìn kai twn suneq¸n T.M. eÐnai
�mesa sqetismènh me thn anexarthsÐa twn endeqìmenwn.

L mma 2.2. (Ikanì krit rio anexarthsÐac T.M.) DÔo apì koinoÔ suneqeÐc T. M. X,
Y , me apì koinoÔ puknìthta fX,Y (x, y) kai perij¸riec puknìthtec fX(x), fY (y) eÐnai
anex�rthtec an

fX,Y (x, y) = fX(x)fY (y), ∀x, y ∈ R. (2.9)

Apìdeixh. 'Estw pwc isqÔei h (2.9) kai èstw dÔo endeqìmena A,B ⊆ R. ParathroÔme
pwc

P (X ∈ A, Y ∈ B) =

∫∫
A×B

fX,Y (x, y) dA =

∫
A

(∫
B

fX(x)fY (y) dy

)
dx

=

∫
A

fX(x)

(∫
B

fY (y) dy

)
dx

=

(∫
B

fY (y) dy

)(∫
A

fX(x) dx

)
= P (X ∈ A)P (Y ∈ B).

H deÔterh isìthta proèkuye apì efarmog  tou Jewr matoc tou Fubini (se mia pio
genik  morf  apì aut  pou èqoume dei) kai thn upìjesh, en¸ h trÐth kai h tètarth
bg�zontac stajerèc ektìc oloklhrwm�twn.

Parathr seic

1. Se antÐjesh me to antÐstoiqo krit rio thc diakrit c perÐptwshc, to krit rio eÐ-
nai apl¸c ikanì, kai ìqi anagkaÐo. Gia na katal�bete giatÐ, skefteÐte wc ex c:
'Estw dÔo T.M. X, Y gia tic opoÐec h (2.9) ikanopoieÐtai, opìte oi T.M. eÐnai a-
nex�rthtec. An all�xoume thn apì koinoÔ puknìthta se èna mìno shmeÐo, tìte to
krit rio den ikanopoieÐtai plèon, ìmwc oi X, Y suneqÐzoun na eÐnai anex�rthtec,
afoÔ h allag  thc apì koinoÔ puknìthtac se èna shmeÐo den mporeÐ na ephre�sei
ton upologismì tou oloklhr¸matoc thc se kanèna sÔnolo, �ra kai tic timèc twn
pijanot twn pou emfanÐzontai sta dÔo mèlh thc (2.8).
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2. Anafèroume ìmwc, qwrÐc apìdeixh, ìti an dÔo T.M. X, Y , me puknìthtec, an-
tistoÐqwc, fX(x), fY (y), eÐnai anex�rthtec, tìte mporoÔme na jèsoume wc apì
koinoÔ puknìtht� touc thn fX,Y (x, y) = fX(x)fY (y).

L mma 2.3. (Idiìthtec anex�rthtwn suneq¸n T.M.) 'Estw X, Y anex�rthtec sune-
qeÐc T.M.

1. 'Estw sunart seic g : R→ R, kai h : R→ R. Ja isqÔei

E(g(X)h(Y )) = E(g(X))E(h(Y ))).

Eidik  perÐptwsh thc �nw eÐnai h

E(XY ) = E(X)E(Y ).

2. Cov(X, Y ) = 0.

3. V(X + Y ) = V(X) + V(Y ).

Apìdeixh. 1. Efarmìzontac to L mma 2.1 èqoume:

E(g(X)h(Y )) =

∫ ∞
−∞

∫ ∞
−∞

g(x)h(y)fX,Y (x, y) dxdy

=

∫ ∞
−∞

∫ ∞
−∞

g(x)h(y)fX(x)fY (y) dxdy

=

(∫ ∞
−∞

g(x)fX(x) dx

)(∫ ∞
−∞

h(y)fY (y) dy

)
.

H deÔterh isìthta prokÔptei apì thn upìjesh thc anexarthsÐac. H trÐth bg�-
zontac stajerèc èxw apì oloklhr¸mata.

2. ProkÔptei �mesa apì to prohgoÔmena skèloc kai thn efarmog  thc (1.3), pou
isqÔei kai gia suneqeÐc tuqaÐec metablhtèc.

3. ProkÔptei �mesa apì to prohgoÔmeno skèloc kai thn efarmog  thc (1.4)

Orismìc 2.4. (Asusqètistec T.M.) DÔo suneqeÐc T.M. X, Y , eÐnai asusqètistec
an h sundiakÔmans  touc Cov(X, Y ) eÐnai mhdenik , dhlad  Cov(X, Y ) = 0.

Parat rhsh: 'Opwc kai sth diakrit  perÐptwsh, dÔo asusqètistec T.M. mporeÐ na
mhn eÐnai anex�rthtec. Gia par�deigma, an h Z akoloujeÐ thn omoiìmorfh katanom 
sto (−1, 1), kai p�roume X = Z, Y = Z2. Tìte

Cov(X, Y ) = E(Z · Z2)− E(Z)E(Z2) = 0,
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afoÔ E(Z) = E(Z3) = 0. 'Omwc

P (X ∈ (0, 1/2), X2 ∈ (1/2, 1)) = P (∅) = 0 < P (X ∈ (0, 1/2))P (X2 ∈ (1/2, 1)).

Par�deigma 2.7. Ja exet�soume kat� pìson oi X, Y tou ParadeÐgmatoc 2.2 eÐnai
anex�rthtec. ParathroÔme katarq n, pwc up�rqoun zeÔgh tim¸n twn x, y gia ta opoÐa
den efarmìzetai to L mma 2.2 (mporeÐte na breÐte merik�?). ParathroÔme epÐshc pwc
h sundiakÔmansh, pou èqoume upologÐsei sto Par�deigma 2.5, den eÐnai mhdenik , �ra
apì to �nw l mma prokÔptei pwc oi X, Y den mporeÐ na eÐnai anex�rthtec.
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2.5 ParadeÐgmata

Par�deigma 2.8. O StaÔroc kai o Gi�nnhc èqoun d¸sei ranteboÔ se èna mpar, gia
tic 03:00 p.m. 'Estw X, Y oi qrìnoi kajustèrhs c touc, se ¸rec. Upojètoume ìti
oi T.M. X, Y eÐnai anex�rthtec h mia apì thn �llh, kai epiplèon eÐnai omoiìmorfa
katanemhmènec apì to 0 wc to 1. Ja apant soume ta akìlouja erwt mata:

1. Poia eÐnai h pijanìthta h diafor� stouc qrìnouc afÐxewn se apìluth tim , dhlad 
to |X − Y |, na eÐnai k�tw apì 0.5 ¸rec?

2. Gia na touc apotrèpei na argoÔn, o mp�rman touc qre¸nei sto logariasmì, ektìc
apì ta pot�, kai èna kìstoc 20X + 10Y Eur¸. Kat� mèso ìro, pìso plhr¸noun
k�je for� ston mp�rman lìgw thc kajustèrhs c touc?

3. Poia eÐnai h pijanìthta na plhr¸soun p�nw apì 20 Eur¸ kìstoc kajustèrhshc?

4. Pìsh eÐnai h sundiakÔmansh Cov(X, Y )?

Gia na apant soume ta erwt mata, parathroÔme katarq n pwc oi perij¸riec kata-
nomèc eÐnai oi

fX(x) =

{
1, x ∈ [0, 1],

0, x 6∈ [0, 1],
fY (y) =

{
1, y ∈ [0, 1],

0, y 6∈ [0, 1],

kai qrhsimopoi¸ntac thn upìjesh thc anexarthsÐac mporoÔme na broÔme thn apì koinoÔ
puknìthta:

fX,Y (x, y) = fX(x)fY (y) =

{
1, (x, y) ∈ [0, 1]× [0, 1],

0, (x, y) 6∈ [0, 1]× [0, 1].

'Eqontac thn apì koinoÔ katanom , mporoÔme na apant soume ta �nw erwt mata:

1.

P

(
|X − Y | < 1

2

)
=

∫∫
|x−y|< 1

2

fX,Y (x, y) dA =

∫∫
|x−y|< 1

2 ,0≤x,y≤1

1 dA.

Sth deÔterh isìthta l�bame up' ìyin ìti h oloklhrwtèa sun�rthsh eÐnai mhdèn
ektìc tou tetrag¸nou [0, 1] × [0, 1], kai Ðsh me th mon�da entìc. To qwrÐo A =
{(x, y) : |x − y| < 1

2 , 0 ≤ x, y ≤ 1} èqei sqediasteÐ sto Sq ma 2.8. Epeid 
h oloklhrwtèa sun�rthsh isoÔtai me th mon�da, to olokl rwma isoÔtai me to
embadìn tou A, pou eÐnai 3

4 . 'Ara, me pijanìthta
3
4 h anamon  tou pr¸tou gia thn

�fixh tou deÔterou den ja xeper�sei thn mis  ¸ra.
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Sq ma 2.8: Ta qwrÐa A,B tou ParadeÐgmatoc 2.8. H apì koinoÔ puknìthta eÐnai mon�da entìc tou
tetrag¸nou {(x, y) : 0 ≤ x, y ≤ 1}, kai mhdenik  ektìc.

2. H mèsh tim  tou kìstouc eÐnai eÔkolo na upologisteÐ:

E(Z) = E(20X + 10Y ) = 20E(X) + 10E(Y ) = 20× 1

2
+ 10× 1

2
= 15.

3. UpologÐzoume thn pijanìthta P (Z > 20) wc ex c:

P (Z > 20) = P (20X + 10Y > 20) = P (2X + Y > 2)

=

∫∫
2x+y>2

fX,Y (x, y) dA =

∫∫
2x+y>2, 0≤x,y≤1

1 dA.

Kai to qwrÐo B = {(x, y) : 2x+y > 2, 0 ≤ x, y ≤ 1} emfanÐzetai skiasmèno sto
Sq ma 2.8. To embadìn tou eÐnai 1

4 , �ra, epeid  h puknìthta eÐnai stajer  kai Ðsh
me th mon�da, èqoume P (Z > 20) = 1

4 .

4. AfoÔ oi X, Y eÐnai anex�rthtec, h sundiakÔmansh Cov(X, Y ) = 0.

Par�deigma 2.9. 'Estw t¸ra pwc o StaÔroc kai o Gi�nnhc ft�noun se tuqaÐouc
qrìnouc X kai Y antÐstoiqa, gia touc opoÐouc gnwrÐzoume ìti h apì koinoÔ puknìthta
pijanìthtac eÐnai h

fX,Y (x, y) =

{
cx(1− y), (x, y) ∈ [0, 1]× [0, 1],

0, (x, y) 6∈ [0, 1]× [0, 1].

Ja apant soume ta akìlouja erwt mata:
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1. Poia eÐnai h tim  thc stajer�c c?

2. Poiec eÐnai oi perij¸riec puknìthtec twn X, Y ?

3. EÐnai oi T.M. X, Y anex�rthtec?

4. Pìsh eÐnai h sundiakÔmansh Cov(X, Y )?

5. Pìsh eÐnai h pijanìthta P (X ≤ Y )?

'Eqoume:

1. Ja qrhsimopoi soume to gegonìc ìti to olokl rwma thc puknìthtac se ìlo to
epÐpedo prèpei na isoÔtai me th mon�da. 'Eqoume∫∫

R×R

fX,Y (x, y) dA = c

∫ 1

0

(∫ 1

0

x(1− y) dx

)
dy

= c

∫ 1

0

(1− y)

(∫ 1

0

x dx

)
dy

= c

(∫ 1

0

x dx

)(∫ 1

0

(1− y) dy

)
= c× 1

2
× 1

2
,

sunep¸c prèpei c = 4. H puknìthta èqei sqediasteÐ sto Sq ma 2.9.

2. Kat� ta gnwst� apì th jewrÐa,

fX(x) =

∫ ∞
−∞

fX,Y (x, y) dy.

Profan¸c ìtan x > 1   x < 0, to �nw olokl rwma eÐnai mhdèn, giatÐ tìte h
oloklhrwtèa sun�rthsh eÐnai pantoÔ mhdenik .

Sthn perÐptwsh pou 0 ≤ x ≤ 1, èqoume:

fX(x) =

∫ ∞
−∞

fX,Y (x, y) dy =

∫ 1

0

4x(1− y) dy = 4x

∫ 1

0

(1− y) dy = 2x.

'Ara, sugkentrwtik�

fX(x) =

{
2x, x ∈ [0, 1],

0, x 6∈ [0, 1].

ParomoÐwc, h perij¸ria fY (y) = 0 ìtan y 6∈ [0, 1], en¸ ìtan y ∈ [0, 1] èqoume:

fY (y) =

∫ ∞
−∞

fX,Y (x, y) dx =

∫ 1

0

4x(1− y) dx = (1− y)

∫ 1

0

4x dx = 2(1− y),



2.5. PARADE�IGMATA 51

0
0.5

1

0

0.5

1

0

1

2

3

4

xy

f X
Y

(x
,y

)

Sq ma 2.9: H puknìthta pijanìthtac fX,Y (x, y) tou ParadeÐgmatoc 2.9.

kai sugkentrwtik� fY (y) =

{
2(1− y), y ∈ [0, 1],

0, y 6∈ [0, 1].

Gia na katano sete kalÔtera ton upologismì twn perijwrÐwn puknot twn, mpo-
reÐte na deÐte to Sq ma 2.7, pou efarmìzetai wc èqei kai se autì to par�deigma.

3. Gia k�je zeÔgoc (x, y) ∈ R× R, isqÔei ìti fX,Y (x, y) = fX(x)fY (y). (Exet�ste
peript¸seic gia na sigoureuteÐte.) 'Ara oi X, Y eÐnai anex�rthtec.

4. AfoÔ oi X, Y eÐnai anex�rthtec, h sundiakÔmansh Cov(X, Y ) = 0.

5.

P (X ≤ Y ) =

∫∫
(x,y):x≤y

fX,Y (x, y) dA =

∫ 1

0

(∫ y

0

4x(1− y) dx

)
dy

= 4

∫ 1

0

(
(1− y)

∫ y

0

x dx

)
dy = 4

∫ 1

0

(1− y)
y2

2
dy

= 4

∫ 1

0

(
y3

6
− y4

8

)′
dy = 4

(
1

6
− 1

8

)
=

1

6
.

Sto Sq ma 2.10 èqoume sqedi�sei to stereì tou opoÐou o ìgkoc antistoiqeÐ me
thn �nw pijanìthta.
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Sq ma 2.10: O ìgkoc tou stereoÔ isoÔtai me thn P [X ≤ Y ] tou ParadeÐgmatoc 2.9.

Par�deigma 2.10. 'Estw, tèloc, pwc o StaÔroc kai o Gi�nnhc ft�noun se tuqaÐouc
qrìnouc X kai Y antÐstoiqa, gia touc opoÐouc gnwrÐzoume ìti

fX,Y (x, y) =

{
cx(1− y), 0 ≤ x, y ≤ 1, x+ y ≤ 1,

0, alloÔ.

1. Poia eÐnai h tim  thc stajer�c c?

2. Poiec eÐnai oi perij¸riec puknìthtec twn X, Y ?

3. EÐnai oi T.M. X, Y anex�rthtec?

4. Pìsh eÐnai h sundiakÔmansh Cov(X, Y )?

'Eqoume, kat� perÐptwsh:

1. Kai p�li, prèpei to olokl rwma thc fX,Y (x, y) sto R×R na eÐnai mon�da. 'Omwc,∫∫
R×R

fX,Y (x, y) dA

=

∫ 1

0

(∫ 1−y

0

cx(1− y) dx

)
dy =

∫ 1

0

(
c(1− y)

∫ 1−y

0

x dx

)
dy

=

∫ 1

0

c(1− y)
(1− y)2

2
dy = c

∫ 1

0

(
−(1− y)4

8

)′
dy =

c

8
.
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Sq ma 2.11: H puknìthta pijanìthtac tou ParadeÐgmatoc 2.10.

'Ara telik� c = 8. H puknìthta èqei sqediasteÐ sto Sq ma 2.11.

2. 'Otan x 6∈ [0, 1], èqoume fX(x) = 0. An x ∈ [0, 1],

fX(x) =

∫ ∞
−∞

fX,Y (x, y) dy =

∫ 1−x

0

8x(1− y) dy

= 8x

∫ 1−x

0

(1− y) dy = −8x

∫ 1−x

0

(
(1− y)2

2

)′
dy = 4x(1− x2),

kai sugkentrwtik�

fX(x) =

{
4x(1− x2), x ∈ [0, 1],

0, x 6∈ [0, 1].

Parìmoia, an y 6∈ [0, 1], tìte fY (y) = 0. An y ∈ [0, 1], tìte

fY (y) =

∫ ∞
−∞

fX,Y (x, y) dx =

∫ 1−y

0

8x(1− y) dx

= 4(1− y)

∫ 1−y

0

(x2)′ dx = 4(1− y)3.
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x < 0 x > 10 ≤ x ≤ 1

y < 0

y > 1

0 ≤ y ≤ 1

(1, 0)(0, 0)

(0, 1)

x

y

R

Sq ma 2.12: Par�deigma 2.10: H apì koinoÔ puknìthta eÐnai mh mhdenik  sto qwrÐo R. Gia na
upologÐsoume tic perij¸riec puknìthtec fX(x), fY (y), prèpei na oloklhr¸soume thn apì koinoÔ kat�
m koc eujei¸n kajètwn   orizontÐwn (antÐstoiqa), èqontac thn metablht  pou den oloklhr¸netai, x
  y antÐstoiqa, wc mia par�metro pou ja ephre�sei thn tim  tou oloklhr¸matoc mèsw thc jèshc thc
eujeÐac.

Telik�,

fY (y) =

{
4(1− y)3, y ∈ [0, 1],

0, y 6∈ [0, 1].

Sto Sq ma 2.12 èqoume sqedi�sei to qwrÐo R sto opoÐo h fX,Y (x, y) eÐnai mh
mhdenik , kaj¸c kai tic di�forec eujeÐec p�nw stic opoÐec upologÐsame to (a-
plì) olokl rwma thc apì koinoÔ puknìthtac, prokeimènou na upologÐsoume tic
perij¸riec puknìthtec.

3. Oi X, Y den eÐnai anex�rthtec giatÐ

P

[
1

2
≤ X ≤ 1

]
> 0, P

[
1

2
≤ Y ≤ 1

]
> 0,

en¸

P

[
1

2
≤ X ≤ 1,

1

2
≤ Y ≤ 1

]
=

∫∫
1
2≤x,y≤1

0 dA = 0,
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�ra h sunj kh (2.8) den ikanopoieÐtai gia A = B =
[
1
2 , 1
]
.

4. AfoÔ oi X, Y , den eÐnai anex�rthtec, h sundiakÔmansh endeqomènwc na mhn eÐnai
mhdenik , kai prèpei na upologisteÐ. 'Eqoume:

E(X) =

∫ ∞
−∞

xfX(x) dx =

∫ 1

0

4x2(1− x2) dx = 4

∫ 1

0

(
1

3
x3 − 1

5
x5
)′

dx

= 4

[
1

3
x3 − 1

5
x5
]1
0

=
8

15
,

E(Y ) =

∫ 1

0

yfY (y) dy = 4

∫ 1

0

y(1− y)3 dy

= 4

∫ 1

0

(y − 3y2 + 3y3 − y4) dy = 4

∫ 1

0

(
1

2
y2 − y3 +

3

4
y4 − 1

5
y5
)′

dy

= 4

[
1

2
y2 − y3 +

3

4
y4 − 1

5
y5
]1
0

=
1

5
,

E(XY ) =

∫∫
R×R

xyfX,Y (x, y) dA =

∫∫
0≤x,y≤1, x+y≤1

8x2(1− y)y dA

=

∫ 1

0

(∫ 1−x

0

8x2(1− y)y dy

)
dx =

∫ 1

0

8x2
(∫ 1−x

0

(y − y2) dy
)
dx

=

∫ 1

0

8x2

(∫ 1−x

0

(
y2

2
− y3

3

)′
dy

)
dx =

∫ 1

0

8x2
[
y2

2
− y3

3

]1−x
0

dx

=

∫ 1

0

8x2
(

1

2
(1− x)2 − 1

3
(1− x)3

)
dx

=

∫ 1

0

4

3
x2
(
2x3 − 3x2 + 1

)
dx =

∫ 1

0

(
8

3
x5 − 4x4 +

4

3
x2
)
dx

=

∫ 1

0

(
4

9
x6 − 4

5
x5 +

4

9
x3
)′

dx =

[
4

9
x6 − 4

5
x5 +

4

9
x3
]1
0

=
4

45
,

kai telik�

Cov(X, Y ) = E(XY )− E(X)E(Y ) =
4

45
− 8

15
× 1

5
= − 4

225
.

Par�deigma 2.11. (Sunèlixh) 'Estw dÔo anex�rthtec suneqeÐc T.M. X, Y me pu-
knìthtec fX(x), fY (y) kai me apì koinoÔ puknìthta (dedomènhc thc anexarthsÐac touc)
thn fX,Y (x, y) = fX(x)fY (y). H puknìthta tou ajroÐsmatìc touc, èstw Z = X + Y ,
isoÔtai me

fZ(z) =

∫ ∞
−∞

fX(t)fY (z − t) dt.
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(H pio p�nw èkfrash eÐnai h suneq c morf  thc sunèlixhc dÔo sunart sewn. Thn
sunant�me polÔ suqn� sthn epexergasÐa s matoc. Gia par�deigma, o  qoc pou ft�-
nei sto autÐ sac apì to stereofwnikì sac eÐnai h sunèlixh thc kumatomorf c pou
eÐnai apojhkeumènh sto ìpoio mèso apoj keushc (CD, ktl.) kai miac sun�rthshc pou
enswmat¸nei tic rujmÐseic tou equalizer sac, ta qarakthristik� tou dwmatÐou pou
brÐskeste, th sumperifor� twn auti¸n sac, k.o.k.)

Gia na apodeÐxoume thn �nw sqèsh, ja upologÐsoume pr¸ta thn katanom  thc Z.
'Eqoume:

FZ(z) = P (Z ≤ z) = P (X + Y ≤ z)

=

∫∫
(x,y):x+y≤z

fX,Y (x, y) dA =

∫ ∞
−∞

(∫ z−x

−∞
fX(x)fY (y) dy

)
dx

=

∫ ∞
−∞

fX(x)

(∫ z−x

−∞
fY (y) dy

)
dx =

∫ ∞
−∞

fX(x)FY (z − x) dx.

ParagwgÐzontac, prokÔptei telik�

fZ(z) = F ′Z(z) =
d

dz

(∫ ∞
−∞

fX(x)FY (z − x) dx

)
=

∫ ∞
−∞

fX(x)F ′Y (z − x) dx =

∫ ∞
−∞

fX(t)fY (z − t) dt.

Sthn trÐth isìthta, all�xame thn seir� thc olokl rwshc kai thc parag¸gishc (sthn
sugkekrimènh perÐptwsh ikanopoioÔntai oi sunj kec pou epitrèpoun aut  thn enalla-
g .) Sthn tètarth isìthta all�xame thn metablht  olokl rwshc apì x se t.

Par�deigma 2.12. (El�qisto kai mègisto) 'Estw oi anex�rthtec suneqeÐc T.M. X,
Y me katanomèc FX(x), FY (y) kai puknìthtec fX(x), fY (y). 'Estw epÐshc oi suneqeÐc
T.M.W = max{X, Y } kai V = min{X, Y }. Ja upologÐsoume tic katanomèc FW (w),
FV (v) kai tic puknìthtec fW (w), fV (v), twn W kai V , sunart sei twn FX(x), FY (y)
kai fX(x), fY (y).

Gia na broÔme thn katanom  thc W , qrhsimopoi¸ntac to gegonìc ìti oi X, Y eÐnai
anex�rthtec, èqoume

FW (w) = P (W ≤ w) = P
(
{X ≤ w} ∩ {Y ≤ w}

)
= P (X ≤ w)P (Y ≤ w) = FX(w)FY (w).

ParagwgÐzontac,

fW (w) = fX(w)FY (w) + FX(w)fY (w).
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ParomoÐwc, gia na broÔme thn sun�rthsh katanom c thc V èqoume:

FV (v) = P (V ≤ v) = 1− P (V > v) = 1− P
(
{X > v} ∩ {Y > v}

)
= 1− P (X > v)P (Y > v) = 1− (1− FX(v))(1− FY (v)).

ParagwgÐzontac:

fV (v) = fX(v)(1− FY (v)) + fY (v)(1− FX(v)).

'Ola ta apotelèsmata èqoun diaisjhtik  ex ghsh. MporeÐte na th breÐte?
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2.6 Pollèc SuneqeÐc TuqaÐec Metablhtèc

'Opwc kai sthn perÐptwsh twn diakrit¸n T.M., h jewrÐa pou èqoume anaptÔxei mèqri
t¸ra epekteÐnetai kai sthn perÐptwsh perissìterwn apì dÔo suneq¸n T.M. Se aut 
thn par�grafo parousi�zoume sunoptik� thn epèktash thc jewrÐac, kai merik� qr sima
apotelèsmata thc. ParaleÐpoume ìlec tic apodeÐxeic, kaj¸c eÐnai an�logec me autèc
thc perÐptwshc twn dÔo T.M.

Orismìc 2.5. 'Ena pl joc n T.M. X1, . . . , Xn kaloÔntai apì koinoÔ suneqeÐc ì-
tan up�rqei mia sun�rthsh fX1,...,Xn

(x1, . . . , xn) : Rn → [0,∞), thn opoÐa kaloÔme
apì koinoÔ sun�rthsh puknìthtac pijanìthtac,   apì koinoÔ puknìthta, tètoia ¸ste
gia opoiod pote qwrÐo R ⊆ Rn, na isqÔei ìti

P [(X1, . . . , Xn) ∈ R] =

∫
· · ·
∫

R

fX1,...,Xn
(x1, . . . , xn) dx1 · · · dxn. (2.10)

L mma 2.4. (Idiìthtec apì koinoÔ puknìthtac) 'Estw n apì koinoÔ suneqeÐc T.M.
X1, . . . , Xn. H apì koinoÔ puknìtht� touc fX1,...,Xn

(x1, . . . , xn) èqei tic ex c idiìthtec:

1.

∫
· · ·
∫

Rn

fX1,...,Xn
(x1, . . . , xn) = 1.

2. H T.M. Xi eÐnai suneq c kai èqei perij¸ria puknìthta thn

fXi
(xi) =

∫
· · ·
∫

(x1,...,xi−1,xi+1,...,xn)∈Rn−1

fX1,...,Xn
(x1, . . . , xn) dx1 · · · dxi−1dxi+1 · · · dxn.

L mma 2.5. (Idiìthtec mèshc tim c sun�rthshc poll¸n T.M.) 'Estw n suneqeÐc
T.M. X1, . . . , Xn me apì koinoÔ puknìthta fX1,...,Xn

(x1, . . . , xn). 'Estw T.M. Z =
g(X1, . . . , Xn). H mèsh tim  thc isoÔtai me

E(Z) =

∫
· · ·
∫

Rn

g(x1, . . . , xn)fX1,...,Xn
(x1, . . . , xn) dx1 · · · dxn.

Orismìc 2.6. 'Ena pl joc n apì koinoÔ suneq¸n T.M. X1, . . . , Xn eÐnai anex�rthtec
an gia opoiad pote uposÔnola Ai ⊂ R, i = 1, . . . , n isqÔei

P (X1 ∈ A1, . . . , Xn ∈ An) = P (X1 ∈ A1) · · ·P (Xn ∈ An).

L mma 2.6. (Krit rio anexarthsÐac apì koinoÔ suneq¸n T.M.) 'Estw n apì koinoÔ
suneqeÐc T.M. X1, . . . , Xn, me apì koinoÔ puknìthta fX1,...,Xn

(x1, . . . , xn), kai perij¸-
riec puknìthtec fXi

(xi), i = 1, . . . , n. Oi X1, . . . , Xn eÐnai anex�rthtec an

fX1,...,Xn
(x1, . . . , xn) = fX1

(x1) . . . fXn
(xn) ∀ (x1, . . . , xn) ∈ Rn.
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L mma 2.7. (Idiìthtec anex�rthtwn suneq¸n T.M.) 'Estw n suneqeÐc anex�rthtec
T.M. X1, . . . , Xn.

1. Opoiod pote uposÔnolo apì tic X1, . . . , Xn eÐnai epÐshc anex�rthtec T.M.

2. 'Estw sunart seic gi : SXi
→ R. Ja isqÔei

E(g1(X1) · · · gn(Xn)) = E(g1(X1)) · · ·E(gn(Xn)).

Eidik  perÐptwsh thc �nw eÐnai h

E(X1 · · ·Xn) = E(X1) · · ·E(Xn).

3. V

(
n∑
i=1

Xi

)
=

n∑
i=1

V(Xi).

Par�deigma 2.13. (MhnÔmata) H di�rkeia apostol c enìc SMS se deuterìlepta
èqei omoiìmorfh katanom  sto di�sthma [1, 3], kai h di�rkeia apostol c enìc MMS èqei
ekjetik  katanom  me mèsh tim  ta 8 deuterìlepta. Stèlnoume, se treic anex�rthtec
apostolèc, 2 SMS kai èna MMS. Ja apant soume sta akìlouja:

1. Poia eÐnai h mèsh tim  thc sunolik c di�rkeiac apostol c?

2. Poia eÐnai h pijanìthta kai ta 2 SMS kai to MMS na èqoun ìla di�rkeia p�nw
apì 2 deuterìlepta to kajèna?

3. Poia eÐnai h pijanìthta to MMS na èqei di�rkeia megalÔterh apì th mèsh tim 
thc sunolik c di�rkeiac twn 2 SMS?

Gia na apant soume ta �nw, orÐzoume tic akìloujec T.M.:

X1 h di�rkeia apostol c tou pr¸tou SMS,

X2 h di�rkeia apostol c tou deÔterou SMS,

Y h di�rkeia apostol c tou MMS, kai

Z h sunolik  di�rkeia apostol c twn dÔo SMS kai tou MMS,

opìte Z = X1 +X2 + Y .

1. Gia th mèsh tim  thc sunolik c di�rkeiac apostol c èqoume:

E(Z) = E(X1 +X2 +Y ) = E(X1) +E(X2) +E(Y ) =
3 + 1

2
+

3 + 1

2
+ 8 = 12,

afoÔ oi X1, X2 èqoun omoiìmorfh katanom  sto di�sthma [1, 3] kai h Y èqei
ekjetik  katanom  me mèsh tim  8.
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2. Efìson oi treic apostolèc eÐnai anex�rthtec metaxÔ touc èqoume ìti h pijanìthta
ta 2 SMS kai to MMS na èqoun di�rkeia p�nw apì 2 deuterìlepta to kajèna
eÐnai:

P (X1 > 2, X2 > 2, Z > 2)

= P (X1 > 2)P (X2 > 2)P (Z > 2) =

[∫ 3

2

1

3− 1
dx

]2
× e−2/8 =

e−1/4

4
.

3. H pijanìthta to MMS na èqei di�rkeia megalÔterh apì th mèsh tim  thc sunolik c
di�rkeiac twn 2 SMS eÐnai

P (Y > E(X1 +X2)) = P (Y > 2 + 2) = 1− P (Y ≤ 4) = e−4/8 ' 0.6065.

Par�deigma 2.14. (El�qisto n ekjetik¸n T.M.) 'Estw n T.M. X1, . . . , Xn, ìlec
ekjetik� katanemhmènec, kai me mèsec timèc θ1, . . . , θn. Ja upologÐsoume thn katanom 
tou elaqÐstou touc, Z = min{X1, . . . , Xn}, upojètontac pwc eÐnai anex�rthtec.

FZ(z) = P (Z ≤ z) = 1− P (Z > z) = 1− P (X1 > z, . . . , Xn > z)

= 1− P (X1 > z) · · ·P (Xn > z) = 1− exp

[
− z
θ1

]
· · · exp

[
− z

θn

]
= 1− exp

[
−z
(

n∑
i=1

1

θi

)]
.

'Ara, to el�qisto Z eÐnai epÐshc katanemhmèno ekjetik�, me mèsh tim 

[
n∑
i=1

θ−1i

]−1
.



Kef�laio 3

Oriak� Jewr mata

3.1 Anisìthta tou Markov

Perilhptik�, h anisìthta tou Markov lèei pwc an mia T.M. èqei {mikr } mèsh tim  tìte
den mporeÐ na paÐrnei meg�lec timèc me meg�lh pijanìthta. Gia na katano soume autì
ton anagkaÐo periorismì, èstw pwc akoÔme èna biolìgo na isqurÐzetai pwc {to mèso
b�roc tou afrikanikoÔ qelidonioÔ eÐnai 100 gramm�ria, en¸ to 60% twn afrikanik¸n
qelidoni¸n èqei b�roc �nw twn 200 grammarÐwn}. Profan¸c o isqurismìc den mporeÐ
na eustajeÐ, giatÐ akìma kai an to 40% twn qelidoni¸n den eÐqe kajìlou b�roc, kai to
upìloipo 60% eÐqe to el�qisto epitreptì, dhlad  200, tìte p�li autì to upìloipo 60%
ja arkoÔse ¸ste to mèso b�roc na eÐnai toul�qiston 200× 0.6 = 120 gramm�ria, kai
ja eÐqame �topo. H genÐkeush akrib¸c autoÔ tou sullogismoÔ odhgeÐ sthn anisìthta
tou Markov kai thn apìdeix  thc.

L mma 3.1. (Anisìthta tou Markov) 'Estw mia T.M. X pou paÐrnei p�nta timèc
X ≥ 0. Tìte:

P (X ≥ c) ≤ E(X)

c
, ∀ c > 0.

Apìdeixh. H anisìthta isqÔei gia ìla ta eÐdh T.M. Ja doÔme thn apìdeix  thc se dÔo
eidikèc peript¸seic: ìtan h X eÐnai diakrit , kai ìtan eÐnai suneq c.

'Estw katarq n pwc h X eÐnai suneq c me puknìthta f(x). Xekin¸ntac apì ton
orismì thc mèshc tim c,

E(X) =

∫ ∞
−∞

xf(x) dx =

∫ ∞
0

x f(x) dx =

∫ c

0

x f(x) dx+

∫ ∞
c

x f(x) dx.

Sthn deÔterh isìthta l�bame upìyh ìti f(x) = 0 ìtan x < 0. Efìson ìlec oi timèc x
sto pr¸to apì ta dÔo oloklhr¸mata tou dexioÔ skèlouc eÐnai megalÔterec   Ðsec tou
mhdenìc, to olokl rwma eÐnai ki autì megalÔtero   Ðso tou mhdenìc, sunep¸c

E(X) ≥
∫ ∞
c

x f(x) dx ≥
∫ ∞
c

c f(x) dx = c

∫ ∞
c

xf(x) dx,

61
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ìpou, sthn deÔterh anisìthta, qrhsimopoi same to gegonìc ìti sto olokl rwma pou
apomènei x ≥ c ⇒ xf(x) ≥ cf(x). Parathr¸ntac, tèloc, pwc apì ton orismì thc
puknìthtac to teleutaÐo olokl rwma �nw isoÔtai me P (X ≥ c), èqoume

E(X) ≥ c P (X ≥ c),

pou eÐnai h zhtoÔmenh anisìthta.
'Estw t¸ra h perÐptwsh pou h X eÐnai diakrit , me sÔnolo tim¸n S ⊂ [0,∞) kai

sun�rthsh pijanìthtac f(x). Xekin¸ntac apì ton orismì thc mèshc tim c,

E(X) =
∑
x∈S

x f(x) =
∑

x∈S:x<c
x f(x) +

∑
x∈S:x≥c

x f(x),

ìpou qwrÐsame to �jroisma se dÔo mèrh, autì pou antistoiqeÐ se timèc x ∈ S mikrìterec
tou c, kai tic timèc x ≥ c. Efìson ìlec oi timèc x ∈ S thc X eÐnai megalÔterec  
Ðsec tou mhdenìc, to pr¸to �jroisma �nw eÐnai ki autì megalÔtero   Ðso tou mhdenìc,
sunep¸c

E(X) ≥
∑

x∈S:x≥c
x f(x) ≥

∑
x∈S:x≥c

c f(x) = c
∑

x∈S:x≥c
f(x),

ìpou, gia thn deÔterh anisìthta, qrhsimopoi same to gegonìc ìti sto �jroisma pou
apomènei ìla ta x eÐnai megalÔtera   Ðsa tou c. Parathr¸ntac, tèloc, pwc to teleutaÐo
�jroisma �nw isoÔtai me P (X ≥ c) èqoume

E(X) ≥ c P (X ≥ c),

pou eÐnai h zhtoÔmenh anisìthta.

Par�deigma 3.1. (Afrik�niko qelidìni.) 'Enac biolìgoc isqurÐzetai to ex c: {To
mèso b�roc tou afrikanikoÔ qelidonioÔ eÐnai 100 gramm�ria, en¸ to 60% twn afri-
kanik¸n qelidoni¸n èqei b�roc �nw twn 200 grammarÐwn}. B�sei thc anisìthtac tou
Markov, o isqurismìc tou den eustajeÐ.

Pr�gmati, an X eÐnai to b�roc enìc tuqaÐou qelidonioÔ, ja prèpei na èqoume,

P (X ≥ 200) ≤ E(X)

200
=

100

200
=

1

2
,

pou den sumfwneÐ me ton isqurismì tou biolìgou ìti aut  h pijanìthta eÐnai Ðsh me
60%.

Par�deigma 3.2. (Gewmetrik  katanom ) 'Estw mia T.M. X ∼ Gewm(1/5), opìte
h X èqei mèsh tim  E(X) = 1

1/5 = 5. Apì thn anisìthta tou Markov èqoume pwc

P (X ≥ 15) ≤ 5/15 =
1

3
.
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Sthn pragmatikìthta ìmwc, h pio p�nw pijanìthta eÐnai (qrhsimopoi¸ntac gnwstì
tÔpo gia thn gewmetrik  katanom )

P (X ≥ 15) = P (X > 14) =
(

1− 1

5

)14
' 0.044,

dhlad  shmantik� mikrìterh.

Parat rhsh: To fr�gma pou dÐnei h anisìthta tou Markov eÐnai exairetik� qr si-
mo. Gia par�deigma, ìpwc ja doÔme sÔntoma, qrhsimeÔei sthn apìdeixh thc anisìthtac
tou Chebychev kai mèsw aut c sthn apìdeixh tou Nìmou twn Meg�lwn Arijm¸n. Al-
l� se pollèc peript¸seic, ìpwc sto �nw par�deigma, eÐnai sqetik� asjenèc. H isqÔc
tou ègkeitai kurÐwc sto gegonìc pwc den qrhsimopoieÐ k�poia plhroforÐa gia thn ka-
tanom  thc X pèran thc mèshc tim c thc E(X), kai sunep¸c isqÔei gia opoiad pote
T.M. X me mèsh tim  E(X).

Par�deigma 3.3. (Qrìnoc ektèleshc algorÐjmou) 'Enac algìrijmoc èqei wc dedomè-
na eisìdou ènan akèraio arijmì Y kai mÐa seir� apì n bits, X1, X2, . . . , Xn. O qrìnoc
ektèleshc tou algorÐjmou eÐnai

T = Y + 2
n∑
i=1

Xi +

(
n∑
i=1

Xi

)2

deuterìlepta.

An upojèsoume ìti ta Y,X1, X2, . . . , Xn eÐnai anex�rthtec T.M. ìpou Xi ∼ Bern(1/4)
kai to Y paÐrnei tic timèc 0, 2, 5 kai 9 me pijanìthta 1/4 thn k�je mÐa:

1. Ja upologÐsoume ton mèso qrìno ektèleshc.

2. Ja deÐxoume ìti h pijanìthta o qrìnoc ektèleshc na xepern� ta n2 deuterìlepta
eÐnai to polÔ

1

16
+

11

16n
+

4

n2
.

(Sunep¸c, gia meg�la n aut  h pijanìthta eÐnai to polÔ ' 1
16 = 6.25%.)

Pr�gmati:

1. Katarq�c, an orÐsoume

Z =
n∑
i=1

Xi,

tìte h Z ∼ Diwn(n, 1/4) kai sunep¸c

E(Z) =
n

4
kai V(Z) = n× 1

4
×
(

1− 1

4

)
=

3n

16
.
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Epiplèon,

E(Z2) = V(Z) + [E(Z)]2 =
3n

16
+
n2

16
.

Parathr¸ntac pwc o qrìnoc ektèleshc T mporeÐ na ekfrasteÐ wc T = Y + 2Z +
Z2, brÐskoume

E(T ) = E(Y + 2Z + Z2) = E(Y ) + 2E(Z) + E(Z2)

=
1

4
× 0 +

1

4
× 2 +

1

4
× 5 +

1

4
× 9 + 2× n

4
+

3n

16
+
n2

16

= 4 +
11n

16
+
n2

16
.

2. Apì to prohgoÔmeno skèloc kai thn anisìthta tou Markov èqoume

P (T ≥ n2) ≤ E(T )

n2
=

1

16
+

11

16n
+

4

n2
.

Par�deigma 3.4. (Anisìthta tou Chernoff) Ja deÐxoume pwc gia opoiad pote T.M.
X kai gia k�je c, λ ∈ R, λ > 0, isqÔei

P (X ≥ c) ≤ E(eλX)

eλc
.

H anisìthta eÐnai mia apì tic pio aplèc morfèc thc anisìthtac tou Chernoff. Para-
thr ste ìti to fr�gma pou dÐnei mei¸netai ekjetik� me to c, kai gia autì to lìgo h
anisìthta aut  eÐnai polÔ qr simh sth JewrÐa Pijanot twn.

Gia na thn apodeÐxoume, parathr ste pwc h T.M. eλX profan¸c paÐrnei p�nta ti-
mèc megalÔterec   Ðsec tou mhdenìc, kai èqei mèsh tim  E(eλX). 'Ara mporoÔme na
efarmìsoume thn anisìthta tou Markov gia aut  thn T.M., ètsi ¸ste

P (X ≥ c) = P (λX ≥ λc) = P
(
eλX ≥ eλc

)
≤ E(eλX)

eλc

kai ètsi prokÔptei h zhtoÔmenh anisìthta.
Ac efarmìsoume thn anisìthta tou Chernoff sthn perÐptwsh pou X ∼ Ekj(1/θ).

Parathr ste pwc

E(eλX) =

∫ ∞
−∞

eλx f(x) dx =

∫ ∞
0

eλx
1

θ
e−x/θ dx =

1

θ

∫ ∞
0

e−x(1/θ−λ) dx.

'Estw pwc λ = 1
θ . Tìte profan¸c E(eλX) =∞. 'Estw pwc λ 6= 1

θ . Tìte èqoume

E(eλX) =
1

θ

∫ ∞
0

e−x(1/θ−λ) dx =
1

θ(1/θ − λ)

[
−e−x(1/θ−λ)

]∞
0

=
1

θ(1/θ − λ)

[
1− lim

x→∞
e−x(1/θ−λ)

]
.
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To ìrio pou emfanÐzetai eÐnai mhdèn gia λ < 1/θ, kai ∞ gia λ > 1/θ. 'Ara, sugken-
trwtik�,

E(eλX) =

{
∞, λ ≥ 1/θ,

1
1−λθ , λ < 1

θ .

Me antikat�stash thc mèshc tim c pou br kame sthn anisìthta tou Chernoff, lam-
b�noume telik�

P (X ≥ c) ≤ e−λc

1− λθ,

efìson bèbaia λ < 1/θ.
Gia par�deigma, gia λ = 1/2 < 1/θ = 1 kai c = 10, to pio p�nw fr�gma eÐnai

perÐpou Ðso me 0.0135, en¸ to fr�gma pou mac dÐnei h anisìthta Markov eÐnai 1/c = 0.1.
Sunep¸c to fr�gma pou apodeÐxame ed¸ eÐnai shmantik� mikrìtero, kai kat� sunèpeia
polÔ isqurìtero apì autì pou ja mac èdine h apeujeÐac qr sh thc anisìthtac tou
Markov.
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3.2 Anisìthta tou Chebychev

To epìmeno apotèlesma (to opoÐo prokÔptei apì mia sqetik� apl  efarmog  thc ani-
sìthtac tou Markov) lèei pwc an mia T.M. èqei {mikr } diaspor�, tìte den mporeÐ na
paÐrnei timèc makru� ap' thn mèsh tim  thc me meg�lh pijanìthta.

L mma 3.2. (Anisìthta tou Chebychev) 'Estw mia T.M. X me peperasmènh mèsh
tim  E(X) kai diaspor� V(X). Tìte:

P (|X − E(X)| ≥ c) ≤ V(X)

c2
, ∀ c > 0.

Apìdeixh. 'Estw mia nèa T.M. Y = (X − µ)2 gia thn opoÐa, ex orismoÔ, p�nta èqoume
Y ≥ 0. Apì ton orismì thc diaspor�c, parathroÔme pwc to Y èqei mèsh tim  E(Y ) =
E[(X − µ)2] = V(X). Efarmìzontac thn anisìthta tou Markov gia thn T.M. Y
brÐskoume

P (|X − µ| ≥ c) = P
(
(X − µ)2 ≥ c2

)
= P

(
Y ≥ c2

)
≤ E(Y )

c2
=

V(X)

c2
.

Par�deigma 3.5. 'Estw mia T.M. X me katanom  Uper(500, 150, 15). Apì tic
gnwstèc idiìthtec thc upergewmetrik c katanom c, h X èqei mèsh tim 

E(X) =
150× 15

500
= 4.5

kai diaspor�

V(X) =
150× 15× (500− 150)× (500− 15)

5002 × (500− 1)
' 3.06162.

'Estw t¸ra pwc jèloume na upologÐsoume thn pijanìthta P (|X−4.5| ≥ 3), dhlad 
thn pijanìthta to X na isoÔtai me 0   me 1   me k�poion akèraio apì to 8 wc kai
to 15. Efìson gnwrÐzoume thn sun�rthsh pijanìthtac f(x) thc X, mporoÔme na
upologÐsoume aut  thn pijanìthta wc f(0) + f(1) + f(8) + f(9) + · · ·+ f(15). All�
lìgw thc poluplokìthtac tou tÔpou thc sun�rthshc pijanìthtac f(x), kai epiplèon
epeid  apaiteÐ ton upologismì paragontik¸n k! gia meg�la k � pr�gma to opoÐo suqn�
odhgeÐ se shmantik� arijmhtik� sf�lmata � eÐnai polÔ pio eÔkolo na qrhsimopoi soume
thn anisìthta Chebychev gia na broÔme èna fr�gma gia thn zhtoÔmenh pijanìthta:

P (|X − 4.5| ≥ 3) = P (|X − E(X)| ≥ 3) ≤ V(X)

32
' 0.34018.

Me bo jeia upologist  mporoÔme na broÔme pwc

P (|X − 4.5| ≥ 3) ' 0.0807.
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Par�deigma 3.6. 'Estw ènac exuphretht c pou dèqetai ait mata apì qr stec kai
apokrÐnetai, met� apì k�poia epexergasÐa tou k�je ait matoc. Apì empeirikèc metr -
seic gnwrÐzoume pwc o qrìnoc apìkrishc X (se deuterìlepta) èqei mèsh tim  E(X)
kai tupik  apìklish σ = 6 deuterìlepta.

Jèloume na broÔme èna {fr�gma} θ tètoio ¸ste na mporoÔme na egguhjoÔme ìti,
me pijanìthta toul�qiston 99%, h qronik  apìkrish den ja apèqei apì thn mèsh tim 
p�nw apì ±θ. Dhlad , jèloume P (|X − E(X)| < θ) ≥ 0.99,  , isodÔnama,

P (|X − E(X)| ≥ θ) ≤ 0.01. (3.1)

All� apì thn anisìthta tou Chebychev èqoume pwc

P (|X − E(X)| ≥ θ) ≤ σ2

θ2
=

62

θ2
.

Sunep¸c, gia na isqÔei to zhtoÔmeno (3.1), arkeÐ na dialèxoume to θ ètsi ¸ste na
èqoume 36/θ2 ≤ 0.01, gia to opoÐo arkeÐ na dialèxoume θ = 60 deuterìlepta. Me
�lla lìgia, mporoÔme na egguhjoÔme pwc, me pijanìthta toul�qiston 99%, o qrìnoc
apìkrishc den ja apèqei apì th mèsh tim  gia p�nw apì èna leptì.

Par�deigma 3.7. (Apìstash T.M. apì th mèsh tim  thc) Gia mia T.M. X me �gnw-
sth katanom  kai me mèsh tim  µ, k�poioc statistikolìgoc isqurÐzetai ìti h pijanìthta
h tim  thc X na apèqei apì th mèsh tim  thc kat� parap�nw apì 3µ eÐnai mikr . U-
posthrÐzei autì to sumpèrasma diìti gnwrÐzei pwc, sth sugkekrimènh perÐptwsh, h
diaspor� thc X, σ2, eÐnai arket� mikrìterh apì th mèsh tim  sto tetr�gwno (dhlad 
apì to µ2). 'Eqei dÐkio ston isqurismì tou   ìqi?

Gia na apant soume, parathroÔme pwc, afoÔ èqoume σ2 � µ2 (dhlad  h diaspor�
thc X eÐnai {polÔ mikrìterh} apì th mèsh tim  sto tetr�gwno), apì thn anisìthta tou
Chebychev prokÔptei pwc:

P (|X − µ| ≥ 3µ) ≤ σ2

(3µ)2
� µ2

9µ2
=

1

9
.

Epomènwc, o statistikolìgoc èqei dÐkio.
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3.3 O Nìmoc twn Meg�lwn Arijm¸n

Se autì to shmeÐo èqoume plèon anaptÔxei arket� majhmatik� ergaleÐa ¸ste na eÐmaste
se jèsh na diatup¸soume kai na apodeÐxoume (se mia apl  morf  tou) Ðswc to pio
jemeli¸dec apotèlesma thc JewrÐac Pijanot twn, ton Nìmo twn Meg�lwn Arijm¸n.
QwrÐc na mpoÔme akìma se majhmatikèc leptomèreiec, o Nìmoc twn Meg�lwn Arijm¸n
lèei to ex c:

'Estw èna {meg�lo} pl joc N apì anex�rthtec T.M. X1, . . . , XN , oi opoÐec
èqoun ìlec thn Ðdia katanom , kai kat� sunèpeia thn Ðdia mèsh tim  E(Xi) =
µ. Tìte

1

N

N∑
i=1

Xi ' µ, me pijanìthta ' 1.

H austhr  majhmatik  diatÔpwsh eÐnai h akìloujh:

Je¸rhma 3.1. (Nìmoc twn Meg�lwn Arijm¸n (N.M.A.) ) 'Estw mia akoloujÐa apì
anex�rthtec T.M.X1, X2, . . . pou èqoun ìlec thn Ðdia katanom  me peperasmènh mèsh ti-
m  µ = E(Xi) kai peperasmènh diaspor� σ2 = V(Xi). 'Estw o empeirikìc mèsoc ìroc

X̄N ,
1

N

N∑
i=1

Xi.

Gia k�je ε > 0, èqoume

P
(
|X̄N − µ| < ε

)
→ 1, kaj¸c to N →∞.

Apìdeixh. H apìdeixh eÐnai mia apl  efarmog  thc Anisìthtac tou Chebychev. Ka-
tarq�c, parathroÔme pwc h mèsh tim  thc T.M. X̄N eÐnai

E(X̄N) = E

(
1

N

N∑
i=1

Xi

)
=

1

N

N∑
i=1

E(Xi) =
1

N
×N × µ = µ.

ParomoÐwc, qrhsimopoi¸ntac to gegonìc ìti ta Xi eÐnai anex�rthta, h diaspor� thc
T.M. X̄N eÐnai

V(X̄N) = V

(
1

N

N∑
i=1

Xi

)
=

1

N 2
V

(
N∑
i=1

Xi

)
=

1

N 2

N∑
i=1

V(Xi)

=
1

N 2
×N × σ2 =

σ2

N
.
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Tèloc, dedomènou tou ìti ε > 0, apì thn anisìthta tou Chebychev èqoume

P
(
|X̄N − µ| ≥ ε

)
= P

(
|X̄N − E(X̄N)| ≥ ε

)
≤ V(X̄N)

ε2
=

σ2

Nε2
.

'Ara,

P
(
|X̄N − µ| < ε

)
= 1− P

(
|X̄N − µ| ≥ ε

)
≥ 1− σ2

Nε2
,

to opoÐo profan¸c teÐnei sto 1, kaj¸c to N →∞.

Parathr seic

1. To apotèlesma isqÔei ìpoio kai an eÐnai to eÐdoc twn Xi, arkeÐ na up�rqoun h
mèsh tim  kai h diaspor� touc.

2. Sthn paroÔsa tou morf , o N.M.A. mac lèei ìti h akoloujÐa twn T.M. (kai ìqi
arijm¸n!) X̄N teÐnei sthn stajer� µ kaj¸c to N → ∞ me thn ènnoia ìti h
pijanìthta na apèqei èstw kai apeiroel�qista to X̄N ap' th µ teÐnei sto mhdèn.
Dhlad , gia opoiad pote apìklish ε > 0, osod pote mikr , èqoume

P
(
|X̄N − µ| ≥ ε

)
→ 0, kaj¸c to N →∞.

Sth gl¸ssa twn pijanot twn, to eÐdoc aut c thc sÔgklishc onom�zetai {sÔgkli-
sh kat� pijanìthta}.

3. H sugkekrimènh diatÔpwsh tou N.M.A. kaleÐtai {Asjen c Nìmoc twn Meg�lwn
Arijm¸n}. Up�rqei kai ènac {Isqurìc Nìmoc twn Meg�lwn Arijm¸n}, sÔmfwna
me ton opoÐo

P
(

lim
N→∞

X̄N = µ
)

= 1.

Sthn gl¸ssa twn pijanot twn, h akoloujÐa X̄N sugklÐnei sto µ {sqedìn sÐ-
goura}. Oi dÔo nìmoi moi�zoun arket� sthn diatÔpwsh, ìmwc o Isqurìc N.M.A.
apodeiknÔetai polÔ pio dÔskola, den apaiteÐ thn Ôparxh thc diaspor�c σ2, kai
eÐnai polÔ pio qr simoc se jewrhtik� probl mata pijanot twn.

4. 'Opwc faÐnetai kai apì ta epìmena paradeÐgmata, o N.M.A. mac exasfalÐzei ìti
isqÔoun pollèc idiìthtec twn Pijanot twn pou diaisjhtik� eÐnai anamenìmenec,
all� den tic eÐqame apodeÐxei mèqri t¸ra. Kat� mÐa ènnoia, o N.M.A. eÐnai {apì-
deixh} ìti h JewrÐa Pijanot twn {douleÔei}!

Par�deigma 3.8. (Ti ja pei {pijanìthta}?) 'Estw pwc mac endiafèrei h pijanìth-
ta p = P (A) tou na sumbeÐ èna sugkekrimèno endeqìmeno A. Lìgou q�rh, to A ja
mporoÔse na antistoiqeÐ sta {h jerapeÐa tou asjen   tan epituq c}   {to dÐktuo pa-
rousÐase sf�lma}   {h ektèlesh tou algorÐjmou oloklhr¸jhke kanonik�} klp. 'Enac
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trìpoc gia na d¸soume èna diaisjhtikì nìhma sthn pijanìthta p eÐnai na fantastoÔme
pwc epanalamb�netai to Ðdio akrib¸c peÐrama p�ra pollèc, anex�rthtec forèc, ètsi
¸ste, toul�qiston sto diaisjhtikì epÐpedo: {h pijanìthta p = P (A) eÐnai to posostì
twn for¸n, makroprìjesma, pou sumbaÐnei to A}. O N.M.A. eÐnai akrib¸c to apotèle-
sma ekeÐno pou tekmhri¸nei autìn to sullogismì majhmatik�, giatÐ deÐqnei ìti o trìpoc
pou orÐsame thn pijanìthta eÐnai sumbatìc me thn �nw ermhneÐa thc pijanìthtac P (A).

Sugkekrimèna, to pio p�nw fantastikì sen�rio mporeÐ na perigrafeÐ wc ex c. 'Estw
pwc èqoume èna meg�lo pl joc, N , anex�rthtwn epanal yewn tou Ðdio peir�matoc, kai
ac orÐsoume, gia thn k�je epan�lhyh i, mia T.M. Xi pou na isoÔtai me 1 an to A sunèbh
th for� i, alli¸c na isoÔtai me 0. Tìte,

{posostì twn for¸n pou sunèbh to A} =
1

N

N∑
i=1

Xi,

kai o N.M.A. mac lèei pwc, me pijanìthta pou teÐnei sth mon�da, autì ja apèqei apì
thn mèsh tim  twn Xi ligìtero apì ε. Efìson ta Xi eÐnai Bernoulli T.M., h mèsh tim 
E(Xi) eÐnai apl� h pijanìthta p = P (A) tou na èqoume Xi = 1, dhlad  tou na sumbeÐ
to A. Me �lla lìgia:

H pijanìthta p tou na sumbeÐ èna opoiod pote endeqìmeno A, isoÔtai me
th suqnìthta me thn opoÐa ja sumbeÐ, makroprìjesma, to A, se pollèc
anex�rthtec epanal yeic tou Ðdiou peir�matoc.

Par�deigma 3.9. (GiatÐ gÐnontai dhmoskop seic?) 'Estw pwc se ènan plhjusmì
M atìmwn oi M/4 eÐnai yhfofìroi k�poiou kìmmatoc, dhlad  to kìmma autì stic
eklogèc ja p�rei posostì 25%. Mia dhmoskìphsh epilègei sthn tÔqh èna {meg�lo}
pl joc atìmwn N (me epanatopojèthsh) kai ta rwt� an ja yhfÐsoun to kìmma autì.
(Se tupikèc dhmoskop seic èqoume N metaxÔ 1000 kai 2000 erwthjèntwn se ènan
plhjusmì M metaxÔ 500 qili�dwn kai 8 ekatommurÐwn atìmwn.)

'Estw Xi mia T.M. pou isoÔtai me 1 an to �tomo i pou rwt�tai eÐnai yhfofìroc tou
kìmmatoc, kai 0 an ìqi, opìte oi Xi eÐnai anex�rthtec T.M. me katanom  Bern(0.25).
Tìte,

{posostì erwthjèntwn pou eÐnai yhfofìroi tou kìmmatoc} =
1

N

N∑
i=1

Xi

kai o N.M.A. mac lèei pwc, me pijanìthta pou teÐnei sth mon�da, autì ja apèqei apì
thn mèsh tim  twn Xi, dhlad  to 0.25, ligìtero apì ε. 'Ara, apì èna arket� meg�lo
(tuqaÐo) deÐgma, mporoÔme na ektim soume to pragmatikì posostì y fwn pou autì to
kìmma ja p�rei stic eklogèc.
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Par�deigma 3.10. (DeigmatolhyÐa) 'Estw pwc jèloume na upologÐsoume to mèso
Ôyoc ȳ (se ekatost�) pou èqoun M korÐtsia se èna sqoleÐo. An yk eÐnai to Ôyoc tou
koritsioÔ k = 1, 2, . . . ,M , jèloume na ektim soume to

{mèso Ôyoc} = ȳ =
1

M

M∑
i=1

yk.

AntÐ na exet�soume olìklhro ton plhjusmì, epilègoume tuqaÐa, me epanatopojèthsh,
N mèlh tou plhjusmoÔ, ìpou to mègejocN tou deÐgmatìc mac eÐnai men sqetik� meg�lo,
all� eÐnai shmantik� mikrìterou tou sunolikoÔ megèjoucM tou plhjusmoÔ (ìpwc kai
sto prohgoÔmeno par�deigma).

'Estw Xj ={Ôyoc tou koritsioÔ j} pou epilèxame. Tìte ta Xj eÐnai anex�rthta,
kai to k�je Xj èqei sÔnolo tim¸n S = {y1, y2, . . . , yM} kai sun�rthsh pijanìthtac

p(yk) = P (Xj = yk) = P ({epilèxame to korÐtsi k}) =
1

M
.

(Gia aplìthta, upojèsame ìti ìla ta Ôyh eÐnai diaforetik�, ac poÔme giatÐ ta èqoume
metr sei me �peirh akrÐbeia.) 'Ara ta Xj èqoun mèsh tim 

E(Xj) =
M∑
k=1

yk × p(yk) =
M∑
k=1

yk ×
1

M
=

1

M

M∑
k=1

yk = ȳ.

An ektim soume loipìn to ȳ wc ton mèso ìro ap' ta Ôyh twn koritsi¸n pou epilèxame,
o N.M.A. eÐnai autìc pou mac diabebai¸nei pwc, an to mègejoc N tou deÐgmatìc mac
eÐnai arket� meg�lo, tìte h ektÐmhs  mac ja eÐnai akrib c me pijanìthta kont� sto
100%:

{mèso Ôyoc deigm�twn} =
1

N

N∑
i=1

Xi ' E(Xi) = ȳ, me pijanìthta ' 1.
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3.4 To Kentrikì Oriakì Je¸rhma

'Estw Xi, i = 1, 2, . . . mia akoloujÐa apì anex�rthtec T.M. me thn Ðdia katanom ,
peperasmènh mèsh tim  E(X) = µ kai peperasmènh diaspor� V(X) = σ2.

To pr¸to jemeli¸dec apotèlesma twn pijanot twn, o N.M.A., mac exasfalÐzei ìti
h pijanìthta o empeirikìc mèsoc ìroc

X̄N ,
1

N

N∑
i=1

Xi

na parousi�zei apìklish apì to µ megalÔterh apì ε teÐnei sto 0, dhlad 

lim
N→∞

P (|X̄N − µ| > ε) = 0.

DÔo basik� kai m�llon profan  erwt mata pou gennioÔntai apì ton N.M.A. eÐnai
ta ex c:

1. Pìso meg�lo prèpei na eÐnai to pl joc N twn deigm�twn, ¸ste na èqoume k�poia
sqetik  bebaiìthta pwc o empeirikìc mèsoc ìroc X̄N ja eÐnai arket� kont� sth
mèsh tim  µ?

2. Epiplèon, dedomènou tou pl jouc N , pìso mikr  eÐnai h pijanìthta to X̄N na
apèqei kat� polÔ apì to µ?

An exet�soume prosektik� thn apìdeixh tou N.M.A. pou d¸same ja doÔme pwc, pèra
ap' to asumptwtikì apotèlesma tou jewr matoc (to opoÐo isqÔei mìno kaj¸c to N →
∞), perièqei kai k�poiec pr¸tec apant seic sta pio p�nw erwt mata. Sugkekrimèna,
deÐxame pwc h mèsh tim  kai h diaspor� tou X̄N eÐnai, antÐstoiqa,

E(X̄N) = µ kai V(X̄N) =
σ2

N
, gia k�je N.

Epiplèon br kame èna akribèc posotikì fr�gma gia thn pijanìthta o empeirikìc mèsoc
ìroc X̄N na apèqei apì thn mèsh tim  µ kat� toul�qiston ε:

P
(
|X̄N − µ| ≥ ε

)
≤ σ2

Nε2
.

An kai majhmatik� swstì, to pio p�nw fr�gma stic perissìterec peript¸seic den eÐnai
arket� akribèc ¸ste na eÐnai qr simo sthn pr�xh. Me �lla lìgia, h zhtoÔmenh pija-
nìthta sth sqèsh (3.4) eÐnai sun jwc shmantik� mikrìterh apì to fr�gma σ2/(Nε2).

To deÔtero jemeli¸dec apotèlesma twn pijanot twn, to Kentrikì Oriakì Je¸-
rhma kalÔptei aut  thn adunamÐa tou N.M.A., dÐnontac mia akrib  prosèggish thc
pijanìthtac P

(
|X̄N − µ| ≥ ε

)
.
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Sugkekrimèna, to Kentrikì Oriakì Je¸rhma lèei pwc, k�tw apì orismènec sun-
j kec, h katanom  tou empeirikoÔ mèsou ìrou X̄N mporeÐ na proseggisteÐ me meg�lh
akrÐbeia apì thn kanonik  katanom  me paramètrouc µ kai σ

2

N , ìpou σ2 eÐnai h diaspor�
twn Xi.

IsodÔnama, epeid  gia tic kanonikèc T.M. gnwrÐzoume ìti an h X ∼ N(µ, σ2) tìte
h Y = X−µ

σ ∼ N(0, 1), ja isqÔei epÐshc ìti to �jroisma

X̄N − µ√
σ2/N

=

√
N

σ

[(
1

N

N∑
i=1

Xi

)
− µ

]
=

1

σ
√
N

N∑
i=1

(Xi − µ)

akoloujeÐ kat� prosèggish thn tupik  kanonik  katanom  N(0, 1). Sunep¸c, oi pija-
nìthtec endeqìmenwn pou aforoÔn ton X̄N mporoÔn eÔkola na upologistoÔn.

Je¸rhma 3.2. (Kentrikì Oriakì Je¸rhma (K.O.J.) ) 'Estw mia akoloujÐa a-
pì anex�rthtec T.M. X1, X2, . . . pou èqoun ìlec thn Ðdia katanom  me peperasmè-
nh mèsh tim  µ = E(Xi) kai peperasmènh diaspor� σ2 = V(Xi). JewroÔme to
kanonikopoihmèno �jroisma

S̄N ,

(
1
N

∑N
i=1Xi

)
− µ

σ
√

1/N
=

1

σ
√
N

N∑
i=1

(Xi − µ) =

(∑N
i=1Xi

)
−Nµ

σ
√
N

.

'Estw epÐshc kai Z mi� tuqaÐa metablht  me katanom  thn tupik  kanonik  N(0, 1).
Tìte gia k�je di�sthma I ⊂ R isqÔei

P
(
S̄N ∈ I

)
→ P (Z ∈ I)

kaj¸c N →∞.

Eidikèc peript¸seic. Gia a, b ∈ R me a < b isqÔei

P
(
a ≤ S̄N ≤ b

)
→ Φ(b)− Φ(a) (3.2)

P
(
S̄N ≤ b

)
→ Φ(b) (3.3)

P
(
a ≤ S̄N

)
→ 1− Φ(a) (3.4)

Φ eÐnai h sun�rthsh katanom c thc tupik c kanonik c N(0, 1).
Parathr seic

1. H apìdeixh tou K.O.J. eÐnai polÔ teqnik , kai xefeÔgei kat� polÔ apì touc
stìqouc tou parìntoc maj matoc. Sunep¸c thn paraleÐpoume.
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N = 1

N = 2

N = 3

N = 4

Sq ma 3.1: SÔgklish thc katanom c twn ajroism�twn
∑N

i=1Xi (arister�) kai twn kanonikopoihmènwn

ajroism�twn S̄N =
(
∑N

i=1Xi)−Nµ
σ
√
N

(dexi�) sthn kanonik  katanom , sthn perÐptwsh Xi ∼ U [0, 1].
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2. Parathr ste ìti èqoume èna eÐdoc sÔgklishc pou den èqoume xanadeÐ. Sugke-
krimèna, h katanom  miac akoloujÐac T.M. S̄N sugklÐnei se mia �llh katanom ,
sthn sugkekrimènh perÐptwsh thn tupik  kanonik . AutoÔ tou eÐdouc h sÔgklish
kaleÐtai {sÔgklish kat� katanom }.

3. 'Ena par�deigma thc sÔgklishc pou problèpei to K.O.J. faÐnetai sto Sq ma 3.1.
Arister� faÐnontai me suneq  gramm  oi puknìthtec, ìpwc èqoun upologisteÐ
me qr sh H/U, twn ajroism�twn

∑N
i=1Xi, gia N = 1, 2, 3, 4, kai ìtan ta Xi

eÐnai katanemhmèna omoiìmorfa sto [0, 1]. FaÐnontai epÐshc, me diakekommènh
gramm , oi kanonikèc katanomèc stic opoÐec sugklÐnoun oi puknìthtec. Sto de-
xÐ mèroc èqoume sqedi�sei tic puknìthtec twn kanonikopoihmènwn ajroism�twn
S̄N = 1

σ
√
N

∑N
i=1(Xi − µ) kai tic antÐstoiqèc touc kanonikèc. Parathr ste ìti h

sÔgklish eÐnai polÔ kal , akìma kai gia thn mikr  tim  N = 4.

4. H praktik  qrhsimìthta tou K.O.J. eÐnai ìti mac epitrèpei na upologÐzoume pro-
seggistik� pijanìthtec pou aforoÔn mèsouc ìrouc kai/  ajroÐsmata enìc pl -
jouc N anex�rthtwn T.M. X1, X2, . . . , XN , ìlwn me thn Ðdia katanom . H mejo-
dologÐa eÐnai p�nta h Ðdia:

(aþ) UpologÐzoume (an den gnwrÐzoume  dh) th mèsh tim  kai th diaspor� twn Xi.

(bþ) Ekfr�zoume to endeqìmeno tou opoÐou thn pijanìthta jèloume na upologÐ-
soume wc mia anisìthta   sunduasmì anisot twn pou aforoÔn to kanoniko-
poihmèno �jroisma S̄N , se opoiad pote apì tic morfèc tou mac boleÔei.

(gþ) EpikaloÔmaste to K.O.J. gia na proseggÐsoume thn pijanìthta tou endeqì-
menou pou br kame sto prohgoÔmeno b ma mèsw thc kanonik c katanom c.

5. To sf�lma pou k�noume sthn prosèggish (3.2) exart�tai apì polloÔc par�gon-
tec:

(aþ) Thn apìstash metaxÔ twn a, b.

(bþ) Thn sqèsh an�mesa sta a, b, µ.

(gþ) Thn katanom  twn Xi.

(dþ) Thn tim  tou N .

Genik¸c, ìtan to N eÐnai arket� meg�lo, pq megalÔtero tou 50, kai ìtan ta a, b
apèqoun arket� metaxÔ touc kai eÐnai arket� kont� sto µ, ¸ste h pijanìthta pou
brÐskoume na mhn eÐnai polÔ mikr , p.q., megalÔterh tou 0.01, tìte h prosèggish
eÐnai ikanopoihtik .

6. DeÐte ta akìlouja paradeÐgmata gia efarmogèc aut c thc mejodologÐac.
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Par�deigma 3.11. 'Estw pwc Xi eÐnai h jermokrasÐa enìc epexergast  thn hmèra
i, ìpou jewroÔme pwc ta Xi eÐnai anex�rthtec T.M. me katanom  Xi ∼ U [10, 50]. Poia
h pijanìthta h mèsh jermokrasÐa tou epexergast  se mÐa perÐodo 3 mhn¸n (dhlad  90
hmer¸n) na xepern� touc 31 bajmoÔc?

Gia na efarmìsoume to K.O.J. arqik� upologÐzoume thn mèsh tim  kai thn diaspor�
twn Xi oi opoÐec, apì tic antÐstoiqec idiìthtec thc omoiìmorfhc katanom c eÐnai

µ = E(Xi) =
10 + 50

2
= 30, σ2 = V(Xi) =

(50− 10)2

12
=

400

3

antÐstoiqa. 'Ara, h zhtoÔmenh pijanìthta mporeÐ na ekfrasteÐ wc proc to kanoniko-
poihmèno �jroisma tou K.O.J. wc ex c:

P
( 1

N

N∑
i=1

Xi > 31
)

= P
( 1

N

N∑
i=1

(Xi−µ) > 31−30
)

= P
( 1

σ
√
N

N∑
i=1

(Xi−µ) >

√
N

σ

)
,

ìpou h tim 
√
N/σ eÐnai

√
90/
√

400/3 ' 0.8216. 'Ara, apì to K.O.J., h zhtoÔmenh
pijanìthta mporeÐ na proseggisteÐ wc

P
( 1

N

N∑
i=1

Xi > 31
)
' P (Z > 0.82) = 1− P (Z ≤ 0.82) = 1− Φ(0.82),

ìpou h Z èqei katanom  N(0, 1). Antikajist¸ntac thn tim  Φ(0.82) ' 0.7939, telik�
brÐskoume pwc h zhtoÔmenh pijanìthta eÐnai ' 1− 0.7939 = 0.2061.

Par�deigma 3.12. Apì empeirikèc metr seic parathroÔme pwc h di�rkeia ektèleshc
enìc algorÐjmou diarkeÐ kat� mèso ìro 17.5 deuterìlepta, me tupik  apìklish ±4
deuterìlepta. Poia eÐnai h pijanìthta, se 400 diadoqikèc, anex�rthtec qr seic tou
algorÐjmou, o sunolikìc qrìnoc ektèleshc na mhn xepern� tic dÔo ¸rec?

'Estw Xi o qrìnoc ektèleshc tou algorÐjmou thn for� i gia i = 1, . . . , N = 400.
Apì ta dedomèna tou probl matoc èqoume pwc ta Xi eÐnai anex�rthtec T.M. me mèsh
tim  µ = 17.5 deuterìlepta kai tupik  apìklish σ = 4 deuterìlepta. Sunep¸c,
h zhtoÔmenh pijanìthta mporeÐ na ekfrasteÐ qrhsimopoi¸ntac to kanonikopoihmèno
�jroisma tou K.O.J. wc ex c:

P
( N∑

i=1

Xi ≤ 2× 60× 60
)

= P
( N∑

i=1

(Xi − µ) ≤ 7200− 400× 17.5
)

= P
( 1

σ
√
N

N∑
i=1

(Xi − µ) ≤ 200

4×
√

400

)
' P (Z ≤ 2.5),



3.4. TO KENTRIK�O ORIAK�O JE�WRHMA 77

ìpou Z ∼ N(0, 1) kai p�li efarmìsame to K.O.J. 'Ara h zhtoÔmenh pijanìthta eÐnai

P
( N∑

i=1

Xi ≤ 7200
)
' P (Z ≤ 2.5) = Φ(2.5) ' 0.9938,

ìpou antikatast same thn tim  Φ(2.5) ' 0.9938.

Parat rhsh: H �nw mejodologÐa mporeÐ na efarmosteÐ gia opoiod pote eÐdoc
katanom c twn Xi. Sthn eidik  perÐptwsh pou oi Xi eÐnai akèraiec, mporoÔme na
k�noume mia mikr  tropopoÐhsh, pou belti¸nei k�pwc thn akrÐbeia thc prosèggishc,
idiaitèrwc ìtan h zhtoÔmenh pijanìthta eÐnai polÔ mikr . Sugkekrimèna, èstw m < M
kai èstw pwc prèpei na upologÐsoume thn pijanìthta

P (m ≤
N∑
i=1

Xi ≤M).

Tìte, proseggÐsoume antÐ aut c thn pijanìthta

P

(
m− 1

2
≤

N∑
i=1

Xi ≤M +
1

2

)
,

Parathr ste ìti afoÔ oi Xi eÐnai akèraiec, ja eÐnai kai to �jroism� touc akèraio, kai
�ra oi dÔo pijanìthtec eÐnai akrib¸c Ðsec. Oi proseggÐseic touc ìmwc ja diafèroun
metaxÔ touc, kai h prosèggish pou ja basÐzetai sto deÔtero endeqìmeno ja eÐnai
kalÔterh. Diaisjhtik�, eÐnai logikì na antistoiqÐsoume sto endeqìmeno

∑N
i=1Xi = m

to di�sthma (m− 1
2 ,m+ 1

2), sto endeqìmeno
∑N

i=1Xi = m+1 to di�sthma (m+ 1
2 ,m+

3
2), k.o.k., kai telik� sto endeqìmeno

∑N
i=1Xi = M to di�sthma (M − 1

2 ,M + 1
2).

Parathr ste m�lista pwc ìtan M = m h pr¸th prosèggish ja d¸sei pijanìthta
akrib¸c 0. DeÐte ta akìlouja paradeÐgmata.

Par�deigma 3.13. Gia N = 150 rÐyeic enìc dÐkaiou nomÐsmatoc (p = 1/2), poia
eÐnai h pijanìthta oi sunolikèc kor¸nec na eÐnai metaxÔ twn 90 kai twn 105?

Gia na apant soume, èstw X1, X2, . . . , XN T.M. ìpou Xi = 1 an h i-ost  rÐyh eÐnai
kor¸na, kai Xi = 0 alli¸c. H mèsh tim  twn Xi eÐnai

1
2 kai h diaspor� p(1− p) = 1

4 ,

kat� ta gnwst� gia thn katanom  Bernoulli. 'Estw epÐshc Y =
∑N

i=1Xi to �jroisma
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apì kor¸nec. ParathroÔme pwc

P (90 ≤ Y ≤ 105)

= P

(
90− 1

2
≤ Y ≤ 105 +

1

2

)
= P

(
90− 1

2
− 150× 0.5 ≤ Y − 150× 0.5 ≤ 105 +

1

2
− 150× 0.5

)

= P

90− 1
2 − 150× 0.5√

1501
4

≤ Y − 150× 0.5√
1501

4

≤ 105 + 1
2 − 150× 0.5√

1501
4


' Φ(4.98)− Φ(2.37) ' 1− 0.9911 = 0.0089,

An den eÐqame tropopoi sei arqik� to eÔroc tim¸n, to apotèlesma ja  tan

Φ(4.90)− Φ(2.45) ' 1− 0.9928 = 0.0072,

H akrib c tim , ìpwc prokÔptei me qr sh upologist , eÐnai 0.0088. H tropopoihmènh
mejodologÐa dÐnei kalÔtero apotèlesma, all� p�li up�rqei mia mikr  diafor�, pou
ofeÐletai sto ìti h zhtoÔmenh pijanìthta eÐnai polÔ mikr .

Par�deigma 3.14. 'Estw pwc h di�rkeia k�je thlefwnik c kl shc se èna dÐktuo
èqei ekjetik  katanom  me mèsh di�rkeia 85 deuterìlepta, kai èstw pwc oi di�rkeiec twn
diadoqik¸n kl sewn eÐnai anex�rthtec. Mia kl sh jewreÐtai {sÔntomh} an diarkèsei
ligìtero apì èna leptì. Poia eÐnai h pijanìthta, to pl joc twn sÔntomwn kl sewn
an�mesa stic 250 pou èginan se mÐa mèra na eÐnai mikrìtero 120?

'Estw mia T.M. Y ∼ Ekj(1/85). H pijanìthta mia kl sh na eÐnai sÔntomh eÐnai

p = P (Y ≤ 60) = 1− e−60/85 ' 0.5063.

'Estw, t¸ra, anex�rthtec Bern(p) T.M. Xi, ìpou h k�je Xi = 1 an h kl sh i eÐnai
sÔntomh. H mèsh tim  twn Xi eÐnai E(Xi) = p kai h diaspor� touc σ2 = p(1− p). H
zhtoÔmenh pijanìthta eÐnai

P
( 250∑

i=1

Xi < 120
)

= P
( 250∑

i=1

Xi ≤ 119.5
)

= P
( 250∑

i=1

(Xi − p) ≤ 119.5− 250× p
)

= P

(
1√

p(1− p)× 250

250∑
i=1

(Xi − µ) ≤ 119.5− 250× p√
p(1− p)× 250

)
' P (Z ≤ −0.8959) = Φ(−0.8959) ' 0.1851,
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An den eÐqame tropopoi sei arqik� to eÔroc tim¸n, to apotèlesma ja  tan (epibebai¸-
ste to)

Φ(−0.8326) ' 0.2025,

H akrib c tim , ìpwc prokÔptei me qr sh upologist , eÐnai epÐshc ' 0.1851! Gia thn
akrÐbeia, to sf�lma tou pr¸tou mac upologismoÔ eÐnai perÐpou Ðso me 10−6.

Parat rhsh: Parathr ste ìti sta �nw dÔo paradeÐgmata eÐqame thn prosèggish
enìc ajroÐsmatoc ìmoia katanemhmènwn kai anex�rthtwn T.M. Bernoulli mèsw thc
kanonik c katanom c. Parathr ste ìmwc ìti èna �jroisma ìmoia katanemhmènwn kai
anex�rthtwn T.M. Bernoulli akoloujeÐ thn diwnumik  katanom . 'Ara, mporoÔme na
proseggÐsoume thn diwnumik  katanom  mèsw thc kanonik c! Austhr�, èqoume to
akìloujo l mma, pou dÐnoume qwrÐc apìdeixh:

L mma 3.3. (Prosèggish thc Diwnumik c Katanom c apì thn Kanonik ) 'Estw a-
koloujÐa apì diwnumikèc T.M. XN me paramètrouc N , p. Tìte, kaj¸c N →∞:

P

(
a ≤ XN −Np√

Np(1− p)
≤ b

)
→ Φ(b)− Φ(a),

P

(
XN −Np√
Np(1− p)

≤ b

)
→ Φ(b),

P

(
XN −Np√
Np(1− p)

≥ a

)
→ 1− Φ(a).

Parathr seic

1. Sto Sq ma 3.2 èqoume sqedi�sei tic sunart seic pijanìthtac mi�c akoloujÐac
apì diwnumikèc T.M. me p = 0.4 kai N = 2, 5, 10, 15. Parathr ste pwc, ìpwc
problèpei to K.O.J., kaj¸c megal¸nei to N , oi m�zec teÐnoun sthn kanonik 
katanom 

2. Praktik�, h �nw prosèggish eÐnai ikanopoihtik  ìtan to N eÐnai arket� meg�lo,
p.q., megalÔtero tou 50, kai tautìqrona to Np eÐnai arket� megalÔtero thc
mon�dac, p.q. megalÔtero tou 10.
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0 5 10 15
0

0.5 N = 2, p = 0.4

0 5 10 15
0

0.5 N = 5, p = 0.4

0 5 10 15
0

0.5 N = 10, p = 0.4

0 5 10 15
0

0.5 N = 15, p = 0.4

Sq ma 3.2: SÔgklish thc diwnumik c katanom c sthn kanonik , gia p = 0.4 kai gia auxanìmenec timèc
tou N (N = 2, 5, 10, 15.)


