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MONTEAA YITOAOT'IEMOY






KE®AAAID O

EIZATQI'H

0.1 Xx£celg KOL GUVAPTNGELG
Tvpu6oAicpog 0.1.1. ZTic GNUELDGELC AVTEG XENGLUOTIOLOUYVTAL KATA KOPOV Ta. akOAovdo. 6OuBoa:

@, ¢ 24 U, n, c N\, A, |A|, x, A, vV, =, =, <, V, 3, 67ov A clvolro

Oewpovye GTL 0 AVAYVOGTNC VAL GTOELWDNC EEOIKELOUEVOC Pe auTd |

TvuBoiicuog 0.1.2. Me N cuuBoditovpe T0 GUVOAO TwV PUGIKGOY aPUGY > Kat pe Z T0 GUVOAO TwV
akepalov appov. Tia owovopla ywpov da ypdeovpe [n] avil yia {1,...,n}, 6mov n € N\ {0}. Télog,
pe R cupBolitovpe 10 GUVOAO TV TROYUOTIKGV OPIOUGV.

Optopog 0.1.3. P eivar pia n-uedijc cyéon 6to aivoho A avv 3 P c A", émov n e N~ {0}.
Opouodg 0.1.4. R elvar pilo didtnra Tov 6vvorov A avv R € 24,

Opwopog 0.1.5. H avakiactiii idtnta tov guvéhov A2 eivar n R = {P ¢ A? | (a,a) € P yia kéde a €
A}, H petabatiki Wiétnta 1o cuvélov A2 etvar 1 Rfa ={Pc A?| Av (a,b),(b,c) e P 1é1e kau (a,c) €
Pj}.

Optopog 0.1.6. Mio delng oxéon P ¢ A? kodeltaw uetaGatiki avv P e R;‘ST.

Optopog 0.1.7. ‘Ecto dpehic oxéon P ¢ Ax B, kar didmnra R < 248 H kAaiotérnra e P w¢ mpog
R efvar n oxéon PR mov mpokvmtel amé mnyv P av Tpocdécovye 10 eEAGXLOTO amapaitnto TARDOC Leuyov
wote PR e R.

Hopddeypa 0.1.8. H petabatici kAeiotémra g oxéong {(n,m) € N2 | m = n + 1} elvaw n oyéon
{(n,m) € N? | n < m}. H avaxdactici kAetotonra g oxéong {(n,m) € N* | n < m} eivar n oxéon
{(n,m) eN? |[n<m}.

' Ta mepioaétepec Thnpogopiec avatpéEte oo [8].

% To 0 dewpeitar PGS aPPDUSC.

? HoparoA® unv GLYKATAAEEETE TO «Ovv» GTN AOTO TOV TUTIOYPAPIKGY AddBV auTeY Twy cnueldceny. To xpnoipomolodue cav

GUVTOPEVGN TOV «OV KOL UOVO Ov>».
AT =Ax-x A
| —
n-PopEg



0.1. XXEXEIY KAI XYNAPTHXEIX

Optopog 0.1.9. f eivar cuvdptnon amd 10 A 610 B, cupbohopog f : A - B, avv
- f dwelng oxgon ko
- ((a,b1) € f A (a,ba) € f) = by = ba.
Av (a,b) € f da ypagovpe f(a) =b.
Opwepog 0.1.10. ‘Ecto f: A - B.
- To medio optopov g f etvar 1o cvvoho dom(f) = {a e A|f(a) € B}.
- To medio Ty g f elvar 1o cbvodo im(f) = {beB|Jac A(f(a) =b)}.
- H f evar el tov B avv Ybe B 3a e dom(f)(f(a) =b) .
- H f elvar éva mpoc éva (1-1) avv (f(a1) =bA f(az) =b) - a1 = as.

Optopog 0.1.11. 'Eoto f: A — B. H f eivar pgowcri cuvdptnon avv Ja € A Vb e im(f)(f(a) #b) 2. Ze
authY TV TepiTeen da ypdovpe f(a) = L, émov L ¢ AU B 3. Mia cuvdptnon mov dev eival pepiki
kalelitow oAy cuvdptnon (M TARENC).

Mopadeypa 0.1.12. Ozwpiote ™ cuvdpmon f: R - R pe f(x) = /x. H f mpopaveg eivar pepkn
ouvapTNEN, KODOE Yo omtotodnmote r < 0 wyver 6t 7 ¢ dom(f) (N oAl f(r) = 1).

Optwopog 0.1.13. 'Eoto f : A —» B, 1-1 kot emi ovvdptnon. H avrietoopn cuvdptnon e [ evor n
cuvdpmon f~1:im(f) - dom(f) pe f~1(x) =y, émov 10 Y elvan TéTO10 WoTE f(Y) = .

Opw6pog 0.1.14. 'Ecto f: A - Braig: B — C. H ctvdeon twv f kat g evow n cuvdptnon gof : A — C
ue:

g(f(x)) , avaedom(f)

1 , aAMOC

gOf@)Z{
Optapog 0.1.15. ‘Ecto obvoho B. H yapartnoioticsy cuvdptnon x4 : B - {0,1} evég cuvéhov A € B
oplteTan w¢ e&ng:
(a) 1 ,avacA
a) =
XA 0 ,aA\og

Optapog 0.1.16. ‘Eva civoro A elvar memrepacuévo ov |A| € N kar dmeipo av |A| ¢ N. Avo cdvora A, B
eval wwomrAndika ovv vridpyet 1-1 kow emtt guvaptnon f : A - B."Eva 6Ovolo A eivar apidunciuwe arxeipo
av elvar 16omANndiké pe 1o N (oe avti Tnv Tepimtwon da ypdgovpe |A| = Rg).

Ocdpnpa 0.1.17. Tia kdde civolo A wyver 6t |A| < |24 4.

Anédeién. ‘Eoto (mpog dromo) 1-1 kot eni cuvdpmon f @ A - 24, @ewpodue 10 6ivodo B = {z € A |
z¢ f(z)}. Apov B € A kaun f elvar extl tov 24, vitdpyer b € A této10 dote f(b) = B.’Opwg t6é1e b € B
avv b ¢ B. Atomo. O

! Kdde uvdptnon f eivar exti tov im(f).

2 To a dnAadh Sev aviikel 610 dom(f).

3 Emopévac woydet 61t (L) = L agod L ¢ dom(f). To cbubodo L cuvidug kodeitar mrdroc.
* B3¢ 10 6bubodo < emexteivetal mépa amd 10 N otoug dmetpoug TAndGpdpong

Tedevraia evnuépwon 31/3/2024, otic 13:33. 4



KEDPAAAIO 0. EIXAI'OI'H

KAelvovtag avtin tnv mapdypago, vo avagépovpe 0Tt 610 Ke@dlaio 2 Tov TPayuaTevopacTte Gu-
VOPTNGEIC PUGLROY POV XPNGLLOTOOVE Ta GUKBOAA:

z! 1 T0 TaPOYOVTIKO Tov T
2 mody : T0 VTTOAOLTTO TNC LALPEGNC TOV T e TO Y

x| y: 10 x doupel 10 Y

0.2 Asgeic kot YAwGGeg
Optgpocg 0.2.1. Adpd6nro evar £€vo. TemepuGPEVo GUVOLO GLUUBOAWY.
Mopadeypa 0.2.2. Topadelypota odpabitov eival ta akéAovda:

- {0,1}

- {0,1,2,3,4,5,6,7,8,9}

- {q,w,e,r,t,y,u,i,0,p,a,8,d, f,g,h,j, k, 1, z,x,¢,v,b,n,m, ., 7,1}

Opepog 0.2.3. Mia Aéén (1 ovubolocepd) Tov aA@abntov X elval o TeMEPAGEVN aKOAOVDIO GUY-
66wV Tov X.

Mopadeypa 0.2.4.
- 101010101010110 eivor o Aé€n tov {0,1}
- 1917 etvou pla Aégn tov {0,1,2,3,4,5,6,7,8,9}
- mpla elvar pa Aé€n tov {q, w, e, r,t,y,u,i,0,p,a,s,d, f,g,h,j, k1, z,x,c,v,b,n,m,u,., 7,1}

Opiepog 0.2.5. 'Ectw w pla AéEn tov adedbnrov Y. To pikog g w, cupuBohiopdc |wl, eivor to mAndog
GupBérwY e 2.

Mopadeypa. 0.2.6.
- [101010101010110| = 15
1017 =4
- |mpla| =4
Tvu6oAcpocg 0.2.7.
- Me € oupBoligovpe v kevy AEEN, dnAadn ) povadikn AeéEn pe pnrog 0.

- Opitovpe ta guvoda X' = {w Aé€n tov X | |w| =4}, i € N,

' Tia Aéyouc evkpivelag yia 10 6HuBolo Tov KevoD o XENGUOTIOVE To GUUBOAO L.
2 Metpdpe kGde eppdvion tov Bov cuuBéiov.

5 Tedevraia evnuépwon 31/3/2024, otic 13:33.



0.2. AEZEEIY KAI TAQXYEX

- H xAaiotémpra Kleene (Kleene Star) tov X eivor T0 GUvoAo:

2* _ U 27,
ieN

To 6volo avtd mepiéyel Gheg Tig (TTemepacpévou unkovg) AEEeIg TTOV UITOPOVY VO KATUGKEVAGTOVV
ue gVpBola ard 1o X

- "Eoto AéEn w evég algabntov. Me w? cupBolitovue ™v avrictpopn AéEn g w. Na mapdderyua
mpla® = alpm.

Opi6po¢ 0.2.8. 'Ectw w1 = x1++Ty, KOLWo = Y1y, dV0 AéEeic 610 L. H mapddecii Toug, GupBoMcudc
wy o we (N kAL wiws), elvor n AéEn:

Opwopog 0.2.9. 'BEcto w,w’ € X*. H w' elvan vwoAéén g w avv vidpyovv wy,wo € X (evdexouévug
wy = € N wy = €) TéT01EC WGTE W = W1 ° W' ° Wo.

Optopog 0.2.10. ‘Eotw ad@dbnto X kar apdpnon o : X — [| Y]] tov otoyelvov tov. H AeSikoypapikn
didraln twv MéCewv Tov X*, cdupuva pe ™ o, elvar n didtaln mov ypnotpomoeitar 6ta AeSikd | pévo
OV 0L AEEELC P& UIKPOTEPO PNKOC TTPONYOVVTAL.

Mapadeypa 0.2.11. H Ae€koypagin Sidtagn tov {0,1}* (pe v ap®dpnon o(0) = 1 kar (1) = 2)
etvar 1: €,0,1,00,01,10,11,000,001,....

Mopatnenon 0.2.12. 'Ecto oApdbnto X kar cuvdptnon o : X — [|X]]. H Ae€woypapwn didraln tov
3* (cVp@wvo pe ™ o) elvar pla 1-1 ko entl 6uvapton aré 1o X 610 N. Zuvendg | 2| = Ro.

Optopog 0.2.13. ‘Eotw aA@abnto X, cvvaptnon o : X — [|X]] ko w,w’ € X*. Av n w Bpioketon mptv
and v w’ 61N Ae€koypapkn dataln, cVuPwva pe ™ o, da ypdeovpe w <, w'.

Yop6acn 0.2.14. Oa dewpodpe 61t kKADE aAPABnTo X GuVOdeVeTaL ATO PLO. TTPOGLUPWYNPEEVN AeEIKO-
yoapkn ddraln, ywplc va avapepduacte pntd 6tnv apiduncn o. Etel da ypdeovpe w < w’ (1 arépa
koL w < W', GTNY TEPIMTWON TTOV N W PTTOPEL VO, TAVTIZETOL pe TNV w').

Moapadeypa 0.2.15. Topgpova pe 1o [lapddeypo 0.2.11 11 < 000.
TvpBoAiopog 0.2.16. ‘'Ecto adgdbnto X kat Aén = € X*. Me ¥ cuvpboligovpe ™ AéEn x o -+ oz, 6OV
[

k @opég
keN (étav k =0 10 2 16ovtar v kevi AéEn €) 2.

Opiopog 0.2.17. ‘Ectw ad@dbnto X. Kdde viocivoro L € X* kaleltan yAdooa tov X,
Mopadeypa 0.2.18. To mapakdto cOvola eivar yYAbeceg tov {0, 1}:
- L={we{0,1}* |w=0"1", neN}
- Litaaivspopo = {w € {0,1}* [w = w’}
| Mapadeiypatog yéon av $, @ € 5 kar o($) < o(@) t6re o AEerg mov apxitowy and § Tponyodvrar avdy Tou apxiEowY amd

@. T Aé€erg Tov apyltovv pe 1o Bo 6VPBoA0 Guykpivovpe To delTEPO GUIBOAO KoL OUTW KODEENC.
2 Eviote, Tpog amo@uyl ap@Lonudy, do. 6dtovue mapevdéoeic yipw and ™ Aéen. Na mapdderypa (01)% = 0101 evé 012 = 011.

Tedevraia evnuépwon 31/3/2024, otic 13:33. 6



KEDPAAAIO 0. EIXAI'OI'H

- L = @ (kevn yAdGo0)
- L ={e} (n YAWGGa mov mepiéyel pévo v kevi AéEn)
Opiopog 0.2.19. 'Ectw ah@dbnto X, a € X kot yAwcoa L € X*. Opltovpe ™ YAOGoa:
aL={weX" |JzeLlw=aox)}
Opopog 0.2.20. 'Ectw ad@dbnto X kot YAweoeg L1, Ly € X*. Opitovpe ™ yAdcoa:
LiLo={we X" | Jw;s € L1 Jwy € La(w = wy owsy)}

Opopog 0.2.21. ‘Ectw oApdbnto X kat yAwcea L € X*. Opltouvpe:

L’ = {e
L' = L
r* = Lr*!
L* — ULl
€N

Opwopog 0.2.22. ‘Ectw ad@dbnto Y. Kavoviki} ékppacn tov X eivon kGde AéEn tov odgpabitov X U
{[,],@,¢,u," } TOVL KATOGKEVALETOL GVPPWVA PE TOUC AROAOVIOVS ROVOVEC:

1. To @, 10 € kat kKGDe GUPBOAO TOVL X elval ROVOVIKY] ERPEUOT.
2. Av a, b ravovikég ekppdoelg 10te koL 1 [ab] evar kavovikn ékppaon.
3. Av a,b ravovikég ekppdoelg T0Te Kou 1 [a U b] elvar kavovikn €kppaon.
4. Av a kOvVOVIKN €RPPOGN TOTE KAL N @° €lVAL KAVOVIKN ERPEACN.
YvpBoligovpe pe Ry 10 GUVOAO TWV KOVOVIKOV EKPPAGE®Y TOL Y.
Mopadetypa 0.2.23. O Aé€erc [0*17],[0* L 1*],[[01*]0], [01] U @ elvan kavovikég ekppdoe Tov {0,1}.

Optopédg 0.2.24. ‘Eoto aA@dbnto . Oewpodue ™ ovvdptnon L : Ry — 2% mov avtietowel oe kGde
KOVOVIKN €RPEOOT PO YAWeGO ©¢ eENg:

1] , VX =0
{e} , OV X =¢€

£(x) = {a} ,owx:ani
L(a)L(b) , av x = [ab] 6mov a,b € Ry
L(@)uL(b) , avx=][aub]omov a,be Ry
L(a)* , avx =a" omov a€ Ry,

Mopadeypa 0.2.25. H L avtetoyel otnv kavoviky éxkppacn [[0u 1]0] tov {0,1} T yAdeoeo:
L([ow1]"o]) = L([ou1]")L(0)
= L([ou1])*{0}
= (£(0)uL(1)){o}
= ({0yu{1})*{0}
= {0,1}7{0}
= {we{0,1}" | Jw; €{0,1}" (w=w100)}

7 Tedevraia evnuépwon 31/3/2024, otic 13:33.
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KESAAAIO 1

MHXANEX2 TURING

Y1ig apyxéc tou 20°° awva, 6To TAGIGLO. TNC YEVIRELPEVNG OVAYKNG va. Avdolv 1o Ttopadogo Tov
elyav pokvyel 6N Oewpia Xvvodwv, o David Hilbert €dece pio. Gep0 A0 PWTNUATA-GTOXOVE GTNY
ETUGTNUOVIKY] KOWVOTNTO. XTO. EQOTNIOTA GUTO ERPEOLOTAV PNTA N ATTAITNGT YO0 TNV TLTIKN depeMwon
TOV POONUOTIROV KOL KOTOOEKVUOTAY 1 OVAYROLOTNTO DlEPeuvnong twv oplwv g Adyoptduikne Ymo-
Aoytowornrag. Q¢ yvwoTov, 0L OTOVINGELS TTOV OINKAY GE OUTA TO. EPWTNPATO NTAV apvNTIkEC: TTpdTa
o Kurt Gddel £deile 611 dev elvar duvatd va LITAPEeEL USLWUATIKOTIOMGT TOV RUINUATIKOV TTOL VO, EVOL
GUVETING KAl TOPAAANAG KOV VO 0TT0dellel OAe TIC GANDElEC TV UOINUATIROY, KoL €mterto. ou Alonzo
Church ko Alan Turing amédei€av 61t 1o Entscheidungsproblem ! dev pmopel va Adel alyopduikd
KaDWC dev pmopel va vItapEel dadikoGlo. TOV Vo, EAEYYEL OV L0, LODNUOTIKN ERPPOCT €lvoL OANING elTe
6yt (3ec Oevpnua 8.5.12).

KVplo movnpd pag oTIC GNPEOCE OUTEC €IVOL VO, TTAPOVGLOGOVYE GVOAUTIKG TN dewplo. Tov dn-
ULOVPYNONKE OO TO. TTOPOTIAVE yeyovoTa. O 0p(IKOC HOC GTOXOC EVOL VO SWGOVPE TUTILKOUC OPLGUOVC
TV GLVOPTNOGEWY TIOV elval alyoptduikad vitodoyiowec. Tio Tnv akpibela do dwcovpe TEGGEPLC dlapope-
TIROVC — GANG 1GOSVVAPROVE — 0PLGROVE, BOGILOPEVOL KADE POPA KOL GE PO, SIOPOPETIKN «TTPOGEYYLGT>»
™m¢ €vvolag Tov Adyopiduov. H mpotn mnydier 6tn dovded touv Alan Turing kot To.p0vGLALETAL GE AVTO
10 kEPAAaro (o1 vtdhoureg da mapovclactovy ota Kepdiawa 2, 4 kar 3).

1.1 Opiepoc Myyovng Turing kot YroAoyiGpov

Optopog 1.1.1. Mnyaviy Turing (TM) eivax wa e§6da M = (Q, X, I, 0, qo, ¢ziroc) 0100 Q, X, I memte-
poGpéva GUVOAa, KoL

l. Q elval TO GUVOAO TWV KATAGTAGEWV
2. G0, Gzéroc € Q> qo ElVOL N APXIKN KATAGTAGN KOL Grgpoc N TEQUOTIKY KATAGTAGN
3. X elvar 10 ad@d6nTo e16660v

4. I evar t0 adedbnro tawviac

! Exevdepn petappacn: To ITpdGAnua Amdpacnc Aoyikoy Oswpiov.

9



LI OPIXMOX MHXANHZX TURING KAI YIIOAOTI'IXMOY

5.

6.

Y crl

>,ue N X, 10 > elvon 10 patdapdrt kor U 10 6Uu60A0 TOU KEVOU

7. §: QxI" - QxI'x{A, A} elvaw n ovvdptnon petdbaong, to. A, A cupBolitovy Ti¢ dVo kKuTELVAVVGELS

(aptoTepd kot de€id avticTola), KoL N GLVAPTNGT AUTH IKAVOTIOLE! TOUC AKOAOVIOVC TTEPLOPLGUOVC:

- Vae F((S(QTéAogaa) = J—)
- VgeQ~ {QTéhog}vqleQ VaEF((5<q,l>) = (q’,a,x) ~rx=Ana= [>>

H 2é&n e1o6dov (n amhé n givodog) plag TM M = (Q, X, I, 8, qo, Gréroc) €lvar pia Aégn w € L.

Mmopotpe va pavtactodpe ™y M wg e&ng (deg Tynua 1.L1D):

H M amoteleirar and wa drepn (amd ta Seéid) tavia, ywpiougévn 6e KeAd 0V Uropovy
va mepIéyovv akplbu¢ éva avubolo tov I, évay Seiktn katactdcewy (17 alld¢ évav eAeykti)
KOl pla KePAA] TTOV KIVEITAL TTAV® GTNY TAVIA KAl UTT0pel va Slabdiel T0 TEPLEYOUEVO EVOC
KeAOU 1 va ypdper éva ovpbodo tov I ce avto.

To mpwT0 KEAl TNG TOUVIOC TTEPIEXEL TO GUKBOAO 1>, TTAV® GTO OTTOLO BEV PTTOPEL VO YPOWEL N KEPAAT TNG
M. Ta emépeva |w| keAd TepIExoVY TNV €l6030 w KoL Ta. LITOAOLTTA. KeEMA To GUPBONO L. Xe kade «Brpa
Aertovpylog» g M n ke@adn Bpioketar oe £va keAl Tng Tauviag (Tov uokd Tepiéyel éva cVUBoAo Tou
I') kou 0 eheykTng delyver plo katdotacn Tou Q (éxovpe dNAadn éva dpiGpa yo Tn GuvdpTnon petdbaong
). H «Aertovpylo» mng M pe el6od0 w eellooetar o¢ e€Ag:

1.

4.

5.

AwaBatovpe 10 GOUBoAo TTOv TEPLEYEL TO KEAL TTOL BPIGKETAL N KEPOAN KOL TNV KOTAGTOGT TTOU
delyvel 0 eEAeYKTNG.

TupBovlevdpacte T GuVapTNoN petabacewy § (BAémovpe dnAadn v T T™C Yo T0 Sedouévo
opopa) kol Bpicrouvpe:

- 10 GUUBOAO TTOL TIPETEL VA YPAWOLUE GTNY TUWLD,
- 1N véa KaTAoTacn Tov TPETEL vo. Oelel 0 EAEYRTNG KOl

- TN POPA IOV TPETEL VA KIVNGOVYE TNV KEPOAN TTAV® GTNY TOVICL.

Todgovpe 10 KAOVPLo GVLBOAO G610 KEA! TToL Bpicketan N kepaln (TN déon Tov ALY GLUBH-
Aov).

AMNAGLovpe Tov delkTn TOL EAEYKTN WOTE va delyvel TN VEU KUTAGTOON.

Kwovpe v ke@aln €va kel aptotepd av éxovpe A N éva kell defid av €xovpe A.

Eivar daitepa 6ondntikd va gaviaopaote TN Guvaptnon § 6ov TIC VTOAEC TOV GAYOPIDUOL TTOU
vAottotel  pnxovn Turing. Ot evToAEC auTEC Sev DLUILOVY TIC EVTOAEC TTOV GUYTOWC YPENGLLOTIOLOVUE GTOV
mpoypappoatioud (eviohéc avddeong, eviodég eAéyxov pong k.Am.). H vAomoinon touv aAyopdpov pécw
utag punyovig Turing poldlel TEPIGGOTEPO e TOV TIPOYPOUUOTIGUO GE U0, «XOUNA0D eTTTEdOL» YAWGGO.
mpoypappatiopov (1.y. ™ yAdcoa unyavic).

Mopadeypa 1.1.2. ‘Ecto 61 (g3,0, 94,3, A) € §, 10 Typo 1.1.2 Selyver 1ic aAdayéc mov yivovtar 6tnv

TM.

Tedevraia evnuépwon 31/3/2024, otic 13:33. 10



KEDPAAAIO L. MHXANEXY TURING

[ w {
Tawio — A ’ > ‘

Kepain

Aglktng roTAGTAONC

Xynua LLI Xynuatiki avamapdoracn piac TM.

Optopog 1.1.3. 'Eato TM M = (Q, X, 1,6, qo, ¢irec)- Kdde duvatdg cuvdvacudg Aégng oty tawia,
déong keaAng Kal KataeTaoNg Kotd ) Aertovpylo e M pe glcodo v w (avil yia «n Aettovpyia TnC
M pe elcodo v w» xapw cuvtopiag da ypdgovpe M (w)) kalelton @pdon N\ GTIypwoTVITO AerTovpylag.

Zvp6ohcpog 1.1.4. ‘Ecto TM M = (Q, X, I,6,q0, Gréroc)- A vT0déGoUpE Tapadelyuatog xapn 6t
n tawia ypdper ™ Aé&n > 100010100 (ta cUpBoda U dev ta avagépovue 1), n kepon Bpioketar 6To
TépumTo kel kat o delktng delyvel v g3 (Exua L1.2 10 «Av»). Autd 10 GTIyWdTUTIO AgtToVPYlOC TO
ovpBoligovpe pe ™ Aeé€n > 100g3010100 € (I"U Q)*.

Optopog 1.1.5. 'Ecto TM M = (Q, 2, 1,0, qo, qrérec) Kot AN w € X,
- To apywko orrypmorvmo g M (w) evon 10 > gow.

- Karadnktiko otryworvmo g M (w) eivar kGde GTLYUOTUIIO TNG UOPPNG: B W1GrgpocW2, OTTOV
w1, W2 € T 2.

Opiopog 1.1.6. 'Ecto TM M = (Q, X, I, 8, o, Grénog) KO GTIYWTUTIO:
> a1az--a;-14a; --an
omov a; € I', i € [n] kaw q € Q.

- Av 6(q,a;) = (p,b,A) kar i > 1 T0TE TO €TOUEVO GTIYUIOTUTTO EVOL TO > A1A2 **Aj—2PA;i—1bGj 11+,
KaL do. YypapovpE:
> a1ag:+Q;-1qa; G F > a102°0;-2pai-1ba;11--ap

- Av d(q,a;) = (p,b, A) kot i > 1 T0TE TO ETOUEVO GTIYULOTUTTO EVOL TO > A1A2 Ai—1DPA;11 -+ Ay KOL
00 ypdpoupe:
> a1a2:+Qi-1qa; A, > a102°-Q;—1bpa;1--ay

- Av (g, a;) = L t6te dev LIAPYEL ETOUEVO GTLYUOTUTIO KO Da Aépe 6tL n M otaparder tn Asrtovpyia
NG OV § = Griroc N OTL KOAAGEL OV q # Grfpoc-

1 , , , , ,
Tumtkd da TpémeL va avagpépovyue Uovo €va.

2 , , , , , , , ,
Agv elvor aapaitnTo 0Tt LTTAEYEL RATOAMKTIKG 6TypdTUTIo Yo TNV M (w). [epiocdtepa e Aiyo...

11 Tedevraia evnuépwon 31/3/2024, otic 13:33.



LI OPIXMOX MHXANHZX TURING KAI YIIOAOTI'IXMOY

Xynua LL2: [apdderypa Aertovpyiag TM mov mepiéyet ™ uetdbaon (qs,0,qa, 3, A).
Opwopog 1.1.7. 'Ecto TM M = (Q, X, I,6, G0, Gréro)» w € £ kaw C1, Cy oiymdtuma Aertovpylag Tng
M (w).

- Av woyvel 61t C )y Ca, da Ape 611 arté 1o C petabaivovue 1o Coy (6Oppuva pe ™ d).

- 'Eoto -}, n avakhactikn kot petabatikn kAelototnta g 6x€ong Fas. Av Cq Fy, Co da Mépe ot
10 Cy mapayet 10 Co.

Opwopog 1.1.8. 'Eoto TM M = (Q, X, I,0,q0, Griroc) kKt w € X*. Ymodoyiouog g M(w) elvar pio
akolovdia ctiywotimev Cp, C1, . .. (mdavae menepacuévn) dmou:

1. Cp elval T0 GPYIKO GTLYULOTLTIO KOL

2. Cirpr Cigq Yo kGde i € N,
Mitopoipe vo @avtactodpe Tov vitodoyopd g M (w) cov éva (mdavag admelpo) Siatetaypévo ypapo-
DEWPNTIKO POVOTIATL e KOPUPEC TOL Ta GTIYUOTUTIO. Aertovpylog Tng M (w) kot akpég petald mponyov-

UEVOL KOL ETTOUEVOL GTLYULOTUTIOV.
O vmohoyopdg e M (w) teppatiter avyv vtdpyovy wy,we € I'* té10100 WOTE:

*
> QoW F > W1GrénocW2
dNAad 0TT0 TO OPYIKG GTIYUOTUTIO PeTABAVOLYE GE VO KOTAAKTIKG GTLYULOTVTIO.

Tedevraia evnuépwon 31/3/2024, otic 13:33. 12



KEDPAAAIO L. MHXANEXY TURING

TNy TEPITTOGN TOV €YOVPE TEPUATIGUS N UKOAOLDIC. GTIYWOTUTTOY elvar Temepacuévn . X avtny
v Tepintoon da ypdeovpe M (w) |. Av o vtohoyopog tg M (w) dev teppariter do. ypdpovue M (w) 1
2

YvpBohcpog 1.1.9. 'Otav pog evdagéper 10 TAndo¢ Gnudrev (kvicewy T™E KePOAC) TOV KAvel plo
TM M e eicodo w € X* mpw Tepuartice da. ypnoipomoovpe tov cupbolioué M (w) !, émov t € N
elvat o TAndog Bnudtwv. Tédog, da ypdgovpe M (w) |4 yia pla katdetacn g déhovtag va dNA®Govpe T0
yeyovog 6t n M (w) petabaivel oe oTiypudTuTto 0L TIEPLEYEL TNV ¢ (KAl v eTITAZ0OV pog evlOpEPEL Kat
10 TANdo¢ BnudTwy da ypdpovue M (w) J,Z).

1.2 T kavouv ot Mnyaveg Turing;

H cuvdptnon petaBacenv plag TM pmopel va pnv mpoceyylgel kadoAov Ty €évvola Tou aiyopiduov
OV €XOVYE GUVAVINGEL GTO. POINUOTIKA, OTTOC KOL O TUTILKOC OPLGUOC TOV LTTOAOYIGUOU UTTOPEL VO, YN
dupleel oe tlmota Tov VTTOAOYIGUOV 0Tt évav HAektpovikd Yrohoyiotn (H/Y). Opwe, émtwc da Sovye, 6tnv
mpaypatikotnta n TM elvar plo ToA) koA podnpatiky depedlnon tov AAYopldpov Kol 0 VITOAOYLGUOC
Ulo. GPKETA TILGTN TTEPLYPAPT] TOV GTOYEWIWV £pYaGLOY TTov KAvel 0 H/Y poag katd tn Aertovpyla tou.

Ye authv TNV T0PAYpa@o d0. eeTacovpe TIC TPelC BaGIKEC AELTOVPYLEC TTOV UTTOPOVY VO. PEPOVY EIC
mépag ot TM kar da emiyetpnportoloyncovpe 61t amotelovv Ti¢ Tpelg Baoikég Aettovpyleg evog H/Y. Ou
AeLtoupyleg QUTEC elvad:

- O vmodoylouoc cuvapTRoEwV.
- H avayvopion 1 n anopacn yrwceov.

- H amapidunon yrwcoov.

1.2.1 YmoAoylGpog GuvapPTNGE®Y

Y& QTG TIC GNUELWCELS EVOLAPEPOROGTE KUPIWE IO Kl e8Ik KOTNYOPLO APOUNTIKOV GUVAPTNGEWY
(8¢ KepdAato 2). Opwg, ontwg eldape 6ty mponyoduevn Tapdypa@o, o LITOAOYIGUOC wiagc Mnyavic
Turing a@opd Ti¢ Aé€elc Tov aA@abnTov el6odov te. To avrikeiyevo Tov vIToAoyLouov dMAudN elvor pla
AEEN koL Oyt évag appog 0Tteg da emdupovcape. Autd To TEOBANUO pItopel eVKoOAa va EemepaoTel av
GUUPOVAGOVYE £VaV TPOTIO VO «KOSIKOTIOLOVUE» TOUC apduovg Ge kamoo aA@dbnto 3. Etet mapdto
OV TO OVTIKELUEVO TOVL VTTOAOYLGPOV D0, TTOPUUEVEL plar AEEN 0 VITOAOYLGUOC DO APOPJ. KATIOLOV GPWUO.

Ag dovpe pe ooy Tpomo ot pnyxaveg Turing propov vo, VITOAOYIGOVY Plo. GUVAPTNOT.

' Aéyw Tov TPpGTOL TEPLOPIGUOY TIOV déGape GTNV GLVAPTNON petdBaone dev do LTTAPEE! eMGUEVO GTIYWOTUTIO, GUVETIHE 1
arohovdia da elvar TeTEPOGUEV.

2 O vrohoyloude pmopel va pny teppatiter eite emeldn N akoAovdia oTyWOTOTLY elvar drtelpn, efte emedn n M koAAdet, omdte
OKOAOLIIOL GTLYULOTVTIWV VOL PEV elval TIETEPAGUEVN, OAAG TO TEAEVTALO GTIYUOTUTIO TNG dev elval ROTAANKTIRG. [Tapatnpnote
OTL N TEOTN TEPITTTWGN PN TEPUATIGROV €VOL N OVGLOGTIKY KODMOC TN deVTEPN D0l PITOPOVGAPE VO. TNV GTOPUYOVPE OV elyope
TpovonoeL va. opicovpe TN § yo. Gheg TiIc Suvatég e16630V¢ OV PTOPOVV va. TPORVYOLY (ERTOC PUGIKA aTtd TNV TTEPiTTWEN
61ov N KoTdeTacn £16630V elval TEPUOTIRA).

* N Topddetypo umopodye va KeSIKOTOMGOVPE TOug PUGIKOVE apduove 6to adedbnto {0,1}, malpvovtag T duadkn ava-
TapAGeTac ToVg, 6TTwg emtiong do. propovcape amhd va opicovpe TM pe ad@dabnro eisédov 10 {0,1,2,3,4,5,6,7,8,9}. Ko
6T dY0 TEPITTOGELC Do TTPETEL va SWeovpe peydAn Tpocoyn katd tov oxediacud e TM €10t hote va yelplietar eldkd TIC
Aé€erc mov Sev avtieTorxolv 6e Puetkovg apdpotg (dmwg m.y. ™ 0000).

13 Tedevraia evnuépwon 31/3/2024, otic 13:33.



1.2. TI KANOYN Ol MHXANEX TURING;

Optopég 1.2.1. Mia cuvdptnen f : X* - X* kahettar (Turing) vrodoyioiun avv vidpxst TM M =
(Q, X, T,9,90, Gzroc) TETOWL. OGTE:

Vw € dom(f)(> qow F> Granoef (w)) ke Yw ¢ dom(f) (M (w) 1)
Yy TepinTnon avtn do Aépe ot n M vroloyiter v f.
Mopadeypa 1.2.2. 'Eoto id : {0,1}* - {0,1}* n ravrotiks} cvvdprnon pe id(z) = x. H TM M =
(Q7 2T 57 Gtérogs Q‘rékog) : pe Q= {QTs?\og}’ 2= {07 1}’ I'= {[>7 u, 0, 1} ROL O = @ TNV UJTO)\OYIES'"

To Mopdderypa 1.2.2 eivon éva «akpaio» delypa viohoywopod cuvaptneng (ta mapadelypota mov
akoAovdovv da. eivar mo SISOKTIKA). Avti va TapovGld{ovpe avaAvTIRG T GUVAPTNGN PeTabBacewy &
(1mov dmtwg da Sovpe GuVNIWC £xel Tdpa TOAAG GTowEln) da Sivovpe po GUUBOAIKN TTEPLYPOPN TNG, TO
Aeyouevo Sidypauua katactdoewy (dec Mapddeypa 1.2.3).

Moapadeypa 1.2.3. 'Eoto f: {0,1}* - {0,1}* n otadepn cvvdptnon f(z) =1.H M = (Q, X, I', 4, qo,
CITS'?\OQ) ue Q = {qoaq17QZ7QTé7\og}’ Y= {Oa 1}’ I'= {Da u, 0, 1} Kat
5 = {(QO) 07 qi1, ]-a A)a (q07 ]-a qi1, 1) A)) (QO, L, q1, 17 A))
(ql707q15|—|7A)7 (QL 17q17|—|7A)7 (Q1a|—'7Q2a|—'7A),
(q2,U,q2,0,A), (q2,1,92,1, A), (g2, >, Grgrog, >, A) }

v vrooyitet 2. To Sidypappa KaTaGTacewy T™C & Paivetat 6to TyAua 1.2.1.

Tnpetwon 1.2.4. An e300 kar mépa (av dev cuvtpéyer onpavtikdg Adyog) da Tapovctdtovpe povo 1o

didypaupa katactdoewy pwiag TM kaddg avtd mepiéyel 6An v TANPOPopia 0L XEELaLOUacTE .

0 ,avxe{0"|neN}

. H TM 1ov Zx1-
L, oA\og x

Mopadeypa 1.2.5. Eoto f: {0,1}* - {0,1}* pe f(z) = {
uatog 1.2.2 v vmoloyigeL.

Mapadeypa 1.2.6. 'Eoto &: J* — X n kevi cuvdptnon pe J(z) = L. H TM 1ov Iynuatog 1.2.3 v
vTtoAOYICEL.

'o Optopdg 1.1.]1 dev omartel N 0pYIKN KATAGTOGN KOL 1] TEPUOTIKY KOTAGTAGT VO, YNV TOUTIOVTOL
2 Mrmopodpe va pavtactope 61t n M vlomotel 1o akélovdo Tpdypauua:

while 1> 0
if ¢o0 then ¢1 1A
elseif ol then g1 1A
elseif gou then ¢11A

L.

2

3

4

5. elseif ¢10 then ¢1 U A
6 elseif ¢11 then ¢1 U A
7 elseif q;u then g2 U A
8 elseif gou then g2 U A
9 elseif ¢21 then g21A

10. else g2 > then g, > A ; break

H ertovdnyn do tedetdoet povo av gracovpe 610 break 6to 6npa 10.

3 To uévo evdexopévac mov dev eival Eekddapo 610 Siypapupa KaTaoThoewy eivat 0 aApaénTo e16630v Tne TM. TtV emduevn
mapdypapo da Sodue 61t (ywplc 6AGBN g yevikdTnTag) propovye vo dewpncovue mwg 6Aec oo TM €xouv wg oA@dbnto
e166d0v 10 {0, 1}.

Tedevraia evnuépwon 31/3/2024, otic 13:33. 14



KEDPAAAIO L. MHXANEXY TURING

0/uU, A L/U, A
1/U,A 1/1,A

*/1,A |_|/|_|,A 9 >/>,A+

Xynua L2.I: H TM mov vrodoyiter T cuvdptnon tov Hapadelyparoc 1.2.3 (1o abubolo * maipver oAeg
TI¢ TIpéc Tov X\ {>}).

u/u, A
0/U,A 0/0,A

0/0,A

Xynua 1.2.2: H TM mov vrodoyiler tn cuvdptnon tov Hapadeiyuaroc 1.2.5 (to cvubolo * maipver oAeg
11¢ Tipég Tov X\ {>}). Haparnpriote ott n TM «koddders otnv kKatdoTtaon qs.

YopBacn 1.2.7. T va dievkodivovpe v Tapovciaon da «yahapwcovpe» v amaitnon 1 TM va
YUPILEL TNV KEPOAN GTNYV G.PXN TNG TOWVIOC TPV TEPUOTIGEL

Mopadeypa 1.2.8. 'Ecto next : {0,1}* — {0,1}* pe next(z) =«H endpevn Aécn g = oty AeCiko-
yoapkn didran tov {0,1}*» L. H TM Myey: Tov Zyfpatoc 1.2.4 v violoyicet.

, , e{0,1}*
Mopadeypa 1.2.9. 'Eoto space : {0,1, _}* - {0,1, _}* pe space(x) = — W x, (0,1} .HTM
L, alwg
Mspace T0U Zynuatog 1.2.5 tnv vmohoyiget.
, , ) N _x ,avxe{0,1}*
Mopadeypa 1.2.10. 'Eoto f : {0,1,_}* - {0,1, _}* pe f(z) = .HTM 1ov

L , OAALOG
Zynuarog 1.2.6 v vrohoyiger (xpnotpomotdvtag v Mepace GOV «UTOPOVTIVO ).

YvpBohcpog 1.2.11 (Kovtakia). o dievkdivuvon g mopouciaong do. ypnGLEoTO0VUE «KOVTAKLO
VIO VO TTEPLYPAWPOLPE TIC VTTOPOLTIVEG Tov TM:

"H next, av AdBovpe viéypwy 6t ToAAéc Aé€erc tou {0,1}* Sev avticTorotv oe duadiki avamapdeTacn GUGIKGY apuGY,
prtopel va tpomortomdel otn ouvdptnon f(z) = x + 1 670 dvadikd cvoTnua.

15 Tedevraia evnuépwon 31/3/2024, otic 13:33.



1.2. TI KANOYN Ol MHXANEX TURING;

() o+

Xynpa 1.2.3: To Sidypauua katactdoewy e TM tov Hapadetyuaroc 1.2.21 (to cvubolo * maipver oAeg
Ti¢ Tipé Tov X\ {>}).

0/0,A
1/1,A 1/1,A 1/1,A
O Oa O OO
L/0, A U/u, A
(=5
————>
1/0,A

Xynua 12.4: H TM mov vrodoyiler v emdpevn Aéén otnv Ae€ikoypapiri ddraén tov {0,1}*.

L. Avn f: X% - X elvar vodoyloiyn cuvaptnon kot M evar ploo TM mov v violoyiget da
Yoa@povye:

— f(x), av x € dom(f)

kot 0o Aépe ot n M (x) emotpépet f(z).

O 6uPBOMGPOC e TO KOUTAKLOL OC ETIITPETEL VO, dleukoAVOVUE SPAGTIKA TNV TTapovciacn Twv TM.
AT €d0 ko 670 €E€NC D YENGLLOTIOOVYE ATAEC VITOPOUTIVEC GOV «KOVTOKLO», YWPIC VO TTOPOVGLA-
tovpe Tic Aemtopépetec oyedacuot toug |, TIpoketuévou va yiver Tmo katavontéc o GuuBolicudc da Tov
YOENGLHOTIOMGOVE YL VO aTtodelfovpe pla TPOTAo.

Mpoétacn 1.2.12. 'Ectw fi, f2 : X* — X* vmoloyilcipec cuvaptnoec. H cuvdptnon fa o fi eivan emiong
vrtohoyloLun.

Amodeiln. 'Eotw M7 kar My oo TM mov vrtohoyicovv Tig fi kar fo avtiotoyo. [Tapoatnpodye o1t yio v
TM M tov Exnpatog 1.2.7 woyvel ot

U E3¢ yivetar Eexddapoc o Adyog mov amartiicape ot TM va yupitovv thv kepaf 6Tty apxi Te Tawiog mpotod teppaticouy.

Tedevraia evnuépwon 31/3/2024, otic 13:33. 16
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0/0, A
1/1,A

0/0,A

Zynua 12.5: H TM Mgpace Tov Hapadeiyuarog 1.2.9.

- av fo(fi(x)) € X n M(z) v emotpépet,
- av fi(z) =11 fo(fi(x)) = L n M(x) dev teppoatitel.

Yuvenwg n M vmoloyiger v fo o fi. O

Opopog 1.2.13. 'Ecto TM M. Me ¢y da cupbolitovpe ™ Guvdptnon Tov vitohoyiget.

Ontwg evan ep@avég kGde TM vmoloyitel kol KATIOWO. GLVAPTNGN. AUTN N AVTIGTONIGN OPwC dev
etvar 1-1 kadog vidpyovy moAAéc TM mov violoyitouvy v e Guvdptnen . Emopévac éxel vénua o
TOPOKRATY 0PLGUOC.

Optopog 1.2.14. Abo TM M; kar My eivar toodvvapeg ovv ¢pr, = r,-

You6aon 1.2.15. Tty Mapdypago 1.4 do Sodue 6t pmopovue vo. amapduicovpe i TM. T va
eAa@EVUVOLPE AlYO TOV GUUBOALGPO, 0TV £xovpe pio aTtapiduncn twv TM da ava@epopacte 6N GuVAp-
on mov vmodoyitet n TM M; ypdgovtag ¢; avtl yau ¢az,, 0mov i € N 1 gerpa tng TM odpgpova pe v
amapdpnon.

1.2.2 Avoyvopion N omo@acn YAOGGHV

XN dewEnTIKN TANEOPOPIKN €VOL TIOAN) GNUOVTIKO VO, UTTOPOVUE VO. EAEYXOVUE OV pla €lGODOC GTOV
NAERTPOVIKO VTTOAOYLGTN OTOTENEL DETIKO-GTIYULOTUIIO | QPVNTIKO-GTIYULIOTUTTO Y10 TO TIPOBANpa Tov e€e-
tagovpe. TTo amhd, pog evilo@EpeL Vo PTTOPOVYE VO OTTUVTOUE PE EVA «VOL» 1 VO «OYL» GTO. AeYOUeVa
mpo6GAnuata amopacng. Xin dikn pog dewplo 1o TpobApata amégacng ewedyovtol og e&ng: Ot elodot
elval KOJIKOTTOMPEVEG Ge €va. OAPabnTo X, 0TT0TE TO. DETIKA-GTLYULOTUTIO. OTTOTEAOVV €V0. DTTOGUVOAO TOV

X*, dnhadi pia yAdooa 2.

' Ta v akpiBeia yio kGde cuvdptnon vidpyouv ap@unciuwe drepec TM ov v vitohoyitouv.

2 Mapte yio Tapddeypa 10 TEé6Anua tov Xpwuariouot Tpaghipatoc émov pag divouy éva yodenua G kat évav aképato k
KOL LOG PWTOUV AV elVOL SUVATOV VA YOWUATIGTOUY Ol KOPUPEG TOV YOUPNUOTOC Pe k YPOROTO. £T6L OGTE TO GRPO. TOV KOV
va €ouv dapopeTikG xpoua. H «tumkid» meptypaen tov mpobMpatic eivar n e€ic: Ta G, k eivan kwdwomompéva oe éva
aA@d6nro, ag motpe 10 {0, 1}, kat pag evdiapépel va Sodpe ov pa Aécn tov {0,1}* aviker 6tn yAwooo L = {w € {0,1}* | H
w elvar kwdomoinon ypapnpotog G kaw akepaiov k kat 1o G ypwpotitetor pe k yopata}. Apydtepa (oto Kepdhawo 8) da
dovpe d1L avddoya pe TV TUTTKY TEPYpaPn wlog YAWeeag (110 GuykekpLpéva TNV evaAAayh TTOGOJEIKTWY GE auTh) PITopodue
VO TNV ROTATAEOVPE GE DLOPOPETIKY ROTNYOPLO «SUGKOMAC.
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1.2. TI KANOYN Ol MHXANEX TURING;

1/1,A _/0,A
e
()

/A 1/1,A _/0,A
()
()

Xynqua 12.6: H TM mov vrodoyiter mq cuvdptnon tov Iapadelyuarog 1.2.10.

M Mo > fa(fi(z))

Xynuo 1.2.7: H TM mov vrodoyitet mq cuvdptnon fo o f1.

Ye avtnv TV TOpdypago da dovpe g or TM pmopolv vo eNGLUOTIOMIOUY K¢ «OAYOPIIUOL»
IOV eAEYXOUV OV N €l6030C TOUC elval DETIKO 1 CPVNTIKO GTLYULOTLTIO Tov TpoBAnuatoc. Mdhcto da
dovpe OTL plo. pnyavn pmopel eite ammAd Vo «ovoyvepigeys To DeTIKA GTIYWOTLTO. evog TTPoBANUaToC
ElTE VO «ATTOPUGILEL» OV €VO. GTIYMOTLTIO elvar deTiko 1 Oyt [Tapdlo 1ov n du@opd petald tov dvo
potager Aemt, 1o devtepo elvar TOA Tto oYLEO. ‘Otav €xovpe amhn avayvoplon plog YAwscag n TM
HOC ETGTPEPEL DETIKN ATAVTNGT YLO TAL DETIKA GTLYIOTUTIO. OAAG BEV ETUGTPEPEL APVNTIKN ATTAVTNGT YLO
(TovddyoTov éva amd) to vélouta. XNy amé@acn, yo. kGde oTiymdtumo Aapbdvoupe TV avtioTonn
amavINGN.

Hoapatnpnon 1.2.16. Kéde alpdbnro X umopel va kodwonomdel 6o {0,1} 1. Emopévucg, ywpic 6AG6n

' T mapdderypa 10 {A, B, C'} umopobpe va 10 KoSIKOTOWMGOUpE 0¢ EAC:

A~ 01
B ~ 011
C ~ 0111

Apa n AéEn ACAB do. kwdikorotelitar o¢ 01011101011, Oa avapepdodpe 1o avolutikd 6ty KedkoTonon Aégewv otnv
Mopdypago 1.4.

Tedevraia evnuépwon 31/3/2024, otic 13:33. 18



KEDPAAAIO L. MHXANEXY TURING

NG yevikéTnTag, umopodue vo dewpricovpe 6Tt Gheg ot YAdooeg aviikovv ato 210117,

A7é €30 kot 610 £&ig da eoTidoovpe 610 aApdbnto {0,1} (avté dmwg eldape dev da TPokaAéceL
6AG61 TG YEVIRGTNTOC).

Opwepog 1.2.17. ’Eoto yAwooa L € {0, 1}* kot x 1, n xapartpiotikn tng cuvaptnon (Seg Opiopd 0.1.15).
H L eivar amopaveiun ovv vitapyer TM M mov vitoloyitel T X .

Mopadeypa 1.2.18. H yAdooa L = {0,1}* elvar amopdvoiun kaddg n TM tov Eyxiuatog 1.2.1 vio-
Aoyiter T X0EOKTNEIGTIKA TNG GuvapTNon (TTov Tavtigetar pe T 61adepn Guvdptnon tov Iapadelypa-
to¢ 1.2.3).

[o vo eAéylovpe av plo AéEn w aviker oe wo yA\ocoa L (7 avtictoo ov éva otiydtuno touv
mpobAquatog eivar detiké GTiyudtumo) Booiky TPoLT6deon eivar n Vmapin pag TM, éotw M, mou
VITOAOYILEL TN YOPOKTNEIGTIKA GuvapTnon tne L. 'Etol, 1péxovtag tv M pe €l6od0 T w 0V 0 VITOAOYIGUOC
emoTpéyet 1 da émetar ot w € L kar av emotpépet 0 61t w ¢ L. 'Omog da Sovpe apydtepa (Kepdiaro 5)
VTTAPYOVY YAWGGEC yla TIC 0Ttoleg dev PTtopovue vo. £xovpe Kal T0. dVo koppdtio. TAnpogopiac (kat 1o
«var» Kal 10 «ox»). Tl tov Adyo autd da. oplcovpe dAAN plo katnyoplo YAwcowv Ti¢ avayvepiowes (1
NUL-QITOPAVGIUEC).

Optopog 1.2.19. 'Ecto TM M = (Q, X, T, 8, q0, ¢ztr0c)- H YAOGGa oV avayvepiter (0 amodéxetar) n M
evat n:
L(M) = {w € {0,1}" [> qow F3/> Greroc 1}

Mopatnpnon 1.2.20. Tapatnprote 61t 6tov Opiopd 1.2.19 n M Sev violoyiel kot 0vaykn TN X000
KTNELGTIKN GuvapTtnon g y\wocag L(M).

Hapadeaypa 1.2.21. 'Eotwo TM M = (Q, X, I',6, 0, ¢ziroc) & Q = {q0; Grtnoc}> & = 10,1}, I' = {»,
U, 0,1} kot § pe draypappo kotaotdeewy avtd tov Zynuatog 1.2.3. lapatnpovpe ot L(M) = @.

Opwepog 1.2.22. 'Ectw L € {0,1}*. H L elvar avayvwpiown (4 nui-aropdvoun) avv vrdpyet TM M
tétola wote L = L(M).

[Mapatnenote 4Tt GTOV TOPOTTAVE 0PLOUS INTAPE KATL Tl 0.6devég amd Tov Optopo 1.2.17, kadog dev
amtartovpe amto ™ TM va emetpépet 0 ya Ti¢ Aé€erg mov dev avirouvy 61N yAoseo. H vmapén yAwcowv
OV €VAL NPL-OTTOPAVIGPEC KOL O}l ATOPAVGLYEC EVIEYOUEVWC VO, pnv yiveTal eVkoAa Tiiotevth. [a va
UT0PEGOVPE Va. DELEOVPE OTL UTOC O LGYLPLGUOC elval AANING Da XPELOGTEL VO XPNGLLOTONGOVE LGYVPG
«gpyadelox» g Oewpliag Zvvodwv (GuykekpLuéva ™ pédodo g Alaywviomoineng Tov epappicaue GTNV
amddein tov Oewpnuoatog 0.1.17).

Zuvndwg 6t BLBALoYpO@PLO. avapEpeTaL €vag daPoPeTIROC 0pLGUOC Twv TM, 00V XPNGLUOTTOLOUVTOL
300 TEPUOTIKEG KOTAGTAGELS OVTL YIOL WiO, N Gy KOL N Gy AVTO eivar 1B1outépwg eNnotuo otav déhovpe
va eléyEovpe av plo Aégn avikel 6e pia YAOGoo N Oxt. Ag dovpe autdv TV eVAANUKTIKO 0PLGUO.

Optopog 1.2.23. Mnyovn Turing elvar pio entdda M = (Q, X, I, 4, 05 Gvaus Qo) 010V Q, X, I Teme-
PUGUEVA GUVOAU, KOL:

1. q05 Qvous Q6Xl € Q, Ue Gyar * q(')Xl OTIOV Qvyqu, Q6Xl Ol TEPUATLIREC ROTOGTAGELC

2. X col

3. p,uel'\XY
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1.2. TI KANOYN Ol MHXANEX TURING;

0/0,A
O L/u, A
(D=
1/1,A

Xyvpo 1.2.8: To dSidypauua karacrdoewv e TM tov Hopadeiyuaroc 1.2.26.

4. 0:QxI - QxTI x{A, A} tét010 HoTE:
- Vael' Vqe {QVa17QéXL}(5(Q7a) = J—)
- Ve QN {qva, 4oy }Ve € Q Vae I'(6(q,>) = (¢, a,2) >z =Ara=1)

Optopog 1.2.24. 'Eotwo TM M = (Q, X, I',0,q0, Gvaus Gsy) Kt w € X*. O vrodoyiopée g M (w) tep-
HOTICEL avy LTTAPYOLY w1, ws € I Tét010. WoTE

> gow I—;’wb w1qwW2
OToV q € {QVau Qéxl}'
= AV C] = qVO.l ( 67]7\(18ﬁ M(w) lq\/al) 7\8,“8 6Tl n M aﬂ05éX€Tal Tr]v -
- Av g = g5y, (Onhadn M (w) lqéXl) Aépe ot n M amoppinter Ty w.

XENOLOTIOLOVTOC TNV TOPATIAVG «TtapoAAayN» Tov TM popolpe vo. TOQOKAUPOLYE KOTA TOV
VITOAOYLGUO TO KOUPATL TTOL TTPOETOLUALEL TNV «€E0d0» (10 1 N 10 0 avdloyo pe To av N AéEn avikel
oyt 6N YAOGGa) kat ommAd vo. petaBodue 6ty KatdAANAn teppotiky katdotacn. Kadog avtd dievko-
Mver ToA) v TTapovasiaon, da yponowomomcovpe Tov Opoud 1.2.23 ce avtiv v mtapdypapo (kat
6e 61010 AANO KOUUATL TWV GNUEIDGEWY eVILOPEPOUAGTE VIO, TNV amopaveiuotyta plag yAwsoac). Tia
AGyoug TANEOTNTAG Do XPELOGTEL Vo eTaVOAGBovYE KATTOLOVE ATTO TOUG OPLGOVC.

Optopog 1.2.25. 'Ecto TM M = (Q, X, 1,0, q0, Gvar, 4éy)- H YAOGGa OV avayvepizer (1 amodéxetar) n
M etvar n:
L(M) = {w € Z* | M(w) ‘l’QV(LL}

Hapdaﬂvua 1.2.26. 'Eoto TM M = (Qv XTI, q07qvalaQ6Xl) pe Q = {QO7QValaQéxt}’ Y= {07 1}’ r=
{>, 1,0,1} kot 0 pe dAypoppa KATAGTAGE®Y 0UTO Tov Lynpotog 1.2.8. Tlapatnpovpe ot

L(M)={we{0,1}* |w=0",neN}
Hoapadeypa 1.2.27. 'Ecto TM M = (Q, X, T, 8, Gyar, Gvar Goy) € Q@ = {Qvas Gou}» £ = {0,1}, I' = {p
,1,0,1} kot § pe ddypappo kato6ta6ewy 0vTo ToVv Lynpatog 1.2.9. Mapatnpodpe ot L(M) = {0,1}*.

IMopatnpnote mé6o o amAn meptypoen éxet n TM touv Iapadelypatog 1.2.27 6e oyéon pe avtnv
tov ITapadelypoatog 1.2.18.

Opwopocg 1.2.28. 'Ectw L ¢ X*. H L eivan avayvwpiciun (1 nui-amo@dveiun) avv vidpyet TM M tétola
OOTE:
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KEDPAAAIO L. MHXANEXY TURING

() (@

Xynua 1.2.9: To Sidypapua rkatactdcewv tne TM tov Iapadeiyuarog 1.2.27.

~

1/1,A 1/1,A
0/0,A

4 4
()

u/u,Ai 0/0,A i u/u, A
() O

Xynua 1.2.10: H TM tov Hapadeiyuaroc 1.2.30.

() we Lo M(w) b,
Opwopog 1.2.29. ‘Eotw L ¢ X*. H L eivan amo@dvopn avy viidpxet TM M tétown dote:
(&) we L o Mw) by,
(B) w¢ L= M(w) g,

Mopadaypa 1.2.30. Eoto L = {w € {0,1}* | To ®A\ndog twv 0 otnv w eivar dpto}. H L elvar amo@dv-
otpn kadwog yra v TM 1ov Zynpotog 1.2.10 yio kade w € {0, 1} woyde otu:

(A) To m\dog twv 0 oV w elvar Gptio avy M (w) L,

(B) To Andog twv 0 oty w eivor mteptttd avv M (w) g
Mopadaypa 1.2.31. 'Ecto L = {w € {0,1}* | 70 ®A\1dog twv 0 otnv w evor > 3}. H L elvar amo@dv-
o oo v TM tov Iynpotog 1.2.11.

Hapadeypa 1.2.32. H Lyguspope (Hopadeypa 0.2.18) eivar amopdveiun amé v TM pe Q = {qo, 1,
42,43, 94, 95, Qvas Qo §» & = 10,1}, I' = {>,1,0,1,x} kou & pe dAypapua KATOGTAGE®Y AVTO TOV Tyi-
potog 1.2.12.

Moapatnenon 1.2.33. Av 6tn TM touv Zynuatog 1.2.12 eiyope mapadeipet kdmowo amnd 1i¢ petabdoelg
GTNY KOTAGTOGN G4y, TOTE GUTN N UNXAVN D AvOyVOEIZE U6vo TV Lijgsspopo-

Optopog 1.2.34. Opltovpe Tic akélovdeg kKAAGoelC | YAwGooV:

- RE={Lc{0,1}* | undpyxer TM mov nui-amopacicet v L}

1 ’ , ) ’ ) , , , , ) ,
Edwotar otn Oewpia Zuvohwv ta GOVOAA e GTOWEID GUVOAC TTOU €XOUV KATIOLO. KON WOTNTO VA TO ATTOKOAOVUE KAAGEIC.
"E161 kot €30 T0. GUVOAD YA®GG®Y D0, Ta. ATtOROAOVPE KAAGELS YAWGGHV.
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1.2. TI KANOYN Ol MHXANEX TURING;

Xynuoa 1.2.12: H TM tov Ilapadeiyparog 1.2.32.

- REC={Lc{0,1}* | vapyer TM mov amogaciget v L}

Mpogavag wyver 61t REC ¢ RE ¢ 2{01} (Iyua 1.2.13)."Evag ané toue Bacikotc okomoie pag eiva
V0O, EPEVYNGOVE KATA TTOGOY AUTOL Ol EYKAELGUOL EIVOL GVGTNEOL, INAAST VO ATTAVINGOVPE GTO EQVTNUOTOL

Epompa 1: 3L € RE ~ REC;

Epdtpa 2: 3L € 201" ( RE;

Tvp6oAcpoc 1.2.35 (Kovtakio cuvéyela...).
2. Av L € REC kar M elvan pto. TM mov amo@aciger v L da ypdgoupe:
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9{01}"

T Re

REC

Xynua 12.13: H oyéon eyrAeicuov uetaéd REC kat RE. Xto KepdAaio 5 da Sodue 011 0 eykAe1Gu0C
avtdc eivar yvijoroc (dnAadn ot REC # RE).

—» NAL avw € L

g
|

—» OXL,ovw ¢ L

3. Av L € RE kaw M etvar pio. TM 10ov nui-amopacitet v L do ypdgovpe:

M
w —® NALL avw € L

‘Oco e€otkelwvopaote pe Ti¢ duvatotnteg Twv TM da propovpe va XpnGLhoTtolope Tov 6uUBoAeuo
UE TA KOUTAKLO. PE PeyoluTepn eAevdepio.

Mopadeiypato mo cOvdetwv TM

Oa dovpe peplkd Topadelypata Tov TpOToL 1oV do. ayedidovpe TM XPNGLUOTTOLOVTOC VITOPOUTIVEC-
KOUTAKLA.

IMpotacn 1.2.36. 'Ecto f: {0,1}* - {0,1}* mApeng, 1-1 kot exti, vrohoyiciun cuvdptnon. H cuvdptnen
f~! etvau emiong vmooyicin.
Amnodeén. 'Eotw My n TM mov vmohoyiter v f. O@a katackevdcovpe wia TM mov ypnoipomotel Gav

vrtopovtiveg Ti¢ My kot Mpex: (de¢ Mapdderypa 1.2.8), kadog kar uio TM mov apyomotel évav puetponti
y oty T € (kat emotpéger avtiv ™y ) | kot wla TM mov edéyyet av dvo Aégeic tavtitovtar 2. H

! MTtopotye va xpnoLuomojcovye PeTpNTéC KATd Tov LTTOAOYIoWS piog TM amodnkedovtag Ty TH TOUC GE GUYKEKPLUEVA Uéon
¢ Tawiog (yio Tapddeypa ta mpdTo keAd Tg) Tov da xwpltovtal petald Toug ue kamolo edikd ciuBolo (yia Tapdderyuo
10 #).’OT0TE YPELOLOPOGTE TTOPATIAVE® XDEO VL0 KATIOL0 PETENTH UTTOPOVPE Va. YPNGLUOTIOOVE KATTota TtapoAAayh TNC Mepace
(3e¢ Mapddeypa 1.2.9) yia va Tov Snpovpyicovpe.

2 01 Aé€eic autée, OTLC KOt TP, £val AmOINKELUEVEC Ge CexwEIOTA KoppdTt g Tawiag. H TM kel v ke@odn, éte 6Ny
pla A€En kot TOTE TNV GANY, Kow eAEyyel ov o Aé€ewg Tepteyouv 1o 1dta 6OpBoAa 6Tig Bleg décelg.
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1.2. TI KANOYN Ol MHXANEX TURING;

M
reeb l ol My JO py =y NAL L
Y + x| OXI
next(x) Moo

Xynua 1.2.14: H TM mov vmodoyitet t cuvdptnon L.

M
Y6nce tawio, o
NAI yodwe 1. >1
X ML
OXI 26'{,](78/ Tawia, -0
yoowe 0.

Xynua 12.15: H TM mov vroloyiter T cuvdptnon 1, orav L € REC.

unyovn outn Qaiveton 6to Tynuo. 1.2.14. O

Mapatnpnon 1.2.37. H Tlpdéraon 1.2.36 wyder okdpa ko av n f Sev eivon miipng cvvaptnon (deg
Acknon 1.7).

Ia Adyovg mAnpotntog do mpemer vo. delfovpe 0Tl oL dvo opopol Twv TM movu eldape elvar 16o-
Svvauor. ‘O6ov a@opd. TOV LITOAOYIGUO GUVOPTNGEWY 1 VTTOEEN WKlag eTMITAE0OV TEPUATIKNG KATAGTOGNG
dev allowwvel kadoAov Tov vTToAoyIGUS (eTAéyoupe plo amd OVTEC GOV TEPUOTIKY KOTAGTAGN KAl GXE-
ddgovpe TM mou dev propovv va petabolv moté 6tnv dAAn). [a v amo@aveiudtnto. YAwGGwv 1
LGOOVVOULO. TTPOKVITTEL OTTO TIC AKOAOVIEC TTPOTAGELC.

Ipotacn 1.2.38. 'Ecto L ¢ {0,1}*. Ioyxdet 611 L € REC avv 1 xopaktnpiotikn cuvdptnoen xr g L
elval vtoAoyloLn.

Anodeiln. (=) Eoto ot L € REC kat éotw M|, plo TM mov v amoacitet. H TM tov Eyniupoatog 1.2.15
VTTOAOYIZEL TNV X L.

(<)’Eoto 61t n TM M,,, vmodoyitet nv xr. H TM M tov Zynuatog 1.2.16 amogaaiget tnv L. O]
[Mpotaocn 1.2.39. ‘Ecto L ¢ {0,1}*. Ioyver ot L € RE avv n ouvdpmon f : {0,1}* - {0,1}* pe
1 Javxel

flx) = . elval vtohoylon.
L, adhog

H amode&n tng [Mportaong 1.2.39 apnvetar w¢ doknon.
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x MXL > NAI
OXI

\/

Xynua 12.16: H TM mov amopacite tpv L dtav n x 1 eivar voloyiown.

1.2.3 Amnopiduncon yYAwGGov

Y10 Ke@dhato 4 da dovpe TG PIOPOVUE VO, «TTOPAYOLUE» TIC AECEIC WaC YAOGGOC amtd €va Tie-
TEPUGPEVO GUVOAO Kavovwy (kATL avticToo pe v Tapaywyn Aéfewv ot pla @uokN YAWeca, n ool
6aciteTor GTOVG YPORPaTkOVS KovAveg Tng YAwocag). H mapaywyn wag yYAwecag (4 n amapidunon émog
™MV oTokaAoVpE G QUTAY TNV TTOPAYPAPO), TTAPOVGLALEL PeYGAo eviagépov, oyt uévo yotl amotelel
€VOV TEMEPAGUEVO KOL AVGTNPO TPOTO VO, TEPLYPOPEL €Va. ATELPO GUVOAO, OANG YLOTL GTNY OLGLA KOC
TEPLYPAPeL TN JLAdIKOGIO. TTOV TPETEL VO, OIKOAOVINGOVIE YLO. VO KOTOGKEVAGOVYE TIC AECEIC TNG YAWG-
cag. MaMota 016 avtv TNYALoUY Ta OVOROTO — TO. GKPOVVULO — TOV KAAGEWY YAWGGWY T0V 0ploaue
npw L.

Oa ewoayovpe akopa pla Tapailayn tov opopov ¢ TM. O 6KROTOC TNG Pnyaving ovTtng da elval
va «TUTOGED> GAeg Tic AéEelc piag YAwoaoag 2.

Opwopog 1.2.40. Amapiduntic evor pua €€dda E = (Q, X, I, 0,40, Gout) 010v Q, X, ' memepacuéva
GUVOAd, KOl

1. Q elvol T0 GUVOAO TWY KATAGTAGEWY

2. G0, Qout € @, Gout €VOL N KaTAGTAGT £E0OOV
3. To Q Bev €yel TEPUATIREC KATAGTAGELC

4. X elvor 10 ad@abnro e€odov

5. I' elvar t0 ad@dbnro taviac

6. XYcl

7. b,U # e '\ X, 10 # YoNGLUOTIOLELTOL YLa VO, YWPLLOLPE TNV Tawia Tov E ce d0o pépn: 10 mpoyelpo
kaL T €€odo (deg Tynua 1.2.17)

8. 0:QxI'—>QxIx{A A} elvar n ovvdptnon petabaonc yo. TNV oTolo. LoyveL OTL:

- Vq,q' €eQ VaeI'(0(g,>) = (¢'sa,2) >z =Ana=r)

' To RE avtiotowyei 6to Recursive Enumerable kat 1o REC 61o Recursive.
2 Hpogavée, av n YAdeoa evar el n unyavi da mpénel va dovdevel yia wévta. H évvola Tov Tepuatiopot dev veiototal
G€ aVTOV TOL €lBOVC TOV LTTOAOYIGUO.
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——— TPOxepo L €€odocg

o]

Xynuoa L2.17: Zynuatiki} avamapdetacn evoc amapdunti.

. U/#,A Q U/1,A

Xynua 12.18: O anapduntiic ¢ yAdceac {1 | n € N},

O E Sev déyetar av £l60d0 kamota AéEn (Eekwvdet pe kevip tawvia). Kdver vitodoyiopoic 6to mpdyetpo |
KaL OTOY PeTaBel 6TNY KATAGTOON Jout AEPE OTL «TUTTWVEL» TN AeEN TIoL BplokeTal 6TO KoPPATL TNC £€030V
(3e&1é amd 1o # dhadh). Lo kopudtt Tne £680v 0 E pmopsl va ypdwet pévo aiubora and to Xu{u} 2.
Ty weplntoon 6mov o E tumaver ™ AéEn w € X* da ypdgovye printg(w) (4 okéto print(w) av o E
gvvoeital amd 1a cuppeadpeva). O E dev teppotitel moté (arkdpo kat ov Tummoel 6Aeg Tic AéEelg piag
TEMEPAGPEVNE YAWGGUG) KOL GUVEXWC TUTIOVEL AEEELC.

Optopog 1.2.41. "Ecto anapduntic F = (Q, X, I, 6, qo, Gout)- H YAdGGa oL amapiduei o E eivou 1:
L(E) = {we X" | 3w € I'* (> qo Fi> qourw'#w)}

N oAMOC:
L(E) ={we X" |printg(w)}

Opwopog 1.2.42. Mia yAocoa L ¢ X* kodetton avadpouikd amapiduncun ovy vidpyel amapduntic
E=(Q,X,I,4,q0,qout) Tét010¢ 061 L = L(E).

Mopadeypa 1.2.43. O anapdpntig E tov Zyxnpatog 1.2.18 amapdpel ™ yYAwoco L(E) = {1 | n € N}.

Moapadeypa 1.2.44. O anapdpntig E tov Iynuatog 1.2.19 arwapyuel T yAwooa L(E) = {(10)" | n €
N}.

1 ’ ’ , , ) , ' , , , ,
v apyfl auTOV TV LTOAOYLEPGOY YPdEeL To GUUBoA0 # TTAVe GTNY Tawia, OGTE VO XWPELGEL TO TPOYELPO OTTO TO KOUPATL TNG
£€6dov (de¢ ta Mapadetypora 1.2.43, 1.2.44).

2 Tomid Sev pmopodue va emBaovue KATOOV TEPIOPIGUS GTH GLVAPTNGN ueTdBacng yia va To efacpahicovpe avtd. Avtd
10V Dt KAvovpE elvar Tav 0 F petabalvel 6TNY ROTAGTOON Gout VO. dewpovpe cav AEgn e€6dov To Koppdtt TNG Touwviag dedld
oo 1o # KAl av TUXOIVEL OVTO VO, TTEPLEYEL KATIO0 GUPBOAA TToL dev aviikouv 6710 X amhd da to. ayvoovpe. TTIPOKTIRG Opog
Gtav oxedidgovpe évav amapdunti da QPOVTILOVYE VO IKUVOTIOETOL GUTN N TPOUTTOdEoN.

3 Kot 86 n oOpBaon 61t mpwv petabel o E oty gour d0 Tpémel va éxel el TV KePAM] 6TV 0pxi e Tawviag dev eivar
OUGLOGTIKY.
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u/1,A
(2@, @
u/0,A

Xynua 1.2.19: O arapiduntiic ¢ yAwcoac {(10)™ | n € N}.

Xynua 1.2.20: H TM mov nui-amopaciter tqv L otav vrdpyer amapduntic E mov v amapiduel.

YvpBolcpog 1.2.45 (Kovtdkio Guveyeta...).

4. Av o amapuntig E amapdpel ™ yAocea L da ypd@ouvpue:

E
4----w, Ywel

[Mapoatnenote 6Tt N XPNGWWoTOINGN €vog aTopunti E wg viopovtiva ce wio. TM M etvar €€ opt-
6pov TpoBAnuatikh. ‘Oxt 660 yoti 0 Optopdc 1.2.40 diagépet amd tov Optoud 111 1, addd yrati 6roue
aTapPPNTEG deV VPLOTOTAL TEPUOTIGUOC. LTNV TPOYUATIKOTNTO OUTO TTOU KAVOLUE €vVaL VO TPOGOE-
covpe otnv M T anopaitnteg petabdoeg Tov E ya vo mopoydovv ot Aé€eg g L(E), kar oyt vo
«GUVOEOLPE» TIC DVO PNYOVEC.

Oevpnpo 1.2.46. 'Ecto yAooca L € {0,1}*. L € RE avv vidpyet anapduntic E tétoo¢ wote L(E) =
L.

Anddeén. (=) H anddeiln da yiver apydtepa (Sec cedida 41) kadig ypeldLeTar va. el6ayovpe TNV £VvoLa.
¢ Kadowic TM mpdta 2.

(<) Eotw anapdpntic E mov amappel v L. H TM M 1ov EZynpotog 1.2.20 nui-amo@acigel Ty
L. O

Mopatnenon 1.2.47. Tougwva pe 10 Oedpnpa 1.2.46 pia yYAdcea L eivar ovadpouikd amapdunctun
avv L € RE.

! Auté Sopddvetar evkola ypitovtag katdatacn §680v pia améd tic (un-tepuatikée) kotactdoec e TM.
2 @a ypelaoTel vo KGVOLUE «XPOVOPETPNUEVN Tposopoincn» ™¢ TM mov nuartopasite v L.
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1.3. EIIEKTAXEIYX MHXANQN TURING

E
NAI Y6noe Touvio petd to #, w
w YOOWE W KAl TNYAVE Gout
w

Xynpoa 1.2.21: O axapiduntiic mov anapdusl v L € REC cdupwva ue m Aeficoypapuii Siaraén (Mpext
eivar n TM tov Iapadeiyparog 1.2.8).

M

ﬂw:wl;}ﬂﬁw:wz;}ﬂ,... OXly i = w,: FOXL L o ox7

’ NAI ‘ NAI o NAI

‘ g

— NAI

Xynua 12.22: H TM mov amopaciter v wenepacuévn yrooca L = {wi,wa, ..., wy,}.

Mapatnpnon 1.2.48. ‘Ecto yAwooa L ¢ X7 ko amap@untic F = (Q, X, I, 6,0, out) e L(E) = L.
O 0plopdg OV dWGOYE YO TOV OTTOPWUNTN OPNVEL 0volTo To evdexopevo o E va tumtover Tig Aé€elg g
L og omowodnmote Gelpd, OKOUO, KOL e ETAVOANPELC.

Ozopnpoa 1.2.49. ‘Ecto yAwooa L € {0,1}*. L € REC avv vrdpyer anapdpntic F mov amapdyel Tic
Aé€eig tng L oVppowva pe ™ Ae€ikoypa@ikn diataln.

Anodeiln. (=) Eotw 61t L € REC kat 61t 1 TM M, v anogoaociget. O amapduntig E tov Ixnpo-
t0¢ 1.2.21 amappel Ti¢ AéCelc g oVp@ova pe ™ Aeikoypo@ikn dtdtaln.

(<) Av n L eivar memepacpévn YAoooa, é6tw n {wy, we, ..., wy}, 10t 7.x. n TM toUv Exnparog 1.2.22
TNV OTOPOGILEL

"Eotw 611 n L elvar dmelpn YAWGGo, kot 6TL 0 amapdunte E v amopduel cOppwva pe ™ Aefiko-
yoagikn dataln. H TM M tov Iyxnpoatog 1.2.23 anogaoiter v L. O

Opwopog 1.2.50. Mia yAdoca L AMéyetar avadoouwii ovv L € REC.

1.3 Emnektaceic Mnyovwv Turing

Mmopoipe vo. avtasTope TOAOUC TPOTIOL va. «BehTivcovpe» TI¢ TM 0UTOC WGTE 0 VTTOAOYLIGUOC
va ylvetal eUKOAOTEPA Kal YpNyopotepa. To evdla@Epov pog Opng GTPEPETAL GTO KOTA TTOGOV Pio GL-
vaptnon eivar viohoyicn (4 ula yYAdGoa eivar avoyvwplciun/amodveiun), xwplc va evdla@epdpacte
yia v IoAvAokdrnra Tov 16OV oV VIToAoyitetan (avticToa avayvwpitetal/amogacitetar).
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M
NAI
’7» OXI
x
T < w;

liw OXI
’1{”:“’; NAL | Na

J

Xynua 12.23: H TM mov amogaciie tqv L dtav vrdpyer amapiduntic E mov mm amapduel clupova
ue v Ae€woypapikn daral.

e auTiv TNV TOeAypa@o da Sovpe OTL oL Lo evAoyeg BeATIOGEIC-eTERTAGELS GTOV 0pLGUO Tov TM
dev elvar wavég va emektelvouv T0 GUVOAO TV LTOAOYIGLUWY GuvopTRcewy (1] TV dayvOcIuwy/amo-
PAveLpLY YAwGeov) |, mpdyua mov katadeikvier g av déhovpe amAd va epeLVNGOVUE TOVC 0PILOVTEC
¢ Yrodoytowotnrac n pnyovn touv Optopov 111 evar n povn Tov XPeELOLOPaCTE.

1.3.1 IoAvtauviakege Mnyaveg Turing

Opwopog 1.3.1. Tia kade k > 1 Mnyavij Turing k-tamvicy eivor wa e€6da My, = (Q, X, 1,0, qo, Gzéroc)
omov Q, X, I' memepuopéva. GUVOAa, KOL:

1. Q elvol T0 GUV0AO TWV KATAGTAGEWY

2. G0, Grgroc € Q5 Grinog N TEPUOTIKN KATAGTOON
3. X elvau 10 al@abnro eicodov

4. I' elvar 10 adgpabnro tawviag

5. X cl

6. >,uel'\XY

~

L 0:QxTF - QxT*x{A, A} nov wavomoiel Toug akGAoLIOUE TTEPLOPLGUOVC:

- V(ll,. <., 0f € F(5(QTé7\Og)a1)"' 7ak‘) = -L)

- Vie k] Vg € Q~A{drnoc ) V' €Q Vau, ... ap,b1,...,bp e ' Vay,... x5 € {A A}
((5(q,a1,...,ak):(q’,bl,...,bk,xl,...,xk)/\ai =D xl‘:A/\bi:D)

Mropovpe va @avrtactovpe v My, wg e&ng (deg Tynua 1.3.1):

! Amodewcvietar 61t o 1o 1oyver kat yio heg Tic g (evhoyec) emextdoeic TM (Sec Inpeiwon 1.3.16).

2 9 Tedevraia evnuépwon 31/3/2024, otic 13:33.



1.3. EIIEKTAXEIYX MHXANQN TURING

ST T T T T T T[] [o] 1" avia Gavia aodton

2 I

ST T T T T T T T ol i Gavia oo

Xynuo 13.1: Zynuatiki avarapdotacn piac TM k-tamvidv.

H M}, arotedeirar and k-touwvieg, k-kepaléc (uia yia kade tavia) kar évav Seiktn ka-
tactdoewv. H eicodo¢ Goioketar oty tawia 11 kat n é€odoc Goioketar oty tawia k (ot
UTTOAOLTTEG TALVIEC YONGULOTTOLOVVTAL G TTOCYXELPO0).

Mapadeypa 1.3.2. Mropoipe va opicovpe toug omapduntés ov TM pe dbo tawieg. H mpotn tarvio
elval To TTPOYELPo Kot N devTepPN N Tavio e€6dov.

o va deiovpe 611 0L TOAATAEG Tawieg (Tapdho IOV avTikelpeVIKG dleukoAVVOLY TTOAD TOV GYedLa-
oud tov TM kat emiemedSovy 10v voloyioud) dev £youv T SUVaTGTNTO VO VTTOAOYIOVY GUVOPTNGELC
Tou dev elval LITOAoYIGLee GVUPLVO pe Tov Opopd 1.2.1, da deifovpe 6TL yio kAde ToAvTaviakn TM
uTtdpyel todvvaun povotarviaxy (deg opopdg 1.2.14).

Ocovpnpa 1.3.3. T k4de TM k-tavidy, k € N, vitdpyet tcodUvaun povotawiokn TM.

Ardoeén. 'Eoto My, = (Q, X, I',0,q0, Genoc) N TM k-toviov. @a mpocopoidcovue 2 1 Aertovpyla T
pe pla povotawviakn TM M = (Q', X, I7,6', qo, ¢zérec) 6TOV

I''=ru{#tu{alae '~ {p}}u{m,»}

To cvpBodo # ypnowomoteltar yio vo ywploovpe TV Towvio. ¢ M o€ k-Tpnpoto Tov aviieTo oV
o1i¢ k tawiec e M. To 6UpBoAa pe KOVKKIDO XPNGLLOTIOLOUVTAL VIO VA ETUGNUAVOLY TN DEGT TOVL GUY-
66Aov Tov BpiokeTton | keEPOAN 6e KADe Touvio. TG M. e kGde 6npo vroloyopov Tng M do. vITdpy oLV
k-cVOp6oda pe kouvkkido oty tawia e M, éva ce kGde Tpnpa tng. Ta kAde kepaln mov dabdgel kevo
TO TUNPO. TTOV OVTIGTOLXEL GTNV TOVIO TNC D0l TTEPLEYEL ERTOC OO TN AEEN KA OGO KEVA TTPONYOVVTOAL TOV
kevoy mov dabdgel (yia 1o omolo @uoikd da ypnoipomoovue 0 cuubolo L), Téhog, 10 B Taigel Tov
PGA0 TOV aPLeTEPOY pogihapakiov ce kGDe Tupa g Tawiag (Seg Tynua 1.3.2).

! Mmopotue va dewprcovpe 6Tt n M, déyetan Tapamdve améd wia AéCeic cav elcodo, yio mapddeypo i € N Aé€eic. Ttnv
Tepintwon 0mov i < k, o1 Aé€ewg pmopel vo. ypaptody, n kGde pla EexwploTd, 6TIC i-TPWTEC Tawleg. Av i > k da wpémel kATTOLO.
Towlo vo TepLéyel Topamdve ard pla Aéelg, TIC oToieg da ywpltovpe pe kATTOW €WBIKO GVPBOAO dTtwg TapadelypoTog Yaon
10 #.

% Ia kéde petdBaon g My da oplcovpe (eprtypapikd kat 6xt TuTtikd) pio akoovdia petabicewy e M mov kataliyet 610
3o (A, To 6woTd, Ge avticToro) GTiywdTuIO.
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Yynua 13.2: [lapdderypa mpocouoiwone TM k-tavidv and povotaviaxsy TM.

H cuvdptnon &' (kat 10 6ivolo katactdoewv Q') opitetan wg e&ng ':

1. H M Eekwvader oo 1o > kot dabager ta 6UUBOAO TTOu €Y0UV KOUKKISO Ge KRADE TUNWKO. TNG TOL-
viog uéxpt va Bpet 10 mpwTo GUUBoA0 Kevol Tov aroAovdel 10 cUuBoro # (ta cduBola avtd Ta
«DUPATOL> XPNCLLOTIOLVTAC ETUTAE0V KOTAGTAGEL]).

2. Emotpégetl 6ty apyn g Tawlog.

3. Awcyitelt wdAL v towia (amd 1o apletepd mpog Ta 3e€id) kot kdvel TIC aAlayéc GTo. GUUBOAN pe
TNV KOUKKISa, oe kADE Tpa, cVppova pe T 0 (ypdeoviag cOpbola xwplc Kovkkda). Xto o
mépacua aAldtel To GVpBoro apleTepd N defld 0Tt T0. GUWBOAN OVTA, YPAPOVTAC TO GVTIGTOLYO
GUUBONO pe KOUKRKIDU, OVAAOYO e TO OV N KEPOAN 6TNY €V AOYw Touvio. TNG M) Kweltol aplotepd
n dedid.

Av ype1a6Tel va ypdyel Thve 6To # Ge KATOI0 KOUUATL TNC Tawiag 2, JeTapépet T0 TEPLEYOUEVO TNC
tawiag mov akohovdel 10 ev Adyw # éva kel Se€id (xpnopomotdvtag Tapadelypatog xden kAo
napadlayi g Mspace T0U Hapadelypatog 1.2.9), kdver Tnv addayn mov mpémet kar petd ypdpet
# 070 «kevO» kel (Tmov da Tepiéyet .. 10 GVPBoro _ av ypnoomomoovpe ™V Mepace)-

4. Emotpépel 6Ty 0pxN TNG TOWIAC KOL OAAALEL TNV KATAGTOGY GTOV EAEYKTY] GUUPOVO. Pe TN J.

! Aev da ddcovpe avodutikn Tepypaen g 8 kat Tou Q'. Avr’avtod da meptypdyovue T Aertovpyia ™e M. O oxedacpdc
GLVAPTNONG PeTABAGE®Y TTOV VO VAOTIOLEL OLTNY TN AEITOLPYIO. ETTAPIETAL GTOV AETTOAGYO aAVAyVOGTY.
% N apdderypo av n My, Tpémer vo. poadécel kGmoo cOu6olo 610 Téhog e AEne Tov Tieptéyel wia tarvia.
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Télog, mpw Eekvnoer T Aertovpylo g n M pe el6odo ™ AéEn w = wy-w, € X*, n M Ttpéyer pla
VTTOPOVTIVA, £6TW Mpre, TTOL TPOTIOTIOLEL TNV TOVIOL TNC WG £ENG:

Sl - o]
> fu] o Jwa] g ][] 8] [#]0]

YvpBohcpog 1.3.4 (Kovtakio Guveyeia...).

5. TIoAAég @opég 6N Guvéyeta, dtav axedidtovpe wio TM M, da ypdgoupe (apadetypatog ydon):

M
w1 T— NAI

¥ OXI

evvowvtog 61t M eivar TM 300 taviov, 6TT0V N TEOTN TOWVL0. YPOEPEL TNV €60J0 w1 KoL 1 devtepn
™V el6odo wy .

1.3.2 Mn-vretepuvictikeée Mnyaveg Turing

Amo ™ Ocwplia Yroloyiotikng IloAvmAokotnrac yvwpltovpe OTL N TPOGINKYN ETTAEOV TOWVIOV GE
uta TM Sev BeATLvVEL OVGLOGTIKA TOV XPOVO TOL LTTOAOYIGLOV. ATO TNV GAAN TTAEVPA, OV TTPOGIEGOLYE
ot TM 11 duvatOTNTO VO, KAVEL ROL Un-VTETEQUIVIOTIRA ORuata 10Te N BeATiwon GTOV XPOVO €lvol 0v-
Glactiky 2. ‘Opwg 660v agopd ™ Oswpia Ymodoyiouod mov peletdue ed®, BEATIOGEIC GTN YPOVIKY
smoAvrtdokotnta dev AopBavovTal VITOWY KODOC EVILOPEPOPAGTE ATTOKAEIGTIKA KAL POVO YO TO GV Pia
oLVVAPTNON €lvoL LTTOAOYIGIUN N OXL.

[a tov optopd g Mn-vrteteopviotikiic TM da. ypnoipomomcovpe v TapoAlayn pe Ti¢ dVo Tep-
UOTIKEC KOTAGTAGELC.

Optopog 1.3.5. Mn-vretepuviotiknn Mnyavii Turing (NTM) eivar pa entéda N = (Q, X, I, 8, o, Gvar, 4oy,
omov @, X, I memepacpévo. GUVOAa, Kat:

1. QQ eivar 10 GUVOAO TOWV RATAGTAGEWY

2. 40, Gvar, 4oy € Q5 V€ Gvan # Q60 OTOV Gyau, Gy, OL TEPUOTIKEG KOTUGTAGELG

3. X elvar t0 aA@dbnto e16o60v

' Tvwpitovtac (ané 10 @edpnua 1.3.3) 611 udpyet 160dvvapn povotawioki TM da dewpovpe KOTAXENGTIKG 6Tt KAl 1 pnXavi
10V YPNGoToel TNV M ©¢ VITOPOUTIVA. EVAL LOVOTOIVIOKT).

2 I tapdderypa av déhovpe va Bpotpe T déon evig aTolyelov T Ge fvav Tivaka A pe n GToLEl, PN-VIETEPUVIGTIKG PTTOPOUYE
vo. Thpovpe TNV amdvinon ce éva pévo BApa (ehéyyovpe pn-vieteppvioTikd av 1o otoweio Afi], i = 1,...,n, Tavtigetar pe
10 x. NTeTEPUIVIOTIRG Gpwg, 6TN XEWPOTEPN TEPITTWON, D0 TTPETEL VO eToREPTOVPE OAa. T0. KeEAG Touv A yio va Bpodpe v
amdvtnon (extéc 6é6aia av o A eivar tavopnpévog, émov kat dht da ypeaotel va eAéyovpe logn kehid).
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0/0, A
O 1/1,A _|_
(=
()

Xynuo 1.3.3: HoapdSetyua un-vietepuviotikic TM.

4. I' evar 10 adedbnro tawviac

5. Xcl

6. >p,uel'\NY

7. 0 € QxI'xQxI'x{A, A} elvar n oyéon petdbaonc TOL IKUVOTIOLEL TOVC OKOAOVIOVC TEPLOPLGROVC:

- Va,beI'Vge Q Vo e {A, A}((qvar, @, q,b,2) ¢ 5 A (qgy, @y, 0, ) ¢ 0)
- Vg e QN {qvan, @6y V4 € Q VYaeI'((q,>,¢",a,2) €d > =Ara=1p)
O vrmoloyopog g N kGde @opd 1ov 1 § €xel TOPATAVL amd plo ETAOYEC YO TO ETOUEVO GTLY-
wdtuTto Aertovpylag (un-vreteouviotico Giua) ywpitetor ce 300 1 TEPIGEOTEPO. VITOAOYIGTIKA GEVApLQ.

SUVETWC, OVTL VO EXOVUE €VO. LOVOTIATL VITOAOYLGUOV, OTIKC GTNV TEPITTOGN TWV VIETEPUVIGTIKGY TM,
£xovpe €va SEVTPO VITOAOYIGUOD, TIOU TIDUVOV VO £XEL «KAUDIO» e GTTELPO UNKOG.

Mopadeypa 1.3.6. H TM N 1ouv Ixnpatog 1.3.3 elvar pia pn-vieteppviotikn TM. Tlapatnpicte 61t 0
vrohoyopog ¢ N pe elcodo 0010 amotelelte amd 300 LITOAOYIGTIRA GEVAPLO:

1° eevapio: > ¢p0010 x> 0gg010 + x> 00ge10 +n> 001gy,,0
2¢ cevapto: > qp0010 +x> 0010 x> 00go10 Fx> 001g4,,0
Opwepog 1.3.7. 'Ecto cuvdptnon f : X% — X* ke NTM N. H N vrodoyitet v f avv yia kGde w € X*:

- av w € dom(f), téte KGDe vLITOAOYIGTIKO Gevdplo g N (w) Teppartiter 6To GTiywdtvmo > g f (w),
61OV qE€ {Qvan Q6Xl}’

- av w ¢ dom(f), T0Te LIAPXEL LITOAOYLIGTIKG Gevdpto T™E N (w) Tov dev TeppoaTiel.

Opiopog 1.3.8. 'Eoto NTM N = (Q, X, I',8, 90, Gy, 4sy)- H YAGGG0 tov avayvwpiter (i amodéyetar)
n N eivau n:
L(N) ={w e X" | Jwi,wz € I'"* (> gow N> w1Gyaw2) }

SNAadN VTTAPYEL VITOAOYIGTIKG GEVAPLO GTO OTTOI0 EUPAVICETAL 1 Gyey -
Opwepog 1.3.9. 'Ectw L € X* ke NTM N. H N nu-amopaciter tav L avv:

(A) L=L(N)

1 , , , , , , ,
Aev €yel onpacto av 6to vitodowro cevapto n N koAAdel 1 amoppimTeL.
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Optopog 1.3.10. 'Ecto L € X* kaw NTM N. H N amopaciter v L avv:
(A) L=L(N)
(B) T kdde w € X*, kGde viohoyotikd cevdpro g N(w) teppatiger.

Mopatnenon 1.3.11. Mio. NTM oamoppintel v £(6odo ¢ ovv kGde LITOAOYIGTIKG GeVAPLO TEPUATICEL
OTNY Gy

Mapadeypa 1.3.12. H NTM tov Iapadeiypatog 1.3.6 nui-amogaciter ™ yAooco L = {w € {0,1}* |
n w meptéyel Tovdyiotov éva 1} 1.

YvpBohcpog 1.3.13 (Kouvtakio Guveyeta...).

6. ‘'Otav oyedidgovpe pia N.T.M N da onpeidvovpe Ta pn-vieteppvioTika 6npata og e&ng (mapa-
Selypatog xGpn 0v €XOVUE TPEIC UN-VTETEPUIVIGTIKEC ETIAOYEC):

N

Ocwpnpa 1.3.14. Ta k4Gde NTM vrdpyet 16odvvaun TM.

Anddeifn. >’Eoto NTM N = (Q, X, T, 6, q0, Gvau, sy.)- Oa dei€ovpe 61t vieapyer TM M (ue tpeig toavieg
o€ TPWTN PAGN) TETOLO WOTE:
Vwe X (we L(N) < we L(M))

H ¥¢a g anddeng elvar n akolovdn:

Aoouévne plag Aéénc w € X* «akolovdovue» oAa Ta VTOAOYIGTIKA GevApLa GTO JEVTPO
vrodoyiopuov ¢ N (w) yia memepacuevo apduo bnudtwy, éotw k € N. EAéyyovue av kdmolo
Qo QUTA TEQUATIEEL GTNV Qygy- AV VTTdp)EL TETOW Oevdpro, n M (w) teppariter kal emoTpépet
NAI, allwg avéavovue 10 k kar emavalaubavovue tov Eleyxo.

[Mopatnpovpe OTL Y10 KGJe w € X*:

- Av w € L(N) 16te vndpyet ko € N 1é1010 0oTe RGTTOI0 LVITOAOYLGTIKG GEvdpto Tng N (w) Tepupoarticet
OTNY Gygy- ZUVETIOC, OTAV 0ROAOVIOVPE TO LITOAOYLGTIKG cevapta Tng N (w) ywa ko 6qpata, n M (w)
d0. TEPUATIGEL OTNY Gyg. Apa w € L(M).

- Avw ¢ L(N) 16te ya kade k € N dev vmapyet vitohoylotiko cevdpro g N (w) mov teppaticel 6tnv
Qvar- ZVVETOC, N M (w) dev teppartiger moté. Apa w ¢ L(M).

' Aev v anogaciter yiati, mapadeiyuatoc xGoen, yia ™y € LIGpxouv Gevdpla 6To LTOAoYIGTIKG dévTpo e N (€) mou dev
teppaticovy (GAa yo v akpiBeia).

2 @a def€ovpe pévo v (110 evKoAn) Tepintwon dmov n NTM nui-armogaositel uia yAdooa (n kevipks déa eivar B kot yia
v mepintocn émov n NTM anogaciget pia yAdeea 1§ violoyiget pia cuvdptnon).
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Np
w
N NAI > NAI
C
OXL| » ox1

Xynua 13.4: H TM Np oty anodeén tov Ocwprjparog 1.3.14.

[a vo StevkoAbvovpe TV TTapovclocn da dewpncovpe xwplc 6AA6N TNC yevikdTNTag 0TI KODE BN
g N(w) evor pn-vreteppviotiko. Ta éva gevyog (g, a), omov g € @ kor a € I' vitGpyouv 10 TOA)
r=|Q|-||-2 dwugpopetikéc duvatég Twég ya 10 (g, a,p,b,x) dmov p e Q, be I' kaw x € {A, A}. Tvverog
oe kGde Bnpa g N (w) VITAPXOLY TO TOAD T UN-VTETEPUIVIGTIKEC eTAOYEC. OewpwvTag plo apdunon Twv
T aVTOV ETAOYOV TOPATNPOVUE OTL G€ KADE LITOMOYLGTIKO GEVAPLO TO ETOPEVO GTLYULOTUTIO TTPOKVITTEL
amd évav appé 610 [r] (tn pn-vieteppviotikn emdoyn dnhadn Tov da exteAécer n N (w)). Tuvenog éva
UTOAOYIGTIRG GeVApLo k-Bnudtov, k € N, umopel va yapartpledel a6 pio Aé€n c € {1,...,7}* pe unkog
k.

Oewpovpe v TM Np 1ov Exnuatog 1.3.4 n omola déxetar 6ov €l6odo ™ w Kat pla Aegn ¢ €
{1,...,7}" ROl «TPEYEL>, pe VTETEPUIVIOTIKG TPOT0, TNV N (w) wg e&ng: Le kGde 6nua g n Np(w,c)
dabagel éva oVpBolo amd ™ Sevtepn tawlo (wov TepExel T ¢), dhadn évav apdud, £6tw ¢y, 61O [r],
KoL KGvel 6Tt da ékave N N (w) eQopudLovtag T co-06TH PN-VIETEPUVIGTIKY emhoyn 2.

- Av 1 N(w), kGvovtag Tig eTA0YEC TNG ¢, PTAGEL GTNY ¢yg T0T€ N Np(w), ¢) emotpéper NAL

- Av n dedtepn kepal Sabdcer U (dnhadn tedelwoav ot emdoyég g ¢) n Np(w, ¢) da wder oe pia
eIk KOTAGTOGN, £6TW TNV (next-

- Av ya kamow i@ € [|c|] n ¢;-06TN pn-vieTeppvioTikn emmdoyn dev amotedel emloyn ywo v N, 1
Np(w,c) do waeL 6TV Gnext-

Oewpovpe emtiong ™MV TM Myt ToU déyetar cav elcodo plo Aégn w € {1,...,7}" ko emoTpéPeL TNV
emopevn AéEn next(w)(cVppova pe v AeCikoypagiki Sidrtaln tov {1,...,7}*).

Télog, kataokevagovpe v TM M tov Iynupotog 1.3.5, Tng omolog N TEOTN TOVIO TEPIEYEL TNV W
kot dev aAldier ToTé, kaL ot AAleg SVo ypnoipoToovvTaL 06 TV Np.

AT6 10 Oevpnpa 1.3.3 yvopigovpe 611 vitdpyet povotawiaki TM M’ wov elvar 1codbvapn pe v M.
H M’ eivan n gnrovpevn TM. O

Mopatnenon 1.3.15. Zougpovo pe 10 Oedpnua 1.3.14 odte oo NTM elvar kavég va emexteivouv 10
6¥VOAO TV VTIOAOYIGLLWY GLVOETHGELY (1] TV SLOYVOCLLWY/ATOPAVGLLLY YAWGGHV).

' Ta apdderypa n AéEN ¢1-+-cx (1 0 6wGTA ¢y #-+-#ey, 60V T0 GOPBOAO # YPNGIIOTIOLETE Yia va Saywpicovpe Toug apOUOvE
petald Toug, omdte efvar AéEn prikoug 2k — 1 amd 1o od@dbnto {1,..., 7, #}) elvar éva vmoloyioTikG Gevdplo k-6npdtwy, Tov
GTO TPWTO PN-VTETEPUIVIGTIKG BNpal KAVOLYE TNV ETTLAOYT €1, GTO JEVTEPO TN C2 K.0.K.. TuTtikd da dewpnoovpe 0Tt av Ge KATOL0
61pa vtohoyopod N emdoy ¢, ¢ < k, dev vITGpExeEL 6TN GYEoN O Do TNV AyvooUue KoL DO TTNYALVOLPE GTNY eTTOMeEVN eTiAoyn.

2 Auté yivetar Tpoedétoviag EexwploTée KUTAGTAGELC Yia KGDE éva artd Ta pn-vIeTepuvioTikéG BApata kat agov petabodue otny
KATOAANAN KOTAGTAGT, GUVEXLLOVYUE TOV VTTOAOYIGUO OTtwG emiBAAel n Gxéon petabdcewv Tng NTM.
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M
w Aidypope 2" tovio w
KoL ypdpe w. NAI
Np -2 | » NAI
c+ ¢ c
(3" tawia)
neXt(C) ND (w7 C) \Lan‘x‘
Mnext c
(3" tawvia)

Xynpa 1.3.5: H TM M otqv anddeién tov Oswprjuatoc 1.3.14.

Typetwon 1.3.16. Mmopoipe va oploovpe TOAEG akdpo mtapordayéc TM, dntwg yia mapdderypa TM
ue Gmelpn Touwvia kol azto Tic 0Vo weptéc 1 TM pe dmelpo Tivaka avTl yio Towvio, 0Twe ETIGNG KAl GLY-
dvacpoic mopaddayov TM, yio Tapddetypo ToATOWVIOREC Un-vieTepuvioTikée TM (de¢ v amddeln
Tov Oewpruatoc 4.1.8). Olec avtéc ot TapaAlayéc amodekvietal 61t eivar 16odvvapeg pe v omAn TM
(8e¢ Aoknoeic 1.2 kat 1.3).

Ektog amo 1ic enektdoec twv TM, yio va dteukoAlvovpe TNV TO.P0VGLOGT TOV OT0dellewv Guyva
d0. vITodETOLPE OTL pla docpévn TM avoTolel KATTOOVE TTEPLOPLGROVC, TToV dev Do BAATTTOVY OUWC TN
yevikénta (ya mapddetypa Seg 1ic amodelleic Twv Oewpnudtov 2.5.1 kot 4.1.8).

1.4 Koadohkn Mnyovn Turing

O @oppolicpog mou ewonyaye o Alan Turing €yel emkPATNGEL EVAVTL TOV VITOAOLTIOV POPUCAIGUOV
(Butépwg petd v édeven tov H/Y), kot mAéov elvar 0 6aGIkGC QOPRAALGUGC TTOL YENGLUOTIOLETAL
1600 oe podnpato Yrohoyotikng ITohvmhokotntag 66o kar oe podnuato Oewplog Yrohoyopov. O k-
010¢ AGYOC EVAL TO YEYOVOC OTL PTTOPOVUE VO SLORPIVOLPE TTOAAEC TITUXEC TNC AELTOLEYIOC TWV GNUEPLVOY
vroloyetev 61i¢ TM (6 7oA Tt10 GToXEWWdN PoPPN PUGIKA). Mia 01té avtég TiIc Aettovpyieg — (Gwg N
™o ovGlacTIkN 6e évav H/Y — elval n duvatdtntd Toug vo «TTPOYPOUpaticoviay, dnAadn vo. etedyovpe
G€ OVTOVC KATIOEC OTTAEC 0dNYlEC KAl OUTOL Pe TIC GELPG TOUC VO TIC DLERTTEPOLOVOLY. e TPWOTN OVA-
YVOOT, 0 TPOYPOUUOTIGUOC UTTOPEL VO, UNV POLALEL KOL TOGO GNOVTIKOC, GKEPTEITE OUWC OTL Ol TPWTOL
UTTOAOYLGTEG TTOV KATOGKEVAGTNKAY eiyav pla kat povadikn Aettovpyia (1, 61w, €va oA TEPLOPIGUEVO
GOvolo Aertovpytdv 1), Tpdyua Tov pelwve Spauatikd To £UPOC EPUPLOYOY TOUC.

Méypt topa eldape 61t n TM pmopel vo. dewpndel To mpdypaupa Tov vtoAoyiget pia (kar uévo wia)
ouvdptnon (N amoacitel/nu-amo@acigel pia kot pévo plo YAOGea). Xe autiv Tnv Tapdypapo da opl-
covpe ula TM Ttov déyetan Gav el6odo v kwdwomomon plog AMe TM, pagl pe pla AéEn e166dov, Kot
PEPEL «EIC TEPOC» TOV VTIOAOYIGO TNe devtepne. ’Etat, 6tnv ovacia, ot TM ptopovv vo Tpoypoppotico-
vtar 6mtwg kot o H/Y pog.

Kodog da xpnoporolodpe cuvexwg TopaAlayéc autng g pnyavn 9o ¢ dwcouvpe €va EexwploTo

""Onwc yio mapddetypa n Atapopiki Muyavii kaw 1 Avadvtict; Migyavii (Tov bTOGTAPILE APKETEC GTOLEIODEIC VTTOAOYLGTIKEC
Aettovpyieg Kal YENGLLoTo0VGE ddTENTEC KAPTEC Yia. TNV eTAoyn uetad Toug), mov cyedlace o Charles Babbage 61i¢ apyéc
Tov 19” awva.
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KEDPAAAIO L. MHXANEXY TURING

ovopa, do. TNy amokalovpe Kadodiky Mnyavn Turing. Tlpwv mepdoovpe 6Tov 0pIGRO TNG D0, TPETEL Va.
GUUPWYNGOVPE GE plo kwdkoToinen twv TM.

Kwdikonoinen Mnyovwv Turing 6to ad@abnro {0,1}
YvpBoMcpog 1.4.1. ‘Ectw ad@dbnio Y. Oa xpnoiponolodpe 1ov GuuBohops (*) s yia va Snhdcovpe

T0 YeYOv4g 6Tt TO * efvar KOJIKOTOMPEVO 6To aApdbnto X 1.

‘Boto TM M = (Q,{0,1},{>,1,0,1},6, 40, Guaus 4sy) 2. ‘OTtog €xovpe %dn avagépel n § mepiéxel
6An v Tnpogopia mov yapaktnpiter v M 3. Tuvemag yio va kodwomowjcovue ™v M mpémel v
KwAIKOTIOMGOVYE TN 0.

Ye PO Pacn kedikoroovpe T § oe pla AéEn tov adgabntov X = {0,1,q,s,d, #}:

- Kdde koataotoon tov Q kodworoteltal o1to 10 ¢ akohovdovpevo amd pio Aégn tov {0, 1} pnkoug

Q-1 %
|Q|-1-popég
—
(q)s = ¢00---00
(@1)s = q00---01

(@2)s = ¢q00---11

(QVaL>2 = qull
<Q6xl>2 = qll--11

)y = 5000

W)y = s001

(0)y = s011

1)y = sll1
- Kwdwomoovpe 10 A, A w¢ e&nc:

- Kowdworoobpe kGde petdbaon (q,a,p,b,x) € 4, omov a,be {>,1,0,1}, ¢,p € Q kv x € {A, A} v¢
etne:
((¢;a,p,0,2))s = (q)s{a)s(p)=(b)s(z)s

M"Omwg da Sodpe Aav cuvtdpwg, To * pmopsl va sivar 6ouboro, AéEn, cuvdptnen axduo kar TM.

2 Puowd pmopodue va kedikomomcovye kat 1i¢ TM 1tov éxouv Tepiosétepa and téocepa cbpbola 610 aApdbnTo Tawiag Toug.
Ba kpotnoovpe Guwg 1o péyedog Tov I' 610 EAdXIGTO duVaTd Yo Vo SlEVROAIVOLE TNV TTAPOLGLOGT.

> H pdévn minpogopia mov dev Teptéyetar ot & eivar av n M TEpIéYeEl KOTAGTAGEC TIOV eVl «OTTOPOVOUEVES» (SnAadn yia
KkGde AéEn w n M (w) dev petabaivel ToTé o€ AWTEG), KAL GV VO, TTOGEG EIVAL AVTEC.

* 0 Aéyog Tov déhovpe va éxovpe 10 (B0 TAHDOC GLUBOALY GTNY KLIIKOTONGN ALV TwY KATAGTAGEWY eivar 6Tt pog BoAedet
TepLo66TEPO KUTA TN Aertovpyio tng kodohking TM. To B0 do. kAvovpe KAl OTIC KOIIKOTOWGELS TTOL GKOAOVDOVV.

> Av 10 T efye mepioaétepa 6OpBoAa da ta kwdikomovoaps katd Tov o Tpdo.
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- Té\og, éo1w 0 = {41,092, ..., 0k |, KOWKOTTOOVPE TN O B EENC:

Maopadeypa 1.4.2. H cuvdptnon petdbaong g TM tou Iopoadelypotog 1.2.26 (Zyua 1.2.8) kwdt-
koTroteltar ot Aé€n tov {0,1,q,s,d, #}™:

q00s011¢00s011d1#q00s001¢g015001d1#q00s111¢11s111d1

IMopatnencte GTL e TOV TPOTTO TOL KOSIKOTIOMNGOUE TO GUVOAO KOTAGTAGEWY KOL TO GAPABNTO TAVIOC
KOTOQEQOUE VO OTTOTUTIWGOVIE KOL TOV TANDAPIUO TwV V0 GUVOAWY. AVUTO EIVOL OTTAPAITNTO £TGL WOTE
TM pe v O Guvaptnon petabacewv oAAG pe pun TPOGBAGLUEC KATAGTAGEIS | UN YENGLULOTIOLOVUEVAL
6VPBOAA va. €XOVY BLOPOPETIKY KWIKOTIOMNGN.

Mopatnenon 1.4.3. Mmopodpe Tepartépw va kodikomomcovye 10 cvpboda tov {0,1,q, s,d, #} o710
{0,1}, omwg ya Tapadeypo:

G —
(1)ony; = 010
(@), = 011
($)01y = 100
<d){0,1) = 101
<#){071} = 110

Mopadeypo 1.4.4. H TM 1ov Iopadelypotog 1.2.26 (Zynjua 1.2.8) kwdwomoteiton 6tn AéEn t0U
{0,1}*:

011 001 001 100 001 010 010 011 001 001 100 001 010 010 101 010 110
011 001 001 100 001 001 010 011 001 010 100 001 001 010 101 010 110
011 001 001 100 010 010 010 011 010 010 100 010 010 010 101 010

(H ypapun aAldgel petd omd kdde #.)
Yuvenwg kotaAnyovpe oty akohovdn Ipdotaon.
Hpétacn 1.4.5. Kdde TM kwdwomoteitar povoonpavta | ce pio Aé€n tov {0,1}%.

Mopatnencn 1.4.6. Akohovdovtag v «avtictpopn» Stadikacio and autiy Tov akoAOLVINGAUE GTNY
kwdikoroinon Twv TM pmopovpe, tpwtov va edéyCouvpe av pwa Aé€n tou {0, 1}* amoteel kwdikomoinon
TM kai, deltepov, av 6ving amotelel kKwdkoTonon, va dovpe Ti¢ petabacec tg. Avti 1 dudkacio
KROAETAL ATTOKWOIKOTTOINGT,.

' Auté dev efvan amohdtog akpiBéc, kadde N KwdKoToMeN OV TTUpovGLdcape e€apTdtar amd T Gelpd Tov éxovpe emAEEel
ylo Tig Tevtddeg g cuvaptnong petdboong 4. Na va €xovpe povoonpavtn KeSIKOTOMGN da TPETEL VO GUUPWVIIGOVIE KAl
o€ plo. ouykekpévn oelpd. Oa pmopoloape TOPAdElYHOTOC XAN VO GROAOUDNGOVPE TN GELPG TOV €xel pla TEevidda 61N
Ae€ikoypoki didtagn dtav kwdwomomndel oe AéEn tov {0,1,q,s,d, #}*.
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Inpeiwon 1.4.7. Yrdpyouv oA 10 «amodotikol» TpoToL vo. kwdikomomcovpe ti¢ TM omtd avtév mov
eldape |, dpwc 1o enideTo ATOSOTIKOC GE AVTEC TIC GNUEIDGEIC YENGIUOTIOETAL UGvo 610V déNovpE Vol
TOVIGOUpE OTL deV eVILUPEPOUAGTE GTO VO. KAVOUPE TOV VTTOAOYIGUO TILO OITOSOTIKO KOT OTOLOVONTIOTE
TPOTO.

YopBacn 1.4.8. ‘Otav 10 adpdbnrto 610 omoio £xovpe kwdkomomoel pia TM evvoeitor amd to. Gup-
@EALOPEVO. D0, YENGLLOTIOLOVUE TOV aTAOVGTEVPEVO GLUBOALGPS (M ).

Optopog 1.4.9. Bewpoipe 10 Givolo G = {w € {0,1}* | Yndpyet TM M tétoia dote w = (M)} 2.
Mmopovpe vo. dotalovpe T Aé€erg Touv G 6VpPwva pe ™ Ae€ikoypa@kn didraln tov {0, 1}*, opltovtag
éto1 pla ouvaptnon Godel : G — N, omov Godel(M) = «H oepd eppdviong g (M) 610 G cVppwva pe
™ Aeioypagiki didtaln tov {0,1}*» 3. To Gédel(M) kodeitar apidudc Godel tng M.

Mapoatnenon 1.4.10. Ioxvet 61t G € REC kar 61t 1 ouvdptnon Godel eivar virodoyicun, 1-1 kau el 4.

Xpnoipomowvtag T cuvdptnon Godel pmopovue va deifovpe (Un-rkatackevootikd) 61t N awdvTnon
o610 Epdtnpa 2 (cedida 22) eivan kotagotiky.

Oebpnua 1.4.11. Yrdpye yzdooa L € 201" { RE.

Amodeién. Agov n Godel elvor pa 1-1 ko emtl cuvdpton oo 10 G 6to N émetar ot |G| = Rg. Ao
v Hoparipnon 0.2.12 kat 10 Oedpnua 0.1.17 wpokimter 6t [2101] > R). Q¢ cuvénea dev pmopel va
vrdpyet 1-1 kau exti ouvdptnon amé to 201" 6ro G. Onére vrdpyer YAdooa L € 2101 yia v omola
dev vrdpyet TM M pe L(M) = L 3. O

Mopatipnon 1.4.12. A@ov 10 6Uivolo Twv cuvaptioewy ané 1o {0,1}* oto {0,1}* éxer TANdAPWYO
Touvdxtotov Tov TANdGEWpo tov 2017 0 éretar emiong dti uITApYOLY UN-LTTOAOYIGLUEC GUVAPTAGEIC.
Opiopog Kadohikng Mnyovng Turing

Opwopocg 1.4.13. Kadoliki; Mnyavi Turing (cupBohioudc [(]) evar pia TM 1oty toviov (Zyiua 1.4.1)
pe aA@abnto ewsodov 1o {0, 1}, ov déyetan wg elcodo v kwdwoToinon wog TM M = (Q, X, I, 4, qo,
Qvar, Goy) K plag AéEng w (v elodo yio v M) oo {0, 1}* 7 kot pmopet va TpoGopotwaeel Ty M (w).
H 1" towvio g [M] meptéyxer v el60d6 g, dnradn v (M, w). Ztnv apyn tov viodoyopov [ ((M, w))
n [ kdver ta akdrovda:

1. Avtiypager v (M) oty 2" tawvio g kot apnver ™y (w) oty 1M
2. Tpaget (qo) otnv 3" Tawia ng.

‘Ementa, oe kGde Bnpa mpocopoinong (evég Bipatog g M (w)) n [M((M,w)) kdvel 1a. akérovda:

! Tov da aphyayav yia Topddeyua KOSIKOTOWGELC pe TOA) UIKPOTEPO URKOC.

2 Xdpw am\émrag da ypheape G = {(M) € {0,1}* | H M eivar TM}.

? [ va amhomomcovpe Alyo tov cupBohious yodpovpe Godel (M) kar byt Godel ({(M)).

* O1 Aemtopépeteg TNE ATOSEIENC ALTAC TN TAPATAENGNG aPrvovTal o¢ doknon (Acknon 1.4).

> T Adyoue TANPOTNTAC TPETEL va TOVIGoUE, uia akdua @opd, 6Tt kéde TM kwdiomoteita povosipavta 6to {0,1} kat 61t
avoyvopigel okplBog pla YAOeoa.

® To gvoho autd mepiéyel yio kGde otoryelo L € 20017 e pla GuvapTon, ™ XL.

7 @ yphgovue (M, w) BAtovtac «kdtw 016 T0 YuAl» TIC AETTOUEPEIEC TTOV UTTOKPVTTEL GUTOC 0 GUUBOALGUOC.
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’ > ‘ ‘ ‘ ‘ ‘ ‘ ‘ Tauwla Aertovpyiag tng M
=
’ > ‘ ‘ ‘ ‘ ‘ ‘ ‘ Mepiéyer v (M)
=
’ > ‘ ‘ ‘ ‘ ‘ ‘ ‘ HsQléXﬂ ™mv K(J’)&KOJTOL'Y]GY] ™mg
Tpéxovoag katdotaong g M (w)
=

Xynua L4.1: O tpeic tawiec uiag Kadolikric TM.

1. AwaBdger Tv katdotacn Tov ypdeel n 3" Tawio kot 10 (kwdikoTompévo) cduboro Tng 1™ Tawviag
(poomehdoel dnAadn Ao ta kehd tng 1 tawviag mov amotedovv Ty kKwdikoToiNGN ToV GLUBOAOL
mov dwbatger n M).

2. Wayver petdBaon e M oty 2" tawia 110U va Serkvael pe ToV GUVSLOGUO KOTAGTAGNC KOl GU-
66Aov mov daBace.

3. - Av Bpet této10. petdbaon:

(a) ypaget Tnv kKwdKOTOINGN TNC KOWOLPLAC KaTtdeTocn Ty 3" Tawia,

(6) ypapet TV KOdIKOTONGN TOL KUOUPLo GLUBGAOL GTN DéoN THE KEdIKOTOMGNC TOL TTaAOD |
KO

(v) kwel v kepalh g 1" tawiag efte 6to mponyoduevo cvuboro e 17 tawioc (6 kat’
avayKkn G6TO TPONYOLUEVO KeAL) elte 6TO eTOPEVO, avdloya pa 1o av n petdBaon eixe A 1 A.

- Av dev Bpel Té1010 GUYBVLAGUO KaL N KOTAGTOGT TNG 3" TOWVLOC elVaL TEPUOTIKY, TTAEL GTNV Gyoy OV
n 3" touvio TEPEXEL TNV (Gva) KAL TNV g4y, OV TTEPIEXEL TNV (G5, ). Ze avTideTn TepimTRen KoOAAdEL.

4. Tvplter Tic ke@oAég T 2™ kot 3 Tawviag 6To .
YvpBohcpog 1.4.14 (Kovtakia Guvexeta...).

7.’ Eoto TM M kor w € X*. Oa. yodpouye:

M

(M, w) b T NAL av M(w) | ¢vu

T OXIL, av M(w) | qgy

' Tlaparnpnote 61t dev da xperaotel ToTé va dnuovpyicovpe (1} va peldoovpe) YOPO 6TV TAVIL Y0 VO PEPOVYE €I TEPAC
QUTNVY TNV £0YAGI0, KADOC Ol KWIKOTOMGELS AWV TwV GLPBOALY TOV aAPUBNTOL TOWlng €XOVY TO 1BLO PNKOC.
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KEDPAAAIO L. MHXANEXY TURING

Xynua 14.2: H ceipd pe v omola emetoépet n np ta {evydpia tov {0,1}* x N,

Egappoyn Kadohikng Mnyovng Turing

Mmopovpe va xpnoipomomcovpe Tnv kadohiknn TM (1] tapaAdayéc avtic) yio va kdvouvpe Sidpopoug
eAéyxoug 6Gov a@opd tov vtoloyopo plag TM M pe kdmora elcodo w. Ta mapddetypo propovye vo.
eléyEouvpe ot mooa Bpata n M (w) da teppaticer (epdoov teppaticer) 1 va 1pé€ovpe v M (w) yia
KATTOL0 GUYKREKPLUEVO apdPo Bnuatwy t kat va ehéyCovpe v do TeppaTicel e To TOAD t Bpota. Te avtny
TNV TEPIITTWON Do AvOPEPOLYE TOV EAEYXO TIOL KAVEL N [M] PEGO GTO «KOVTAKL» TNC.

You6acon 1.4.15. ‘Onwg @aivetar atov Zupbohioud 1.4.14, xGpw amhdtnrag da ypdgpouvye 6Tt 1 £l6od0¢
g [M] elvar wavto kwdkomoimon TM kar AéEng. Av déhovpe vo. elpaoTe TO TLTKOL, DO TTPETEL TPHOTO.
n M va ehéyel 011 1 €l60BOC TNG €xeL avTnV T LoPEN.

Opwepog 1.4.16. ‘Ectw ad@dbnto Y. Oewpovpe T cuvdptnon np : {0,1}* x N - {0,1}* x N mov
ETUOTPEPEL TO EMOPEVO LELYAPL AEENC KAl PUGLKOV APLOPOV GUUPWVO. Pe TOV TIVaKa Tov Zynuatog 1.4.2.

Mapatnpnon 1.4.17. H np elvar vodoyiown, €610 and mv TM My, (Acknon 1.5).

"Eva apddetypa epappoyng g [M eivar n andderln g katevduvong (=) tov Oewpnpotog 1.2.46.
Amnodeién Oswpnuarog 1.2.46. (=) ‘Eotw My n TM mov nw-amogacitet v L kot Mpp, n TM 1ng
Hapatnpnone 1.4.17. Katackevdgovpe | tov amapdunti E tov Iyfuatog 1.4.3 kot mapatnpodue 6t
te

- Tia kGde Aégn z € L vmdpye t, € N tét010 wote My () |, . To evydpr (w,t) kamowa otiypn da
yiver (z,t,), apa o €heyyog g [M] da elvar Tehkd emituyng yio ™y kot 0 E da v TumooeL.

- 'Botw x ¢ L. Apob o E tundvel pévo Aé€eic mov amodéyxetar n My, (kaw n M, avayvwpiget tqv L),
o F dev da Tumwcel TTOTé THY .

Yuventog o E amapdpel v L. O

Mo GAAn e@appoyn e [M] elvor n art6delln g LlGoSVVOPIOG PN-VTETEPUIVIGTIKGOY KOL VIETEPULVIOTL-
kov TM. TTapatnpnote 0Tt YIoPovpe VO KWIKOTIOMGOVPE W0, pn-vieteppviotikn TM akolovdwvtog
akplBo¢ To Bpata oV KAvapE Yo TIC vTeteppvioTikée TM.

'O époc «katackevdgovues e3¢ evar raitepa Tapamhavntikée. Tia va katackevdoovye Tov E mpémer mpdta va éyovpe o1a
yéowa pag v M. Elvar mpo@avég 6Tt Soopévng piog avayveplowng YAOeoag dev vitdpyel TpOTog va KOTAGKEVAGOVYE Ui
TM mov va v nui-amogacigel (Eépovpe 61t vITdpyel ToVAGXIGTOY o GAAG dev elvan duvatd va v katackevdcovpe). O
KUPLOTEPOC OYKOG TOV «UODMUATIROV» TTOV TEPLEXOLY CQUTEC Ol GNUELDGELS EIVOL PN-KOTOGKEVAGTIKA, D0 UTTOPOVGUUE VO, TTOVUE
611 poLdgovy mePLGGOTEPO Pe TV AvdAven kol Gyt pe 1o Atarpird Madnuartikd (6mwg do. epipeve KATTOWOC G GNUELWGELS TTOU
mpocmadoly — vid pia eppnveio — va 0pLOdeTGOLY TRV VITOAOYIGTIKY duvatdTnTa Twv H/Y).
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1.5, KAEIXTOTHTA REC KAI RE QX [IPOXY YXYNOAOOEQPHTIKEY [IPAZEIX

(Mr) M
Tpé€e v My (w)
yio t 6Mpata.

AMbe| | Mp(w) L,
(w. 1)

(w.t) | print(w) -~~~ - w

Xynuoa 1.4.3: O axapiduntic E mov amapiduel tqv L orav n TM M|, v nui-amwopaciet.

M
w
M Nw) Lt
(N) | Toé€e v N(w) CORS
(N) 4 » NAI
(vetepuvioTikG)
0oLt ya t 6nporto.
t+1 AMog

M next

Xynua 1.4.4: H vietepuviotiky TM mov amopacitet tqv L(N). ES& 7 M eyt Séxetar wc eicodo tq dva-
Sk} avamapdotacn evog Quoikov aptduot kar emotpépet (tn Svadiky avarapdcTacn) Tov ETOUEVOD
Puotkov apduov (amd e06 kat 670 £€n¢ da yodpovue o amAd: t < t+ 1).

Anédeiln Oswonjuaroc 1.3.14. VEoto NTM N = (Q, X, 1,6, q0, Gy @éy)- HTM M tov Xxnuatog 1.4.4
avayvwpltet v L(N). Ztnv «mpocopolocn» g N pe Tnv kodoAkin pnyovi eAéyxovtat 6hot ot kKAGdot
LN VTETEPUIVIGUOU 2, yLal éva Tiemepaauévo TAndog Bnudtov (to ok t) kdde @opd. O

1.5 KAactromnro REC kot RE wg mpog Guvolodewpntikeg npa.felg

To ak6Aovdo dewpnuata BPIGROVY PEYAAN EPUEUOYN GTIC TPOTAGELC KOL GTIC GGKNGEC QUTOV TOV
ONUELOGEDV.

Oewpnpo 1.5.1. 'Ecto L1, Ly € {0,1}*.

i. Av Ll,LQ € REC tote L1 n L2 e REC.

! It da det€ovpe v epintwon émov n NTM nui-anogaciger pia yAdeoa.
2 H cepd pe v omolo eAéyyovtar o1 pn-vTetepuvioTikol KAGdol eivar pia Aemttopépeta ov dev pag amacyolel iaitepa. Oa
v BdAovpe KoL GUTH «KRATO AT6 TO XOAD» OTTwC Kol T0GEC AAAEC.
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KEDPAAAIO L. MHXANEXY TURING

M
w
M ~_OXI
NAI | w ]
OXI > OXI
NAI
M > NAI

Xynua L5.1: H TM M mov anopaciter (nui-amopacicer) tqv Ly N Lo.

M
w
—— 9 M~ NAI
OXI | w ]
NAI > NAI
OXI
M, > OXI

Xynuoa 15.2: H TM M mov amogacitet v Ly U Lo.

ii. Av Ll,L2 € RE 1d1e Ll n L2 € RE.

Amodeén. i. - ii. ' 'Eetw My, My ot TM tov amogacigovv (nu-amoacicouwv) tic Ly, Ly avtictorxa. H
TM M 71ov Zxnpatog 1.5.1 amopacitel (nui-amopaciget) v Ly N Lo. O]

Oevpnpo 1.5.2. 'Ecto Ly, Ly € {0,1}*.
i Av Ly, Ly € REC 1612 L1 U Ly € REC.
ii. Av Ll,LQ € RE 1d1e Lyu L2 € RE.

Amodeén. i.’Eoto My, My oo TM mov amogacitovy tig Ly, Ly avtiotoya. H TM M tov Zynpotog 1.5.2
omo@ooigel v Ly U Lo.

ii.’Eoto Mi, M3 oo TM mov nui-anogacicovv 1i¢ Ly, Le avtictore. H TM M 1ov Exnpatog 1.5.3
nut-amo@acigel v Ly U Lo. O

Oeopnpa 1.5.3. 'Eotw L ¢ {0,1}*. L e REC avv L € REC.

Anodegn. (<)’Eotw My, n TM mov armogaoitet v L. H TM M7 tov Exnuatog 1.5.4 anopaciget v
L. O

Ot amodei€eic Twv arkéAovdwv Oewpnudtwv aphivoviot o¢ doknon (Acknon 1.6).

@ewpnua 1.5.4. 'Eoto L€ {0,1}*. Av L € RE kot L € RE 161e L € REC ..

' H anddeiln sivar S kat yo Toug Svo 16yvpLopodc.
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1.5, KAEIXTOTHTA REC KAI RE QX [IPOXY YXYNOAOOEQPHTIKEY [IPAZEIX

t <0 (M)
t (My)

t+1

w Tpée v M (w)
yio t 6nparto. NAI

E@ ox1| (w,?) @ — | » NAI

Mo)

t NAI
OXI Tpée v Mo (w)
yio t 6nparto.

Xynua 15.3: H TM M mov nui-aropaciter v Ly U Lo.

Mz,
w o OXL| » NAI
L NAI > OXI

Zxnpa 15.4: H TM My mov amopaciter v L.

Oeopnpo 1.5.5. 'Ectw Ly, Lo € {0,1}*.
i. Av L1, Ly € REC t61e L1 Ly € REC.
ii. Av Ly, Lo € RE 161e L1Ls € RE.
Ozwpnpa 1.5.6. 'Eoto L c {0,1}*.
i. Av L € REC tote L* € REC.
ii. Av L € RE to1e L* € RE.
@ewpnpa 1.5.7. 'Eoto L € {0,1}* kar LT = {w e Z* |wf e L}.
i. Av L e REC 161e L € REC.
ii. Av L eRE 161e L € RE.
@edpnpa 1.5.8. 'Eoto L € {0,1}* kou LP = {w e L | w = w'}.
i. Av L € REC t61e L? € REC.
ii. Av L € RE tote L? € RE.
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KEDPAAAIO L. MHXANEXY TURING

Ackncelg

7

1.1 Gde¥). Amodeite tnv Ipdroon 1.2.39.

1.2 (3 ¥). Oewpnote TM mov wépo. amd Ti¢ kKatedLVeNg apleTepd. Kat de€id N KEPaA popel
V0. pelvel Kat 6TActun oe €éva 6npa vtohoyopov. Aelte 611 yia kGde TM pe avtn Ty TEPLypapn
vntdpyet toodvvapn povotowviokn TM.

1.3 (Gek ). Oewpnote TM ov 1 Tawvio Toug elvor Aelpn Kat arto Ti¢ SV0 TAEVPES, dev LTapYEL
TO POSAGPAKL KOL PUGIKA OEV VITAPYEL O TIEPLOPLGOC OTL BEV PTTOPOVUE VO KVNIOVUE OPLGTEPOTEPO.
076 avTo. Aei€te 0Tt yio kGde TM pe autn TNV TEPLYPaPN LTIAPYEL [GodVVOUN povotowiakn TM.

1.4 (Sx3¥). Amodei€re v [pdraon 1.4.10.
1.5 (Gxirdx). Amodei€re v IMapatnpnon 1.4.17.
1.6 (F3x¥). Amodeifte Ta Oswpnpata 1.5.4, 1.5.5, 1.5.6, 1.5.7 ko 1.5.8.

1.7 (F33%). "Eoto f : {0,1} - {0,1}* 1-1, eni, viohoyicun cuvdptnon. Aelete 6t n [~ etvar
vrohoyloLun.

1.8 (K¥r¥%). ‘Boto f: {0,1}* - {0,1}* vwohoyloiun cuvaptnon. Katackevdote amapdunti mov
amappel To cvvoho dom(f).

1.9 (k¥ ¥). ‘Botw L € {0,1}*. Aei€te 61t L € RE av kaw pévo av L = {z € {0,1}* | Ty €
{0,1}*({x,y) € B)}, 6mov B € REC.

1.10 (k). Asi€te 61u:
1. Kade dmetpn avadpopikn YAWGGo. eivar 1 EEVN €vwon dV0 ATTELPOV OVOIPOUIKDY YAWGGOV.

2. Kdde dmelpn avadpopikd amopdunotun YAocoa elvol n EEvn évoon V0 Amelpwy avadpoptka
OTTOPWDUNGLEOV YAOGGHV.

1.11 (kk ). ‘Eoto A, B,C ¢ {0,1}*. Aéue 611 n C Saywpiter g A kow B av A< C v B < C.
1. Bpeite A, B € RE pe An B = @ ywo 11¢ omoteg dev vmdpyet C' € REC mov 1i¢ droywplget.
2.’Eotw A, B € {0,1}* pe An B = & kat A, B € RE. Aei€te 61 vndpyer C € REC mov Tic

daywpigeL.

1.12 (ki¥). Oewpnote ™ YAOGGO:

L={{(M,w,n)e{0,1}" | n>1 rat katd T0ov vtoroyouo M (w) n kePaAN eMORETTETOL

™ n-061N déon ¢ Towiag )

Aeite 61 L € REC.
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1.5, KAEIXTOTHTA REC KAI RE QX [IPOXY YXYNOAOOEQPHTIKEY [IPAZEIX

1.13 (ek k). Aei€te 61t ov A € G kar A € RE 161 vntdpyer B € G 11010 (078!
- av (M) € A t6te vrdpxer TM M’ w6odbvaun tng M pe (M') € B ko

- 1 B elvar ovadpopiki YAWGGa.

1.14 (k). Aei€te 611 uIdpyovv Arelpeg 1o TANDOC avadpoukd amapunctueg YAwcoeg L € X%
téToleg 0WoTe N L vo elvar artelpn YAWeoa oAl KAde avodpOuLKO. OTTopOUNGLko VITOGUVOAO TN L
va vl TETEPUGPEVO.

1.15 (Gekv). Oewpnote t0. GUvOAa

K ={we{0,1}" | w dvadwkn avomapdotacn apdpov, £61w Tov n, kot M, (w) |}

R ={we{0,1}" | w dvadkn avarapdcotacn apduov, é6tw T0v n, kot dom(dyy, ) € REC}

omov pe M, oupBoligovpe Tnv TM pe apdud Godel n kot pe ¢pz, TN GLUVAETNON TOV LTTOAOYLCEL
n M, (de¢ Opiopd 1.2.13). E€etdote av woxdouvv 1a akélovdo:

. RS K.
2. RnK =g.
3. Ymdpyet 1-1 kau el ouvdptnon f : K — K.

1.16 (k3%5%). Aei€re 6t n ouvdpnon f:{0,1}* - {0,1}* ue

1, av z dvodikn avortapdctacn appov, €6Tw Tov n, kot vtapxet w € {0,1}* tétowo
flx) = wote M, (w) |
L, aAwg

omov M, etvar n TM pe apduo Gédel n, elvar vitodoyloun.

1.17 (Fevedx). Aei€te 611 n cuvdptnon f:{0,1}* - {0,1}* pe

x , av z dvadikn avorapdotacn appoy, €é6Tw Tov n, kat |L(M,)| > n

f(z) =

L, oAeg
omov M, evar n TM pe apdud Godel n, eivar vitodoyiotun.
1.18 (k¥ ¥%). ‘Eoto f: {0,1}* - {0,1}* cuvdptnon n omoia eivar virodoyiciun kat @divovca. (wg

mpog ™ Ae€woypagiki Sidrain tov {0,1}) oto dom(f). Aei€te 6t im(f) € REC. EmunAéov deire
ot ywa kade yl\wooa L ¢ {0,1}*, woyver ot f(L) € REC.
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KESAAAIO 2

ANAAPOMIKEXZ XYNAPTHZEIX

e auTo TO KEPAAQLO D0 AGYOANDOVUE OITOKAEIGTIRG e GUVOPTNGELS PUGIKGOV CPOUGV. ZUUPWVA Ye
v [Mopotipenon 1.2.16 pmopovype vo dewpncovpe OTL TO. «OVTIKEIEVO TOV VITOAOYIGLOV> elval oL AEEeLg
tov {0, 1}*. Mtopovpe tepautépm vo. avtioToryicovpe kGde AéEn w € {0,1}* e évav puoikd appé (yo
TOPASEYUa GTOV GPWUG TTOV AVTIGTOEL GTN «GEPG» EUPAVIGNG TNC W 6TN AeCtkoypa@ki ddtaln) Kat
€101 V0. VTTODEGOVE OTL TA. KAVTIKEUEVA VITOAOYLIGUOU» EIVAL OL PUGLKOL GPUOL, OTTOTE Ol YADGGEC TOV
2101} 3o amotedovv 6TV ovsia Ghvola YUGIKGOY apPUGY Kal oL GuvapThoec amd To {0,1}* 610 {0,1}*
da elvar apdpntikée cuvaptnoeg oo 1o N oto N.

Oa kotatdfovpe (LePKEC 0TT6) TIC APDUNTIKEC GUVAPTNGELC GOUPWVO. e TOV «TPOTIO TTOV 0pP{LOVTOL»
o€ 300 KAAGELC: TIC TTPWTOYEVWC AVAOPOUIKES GUVAPTNGELS KOL TIC EAGYIOTIKA OVOAOPOUIKES GUVOPTNGELC.
H deitepn kat yevikétepn kKAGGN Tavtigetal pe v kKAGoN Twv vitohoyicipwy (katd Turing) cuvapticewy.
Oo dovpe Aowtov €vav devTepo — KOl eVvTEAWS 0vedpTNTO GO TOV TPWTO — OPIGUO TWV LITOAOYIGLUWY
GUVOPTNGEWY. AUTO pog 0dNnyel Ge pio. delTePN TTPOGEYYLGN TNG £vvolag Tou aiyopldpou: O alydpiduoc
IOV VITOAOYILEL Yla TTOWTOYEVWC 1] EAGYIGTIKA AVAOPOUIKY] GuvdpTnoN elval o I01o¢ 0 0ptouoc Tnc!

YROTOC YOG, TEPC ATO TNV TOPOVGLOGT €VOC DLAPOPETIKOL POoPUOAGLoY TNe Oewplag Avadpounc,
elval va koAepynoovpe Tnv Tpodiddeon 61ov avayvoetn 6t n Ofon Church-Turing (celida 98) amo-
tehel pla evdoyn mopadoxn. Mdévov epdcov meigdovpe 61t n Oéon Church-Turing diver pla emopkn
TPOGEYYIoN NG €vvolag Tou AAyopldpov, da PTTOPEGOLYE VO TTPOYXWENCGOVPE GTN JeWPLO. LaC KOl VO
dOooLYE OTTAVINGT] GTA EPWTNPUATO TTOV £XOVUE DEGEL.

2.1 TlpwTtoyeveg A.VA.IPOUIKES GUVOPTNGELG
Opwepog 2.1.1. Mia cuvdptnon f: N™ - N, m > 1 eivan mpwtoyeveg avadpopikii avy eival pia ek Tov
(a) s(z)=x+1 (n cvvdptnon tov exduevov) !

(b) 2™(x1,...,2m) =0 (n otadepni cuvdptnon ion ue undév m petabANTOV)

(©) p™(x1,...,Tm) =24, 6TV i € [m] (n mPoGOA} oTNV i-00TH PeTAGANTI) 2

" ®uowd f =s uévo av m = 1.
2 Ta (b) kat () (pati pe éva menepacuévo TAHdOC «epappoydvs tou (a), de¢ Tapddeypo 2.1.2) avTioToody GTIC EVIOAEC
avddeong Plog YAOGGOG TPOYPOUUOTIGROV.
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2.1. IPOTOI'ENQX ANAAPOMIKEXY XYNAPTHXEIX

1 TPOKVITTEL OTTO TIC TPWTOYEVWC AVOIPOUIKEC GUVAPTNGELC
(1 g:N" > Nkat h; : N > N, i € [n] o¢ e€nc:
fx1, .. zm) =glh1(z1,. ., @m)s -, hp(x1, ..o 1)) (60vOeon e g ue Tic hy, i€ [n])

(2) g:N™! 5 Nkath: N 5 N évrag Mon tov e§letoeov :

0,21 Tmt) = 81+ T , ,
{f( o Tm-1) = gl Tm-1) (mpwroyeviic avadpour) 2

fly+ 1z, .;xme1) =h(f(y, 21, oo Tn=1), Y, T1y e v oy Tne1)

O Opopog 2.1.1 da yivel TEPLGGOTEPO KATUVONTOC PEGA OO TO. TTOPOUDELYUATO. TTOV OKOAOVIOVV.

Mapaddeypo 2.1.2. Ot 61adepéc cuvaptioelc ¢y’ N™ > N, pe ¢’ (@1, ..., Zm) = ¢, 610V ¢ € N, elvan
TPWTOYEVHC OVASPOUIKES KADWC:
Cy (@1, Tm) = s(s(s(2™ (21, ..., Tm)) )
——
q-@opég

Mapddeypa 2.1.3. Ot cuvvapticec h: N » N, pe h(z,y, 2) = 2 +1, kot plus : N2 - N, ye plus(z,y) =
x + Yy, eVOL TTPWTOYEVOC AVOUIPOUIKES KODOC:

h(z,y.2) = s(pi(,y, 2))

kat 1 plus amotedel Aon TV e€lGOGEWV:

{ﬂ&@zﬁ@) [
flx+1,y)=h(f(z,y),z,y) [

Y]
flz,y) +1]

T va 1o deifovue avtd da deifovpe 61t yia kéde (z,y) € N2 woyvet 61 f(z,y) = plus(z,y) kdvoviag
emaywyN ©¢ TPog TV IO petabinty 3. Mlapatnpodue 6Tt yia kGde y € N:

Enayoywn Baon: Tz = 0 wyvel 61t £(0,y) = pi(y) = y = plus(0, y).
Enayoywkn Yrodeon: Ynodétovpe ot f(x,y) = plus(z,y).
Enayoywo Brnpa: Qo delovpe 6t f(z + 1,y) = plus(z + 1,y). [apatnpodpe ot
fle+1y) = h(f(z,y),z,y)
= flz,y)+1
= plus(z,y) +1 (Adyw tng Emaywywig Yrnodeonc)

= z+y+1
= plus(z +1,y)

' Tlpogavic o opiopde avtdc eyvet uévo yio m > 1. Tia m = 1 dec v Hpéracn 2.1.7.

2 H mpwtoyeviie avadpopn avigTorel 610 for-loop piag YAOGGaAC TPOYPOUUATIGUOY.

3 Yta mapoadeiypato mov akohovdovv da amoplyovpe Tic amodelfec pe emayoyn kKudog, 6Tteg do deite, dev TUPOLGIGLOVY
HeYGAO evdLaPEpPOV.
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KEDPAAAIO 2. ANAAPOMIKEY YXYNAPTHXEIXY

Hapdderypo 2.1.4. H cuvdptnon mult : N2 - N, pe mult(z,y) = z - y, elvar mpwtoyevee avadpopkn
KaO®C amotedel AVGN TwY e€lGOGEWV:

{f<o,y> =2'(y) [=0]
f($ + 1ay) = plus(pzi’(f(x,y),x,y), Pg(f(iﬁ,y),i,y)) [ = f(x,y) +y ]

omov plus n cuvaptnon tov Iopadelypatog 2.1.3.

Oa amodelovpe PUePIKEC TTPOTAGELS TTOV DO, YOG SLEVKOAVVOLY GTOV 0PLGUO TIPWTOYEVOY OVUIPOUIK®Y
GUVAPTNGEWV.

IMpotacn 2.1.5. 'Ecto mpwtoyevac avadpouikéc cuvapticec g : N - N, n > 1, karh; : N™ - N, m > 1,
omovi € [n—1]. Hovvdpton f : N™ - N, ue f(x1,...,xm) =g(h1(z1,.. ., Zm)s .., hpo1 (21, . 2m), YY),
omov Y € {x1, ..., Tm |, VAL TPOTOYEVOC OVUIPOWIKN.

Amodeién. 'Eoto y = x;. llopatnpodpe otu:
flx1,...;xm) =glhi(z1, ..y Zm)s oy o1 (@1, oy zm), Py (T, -+, Tm))
Apo 1 [ elvon TPWTOYEVOC OVODIPOWIKT]. O

H Ipétaon 2.1.5 pmopel vo yevikeutel Gueco divovidg Hog TO SIKOIOWO. VO 0PIOVUE TIPWTOYEVOS
OVOOPOULKEG GLYVAPTNGELS EPAPUOLOVTAC GUVIEGN UOVO GE UEPIKEC OTTO TIC PETUBANTEC.

Ipotacn 2.1.6. 'Ecto mpwtoyevoe avadpopkn cuvdptnon g : N® — N, n > 1. H cuvdptnon f : N — N,
m>1, pe f(z1,...,Zm) =8Y1,---,Yn) OOV Y; € {X1,..., Ty}, i € [n], VAL TPWTOYEVOC OVAIPOPLKT.

Arddeién. ‘BEoto y; = x4, j € [n]. [apatnpoipe otu
[, .. om) = g(pgy (T1, -y Tm)s -+, Pl (1, Tm))
Apa n [ elval TPOTOYEVOC OVOIPOUIKY. O
Yopewva pe v [potaon 2.1.6 propodue va avTlpeTadEcoupe, Vo GPOLPEGOVPE, N VO ETTOVOAA-
Govpe petabANTEC OTOV KOTOGKEVALOVYE TPWTOYEVOC avOdPOUIKEC cuvaptnoeg. Ta Tapddeypa, 6To

Mopddetypa 2.1.3 opicape ™ cuvdptnon h : N? — N mov tavtigetar pe T GuvdpTnon Tov emouévou
oty PO petabinti, do pmopovcape xapv cuvtoplog va ypdwoupe h(z,y, z) = s(x).

Mpo6tacn 2.1.7. 'Ecto h : N? - N wpwtoyevac avadpoukn cuvdptnon kat ¢ € N. H guvdptmon f: N -
N 1ov amotedel AMon twv e§loOGEWV:

{f(O) —q

(mowroyeviic avadpour) ywpic mapausétoovc)
fly+1) =h(f(y).y)

elVOL TTPWTOYEVWC OVASPOULKT.
Amodeién. H cuvdpmon g : N? - N mou anotedel Won tov e§lo0cewv:
9(0,z) = cj(x) [=q]
gy +1,2) = pi(h(9(y, 2),y),y, ) [=h(g(y,2),y) ]

omov c; n ovvdptnon tov Mapadelypotog 2.1.2, elvar Tpwtoyeveg avadpopkn. [apatnpovpe 6t f(y) =
g(y,y) !, onére, cdupuva pe v Mpdtacn 2.1.6, n f evar TEWTOYEVHC GVASPOWIKN. O

' Av déhovpe va 1o delfovpe auté pe emaywyh pmopovpe va deiovue 6t f(y) = g(y, x) yia kdde = € N, dpa ka yia = y.
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2.1. IPOTOI'ENQX ANAAPOMIKEXY XYNAPTHXEIX

H TTpdétaon 2.1.7 GupmANE®VvEL TOV 0PLGO TNE TTPWTOYEVIC OVOSPOUNG KOL OC DIVEL TO DIKOLOUO. VO,
TNV EQUPUOTOVIE YLO. VO 0PILOVIE OROPA KOL GUVOPTNGES WOC WETABANTNG.

Mapadeypa 2.1.8. H cuvdptnon fact : N > N, pe fact(z) = z!, elvar mpwtoyevog avadpopkn, cOp-
@wva. pe v [potaon 2.1.7, kadog amotedel Aon ToV e€lGOCEWY:

f(0)=1
flz+1) = mult(f(),s(x)) [=f(z)-(z+1)]
omov mult n Guvdptnon tov IMopadelypatog 2.1.4.
, , 0 ,ave =0 ,
Mapadeypa 2.1.9. H cvvdpmon pd : N - N, pe pd(z) = ., €lval TPWTOYEVWOC
rz-1 , alog

avadpopkn, cVpEovo. pe Ty Ipdtacn 2.1.7, kadwg amotehel AVon TV elGOGEWY:

{ F(0)=0
fla+1)=p3(fx),x) [==z]

0 , OV x <

Mapdderypo 2.1.10. H cuvdpmon = : N2 - N, pe =(z,y) = { , EVaL TIPWTOYEVHC

x—y , 0AOC
avadpoplkn KOdOC arotelel AVon Twv elGHGEWVV:

{f<x,o>:pi<x> [==]
f(:v,y—i—l):pd(f(x,y))l [:f(ac,y)—l]

omov pd n cuvdptnon tov [Mapadetypotog 2.1.9. Ed® kdvope TNV ToOTN POC «TOPOTVIO» YO GUTO
T0 KEPAAL0: ZVp@wva pe Tov Optopd 2.1.1 n TPwTOYEVNC avadpopun YIvetal 6TNY TPWTN KetabANTN eve
ed0 TV e@uppocape otn devtepn. Autd pmopel va emttevydel Aoyw g [potaong 2.1.6, oplovtag v
f: N2 - N mov anotehel MWon Tov e§16OGEWV:

{f(O,y)Zp%(y)
f(-’E‘i‘ 173/) = pd(f(x,y))

kau émerta opigovtag ~(x,y) = f(y, x). Tto Adyoug «auedntikng» da ypagouvpe x ~y avil ya =(z,y).
Mapddeypa 2.1.11. H cuvdptnon min : N? - N, pe min(z,y) = min{z,y}, elvax mpwtoyeveg ava-
dpopkn KAdWC:
min(z,y) =z =~ (x ~y)

omov = 1 cuvaptnon Tov Iopadelypatog 2.1.10.
Mapadeypo 2.1.12. H cuvdptnon max : N2 - N, pe max(z,y) = max{z,y}, elvar mpwtoyevig ava-
dpopkn KAdWC:

max(z,y) = plus(z,y) = min(z,y)

omov plus, = kar min ot cuvapeeg Tov Moapadeypdtov 2.1.3, 2.1.10 kot 2.1.11.

' H Ipéracn 2.1.6 pag diver 1o Sikaiwua va 1o ypdyovue 6e authy T wopen. Tumikd da énpere va ypdyoupe: f(z,y + 1) =
pd(p?(f(2,y),z.y)).
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KEDPAAAIO 2. ANAAPOMIKEY YXYNAPTHXEIXY

Mopatnpnon 2.1.13. Ot 6uvaPTAGE MiN KoL MaXxX YEVIKEVOVIOL GUEGH. GE GUVOPTAGELS M. UeTABANTOY,
yo. kGde m € N (de¢ Acknon 2.2).

Mapdderypo 2.1.14. H cuvvdptnon exp : N2 - N, pe exp(z,y) = 2¥, elvar mpwtoyevide avadpouki
KOO aTroTehel Ao TwV e€l0OGEWY:

{f(a:,m: e [=1]

6émov ¢} kaw mult ot Guvapticec Twv Mapadeypdrov 2.1.2 ka 2.1.4.

Mmropovpe va petagépovpe tov Optopo 2.1.1 kat oe vitocuvora tov N, yia m > 1, opigovtag €10t
TOWTOYEVOC AVASPOUIKEC GYEGELC PUGIKMDY OPIUOV.

Opwopog 2.1.15. Mia oyéon P € N, m > 1, elvaw mowtoyevec avaSpopiks ovy N XOpOKTNEIGTIKA TN
ovvaptnon xp : N™ - {0, 1} elvar Tpwtoyevog avadpoptk.

Hapdderypo 2.1.16. H oxéon {(z,y) € N? | z = y} elvar mpwtoyevee avadpopikn kadog n xapaktnpt-
GTIKN TNG GUVAPTNGN Elval TPWTOYEVHOC avadpouKkn ':

X=(z,y) = ci(z,y) = plus(z + y,y = x)

6émov c?, plus kat = ot Guvaptice v Mapadeypdtov 2.1.2, 2.1.3 kot 2.110.
Mopatnenote 6T kow N oxéon {(z,y) € N2 |z # y} elvan mpwtoyevide avadpopkn kadog N yopoKT-
PIGTIKN TNG GUVAPTNGT EVOL

X+ (2,y) = i (z,y) = x=(x,)

Mapdadeypa 2.1.17. H oxéon {(z,y) € N? | 2 < y} elvar mpwtoyevie avadpopki Kad®C N x0poKTNEL-
GTIKN TNG GLVAPTNGT EIVOL TTPWTOYEV®C GVOIPOWUIKY:

X£($7 y) = C%(‘,Evy) - (1: - y)
émov ¢} kau = ot Guvaptice Tov Mapaderypdrov 2.1.2 kar 2.1.10.

Hapdderypo 2.1.18. H oyéon {(z,y) € N? | 2 < y} elvar mpwtoyevidg avadpouikn kadig n xapaktnot-
GTIKN TNG GLVAPTNGT EIVOL TTPWTOYEVMC OVOIPOWUIKN:

X<(2,y) = x<(s(2),y)
0ToV N X< oplgetat oto Iapddeyua 2.1.17.
Yopu6aon 2.1.19. Ao €36 kat 610 £EAC DO YPNGLUOTIOLOVE TOVE PUGIKOVE aPPOVC Kat Ta. GOUBOAa +, -

avTl Yo TIC TPWTOYEVWC OVASPOUIKEC GUVOPTNGELC TTov Ta opltovv. Emtiong, da ypdpovye v vYywon oe
ddvapn kOTG TOV GUVNIN TEOTIO KaL O)L XENGLLOTOLWVTAC TN GLVAPTNGN exp Tov Ilapadelypatog 2.1.14.

1 , , , , ’ , , , ,
Ed6 kdvouvpe tn devtepn mapatvmio (pmopeite va v evtomicete;). TToAAég akdpa émoviat...
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2.1. IPOTOI'ENQX ANAAPOMIKEXY XYNAPTHXEIX

IMpotacn 2.1.20. Ectw Eveg avd dvo mpwtoyevag avadpopkéc oyéoeg P; € N™. i € [n], kat Tpwtoyevag
avadpoptkéc ovvaptoelg g; : N - N, je [n+1], omovn,m>1. H f : N - N pe:

gi(z1, ..., xm) , av (T1,...,2m) €Py

ga(r1, ..., Tm) , ov (T1,...,Ty) € Py
flxy,...,xm) = :

gn(T1,. ., Tm) , ov (21,...,T,) €Py

gn+1(T1, .. Tm) , 0AMOC

elvall TPWTOYEVAC AVOSPOUKN |
Anédeifn. Oa anodeifovyue v mpdtaon yia n = 1 2. Ilapatnpodue o1t
flx1, .. yxm) = xpy (1, oy 2m) - 81(X1, ooy ) + (L= xpy (T2, -, Tm)) - 82(Z1, - -+, T )

amo 1o apadelypota 2.1.3 kot 2.1.4 n TPpOGEGN KOL 0 TOAGTAUGLUGUOC EVOL TIPOTOYEVHOC OVOSPOUKEC
ouvaptioelg kot TEhog 1o 1 opitetar wg ¢ (w1, . .., Ty) (Seg Mopddeypa 2.1.2). O

Ot amodeifeic Twv TopardTe TEoTdcewy apnivovtal og doknon (Acknon 2.4).

Mpétaocn 2.1.21. ‘Ecte mpwtoyevoe avadpopkéc oxéoeic P,Q € N™. Ot oxéoeic P, PUQ, P n Q kat
P\ Q elvar TpwtoyevHg avadpopkec.

[Mpotacn 2.1.22. ‘Ecte mpwtoyevog avadpoukn oxéon P € N kot Tpwtoyevog avadpoukés Guvap-
moe f; : N* > N, i € [m]. H oxéon:

Q={(x1,...,zn) e N" | (f1(z1,...,2n)y ., fm(x1,...,2p)) € P}
EVaL TTPWTOYEVOC OVOUIPOULKY].

, , rxmody , avy+0 ,
Mapdderypo 2.1.23. H ouvdpmnon rm : N2 —» N, pe rm(z,y) = Y 4 , (10 vméoumo

z+1 ,avy =0

e dalpeong Tov z pe 10 Y ) elvar TpwToYEVHE avadpoukh kaddg amotedel Mon Twv eElGHGEWV:

0 ,ovy=+0
10.v) = 1 ,a?x?io')g (y=0)
x4+ 2 ,ovy =10
flz+1,y)=10 s ov f(zy)+1=y
flz,y)+1 , odog

KOL OL GYEGEIC = ROL # elvol TTpwToyevag avadpopkéc (deg Mapadeypa 2.1.16).

"'H cuvdpmon f avtictowel 610 if-then-else piag YAOGGOC TPOYPAUUATIGUOD.

2 H yeviki mepimtoon aprivetal o¢ doknon (Acknon 2.4).

? @a avapotiéote yoti ddcape TR axkdpa kat Gtav éxoupe dalpeon pe To pndév. O Adyog elvar 611 oe avtidetn TepimTON dat
opltaye peptkn GuVEETNGN Kal déAovpe oL TPWTOYEVOC avadpouIkéc GuvapThcelc va. eftvan odwée (Sec Aoknon 2.1). EmimAdoy,
N oLpBacn avtn pag divel To Skalvpa Vo KAvoupe Tov EAeyxo av éxouye dialpeon pe To Undév. OEAovpe Vo KPUTNGOLE TN PN
UTaPEN TG Y0 RATIO0 OPLORO. TNG GLVAPTNONG YL KATL TILO 0VGLAGTIKG: O&lovpe va onuatodoTel TOV un TEQUOTIOUO KATA
TOV UTTOAOYLOUOY TNC.
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Typetwon 2.1.24. Apyig yevopévng ard 1o Tponyolpevo Tapddetypo do VI0deTNGOVYE EVaV GKOPO TILO
YOAGPO TPOTIO 0PLGUOV TOV TTPWTOYEVHOC AVOSPOUK®Y GUVOPTNGEWY KUl GYEGEVV.

Mapdderypo 2.1.25. H oxéon {(z,y) e N? | z | y} elvar mpwtoyevde avadpoutkn Kadog n xapaktnot-
GTIKN TNG GLVAPTNGT EIVOL TPWTOYEV®C UVOIPOWUIKY :

x| (2, y) = 1=rm(y,z)
010V = KOL rm ot cuvaptnoeg tov Hopaderypdtwy 2.1.10 ko 2.1.23.

Mapddeypa 2.1.26. H cuvdpmon qt : N2 - N pe:

z—z mody

qt(:r,y) = { v

r+1 ,avy =0

,ovy 0

(1o TnAiko g daipeonc Tov T pe 10 Y) elval TPWTOYEVAC 0vaSPOWKN KODOC amotelel AVon Twv elGH-
GEWV:

0 ,ovy=+0
f(0.y) = {1 , a?\?xyld)g (y=0)
x4+ 2 ,avy =0
fle+1ly)={f(z,y)+1 , avrm(z,y)+1=y
fz,y) , OAMOC

6mov rm n Guvdptnon tov Iapoadelypatog 2.1.23.

Hopaderypo 2.1.27. H cuvdptnon dn : N2 - N, pe dn(z,y) = [{d e N | (d | z) A (d < y)}| (to m\idoc
TOV SLLPETWY TOV T TTOV £(VaL UKPGTEPOL TOV ¥) £lval TTPWTOYEVHC avadpoulkn KoDWC amoteAdel AVGN TwV
eClowoEWV:

{f(x,()):O
fl,y+1) = f(z,y) + x1(y + 1,2)

omov n x| optcetar oo [apdderypo 2.1.25.

‘O\e¢ 0L GUVOPTNGELC KAl GYEGEIC TTOV OPLGONKAY GE GUTNV TNV TAPAYPAPO NTAV OTTAPAITITEG VIO, VL
PTAGOLYE GTOV OKOAOVIO OPLGUO.

Mopadeypa 2.1.28. H oyéon Prime = {z € N | z wpdtoc apdudc} eivar mpwtoyevde avadpoulki
KADWC N XOPOKTNELIGTIKN TNC GLVAPTNGN EVOL TIPOTOYEVHC OVOSPOWIKN:

1 , avdn(z,z) =2
rime\T) =
Xprime () {0 , OAALOG

omov dn 1 cuvdptnon tov Hapadetypotog 2.1.27.
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2.2. PPAI'MENH EAAXIXTOINOIHXH

2.2 ®dDpaypevn eAoylGTOTOINGN

Optopog 2.2.1. ‘Eotw cuvdptnon ¢ : N™ T - N, m > 1 kaw y € N. O tedectiic ppayuévie ehayiotonol-
nonc ™mc g ' opltetar we &N

. < . _ , 2
(i <9)lglison. . am) = 0] = min{i <y |g(i,z1,...,2m) =0} , av UJ:EO.pXSl
y+1 , OAALOC

Mpdétacn 2.2.2. 'Eoto g : N &= N, m > 1, mpwtoyevoe avadpopikn cuvdptnon. H cuvdpton
f N SN pe:

fly,zr, ..y xm) = (ni<y)lgli,z1,...,2m) = 0]
ELVOL TIPWTOYEVWC AVOUIPOULKN.
Anédeiln. 3'Eotw h(j,z1,...,2m) =1+ (1=g(j,x1,...,2m)), 670V = 1 GLVdpTNGN ToL [apadelypa-
to¢ 2.1.10. TTapatnpnoete o1t

1 ,avg(j,z1,...,xm) %0

h(e1,- s @m) = 0 ,ovg(j,z1,...,om) =0
Opltovpe:
s(i,21,...,Tm) = prod, (i, 21, ..., Tm) [H§:0 h(j, 21, Tm) |
KO
fWxr, . om) =sums(y, 21, .., &) DY s(i,21,...,2m) ]
[Mapatnpnote 6Tt av vapyet i < y €100 wote g(i,x1, ..., Ty) = 0, ot Tiwég Tov prod, (4,21, ..., Tm) VIO
KkGOe i < j <y da eivar 0, ombte 0 sumg(y, 1, . .., Ty ) da wGovTaL pe i 4. O

AvtioTo o pIropovpe va amodelfovpe Kol TNV GKOAOLIN TPOTOUGN.

Mpoétacn 2.2.3. 'Eotw h: N™ - N kar g : N1 5 N, m > 1, nmpwtoyevig avadpopukéc cuvapticeic. H
cuvapton f: N™ - N pe:

flx,..o,xm) = (pi<h(zr,...,zm))[gl,x1,...,2m) =0]

elvOl TTPWTOYEVWOC OVASPOULIKT.

'H @payuévn ehayiotomoinen avtiotolyel 6to @payuévo while ulog YAOGGUC TPOYPAUUATIGUOD.

2 Apydtepa do pag amacxoAMGouy Kal UEPIKEC GuvapThcelc. TuTikG da TEémeL va TTPOGEEOLPE TIC TIUEC TTOL ETGTPEPEL N
@EOYPEVN EAOYIGTOTIOMON OTAY EPAPUOGTEL GE PEPIKT GUVAPTNON g. Av yia kaToro 0 < j < y 1oxdeL 6Tt g(J, 1, . . ., Tm) = 1 KOL
yia kGde 7 pe 0 < ¢ < j woyder 61t g(4, T1, . . ., Tm ) # 0, akdpa koL av viapyel k pe j < k <y yia 10 onoto g(k,x1,...,2m) =0,
éxovpe 0Tt (1 i <y)[g(i,z1,...,2m) =0] = 1!

3 Yy anddelEn da yENGLUOTIOMGOVYE TO YEYOVSC 6T 0L GUVAPTHGELC:

e

sumg(y,w1,...,xm) = g(i,lil,-..,l’m)

=0

e

prod,(y,=1,...,Tm) = | | g(3,%1,...,%m)

0

.
I

émov g : N™™ o N kar h : N™™!' & N mpotoyevee avadpouikée cuvapticelc, eival mpwtoyevee avadpoukée (deg
‘Acknon 2.3).
* Evd av yia kade i € [y] éyovue g(4,21,. .., Tm) # 0, 101 sums(y, 1, .., Tm) =y + L.

Tedevraia evnuépwon 31/3/2024, otic 13:33. 54



KEDPAAAIO 2. ANAAPOMIKEY YXYNAPTHXEIXY

Ot Ipotdocelg 2.2.2 kar 2.2.3 amodelkviouy 0Tl N QPOYUEVN EAUXIGTOTIOMGN eV «Slevpivel» TNV
KAGGN TOV TPOTOYEVOC OVAdPOULKOY GLVAPTNGEWY. Tlap’ OAa avTd 0 TEAEGTNC TNG PEOYUEVNG EAOYL-
GTOTOMONG ROC evaL TTOAD XPNGLLOC. Ag dovpe €va TaPAdELYUo. EPAPUOYNC TOV.

Mopadeypa 2.2.4. H cuvdptnon pn: N - N 6mov o pn(z) elvar 0 2-0616¢ mpohtog apdudc, dnhadi:

1 ,ovze =0
pn(z) =4 : , , L ,
min{p € N | p wpot0¢ koL VITGEYOVY > T TEOTOL GPWPOL UKPOTEPOL TOV}  , GAALGOC

UTTOPEL va. 0pLGTEL WG A6 TwV eSlGOGEWYV:
f0)=1

2
fle+1)= {(,L i <fact(f(z)) +1)[g(i, f(2)) = 0], ahhig

,ovr =0

6mov g(i,7) = 1+ xp(i,z), P = {(i,z) e N? | £ < i kou i € Prime} kau fact n cuvdpnon tov Mapadely-
potog 2.1.8. Ta va amodelovpe OTL N pn €lvol TPWTOYEVWC AVOIPOWIKN TPETEL Vo, delfovpe OTL:

a) H g elvar mpwtoyevag avadpouiki Guvaptnon.
KO yLoL v aTt0delfoupe OTL OVIWC ETUGTPEPEL TOV T-06GTOC TPWVTO OTL

6) T kGde n € N vidpyel TpWTOC APWUSS p TéTooc Gate n <p<n!+1 1.

[Na 10 o) mapatnenote 6t Xp(i,7) = X<(2,7) + XpPrime(7) = 1, 6OV OL X< KOL Xprime OPIOVTAL GTOL
Mopadetypota 2.1.18 kot 2.1.28, dpa 1060 1 Xp 0GO KOL N g V0L TIPWTOYEVOC OVASPOULKEC.

Ia 10 6) vodétovpe 61t 0 n! + 1 dev elvar TpWTOC, TéTE Do LITAPYEL TPWTOC AEPWUdC p < n! + 1
té€tolo¢ 0ote p | n!+ 1. O p dev pmopel va darpel to n! yatl tdte da émpeme va darpel to 1, dpa o p dev
danpel kavévoy amé Toug apdpoig 1,2, ..., n. ZUVETTHOC 0 P VOl 0 NTOVPEVOC TTPWTOC GPWUOC KADWC
n<p<nl+1.

Tou6aocn 2.2.5. 'Eotw oxéon P < N™H m > 1 kot y € N. Eivar Bohikd moAdég gopée (6mog da dodpe
GTNY ETOUEVN TIAPAYPAPO) VO. YPNGULOTIOLOVUE TOV TEAEGTI] PPOYUEVNG EAAYLGTOTIOMGNG K £ENG:

min{i <y | (i,21,...,2m) € P} , av vidpyet

1< 1,21,...,Lm) € P| = ,
(i <lli,z1... o) € P {yﬂ e

kadoc ehappivel Aiyo Tov cupuBoAoud 2.

2.3 TIIAnpng mpwtoyevng avadpopn

ITpotob oplcovpe TNV TANEN TEWTOYEVH avadpoul], GOUPWVO. e TNV OTTOL0. 0PILOVYE OVOIPOUIKE. i
GUVAPTNON YENCLLOTIOLOVTUC OAEC TIC NON LITONOYLGUEVEG TIUEC TNG, DA XPELOGTEL VO KWIKOTIONGOVYE
aKroAovdieg PLGIROY 0PPOV. OTtwg amodewkviel n Ipdtaon 2.3.5 ovte n TANENG TEWTOYEVAC 0vadpoun
ETMERTEIVEL TNV KAAGT] TV TPWTOYEVOC OVOIPOUIKOV GUVOPTIGEWV.

! Mapotnpnote 611 av aviikatasticn 10 n ue pn(z), ané tov 1oxvpeousé émetar 6Tt LITApXEL TPGTOC UPWPOC 6To dNbeTNUa

(pn(x), pn(z)! + 1.
2 Sougova pe tov Oplopd 2.2.1 Tumikd da émpeme va ypdyovpe (1 i < y)[1 = xp (i, 21,. .., Tm) = 0].
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2.3. HIAHPHX [IPOTOI'ENHY ANAAPOMH

Kwdikomoinen akoAovdov QuGIK®V a.pdpwv

Mmopoipe vo. KoSIKOTIOINGOVE POVOGNUOVTO. 0. AKOAOVDIO. PUGLKOV OPWUOV T1, T2, . .., Ty OC TO
YWOUEVO TOY N-TIPHTOY TPOTOY ApPUGY, 6T0V 0 i-06TEC TPHTOC £xet LYWIE! 6T (;+ 1)-06T1H Svvaun '
Ta Tapddetypa kodikomoovue Ty akohovdia 0,1,2,3 ctov apdué 2! - 3253 - 74 = 5402250 2.

Av RATIOL0C POC DOGEL EVOV PUGLKO OPWOUO N TTOV ATTOTEAEl KOSIKOTOMGN KATTOLOC GKOAOVIIOC YITo-
povpe VKoM, va Bpovue TOV i-0GTO 6po TNC BEPIGKOVTOC TN UEYIGTN SUVOUN TOL i-06TOV TPHTOU UEWDUOV
OV JLOLPEL TOV N KOL APULPOVTOC €V0. OIT0 OUTH. XT0 TTAPASELYIO TTOV dDCGAYE TOPATAVY, AVOLNTOVTOC
Tov TpiTo 6po e arolovdiag mapatneovue 6Tt ot 5, 52, 5% Stanpovv tov 5402250 evé o 5* dyt. Tuvemae
0 gnrovpevog 0po¢ wovTal pe 3 — 1 = 2. Ag KAVOLPE AVTIV TNV TEPLYPAPN TUTIKO OPLGUO.

Opwopog 2.3.1. Oplitovpe yia kGde n € N 11c GuvapTHGEC enc, : N — N:

ency =1 3

— 2x1+1 . 3x2+1 . rn+1

enc, (1, ...,on) e e T yuon > 1

OTOV Py, 0 N-0GTOC TPWTOC PPOC. Opltovpe ermtiong ™ Gyéon:
seq = {z € N|x =11 vrdpyxovv n,z1,...,2, € N ye n > 1 1é1010. 061 T = enc,(x1,...,2y)}
kat T Guvdptnon dec : N2 - N pe:

x; , v T € seq, pe T = ency(T1,...,Ty) ROLI € [n]

dec(i,z) =
(i,2) r+1 , adog

IMpotacn 2.3.2. Ot cuvapticelg enc,, dec kot n 6y€on seq elval TPWTOYEVHC AVASPOUIKEC.
Amodeén. Opltovpe:

encyg =1

enc, (x1,...,oy) = pn(l)‘rlJrl Cee pn(n)w"+1

010V pn 1 6vvaptnon tov Iapadelypatog 2.2.4.

[Mopoatnpiote 011 €vag @uoikdg appog (peyoddtepog g povadag) amotelel KWIKOTOMGN AKO-
AovdlOC N PUGIKWY CPWUOY OV EVAL TO YIVOUEVO SUVAUENDY TOV N-TIPOTOV TEOTOY apduov. Me dAla
Aoyia, da mpémel oL n-mpwtol apduol vo Tov Statpovv (kat uévo avtol). Emopévmc, umopodue va. opl-
OOVYE TN YOPAKTNPIGTIKY GLVAPTNOTN TN Seq ¢ eENC:

1 ,ovze =1

Xea =41 (@ 1) = (g <2 > (i <x)lpni) +al) pn(i) 1)), ke *

' To +1 ypeidtetar yiatl pmopel kémotog amd Toug dpoug e akolovdiag va eivar 0.

2 Mpogavec N kedkoToinen avth dev eivar kKUDGA0L UTOSOTIKY 66OV APOPE TOV XPOVO TOL XPELALOUAGTE VO KOIIKOTOWGOUUE
KOL VO ATTOROSIKOTIOMGOVPE plo. akOAOLDLA.

3 Sy mepimTwon auth éxovue ™V Kevii akoAovdia pUGIKGY apIdUGY.

* Alyn Gordeio. evdexouévag va ypeidietar £d6... [io va TThpeL N Xseq () T 1 da mpémet (x = 1 1) n ehayioTomoinen va mdpet
TN = + 1."Eoto pn(i) o mpatog mpotog apdudg mov dev darpel tov x. IMapatnenote o1t av dev vdpxer GAAOC TPWTOC
peyaddtepog Tou pn(i) Tov vo diarpel Tov T (Snhadn o x Siarpeitar amd GAovg Toug TPWTOUE TPV A6 TOV 5-0GTO, KAl Uévo
amé avtoig) Téte N ehayietomoinon (da «amotiye» kot) da emicTeéyet T + 1.
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KEDPAAAIO 2. ANAAPOMIKEY YXYNAPTHXEIXY

6mov ypagovue pn(i) + = avti yia (pn(i),z) € {(z,y) e N2 |z | y} L.
Téhog opltovpe:

(wji<x)[pn(i) ™ + 2] =1 | avxeseq kot pn(i) | x
z+1 , OAALOG

dec(i,z) = {

YovpBaocn 2.3.3. Ta va ehagpivouvpe Aiyo Tov cupBolopd da yodgpovpe ( ) avil yuo ency ot (Z1, . . ., Tp)
avti yia enc, (21, .., 2,) 2.

H anédeiln tne mopakdren mpdtacng apnvetar wg doknon (Aoknon 2.8).

Mpotacn 2.3.4. Ot guvaptioec length : N - N, add : N?> - N kat remove : N2 - N pe:

, av reseq pe r = (r1,...,Tp)

length(z) = {Z +1 | adog

add(z, ) :{(xl,...,xn,y) , av x eseq pe T = (T1,...,Tn)

0 , aAMOC
KOLL
(1,...,xp-1) , av x €seq pe x = (x1,...,Ty) KOL N > 2
remove(z) =<1 , av x €seq pe = (x7)
0 , OAALOG

£VAL TTPWTOYEVOC AVOSPOUKEC.

Mpoétacn 2.3.5 (ITAnpenc mpwtoyevic avadpopn). ‘Eoto g : N™ ! - N kar h : N1 & N mpwtoyevic
avodPOWKES GuvapTnoelg, orov m > 1. H cuvdptnon f : N - N 1ov anotelel Aon 1ov e{lowcewv:

fO,z1,... 1) = g(T1, ooy Tine1)
f(y+ 1,$1, s 75L‘m71) = h(<f(0,l‘1, s 71'm71)7 . -7f(yax17 s 7$m71)>7y71'17 s awmfl)
elVOL TTPWTOYEVWC OVASPOULKT.

Amodeln. Tlpota dewpovpe TNY TPWTOYEVOC avodpopiki] cuvdptnon k : N — N wou amotehel Aon
TV efl6WGEWV:

k(O,xl,...,xm,l) = <g(x1,...,$m,1))
k(y+1,$1,...,$m_1) = add(k(y?xl?"‘7zm—1)7h(k(yax1a‘"7xm—1)7y7x17"'7xm—1))
KoL opigovpe v f w¢ e&ng:
fly,z1,. . xmo1) =dec(y + 1, k(y,x1,. .., Tm-1))

O]

! Xpnoomotovpe enione v Iapatipnon 2.2.5.
2 [ va Sovpe 010, arr’ GAeC TIC GUVAPTHGELC KOBIKOTIOMGNC eNnc,, XONGLUOTIOVUE KGDE Popd apKel va PeTPHGOLYE TO TARDOC
TOV POV PEGA GTIC UYKUAEC.
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2.3. HIAHPHX [IPOTOI'ENHY ANAAPOMH

Mapatnpnon 2.3.6. Avtictoyo pe v [pdraon 2.1.7 pmopodpe vo oplcovue TV TAEN TEOTOYEVN
avadpopn Kol YwEIC TOPOUETPOUC.

Moapadeypa 2.3.7 (Appol Fibonacci). H cuvdptnon fib : N - N pe:

0 ,ovn =20
fib(n) =41 ,avn=1
fib(n—1)+fib(n-2) , avn>2

elval TPWTOYEVOC aVOdPOULKT], RODWE aTtotelel AVoN TV e€lGOGEWV:
f(0)=0

f(n—i—l)—{l
B dec(n+1,(f(0),..., f(n))) +dec(n,(f(0),....,f(n)) [=f(n)+ f(n=-1)] , aAhag

,avn =20

Mapadetypo 2.3.8 (O alyépduoc tov Eukdeldn). Oa deifovpe 61 n cuvdptnon ged : N2 - N, pe
ged(z,y) =max{deN|d=0 v (d|x A d|y)} (o ydyioroc kovo¢ Stapérne Twv T kar y SnAadn),
elvaL TPWTOYEVOC OVOIPOULKT].

Ac dupndovue mpoTa Tov alyépduo tov Evkheidn '

0 ,ovz=0ny=0
MKA(z,y) x ,avz,y>lruz |y
x,y) =
Y MKA(y modz,y) ,ovl<z<ykaxty

MKA(z mody,y) , avl<y<z

IMopatnpovue 6Tt n Guvaptnon ged amotehel Mon TwV eQLGOGEWY:

f(0,y)=0
0 ,avy =20
r+1 ,avy>lrkanx+1]|y
fle+1y) = >
dec(rm(y,z + 1)+ 1,{f(0,y),..., f(z,y))) ,ovz+1<yrmz+1+y
dec(rm(z 4+ 1,y) + 1,{f(0,y),..., f(z,y))) , oAwd¢ (1<y<xz+1)

6mov rm 1 cuvaptnon tov Hapadelypotog 2.1.23, Gpo GVTOGC EVAL TTPWTOYEVHOC AVOIPOUIKY.

2TI¢ 06KRNGELS DA DOVYE OTL LITAPYOVV KaL GAAEC LOPPEC OVOIPOPNG, 0TIV IO TTAPAJELYUO N apotbaia
avadpour; (Acknon 2.9) kot n supolevusvn avadoouri (Aoknon 2.10), mov mdt dpwg Sev emektelivouy
™MV KAGGN TOV TPWTOYEVHOC 0VaSPOUIK®Y GuvopTnceny. Tl T Surdr} avadpouri (Acknon 2.12) Sev woyve
T0 1810. ZUVETOC KOO Kal BAGIKEC TOPAANAYEC TIC AVUDPOPNC PITOPOVY VO, 0PIGOVY GUVOPTNGELS TTOU
dev elvar TTPWTOYEVOC OvadPOWIKEC. AVTOC elval €vag ardpa AGyog va odnyndovpe 6N doTioTeceN OTL N
KAGON TV TPOTOYEVOC AVASPOUIKGY GUVAPTAGEWY EVaL TTOM) «GTEVH °» yia TOUC GKOTIOVC KA.

U'H exdoxh avth dev eivar n amodotkdtepn duvar (6oov a@opd 10 TANDOC EMAVOAAYPEWV).

2 Hapatnpnote 6t n nn f(rm(y, z+1),y) vidpyer otnv akohovdia {f(0,y), ..., f(z,y)), kaddc y mod(z +1) < z. MdhoTa
elvar o (y mod(z + 1) + 1)-0616¢ dpog Tng aroAovIIOC.

3 Zrevij eivar n apeti, dev umope v’ avamvépw pikpde, otevic eivat o Iapddeicog, de pe ywpder* oav dvdpwmoc uov paivetat
0 Oedc cag, dev Tov BAw! [12].
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KEDPAAAIO 2. ANAAPOMIKEY YXYNAPTHXEIXY

2.4 EAoyIGTIKO. 0.vOSQOUKES GUVAPTNGELS

Evkola pmopovpe vo amodelfovpe OTL Ol TTPWTOYEVOC OVASPOUIKEG GUVOPTNGELS EVOL OALKEC GUVOQ-
moeg (Aoknon 2.1) . Zto Kepdhawo 1 dpwc eldape 61t o vitohoylcipee Guvapticelc dev elvar ama-
poattnrto ohikég. T va @Tdcovpe ce €vav deUTEPO 0PIGUO TOV LITOAOYIGLUWY GUVAPTNGE®Y 0. TPETEL
V0. 0pLGOVYPE L0 YEVIROTEPT] KAAGN OO OUTNV TOV TTPWTOYEVOC UVASPOWK®Y. TNV KAGGN auth] do. pog
0dNYNGeL €vag TEAEGTNC TTOV PITOPEL VO TTAPGYEL KL PEPIKEC GUVOPTNGELS, O TEAEGTNG TNG UN-POAYUEVNC
€A(LGTOTIOMGTC.

Optopog 2.4.1. ‘Ecto cuvdpmon g : N1 - N, m > 1, kar y € N. O tedectiic edayioromoinenc mc g
(n p-edayioromoinone) 2 opitetar we e€ng:

min{i >y | g(i,z1,...,2m) =0}, av vdpyel €100 ¢ KAL YLO
KGDE j pe y<j<i toyvel ot
9(J, 1y, xm)>0

1 , OAALOGC

(mi>y)lg(i,z1,...,2m)=0] =

Mopatnpnon 2.4.2. Ag tovicovpe pla onpovtikn Aemtopépeia 1ov Oplopov 2.4.1. Av yia kamolo j > y
woyvet 01t g(J, 1, ..., Tm) = L ROL Y10 KADE @ pe y < @ < j woyvel 6t g(i, 1, ..., Tm) # 0, arOpa Kol ov
vrtapyet k pe j < k yua 1o omolo g(k,z1,...,2m) =0, égovpe ot (1 i > y)[g(i, 21, ..,2m) = 0] = L

Opwopog 2.4.3. Mio cuvdptnon f : N — N, m > 1 elvan edaytoticd avadpoucsi (1 p-avadpouki)
avv eivar pla ek tov (a), (b) ka () tov Opopov 2.1.1 | TpokdmTeL pe e@apuoyn twv (1), (2) ToU

Opopov 2.1.1 kOl TOU TEAEGTN EAAYLGTOTIOMNGNG, GE EAOXIGTIRG AVOSPOWKEC GUVOPTNGELC.

Opwopog 2.4.4. Mia oxéon P € N, m > 1, elvar edayioticd avadpoukn (| p-avadpopikii) avv 1
XOPORTNELGTIKN TNC ouvdpton xp : N™ — {0, 1} elvar eAoyoTIKG 0vadPOWIKY.

Mopadeypa 2.4.5. O apdudc p € N kadeitar Sidvuoc modtoc avv ot p kot p + 2 eivar Tpotor apdyol.
H cuvdptnon tpn : N — N 6mov o tpn(z) elvar 0 z-001d¢ didupog TpwTog apdpoc, dnhadn:

1 ,avxe =0
tpn(z) =1 min{p e N| p Sidupog mpwrog KOt vITdpyOLY > T

didvpol TpGTOL POl PkPOTEPOL TOL P}, GANGC

elval Aoy loTIKG avadpopkn KOS artoTehel Ao Twv eEloOGEWY:

J(o)=1
f(w+1)={

3 ,ovx =0
(F‘ i f(l') + 1)[2 = (XPrime(i) + XPrime(i + 2)) = 0] ’ (7'7\7“(‘,)@

OTTOV N XPrime 0PleTAL 610 TTapddeypo 2.1.28.

' Ta va sipaote etikpivelc, BGAapue To XEpt LoC Kat EUeC Yo auTo.
2 H ehayiotomoinen aviiotowyel oto (un-ppayuévo) while piog YAOGGaAC TPOYPOUUATIGUOV.
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2.5. AEYTEPOX OPIXMOX YIIOAOTI'IXIMQN XYNAPTHXEQN

Inpeiwon 2.4.6. Av vipxe €vo dvo @paypa péxpt 1o omolo da émpemne va pagouvue yia vo Bpodue Tov
ETTOUEVO dldVPO TPOTO 0PWOPG, da propovcaye vo. oplcovpe TNV tpn tov Iapadelypatog 2.4.5 ypncipo-
TOLOVTOC TOV TEAEGTN TNC PPAYUEVNG eAaytoToTTonoNg. Opng dev €xel Bpedel aROO. TETOLO GVL PEAYUC,
OTIOG dev €xel arOpa D0JEl UTTAVINGT GTO EPOTNUA AV VTTAPYOLY ATTELPOL TO TTANDOC didupol TPWTOL.

ZOU@OVO pe TNV TOPOTTAVE GNUEI®GN N tpn elval Wo eAayloTIRG avodPOWUIKN GUVAPTNGN YO TNV
omola dev PIIOPOVYE VO ATTOPUGIGOVUE «OKOUO» | av emmAéov elval Kol TPwTOYEVOC avadpoukn. Ev-
deyouéveg 10 o YVOOTS TOPASEYUo. EAOYIGTIKG 0vOSPOoUIKNG Guvdptnong mov (amodedeyuéva) dev
elvaL TPWTOYEVAC avadpOUIKY evar 1 6LVAETNoN Tou Ackermann mov amotedel Aon TV eElGOGELY 2:

A(Ovy) =Y+ 1
A(z+1,0) = A(x, 1)
Alz+1,y+1) = Az, A(z + 1,7))

Tuvendg woyvet To akdhovdo dedpnpa (to omolo TpokvTTTEL aTd ™Y Acknon 2.14 ).

Ocovpnpa 2.4.7. H kKAdon 10V TPpWTOYEVOS 0VOSPOUKOV GUVOPTAGEWY OTTOTEAE! YVIGLO VITOGUVONO TNG
KAGGNG TOV EAAYLOTIRA OVODPOUKOV GUVOPTIGEWV.

2.5 AeUTEpP0C 0PIGPOC VTTOAOYIGLUWY GUVA.OTNGEWY

O deltePOC 0PIGPOC TV VTTOAOYIGLULY GLVAPTNGEWY elvar 0 Opiopdg 2.4.3 ka1 e€nynon divetar oo
T0 akOAOVIO dewpPNnO.

Ozopnpoa 2.5.1. Mia cuvdptnon f : N™ > N elvar ehoyotikd avadpopki avv elvar (Turing) vwoho-
yioun.

H an6deién tov Oewpnpoatog 2.5.1

[ 10 €VAV Do TEPLYPAPOLPE POVO TNV KEVIPIKT D€ KOL DO, GLPNGOVYE TIC TTEPLGGOTEPEC AETITOUEPELEC
©¢ AGKNGT Y0 TOV AVOYVOGTY.

To avTiGTPOPO TOPOVGLALEL PeYaA)TEPO evdlAPEPOV Kot da To dovue TTOA) TTpocekTikd. 'Ectw vio-
Aoylown ovvaptnon f kot é6tw M plo TM mov v viodoyicet. To oyedidypappa Tng otodeing elvor
T0 €ENG:
2rado I Kwdwomoolpe to. 6Tiyploturta Aettovpylag tg M, ywa kamoa €l6odo n € N, pe apdpoig

a6 1o seq (Se¢ Opopd 2.3.1)."Etat 0 viodoyiopog M (n) da avtietowel oe po akohovdio

a7t6 POV,

! Toupova pe 1o mpdTo Oedpnua Mn-minpdtntag Tov Gédel evdéyetal va unv Tdpovpe Toté deTikA 1 apvNTIKA amdvinon yu
VT 10 EPWTNPA!

2 H amédeien 6t n Ackermann eivar ehaxtoTiké alld oyt TPOTOYEVOC 0vadpoutki aprvetat o¢ doknon (deg Acknon 2.14). Me
Alya Ay da pmopovcape vo ovpe 6Tt n Ackermann «avgaver» o ypnyopd amd oToladNIToTE TPWTOYEVOC aVASPOMKT
GuvdpTNoN.
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KEDPAAAIO 2. ANAAPOMIKEY YXYNAPTHXEIXY

Zrado 2:  Opltovpe TPWTOYEVOC OVUDPOUIKT] GLVAPTNGT TTOV «OKOAOVIED» TOV LTTOAOYLoUS M (n):
Aedopevou Tov 0PPoY VO GTIYIIOTUTIOV OG ETLGTPEPEL TOV GPWDUO TOL ETOUEVOL

GTLYOTUTIOV.

Zrddo 3:  Oplcovpue ™ GuvdKN Tov pag delyvel 611 n M (n) teppdrioe L.

Zrado 4:  Ymoloylgovpe v Tipn g f(n).

Anddeén Ocwprjpatoc 2.5.1. (=) Apkel va dellovpe 61t o cuvapticelg (a), (b) ka (¢) Tov Optopoy 2.1.1
elvar vtodoylotpeg cuvaptioeg kat 61t 1a. (1), (2) Tou Oplopoy 2.1.1 kot n eAoKLGTOTOMGON, OV EPOPUO-
6100V Ge VTTOAOYIGLUEC GuVaPTNGELS, Sivouy vIoAoyiclun cuvdptnon (dec Acknon 2.19).

(<) Eotw vmodoyioun cuvaptnon f @ N - N kat €010 6t n TM M = (Q, X, I',0, 0, Gzireg) TV
vrohoyitel. Xwpic 6AG6N NG yevikdtnTtag, do KAvovpe TI¢ KATWIL TTapadoyeg yo v M, pe oroTo
dlevROALYGN TNG TTAPOLGLAGNC:

L. Q={qo,q1,---,qn} KOL N gy, EVOL N TEPUATIKN KATAGTAGN.

2. X = {1}, dnhadn o puoekdg apdpdc g e66dov (kat n TN g e€68ov) divetar 610 povadiaio
cveTnua apldunong 2.

3. I' ={agp,a1,...,a5} 6mov ap = U, a; = > KoL ag = 1.
4. H M elvor povoTaIvioKn KoL VIETEQUVIGTIKN.

5. Téhog, da mpémer n M vo. pnv koMAGeL e€artiag pn VITOEENG EMOUEVOL GTIYULOTLTIOV GUUPOVA Pe
™ & (dec Ymoonuelwon 2 Zehida 13, kot Yroonpeiwon 1 TeAida 63 yio tov Adyo Tov avtd etvou
amapaitnTo).

Zradio 1.1 Kwduomoimon: Zopgova pe tov Optopd 115 €va GTIypOTUIIO0 XOQOKTNELEETOL OTT0 TPELS TAN-
POPOpPLeC: TNV KaTAGTAGN Tou Bploketar M, tn AEEn TTOL TTEPLEXEL N TAWVIO TNC KOL TN DEGT] TNG KEPO.-
Mg, Apyitovpe aptduntikomroidvrag (o dpog ovtég avatvetor otnv [apdypago A.5.1) Tic TpelC AUTEC
TANPOPOpLeg, OOV pe (* )y cupBoAitovpe TOV OPWUO TTOV AVTIGTOL(IGAUE GTO *:

o kGde katdotaon g; € Q opltovpe (g;)y = i.

o kGde cOpBolo a; € I opitovpe (a;)y = 1.

Kdade AéEn s1-+-5; € I'* oplcovpe (s1-+-51)n = enci((S1)n, - - -, (S1)n)-

Avtietoovpe T 9€6M TNC KEPAANC GTOV aPIUO TOL KEAOV TOL BPIGKETAL | KEPAAN.

Apwpntikomomoovpe ta A, A wg e€ng: (A)y =0 kar (A)y = 2.

' Méypt auté 1o onueio Sev do. xpetacTel vo xpnoonomcovpe v ehaxtotomoinon. Ed¢ duwc eluacte avaykacuévor va
YONGWLOTIOMGOVPE KADWC D0 AVALNTAGOVYE TO EAAYLOTO «BNKa» Yo TO 0T0lo 0 VTToAoylopog T M (n) dev ékave «TTPd0d0>»
(3nAadh n kepalh g M dev kividnke).

% Xe autd 10 GvoTRua T0 0 Ypdpetal w¢ 1 kat 0 apduée n og 1--1.

——

n+1 @opég
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2.5. AEYTEPOX OPIXMOX YIIOAOTI'IXIMQN XYNAPTHXEQN

ZUVETWC, PTTOPOVPE VO, DEWPNGOVYE TO GTIYIOTUTIO D w1G;We ®C WO, AKOAOVIIO TPLOV OPWDUOV, TOV: i
(katdotacn), |wi |+ 2 (déon kepoAic) kar (> wiws )y (AéEN Tauviag), kAt va T0 aPPNTIKOTOMGOVIUE K
etng:

(> wigiwz )y = encs (i, [wi] + 2, (> wiwa)y)

[o TopAadelypo T0 0PYIKO GTIYULOTUTIO OPUNTIKOTIOLEITAL WC:

<[> qO 11 >N — encg(o’ 27 <[> 11 >N) — 2]. . 33 . 522.33.53.....p§1+2+1
~—— ~——
n+1 @opég n+1 @opég

Zrado 1.2 Arokwdikomroimon: ' Eotw x € seq n kodworoinon evog otypoturov g M (n). Ia va dev-
KOAUVOULPE TNV ROTOVONGT] YOENGLUOTIOOVUE TOV 0ROAOVDO GLUUBOMGUO Y0 TIC GUVOPTNGEIC TTOV OITOKW-
SIKOTTOLOVY TO Tt

- cs(z) = dec(1, x) (emoTpé@er Tov 0pPUd TG KOTAGTAGNC)
- ctp(x) = dec(2, z) (emotpéper ™ déon TG KeEPAAC)
- ctn(x) = dec(3, ) (emotpéper Tov 0P TOL avTIGTOYKEL 6TN AEEN TTOL TTEPLEXEL 1 TOUvia.)

- cts(z) = dec(ctp(z), ctn(z)) (emoTpé@er 10 GVPBoAO TOL Srabdter N KePOAN)

Zrddio 2: Oa opicovpe ™ Guvdptnon tras : N2 — N ue 1o tras(z, %) va 16obtar pe tov apidud Tov avti-
GTouel 610 GTiywéTLIo TG M () petd and y Bhuata viohoyicpod !, TIpdta da opicovpe GuvapThcelC
TIOU YOG ETLGTPEPOVY TOV GPWUO TTOV GVTIGTOEL GTNY ETTOUEVN KATAGTAGN, GTNV €TOUEVN €61 TNC
KEPOANG KaL 6TV eTTOpevn AEEN 6TV Tawvio, KoL YeTd da To. KOSIKOTOMGovPE OAG LOLl GE VOV 0O
IOV D0 OVTIGTOLEL GTO ETTOUEVO GTLYLOTVTIO.

Ac vmtodécovpe 0Tt N GLVAPTNON & TTEPLEYEL TIC petabacelc:

5(Qi07 bO) - (qj07 Co, dO)
5(qi1ab1) = (Qj1,01,d1)

5(qlm ) bm) = (q]m7 Cm7 dm)
0(qn,b) 1, Vbel

omov ¢;,. € QN {qn},qj, € Q, by, € I' kv dr € {A, A} yia r € [m]. Opigovpe tn cvvdptnon ns: N - N
pe:

Jo , av cs(x) =i kar cts(z) = (bo)x

J1 , av cs(x) = i1 ko cts(z) = (b1 )
ns(z) =

Jm , av cs(x) = iy, kou cts(z) = (b )

cs(z) , oG

' T apdderyua: trar(z,0) = (> gol-+1)x.
——
z+1 @opég
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KEDPAAAIO 2. ANAAPOMIKEY YXYNAPTHXEIXY

OV ETUGTPEPEL TNV APWIPNTIKOTIOMGN NG ENOPEVNC KOTAGTAGNG, T cuvaptnon ntp : N — N pe:

ctp(z) + (do)w =1, av cs(x) = ig kot cts(x) = (bo)y !

ctp(z) + (di)v=1 , avcs(z) =iy ko cts(x) = (b1 )y
ntp(z) = :
ctp(z) + (dm)n =1 , av cs(x) =iy, kot cts(z) = (b )
ctp(x) , GANOC

OV ETUGTPEPEL TNV GPWUNTIKOTOMNGT TNC ETOUEVNC DEGNC GTNY TOWIA KaL, TEAOC, TN GLUVAETNGTN Nts :
N - N pe:

(colw , avcs(z) = ig ko cts(x) = (bo)y

(c1)y , aves(z) = i1 ko cts(x) = (b1 )y
nts(z) =

(cm)n , avcs(x) =iy, rkou cts(z) = (b )n

cts(z) , aAhog

OV ETUGTPEPEL TNV APPNTIKOTIOMGN TOV GUPBOAOV TOV TPETEL VO YOGWOULPE GTNY TAVIO.

IMapatnpenote 611 petd amno plo petaboon e M aAlder povo to 6OpBolo mov daBdgel n KePain.
Yuventwg av x € N elvat 0 apdpog ToV OVTIGTOLEL GE €va GTIYLOTVTIO, YL va Bpovpe TOV apdud Tov avTL-
otouel 6TNV emopevn AéEn mpémel vo. ahhaovpe 6Tov apdpo ctn(z) T dvvoun tov ctp(x)-06T00 TEWTOL
o6 cts(x) 4 1 oe nts(z) + 1. Avtd umopovpe va 1o kavovue diapdviag Tov ctn(z) pe pn(ctp(z))sts@)+1
kat ToMamhaciéovtag tov pe pn(ctp(z))"®+ (pn elvar n cvvdpmon tov Hapadelyparog 2.2.4).
Opltovpe Aomtév ™ cuvaptnon ntn : N - N pe:

ntn(z) = qt(ctn(z), pn(ctp(x))cts(m)+l) . pn(ctp(x))nts(:r)Jrl

OV ETMIGTPEPEL TNV CPIDUNTIKOTIOMGN TNG emlpevng AéEng otnv tawio (gt efvar n cuvdptnon tov Ila-
padelypatog 2.1.26).
Twpa elpacte e déon va oplcovpe T Guvaptnon trys. H trys elvan n Aon twv e€loocewv:

£(,0) = (b g0 1-1)s

z+1 popég

f(z,y+1) = encz(ns(f(z,y)), ntp(f (2,y)), ntn(f (2,y)))

Ot Guvaptnoelg cs, ctp, ctn, cts koL ns, ntp, nts, ntn elvar OAeg TEWTOYEVOC OVASPOULKES, PO KOL N
tras €lval TTPWTOYEVOC avOadPOULKN.

Zradio 3: Mapatnpiote 61t av n M pe eloodo = € N teppoticer oe t-6pota tote tray(z,t') = tras(x,t)
yia kGde ' > ¢, kar 61t av n M (x) Sev teppaticer 6o 6npa t téte trys(x,t + 1) # trag(2,t) 2 . Zuvemdg n
6LVINKN TTov pog delyvel 0Tt n M (z) Teppatice elvar N arOAOLIN:

Yrdpyer to € N 161010 Wote 10 try(x,t) va €xer v (ia Tun yia kdde t > ty.

" B3¢ yivetar eppaviic o Adyoc mov avtietoryficope 0 A 10 0 kat 0 A 670 2.

% Mo wapddetypa n Kepod kveltar, cuvenae ntp(tras(z,t)) # ctp(tras(z,t)) ko kot emérraon trar(z,t + 1) # trag(z, t).
Avtdg elvar 0 Adyo Tov 6Ny apy dewpncope 0Tt n M Sev koAAGeL e€artiag un YITaPENg emOPevoL GTIYUIGTUTTIOV GOUPWVA PE
™ GVvapTNoN petabdoewv Tng.
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Am6 tov TpOTI0 TI0VL OplGapE TNV trys, aVTO Gupbalvel ATtal koL dVO GuvexOpeveg TILEC TNC elVOL (GEC.
Ernopévog yio va 6podpe 10 6pa kotd 1o omoio n M (x) teppatiger (av @uoikd teppatitel) mpémel va
Bpovpe 10 ehdyoto t € N yia 10 omolo trys(x,t + 1) = trys(z,t) (av puowd vidpyer). Opitovpe Aowdv
™y ehaytoTkd avadpopkn cuvaptnon term : N — N pe:

term(z) = (ut > 0)[1 = x=(trar(z,t + 1), tras(z, 1)) = 0]

Tov emieTpé@el 10 (eAdyieTo) TANdoC Bnudtwy Tov ypedtetar n M (x) yia va teppaticel (n x— opitetar
oto [opddeypa 2.1.16).

Zrado 4: H tn g f(z) (610 povadiaio chotnua apidunong) woovtar pe gt(ctn(trys(z, term(z))), 22) L.
[a va Bpovpe v TN g f(z) apkel va amok®dIKOTOMGOVYE AVTOV TOV 0PIUO KAl VO TTPOGIEGOVUE
Toug Gooug 2 O

IMapatnenon 2.5.2. Yrndpyet TM My, mov déxetar 6av elcodo v kedikoroinon plag TM M kat
ETGTPEPEL TNV KOIKOTIOMGN > TNC EAUXLGTIKA AVADPOUKAC GuVAPTNGNG Tov vtoloyicel n M.

Méoa amo v amodeln tov Oewpnuatog 2.5.1 pokvTTeL dpeca o akohovdo Iopiopa.

Iopicpa 2.5.3 (Kavovikin Mopen Kleene). Tia kdde ehoyiotikd avadpopkn cuvdptnon f : N™ — N,
m > 1, vdpyovv TpwToYEVGHS avadpoukéc cuvapthcelg g : N — N kat b : N » N tétolec oote:

f(xla"'7xm) = h((ﬂ 12 0)[9(Z,$‘17 . 7$m)20])

Acknoelg

2.1 (So3%vr). Aellte 6T OAeC OL TPWTOYEVWG OVOSPOUIKES GUVOPTNGELG EIVOL OMKEC GUVOPTNGELS
KOl OTL 1 KAGOT TV TPWTOYEVOC AVASPORIKOV GUVOPTNGEWY elval 0pDUNeLUN.

2.2 (Fei¥x). Aei€te 611 yia kdde m € N ot guvapticec min, max : N —» N, ye
min,, = min{x1,..., Ty} kKO max, = max{xi,...,Tn}
ELVOL TIPWTOYEVOC OVOIPOWULKEC.

2.3 (k¥%). ‘Eotw g : N2 > N mpwtoyevie avadpoukn cuvdptnon. Aeite 6Tt o1 Guvapticelc
sumg, prod, : N? - N, pe

4 z

sumg(z,x) = ) g(i,2) kaw prodg(z,z) = [ ] g(é,2)
i=0 i=0

elvOl TTPWTOYEVAOC UVASPOULKEC.

' Tatt 1 towvia da wepiéyer ™ AéEn 1.1,
——

F(x)+1 popég
2'0mtwg KGde GAAN «KOWPH» ERPPOOY G AUTEC TIC GNUELOGELS, £T0L KaL auTh Tieptéyel kamoleg Aemttopépetec. H Sievdémati toug
a@nvete wg doknon. Evolaktikd (kou iowg o amhd) propodpe va opicovpe v f wg f(z) = length(ctn(tras(z, term(x))))~
2.
3’Eva. mopddetypa KodkoToineng eAoyioTikG avadpopkdv cuvapticeny divetar amd 1o Oedpnua 3.3.8 60V «aVTIGTOOVE
oe kGe avadpopikn GLVAPTNON €vav A-6po, plo AéEn dnhadn oto adedbnto {x,0,1,2,3,4,5,6,7,8,9,(,), A, .}.
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2.4 (Fx¥%i). AmodeiCte tig Ipotdoeg 2.1.20, 2.1.21 kar 2.1.22.

2.5 (3r3). ‘Eoto R ¢ N? mpotoyevidce avadpopiki axéon. Aeite 6t o1 oxéoeic:
(Vy<2)[R] = {xeN|TLakdde y < z wyve oti(z,y) € R}
(Jy<2)[R] = {xeN|Yndpyxer y < z ya 10 omolo wydet 6t(x,y) € R}
ElVOL TIPWTOYEVHC OVASPOUIKEG.

2.6 (k¥3%). ‘Eoto R ¢ N? mpwtoyevig avadpouki oyéon. Aeite 61t n ouvdptnon f : N2 - N,
ve f(z,2) = (u i< 2)[(i,z) € R| elvar TpwtoyevOg avodpouk].

2.7 (K¥x¥x). Aeire 61 yio kGde b e N\ {0, 1} n ovvdptnon logy, : N - N pe:

max{neN|b" |z} , avz>0
log,(v) = 0 OAALOC

£VAL TTPWTOYEVOC AVOSPOUIK).
2.8 (Kk¥cvv). Amodeilre tnv Ilpdtaon 2.3.4.

2.9 (h¥c¥%). (Auotbaia mpwroyeviic avadpoun) Ecto g1,82 : N — N kat hy, hy : N* - N mpwro-
yevoe avadpoukéc cuvapthaelg. Aei€te 61t ot f1, fo : N? - N mov avomolovv Ti¢ e€i6haelc:
f1(0,7) = gi1()
fl(y+ 1,212) - h1(f1(y,.%'),f2(y,.%'),y,l')
f2(0,z) = ga(x)
f(y+1,2) =ha(fi(y,2), f2(y,2),y,7)

£IVAL TTPWTOYEVHOC AVOSPOUIKEC GUVOPTNGELC.

2.10 (*ek k). (Eupwlevuévny mowtoyeviic avadoour;) Ectw cuvaptioeic g : N > N, h: N3 - N
ko 7 : N2 — N. Ae(€te 611 vdpyet GuvdpTNoN TTOL elvar Aon Tev eElGHGEWV:

£(0,y) = 9(y)
flz+1y) =h(f(z,7(z,y)),7,y)
KOL OTL 0V Ot g, h ROL T €lvol TIPWTOYEVOC avadPOUIKES, TOTE KOL N f EVOL TTPWTOYEVWC OVOIPOWIKY.

2.11 (k). "Eatw cuvaptioeg b : N® - N kat g1, g2 : N - N. Aei€te 611 vdpyer cuvdptnon
oL elval AN TV eELlGOGEWY:

f(0,9) = g1(y)
f(1>y) = gQ(y)
flz+2,y) =h(f(z+1), f(z),y)

KoL OTL av oL |, g1, g2 €lVOL TIPWTOYEVOC OVODPOULKES, TOTE KaL 1 f €lVaL TTPWTOYEVOC OVOIPOUIKY].
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2.12 Gkk k). (Ardiy avadpour;) Eoto cuvaptioeic g : N - N, A : N? > N, 7: N* > N kot z € N,
AelEte OTL LITAPYEL GLVAPTNGN TOV elval AVGN TOV EELIGWGEWV:

f(0,9) = g(y)
f(x+ 170) = h(f(:c,z),a:)
f<m+ 17y+1> :T(f(x—l—l,y),f(x,z),m,y)

KaL OTL av oL g, h KAl T elval eEAOLGTIRG. OVASPOUIKES, TOTE KOL 1 [ VoL EAAXIGTIKG avOadPOULK.

2.13 (K3rsy). Aei€te 611 ouvdptnon — : N? - N pe:

=Yy ,O0vIT2>2YyY
_(xuy) = ,
ik , AANOG

elvol EAUXLGTIRG OvVaSPOWIKT.

2.14 (k). Aei€re 61t n ovvaptnon tov Ackermann (Zedida 60) elvar eAayloTikG NG Oy
TPWTOYEVWC OVOOPOULKN.

2.15 (Ge¥edy). Adcte mopddelypuo OAKNAC, EACIGTIKG avASPOWKNC GuVAPTNGNG, Tov dev efval
TPWTOYEVOC avodpoptkn Kkat Ttalpvel Tipeg 0 ko 1.

2.16 (k*). Abcte TaPAdelypho OMKAG, EAOXIGTIKG OVOSPOUIKAC GUVAPTNGNG, TTOL dev elval
TPWTOYEVOC 0VadPOWIKT Kot Ttalpvel Tipweg 0 kol 1, xwplg va pnGLLoTomMGeTe TN GLVAPTNGN TOV
Ackermann.

2.17 (Ge¥evy). O Apyundng oe emiGToAn 10V TTpo¢ Tov Bacidid Tédwvia tov Tupakoiclo, mwpo-
KELLEVOL VO, TOV TEIGEL OTL LITAPYOUV PUGLKOL OPWUOL PeYaADTEPOL GE Péyedog OTT0 TO TTANDOG
KOKKWV GOV TTIOV YPEALeTaL yio vo. yeuicel 1o aipmav (6Op@wvo Quetkd pe Tnv 161e avtidnyn
Y10 T0 GVUTaY), ekTiunce 6Tl T0 TANDOC KOKKWY TTOL da YPelacTel elvar wikpdtepo améd 10%3 yon-
GLULOTIOLVTOC TNV OKOAOVIN GuvapTneN (TToV opitetal pe SiTAn avadpoun):

fOy)=1

f(x"i_ 1¢O) = f(x,a)

fe+ly+1)=a-f(z+1,y)
yio a = 10® 7ov 16oduvapel ue pio uvpidda uvpiddec (avtde dewpeitar o ueyaddtepog apPoC
yto. Tov omoio ot apyafot 'EAAnvec elyav Gvoua). Aei€te 611 n cuvdptnon ovtn eivar ehayloTkd

AvVOdPOULKN.

2.18 (Sx3lr¥y). Aei€re 6 vidpye cuvdptnon f: N — N wov dev elvar edoyiotikG avadpoptkn (deg
kat Acknon 2.1).

2.19 (e¥e3¥). ZupmAnpwote Tic AemtTtopépeleg Tov eVdEng TNC amddeing Tov Oewpnuatog 2.5.1.
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KEGAAAIO 3

A-AOT'IEMOZ

3.1 Ewcaynyn

Yuveyltovtag TNV TAPOLGLOcT TOV dOPOPLV <POVIEA®Y LTTOAOYIGROU» OO PEAETNGOLYE TOV A-
A0YLGUOC, TO TTPWTO YPOVIKA LOVTEAO TIOU avaTtTUYONKE Ge TG0 peydho 6adud Kote vo dwoel amdvinen
670 ROIPLO. EPWTNPOTO. TTOV OITOGYOAOVGAY TNV KOWOTNTO TwV AOYIKOV GTIC 0PXEC TOV EKOGTOV OOV
O A-Aoywopoc ewonydn otig apyéc tov 1930 amd tov Alonzo Church w¢ €va 6VGTNUO TTOV Do UTTOPOVGE
va depeMwoel Ta LOINUOTIKG pe KEVIPIKO 6pyavo v cuvaptnon. Otav amodelydnke Opwg 0Tt avtog o
G6T0)0¢ dev elval emtevlipog, o Church £otpeye TNV TPOGOYN TOL GTOV OPLGPO TNC « YTTOAOYIGLUOTNTAC,
Ue ameTePO GKROTO TNV artdvinon tou Entscheidungsproblem Tov etye décer o David Hilbert.

2TOV UETETELTA «AYOVO» YIO. TNV ETLKPATNGN €VOC UOVTEAOU LITOAOYIGUOV, dNAGSY] TUTTIRNC TTPOGEY-
YIONG TNG €VVOLOC TOL OAYOPIdUOL, TTAPOAO TV G KAde BUGIKO GTOIUO O A-AOYIGUOG €PTAGE TPWTOC
UTPOGTA amd TNe pnyoveg Turing, teAdikd Tepudtice 6w amd outég. O AGYOC PUGLRA elval OTL N UNYOVEG
Turing amoteA0VGOV pLa KOAN OITOTUTIWGN GTO XOPTL €VOC VITOTLTTOSOVE NAEKTPOVIKOV LITOAOYLGTN KOL
0¢ €K TOUTOV, 0Tav TeAkG N Oewpla YIoAoylGuov outovopundnke amo ™ Aoyikn, KPIONKOY SlouGONTIKO-
TePeC TOV A\-0pwV. Opn¢ 6T0 Tedl0 6TO 0TT00 0 A-AOYIGUOC OVOUPIGENTNTO. ETTKPOTEL VAL 0 AeyOpeVOC
Zvvapmotakog Ipoypappatiouog, SNAadN N OTTOKAELGTIKN YENGN GUVOPTNGEWY YLO. TOV VTTOAOYLGUO.

YROTIOC TOU KEPOAGIOL AVTOV EIVAL VO, ATTOROAVPOVUE UEGH TOL A-AOYLGUOV TNV TTPAYUOTIKA SLAGTOGN
¢ €vvolag TN¢ GLVAPTNON. A EekvNoovpe AOLTTOV P& pLa «PLAOGOPIKT» GULLNTNGT TTEPL GUVOPTNGEWV.

3.1.1 Ilept GuvaPTNGEWY

Y10 Kegdhao 0 dwcope T0v GUVOAODEWPNTIKO OPIGUO TNC GLVAPTNGNG. XT0. LITOAOLTIO. KEPAALA
TPOGTIAONGAPE VO. DDOGOVPE LGODVVAUOUG OANG EVTEAWC SLOPOPETIKOVE OPLGLOVC TNC KAAONG TwV LITO-
AoYIGLpOV GUVAPTNGE®V. AUTO TTIOL dev KAvape GOPEC TOTE elval OTL €xel e€loov peyaAn onpocla o TPOTTo¢
WE TOV 0T0l0 LTToAoYiteTaL wio. GLVAPTNOT, 0 aAyopurog dnAadn mov Tnv vroloyiget (elte avtdg elvar
wlio TM eite 0 oplopdg TNg w¢ avadpowkn cuvdptnon). o mapddeypa ol cuvapticeg f : N - N ue
f(z) =2z vt g : N > N pe g(x) = z + x obppova pe tov Opopd 0.1.9 amotelolv v «ida» cu-
vap™NoN, KUAWE 6oV GUVOAC. elval 160, Opwg akoAovdwvtag Tov Optopo 2.1.1 Ty TN da v opliape
w¢ f(x) = mult(cl(z),x) evéd ™ dedrepn wg g(x) = plus(z,z). O Adyog OV AVLTEC oL SV GUVAETAGELS
dapepovy vIo 10 TPlopPa TG Oewplog Avadpopng evar 0Tt SLoPEPeL 0 AAYOPIDUOC TTOV TIG VITOAOYLEEL.
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3.1 EIXAI'OI'H

Avtn 1 ddkpon Yo T0 PEYOAUTEPO KOPUATL Twv OewpnTik®v Madnuatikev dev €xel Kaplo amoA)Twg
GNPOGLOL, GTO KOUPATL QUG TOV YTTOAOYIGTIROV MadNUOTIR®OV €)el KEVIPIKO POAo, Kuplwg 6Ttav Balovpe
6TV eElGHGN KAl TNV «OTOSOTIKGTNTO» TOV LTTOAOYIGOYD piag GuvdpTtnong .

"Evo. aropo onpelo 6710v 0 GUVOA0DEWPNTIKOC 0PIGUOC BEV ETTUPKEL YO TOUC GKOTOUC LOC Eval TO
YEYOVOC OTL DEV OC ETUTPETEL VO EYOVPE GUVAPTNGELS IOV €X0VY WC €l6odo aAleg cuvaptnoelc. Puoikd
kdroloc da wPoBadel Tov optopd e 6¥vdesNe Guvaptnoewy (Opiopdc 0.1.14) kar da eyvpieTtel dTL
UTTOPEL LTTO TEPLITTOGELS Va AVGeL 0uTo 1o TPoBAnua. H oUvdeon opwg dev prropel vo pog emtpépet va
€XOULPE GUVOPTNGELC TIOL €XOUVV GOV €1GOO0 TOV B0 TOLC ToV eavTd! XNV ITANPOPOPIKN TO PALVOUEVO TNG
QUTOEPPUOYNC EVOL APKETA GUVNIEC KOL O AGYOC TTOV €lVOL EPIKTO €IVOL OTL Ol GUVOPTNGELS AVTLUETO-
mitovtav cav kavéveg voloyouod (7 adydpduot ov TeoTdTe). Tuvemde 6TV po Guvdptnon déyetat
GOV €600 TOV €AVTO TNC GTNV OVGLO. EXOVUE ULOL ETTUVAANTITIKY EKTEAEGN TV KAVOVWY LITOAOYLGPOV TNC.

To yeyovog 0Tl GTOV A-AOYIGUO UITTOPOVUE VO €YOVUE GUVOPTNGEIC TTOV OEYOVTAL ¢ €lGOJ0 AANEC
GULVOPTNGELC KOG OVEL TO DIKALOUO, VO ETKEVTPWIOVUE ATOKAEIGTIKA GE GUVAPTNGELC plag peTtaBANTNG.
O T1poTTO¢ IOV TO KAVOLPE AVTO elval o e€ng: ‘Otav délovpe vo. oplcovpe pia GLVAEPTNGN N PeTabANTOV
oplgovpe pla GuvapTNoN plog petaBANTNC 6TNY oTtolo. €Melta D0 dNGOVPE WC EGOJO W0 GLUVAPTNGN pe
n — 1 petabintéc. Oa enavéddovpe 6e aVTO TO DEpO. pe peyolntepn Aemtopépela 0tav do €xovpe det To
GUVTAKTIKG TOU A-AOyLGpob 2.

3.1.2 Ilept cupBoAiGpov

Y10v A-Aoyiopog o ouuBoAoudc éxel kuplapyo poddo. ITopdlo Tov ot A-6pot evdexouévng delyvouv
OPKETA TEPITTAOKOL, 0 0PLGUOC Toug BaciteTal Ge TPl TOA) aTAEC 19€eC:

1. Epappoyii
2. Agpaipeon
3. JvotoAn

Ac dewpncovpe pla GuVEETNoN PUGIKGY aPWUGY, Tapadelypatoc xbon v f(z) = 2. Mag evdia-
@EpeL N TN TOV €xeL N f yLO KATIOLOV GUYKEKPLUEVO 0pOU0, ag vItodécovpe Tov appod 3. H cuvndng
Yooen avtng g epappoync g f mave otov apdpod 3 eivar f(3). Ztovg A\-0povg yia va cupbolicovpe
™My e@appoyn avt omAd do petapépovue T Tapevdécelg ypapovtag (f3). Edo da mpémer va tovi-
Govpe GTL 1 EQPUPUOYN Yivetar uévo uetall dUo A-6pwv 3, K¢ ek TOUTOL da TPETEL VO, 0PIGOVPE TOUC
PUGIKOVE apduoic we A-dpouc (we cuvapthcelg dnAadn, Opopée 3.3.2).

Ac¢ vrodécovpe twpa OTL déhovpe vo. ekppacovpe TIc cuvaptnoeg f(z) = =+ y ka g(y) = x +
Yy, OTIOL N T Yo TNV f KoL N ¥ Yo TV ¢ amotelodv eAevdepe¢ petabintéc. O Church eionyaye évov
TPOTIO TTOV P0G ETUTPETEL VO GUUBOAIGOVPE TIG VO GUVAPTNGELS XWPIC VO XPELALOROGTE dVO DAPOPETIKA
ovépata yo. va Ti¢ Lexwploovpe: Tnv mpotn ™ cvpbohoe v¢ Az.(x + y) ko N devtepn wg Ay.(z + y).
H \-a@aipeon ypnowomoteltal yio. va. vItodNAOGEL GUTO TTOV GUVNIWVG OTTOKAAOVUE «PUeTABANTA» TNG
cuvaptnong. H o enuavtikn xpnon ouwg g A-a@alpecng eival ot pog delyvel ™ D€6n PEGO. GTOV
A-0p0 IOV oL YIVEL N EPUEEOYN KOTA TOV VITOAOYIGUO TNG TLUNC TNC 6uvAPTNENg. O VTTOAOYIGUOG OVTOC

' Mia evdewtiki mepimtwon eivar n cuvdpmon fib mov eidape 610 Mapddeypa 2.3.7, 6mov 0 avadpowkde akydpdpog Tov
e@apuoter TvPAd tov omo f(n) = f(n-1)+ f(n-2) yeerdietor oM TOPATAVG «XPOVO» aTI6 TOV AAYGPWUO TOL LITOAOYIZEL
g pée £(0), £(1), ..., f(n) xponowomowvtag Tig Ndn vitoAoyiopéveg Twég (o atydpdpog tou Mapadeiypatog 2.3.7 dnhadh).
H ¥éa avtn 6mn 6i6Aoypogia cuvavidtar o¢ Currying, mpog Tiunv tov Haskell Curry wov v €kove dnpo@iin.

3 Akdua kat Tov dov A-épov, Ty, (ff).
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yivetar 6e GUUBOAKO eTTTTEDO PEGW WLIOC AKOAOLDIOC AVTIKOTOGTAGEWY PeTABANTOV pe A-0povg. Avtég
Ol OVTIKATOGTAGES OTTORAAOVVTOL B-6VGTOAEC. Ag dovpe éva Ttapddeypa. Oewpnate Tov 6po Ax. M kot
VTT0dEaTE OTL DEAOLPE Va TOV e@apuocovpe 6tov 6po N. H epappoyn yivetar péow g [-6VGTOMG W¢

elig It
(Az.M)N -5 Mz/N]

omov pe M[x/N| cupBolicovpe ToV 6p0 TOL TPOKVITTEL UETA OTTO TNV OVTIKUTAGTOGT KADE «eAeVvdePNC>»
eppaviong ™g = pe tov 6po N. H 6u6ToAN AoLTtov elvat 0 GuVIETIKOC KPIKOC PETALED TNC OPAIPEGTIC KOL TNC
eQPUEPOYNC kat 6aon avtng VAOTIOLETAL O VITOAOYIGPOC, 1l TTL0 GWGTA N amotiunon. Oty Aoy dev elval
Sduvatév va epappoctotv S-6uctodéc (éxovue @Tdcel 6e plo kKavoviky pop@i) o VITOAOYIGUGC-OTTOTIUNGT
€yel OMOKANPWIEL KOL £TGL £XOVLYE TLAPEL TN TNTOVPEVN TLYM.

Qo TPETEL VO avaPEPOLYE EOVA YO VO YIVEL GOPEG OTL N GTTOTIUNGN YIveTal 6e RODOP( GLUUBOALKO
emimedo (kAvovpe aTmAY] GUVTAKTIKY QVTIKATAGTAGT) KOL SEV £X0VUE SIKOIW U0, VO, GTTAOTIOLOVPE TOUC 6POUC
kad’ olovdnTote TpoTo. [0 Tapddetypa o 6pog Ax.(x + x) dev da elvar duvatod va «aThoTtomdel» GToV
6p0 Ax.2z. O Adyog eivar 611 0 aAyépduog vITOAOYIGUOUL Twv dV0 ekppdoewy (T + = kat 27) Sapépel,
GLVETIOC Ol dVO GpoL dev Do TPETEL VO. TAVTILOVTOL.

3.2 XUVTOKTIKO \-AOYLGULOV

Ac mepdGovpe GTov 0pIGUs ToL GuaTREATOC Tov Kadapot A-Aoywot (n A-Aoytouod ywpic tomove ).
Oa ypnoomomoovpe €vo. apUNcLwo TANdog petabAntev: xg, 1, . . ..

Opopog 3.2.1. To 6Hvoro Twv A-0pwv opitetal avadpoulkd o eENc:
1. Ot petabAntég eivar A-6pot.

2. Av ou M, N eivar A\-6pot 10te kot 10 (M N) elvar \-0p0¢ TOL OTTOKRAAEITOL 0POC TNC EPAPUOYNC
(rov M ctov N).

3. Av o M elvan A\-6pog kot n x petabinti tote kat 10 (Ax.M) elvar 6pog Tov amoRaAelTaL 0pOC TNC
A-a@aipeong.
Mopadeypa 3.2.2. Av 10 z,y eivar petabAntéc 161 0L akdAoVIEC ekPEAGELC evar A-Gpot:
Az.x) (tavtotiki cuvdptnon)
\y.z) (o1adepn ovvdptnon)

Az.(zx)) (ouvdvaoctic w)

(
(
(
((\z.(z2)) (M. (z2))) (ouvdvactric Q)

[Mapotnenote 0Tt GTOV TEAEUTALO OPO EXOVPE AVTOEPAPUOYT].

! Mapaheimovpe Ti¢ efwtepikéc Tapevdécelg TNC ePapPROYNC XGpv amhdtnTag.

2 Y1ov A-doyioud e tomoug ot petabintée (kat kat’ eTERTAGN 01 GPOL) AVIKOLY GE KATTOIOV THTTO 0UTOE BOTE VO, «ATUYOPED-
OVTOL» EQPAPUOYEC OTTOTE OL TUTIOL DEV «TOULPLALOLY». AVTO pag YATOvel amtd ToAEG «dVGAPEGTEG KUTOGTAGELS» TTOU YTTOPEL
VO TPOKUYPOLV PE TNV OUTOEPAPPOYN €vO¢ dpov. Oa Tpémel va Sievkpvicovpe Spuwg edd 6Tt n avtoepappoyn divel 6Tov
A-Aoyiopé (¢ VITOAOYIGTIKG PovTéA0) TNV oYY Tov éxovv T.x. ot TM 1} ot avadpopikéc GLVaPTAGELC.
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O0. YENGLUOTIOOVYE TO. KKPO YOOUUOTO X, Y, 2 KA. yo TI¢ petabintéc kot to kepodato F, M, N
KAT. Yo Toug 0pove. ‘OTtwg elval ROTAVONTO Yo Vo oTTAOTTIOMGoVYE Alyo TOLC OPOVC DO XPELOGTEL VO
KATOPYNGOLYE KATIOLEC TTAPEVIEGELC.

YvpBohcpog 3.2.3. Av éyovpe évav 6po g popeng (-++((FMy)Ms)---M,) da tov cupmtiovpe otnv
évppaon F' My Ms---M,,. Av éxovpe évav 6po g popeng (Ax1.(Azg.(--(Axy.M)--+)) da Tov cupmtiovpe
OTNV ERPPOCN AT1T2 - Tyn. M. TENOC N e@oppoyn da €xel TPOTEPALOTNTO. EVOVTL TNC A-OPUlpEGNC, €TOL
da pmopovpe vo ypapouvpe tov 6p0 Az.(MN) wg Az.M N.

Mapadetypa 3.2.4. Ot 6pot tov Hopadelypotog 3.2.2 pwopovv va amhomondolv ¢ akohovdwg: .z,
Ay.x, Az.xx, (Ar.xx)\e.x.

Ava@épdnke TPV ETLYPOUUATIRG OTL KOTA TN SLAdIROGIO. TNG GUGTOANG YIVETOL GUVTOKTIKN OVTIKOTO--
67001 TOV eEAeVIEPWV PeTaBANTOV pe RATToL0VE 0povg. To GUVOLO Twv eAevdepwv peTabANTOY RODOPILETOL
GTOV GKOAOVDO 0PLGYO.

Opwopog 3.2.5. Ta évav 6po M opitovpe 10 6OVOAO TwV eAeUdepwy peTabAntdv 10V, GLUBOAGUOC
FV (M), kot 10 6UvOAO TwV decuevuevoy uetabinToy tov, cupbohicpog BV (M), ovadpopikd o¢ eEng:

1. Av M =2 !, émov 2 petabinti, t6te FV (M) = {x} kax BV (M) = @.
2. Av M = (PQ), 6mov P, Q opo, tote FV (M) = FV(P)uFV(Q) ken BV (M) = BV(P)uBV(Q).

3. Av M = (Az.N), 6mov z petabhnti kv N 6pog, 10te FV (M) = FV(N) \ {z} kv BV (M) =
BV (N)u{z}.

Mopaderypa 3.2.6. Ocwpiote Tov 6po M = (A\z.zy)xy, t6te¢ FV (M) = {z,y} ko BV (M) = {x}.

To @awopevo TOL TOPUTNENCOPE GTO TPONYOVUEVO TAPADELYWO, TO. GUVOAD. dNAadn Twv eAevdepwV
KO OEGUEVPEVWV PETOBANTOV Va. £X0UV un Kevn Topn, KaAd do. NTav va oTto@evydel yio AGYyoue GopnveLlag.
IV 0utd o dewpovye TAVTA OTL TO. OVOPOTA TWV JEGUEVUEVOV UETABANTOV DLOPEPOVY OTTO TO. OVOUATO
TV eAeLIEPWYV. AUTO PTTOPEL VO PAVETAL RATIWC GLIALPETO, OUWC OTTHC Do Sovpe eVIVC APECHC GNUOGLO
dev éyel to ovopa plog decpevpévng petabintig aAld n déon g péca atov opo. To mapddetypo o
0pOL AZ.TY ROL A\Z.2Y TPETEL VO DEWPOVVTOL LIGOSUVOUOL KODWDC N EQPOPUOYN TOUC GTOV 1BL0 0p0 DO, aC
odnynoel pécw g B-6VGTOMC aKkPBWS GToV Bl bpo (VITOdNAGVOLY akpPBOG Tov (Blo alydpdpo). Oa
ITTOPOVGAYE VO OVTIUETOTIIGOVPE AUTO TO «TIPOBANUO» KAt TUTIKOTEPA 2 AAAG AVTE EEPEVYEL TWV GKOTHV

pog.
Optepog 3.2.7. "Evag 6poc M pe FV (M) = @ kakelton KAELGTOC Gpo¢ 1] GuvdvacTiic.

Y10 Topaderypo 3.2.2 eldape ToUu¢ GLVOVAGTEC w KAt €. Apydtepa Do, GuVAVTNGOVYE KOL GANOVC
YVOGTOUC GUVOVOGTEC.

Opiopog 3.2.8. T kade Gpoug M, N kot petabinti x pe M [x/N| cupBolitovpe Tov 6po Tov TpokHITTEL
pe avtikardotaon g = (oTig ehevdepeg epgaviceg Tg) and Tov N. Tumkd o dpog M|z /N]| opitetan
avOodPOULRG KOG eENG:

1. Av M = x t6te M[x/N]= N.

1 , , , , , ,
No tovigouvpe 0Tt T0 GOUE0A0 = VTTOSOVAWYVEL GUVTOKTIKN LGOTNTO.

2 , , , , , . , . ,
O @rhopodng ovayveeTng pmopel va Pagel Toug 0poug a-conversion N a-equivalence otn Gil6Moypaplio.
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2. Av M =y, 6mov y petabinti dagpopetikn g x, 10te M[z/N| = y.

3. Av M = (PQ), 6mov P, opo, t6te M[xz/N]| = (Plx/N]Q[z/N]).

4. Av M = (A\x.P), 6mov P 6pog, t6te M[z/N] = (Az.P).

5. Av M = (A\y.P), 6mov y petabintn diagopetikn g x kot P 6pog, tote M[z/N]| = (A\y.P[x/N]).

o okovoplo YOEOoV, KADWC N OVTIROTAGTOCT elval ko 6Totxeimdng dadikacia, do. pehetnoovue €va
povo mapadetypa. H emhoyn opwg tov mapadelypatog dev elvar Tuyalo ywatl 0nteg da dovyue 6e vty
NV TEPITTTWOT 1 AVTIKATAGTAGN EVOL «TTPOBANUOTIR>.

Mopadaypa 3.2.9. [Mopatnpnote 6t av ,y, z petabintéc 10te (Az.y)[y/z] = Az.2 (n 610depn ov-
vaptnon) eve (A\z.y)[y/z] = Az.z (n Tavtotikn cVVAPTNEN). TVVETOC KAVOVTAC TNV B0 OVTIKATAGTACT
6e 300 0POVC OTTOV GVUPWVA e OGO, OVOPEPOUE TIPLY D0 TTPETEL VO DEWPOVVTOL TAVTOGNOL TIPORVITTOUY
dvo dapopetikol 6pot. O TPOTTOC VO TO ATOPUYOVPE OUTO €lvol EOVA N PETOVOUOGLO. TWV DECUEVUEVHV
uetabAntov i TIpotol epapuécovpe ™V avTikatdotacn da aAldfovpe 6Tov dedtepo G6po T0 dvoua TG
decpevpévne petabintie z m.y. oe z.’Etot n avtikatdotacn da pac odnynoet 6tov do 6po 2.

O A6yog 7oV G6TO TTPONYOVUEVO TIOPASELYO YPEWUGTNKE VA TTPOGIEGOVUE TIAPEVIEGEIC GTOY OPO AZ.Y
elval OTL N OVTIKOTAGTOGT €YEL TTPOTEPALOTNTA EVOVTL TNG APalpEGNC Kal TNG epappoyne. [a mapddetypo
0 6po¢ \x.x[x/y] elvar 0 6pog Az.y KoL Oxt 0 0POC A\T.x.

Ac é\dovpe TOPaA GTNY 0VGLO. TOV GUUBOAIGUOV KAl TTOC AVTOC PEPEL EIC TTEPAC TOV VITOAOYIGUO TNC
ovvaptnong. Mmopoipe va @avtactolpe évav 6po ¢ popeng (Az.M)N o¢ epappoyn Tg GuvapTnong
0V OVOTTaEGTd 0 6pog Az.M (émov petabinth eivar n ) mdvw ctov épo N. H epapupoyn avti 6tov
A-hoylopd vhomoteltar péow g avtikatdotaong M[x/N].

Opwepog 3.2.10. Kdade dpog g popenc (Ax.M)N kadeltar B-redex, eve) o 6po¢c M[x/N] radeltor
contractum 3. Opitovpe ™ oyéon e [-oveToAnc petach dvo dpwv M, N, cuubohousc M -3 N,
OvadPOUIRG WG eENG:

1. Av M =z, 6mov x petabAntn, 16te dev vitdpyet 6pog N tétolog wate M -5 N.
2. Av M = (PQ), 6mov P, Q 6pot, 161e M -3 N avv
- N=(P'Q)xm P -5 P'n

N = (PQ) a1 Q 5 Q' #
- P=(Az.R), omov x petabintn kat R opog, ko N = R[x/Q)].

3. Av M = (A\z.P), émov x petablnt kot P 6pog, t61e M -5 N avv N = (Az.P’) kaw P -3 P'.

Téhog, n petabatikn Kot avakAAGTIKN KAELGTOTNTA TNG GYEGNC =3 KoAeltar B-avaywyn kot Gup6oligetat
*
p.s _>B.

' Ovte €36 du. poBolpe oe TuTKGTEPN AvaALEN. Agite GYETIKH TPONYOUPEVN LITOGNUEILON.

2 Aev efval amopaiTnTo Vo JETOVORAGOLUE TN 2 GE . O0 UTOPOVGAUE V. XPNGLLOTOMGOVUE OTTOAdHITOTE GAAN UeTabANTY TTOL
dev eppovigetor ehelidepn 67OV GPO 2.

? @a pumopovoaye va XENGLUOTIOMGoVE TOUC EAANVIKODC p0UC B-UElWTED KAL UEtwUEVO, GUVEGTAAUEVO 1 KGTL AvTioTOL O, GULC
OKOpO. KO 6TNV EANANVIKY BLBALOYPaPIo £X0VV ETURPOTNGEL OL GYYMKROL-AATIVIROL GOt EAAEPEL LKOVOTIONTIRNAG UETAPEOGNG.
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Av déhape va amlomomcovye Alyo Tov Tapamdve opioud da Aéyaue emypapuatikd 6t M -3 N avv
péoa otov M vmdpyet k4ol [S-redex 7oL T0 OvTIROIIGTOVYE Pe To contractum TOU KOl KATUAYOVLUE
otov 6po N. Emiong M -5 N avv vrdpxer pia akolovdia 6pwv Pi, P, ..., P, tétoia wote M = P —g
Py, - =g Py =Nnfamdav N =M.

Moapadeypa 3.2.11. 'Ectw M dpog. Tote:
- (A\r2)M »gzfz/M]) =M
- Az y)M —»pgy[z/M] =y
- (A\vzx) \v.ox »p (vx) [z /Av.ox] = (A\v.ox) \e.ox

[Mapotnenote o1t 0 GuVdVLaAGTNC § P€ow TN S-GVGTOAC pag divel Tov Bto Tov Tov eaVTd. AVTO aTToTEAEL
plo €vdeln 6Tt pmopovv va vitdpouy drelpeg B-avaywyéc. Ag dovue €vo OROPO EVOEIKTIKO TAPAdELYUOL:

- (A\zr.zay) \v.xxy =g (Av.oxy)(Ae.xxy)y -5 (Az.azy)(Ae.xzy)yy =5 -

O vmohoyopog de€ayeton Péca amtd TNV VAOTIOINGT TNC EQPOPUOYNG WO GLUVAPTNGNC TTAVW GE Lo
GAAN. AvTi 1 €QOPPOYN GTN YAOGGA TOL A-AOYIGLOU OVATIOPIGTATOL PEGW evO¢ B-redex KoL LAOTOLEL-
TaL péew g B-cvetodic. To amotédecpa Tng 3-cuoTodig (contractum) «aglomoteltar» KaTd avticTowo
TPOTIO KOl GUVEYLLETOL O LITOAOYIGUOC. ZTIC dVO TPWTEC TEPITTOGELC GTO TAPUTAV® TOPASELYUA, OV VTTO-
d€covpe 0TL 0 6po¢ M dev TepLEy el peGo. Tov KATIOW0 S-redex, 0dNYoVROGTE Ge EVaV 0PO GTOV 0TIolo dev
UTT0POVUE TTAEOV VO, KAvoupe B-GUGTOA). Xe OUTNV TNV TEPITTTWGN DEWPOVUE OTL O VTTOAOYLGUOC OAOKAN-
PWONKE KAl TO ATTOTEAEGUA TOV NTOV N GLUVAPTNGN TOV AVOTTOPLGTA 0 TEAKOC 0POC. XTIC LTTOAOLTTEG dVO
TEPIITTWGELC OL OPOL TTOL divel N B-GLUGTOAN GUVEXWC TEPLEXOLY KATO0 [B-redex koL €T6L 1 F-avaywyn da
efvar Amelpn. Te auTéC TIC TTEPUTTWGEIC O LITOAOYIGUOC dev TeppaTie |

Opwopocg 3.2.12. ‘Evag dpoc M 6Bpioketan oe B-kavoviki uop@i avv dev vidpyet époc N tétolo¢ wote
M —g N. IcodOvapa, o M evar oe S-kavovikn pop@n avv dev mepiéxel péca tov (0g VITo6Po) KATOLO
B-redex.

TUVETWC 0 LTTOAOYIGUOC TEPUOTIZEL OVY N B-avaywyn 0dnyncel 6e KATTov 0po Tov BplokeTtal Ge [3-
KOVOVIKN LOPP].

‘Otav 0 6pO¢ TEPIEYEL TTAPATIAVW 010 €va. B-redex Ymopovpe va. kAvovue [-GLGTOAN Ge 0TTOLOINTTOTE
amo autd. Oo NTav peydAn amoTvylo. TOU LITOAOYIGTIKOU ROC HOVTEAOV av auTn 1 avdalpetn emioyn
0dNYoVsE Ge DLAPOPETIKEC KOVOVIKEC LOPPEC.

Mapadeypa 3.2.13. Ttic akdhovdeg S-avaywyéc éxovpe voypoupioet to 3-redex Tov GUGTEANOLYE:

- (A (\yyx)z)r =g (A\y.yx)z =g 2z

- (Az.(\y.yz)z)r =5 (Ax.zx)x =5 22
B B

H povadikdtnro tng kovovikig popeng (epdécov avth vitdpyet) TPokUTTTEL 0Tt T0 aRGA0VIO OewpNua
TIoV TtaPadETOVPE XWPIC OTTOdELEN.

Ozwpnpa 3.2.14 (@edpnpa Church-Rosser). "Eotw dpot P, M, N tétoi01 dote P —5 M kar P~ N.
Téte vnapyet 6pog T' €100 dote M —5 T kaw N —5 T (8eg Iypa 3.2.1).

' ©vundeite 611 0 un-TEPUOTIGUGC EVAL ATIUPAITNTOC Y10l év0r VTTOAOYIGTIKG UOVTENO av déAovpE va éxel TNV Bl «1oYO» pe Ta
vTtOhoLTTa. PoVTEAA TTOL peAeTGOpE. AUTO OQPEINETAL GTIC VTTOAOYIGLUES KEPIKEC GUVOPTNGELG.
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Xynua 3.2.I: Zynuatiki avarxapderacn tov Ocwpnuaroc Church-Rosser.

Apeco elval T0 TOPAKATW TOPLGUCL.

[Mopwepa 3.2.15. ‘Eotw Gpor P, M, N této0t dote P -5 M kot P —~% N kot ot 6pot M, N 6Gplokoviar
Ge Kavovikn popen. Téote M = N 1.

Opepog 3.2.16. Av yia toug dpovg M, N woyver 61t M —% N kat o N 6pioketar 68 KAVOVIKN pop@N
101e da Adpe o1t 0 N eivar n kavovikn) pop@n tov M.

3.3 Icoduvapia A\-AoyiGpov pe AvadpomKkeg TuvopTNGELS

Qo Cekwnoovpe BAETOVTAC TIWC UTTOPOVUE VO OVOTIGPUGTAGOVUE e A-OPOVC GLVAPTNGES TOAADV
ueTaBintov. Ou e€etdcovpe P6vo TV TEPITTLON 6TToV £xoupe do petabintée 2. Oewpnote pia Guvdp-
mon f: Nx N - N. Ta kdde @iapiopévo x opitovpe ™ cvvdptnon f, : N = N, pe f.(y) = f(x,y).
[a va avamapactnoovpe TV f OPKEL Vo OVOTOPAGTNGOVPE TN GUVAPTNGYN TOU KGTEAVEL» TO. T GTIC
Guvaptiaelg f, 3. Xpnotpomodvtag tov 6uuBolaud g A-a@aipeang da umopovGaue Vo AVATUPUGT-
covpe v fr 0¢ Fy = Ay.f(x,y) kot énerta v f og F = \x.F, = Az.(A\y. f(z,y))."Etor av M, N 6pot
da éxovue FMN = (Ax.(\y.f(z,y)))MN —g (Ay.f(M,y))N =5 f(M,N). T'evikétepa, da avamapt-
GTOVPE Wl0 GUVAPTNGT pe N > 2 peTaBANTEC avadpoutkd PLEAPOVTOC KADE POPA KoL IO Uio PeTaBANTA.

Mopadeypa 3.3.1. Ac Sovue g pumopodpe vo. avarapacticovpe Tic cuvapticec f: Nx N - N, ue
f(z,y) =2z kar g : NxN > N, pe g(z,y) = y. llpdta avanapiotodpe ™ cuvaptnon fr(y) = = pe tov
6po F, = \y.x kar énerta. v [ pe tov 6po F = A\x.F, = Ax.(\y.x). Avtictoya da avamapoactneovpe
™v g pe 1tov 6po G = Az.(\y.y).

Opwopog 3.3.2. Ta kdde n € N opitovpe Toug GUVSVLOGTEC ¢, wC eENC:

co = Azzx
ca = Mz fx

Cn : Mz f(x)

omov pe f(z) cupBohitovpe tov 6po f(f(---(fz)--)).
—_—
n POPEC

' Tumkd o1 %0 dpot dev elvar amapaitnto 61t da TavTigovtar. Ydpyet 10 evdexduevo kGToLEC decpevpévec ueTaBANTéC va €xouy
SLOPOPETIKG GVOp.Q.

2T n > 2 petabintée Sovhevovpe avVOASYLC.

3 Opltovpe dnadn v f wg ouvdptnon f: N - (N - N), 6mouv N - N 10 givodo twv cuvapticewy ané 1o N oto N.
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Ot 6uvdvacTéc avtol avapépovial cuyvd 6tn Bil6Moypapio wg apduol tov Church (Church Numerals)
KOL YENGLLOTIOLOVVTOL VL0, VO, OVATIGPOGTNGOVIE TOUC PUGLKOVC apdpove. TTapatnpnete 6t oL 0pdpol
tov Church 6piokovtal 6e S-kavovikn pop@. O Adyo¢ Tov eTAEEQPE VO AVOTIOPAGTIIGOVPE TOUC PU-
GKOVG 0PWPOVE KATA OUTOV TOV TPOTO QPALVETOL GTO 0KROAOVIO TTOPADELYUA.

Mapaderypa 3.3.3. 'Ectw F A-6poc kot z petabAnTni 101E:
cnFz=(Nfa.f"(x))Fz—g (M. F"(x))z =5 F"(2)

Kkat, kKadWOS 0 cupBoMopoc F™(z) vitodovAwvel n e@appoyég Tov cuvdvasti F mdve ot z, 0 6uvdvootng
Cn, GTNY OLGLO. EPOPPOLEL ETAVOANTITIKA TN GUVAPTNGN TOV OVOTIOPLGTA 0 F TAve 610 0py kO 0plopa. .

Optopog 3.3.4. Mia cuvvaptnon f : N™ — N kadelton A-opion avv vitdpyer A\-6pog F 1étol0¢ dote
yio RGde Ny, Mg, ..., Ny € N:

’ *
L. Av f(n1,n2,...,npy) # L 101 Fep, CpyCp,, =5 Cf(ny 2 iim)*

2. Av f(n1,n2,...,Mm) = L 101€ 0 F'cyy Cpy+Cp,,, OEV AVAYETOL GE OPO TOV EIVOL GE KAVOVIKN LOPPN
(n B-avaywyn elvar dmetpn).

YROTOC GUTNC TNC TTAPOYPAPOL €lval vo. el oupe OTL 0L KAAGELS TWV AVUIPOUKOV GUVOPTIGEDY KOL
TOV A-0pIGLUOV GUVAPTNGE®Y TauTitovTal. ‘'OTtng @avtdlecde do XPelaGTel Vo, KAVOLPE TTPWOTA RATOLO
TPOETOLULAGLO.

Maopadetypa 3.3.5. Ag e€etdcovpe peptkéc apldunTIkEéC GLUVOPTNGELC TTOV GuvavTicape 6To Kepdato 2:
- H zY(n) = 0 opitetar amé tov 6po Z = A\x.cp, kadoc yia kGde n € N oydet 6tu

Zen = (Ax.co)en —p co

- H s(n) =n+ 1 opltetar amd tov 6po S = A\zxyz.y(xyz), kodwg yio kade n € N woydet ot
Sen = (Avyz.y(ryz))en =g Ayz.y(enyz) =5 Ayz.y(y"(2)) = Myz.y" T (2) = enpa

- H ovvaptnon plus(m,n) = m + n oplgetar and tov 6po Fy = Axypq.zp(ypq), kadOC ylo kGde
m,n € N woyvel otu:

Ficmen = (Arypq.zp(ypq))emen
=5 (Aypq.cmp(ypq))cn
=5 Apg.cmp(cnpq)

5 Apa.p™(p"(q))

= Apgp" " (q)

Cm4n

—

1N Guvexela o XPEWOGTEL VO, UVOTTOPAGTNGOVUE LEVYN A-0pWV KAL VO 0PIGOLYE GLVAPTNGELS TTOV
1poBalovv 10 Levyog otV TEWTN 1 6TN devTePN peTabANTN.
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Opwepog 3.3.6. 'Eotw M, N 6por. Opitovpe Toug 0rdAovdoug 6uvduacTéc:

(M,N) = Az.zMN (Zvdvactic ¢evyovg)
True = Azvy.x (AAndic aindotiun)
False = M\zy.y (Wevdijc aindotiuii)

IMapatnpnote 6t
(M,N)True = (Az.2MN)\zy.x -5 (Avy.x) MN —5 M

kat avtictoa (M, N)False 5 N. Zvvenog ot 6pot True, False avanapiotody g mpoboAés otig dvo
uetabAnTég Tov evyouc. EmmmAéov tov 6uvduaoTi Tov {e0YOUC UTTOPOVPE VO, TOV YOPNGLULOTIOIGOVUE VIO
va ek@pacovpe (1o yvooT1d pag amd v TAnpogopiki) if-then-else. Tt Adyoug TapactoTkGTNTAC GUYVA
da ypdgovpe I f(X) Then(M) Else(N) ovtl ya tov 6po (M, N)X. Téhog, o 6pog False tovtigeton pe
TOV 6pO TIOV €Youpe avTLaTOL(lGEL 6TOV PO 0.

Mopadeypa 3.3.7. O katackevdcovpe vay cuvdvacti IsZero €100V OGTE:

True ,ovn=0
IsZero c, = ,
False ,ol\og

‘Eotw [sZero = (True False, True), tote:
IsZerocy = (True False, True)False -3 True
Kat yia kade 6po n > 0:

IsZeroc, = (True False,True)c, = (Az.z(True False)True)c,
=g cn(True False)True = (Afz.f"(x))(True False)True

=% (T'rue False)"(True) = (T'rue False)" ((True False)True)

= (True False)"*(((\zy.z)False)True)

=5 (True False)" Y (False) = (True False)" ?((True False)False)
=5 (True False)"?(False)

—g - —g False

Oeopnpo 3.3.8. Mia cuvdptnon [ : N™ — N elvar eAayloTkG avadpoulki avy eivar A\-oplGiun.
Oa popdcovpe TNV amodeln tov Oewpnuatog 3.3.8 ce pepikd empépovg Anppato kot Ipotdcerg.
Anppo 3.3.9. T kGde m > 1 oL Guvapticelc:
(@) s(zx)=a+1
(b) 2™(z1,...,2m) =0
(o) p™(x1,...,%m) = x4, 67OV i € ]

elval A-oplolpec.
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Amodeén. Tapatnpodue 611 TV s TV opltet 0 6pog S tov IMapadelyparog 3.3.5, Ti¢ 610depég PNdeVIKES
GUVAPTNGELG OL OPOL Zpy, = AT1+* T .Co, KOL TG TTPOBOAEG OL 0pOL P = A1+ Ty T O

Anppa 3.3.10. ‘Ecto o1t ot ouvaptioceg g : N” —» N ka h; : N > N, i € [n] evan A\-oplopeg, 161e KOt
nf(x1,...,zm) =g(hi(z1, ..., 2m), .., hn(x1,. .., Ty)) elvar A-oplown.

Amodeln. Av vodécovpe 611 0 6poc G opitel v g koL ot 6pot Hy, ..., H, 1i¢ hy,. .., hy, 16T€ 0 6p0OC:
Fr=Xeiy2p.G(Hix12m) - (HpT12m) opitet v f. O

Anppa 3.3.11."Ecto M-opiciec suvaptioeic g : N™ 1 » Nkar b : N1 - N, H ouvdptmon f : N - N
TT0V €lval AVoN TeV eCIGOCEWV:

{ fO, 21, ..., xm-1) = 9(T1, .-+, Tim-1)

fly+1,x1,..c;xme1) = R(f(y, 21, -y Tim=1), Y, X1y v oy Tp—1)

elvar A-opiolun.

Amodeén. "Eoto 611 oL 6pot G, H oplgovv Ti¢ cuvaptnoelg g, h aviiotoyo. Oewpovye tov 6po:
Next = M\p.(S(pTrue), H(pFalse)(pTrue)xyTm-1)

6émov (, ), True, False ot 6uvduactéc Tou Opiopod 3.3.6 ! kat S o suvdvastiic Tov Hapadeiypatog 3.3.5.
[Mopatnenote ot av y petabint ko M 6pog 1oTe:

Ne:ct(y, M) _)2-3 <Sy7 HMyxl"'xm—1>

Yuvenag, av o M avuetowel oty tpn f(y, z1,. . ., Tm-1) T0TE N deUTtEPN GLVTETAYUEVN Tov Next(y, M)
avriotoxel oty Th f(y 4+ 1,21, .., Tm-1) 2. O dpog:

Fy = Xyz1--am-1.yNext(co, Gx1---xpm-1)False
oplget v f, kAdOC:

Freyes, ez, —5 cyNewt{co,Gegy e,  )False
=5 Next!({c,,Geg, e, ) False

dpa €xovpe y enovolpelg, Eekvovtog amd 1o euydpt (0, g(x1,. .., Tm-1)), KOl 6TO TEAOC TAlpVOLpE TN
devtepn mpoBoln, dnAadn v N h(f (Y, T1, ..., Tim-1),Ys T1, - -, Tin1)- O

A6 10 TTOPOTTAVE ANPPOTO TPORVITTEL APEGA 1 0ROAOVIN TTPOTAGN.
[Mpotacn 3.3.12. Kdde mpwtoyevag avadpopkn cuvdptnen eivar A\-opioiun.

Yrtdpyet évog o yevikog TpOTT0¢ va opleovye TNy avadpopn. Oa ypetactovpe éva Oewpnua Xrade-
00U Xnuelov.

Ozopnpo 3.3.13 (Oevpnuo Ztodepo Inueiov). o kdde A-6po F vmdpyer A-6poc X Této10¢ tote
X -5 FX.0 opo¢ X ovopdtetol otadepo onueio tov F.

! @uundeite 611 ot ouvdvaotéc True kar False Spovv cav v mpodtn kot ) dedtepn mpoBoli mévew 6Tov (, ).
2 H 7tp@Tn YeNOUHOTIOETAL YLt VO «GNUEIOVOLPES TOV 0pPOUS TNE ETaVAANYNC.
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Anddeign. Oewpodue Tov cuvdvaoth © = (Azy.y(zay))Azy.y(zzy). Oa delfovpe o1 OF —4 F(OF),
dnhadn o OF elvar 610dep6 onpelo tov F.'Eote U = Axy.y(zzy). Hapotnpope ot

OF = (A\zy.y(xxy))UF -5 F(UUF) = F(OF) 0

Mopatnenon 3.3.14. Iapatnpncte 61t av déhovpe vo. opicovpe 6po F tétolov Kote yia kAde 6po X
va oyveL ot
FX =% M(X, F)

6mov M (X, F) évag dpog Gtov omolo eppavitetar o 6poc F (o F dnhadn opltetor uécw piag avadpoukic
e€loWONC KOL OVATIAPIGTA Yo avadpopk)y cuvdptnon) 1éte apkel va oploovpe F = OJ, émov J =
(Afz.M(z, f)), kodog:

FX=0JX -5 J(0J)X = JFX = (\fe.M(z, f))FX ~} M(X,F)

Anppa 3.3.15. 'Eoto A-opioiun cuvdptnon g : N = N, m > 1, tétoia dote yio kGde 4,71, ..., 2, € N
wyvet 0Tt g(i,x1,...,Ty) # L, 10Te N ouvdpmon f(x1,...,xm) = (u i > 0)[g(i,x1,...,2my) =0] evar
A-oploun.

Amodeln. ‘Eoto ot 0 6pog G oplitel v g. Oewpovpe T0v 6po0:
M(i, f) = Ax1-xm. L f(IsZero (Gizy--xy,)) Then(i) Else(f(Si)x1xm)

omov IsZero o cuvdvaotng tov Iapadetypatog 3.3.7, S o cuvdvaotig tov Iapadetypatog 3.3.5 kat
If() Then() Else( ) o cuvdvaotig mov viomotel 1o if-then-else. Tédog, dewpovue ToUC GLVOVOGTEC:

J=Mfi.M(i,f) vw F=0J
KOL TTapOTNEovpE OTL Yo 1o TTpwTo ¢ € N mov elvar tétolo wote g(i,n1,...,Npy) = 0:

Fegep,-cp

OJcocn, +Cn,,

m

=5 M(co, F)enywcn,,

= (Ary-azp df(IsZero (Geoxy---xm)) Then(cy) Else(F(Sco)r1-Tm))en, Cn,,
=5 If(IsZero (Geocp,+cn,,)) Then(cy) Else(F(Sco)cn, +cn,,)

=5 If(IsZero (Geocp,+cn,,)) Then(co) Else(Fcicn, +cn,)
—>E 1 Feyep, -,

=5 Feicpen,

=45 If(IsZero (Geicny +cn,,)) Then(c;) Else(Fcipicn, - cyp,,)

=45 If(IsZerocy) Then(c;) Else(Fcit1cn,+cn,,)

LG

Ductka av dev vTtdpyel TEToLo i T0Te N f-avaywyn da elvar amelpn. Téhog, o dpog Tov opiget v f elvar
o Fy = Fcy. O

' Apot g(0,21, ..., zm) # 0 1oxveL 61t IsZero Geoen, ++cn,, =5 False.
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Av cuvdvdcouvpe 10 TTapartave Anppa pe v [potacn 3.3.12 cupmepaivovpe 0Tt KGDE OMKN €A-
YIGTIKG, OvOdPOWUIKN GuVAPTNGT elvar A-oplotun. Tt cupBalvel OpWC pe TIC PEPIKEC EAAYIGTIRG OvOdPO-
uée ovvaptnoelg; Ta va delfovpe 0Tt elva. A-oploipeg da ypnopomomcovpe v Ilpotaon 3.3.12, 10
Anppo 3.3.15 kot v kavovikn popen tov Kleene mov eldope oto [opopa 2.5.3.

Amodeién Oswpnuaroc 3.3.8. (=) Ao 1o Ilépiopa 2.5.3 TPOKVITEL OTL VITAPXOLY TPWTOYEVHC OVaSPO-
wiéc ouvaptioec g : N Nkarh : N — N tétoiec wote f(x1, -+ ) = h((i > 0)[g(i, 21, ..., Tm)=
0]). Amo v Ipotaon 3.3.12 vndpyovv A-opor H,G Tov opigovv ti¢ h, g avtiotorxo. Tédog, oo To
Afppa 3.3.10 éretar 6t n f evar A-oplown L.

(<) H anddeiln ot kGde A-oplown cuvaptnon elvar ovodpoukn poldgel oA pe TNV omodelen Tov
avTIGTEOPOL T0v Oewpnpatog 2.5.1 (yio avtd da TV Tapadeipovpe): Zekwvdue avTioToyiovtog Ge KGde
A-0p0 évav QUGIKG appo. 'Emeto opliovpe pio. TPOTOYEVOC OVASPOUIKN GUVAPTNGY] TOL e OPLGUa
TOV 0PWUO TOV OPOV Pag dlvel TOV CPWPO TOL GPOL TOVL TPOKVTTEL PeTd OoTo pio. [-cvatoln. Télog,
0pltovpe EAAYIGTIKN AVOSPOWIKN GUVEPTNGT IOV e OPLGUC TOV OPWUO TTOU GVTIGTOWEL GE €vav A-6p0
KOG ETULOTPEPEL TOV APWUO TNG KOVOVIKNG LOPPNC TOL €POGOV aUTN LTTAPXEL. AV Sev LTTAPYEL KOVOVIKN
pop@N TATE N GLUVAPTNGN deV OPLLETOL. O

Ackncelg

3.1 (h¥evr). (Afupo avikatdetaong) ‘Eotw petabintéc x,y, z kar A\-6por M, N, L 1ét0101 )61
BV(M)nFV(zNL) = @. Aeite otu:

- Mly/L]lx/N] = M(z/N][y/Llz/N]] av y ¢ FV(N)
- Mly/L)[x/N] = M(z/N][y/L} avy ¢ FV(N) kv z ¢ FV (L)
- Mz /L][z/N] = Mlz/[L[z/N]]]

3.2 (ek¥x). ‘Botw A\-6pot M, M’ N, N’ ko petabinti z. E€etdote av woyvouv 1o akdhovda:
1. Av N -3 N' 161¢ M[z/N] >3 M[z/N'].
2. Av M > M’ kv N —5 N' véte M[z/N] -5 M'[z/N'].

3.3 (ek¥). Bpeite A\-6povg M, N pe tnv id6tnto 61t Kavévag Toug dev €xel B-kavoviky Lopen
aAMG o A-6pogc M N é€xe.

3.4 (o). Bpelte A-6po mov oplel ™ cuvdptnon mult(m,n) = m - n.
n

3.5 (Kie¥). Bpeite A-6po mov opler ™ cuvdptnon exp(m,n) = m".

3.6 (k). Bpeite A\-6po Tov opiter Tn cuvaptnon fact(n) = nl.

! Tlapotnpiote 611 kadoe N g eivar TpwTOYEVHS avadpoukn cuvdptnon da eival oAikf GuvdpTnon. uvende dev LITdpXet TEG-
6Anpa otV epappoyn Tov Anpupotog 3.3.15. Av 1 f elvar pepikn] 6uvdptnon avtd da o@eilete 670 yeyovdg 0Tt dev da vtdpye
i € N této10 wote g(i,n1,...,Mm) = 0.
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0 =0
3.7 (%% ). Bpeite A\-6po mov oplitel ™ Guvdptnon pd(n) = ¢ n,
n—-1 , alog

1 ,avz=0

3.8 (K¥x3¥). Bpeilte A\-6po mov opiter Tn cuvdptnon f : N > N pe f(x) = ,
L, aAhog

3.9 (K¥53%). ‘Ectw My, ..., My, n > 2 X-6pot. Opiote cuvdvacti (M, ..., M,) mov avarapleTd
™ n-Gd0. Tov 6PV KOl GLVOVOGTN Xn tét010 ©oTE (M7, . .. ,Mn)X? —>E M;, ywo.1<i<n.

3.10 (Fk%). AnodeiCte to Appa 3.3.11 ypnoipomowvtac 10 Oewpnua 3.3.13.
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KE®AAAIO 4

I'PAMMATIKEZ-IEPAPXIA CHOMSKY

Yta Kepdlao 1 aoyoAdirape apketd pe TI¢ YAOeoeg evog Temepacpévou alpabntov. To evdiagpépov
HOC GTPAPNKE GTO KOTA TOGOV UTOPOVYE VO OTTOPAVIOVUE OV o AEEn ovikel e pla vto egétaon
yAoooa. H vmapén plag TM mov pmopel va avayvwploet 1 vo. orto@ocicet plo. YAOcoo. pe Aiyn paviocio
wrtopel va 13wdel cav évac (memepacuévoc) opepdc piag (davac dmepng) yAOGoag.

Ye 0UTO TO KREPAAGLO DA TTOPOVGLAGOVUE GKOUC EVOV POPUCAIGUO, TTOU TTOPOAO TOL OTL eV elvaL
«PUNXAVIGTIKOC» OTtwg ot TM, umopel entiong vo. yapoktnpicet (e memepacpévo 1p0mo) pla yAwcoa. Oa
€PEVVINIGOVUE TO OV VTTGPYEL €VO. TTETEPUGUEVO GUVOAO KAVOVOV TTOVL AV GLYSLOAGTOVY Petall Toug, €va
TETEPAGUEVO TTANDOC POP®Y, PITOPOVV VO, TTOPAouV oTtoladnTtote AéEn g yAwcoag. OTwg kAvovpe Kot
OTIC «PUGIKEC YAOGGeEC» | da oploovpe wia Tpapuariky, £va 6uvolo Kavévey dnAadi Tov diémel TToteC
AéCeic emtpémovtar kat moteg Oyt 2. Oa delovpe 6TL 0L YAWGGEC YiaL TIC OTIOlEC VTTAPYOLY YPOUUUATIKEC
(xwplg TEPLOPIGPOVE) TOL TIC TOPAYOLY elval arPLBOC 0L AVAdPOUIKG aTapUNGLUe YAWGGES. ApydTepa
90 DE€G0oLPE TEPLOPLGPOVC GTOVC KAVOVEC UOC YOUUUOTIKNG KoL £TGL D0 0plGovpe véeg KAAGES YAWGGHY
10V da. amotehécovy v Iepapyia Chomsky.

Q¢ «TTOPATAEVPO ATTOTEAEGUA>» DO BOGOVYE PUEGA OTTO TOV POPUOALGUO TWV YOOUUUTIROY EVAV OKOUO.
0pLGPUO TWV VTTOAOYIGLUOV GUVOPTIGEWV.

4.1 TEeVIKEG YOOUUOTIKEG

Opwopog 4.1.1. Tevikr yoaupotikiy (17 yoapuatikn ywplc mepioptopoic 1 yoaupatiky Tomov 0 1 arid
yoopuatiki) eivon pla tetpdda G = (V, X, R, S) émou:

1. V etvan éva memepacpévo ad@abnto
2. X ¢V elvar T0 GUVONO TV TEQUATIKWY GUUOOAWY
3. VN X elval 10 6GUVONO TOV Un-TEQUATIKGYV GUUBOAWY

4. S eV \ X evar 10 apyiko coubolo

""Onwc yia Tapdderyua 6ta eAAVIKA.
2 Na mapddeyud, cOPPOvVA pe ™ YPOUPOTIKY TNC eEAAVIKAC YAOGoaC, N ASEn «kaAATéxvne» elvar amodexti; evéd n AéEn
«ROAMNTEYVNC» ETEIROC ATOPADERTN.
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5. ReVH(V N X)W xV* ! elvan 1o menepacuévo 6ivodo kavovey mapaywyic

YvpBohopog 4.1.2. 'Ecto ypappotkn G = (V, X, R, S). Av (u,v) € R da ypdgpovpe u — v kadog elvar
O TOPAGTOTIKO.

"Evag kavovag u — v € R pog emTEETEL va. UeTotpeéPoupe TN AéEn u 6tn AéEn v. Bacikn mpoimédeon
opwg (cbppova pe 10 5. Tov Oplopod 4.1.1) elvar n AéEn u vo. TEPLEYEL RATIO0 UN-TEPUOTIKG GUUBOMO.
Toug kavoveg TOPAYOYNG, OTTHC Do SOVPE GTOV AKOAOVIO OPLGUO, UTTOPOVUE VO. TOUC EPUPUOGOVUE GE
omoladNmoTe VITOAEEN.

Optopog 4.1.3. Eoto ypappotikn G = (V, X, R, S) kat u,v € V*. Opltovue 11¢ oéoeic =¢,=¢ S
V*x V* wg e€ng:
- U =g U avY VTIAPXOLY w1, we € V* kol kavovag u' — v’ € R éto1 001 u = wiu'we kot v = wiv ws.
- =( elvat n petabatikn Kot avakAAGTIKN KAELGTOTNTO TNE = G-
Av u =7 v da Mue 611 n u wapdyer v oty G.

«A@etnplo» OAwV T0 TOPAYWYOV AéCewv TOL da Pag OTOGXOANGOLVY do. eval TO aPXIKO GUUBOAO
S. Emumhéov, amd Oleg TIC SUVATEC TOPUYWYEC EVOLAPEPOPAGTE POVO YIO. AVTEC TTOV «KOTAANYOLV» GE
pla AéEn Tov aTmaPTICETAL OTOKAELOTIRG 0Tt TEPUATIKG oVpBoAa. TTapatnpnote 0tL, €POGOY TO APLGTEPO
UEPOC TWV KOVOVOV OTTOLTEL VO VTTAPXEL 6TN AEEN TTOL 0L PETAGYNUOTIGOVE PUN-TEPUATIRO GVUPBOAO, OTOV
@tacovpe ce AEEN oL TeEPLéyel ubvo TeppatikG 6OUBoAa N Tapaywyn éxel «teAetdcel» (Sev pmopoiue
TAE0V VO ePapPOGoVpE KATIOWV Kavova dnAadn). PuGKA LITApYEL N TEPITTTOGN VO PNy PIT0POVYE VO
EQPOPUOGOVUE KATTOLOV Kavova, eve 1 TeEAevtala AéEn TNC Topoywyng TepLéyel un-teppatikd cvubola (n
Tapayoyn «KoAAGED) 1| ardpa pla Tapaywyn va cuvexicetar e’ dmepov 2.

Ye RODE YOOUPUOTIKN OVTIGTOL(OVUE Uia YAWGGO GUUPWVO e TOV 0PLGUO TTOU GKOMOVDEL.
Optapog 4.1.4. 'Ecto ypappatikn G = (V, X, R, S). H yAdcoa mov mapdyet n G eivar n yYAwooa:
LG)={weX*|S=}w}?
Av w € L(G) da Mpe 6Tt n w mapdyetar ano v G.
Optapog 4.1.5. Avo ypappotikéc G, Go elvar toodvvaueg avv L(G1) = L(G5).
Ot optopol autol do. YIVOuv EUKOAGTEPA KATOVONTOL PEGW UEPIKWY TAPASELYUATOV.

Mapadeypa 4.1.6. Ag dewpncovpe T ypappotikn G = (V, X R, S) pe V ={0,1,5}, X = {0,1} ko
R=1{S - 0S1,S - €} 4. Mia mapaywyr ard mv G evar n akélovdn:

S =g 051 =5 00511 = 0005111 = 000111

OTIOV OTIC TPEIC TPWTEC TAPAYWYEC eQPAPUOLoLPE Tov Kovova S — 0S1 kot 6ty 100N TOV KOVOVO
S — €. Tlapatnpnote 61t L(G) = {01 € {0,1}* | n e N} >,

"V VAR ={weV* | Fwi,we eV Jae VN X (w=wiaws)}

20ntwe kot o1ic TM 10 TpdT0 €ldo¢ KOAMUATOC Sev evar oVGIAGTIKG KODGC Dol PTTOPOVGE Vo aToPeuxdel av TPOGIETApE
KaTAAANAOUC KavOveC 6Tn Yooupatiky (1., Toug Kavévee a — a yio kGde cUuBoho a € V \ X).

3 Mpocétte 61 n w amotedeital uévo amd TeppaTkd GUUBOAd Tov V™.

* MapatnpenoTe 6T éYOULPE UN-VTETEPUVIGUS GTOVC KAVGVEC TNC YOOUUATIKNAG KadOC To S umopsl va petatparel efte oe 051 efte
ot €.

> Mmopeite yia e€Goknon va amodelfete auTéy TOV 1GYLEIGUS TULTIKA.
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Mopadeypa 4.1.7. ‘Ecto ypappotukn G = (V,X R, S) pe V = {A,B,C,T,,Ty,T.,S} u X, ¥ =
{a,b,c} kar

R={S— ABCS, CT, - Tye,
ST, BT, - Tyb,
CA - AC, BTy, — T,b,
BA - AB, AT, - T,a,
CB - BC, To — €}
CT, - T.c,

Mia mwapaywyn ané mv G eivar n akdéhovdn '

S=¢ (epappdtovpe tov kavova S - ABCS)

ABCS =g (e@apudtovpe tov kavéva S - ABCS)

ABCABCS =g (epoppdtovpe t0v kavove S — ABCS)

ABCABCABCS =g (epapudtovpe tov kovovo S — T.)
ABCABCABCT.=¢ (e@oppdtovpe tov kovovo CA - AC)
ABACBCABCT.=¢ (epapudiovpe 10v kavéva BA - AB)
AABCBCABCT,=¢ (epopudiovue tov kavéva CB — BC)
AABBCCABCT.=¢ (epappsiovpe tov kavéva CA - AC)
AABBCACBCT.=¢ (epappdiovpe tov kavéva CA - AC)
AABBACCBCT,=¢ (epopudiovpe tov kavéva BA - AB)
AABABCCBCT,=¢ (epoppdiovpe tov kavéva BA - AB)
AAABBCCBCT,=¢ (epoppdiovpe tov kavéva CB — BC)
AAABBCBCCT,=¢ (epoppdtovpe tov kavéva CB — BO)
AAABBBCCCT,. =g (epapudtovpe tov kavova CT, — Tec)
AAABBBCCT.c=¢g  (e@apudtovpe tov kavéva CT. — Ti.c)
AAABBBCT cc=¢  (e@appdtovue tov kavéva CT,. — Tyc)
AAABBBTyccc=¢  (epappdiovue tov kavova BTy — Tyb)
AAABBTybecce=¢  (e@apudtovpe tov kavéva BTy, — Tyb)
AAABTybbccc=¢  (eappdovpe tov kavéva BTy, — T,b)
AAAT, bbbece=¢  (epapudtovue tov kavéva AT, - Tya)
AAT abbbece=¢  (epapudtovue tov kavéva AT, - Tya)
AT, aabbbccc =g (epapudtovpe tov kavéva AT, - T,a)
Tyaaabbbecc =g (epapudtovpe tov kavéva T, — €)

aaabbbcce

[Mopatnencte OTL 0V EQPUEUOGOVIE TOUC KOVOVEG Ue DLAPOPETIKN GeLpd da kaTaANEovpe Ge wo AéEn oTny
oT0l0, VaL PEV dEV PTTOPEL VO EQPOPUOGTEL KATIOLOC KAVOVOC, 0ANG da Tepteyel pn-teppotikd cupboia. H
YA®GGO 0V TTOpayet aut N yoappotikn eivar n L(G) = {a"b"c" € {a,b,c}* | n > 1}.

! Yroypapitovpe v vtohéEn mov adAdter oe kGde Biua.
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Kowdwonoinon ypappatikwv cto {0,1}

‘Eotw yooppotkn G = (V, X R, S) pe V = {v1,v9,...,0,} U X, yia k4o n € N, émov (xwpic
6MG6N g yevikotnrag) X = {0,1} kot v; = S,v9 = 0,v3 = 1.’Eotw emiong 6t R = {z1 > y1,72 —
Yo, ..., x; =y}, ya kamoro [ € N. Mia ypappatikn (avtic tne popeic 1) xapaktpitetar miipwg amné 1o
GUVOAO TV KAVOVOV TNC, GUVETMC TTPOKEUEVOL VO RODIKOTIOMGOLPE TNV G apKRel VO KOSIKOTIOINGOLYE
10 R. ITpwta 10 kwdkoTotovpe 6t pla AéEn tov V U {—,; } w¢ e&ng:

(R)vifoy =21 = Y1322 = Y2; = 5T = Y

"Erterta kwdwkomolovpe ta. svpbora tov V U {—,;} oto {0,1}:

<0>{0,1} = 01

(1)1, = 011

(=), = 0111

() = 01111

(Vi)iony; = 011, yia kdde i € [n]
N——
i+4 popég

Emopévog umopovue va kwdikomomoovpe v G ot AeEn ((R)vuia.))01). A0 €30 kat 610 €€ng da
yodgovpe (G) avtl yia (G)o1;-

Ot yeVIKEG YOOUUOTIREC 0TTOTENOUY TO TET00TO (KAl TEAELTALD) «VTTOAOYLGTIKG LOVTEAO» TToL Da. Sovpe
ce autée T onuevoeg 2. Kat avtéd elvar 16oddvapo pe tic TM. H amédein ogeidetar atov Noam

Chomsky.

Oeopnpo 4.1.8 (Chomsky). Mia yAdcoo L ¢ {0,1}* eivar avadpopikd amapdpioiun ovv vidpyel
yevikn yooppotik G Tov v TopdyeL.

Arnddedn. (=) Eotw yAoooa L € RE kat TM M = (Q, X, I,0,q0, Gvar, G6y) TOV TNV NUL-OTTOQPUAGICEL.
Yrodétoupe ywpic 6AG6n e yevikétnTag 3 4t

1. H M elvar vieTeppvioTikN KAl POVOTAVIOKT.
2. H M efte teppotiCel 6TV ¢y, €t KOMGEL 4.

3. H M mpw teppoticer 66nvel v towvia Tng, dNAadn 10 KOTAANKTIKO GTIYULOTUTIO €vaAL TTAVTO. TO
D qVO.l'

4. H katdotoon «cbneipotog» elvar 1 ¢, € Q kot n M 66niver v tawio and 10 tédoc (mpoito
oYp6olo L) mpog v apxn ().

' Av dev Epape e€apyfic TTowa evar T TEPUATIKG GUUBOA TNG YOOUMOTIKAC, KOSIKOTOWOVTAC GTAG TOUC KOVOVEC TNC Ko
daBagovtag TV KWAIKOTTOMGN, dev D0 PTTOPOVGAPE VO, AVOKTNGOVUE CUTHY TNV TANPOYOP(a.

2 Aev petpdue QUGIKG Tic emektdoec Twv TM mov eldape 610 Kepdhato 1 kar da Sodue kar oto Kepdhawo 8, kadde kat tovg
TepLoplopovg Twv TM mov da dodpe e auTo T0 KEPIALO.

3 Yo v évvora 61t av vitdpyet TM mov nui-aroaoitet v L téte vitdpyet kat TM Tov v nui-amo@aciel e Ti¢ emmAéov
WBLOTNTEG TTOV TNTAPE.

# AuTé pTm0PODUE VO TO ETUTUXOVUE AV APaIPéGOVPE a6 TNV GUVAPTNON PeTabAcewy GAeg TIC UeTABAGEI GTNY KATAGTAON 4y
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@ewpovpe ™ yoappatiki G = (V, X, R,S) ' émov V =TuQu{S} ? kau

R ={S->q¢quu}u
U{> Gvar = ¢o >} U
u{bp ~> qa|3q,pe @~ {go} Fa,be I (6(q,a) = (p,b,A))} U
U{p*b—*ga|3gpeQ~{gs} Ja,be I (6(q,a) = (p,b,A)), yio * € '} U
U{gs *U— *qa | ge @ Jae T (6(q,a) = (¢s,U,A)), oo * € '} U

u{>qo > €,U > €}

‘Eotw w € X* eloodog tng M. Avtigtoroipe kGde otiyudoturo b wiqws g M (w) (6mov wy, we € I’

koL ¢ € Q) ot AEEn > wiquol € (INU Q)* kat, €xoviag TPocdécel 610 R KOVOVES TTOV EQPAPUGLOVY TNG
uetaBaceic ™e § avtictpoga 3, mpocopotvoupe T Aettovpyio e M (w) amé 1o téhog (1o oTyméTUTTO
> Gy ONAGdN) TPOG TV apxn (to otiywdturto > gow). Mapatnpnote o1t M(w) g, avv S :>8M w, Gpa
L(Gar) = L(M) = L.
(<) Eoto ypoppatwy G = (V, X, R,S). Yrodétovpe (ywplc 6AGBN Tng yevikdtntag) ot X = {0,1}.
BOa opicovpe pio NTM Ng = (Q, X, 1,6, 90, Gvar, @sy)> be V € I, ov da nui-amogacitet v L(G). H
Ng¢ €xer tpeig Tawieg: H mpdtn mepiéyet ™ AéEn e16680v (kar dev petaBdileton moté), n devtepn eivar 1
Tawla epyaciog kat n Tpitn mepéyel Ty kwdikomoinon g G (dniadn ™ AéEn (G)).

H N¢g ehéyyet av elvatl duvato va mtopoydel n eloodog w € X* cOppwva pe Toug kavoveg g G. Ly
apxN Tov VITOAOYIGPOV 1 deUTEPN TOWia TTEPLEYEL TO GVPBOAO S Kkal Ge kKGDE BNpa KAVEL Ta. AROAOVIAL:

1. Elte emAéyel un-vIeTepviGTikG £vay Ravova o1t 1o R, elte eAéyyel av n dedtepn Touvic TOUTILETL
pe Y TPOTN.

2. (@) Av emdé€el Tov kaVSVO U — v € R, n Ng:
i. Tapovel T devtepn tawio (amd Ta apietepd Tpoc ta. deid),
ii. otopoaTaEl UN-vTETEPUIVIGTIRG e €vo. cuPBoMO,
iii. eAéyyxer av Ta emopeva |u| cVuBoda Tavtigovtal pe ™ u:
- v ToUTigoVTaL To. aVTIKOGTA pe TN v (SNUovPYOVTOC XWPEO 1 «SlaypdPpovTog» KeVA
étav ypelactel),

- av dev tavtigovtar N Ng «koAAGeL.
(6") Av emidéCer va edéyel av n dedtepn Tawia TavTigeTal ue THY TEWTN:

- Av 6vtwg tavtigovtar n Ng TGEL GTNY @y, KOL TEQUATICEL.

- Av dev tavtitovtar n Ng «KOMGEL.

Evkoha BAémovpe o1t vITdpyel Topaywyn Tng w agto Ty G ovy vITGEYeEL KAADOC UNn-VIETEPUIVIGUOY TNG
Ng(w) mov kotadiyer 6NV Gy, 0p0 L(Mg) = L(G). T va olokAnpwdel n amodeln da mpemnel vo.
delovpe 0Tt yio KADE PN-vTeTePUVIGTIK TM Kk-Toviov LITGEYEL LIGODVVOPN LOVOTOVIOKN KOL VIETEPUL-
viotikn TM 4. O

' TpooéEre 611 10 6Hvoro Twv TeppaTkOY GLUBAAWY TNe Gar eval To aApa6nTo e166d0v e M.

2 @ewpodye TI¢ kKataotdcele ovpBoda. Ta va eluacte Tumikol da mpénel emimAéov va LITOdEGoLUE 6Tt Ta GUUBOAG Tou @ dev
eppavicovtar oto 1.

> Av C1 Far Co yia 8o etiywétuna Cr, Ce g M (w) 1618, 60uguva pe 1oug kavéveg e Gar, éyovue Co =g,, C1 6mov
mAéov ta C1, Co ta BAémouvpe wg AéCeig tou (I'UQ)™.

4 Agpnvetar wg dornon.
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OL YEVIKEC YOOUROTIKEG TEPO. OTTO TO VO. TTOPAYOVY AECELC PTTOPOVY VO VTTOAOYIGOVY KAl GUVOPTNGELC.

Optepog 4.1.9. H ypoppatki G = (V, X, R, S) vmodoyiter T ovvdptnon f: X* - X* avv yio kGde
x,y € X"
SzS =Gy flz)=y

kat av = ¢ dom(f) 16te dev umdpyer y € X 1éto10 wote S5 =( .
Mia cuvdptnon f: X - X kodelton yoauuatikd vrodoyiown avy VTTGEYEL YEVIKN YOOUUATIKY TTOV
v viohoyiget !

Mapadeypa 4.1.10. H cuvdptnon f: {1}* — {1}* pe f(z) = zz elvar ypappotikd vitoloylown kadOC
n yooppotikn G = ({1,5},{1},S,R), oov R = {S1 - 115,55 — €}, tmv vmohoylceL.

Mopadetypa 4.1.11. H cuvdpmon f : N - N, pe f(z) = 3z + 5 elvar ypoupatikd viohoyioun,
av ypnotgomomcovpe 10 povadiaio cvetnua apldunong (Seg cedida 61), kadwg n yooupotky G =
({1,5},{1},S,R), 6mov R = {S1 - 1115,515 - 111111}, tnv vroloyigeL.

AvticToya pe 10 Ocvpnua 4.1.8 pmopoipe vo. amodeifovpe 10 arélovdo dedpnuo. (TétapTog 0pPIGPOC
VTTOAOY(GLU®Y GUVOPTNGEWY).

Oeopnpoa 4.1.12. Mia cuvdptnon f: X* - X* elvar vitohoylopn avy eivar YOORROTIKG VITOAOYIGLUN.

4.2 TOPOUROTIKEG LE GULPOPO.LOUEVO

Opwopog 4.2.1. Tpappatikn pe cvuppatopeva (1 yoappatiki Tvmov 1) elvar plo ypoppoatiky G =
(V,X,R,S) 6mov yio kade kavova u — v € R woyvel 61t |u| < |v).

To axdéhovdo Oedpnua avapépetar xwpic amddeln (Seg Acknon 4.11).

Ocopnpo 4.2.2. Ta kdde ypoppatky G = (V, X R, S) pe cupppaidpeva vidpyel 16oduvopun yoou-
potwen G = (V' X R'|S), 6mov V € V' kar kAde kavovog u — v € R’ €xer t popen wy Aws — wiwws,
émov w,wi,we e V', Ae V!N X kot w # € 2.

Optepog 4.2.3. Mia yAdcoa L € {0,1}* ovoudiete yAOGGa pe GUUPEALOUEVa avy VIIGEXEL YOOUUOTIKN
UE GUUPPULOPEVO. TIOV TNV TTOPAYEL ZLUBOALOVYE TO GUVOAO TWV YAWGGWV pe Gupppaopevo og CS.

Tqpetwon 4.2.4. [opatnpnoete 61t cVppova pe Tov Opopd 4.2.1 o1 YAwooeg touv CS dev pmopoilv va
TepLEYOLVY TNV Keviy AéEn. Avto da pag dnuovpyicel TPobAnua 6tnv anodeln tov Oswpnuotog 4.2.8
kot oty lepapyio Chomsky (ITapdypagog 4.5), émov da wepapycovpe (cUuwva pe Tn GYéon Tov
GUVOLODEWPENTIKOV EYKAELGUOV) TIC KAGGELC TV YAWGGWY TTOV TTAPAYOVIOL GG TOUC TUTTOUC YOOULUOTIKOV
mov da dovpe otic Tapaypdpoug 4.2, 4.3 kat 4.4.'Evag 1pomog va amo@uyovpe avtd 10 Tpobinua
elvat va emitpépovpe 61ov Optopo 4.2.1 tov kavova S — €, otav 10 S dev eppavigeton 610 de€ld Pépog
KkGITOLOV KAv6va, >,

' Mia Backi 18i16tnta 7ov da Tpémer va amodeiydel evar 6Tt N Gelpd pe TV om0l EQAPUELOVTAL Ot Kavovee TAvTa TEAKG
odnyel 6ty o akplBog AéEn (tnv TN g GuvdpTnong). Avti n Widtnto cuVNAWC avagpépetar wg Widtnto. Church-Rosser.

2 Me Adyia: To 6buBoo A 61av éyel GLUPPALGUEVa w1 KAl W UETOTEETETAL 6TN AEEN w.

3'Eto1 dhe¢ oL apoywyéc ACewv amtd T YpauuaTiky da avEdvouy To uikog e AENg, eKTOC PUOIKA OTI6 TV TTUPAYOYR TNC
kevng Aéeng
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Xynua 4.2.1: Zynuatikn avarapdotacn evoc LBA.

Mapdderypo 4.2.5. H yddooa L = {a™b"c" € {a,b,c}* | n > 1} ! 1ov Hapadeiypatoc 4.1.7 eivar
YAOGGa pe Gup@patdueva 2, kadhg evkola pmopovue va Sovue 6t n yoauuatikh G = (V, X, R, S) pe
V={B,C,Ty,T,,S}u X, 6mov X = {a,b, c}, kar

R={S-aBC, T,C — BC,
S - aSBC, aB — ab,
CB - CT,, bB — bb,
cT, - T,T,, bC — be,
T,T. - T,C, cC — cc}

™mv mapdyet 3.

Optopog 4.2.6. Tpapuicd ppayuévo avtouaro (LBA) eivar pla NTM N = (Q, X, I',6, o, Gvar, Gsy,) UE
de '\ X émov 10 < elvar éva 6OuBoAo Tov enuotodotel T0 TéAog TNC AéEng e166dov (Seg Tynua 4.2.1)
kot n N Sev propel va kwvinoet v kepadi defiétepa amé 10 GUBoAo <4 0vTE va ypdyet Thve Ge avtd 4.

OplgovTag ToV VITOAOYIGUO KoL KAT €TERTAGN TNV ATT0d0X1] KOL TNV 0IT0pEWN Wog AECelC avTioToyo.
pe tov Opiopo 1.3.8 pmopovpe vo oplcovpe T YAOGGO TIov avoyvwplcet éva LBA.

Mopatenon 4.2.7. 'Ecto LBA N = (Q, X, T4, 405 Gvaus Goy)- Xpnotponowwviag cupboa mov avit-
oToL0VY Ge Aé€elc pnroug 1o 1oAY ¢ € N tov ™ Kal TPOTOTOWWVTAC KATGAANAG TN § PITOpPOovpe va

"H L opitetan av yAdoca tov {a,b,c} yia Aéyoug amhétnrag. Oa pmopovcaue va v opicovpe ato {0,1} mapadeiypatog
xéon wg e&gig: L = {(01)"(011)"(0111)" € {0,1}" | n > 1}.

2 Hopatnpnote 61t 1 yoauuatiky Tov [apadeiyuatoc 4.1.7 Sev evat YOOUUATIKA Ue GLUPEAISUEVA KODHE TEPIEYEL TOV Kavéva
To — €.

* Kat n ypappatiky pe oupgpaidpeva G = (V, X, R, S) ue V = {B,C,5}u X, ¥ = {a,b,c}, kot

R={S - aBC, bB — bb,
S - aSBC, bC - be,
CB - BC, cC - cc}
aB — ab,

™V Tapdyet pévo Tov N yoappotikny tov [Mapadelypotog 4.2.5 éxel TNV «ROVOVIKY pop@n» Tov Oewpnpotog 4.2.2.
* Tuvertdg n N éxel Tpdo6acn uévo 610 KOUPATL TNE Tawiog Tov TEpLEeL TV el6odo.
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«peyoddeovue» T dadéoiun «uviaun» | amé |w|, émov w € X* 1 elcodog, ot ¢ |w).

To. LBA amotedotv €vay meploptopd tov TM. Autdg o Teploplopdc eivar ouclactikog kadwg (ardua
kot SloucdnTikd avtidapbovipacte 611) Ta LBA dev efvan 10 (810 «1oyvpd» pe tic TM. Tia va 10 amodel-
Sovpe Gpwg avtd da yperactel (yia plo akdpa @opd) va kGvouvye Siaywviomoinon (Seg Oedpnuo 4.2.11).

To aréAovdo dedpnua amodekviel 0Tl 0L YAOGGEC TTou avayvopitoviatl amnd ta LBA eival akpiBog ot
YAWoGeg pe ovpppagdpeva (n amodeln tov apivetar wg Acknon).

Ocopnpo 4.2.8. Mia yhoceo L ¢ {0,1}* elvar yAdGoo pe cupppatopeva avv vrdpyet LBA wov v
avayvopiet 2.

Av e€etdoovpe TPOGERTIKA TNV 0Ttodelln tov Oewpnuotoc 4.2.8 da katainfovpe 610 aKOAOVIO
TOPLGPCL.

IMopepa 4.2.9. 'Eotw L € CS yAdGoa pe cupppoidueva kol €6tw 01t 1 ypauuotiky G Tomov 1 v
nopayet. Yrdpyet TM Mg_ 1A Tov déyetal 6av elcodo (G) kat emotpépel (Ng) 6mov N 1o LBA mov
avayvwplgel v L.

Aev elvar Waltepa dvokolo vo amodelel kavelg o1t ta LBA eivar TM Tov «Teppaticovyv mtavTtos
(1] TovAdyLoTOV, pTTopoLpE Vo e€ukplBOGOLYE TTIOTE «KOANGVE>», Acknon 4.14), emopévoc plo YAOGGO. pe
oLPEALOUEVO elval avadpoptkn YAWGoa. Autdg o woyvpopdc (Oewpnua 4.2.10) pmopel va amodeydel
kot xopic ™ xpnon LBA (8ec Aoknon 4.13).

Oeopnpo 4.2.10. Kdde yAooca pe cupppoaidpeva elvar avadpopki (dniadi CS ¢ REC).

To avtiotpopo tov Oewpnuatog 4.2.10 dev 16xveL KODOC VITAPXOLY OVASPOPUIKEC YAWGGEC TTOUV dev
efval YAOGOEC te Guuppagoueva 3.

Ocowpnpa 4.2.11. Yrdpyet yAoooa L € REC \ CS.

Anodeién. Kodikomolodpe Tic YOOUPOTIKES pe cupppaidpeva 6to {0,1} (deg TeAida 84), viodétovtag
OTIWC KAL TTPLY OTL TO GUVOAO TV TEPUUTIKOV GUUBOAWY GE ONEC TIC YOOUUOTIRES UE GLUUPPOLOUEVA EVOL
10 {0, 1}. Oewpovpe emiong ™ YAOGGQ:

L={(G)e{0,1}" | G ypoppatn pe cupppaiopeva ko (G) ¢ L(G)}
Hapatnpnote 61t L € REC kaddc n TM M tov Iyduatoc 4.2.2 ™y amogaciget *. H L duwg dev da
HITOPOVGE VO EVOL YAWGGO. e GUUPEOLOUEVO KADOC TOTE, av G NTOV N YOOUUOTIKN e GLULPEALOPEVO.
IOV TNV TAPNYOaye, da loyve OTL:

(GL> el & <GL> ¢ L(GL) = (GL> ¢ L

oV elval GToTo. O

' To m\doc GupPBALY SAadY, IOV WITOPOVPE VO ATTOINKEVGOVE GTO KOUUGTL TNC TOWVIOC TTOV UG ETTPETETAL VO TPOTIOTIOL-
neovpe.

2 Aeg ™ Inpeloon 4.2.4.

3 épopa avtod evar 61t T LBA elvar acdevéotepa amé tic TM.

* Toppova pe v Acknon 4.14 o éheyyog Tov kdver n kadodk TM oto Zxfiua 4.2.2 tepparticel ThvTo.
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=

Etvar kwdwomoinon | OXI
YOAUUOTIKAG;

NAI | w = (G)

Eivai n G oxXI
YOORPOTIKN e
GLUPPALOPEVT,;

NAI | (G)

» OXI

[

Mea-rpa [ (No) | Toége 1o LBA Ng
(G) ue eloodo (G). | NelG)) Yaw > NAI

Xynua 4.2.2: H TM mov amopaciter v L otnv anddeién tov Ocwpripatoc 4.2.11. Mg ga €var n
TM zov Hopiopazoc 4.2.9.

4.3 TPOUPOTIKEG XWPELC GULPEOLOLEVO

Opwopog 4.3.1. Tpapuatiks ywpic cvupeaioueva (i yoapuatiky Tomov 2) eivou pla ypoppotiky G =
(V,2 R, S) tét010. do1e RS (VN X)x V* L,

Opepog 4.3.2. Mia yAoooa L ¢ {0,1}* ovopdiete yAbooa xwpic Gupupeatoueva avy VITGEXEL YOOUPO-
TIKT XWPIC GLUPEALOUEVE TIOL TNV TTaPAyeL. LVUBOALOVYE TO GUVOAO TV YAWGGHOV XWPLC GLUPEALOUEVA.
wg CF.

Inuetwon 4.3.3. Xopic 6AA6N TNC yeVIKOTNTAC, UTtopovue vo. dewpncovpe 6Tt 6tov Optopd 4.3.1 0 uévog
KOVOVAC TOV TEPLEXEL TNV Kevn AéEn 670 deflo pépog Tov elvat 0 S — € KoL OTL T0 S dev ePPaVILeTL GTO
de€16 pépog Kkamorov kavova. To yeyovog outd da 1o ypetastovpe 6Ty amodeln tov Oewpnuotog 4.5.1.

Mopadeypa 4.3.4. H yAdooa L = {0™"1™ € {0,1}* | n € N} elvar yAdGG0. ywplc cupppadpeva kadHg
n yoappotikn G tov [Mapadelypotog 4.1.6 elvar yoOoupoTIKN XOEIC GUUPEUIOUEVO.

‘Ontwg RAvape pe TIC YAOGGEC e GLUUPEULOPEV D0 0PLGOVYE EVOY «TEPLOPIGUO» Twv TM Tov ava-
YVOPLLEL TIC YADGGEC YWPIC GUUPEULOUEVQ.

Optopog 4.3.5. Avrduato croibag (PDA) eivar pia NTM b0 tawviov N = (Q, X, 1,6, qo, Gvar, 4oy,
omov 6 € Q x (X u{e})x (I"u{e}) xQ x (I"u{e}). Av éxovpe t petabaon (p,a,b,q,c) € § 10t av
10 N 6ploketon 6TV ROTAGTAGT P, drabdgel To aVpBoro a € X U {e} oy mpwTn TOwvia KAt T0 cVpBoro
be I'u{e} otn devtepn, da petabel 6NV KOTAGTUGT ¢ KOL Do Yypawer To cupbBolo c € I'U {e} otn déom
tov b (de¢ Tynpa 4.3.1). Ot kepadég KwvovvTal TTavTo. de€id, eRTOC Ov:

- a = & om6Te N keaA TNC TPWTNe Touviac (tawio e16680v) dev petakwveite (ko ét6t Sev Aaubad-
voupe KATOLO TANPOPOPLa. GT6 0VTN),

! Anhadi éxovpe kavéveg Tne popenc A — u, 61ov A un-teppatiké aupBoro kat u € V¥ (n u umopel va elvar kat n kevig A6En).
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Xynuo 4.3.1: Synuotiki avarapdotacn evoc PDA.
- b= ¢ 10 N petarwel Tnv keQoA] Tng devtepng Tawiag (tng «oTolBag») éva kell Se€id kot ypdpet
c 6t déon Tov L,
- c=¢ ométe N N avtikadiotd 10 b pe U kot Kwvel TRy Kepaln e devtepng Taviag aptetepd |,

H N teppariter otav dabactel 6Mn n elcodog (dtav dnhadi n kepadn otnv mpwn towio dabdcel 10
TPWTO L),

O vToAOYIGUOC KoL 1 OTT0d0YN/ aTTOPEYN WOC AEEEIS KOL 1] GVOYVOPLGLLOTNTO WOC YAWGGOC yLa €Vo.
PDA opltovtar kotd 10 yV0OTA.
To mapakdtw Oedpnua avappetal YWELC aTtodelln.

Oeopnpa 4.3.6. Mio yaocoa L ¢ {0,1}* eivar YAdcoa ywplc cupppagopeva avv vitdpyet PDA mov v
avoyvopIgeL.

4.4 KoVOVIKEC YOOUULOTIKES

Ag Cexwinoovpe o0pltoviag ¢ YAOGGEC TTOL «ITPOEPXOVTAL» 0TI KOVOVIKEC ekppdoeg tov {0,1}
(dupmdeite Toug Optopotc 0.2.22 kar 0.2.24).

Optopog 4.4.1. Mia yhwooa L ¢ {0,1}* eivaw kavovikii avv vidpyel x € Ryo 1y 11010 0ote L = L(X).
To 6¥volo Twv KAVOVIKOY YAwGe®Y To cupBolitovpe pe R.

Optopog 4.4.2. Kavoviky yoauuotikn (17 apietepo-ypauuii ° yoappatici 1 yoauuotikyy Tomov 3)
elval plo ypappatikn xoplc cupepagopeva G = (V, X, R, S) omov 10 delo puépog tov kavovev touv R
TepLéYEL TO TTOAD éva. pn-Tepuatiké 6vuBolo, To omolo BpiokeTal 6T APLGTEPGTEPO GKPO °.

' Tlaparnpnote 611 n mpdn Tawvia Tepiéxel ™y elcodo kot Sev TpoTtoToteitar Toté, 10 M pmopel va draBdoer udvo to tehevtaio
un-kevé kel tng devtepng Towviag KoL va yodpel pévo 6To TPWTO KeVO KeAl TNng, TN XenotpoTotel dniadn cov pla «ctolBox
GLPBOALV.

2 Mmtopovpe va 0picovpe Kt Se€l0-YOauUIKES YOOUUATIKEG Ue avTioToo TpGTo.

3 Anhad éxovpe kavévee Tng popenc A - Bufi A > u i A — € émov A, B pn-teppotikd oUpboda kot u € X*.
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I'\oooeg Toappatikég Ynoloyiotikd Movtédo
RE Tevikég ™
CS Me cupgpagdueva LBA
CF Xwplg cupppagopeva PDA
R Kavovikég NFA

ITivakac 4.1: Zyéon uetaé KAGGewY YAWGGWY, YOOUUOTIKGY KAl UnYOVeY.

Mopadeypa 4.4.3. H ypappoten G = (V, X, R, S) ue V ={0,1,4,S}, ¥ ={0,1} ko

R={S—- A, A - Al,
S - e, A - A0}

elvar kavovikn yooppotikn. Hopatnpenote 61t L(G) = {0"1™ € {0,1}* | n,m € N}. Ilapatnpnorte eniong
ot L(G) = [0*1*]. Ontwg pog delyver to Oevpnpa 4.4.5, 10 yeyovog autd dev elval Tuyalo.

Optopog 4.4.4. Merepacuévo avtouaro (NFA) eivar éva PDA N = (Q, X, I,6,qo, Gvaus Gsy,) TWOL Dev
éyeL «otolBax, dAadn n cuvdptnon petdBaong Tov elvar 6 € Q x (X u{e}) x Q.

To mopakGTw OeWENUO AVOPEPETOL ETTIGNC YWEIC OTTOdELEN.

Ozwpnpa 4.4.5. 'Eoto yAvooa L ¢ {0,1}*. Ta akéhovda eivar toodvvapa:
. HLeR.
2. Ymnapyer kavovikn yooppotikn G pe L(G) = L.

3. Yndpyer NFA N pe L(N) = L.

4.5 Iepapyta Chomsky

O ITivakag 4.1 delyvel T 6YE6N TV KAAGEWY YAWGGOV, TUTTOU YOOUUOTIKNC KOl VITOAOYIGTIKOD WO~
VTEAOV TTIOV EBAPE GTIC TTPONYOVPEVES TTAPOYPAPOUC.

Ocwpnpa 4.5.1 (Iepapyio Chomsky). Ioyvet 61t R ¢ CF c CS c RE (8e¢ Tynua 4.5.1).

Zriaypdpnon anodeilne. H cvumepiinyn mpokumter amd toug Opiopoig, 10 Oevpnua 4.4.5 kol 10
YeYOVOGg OTL:

- Mo KOVOVIKN YOOUUOTIKN €IVOL KOL YOOUUOTIKY XWPLIC GUUPEALOUEVO.

- Mio ypappaTiki Yweic GLUUPEALOUEVH EVAL KO YOOUUATIKY e GLUPEALOueva .

- Mio YOOpPOTIRN e GUUPEULOUEVO. EVAL KOL YEVIKN YOOULUOTIKT.

' Auté mpokimTel amd avtd wov avagépovial oTic Tnueidoelc 4.2.4 kat 4.3.3. O eykhewoude CF ¢ CS umopsl emiong va
amodewydel delyvovtag 6Tl pIopovpe va TPoGopolwcovue T Aertovpyia evdg PDA pe éva LBA.
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pl0.1)*

| RE

REC

R

Xynuo 4.5.1: H Iepapyia Chomsky.

To. va amoderydel 611 ot cupmeptAnpelg petald tov R,CF ko twv CF,CS elvan yvnoieg mpémet vo. e@ap-
wéGovpe ta Anuuara dviinonc ', evé 1o yvhco e cuumepiinyng touv CS 1o RE amodelydnke 6to
Oewpnua 4.2.11. O

Inueiwon 4.5.2. Aev umtdpxel TOTOC YOORUATIKAC 2 TTov va Ttapdyet akpBoe Tic YAOGGeC T™C KAGGNC
REC.

Acknocelg

4.1 (Fk¥). Anodellte 10 Oevpnua 4.1.12.
4.2 (kvsir). Bpeite yooppatiki Tomov 0 wov mapdyet ™ YAwooa L = {ww | w € {0,1}*}.
4.3 (k). Amodeifte To Oedpnua 4.2.8.

4.4 (GckvY). Bpeite yoappotikn Timov 0 mov mapdyet T yAoooo L = {12i | i >1}. E€etdote av
elval YAOGGO e GUUPPOLOUEVT.

4.5 (K¥c¥x). Bpelte ypappatiki wov vrohoyiter Tn ovvdptnon f: {0,1} > {0,1}*, pe f(z) va
elvar 1 Aé¢n x pe ta 0 va €xovv yiver 1 kot ta 1 va €xovv yiver 0.

' To Adppa dvtinong yia kavovikée yAdooee (e Svo Adyia) Aéel 611 oL «opKreTd pueydhecs» AéCelg epiéxouv wia VITOAEEN TToL
emavadopBavetar €va TANY0C PoPWV. XTIC YADGGES XWPIC GUUPEULOUEVO. Yo KGDE «OPKETA peyain» AéEn vmapyouv dvo
entavahapBovipeveg voé€ewg. T meploaoTepeg Aemtopépeteg avatpécte ota [1, 2, 3, 4, 7].

2 Ot ypappatikée TTov eldape 670 KeQGAao avTd GLUVIDWE amokaAovvtar Phrase Structure Grammars, éva évopo Tov é3woe
o Noam Chomsky 10 1957 GTIC «YPOPUOTIKEG» TTOU elyav TpdTepa pedetnoel ol Emil Post kar Axel Thue. Xe avtég Ti¢
YOORPOTIKEG Ol TTaPaYwYEC Tov Aé€ewv BuolioVTaL GTOV PETAGKNPATION) TOV UN-TEPUOTIKGY GUUBOAwV. XTi¢ Aeyopevee Left-
associative Grammars o1 Tapaywyég Tov AéCewv Bacilovialr 6Ty aroAovdn Wéa: Zekwvdpe amd RATOW OPXIKG GUUEOAO
KOl Guveyiovpe TNV TTaPaywY OVAAOYO Pe TOUC ETTPETOUEVOUC GG TOUC Kavoveg Tpdmoug eméktacng tng Aéeng (s.y.
TP0oGdEéTovTag kAo 6VPE0A0). H KAGGN Twv YAWGGWY TT0U TTadyETaL OT6 TIC YOOUUATIKEG ATV TOV £ld0ug TaVTIETaL pe
™ REC (mtepio6étepec mhnpo@opieg pmopeite va Bpeite 6to [9].)
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4.6 (Kkvr). Bpelte ypoppatiki mov vmoloyiter ™ cuvdptnon f : {0,1}° — {0,1}*, pe
f(@1222n) = T12122T2 T Tn.

4.7 (o). Bpelte ypappatiki ov vitodoyigel T cuvaptnon f: {0,1}* - {0,1}*, pe:
T1X1L2L Ty Ln , Avx, =0

1 ,AV.CL‘i:O

T1X2Tp) =
etz Y1Y2°*Yn OTOV yi:{ , AMog

0 , AMuog

4.8 (K¥oiy). Bpeite ypopupatiki wov voloyitel 6to povadiaio cbetnua T cuvdptnon f : N - N,
ve f(x) =z mod3.

4.9 (K¥r). Bpelte ypappotiki mov voloyitel 6to povadiaio cdetnuo T cuvdptnon f : N
{0} > N, pe f(z) =2 - 1.

4.10 (). Bpelte ypappatiki mov vtohoyitel 6to povadiaio chetnua ™ cuvdptnen f : {x €
N |z =0 mod2} - N, pe f(z) = z/2.

4.11 (kK ¥). Amodeite 10 Oedpnua 4.2.2 Av amoGUPOVYE TOV TEPLOPIGUS W # € LGYVEL TO (D10
yio kGde ypoppatikn Tomov 0;

4.12 (k). Amodei€te to Oedpnpa 4.2.8.
4.13 (K¥5i). Amodellte 10 Oewpnua 4.2.10 xwpic vo yonopwomomcete LBA.

4.14 (K¥53¥). Oewpnote T YAOGGO
LA‘n:oﬁox'/]g/LBA = {(M,w) eX” | M etvar LBA kot M(w) ! qvm}

Aei€re 611 Lanosopnc/LBa € REC.

4.15 (x¥e). Aet€te 61 n yAdoooa L = {ww’ | w e {0,1}*} elvar yAdooa ywpic cupppaidueva.
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KESAAAIO D

MH-AITOOAN2ZIMOTHTA

5.1 ©¢on Church-Turing

O 1900 o David Hilbert dnpocievoe pia Aicta amotedobpevn and 23 mwpobhjuata mov (katd Tov
(310) da émpemne va amacyolcovy ™ Madnpatiki kowdtnta yio tov (t61e) véo awdva L. Ttn dikn pag
aQNYNoN, T0 dEKATO OTTO0 AVTA Do, PTTOPOVGE KAMALGTA VO ATTOTEAEGEL TNV ELGOYWYN:

To 10° mpoBAnuo Tov Hilbert

«Bpeite pia dladikacia cvupwva pe v omoia umopel va eEarptBwdel av uia ToAVGVUUIKN
dlopavtikn e€lowoN Ye AREPALOVC GUVTEAEGTEC EXEL AKEPALEC AVGELS, UETA ATTO TIETIEQUCUEVO
wAndo¢ mpdewv.»

H omovdaidtnta avtod tou TpoBANUatog yKeTol 6To yeyovog OTL, GTNY 0uaGla, {NTdel TNV eVpean
evOg adyopiduov o pe el6odo Pio. eElowon do. 0TToPaGiteL av 0UTh £XeL arEpaLeC AGELS 1 OYL. AtonGdNTIKA
da pmopovGape Vo 0plGovpe TNV £VVoLa TOL aAyopiduov ¢ efng.

Opwopog 5.1.1 (Atcdntikdc Opioudc Adyopiduov). Alydoduoc etvar pilo memepacpévn axkohovdio
(avoTNEG KEDOPLEPEVWY) ATTAGY OSNYLOV TTOU SIERTTEPALDVOLY KATIOLO EQYAGIO.

"Eva KAaGIKO TapASelypo. 0AYOPUOL Pe TNV TTOPUTIGVe €vvola elval o alyopdpog tov EukAeldn yio
v edpecn Tov Péyetov kool dapétn (MKA) (amodocpévog dmwg diddoketor 6NV éKTN TAEN TOL
Anpotikov) 2:

Elcodog: Mia akolovdia amd gucikodg apdpoic.

Bipa 1:  Tpdovpe ce pia ceipd toug apduoic.
Brpa 2:  Tpdgovpe 6Ty amé KATO GELPG TOV MKPGTEPO OTTO UTOVC KOl KGTW OIT6 TOUG

GANOVC TO VTIOAOLTTO TN DLALPEGTC TOUG PE AVTO TOV OPWDUO.

"'Ta 10 710 onpavtkd ané avtd ta tapovsiace oto Mapiot ™y Bua ypovid, ot Thaicio Tov 2% Aledvoic Tuvedpiov Modn-
UOTIROV.
% Aeg emtiong Tov oplopd e cuvdptnong ged oto Mopdderypa 2.3.8.
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5.1 OEXH CHURCH-TURING

Biua 3:  Emavolau6dvovpe 10 Bpa 2 éuc 6tov Bpedel celpd mov meptéyet uovo évav
apPo dLoPOPETIKG TOV PUNdevoc.

Biua 4: O apdudc ovtég etvar o MKA.

‘O7twg emiong, oAyopdpog umopel vo. dewpndel ROL Ul0. GUVTOYN LOYELPIKNC:

Elcodog: Avo abyd, Add.

Bripa 1:  Zectaivovpe 10 A4St Gt €va peydAo TNYGvL Ge PETELO TTPOC SUVOTH POTIA.
Biua 2:  Indye 1o avyd, £vo ™ @opd, péca 6To TNYGVL.

Biua 3:  Tépvovpe To Tnydvt Kat pixvovpe pe évo KoutdAl Addt Thve 6Toug KPGOKOUC.
Brpa 4:  EmoavolapBdavovpe 1o Bupa 3 £og 6100 10 06TpAaSL Yivel adiapavég.

Bnua 5:  KoteBatovpe ta a6yd amd ™ @utid kot Ta 6epbipovpe.

DuGLKA GTO TIAGIGLO AVTOV TOV GNUELDGEWY OEV EVOLAPEPOUOGTE YI0. OAYOPIUOUC TNG deVTEPNG UOP-
PNC. ZROTOC POC DO elval va SlEPEVYNGOVPE TIC DUVOTOTNTEC TWV KUNXOVOV VITOAOYIGUOV>, OTIWC YLO.
TOPAJEYPO Ol NAEKTPOVIKOL VTTOAOYLGTEG, KO KUPIOE VO 0vaROAVpoLpe TTpoBAnpoTa Tou dev elval eTt-
Moo ano avtég. Tpokepévou va amodellovpe 0Tt dev LITAPYEL AAYOPWPOC VIO KATOW0 TPO6ANnuo. da
TPETEL VO 0PLGOVYE e OVGTNPO TPOTIO TOV GAYOPIUO K¢ LOINUOTIKO ovTikelpevo. Etot, avil va mpémel
vo. aTtodelfovpe 0Tl Bev VTTAPYEL KTETEPOUGUEVT] OKOAOLIIO. OTTAMY OBNYLWY TTOV BLERTTEPULHVOLY KATTOLO,
epyaoia» do. mpémel va amodelfovpe TNV pn VITOPEN KATOLOU HODINUOTIKOD OVTIKELUEVOD.

Ia 10 Adyo avtd acmagépacte ™ Ofon Church-Turing, o omolot to 1936, aveldptnta o évag amd
10V GANO, TTPOGTAdNGAY VO SWGOVV €vav TUTIKG 0pPLGPG Tov 0Ayopdpov (TOVAGXLGTOV TUTILKGTEPO TOV
SaednTikov), o pev Church ypnotpomoidvac éva «ovuBoiikd» cveTnUa Tov A-Aoyloud kat o de Turing
Evo. «pnYavioTiko» cvotnua Ti¢ TM. Ta 800 avtd «poviéAa LITOAOYIGLOV» aTTodelYdNKe OTL EVOL LGO-
dUvapo petald Toug, Kot KOT  ETERTOGT] LGODVVOUO. e TIC EAUYLGTIKA OVOOPOWUIKEC GUVOPTNGELS KOL TIC
yevikée yoappatikée . Tuvemag, evloya umopolpe va dewpncovpe 6Tt alydpdpoc sivar, Tapadelyua-
t0¢ XGEN, wo TM. Eyovtog kataAngel 01t 0 6uUBOAMGUOC TTOV D0 AKOAOUINGOVPE GTNV GUVEYELD TWV
onpelwcenv elvat ot TM, tapadétovpe ™ déon avtn wg eEng:

@¢on Church-Turing. Alyopduikd vitohoyiciueg Guvaptiaelc > efvar akptBogc ot Turing vitooyicueg
GUVOPTNGELC.

KAelvovtag avtnv v mapaypoa@o, da amodeilovpe 61t 10 10° mpobinua tov Hilbert elvon «pn
emMoLpo» (Tapadétovtog o kKeVIpkd ANupo autic e amédeing, 10 Oewpnua. 5.1.6, ywpic amddeiln).
Avto da pag elayel 6N pedodohoyla ToL oL EPOPUOLOVIE YLO. VO ATTAVIGUE GE EPVTNOTA TTOV APOPOVY
™V UTtapn N Oyt aAyopidpov yia kATTo0 TEOBANUO.

Zervape dlvovtag Toug 0pLGRoUE TTOV YPELULOUAGTE VL0 VO 0PLGOVYE TUTIKG TO TPOBANUA KOl VO TO
UETAPEPOLPE GTOV OO UaC GLUBOAGUO.

! Emm\éov éxel amodewydel 61 elvar 16080vaua pe GAa Ta ITGAOUTO «PeAAGTIKG» PHOVTEAG LTTOAOYIGUOD TOV éx0uv TTPOTAdE
(6mwg .y 10 TEOYpdupata. McCarthy, 1o poviého tov Post, akdpa kat 10 poviého RAM méve 6to omolo Bocitoval ot
GUYYE0VOL NAERTPOVIKOL LTTOAOYLGTEC).

2 Xpnotpomoldvtag 06odimote ueydhoug viohoylatikove Tépoue (x6po, xpévo, TAdoc TapdAniwy enefepyaotev KAT.) 0AAG
TETEPAGUEVOUC.
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Opwepog 5.1.2. ITodvwvouiki Sopavtikn e€icwon e arképatovg ouvtedeatéc (I1L.A.E.) eivar pia e€lowon
™E PopPPNG:

m % .
P(-Tl,...,.fﬂn) = Z aixlli...mnni —0
=1

omov a; € Z (o ovvtedeotég) kav ky,, ... kn, € N (o1 duvapeg tov petabAntoy x1,...,T,), yio RODE
i € [m]. Akéoara pita g e€lowong P(x1,...,zy,) = 0 evan pla n-ada (21,...,2,) € Z™ 1é10100 HOTE
P(z1,...,2,) =0.

Mapdderypa 5.1.3. Mia IT.A.E. ue tpeic petabintéc eivan n 322 — 2zy — y?2 — 7 = 0. H elowon avtn

€yel TOAEC aKré€pateg PLLeg, Wio. ot avtég evarnx =1, y =2, z = -2,
YuvpBohopog 5.1.4. ‘Eoto TLAE. P(z1,22,...,2,) = Y1ty aixlfli:rs%---:rﬁni =0 kot s € Z. Me P,
ovpBohicovpe v ILAE. P(s,x9,...,2,) = 21t aisklz‘x?"---xﬁ”" =

OewpvvTag po kwdikomoinon tov ILA.E. e éva ad@abnto, €6t 10 {0, 1}, pwopovye va ekppdcovpe
10 10° mpo6Anpa tov Hilbert wg e&ng:

To 10° wpoBAnpa tov Hilbert pe opodoyio TM
«Aeiére (katackevaoctird) ot n yAweoa D = {{P) € {0,1}* | P elvai ILA.E. ye aréoatec pilec}
evar avadpouIR.»

KOOMC EVOLAPEPOUOGTE VL0 TNV €VPEGT EVOC 0AYopDpov — dnAadn plagc TM ciuewva pe ) 9éon Church-
Turing — mov deyopevog w¢ elcodo pia IT.A.E. va Tteppatitel TOvTa KAl VO POG ETOTPEPEL OTTAVINGN
«Now» avv 1 e€lowon £xel arépateg PLLeg.

Opopog 5.1.5. 'Eva gtvoho S € N kadeitar Sopavtiks avv vidpyet ILAE. P(x1, ..., Ty 11) 11010 O6TE
seS<3z,...,2p,€Z (P(s,21,-.-,2rn) =0)

To ak6Aovdo Oewpnua amodelxdnke 10 1970 koL €dwoe «aPVNTIKN aTTAvVTNON>» 610 10° TPOB6ANUa TOL
Hilbert.

Oevpnpo 5.1.6 (Matiyasevich, Robinson, Davis, Putman). Kdde avadpopikd amapdunoipo 6hvoro
elval SLoQavTIKO.

Oevpnuo 5.1.7. D ¢ REC.

Amodeaén. ‘Eoto (npog dromo) 6t D € REC kow 61t n TM Mp v amogacitel. 'Eotw eniong L € RE ~
REC . Agov L € RE, amé 10 @edpnua 5.1.6, vdpyet ILA.E. P(z1,...,Zn 1), yia K4m010 1 € N, tét010
WoTE:

L={seN|32,...,2, €Z (P(s,21,...,2,) =0)}

H TM M tov Exnuatog 5.1.1 amogaciget tnv L. Atomo kadog L ¢ REC. O

' E3¢ yonotpomotodue avertionua o yeyovée 61t REC ¢ RE, tapdho mov dev 1o éxovpe amodeitel akdua. Oa 1o kévovpe 6uug,
pe kGde emonudTNTa, TNV TOPAYPAPO TOV aroAovdel. Emtiong, dewpolue 0Tt oL YAOGOEC TOV eCeTALOVPE EVOL VTTOGUVOAG.
tou N.
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(P) .

<P> NAI
> Ddriae (Ps) Fo) Mp | ox1 -
> OXI

Xynuo 5.1.1: H TM M otqv anddeién ot D ¢ REC.

Mpyp

<M7U)> m M(w) | g
Toée M (w) > NAI

Xynua 5.2.1: H TM Myp nu-aropacitet v HP.

5.2 Mn-0To@aVGLLOTNTO YAWGGWY

5.2.1 To mpoBAnuo ToV TEPUATIGUOV

To akbrovdo Oewpnua pag delfyvel 61 n amdvinon oto Epdtnua 1 (Zedida 22) elvar kata@atiki Kol
avolyel Tov acko Tov Atohov 66ov a@opd To. pn-emAvotpa TtpobAnuota unyovov Turing.

Oewpnpa 5.2.1. HP = {(M,w) e {0,1}*| M(w) |} e RENREC ..

AmnddeiEn. H HP avikel 6to RE kaddec n TM Myp touv Ixnuatog 5.2.1 v nui-amogacitet 2. "Eoto
(mpog dromo) 61t HP € REC kot 61t n TM H v amogacitet. Ocwpovue v TM D tov Eynuatog 5.2.2
KOL TTO.Q0TNEOVYE OTL:

D({D)) | < H((D,(D))) lg,, = (D,(D)) ¢ HP < D({D)) 1
AtoTro, Gpo. HP ¢ REC. O

Maopatnenon 5.2.2. H anédeiln tov Oewpnpatog 5.2.1 anotedel mopddetypo tov dtayodviov emiyelon-
paro¢ tov Cantor 3. Ac dewpncovpe ™v apduncn twv TM cOppova pe tov apdué Godel toug kat ag
dovye TOV TIVAKA TOV TEPLEYEL TIC TUUES TNC GLVAPTNONG P, TTOV vIToAoyitet n TM pe apdud Godel k,
ue £l6odo Ti¢ kwdikomomaoeg Twv TM (de¢ Toug Opiopoig 1.2.13 kat 1.4.9 kadog kot ™ Topbaon 1.2.15):

!'TTo tumikd da émpeme va opicovpe ™ HP wg e&ng:
HP={we{0,1}" |3 TM M 3w € {0,1}" (w = (M,w") A M(w") |)}

Oa VTOTEGOVYE GE VT TNV «TTOPOTUTIL» KAt eEAROAOVINGN GTN GEVEXELO.

2 Toppova pe ™ Zoubacn 1.4.15 n kadohiks TM yua e16630u¢ o dev amotehodv kudkomoinon TM kat AéEng amoppimtel Ty
€l60d6 ng. Emopévog o1 pdveg evdagpépouvoeg elcodor yio v My p evor ot Aéeig mov amotehovv kwdwomoinon TM ko
AEENg. Tuvemag, avtl vo TPocdécovpe 6N Tepypapn Tng Mpp évav é\eyxo yia 10 av 1 elcodog amotelel kwdkomoinen TM
Kkat AEENg, da TEPLYPAPOLE TN AELTOVEYIO. TNG PHOVO VIO, ELGOBOVE AUTAC TNE POPPNG. AUTH TNV TPOKTIKN D0 TNV EPOUPUOGOVUE
ToAéC Popéc 61N Guvéyela (axdpa kal dtav meptypdpoupe TM mov Sev xpnoipomoodv v kadoAwi) TM, dec yia apddetypo
mmv TM 1ov Zyfuotog 5.2.2).

3'Eyovpe epapudoet 1130 dvo @opéc auvtd to emyelpnua (oTic amodeifelc Tov Oewpnudtov 0.1.17 kot 4.2.11).
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(M) driace (M, (M)) (M, (M)) OXI » NAI

(M) (Mz) (Ms3) M)
My | ¢1((M1))  ¢1((Mz2))  ¢1((Ms)) -+ d1((Mi))
My | ¢2({(M1))  ¢2((M2))  ¢a((Ms3)) P2((My))
Ms | ¢3((Mq))  ¢3({M2))  d3((Ms)) - 3((My))

My | ox((M1))  ox((M2))  or((Ms)) - dr((My))

DuoIKkd kATTOlEC TIWEC GE aVTOY Tov Ttivaka Sev da oplgoviar (da eivar (Geg dnAadn pe 1).

H (vmotidépevn) dmapén e TM H (mov amogaciger v HP) pac odnyel oty (vmotidépevn)
vmapén g TM D, n omola TPo@avOg O@elAel Vo, ERPAVILETOL GTOV TIVOKG, O¢ Tovpe ot d¢on d
(dnhadn Godel(D) = d, n alhdg n D tavtitetar pe v My). ‘Opwg n cuvdptnon Tov vroloyiget n D
«avtietpé@e» (Vo pla évvora) v T g Staywviov Tov Tvaka, dNAadN:

we{0,1}" v dp((Mg)) =L

ba({My)) = {J. cav o ((Mg)) # L

Avamdégevkta da 0dnyndovpe e atoro otav eetacovpe v TN dq((Mg)).

YTOYOLOPEVOL TTAV® GTO OTTOTEAEGPO. TOL Oewpnuatog 5.2.1 uropolye va EPOvYE GTO PLOAS POC TO
OKOAOVO KODNUEPWVO GEVAPLO:

‘Exovue yodwet tov k&Sika evog mpoypduparog (6Tn YAOGGO TOOYOOUATIGUOY TTOV TTEOTI-
UOVUE) KaL TOV TPEYOVUE GTOV VITOAOYLGTH pag divoviag Tov kdmota eicodo. Kadoc o vmo-
AOYIOUOC QpYEL va TEQUATICEL APXIEOVUE VA aVOPWTIOUACTE AV DO TEQUATIOEL TEMKA 1] OXL...

ITapolo OV TIC TEPLGGOTEPEC POPEC, OTOV EYXOVUE VO. KAVOVLUE UE OTTAC TPOYPGUUOTO, UTOPOVUE
VoL JLOTGTOGOVPE av D0 TEPUOTIGOLV Y0 o dedopévn €l6od0, YEVIKA TO POVO TTOU PITOPOVUE VO. KO-
VOupE €lvol aTtAd Vo, TTEPLUEVOLPE VO doVpe TEMKA Tt da yivel. AUTO TO GUUTIEPUGUO. TIPOKVITTEL OTTO TO
Oedpnpa 5.2.1 kadwg pog amodekviel 61t dev LVITAEYEL aAyépdPog TTov va. amtopacigel (yevikd) av éva
Tpoypappa do Teppaticel Yo dedopévn elcodo.

Mopwepa 5.2.3. HP ¢ RE.
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2{0.1}*
-HP
R
«HP

REC

Xynuoa 5.2.3: H oyéon eyrdeicuod uetaé REC kar RE.

[pdypoat, av vrodécovpe (mwpog dromo) 61t HP € RE, da elyape 61t HP, HP ¢ RE, dpa and 10
Oewpnpo 1.5.4 do. émpeme va. loyve 61t HP € REC mov avtiBaiver 610 Oewpnua 5.2.1.

[TAéov elpaote oe déon va epmrovticovpe 1o Lynpo 1.2.13 mpocdétovtag oe avto Ti¢ y\woceg H P
kot HP (Zynpa 5.2.3). To mapoakdte wépopa mpokimtel ueca and v [pdtaon 1.2.38.

IMopicpa 5.2.4. H Xopoxtnptotikiy cuvdptnon g y\wceag H P dev eivor vitohoylown.

H xgp eivar n mpotn 6uvdptnon mov anodedetyuéva Sev elvar vitoloyioun (1 tcodVvaua, ehayloTikd
avadpopikn). Méypt 1opa yvwpitape 6TL VITAPYOLY PN-LTTOAOYIGLUEC GuVaPTHGEIS OANG Sev elyaue Gt
Yépla pog kamowo mapddetypa (n amédeln Sev Nrav katackevacTikn) 1.

5.2.2 AmelkoVIGTIKEGC AVOYWYEGS

Y& aUTNY TNY TAPAYPOPOo D0, TOPOVGLAGOVUE TN pedodoAoylo TTOL DO, AKOAOVIOVYE YLO. VO OITTOdEL-
kvVovpe 0Tt plo YAwooa dev elvar avadpopkn (1 avadpopkd amapdpnoun). Oa pmopolcape QuGIKA
kGde @opd va emavoloubdvape v amdden Touv Oewpnuatog 5.2.1, avtdé Suwg (dwe mdavee va
Tapatnencate) da NTav o SVGKOAO.

Optopog 5.2.5. 'Eoto yAwooeg A, B ¢ {0,1}*. H A avdyetar (amewoviotikd) otn B, cupBohopog
A <, B, avv vidpyer ouvaptnon ¢ : {0,1}* - {0,1}*, tétoia worte:

1. H ¢ etvar mA\npng kot vtoloyloin.

2. Vwe{0,1}" (we A< ¢(w) € B)
H cuvdptnon ¢ kodeltar (amewoviotikn 17 many-one) avaywyn g A otn B (de¢ Tynuoa 5.2.4).
Mopaddeypa 5.2.6. Ocwpolye T YAOGGA L azosoync = 1{M,w) € {0,1}" | M(w) g, }. Oa oplcovue
pla cuvdptnon ¢ : {0,1}* - {0,1}* ¢ e€ng:

- Ta ta = € {0,1}* ya ta omola vidpyer TM M ko w € {0,1}* 1éto1ec wote x = (M,w), n ¢
amekovigetal 610 Tynua 5.2.5, omov M’ eivan pia TM mov

! Evdeyopévoc va mpokahel evtimwon 1o yeyovdg 6Tt n TEGTN un-uIoAoyictun cuvdeTnen Tov cuvavtdue dev eval kKaow
«TEplepyN» pepikn ovvaptnon. Eivar pio ohky cuvdptnon kot pGMota apopd £vo TOA) GTOLELWDES EPWTNPA OVOPOPIKA pe
Tic TM.
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{0,1y"

Xynua 5.2.4: H ¢ eivar avaywyn g A oty B.

v

M M
1. n ﬁ A
P + w
/
(- O

Xynua 5.2.5: H avaywyn ¢ HP otnv L Amodoyric-

a) Tmeptéyel v M Gov vIToPouTiva, £X0VTAC GUWC «OTOYOPOKTNEIGEL TIC TEPUATIKEC KOTAGTA-
6elC NG, oL oTtoleg TAEov eivar ot (aTTAég) KOTAGTAGELS q1, g2 KOL

6) petabaivel TNV ¢yg (POVO) PEGL TOV KATOGTAGEWY ¢1, G2 01010 GVPBOAO Kat va StaBdacel.

- Xe dapopetikn mepitwon ¢(x) = x.

[apatnpodpe 6t n ¢ elvar avaywyn g HP 6tV Lpgosepnes KOOOC:
1. H ¢ elvar Thnpng kot vtodoyioiun.
2. -z e HP = 3TM M 3w € {0,1}*(z = (M,w) A (M,w) € HP) = M(w) = M(w) lq..
ﬁ M(w) ‘L%XL:> M,(w) l'th ﬁ M’('U}) ‘LQQ:> Ml<w) \Lqu:> ¢<(Ma w)) € LAﬁo6oxﬁg

-2 ¢ HP = Eie ~(3 TM M Jw € {0,1}*(z = (M,w))), eite 3 TM M 3w € {0,1}*(z =
(M, w) A {M,w) ¢ HP)):

a. Zmnv o TEpinTeon ¢(z) = x Kot TPOPAVOS T ¢ Lazoseyc-
6. Xy devtepn mepimtwon (M, w) ¢ HP = M(w) 1= M'(w) 1= ¢({M,w)) ¢ Larosoyic-

Zvvenwg H P <y Larosoysic-

Oevpnpo 5.2.7. 'Botw A, B ¢ {0,1}*. Av A <, B kax B € REC (B € RE) 161e A € REC (4 € RE
avticToya).

Amnodeién. 'Eotw ¢ n avaywyn g A ot B, é6tw My n TM mov v vnodoyiget kar Mp n TM mov amo-
pacitel (nw-amogacice) ™ B. H TM tov Iyuatoc 5.2.6 anogacicet (nui-amopacicet) v A kadog !:

1 , , ’ , ,
H devtepn mavda elvar ov dagpoporotel 1i¢ mepttwoelg Tov REC kat tov RE.
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M

w P(w) NAL | 5 NAI
M M

® B LOXI |y oy

Xynua 5.2.6: H TM oty anddeién tov Oswpijuarog 5.2.7.

- weA e gw) e B Mp(dp(w)) Lg e M(w) g,
-wéAeg(w) ¢ B Mp(p(w)) lg,, < M(w) g,
Yuventwg, A € REC (A € RE). O

[0 Toug dkoVC Rag GKoToVE 0. XPNGLULOTOOVPE KATd KUPLo Adyo 10 akélovdo (dpeco) mdpiopa
Tov Oewpnpoatog 5.2.7.

MMopopa 5.2.8. 'Eotw A, B ¢ {0,1}*. Av A <, B rar A ¢ REC (A ¢ RE) 161e B ¢ REC (B ¢ RE

avticTowa).

Hoapadetypa 5.2.9. 1o Hopddeypa 5.2.6 eidape 61t HP <p Lagosoyicr ETOUEVOE, agov HP ¢ REC
émetol 6Tt L arosoyrc # REC.

Yqpetwon 5.2.10. Av yo tig yAocoeg A, B € {0,1}* wyver 61 A <,y B, diucdntid n B avtietoyel oe
110 «dVGKOAO TTPOBANUO» aTto v A, kODOC av VITAp)eL GAYOPWPOC TTov «Advels Tn B 10T vITdp)el Kot
aAyopdpog Tov «Avvers v A. Autn 1 «dtalednon» da yiver podnpotikn anodeln oto Kepalaro 8.

Yopu6ocn 5.2.11. TTpokeévou Vo GTPEPOVPE TNV TTPOGOXN TOV OVUYVHOGTN GTNY 0VGLa kiag GuVAETNENG
avoywyne ¢ da TV TOPOVGLALOVUE UVAAVTIKG UOVO YLO TIC EIGODOVE TOV EXOVY «EVILUPEPOV> YLO. EUAC
(yia Tnc véhouneg var pev da oplgovue ™ ¢, GLYRIWC GE KATOW. VTTOGNPEWSN, AAAd Sev da eAéyyouvue
av TAnpovtan N Sevtepn TPovTGdeon Touv Opiopod 5.2.5).

Mopadeiypoto pn-ovadpomuKknv YAwGGHv

1N Guvéyela da Sovue Ueptkd ardua Topadelypuota YAwsewy mov dev eftvar avadpopkéc (1 kat ava-
dpopkd amapdunoweg). To mapadelypoto ovtd da pag amokaAdpovy pepkd TPoBAjuaTe oV lvat
TEpav TV «Suvatotitwv» Twv TM kot kat’ eméktacn (Adyw e @éong Church-Turing) aiyopduikd
UN-emAVGLUCL

Mapadeypa 5.2.12. Oewpodpe ™ YAwooa L = {(M,w,q) € {0,1}* | H M (w) petabaiver 6Tnv KOTA-
otaon q}. H cuvdptnon ¢ : {0, 1} — {0,1}* pe ¢({M,w)) = (M, w, ¢,a,) ' eivar avaywyh e L Arosoyric
oty L kadwg:

1. ¢ TANENg KAt vITOAoylGLUN.

2. - (Mv U}) € LAnoBoxﬁg = M(w) ‘Lquz (Ma w, QVou> eL

' Twa 1o mov dev amotedoty kwdomoinon TM kat AéEng opitovue ¢(z) = (M, w, Guu ), 60V M pia TM Tov dev Teppartitet
TOTé.
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7@ OXI M

c
M M

QZ5 Y6nce Tawia, -

w > Yole w. -

’ CYEIVAN
O+ /

Xynua 5.2.7: H avaywyi ¢ HP oty Le.

- <M7 w) ¢ LAno&oxﬁg = M(w) T ﬁ M(w) iqul: M(’LU) ¢(Ivm:> <M,’w, qVO.l) ¢ L
AoV Lprosope £ REC émetan 61 L ¢ REC.

Inpeiwon 5.2.13. And 1o Iapdderypa 5.2.12 cupmepaivovpe 61t dev propodpe vo yvwpitovpe av pio
TM mepvdel amd KGO0, GUYKERPLUEVN KOTAGTAGT KOTA TOV LTOAOYIGUS TNe pe elcodo pio (tuyoivca)
AéEn w L.

Mopadetypa 5.2.14. Ocwpodpe ™ yAwooa Le = {{M) € {0,1}* | M(€) | gva}. H cuvdpmnon ¢ :
{0,1}* = {0,1}* mov amewkovigetar 6to IyApa 5.2.7 % elvar avaywyh ™c HP v L. kodoc:

1. ¢ TWANPENC KOL VITOAOYLGLUN.

2. - (M,w)e HP = M(w) {|= My(€) | qya = (M) € Le
- (M,w) ¢ HP = M(w) t= M, (€) 1= (M) ¢ L.

A@ov HP ¢ REC énetan ot L ¢ REC.
Mopadetypa 5.2.15. Oewpotpe ™ YAOGG0 Lo, = {{M) € {0,1}* | |L(M)| = Ro}. H ovvdptnon
¢ :{0,1}* = {0,1}* mov amewovigetar 610 Typa 5.2.8 3 elvar avaywyn ™c Le 6V Lo KadOC:

1. ¢ TWANPENC KOL VITOAOYIGLUN.

2. - (M) e L= M(e) lgo= Yw € {0,1}"(M'(w) lg) = L(M') ={0,1}* = |L(M")| = Ry =
(M') € Loo

- (M) ¢ Le = M(€) 44, = Yw € {0, 1} (M'(w) 44,,) = LM') = 2 = |L(M')| = 0 = (M) ¢

A@oV L. ¢ REC émetan 61t Lo ¢ REC.

Mopatmpnon 5.2.16. H cuvdptnon ¢ tov [apadeiypatog 5.2.15 eivar kot avaywyn g L. 6t yYAwoca
L{O,l}* = {(M) € {0, 1}* | L(M) = {0, 1}*}. EJTO[J.éV(,Og L{O,l}* ¢ REC.

!'Se avtidetn mepintwon (6nwe gaivetar amd T cuvdpon avaywyng) da propodoaue vo Eépovpe av da TEPAoEL Kat ard Ty
Qvar, TPGYPO TTOV Dt RANGTOVGE TNV Lprosopne AVASPOUIKN YAOGGU.

% N 1o  Tow dev amotelovv kwdikomomon TM kot Aé€ng opitovue ¢(z) = (M), dmov M pia TM mtov dev Teppatizel TOTE.

* N 1o  Tow dev amotelovv kwdikomomon TM opitovpe d(z) = .

10 5 Tedevraia evnuépwon 31/3/2024, otic 13:33.



5.2. MH-ATIOPANXIMOTHTA IT'AQXX(ON

v

M M
Bs + ¢ Y6vce tawia. € +
() )+

Xynuo 5.2.8: H avaywyi ¢ Le 6t L.

M M M
—_— + & > @* %A Toaye 1.
,w —> ,w

Ixnpa 5.2.9: H avaywyn ™¢ L azoseyse 01 YA®GGa tov Ilapadeiyuaroc 5.2.17.

Mopadeypa 5.2.17. Oswpodpe T yrdoca L = {(M,w) € {0,1}* | H M (w) ypaeper 1 omv tawvia}. H
ouvbptnon ¢ : {0,1}* - {0,1}* mov amewovigetar 610 Zxhua 5.2.9 !, 6wov n M ka1 i TpoKkHTTOLY OV
AVTIROTAGTNOOVPE 6TN 6LVAPTNoN petabacewy g (M) kot 6Tn w avtioTtoyo kAde cuubBoro * € {0,1}*
e 1o GOPBoAo * 2, elvan avaywyn e L Amodoyic OTNV L kadw¢:

1. ¢ TANENC KAt vITOAOYLGLUN.
2. - (M,w) € Lagosoync = M(w) lg,=> M'(w) lq= H M'(w) do. ypdwer 1 = (M', 1) € L

- (M, w) ¢ Larosoyne = M(w) $¢,,= H M'(w) dev da emokeptel v ¢ = H M'(w) dev da
vodwer 1= (M’ w) ¢ L

A@0V Lrosopic ¢ REC émetan 6m L ¢ REC.
Mopaderypa 5.2.18. Oewpovpe ™ yAdcoo L= = {{My, M) € {0,1}* | L(M;y) = L(Mz)}. H cuvdp-

™on ¢ : {0,1}* - {0,1}* mov amewovigetan 610 Tynua 5.2.10 ° elvar avaywynq g L Arodoyic TNV L=
KAOOC:

1. ¢ TANENg KAt vIToAoylGLYN.

2. - (M,w) e L pAnodoyic = M(w) lg,,= V€ {0,1}*(Mi(z) lg) = L(My) ={0,1}* = L(M3) =
(Ml,MQ> € L;

' T ta 2 mov Sev amotehodv kwdikomoimon TM kot AéEng opliovpe ¢(x) = (M, w), 6mov n TM M ko n Aé&n w € {0,1}*
elvar tétoteg Oote N1 M (w) va pnv ypdoet ToTé 1.

2 Ta 6bpBoda 0 kat 1 amotelotv 6duBora tov adpabitov tawiac ng TM M’ kat dewpoipe 41t dev LIAPXOLY 6TO UAPGENTO
tawiag Tng M. Eniong dewpodpe é1t n (M’ 1) etvar kwdwomompévn oo {0, 1}.

* T ta 2 o dev amotehovv kwdikomoinan TM kat AéEng opitovue ¢(x) = (M1, M), mov M, pla TM mov ev tepuarticet
mtoté kot Ms n TM oto Zyipa 5.2.10.
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Xynua 5.2.10: H avaywyi e L Anodoyic OTNV Li=.

- <M7w> ¢ LAHOSOXﬁQ = M(w) ¢qvou=> V:L‘ € {07]‘}*(M1(:B) A{VVQV(LL) = L(Ml) = @ # L(MQ) =
<M17M2) ¢ LE

AoV Lprosopc £ REC émetan 61 L= ¢ REC.

Inpeiowon 5.2.19. And 1o [opddeypo 5.2.18 cupmepaivovpe 0TL, TAPOAO TTOV YYLEoLPE OTL LTTGEXOVV
(apduncipwg) drepec TM mov avayvopitovy nv Blo. yAocoa, av poag dodovv dvo TM Sev umopoiyue
va amo@avdovpe av Gvtwg 1axvel auvto L.

Mopadeaypa 5.2.20. Oewpovue ™ y\wooo Ly = {(M) € {0,1}* | L(M) = @}. H cuvdptnon ¢ :
{0,1}* - {0,1}* mov amewovigetar 610 Lynua 5.2.11, 6mov ya ta = € {0,1}* wov dev avtioToroLVY
oe kodwormomon TM kat AéEng, n ¢ elvar n 61adepn cuvdptnon ¢(x) = (My) émov My pla TM mov
«KOM\GED Yo kKGe £l6odo 2, evar avaywyn g ZAnoaoxﬁg otV Ly rodOC:

1. ¢ mAnpng kar vtoAoyloLun.

2. - Avuzxe fAmgoxﬁg T0TE VITAPYOLVY VO TEPITTOGELC:
a. H x dev éyer m popen (M, w) = ¢(x) = (My) € Lg.
6' r= <M?w> = M(w) ¢qvm:> V':U € {07 1}*(Mw(x) $qvm) = L(Mw) =g = (Mw) € L@
- Avx ¢ ZAﬂoﬁoxﬁg’ TOTE T = <M7 w> Rat UdNGTa (Ma w> € LAnoBoxﬁg = M(w) J’QV(M:) Mw(w) J’va:>
L(My) ={w} = (My) ¢ Ly
Edkoha pmopovue va delfovpe 0Tt Larosopse € RE N REC, omére, amé 10 Oewpnua 1.5.4 €metar 6t
ZAmgoxﬁg ¢ RE. Xvuventog Ly ¢ RE.
KAeivovtag, da amodeifovpe 300 mpotdcelg mov da xpnoLpwoTomacovpe apyotepo. 6to Kepdlato 8.

Mpotacn 5.2.21. H oxéon <, enl 10v Guvéiov 20013 efvan petaBatikn GyEo.

Amodeln. ‘Eoto yhwooeg A, B,C < {0,1}* t€toteg vo1e A <5y B kot B <,y C, kL €0T0 1 N 0vOywyn
¢ A otv B kat ¢ n avayoyn g B ot C. Oa detlovpe 0TL 1 ¢2 © P elvan avayoyn g A ot C.
IMopatnpovye ot

1. H ¢ 0 ¢1 eivan (smpo@avirg) mneng kot vitohoyiowun omtd v [Mpdtaon 1.2.12.

' H yAdoca L= ev efvan ovte avadpopukd amapdpnciun. Mmopeite va deite 1o yrati (Aoknen 5.17);
2'0Otav kGvoupe avaywyl ord 10 GUUTAPOEO piog YAOGGUC Do TIPETEL VO ElUGTE TTI0 TIPOGEKTIKOL KAl VO, EAéyyouye eTUeAOC
611 n devtepn WidtnTa. Tou OpepoY 5.2.5 mAnpovtoL.
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M NAI M

Xynuo 5.2.11: H avaywyi ¢ ZAJTC,@OX,;C ot Lg.

2. we A<= di(w) € B ¢o(p1(w)) e C
Yuvertwg, A <, C. O
Mpdétacn 5.2.22. 'Eote A, Bc {0,1}*. Av A<, B t6te A<, B.
Amodeén. 'Eoto ¢ n avayoyn g A otn B. Apkel va dovpe 1o Lynpo 5.2.4 KoL vo. TTop0TNenGovue oTL:
weA e ¢(w)eB

Yuvendg n ¢ evar kaw avaywyn e A ot B. O

Ackncelg

5.1 (heedc). Aeigre ot D = {(P) € {0,1}* | n dwgavtkn e€lowon P éyer axépateg plceg} € RE.

5.2 (ko). Aeire 6t D1 = {(P) € {0,1}* | n dw@avtki eClowon P plog petabintig éxet
axépateg pitec} € REC.

5.3 (k¥¥%). 'Eotw L € RE ~x REC kaw TM M tétow0 ©ote L(M) = L. Aei€te 61t 10 6Ovoho
Sp={we{0,1}* | M(w) 1} evou amerpo.

5.4 (k¥). Aelgte 6Tt Loo <m Lo 13+

5.5 (k). Aeigre ont L = {(M,w) € {0,1}* | M(w) mepvder amd GAeg TIC YnN-TEQUOTIKES
katactaceg g M} ¢ REC.

5.6 (Kvrvx). Aetre ot L = {(M) € {0,1}* | Vw € {0,1}*(n M (w) ypohper kamote 1 kot apécwg
kel Tnv ke@oaln aplotepd)} ¢ REC.

5.7 (kvevy). Aeigte om L = {{(M) € {0,1}* | Vw € {0,1}*(n M (w) amodéyetor petd amd Gptio
TAndog Bnpdtwv)} ¢ REC.

5.8 (kkvv). Aeitte 6t L = {(My, M) € {0,1}* | Yrndopyer AéEn w € {0,1}* téroi0 wote
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KEDPAAAIO 5. MH-AIIOPANXIMOTHTA

My (w) lgn, A Ma(w)

pwe n+m} ¢ REC.

n
Gvar

5.9 (Kded). Aeire 6t L = {(My, Mo, w) € {0,1}* | Yrdpyer t € N kaw a € {0,1} tét010 do7€ 0L
My kow M3 670 t-0670 6o Tng Aertovpylag Toug pe elcodo v w ypdgovv a} ¢ REC.

5.10 (ko). Aeire 61t yio kGde L € RE woyvel 6t L <,y {(M) € {0,1}* | M((M)) | }.
5.11 (ksledy). Aei€re 61t L € REC avv L <, 0717,

5.12 (k). Aei€re ot av L1, Ly € REC N {@,{0,1}*} t61e L1 <, Lo.

5.13 (k). ‘Eotw K kat R 10 6dvola ¢ Acknong 1.15. Ioyxdet 61t RU K € RE;

5.14 (Sc¥c¥). E€etdote av n yAwoca L = {(M,w) € {0,1}* | ITM M’ (w ¢ L(M)n L(M")}
elval ovadpoutrn.

5.15 (ie¥v). Egetdote av n yAoooa L = {(My, My, M3) € {0,1}* | L(M;) = L(Ms) u L(Ms)}
£val avadPoKa aTTopUNGLN.

5.16 (K33, Aeicre 61 L = {(My, M) € {0,1}* | e € L(My) n L(Ms)} € RE ~ REC.

5.17 (Yr¥e¥0). Aei€te 6m Le = {(My, My) € {0,1}* | L(M;) = L(Ma)} ¢ RE.

10 9 Tedevraia evnuépwon 31/3/2024, otic 13:33.
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KESGAAAIO O

TO ®OEQPHMA TOY RICE

Oa LerkYNGOLPE AVTO TO KEPAAGLO e TOV B0 TPOTIO TIOL TEAELWGOUE TO TPONYOVUEVO, e UloL 0va-
yoyn. H avayoyn avtn éxel pla Bacikn opodtnto pe Ti¢ avoywyég tov Hopadeypdtwv 5.2.14, 5.2.15
kat 5.2.20. MTtopelte vo. TNV €VTOTIOETE;

Mopadetypa 6.0.1. Ocwpovpe T yAwooa Lrec = {(M) € {0,1}* | L(M) € REC}. H ocuvdptnon
¢: {0,137 > {0,1}" pe

o() (M"Y, av vrdpxer TM M kor w € {0,1}* tétoi0 dote © = (M, w)
€Tr) =
(My) , adhog

omov My plo TM 1ov «koMdews yia kGde elcodo kar M’ n TM touv Exipatog 6.0.1, elvar avaywyn g
L pzosoyie 0TV LReC KODOG:

1. ¢ TANENC KAt vIToAoylGLUN.

2. - zxe€ ZAJ‘rOBoxﬁg ToTE:
a. elte x = (M, w) pe (M,w) € Lanosogic> 0T6TE ¢(z) = (M') ko yia kde z € {0,1}* 1oyver
ot M'(z) 1 (apod M (w) 44,,), Gpa L(M') = @ € REC, cuventdg ¢(z) € Lrec,
6. elte x # (M, w), omote ¢(x) = (M) ko L(My) = @ € REC, dpa ¢(x) € Lrec.
-xé zAﬂOSOXfIQ 1618 2 = (M, w) pe (M, w) € LAnoﬁoxﬁg’ omoTE ¢($) = (M,> kot L(M,) ={{D,y) e
{07]‘}* | ‘D(y) JVQVut} = LA?TOBOXY:[Q (O'(PO{) M(w) ‘LQVUL)’ Kalt aq)Ol’) LAHOSOXﬁQ ¢ REC éTfSTO.l 6T"
¢(x) ¢ Lrec.

Télog, apov fAm,szﬁg ¢ RE émeton 61t Lrec ¢ RE.

H yA®coa Lrec aviket ce pia svpela kKAGGN YAweGhv Ttov Tteptéxovy (amokrAelatikd) AéCelg mov ovTL-
oTooVV oe kwdikomomoel TM Twv oTolwv N YA®GGO. IOV 0vayveplfovy TANEOL KATIOLEC TPOdLOYPAPEC
(yia mopaderypo 6ty Lrec elvar avadpopikég). Tia dheg autég Ti¢ YAWooEC ptopovpe va. epappocovpe
v Ba akpiBoc avaywyn. H acikn 8éa avtie e (peta-)avoaywyig umopel vo meplypapel péew 1ou
[Mapadeiypatog 6.0.1 (1 tov Mopadeypdrov 5.2.14, 5.2.15 kar 5.2.20):
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6.1. TO ®EQPHMA TOY RICE I'lA ANAAPOMIKEXY TAQXYEX

M/
z
2 E— (| M@) daw [ 2 = (D, y);
(M, w) Tpéte M (w). o 6mov D TM.
- NAI|(D,y)
m D(y) {gu > NAJ
Toé€e D(y).

Xynua 6.0.1: H TM M' tov Hapadeiyuaroc 6.0.1.

Opltovue ouvaptnon ¢ mov «oTéAveLs ula Aé€n x 6ty kwdikomomon utac TM M, €101 wote:
L(M) = @ (e REC) , Qv T € £A7T050xﬁ§'

LAm)(‘ioxrig (¢ REC) , avx ¢ LAnoﬁo;m’g

To yeyovog avto mopatnendnke anoé tov Henry Gordon Rice, o omolog anédeile 1o 1951 dvo Oe-
wpnuato Tov 10 Katodeikviovy (ta Ocvpnua 6.11 ko 6.2.1). Ta Ocwpripata avtd oty BBAloypagio
GLVNIE PEPOLV TO GVOUA. TOV.

[Tpotov dovpe T0 TPWTO AT6 T0. Oewpnuata Tov Rice, da ypelaotel vo dDGOVYE KATOLOUC 0PLGUOVC.

Op6p0og 6.0.2. I8i0tna (avadpoukd amapduncuwy) yAwcoey eivar kGde civolo P ¢ RE. Oa Adpe otL
n YAoooo. L € RE €yel tnv ot P avv L € P.

Mopadderypa 6.0.3. Ta akélovdo 6OvoLa aToTeEAOUY IOTNTEC YAWGGOV:
- P.={LeRE|ecL}
- Poo ={LeRE||L| =0}

- Pp ={2}
- Pn={LeRE||L|eN}
- REC

Opiopog 6.0.4. 'Eoto idtnta P ¢ RE. Opltovpe ™ yAdcoa Lp = {{(M) € {0,1}* | L(M) € P}.

To @ewpnpato Tov Rice emikevipdvovtar 6tn yYAwcoa Lp (pio YAOGGO 7OV TEPIEYEL OTTORAELGTIKG,
Aéelc o avTiGTOOUY Ge Kwdikomomcelc TM) kat kadopigovv Tic Tpodiaypapéc mov da mpémel va
TANpEOL pio WiotnTa YAwcewv P yia va eivar n Lp avadpopikn 1 avadpowkd amopdunciun YAOGoa.

6.1 To Ocwpnp.a tov Rice ylo avadpopkeg YAOGGeg

[Mapotnenote 0Tl KAl Ol TEGGEPIC YAWGGEC TTOV €xovpe TAPOAANALGEL GE AVTO TO KePAAALo, ot L.,
Leo, Ly kou LRec, ev eivan avadpopéc. E€etdtovtag Ti¢ idtnteg o1ic omoieg aviiotorxovv (Pe, Poo, Py
kot REC avtictoya) Sev pmopodpe vo 6podue KGTL KOG, TEPA PUGIKA, 0TT6 TO AT YEYOVOC OTL TTEPLEYOVY
ToVAGYIGTOV pla YAwoco. touv RE addd dev mepiéyouv Oheg Ti¢ yAwooeg Touv RE. Tétoov eldoug widtnteg
ouvidwg TIc amorolovpe un-tetpruuevec. To (amhd) Oewpnua tov Rice amodewviel 61t n Lp elvou
avodpoptkn avy n ot P elvar TETPLUPEN.
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KEDPAAAIO 6. TO ®EQPHMA TOY RICE

M/
z m M(w) dgya M7y, | NAI o
(M, w) Toéte M (w). ¥ > NAI

Xynuo 6.1L1: H TM M’ otnv anddeién tov Oswprjuatoc 6.1.1.

Oevpnpo 6.1.1 (Rice). Tia k4de Widtnta P € RE woyver otu:
LpeREC = P =gvP=RE

Anodeén. (=) "Eotw iémrta P € RE, e P ¢ {@, RE}. Oewpoipe, ywpic 6AG6n Tng yevikétntag, 6t
@ ¢ P 2.’Eoto eniong y\wooa L € P kar TM My, mov tv nu-amogacicet. O deifovye 611 L Axosoyhc Sm
Lp. Oewpodpe ¢ : {0,1}* - {0,1}* pe

o) (M"Y, av vrdpxer TM M kor w € {0,1}* tétoi0 dote © = (M, w)
€Tr) =
(My) , adhog

omov M' n TM tov Zyfuotog 6.1.1 kaw My plo TM mov «koMAder» yio kGde elcodo. [apatnpoipe
ot
1. ¢ TWANPENC KOL VITOAOYIGLUN.

2. - & € Lagosoyne 10T = (M, w) pe (M, w) € Larosoyncs 0m0Te ¢p() = (M') kon L(M') = L(M}) =
LeP dpo ¢(x) € Lp.
- X ¢ LAﬂosoxﬁg TOTE:
a. eite x = (M,w) pe (M, w) ¢ Larosoysc» 0T6TE ¢(2) = (M') ko L(M') = & ¢ P (agoi
M(w) $QVm )’ dpo’ ¢($) ¢ LP’
6. elte x # (M, w) onote ¢(x) = (My) ko L(My) = @ ¢ P, dpa ¢(x) ¢ Lp.

AoV Lprosopnc £ REC émetan 611 Lp ¢ REC.

(<) Hopoatnpovpe ot
AVPZQTéTSL'p :{(M)E {0’1}* |L(M) e@} =g e REC

KOl
Av P =RE t6te Lp = {(M) € {0,1}* | L(M) ¢ RE} =G e REC *

Mopadeypa 6.1.2 (Epoppoyn tTov Oswpruatoc tov Rice).

' @a deifovye ™V AVTIOETOOVTIGTPOPY TOL.

2 AMuag da mtépovpe ™y P yia v omola entiong wydel 6t P ¢ {@, RE}. OhokAnpévovtag v amédeidn do. éxovue deifet 6t
Lz ¢ REC. Ia va 6uvdyovpe 10 (ntodpevo apkel va mapatnpncovpe 6t Lp € REC avv Lz € REC.

3 Ae¢ Opopd 1.4.9 kar Mapatripnon 1.4.10.
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6.2. TOOEQPHMA TOY RICE I'lA ANAAPOMIKA AITIAPIOMHXIMEY I'NQXXEX

- Ly = {(M)e{0,1}* | |L(M)| € N} ¢ REC kadwg yo v iétnra Py wydel 61t Py # @ (wapadelypa-
to¢ xapn {€} € Py) kaw Py # RE ({0,1}* ¢ Py).

- L={(M)e{0,1}* | L(M) =2 v L(M)={(01)" |neN} v L(M)={0,1}*} ¢ REC kado¢ ywo tnv
Wiotnra P = {@,{(01)" | n e N},{0,1}*} wyder 61t L = Lp ko mpogaveg P ¢ {@, RE}.

6.2 To Oeznpnpa Tov Rice yla avadpouka anapdunclues YAwGGeg

Y10 Iapdderypa 6.0.1 eldape 1L N YAWGGo. Lrec dev elvan avadpopkd anapdunciun. Evar povepo
ott n kAaon REC, wWwpévn cav 0tnta yAwooeov, kovoTtotel TTOAMEG Kal TOKIAeC «Ttpodiaypa@éc». H
TPOJOYPAPN OUWC TOL BV IKAVOTIOLEL, KOL K¢ €K TOUTOVL N YAOGGO Lrpc dev elval avadpoukd oto-
pWPNAGLUN, elval 6Tt VITApYoLY VITePGUvola YAwcewv tov REC mov dev avikovv 6to REC (de¢ 1o Ia-
padetypa 6.2.2 yio mepioeotepeg Aemtopéptec). To dedtepo Oewpnua tov Rice (yvwotd wg Ievikevuévo
Oedpnua tov Rice) kodopiter TARPWS TIC amtapaitnTeg Tpodaypaéc plag Widtnrag P dote n Lp va
elval avadpopkd amoppneLun.

Oeopnpoa 6.2.1 (T'evikevpévo Oedpnua tov Rice). Ta kdde Widtnta P € RE woydel 1
LpeRE=DAQ)IAD)
OT0V:
(D YLeP VL eRE (LS L' - L' eP)!
Q) VYLeP ([L|=%g—»3L'cL (|L'|eNAL' eP))?
(B) Fp = {wi#wo#-#w, € ({0,1} u {(#})* | {wi,wa,...,w,} e {LeP||L|]eN}} eRE>*

Anddein. (=) Lp e RE=(D): 3’Ectw yAdeoee Ly € P kar Ly € RE tétoec wote Ly € Ly kav Ly ¢ P.
"Eotw entiong ot oo TM M7, My nui-amo@acigovy 1i¢ Ly, Lo avtictoo. Oa delovpe 0Tt ZAnoBoxﬁg <m Lp.
@ewpovue cuvaptnon ¢ : {0,1}* - {0,1}* ue

o() (M"Y, av vrapxer TM M ko w € {0,1}* tétoia wote 2 = (M, w)
xr) =
(My) , aAhog

omov M’ n TM tov Zynuatog 6.2.1. Iapatnpovpe ot

1. ¢ TANENg KAt vITOAOYLGLYN.

2. - x€ zAJ‘roBoxﬁg T0TE
a. elte z = (M, w) pe (M, w) € Lagosopsics 0m01e ¢(x) = (M') kow L(M') = L(M;) = Ly € P
dpa p(z) € Lp,

' H ouvdrikn avti) «Sabdietas: Kdde avadpouikd anapduiiouo vieootvvodo piac yAdooac wov éxet tqv ididtnta, éxer emiong
™mv botnra.

2 Kdde yAdooa mov éxer tnv 1016tnTa éyer memepacugvo virocvvodo mov éxet emione v 1didThTaL

} Tumkd o Tpémel va kodkoTomcovpe ™ yYAdooa {wr,ws,...,w,} 610 {0,1}. Oa ypnoomowcovus duwg druma TV
kwdworomon 610 {0,1} U {#} kadag eivar T0 TOPAGTATIK.

* H yAdooa mov mepiéyer Aé€eic mov avTioToLoly ce TETEpacUEvEC YAGGOEC OV Exouv TRV IdI6TITA. elvar avadpoukd ara-
oduniown.

> @a deifovpe ™V avTIETOAVTIGTPOPH TOV, SNAadN 6Tt -O= Lp ¢RE.
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KEDPAAAIO 6. TO ®EQPHMA TOY RICE

M/
z z My
— ND
NAI
z —— NAI
(M| M) o Mz | /NAl
(M, w) Toéee M(w).| ~

L

Zynpa 6.2.1: H TM M’ otnv anddeién tov ot Lp € RE = (1) oto Oedpnua 6.2.1.

6. elte x + (M, w), ondte ¢(x) = (My) kav Ly € P Gpo. ¢(x) € Lp.
- & ¢ Lanodoyne 101€ © = (M, w) pe (M, w) € Lagosoyic, 0m6te ¢(x) = (M') kv L(M') = L(M>) =
Ly ¢ P (agob M(w) g, ko L1 € L), dpa ¢(x) ¢ Lp.
A@ov EAnogoxﬁg ¢ RE émeton 611 Lp ¢ RE.

Lp € RE=(2): "Eotw yAdooa L € P tétoa Gote |L| = R kot kGde Memepaopévo vitootvold g dev

aviket oty P.’Eotw eniong M n TM mov nui-anogaciger v L. Oa deiovpe 611 fAmBOXﬁg <m Lp.
Oewpovpe cuvaptnon ¢ : {0,1}* - {0,1}* pe

o(z) {(M’) , av vitdpxet TM M ko w € {0,1}* tétoi0 wote © = (M, w)
xTr) =

(M) , od\og

omov M’ n TM tov Zynpatog 6.2.2. Tlapatnpoipe ot
1. ¢ TANPENC KOL VITOAOYLGLUN.

2. - ze€ ZAmgoxﬁg 101E
a. elte x = (M, w) pe (M, w) € Lagosoyics 0m01e () = (M') kv L(M') = L(Mp) = L€ P
apa ¢(x) € Lp,
6. elte x # (M, w), ondte ¢(x) = (M) ko L € P Gpa ¢p(x) € Lp.
-z EAmgoxﬁg 1018 & = (M, w) ue (M, w) € Lagosopne> 0T0TE O(2) = (M'). Hapatnpovpe 6t yia
kamoto t € N woyver 61t M (w) |}, ométe L(M') = {z € L | |2] < t}. Zvverndg |L(M')] € N kot

Qvar®

L(M'")c L égpo. L(M') ¢ P, ontéte () ¢ Lp.
A@ov ZAnogoxﬁg ¢ RE émeton ot Lp ¢ RE.
Lp € RE = (3): Ta kdde AéEn tov ({0,1} U {#})*, éotw ™ w = wy#wa#t---#w, omov w; € {0,1}* y
i € [n] 2, dewpovpe ™ AEEN (M) € {0,1}*, émov M, n TM tov Iyuatog 6.2.3 1OV amOPAGIEL TNV
YAoooo {w1,wa, ..., wy}.
A@ov Lp € RE vrdpyet amapduntg, é6to E, mov amapduel v Lp. Oewpovue v TM Mg, tou
Zynuoatog 6.2.4 kat Topatneovyue OTL:

' @a dei€oupe ™y avtidetoavtioTpogh Tov, SnAadn ot -@ = Lp ¢ RE.
2 Evdeyopuévag kGmola antd Tic w;, i € [n], va elvar n kevi AEEN kat va éxovpe Kat emavaljperc.
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6.2. TOOEQPHMA TOY RICE I'lA ANAAPOMIKA AITIAPIOMHXIMEY I'NQXXEX

MI
z Mr,
NAL ) Bpec |2|.
z
2|
M ¢ VoL
(2, 0) ’ M (w) 4q > NAI
(M, w) Tocte M(w) | 5y,
ya |Z|‘6ﬁP~O~TO~-

Zynua 6.2.2: H TM M’ otnv anddeiln tov o1t Lp € RE = (2) oto Oedpnua 6.2.1.

M,
x—»{ x:wl;}%ﬁ x:wg;}%,... OXIOXI L > OX]
’NAI ‘NAI NAI —» NAI

Zytvpa 6.2.3: H TM M, oty anddeién tov o1t Lp € RE = (3) 610 Oedpnua 6.2.1.

- Av w € Fp, 1018 w = wiH#wo#---#w, yo kamoeg Aéewg wi, wa, ..., w, € {0,1}*, 6mov n L =
{wi,we, ..., w,} € P. Apo¥ n M, amopacitet v L o E kdrmowo otiypn da tunwcer (M, ). Apa
MFP (w) i) Qvaur-

- Avw ¢ Fp, 161t w = wy #wo#---#w, yia kamoteg AéCeic w, wo, . . ., wy, € {0,1}* 1, émov {wy,wa, ..., wy,} ¢
P. O E dev da tunwoet moté (M,y,). Apa Mg, (w) 1.
Ernopévwg n Mg, nu-amogaciget v Fp.

(«): % Amé 10 (3) vmdpyert anapuntic E mov anapdpel v Fp. Oa deifovpe 61 n TM D tov Zxh-
watog 6.2.5 nu-amo@aditet v Lp .
Lp ¢ L(D):"Eotw (M) € Lp dnhadfi L(M) € P. An6 1o (2) émetan 6t

ALc L(M) (|[L|eNA LeP),

¢otw 61t L = {w1,...,wy}. Antd 10 (3) énetar 611 0 E kdmora otiyun da tumooel wi#---#w,, €610 petd
and i-6nuoata, kat apov L € L(M), énetar 6t

djeNVse [n] (M(ws) Zm%

! Akdua kar av teToluuéva eyvel 6t n = 1.

2 Edé da pavel o Adyog mwov ot (D), @) ko (3) elvar ikavég va pog e€acpoiicovv 61t Lp da evar avadpopkd amapdunoiun:
Aoopévng wag TM M n B) pog diver 1o dikalopa va eAéyCovpe pévo éva memepacpévo koppdt tng L(M) yo va e€akplbo-
covpe av L(M) € P, kadog and m 2) av L(M) € P do undpyel menepacpévo uocivodd tng mov £xet Ty Widtnta P (ko
kGTola 6Tiypn 0 amap®untic yo v Fp da 1o Tumdeel), kol aviieTpo@a, av KGO Temepacuévo koppdtt Tg L(M) éxer
v P 16te ko n L(M) da éxer tnv P, Aéyw tou (D).

*H TM M,, mov ypnotpootel cav viopovtiva n D elvar wia mapariay te TM e Mapatipnong 1.4.17.
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KEDPAAAIO 6. TO ®EQPHMA TOY RICE

MFp.
w P
Kataokevaoe v (M,,). (M)
NAI
(M) = (M,); > NAI
(M)
E
OXI

Zynua 6.2.4: H TM Mg, oty anddeén tov o1t Lp € RE = (3) 010 Oedpnua 6.2.1.

D
(1,4) < (0,0)
np(z,

(i.4) p(i,J) My

wirHwio# Hwi g,

wg1#wz2#"'#w2k2 OXI (Z7j)
Tpéée E f M

- wy Hwio#-Hwik, . NAI o
(ary | [ Pimoe Ll 3y (1] Vs € [k, ] (M (wre) 1. ): > NAI

Xynuo 6.2.5: H TM D otnqv anddeién tov Oswpriuaroc 6.2.1.

omote ya 1o gevydpt (i, j) woyvel 6t D((M)) lg,.. Gpa (M) € L(D).
L(D) ¢ Lp:'Eotw (M) € L(D), dnhadn vidpxet (i, 5) € N? tét010 dote

Vs e [n] (M(ws) 4,,,),

Qvan

omov wi#---#w, elvor pla and T Aé€eg mov Timwoe 0 E oe i-6pata. Tuvenog woyvel ot n L =
{wy,...,w,} evar vtocvvoro g L(M) kot, apob o E amapduel v Fp, woyver 6t n L éyer v
wiotnta P. Ané 1o (1) énetan 61t L(M) € P, dpa (M) € Lp. O

Y11 Guvéyela 0. JoVpE PEPIKA TTOPUDEIYUOTO eQapPoyNg Tov Tevikevpévou Oewpnuotog Tov Rice.

Mopadeypa 6.2.2. Oo amodeifovpe Eava 61t n YAOG60 LRrec Sev elvar avadpoptkd amopdunotyn, xwelc
va ypnotpomomcouvpe avaywyn (0nwg kdvape oto Mapddeypa 6.0.1). Oewpoipe Tnv Widtnta P = REC
KOL TTO.paTNEOVPE OTL yio. TN YAOGoa & (Ttov mtpogavag éyel v Widtnto. P) vrdpyet yA\ocoa L' pe @ ¢ L'
mov dev éxel Ty WIOTNTA P, Tapadelyuatog XApn N Larosoync. LUVETHC mapabidgetar n 6uvdinkn (1) Tou
Bewpnpatog 6.2.1, dpo. Lrec ¢ RE.

Hapadeypa 6.2.3. 'Eotw n Wiétta P = {L € RE | L \ Lagosopic * @} Ilapatpodue 6t av n L éxe
v W6TNT0 P 1018 L N\ Lpsosoyne * @ OTOTE:

VL' €RE (LS L'~ L'\ Laogoic * @)
Apa n P wavomotel ™ ouvdikn (1) Tov Oewpnuotog 6.2.1.
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6.2. TOOEQPHMA TOY RICE I'lA ANAAPOMIKA AITIAPIOMHXIMEY I'NQXXEX

w M
E ‘ NAI
%11117#192#7 ﬁtu,}" w = wy Fwo k- Hw,,; }7% NAI
| oxi

Sytipa 6.2.6: H TM M mov (vrodetikd) nui-amo@acifet v L apsopie 070 HapdSetyua 6.2.3.

TYmwoe dAa ta guvora S, 7

oav Aé€eic Tov ({0, 1} u{#})*,
pe 10 < |S| <4, mov mepLéxouy | — — _ _ _ _ _ _ L wHwo e Hw,
Aé€elg pnKouvg 10 TOAL 7.

Xynua 6.2.7: O axapduntic E oto Hoapddeyua 6.2.4.

Emiong, apob L \ Lagosoync # @, VIAEYeL w € L N\ Lrosopic- @ewpodue T yAbooa {w} € L ywo v
otola. 16yVet emtiong 6Tt {w} \ Lazosoync # &> dpa {w} € P. Tuvendg n P ikavoTotel Kot T GLVINKN ©)
Tov Oewpnuotog 6.2.1.

"Eoto (1tpog dromo) 61t ikavortotel kat T ouvdikn (3), dnhadn vidpxer anapuntig £ mov amapdpel
v Fp. HTM M tov Zynuatog 6.2.6 Nyi-0I0QaciteL TNy ZAnoﬁoxﬁg’ KADWG av w € EAnoSoxﬁg tote {w} € P
apa. o E kamoro otiypn do tuntwoet ™ w. Aromo. Zvvenog Lp ¢ RE.

Mapadeypa 6.2.4. 'Ecto n Wiotnra P = {L € RE | |L| > 10}. Hapatnpodpe otL av n L éxer v idtnra
P 16te |L| > 10, omore:

VL'eRE (Lc L' - |L'| > |L| > 10)

Apa n P wavorotel T ouvdnikn (1) Tov Oewpipatog 6.2.1.

Emiong, a@otd |L| > 10, umdpyovv diokerpuéveg wy, ..., wig € L. Oewpobpe ™ ylwoco L' =
{w1,...,wi0} S L n omola éxer 10 ctowela, dpo L' € P. Zuvenog n P wavomotel kot T GLVINKN
(2) Tov Oewpiparog 6.2.1.

Téhog, o amapduntig E touv Zynuatog 6.2.7 amapduel v Fp. Zvventwg n P kovomolel Kot TN
ouvdnkn (3) Tov Oewphpatog 6.2.1, dpa émetar 61t Lp € RE 1.

' Duoikd oy mpokeuévn mepintoon da Ntav Aydtepo KOLPAGTIKG va KaTaoKevdcoupe katevdelov pio TM mov va nui-
amo@aociger v Lig = {{(M) € {0,1}" | |L(M)| = 10}. H ratackevn avtig g TM a@ivetor ©g GoKNGN 6TOV avayvooTtn.
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KEDPAAAIO 6. TO ®EQPHMA TOY RICE

Ackncelg

7

6.1 (Sx¥¥%). ‘Ectw L € RE. Ek@pdote 6ov yAdGGo. 10 akdAovdo mtpdB6Anua:

Eicodog: Kwdwomoinon plac TM M
‘E€080g: Nt av n M avayvwplter tnv L kat oyt 0AAOC.

Kot edéyEre av avnker 610 REC.

6.2 (ic¥). E€etdote av n yA\wooa L = {(M) € {0,1}* | Yrdpyer TM M’ pe dptio mAidog
ROTOGTA0EWV TéTow Wote L(M') = L(M)} elvar avadpopuki.

6.3 (K3evv). Aei€re 6m L= {(M) € {0,1}* | 3w e X* : |w| = 1871 A we L(M)} € RE. Ioydel 61
L €RE;

6.4 (k¥cvr). E€etdote av ol YAwoeec:
- Lrg = {(M) €{0,1}* | L(M) € RE}

Les = {(M) € {0,1}* | L(M) € CS}

Lep = {(M) € {0,1}" | L(M) € CF}
- Lr={(M)e{0,1}" | L(M) e R}

elVaL 0VaSPOUIRG OTTOPIUNGLUEG.

6.5 (K¥evv). Adote apdderypo Widtnrag mov wavorotel ta (1) kaw (3) oty ekpdvnon Tov Oe-
wpnuatog 6.2.1, aAld dev kavomoel 1o (2).

6.6 (33 ¥). Efetdote av ot YAOGGEC:
- Ly ={(M)e{0,1}* | L(M)n{0%" € {0,1}* | n e N} = &}
- Ly = {{M)e{0,1}* | L(M)n{0*" €{0,1}* | n e N} # &}

elval avadpoutkd amappnoeLuec.

6.7 (Sx¥e3). Egetdote av ol YAWGGoeC:

- Ly = {{M) € {0,1}* | Yrdpyovv tovhdyotov dVo Aé€elc wy,wa, pe |wi| # |wal, yia Tig
otoleg n M teppartiget}

- Ly ={(M) €{0,1}* | Yrndpyovv axpiBug dVo AéCelc wi, wa, pe |wi| # |wa|, yia Tig omoteg n
M teppaticer}

elval 0vadPOoPIRG OTTOPIUNGLUEC.

6.8 (Kr¥x). E€etdote av o1 yAwooeg:
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6.2. TOOEQPHMA TOY RICE I'lA ANAAPOMIKA AITIAPIOMHXIMEY I'NQXXEX

- Ly = {(M) € {0,1}" [ |L(M)] < 68}
- Ly = {{M) € {0,1}" [ |L(M)] > 68}

elval avodPOUIKA aTTapOPNGLUEC.

6.9 (Kk¥c). E€etdote av ol YAOGGEC:
- L1 ={(M)e{0,1}* | H M teppatiger yio 6Aeg Tic Aéelg pe ApTio pnKog}
- Lo ={(M) e {0,1}* | Yndpyer Aé&n aptiov pnkovg yia v otola n M tepporticet}

ELVOL OVODPOWULKO. OTTOPOPNGLUEC.

6.10 (K¥c¥r). E€etdote av n yAooca L = {(M) € {0,1}* | |L(M)| elvar mpdtog apdpdc} elvar
AVOPOULKA. OTTOPWOPNGLUN.

6.11 (K¥x5¥). Eetdote av n yaocoo L = {(M) € {0,1}* | H M 1eppariter yio 6ha ta. waAivdpopo
tov {0,1}*} elvar avodpopkd omapdunotun.

6.12 (k5vy). E€etdote av n yAwooa L = {(M) € {0,1}* | |L(M)| = |L(M)| = R} evar avadpo-
UIKG aTtopdunotun.
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KEDANAIO [

TO GEQPHMA ANAAPOMHX

7.1 MnopoUV Ol UNYOVEC VO AUTO-C.VATA.QAYOVTOL

[TpotoV amavineovpe Ge AVTO TO EPWTNIA OC TAPOUKOAOVINGOVYE TOV GKOAOVIO GUVELPUO:
1. Ot twvravol opyaviouol eivar unyavec.

H mtpdtacn avtn evar aAndng kot omtotehel depedwdeg doyua Tng ovyypovng Bioloylag. Ot twvtavol
0PYOVIGUOL AEITOVPYOUV P <PNYOVIGTIKO>» TPOTIO.

2. O {wvtavol 0pyaviGuol Umopovy va. avto-avamapdyovial.

H mpodtaon avtn evar emiong aAndng. Elval ouclowdeg yvopiopo Tov {WvTavey 0pYovIGUOV Vo
UTTOPOVY VO, TTOPAEOVY, PEGH RATIOWOG DLASIKOGIOC YOVILOTIOMNGNG KOl YEVYNGNC, €VO {WVTOVO 0p-
YOVIGUO TOVL 1Blov eldoug.

M10poUV AOLTTOV 0L PNYOVES VO AVTO-OVOTIOPAYOVTOL, OTIWC D0 EKOVE EVAG {OVTUVOC 0PYAVIGUOC;

Av pdovoape YeVIKA Yo Unyaveg, dacdNTIRG da OTTOVTONGOUE OPVNTIKA, KAOWC ov n punyovn A
mapdyet T pnyovy B udAlov da mpémet va eivar «1tio moddmhokn» (e emimedo oyedlaong kol mepl-
yoaeng) amd m B. Tuvendg n A dev da pmopovoe va mopdlel v A. Tty TPaypoTikGTNTO Opeg N
amavInon elval KATaQOTIKA, 6vIKg plo pnyavh propel va avto-avamopayetar (Seg Tyiupa 7.1.1).

Ag emikevTPwdoVPE OUWS GTIC PNYOVEC IOV pag evdta@épouy, Tic TM, Kal a¢ peTapépovye 10 €p®-
TNPO 6T TAGIGLA TOVC. ZKOTOC TNG TTOPAYPAPOV OVTNC elvat vo. artodelfovpe 0Tt kat ot TM propovv va
OVTO-AVOTIAPAYOVTOL P TNV aKkOA0VIN Evvora: Mmopel uia TM M va éxer cav €€odo tny (M ). Mmtopovpe
va pavtactovue Tic TM cav éva mpdypaupa (dec Tedida 14) kat Eépovpe 611 éva TPSYPAUUO. PTTopEL Vo

éxetL cav #6050 Tov KOAKa Tov. Tl Tapddetypa ag dovue To akdhovdo TESypauua e Yevdoyhwoaa '

! L& Python da ypdpape:

a = ['print("a =", a)','for s in a:',’ print(s)']
print("a =", a)
for s in a:

print(s)

TMapadelypoto yio GAAeG YAOGGEC TPOYPAUPOTIGROV VITGPYoLY ed®: http://www.nyx.net/~gthompso/quine.htm.
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7.1. MIIOPOYN OI MHXANEX NA AYTO-ANAITAPAI'ONTAI;

™ = - <] 0 g 0 -
L Du e uu- i

I - [

ynua 7.L1: KaAMTeyviki avamapdotacn piag unyavic mov auto-avasapayeTal.

Tpdwe Svo avtiypapa Tov TAPAKAT UNVOUOTOC TO SEVTEPO GE ELGAYWYIKA.
«Tpdpe SO avTiypapa ToV TOPAKATY UNVUUATOC TO DEVTEQPO GE EIGAYWYIKA. >

Ye PUOIKN YADGGO 0vTo Do TO Yypa@ape OTAOVGTATO WC €ENC:
Toawe avtiv v mpotaon.

OPOC pio YAOGGO TTPOYpOppaTiopol dev umopel va kataldBel v avtoavapopd (1o «avtivy» dnhadn).

Mupovpevol TNV TOPATAV® VAOTIOINGN TNC GUTOOVOPOPAS do. amodelfovpe 0Tt vrtdpyouy TM pe
£€080 v kwdikomoinon Toug (ot Aeyduevee avroypapikée TM). MAAGTa Do TPOXWENGOVYE TOPOKATH
kot Do, atodelfovpe KATL OKROPA TTL0 eVTUTIOGLOKRO: Mia TM M umopel va yponowomotel katd ) Agitovpyla
¢ ™y (M ). Mzopel va. éyet dNAadn «eTlyvwon» Tou «e0uTov» TNC.

Oo. EervNGoLPE E1GAYOVTAG TOV GLUBOMGUO TToL Do. StevkoAUvel T Teptypaen Twv TM 61n Guveyeta
aVTOV TOU KEPUAALOV.

YvpBohcpog 7.1.1. 'Ecto TM My, Ms. Ocwpodpe tv TM M Mo:

My M,
w M,y Mo

y

mov TPéxeL TNV M pe £lcodo w kar dtav ovtn teppoticer (av teppotioet) tpéxel v Mo pe elcodo 1o
Teptexopevo g tTouviag g Mi(w) kotd Tov TeppaTIopd Tg. XNV Teplntwon omov n Ms déxetar dvo
£16630u¢ (6T 6NV amddetn Tov Ocwpnuatog 7.2.1), n TEWTN do. elval To TEPLEYOUEVO TNG TOVIOC TNG
M (w) kaw nn devtepn n w. Oewpovye eniong v TM conc:

% conc
(M,) > (M)
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KEDPAAAIO 7. TO OEQPHMA ANAAPOMHX

M (Piry) A
(M) Q| (P onc . (Pan)

(M)

Xynuo 7.1.2: H TM A otqv anddeién tov Oswprjuaroc 7.1.2.

Pg)A
x P(A) <A> A <P<A>A)

Zynua 7.1.3: H TM P4y A oty anddeén tov Oewpijpatog 7.1.2.

TT0V dEYETAL VG £l60DO TIC RWAKOTOMGE Twv TM My kow My kot eTGTPEPEL TNV RKwdIKOTOINGN TN TM
My My (ron 61 v Tap0de0N TV Aé€ewv (M), (Ma)).

Oevpnpo 7.1.2. Yrdpxet TM M tov («ayvoel» v €l60d6 tng kow) emiotpéper (M).

Amnodeiln. Oewpovpe v TM P, 100 «ayvoel» v €l6od0 NG Kot emeTeePeL T Aén w kat v TM
@ Tov Tatpvel pla AéEn w cav elcodo kat emotpePet TV (Py,). Téhog, dewpovpe v TM A touv Zyxnpa-
10¢ 7.1.2 kou TTaipaTnpovpe 61t n TM P4y A tov Xyfpatog 7.1.3 («ayvoel» v {6036 tng KOL) ETLGTPEPEL
(PayA), dpa eivar n TM mov avagnrovcaye. O

7.2 To Oewpnpo Avadpopng

Oeopnpo 7.2.1 (Oedpnpa Avadpopng). Ta kGde vitoroyicn cvvaptnon t: {0,1}* x{0,1}* - {0,1}*
vrtdpyet TM R tétowo ©o1e ya kade x € {0,1}*:

¢r(x) =t((R),x)
670V PR elvar n GuvaptTnon Tov viohoyiget n TM R (Seg Opiopd 1.2.13).

Amodeaén. ‘Eotw T'n TM mou vmoloyitet t cuvdptnon t (n T 3éxetan cav eicodo dvo Aé€eic). Tlapatn-
povpe 61t n TM P a7y AT 1o Zxnuatog 7.2.1, pe elcodo x € {0, 1} emotpéper v run t(( P ary AT), x),
apoa eivar n TM R 1tov avognrovoope. O

Q¢ Tapadetypo epappoyne tov Oewpnuoatog Avadpopng da amodeiovpe Eava 6Tt HP ¢ REC.

Mopadeypa 7.2.2. ‘Ectw (npog dromo) 61t n TM H amogaciger v HP. @swpodpe ™ cuvdptnon
t:{0,1}* x{0,1}* - {0,1}*, pe:

(. 0) 1, av vrdpyxer TM M tétowa wote x = (M) kow M (w) 1
T,w) = ,
L, aAhog

Avti n (uepwn) cuvdptnon eivar voloyiciun (mt.x. ané ™mv TM tov Iynuatoc 7.2.2), dpa amd To
Oeopnua 7.2.1 viapyer TM R t€tolo wote yio. kade w € {0,1}*:
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7.2. TO OEQPHMA ANAAPOMHX

ParyAT

Plar) |(AT) A(Piar)AT)

Ixnua 7.2.1: H TM P oy AT oty anddeén tov Ocwpijuarog 7.2.1.

T
(M) OXI
M, w >
w D16Ee (M, w). ( ) H NAI !
T =
(M, w)

Xynua 7.2.2: H TM tov Hapadeiyuarog 7.2.2.

TPAYUO. TTOV PUGLKA, EIVOL ATOTIO.

To Mapddeypo 7.2.2 elvar evdelkTiKO TNC dUuvaung Tov Oewpnuo Avadpoung, RadOg pog delyvel ot
uropel va. ypnotpomomdel yio vo. arodetllovpe ot 1 HP dev aviker 1o REC, ywpic va ypewaotel va
kavovpe daywvioroinon. H mpoypatikdtnto Opwg elvar 0Tt avtl yio Sloy®vioToneT YENGLLOTIOMGOUE
avtoavagopd, plo. £vvola Tov 6TN AoYIKN TaVTLeTal GuYVa e To daywvio emiyelipnua Tov Cantor (kou
ue 10 Oewprpara Zradepot Enueiov, omog 1.y, 10 Ocdpnua 7.3.3).

Mopiopa 7.2.3. "Ecto vodoylown cvvdptnon f : {0,1}* - {0,1}*. Yrdpyet TM R mov vmohoyiget Tnv
f rat «xpnowomotel» kotd Tov vtohoyopd v (R).

[pdypatt, apkel va dewpnoovpe ™ ovvdptnon ¢ : {0,1} x {0,1}* - {0,1}* pe t(x,y) = f(y),
kD¢ amd 10 Oedpnua 7.2.1 (apoi 1 t Tpopavag eivar vitodoylon) maipvovpe TM R tétoia 0oTe yia
kade y € {0,1}* va wyver 61 pr(y) = t((R),y) = f(y) .

[Mopicp.a (tov Moptcpatog 7.2.3). ‘Ectw yAweca L € RE. Yrndpyet TM R mov nui-omo@aciget v L
KoL «XPNGLLOTIOED» GTov vItohoyioud e v (R) 2.

Av kourdfovpe mPocekTIkG TNV ar6den Tov Oewpnpatog 7.2.1 da Sovpe 6t n TM R (Snhadn n
ParyAT) mpéta dnpovpyel ™y (R) (dnhadn mv (ParyAT)) kot émerta ™ xpnowpomotel yia va vito-
Aoyioer v t((R),y). To yeyovog avtd amotedel TNV EUmveuon Tou akoAovdov GuuBoAlGuov.

TvpBohcpog 7.2.4 (Kovtakia Guvexela...).

' o avadvtiké:'Eato My n TM mov viohoyiter v f kar T n TM mtov vrohoyicer v ¢ (asihd, tpéyer tv My yio m Sedrepn
£{6080). Téte n gnrovpevn R eivar n P s AT.
2 Apkel va epappdécovpe 1o [épopa 7.2.3 yia t cuvdptnon g Mpdracnc 1.2.39.
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R
(R, w)
(R) q
——— NAI
w Dd1i6e (R, w) H
(R, w). XLy NAT

Xynua 7.2.3: H TM tov Ilapadeiyuaroc 7.2.5, émov H n TM mov (vrodeticd) amopaciter tnv HP.

8. 'Otav ypnopomolovpe 10 Oewpnuo Avadpopng kotd tov 6xedocpo plagc TM da ypagovye:

R
(R)

Mopadeypa 7.2.5 (To Mopddeypo 7.2.2 pe 10v mopondve cvpbohiousd). Owpodue v TM R tov
Iyxnpotog 7.2.3 ko Tapatnpovpe ot yio w € {0, 1}

R(w) = H((R,w)) lg,, < R(w) 1
mov elval GroTo.

Mo avaAvtikd da €énpene va opicovpe v TM T tov Zyfuatog 7.2.2 (dmov avtl vo emotpépet 1
amodéyetar v el6od6 T™g) Kal émerto. vo dpovpe wg R tn pnyavi ParyAT.'Ontwg do. mapatnpicate
0 ZvpBohopog 7.2.4 elvol IBLltepo XPNGLUOC YO, TNV OITAOTIOMGT TNG TTAPOVGLOGNC.

Mopadeypa 7.2.6 (EvaAloktiky anddeln tov Oewpnpatog 6.1.1).

(=) Eotw wiémta P € RE pe P ¢ {@, RE} kot yAoooeg Ly € P kaw Lo € RE \ P."Eotw eniong 61t ot
TM M, My nu-omogacitovy tig Ly kat Ly avtictowxa ko (wpog dromo) 6t n H amogacige nv Lp.
[Mopatnpovpe o1t yio v TM tov Exnpatog 7.2.4 woyvet ot

- (R)eLp = H((R)) lg,.= L(R) = L(Mz) = Ly ¢ P = (R) ¢ Lp
- (R) ¢ Lp = H((R)) b4, = L(R) = L(My) = Ly ¢ P = (R) € Lp

mov elval droTo.

Oa KAEIGOVPE TO. TAPASELYUOTA EPAPUOYDY TOL Oewpnuatoc Avadpoung opltovtog pio ToA) evdia-
@épovca khaon TM. Yrdpyouv apuncipwg amelpeg TM mov amo@acigouvv po. yAweoa L € RE, ax’
OAeC OUTEC, ORPLBMC Wia €xeL TN GOAYVUTEON -GUVTOUOTEON <TTEQLYPAPN>.

Opwepog 7.2.7. Miac TM M kahetton Gpayvrarn TM avv ya kéde i € N pe i < Godel(M) woyder 6t
du; # dar, 6m0v M; n TM pe apdpd Godel i. Opitovpe emtiong ™ YAWGGA Lpgaypraree = {{M) € {0,1}" |
M 6Gpayvtatn TM} 1.

"H Lppagsraree TEQIEXEL TIC Bpoyitepeg kwdwomoumoeig TM mou avayvepigouy Ti¢ yYAdooeg oto RE.
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7.3. TO IIPQTO ®EQPHMA MH-IIAHPOTHTAX TOY GODEL

R
(R)
Toéce H((R)).| ¥ NAI
————» NAI
OXI M|/ NAI
w

Xyrvpoa 7.2.4: H TM rov Hapadeiyuaroc 7.2.6.

Anppa 7.2.8. H yYA0660 Lp,uyirarec EVOL ATtELON.

Anoderén. ‘Eoto (pog G1omo) 6Tt Lpyayimaree = 1{M1), (M2) ..., (M)} yia kémowo n € N. ITapatnpodue
61 umdpyel memepacuévn yAwoea L ¢ {L(My), L(Ms),...,L(M,)} !. Zuvendc n Gpoyvtatn TM mou
amo@aoigel v L do énpere vo. evor pla ek tov My, Mo, ..., M,. Atomo. O

Hp()T(lGT] 7.2.9. LBpax{)m‘rsg ¢ RE.

Anddeién. "Eotw (mpog dromo) ot LBanUngg € RE kot 01t 0 amapduntg E v amapdpel. Oewpodpe
v TM R tov Zynpotog 7.2.5 ko naparnpovps ot o E karote da EJTLGT()ELI)SL uta TM M pe Godel (M) >
Godel(R), kad&¢ N Lppayiraree €Vt dmetpn (Anppa 7.2.8). Ontéte da €xovpe:

L(R) = L(M)

= Godel(M) < Godel(R)
<M ) € LBpaxl’)‘ra‘rsg }

TOV £lval GTOTO. O

7.3 To pwto Oewpnuo. My-mAnpotntag tov Godel

Optwepog 7.3.1. Metacynuaricuogc TM elvar omowadimote cuvdptnon t : G - G (8egc Opopd 1.4.9).
EvoAdoxtikd (kat (6oc o BoAikd), pmopovue vo dewpncovpe og petacynuotiond TM 1 cuvdptnon
t": N — N pe t'(Godel(M)) = Godel(N) avv t((M)) = (N).

Opwopog 7.3.2. ‘Ecto petacynuatioudc t : N — N. To ig € N elvar 61adgod onueio tov t avv ot TM pe
appovg Godel ig kot t(ig) elvar oodvvapeg (deg Opopo 1.2.14).

Ozopnpo 7.3.3 (Bevpnuo Ztadepot Inueiov). Kade mAnpng kat voloyicipog petacynuotiopog TM
€yel 6Tadepod onpelo.

! Mopampihote 6t akpibie wia and tig L(M), ..., L(M,) umopel va eivar n {0,1}*, éote ywpic 6AG6N Tne yevikéTnTag
ot eivar n My (n mepintwon émov kaplo ond tig L(Mi), ..., L(M,) 8ev elvar n {0,1}* kaldmteton amd 1o emyeipripota
1ov da. arkoAovdNGouY). Tuvemdg vItdpyovy AéCels wo ¢ L(Ms), ..., w, ¢ L(M,). Mapoatnpicte o1t L = {wa,...,wy} ¢
{L(My), L(Ms),...,L(Mp)}.
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R
(R)
Bloon — ,
L -~ 1 Godel(M) > Godel(R);
NAI | (M)
OXI
w m NAI|
Toé€e M (w). > NAI
Xynua 7.2.5: H TM ¢ Hpdracng 7.2.9.
R
(R)
Bpec Godel(R). |10 t(io) Bpeg (My(iy))-
<Mt(lo)>
w [

Togge My, (w). [ Pr(W)

Xynpo 7.3.1: H TM mov «amotedel» 61adg00 Gnueio yia T0v Uetacynuatious t.

Amodein. ‘Eoto T n TM movu vmoloyiter tov petacynpatiopo t. ®o cvpbolicovpe pe M; v TM pe
apwuo Godel i. Tapatnpovpe 61t av n TM R touv Zynuatog 7.3.1 éyer apdpod Godel ig tote yia kGde
w € {0,1}* wyder 61 gr(w) = dur, (w) = ¢Mt(i0)(w)' Apa 10 i elvar €vo 6TadEPO GNUELD YO TOV
UETAGYNUOTIOUO L. O

H mapokdate mpdtaon amotedel mapddetypo epappoyng tov Oswpnpotog 7.3.3.

Mpotacn 7.3.4. Ta kdde mAnpen, vohoyicipo, 1-1 kat entl petacynuotiopd TM vrdpyet ig € N 1éto10
wote ot TM pe apdpovg Godel t(ig) kot t(ig + 1) va elvar 1oodvvopueg.

Amodeén. 'Eoto ot pe M; ovpBohicovpe v TM pe apdpo Godel i. [pémer va deifovpe otL vtapyet
10 € N 11010 )GTE ¢Mt<¢0> = ¢Mt<¢0+1)'

AoV n t elvar 1-1 ko eml émetar o1l avtioTpéPetal. Oewpovpe ™ cuvdpton o @ N - N pe
o(x) =t(t ™1 (x) + 1). Ané v Ipéraon 1.2.12 mpokimTel 6T N 0 eivar VITOAOYIGLN KC GHVIEGN LITOAO-
vy cuvaptioeny kat (tpo@avdg) TAieng, dpa propolpe va epappdcovpe 10 Oevpnua 7.3.3 kat

127 Tedevraia evnuépwon 31/3/2024, otic 13:33.



7.3. TO IIPQTO ®EQPHMA MH-IIAHPOTHTAX TOY GODEL

T1,...,Tm My

Ytis---5Yn

\J

Zynua 7.3.2: H TM M; oty amédeiln tov Oewprjparog 7.3.5.

va. tapovpe jo € N 11010 wote:

M, = OM, ;) (7.1)
Hapatnpovpe 61t 10 39 =t~ (o) éxel T tnToduevn WIGTNTA KODWC:
PMy(ip) = PMym1 (i) 1y = PMigig )
Kal
Py, = PMyim1 07 = PMugi)
dpa amé v (7.1) émetan otL qut(Z.O) = ¢Mt(i0+l)' O

[Tpokewevou vo. Statvrncovpe koL vo. artodelfovpe 10 1° Oewpnuo Mn-mAnpotntog touv Godel da
YOELOGTEL VO TTEPAGOVLE KOL TTAAL GTOV «KOGEO» TOV PUGLKOV CPDUOY KOL TV VTTOAOYIGLUOV CPOUNTIKGOV
GUVOPTNGEWV.

Oevpnpa 7.3.5 (Bedpnua S-m-n V). Ta kéde vroloyiciun cuvdptnon g : Nt - Nkavzy, ..., 2, € N
vItapyet vrohoyiciun cuvaptnon f : N® - N tétoa oote:

Vyla"-vyneN(f(yly"'uyn) :g($17-'-7$m,y17~-,?/n))

EmumAéov, av n TM pe apdpo Gédel ¢ virohoyiget Tnv g, 10T LITAEYEL TANENC KL VTTOAOYIGLUN GLVAPTNGN
SM: N & N ue 10 ST (4,21, ..., Tm) va 16ovtat pe Tov apdpd Godel plac TM mov vrtodoyiget v f.

Amnodeén. '‘Eotw M; n TM mov vmoloyiget Tnv g. Hapatnpovue 61t n TM My tov Eyfuatog 7.3.2
vrohoyiget v f.

Téog, opicovpe ™ Guvaptnon Sy (4,21, ..., Tm) = Godel(My). H cuvdptnon avtn eivar mpo@aveg
vrtoloyloun 2 kat TARENC. O

IMAéov éxovpe ta dV0 BUGIKA ANUUATA TTOV XPEWLOROGTE Yo, vo. aTtodelovpe T0 Oevpnuo Mn-
TAnpottog tov Godel. O avayvHoTng IOV dev elval eEOKEWPUEVOC Pe TNY TTPWwToBAdULI0 Aoyt Do TPETEL
va, avotpéfet 6o Topdptnuo A TPOToY GuveyIGel TN UEAETN Tov.

! To dedpnua avté moAléc popéc otn BiBhoypagia avagépete kat ¢ Osdonua Iapaustpomoinenc.
2 A@ob umoloyicovpue TV kwdikoToinen e M;, $XovVTag TIC «GTUDEPEC» T1, . . . , Tm, UWTOPOVUE VA PTIAOVUE TNV KOIKOTIOL-
non g Mjy.

Tedevraia evnuépwon 31/3/2024, otic 13:33. 12 8



KEDPAAAIO 7. TO OEQPHMA ANAAPOMHX

BOewpnua 7.3.6 (1° Oedpnua Mn-minpdtntag Godel). Yndpyet mpdtacn ¢ g 2% tét010 dGTE av T0
P etvar cuvenég 161 P it kot P v - L.

Amodeln. ‘Eoto 611 10 P elval cuvertég. A@ob n 6uvaptnen ¢y mouv vitoloyiger pia TM M etvon eha-
x1oTIkG. avadpopkn (@edpnua 2.5.1), émetar 61t da elvar avamopactdon oto P (Oedpnua A.5.6),
dnAadn vidpyel TOTOC Y (7, Y) TETOLOC WoTE Yo KAdE T € N:

om(r) =y = Pro(z,y)
ou(z) 2y = Pr-p(z,y)

Oo cvpbolicovpe pe M; v TM pe apdpo Godel i, pe f; TV ehayloTkG avadpopukn GUVAPTNGN TTOV
0pICEL N Ppr, KOL YE ; TNV TTPOTAGT TOV AVATIOPLGTA TNV f;.

@ewpovpe cuvapton g : N2 - N pe:

1, av P+ 3zVy ~pi(z,y)

g(i,7) = ,
(:9) L, adwg

(ITapatnpenote 6Tt av P+ 3xVy —p;(z,y), apod n Tpétacn p; 6TNv 0veio. avamaploTd T ¢y, , VITGPYEL
x yio 10 o7olo dev vIdpyer N TN ¢py, () Kot kat’ emékTacn o violoyopog M;(z) dev teppariger. To
yeyovig avtd da 1o amodelfovpe Kal TLTKG Ge Alyo.)

H cuvdpton g eivar virohoyion 2 aré v TM M tov Iyiuatoc 7.3.3, émov My;,..s 1 TM 1oV
vIoAoY{tel TN XOPAKRTNEIGTIKA GuvapTNon g oxéong Proof (deg Tpdtaon A.5.9 kot QUGG 10 Ow-
onpa 2.5.1) kat Myaroy, My, ot TM tov Hapatnpicewy 2.5.2 kat A.5.8 avtictora.

‘Eotw 611 Godel(M) = 1. Ano 1o Oewpnpa 7.3.5 TPOKVITEL OTL LITAPXEL VITOAOYLGLUN GuvapTtnon f

tétol0 wote ya kade j € N woyver ot f(j) = ¢(4,7) ko 61t f = (Z)Msl(z )
1 (L2

t(i) = Sk(l,) efvox mnpne kar vItodoyiciog Gpa and 10 Oewpnua 7.3.3 éxet 61adepd onuelo g € N 3,
omote yo kGde j € N:

. O petaoynuatiopog t pe

9lios ) = Bty () = Oty () = 1, () (7.2)

(1,ig)

A@ov 10 P éyel votedel Guventég prtopel va. toyvel akpl8og €va oo Ta arkoAovda:
1. P+ 3zVy —pi,(z,9),
2. Pr—3aVy ~pi(z,y)

YKROTOC POg eval vo, 0dNyndovpe Ge GTOTO KoL GTIC dVO TEPUITTOGELC KOL VO. GUVAYOLUE OTL N TTPOTAGN
JxVy —pi, (x,y) elvar n gnrodpevn.

' Sty omodeln tov Godel, n mpotacn ¢ Epepe 10 vonpo «Eyo dev amodewkviopar 6to Px», Bacigotav dnhadn oty auvtoo-
vapopd (ekppacpévn pécw evég Oewprpatog Zradepot Tnueiov). Ta va opicel o Gédel avthv v Tpdracn yperdotnke va
kwSIKoTOMGEL ToVg Aoykovg TUToug (kat TIC arkoAovdieg auTwv) Ge PUGIKOVE aPWBPOUE, TEAYUC ATTUEATNTO Yia Vo opiGel
v eAoyoTkG avadpopikn oxéen Proof (3e¢ Mpdracn A.5.9). Téhog, amodewviovtag 01t oL eAayiGTIKG avadpopkEC GYEGELC
elvar avamapactdopeg (Opiouée A.5.5) 610 P ratéotnoe duvatd va exkppactel tumikd 61t évag tomog Sev amodekvieta
cto P.

2 To B0GIKG GLGTATIKG YI0L VO, TO TEETOXOVLPE GLTO EVAL 1 «KOBIKOTOMGT».

3 ES¢ mpocdétovpe Kot TNV auToovapopd 610 pelypa Tne andédeleng.

12 9 Tedevraia evnuépwon 31/3/2024, otic 13:33.



7.3. TO IIPQTO ®EQPHMA MH-IIAHPOTHTAX TOY GODEL

(4,7) — [ape (M;).
(M;)
Mryr—p
(fi)
M
w2 (pi)N YroAdyioe
(F2Vy =i (7, y))n.

(F2Vy =iz, y))N
) /

k<0 k (<E|xqu::0l?(§; V) k).
E+1 ((F2Vy —pi(x,y))n, k)
Moo |1 o1
0

Xynua 7.3.3: H TM M mov vrtodoyilet tp cuvdptnon g otnv amddeién tov Oswpruaroc 7.3.6 (ue (;)N
ovubodifovue Tov apidud Gidel tn¢ mporacn p;, dec Hapdypapo A.5.1).

L. Yrnodétovpe mpota (mpog dromo) 6t P + JzVy v (z,y) 1, ard 1o Oedpnpo Eykvpotnrag
(Bedpnua A.4.1), ot P E JzVy —pi, (z,y). Apod N E P, epappdtoviag tov opopd tou Tarski,
TPOKUTTTEL OTL LTTAPYEL jo € N Tétol0 Wote yia kGde n € N woydet 61t N ¥ i, (x/50,y/n). Av loxve 61t
b, (jo) = n, apod n @i, avanapetd TV fj,, da énpemne va wxvel 61t P = 4, (jo, 1), dpa (amé
10 @evpnuo Eykvpdtnrac) 61t N E ¢;, (jo,n) . Tuverde yia o jo € N woydet 61 P, (Jo) # n, Yo
kGde n € N.

‘Opwg, a@ov P+ 3zVy ¢, (z,y) éretar 6t g(ig,j) = 1 yia k4de j € N. Ané v (7.2) émetar omt
P, (j) = 1 ya ke j € N. Avtd QuoLKG pog 0dNyel G ATOTO AV TTAPOLYE VIO j TO TOPUTIAV® Jo.

2. Ynodétovpe tpa (1At mpog dromo) 6t P + —~3zVy ~¢;, (7, y). Te avtiv Tnv Tepintwon da elyope
6t g(ig,j) = L 2, yia kéde j € N. Ométe (Aéyw e (7.2)) woydet 61 b, () = L, yro ke j € N.
©a deifovpe, avtictorya pe Tpw, 61t yia kdde j € N vitdpyer n € N této0 bote dar, (j) = n, dnhadn
6t gar,, (j) € N, ov elvar drroro.

! To omolo onpaiver 61t N & @4, (2/50,y/n) apod o yneio n sppnvedetar atn N wg n e N.
% Mapatnpiate 61t agod P+ =3xVy i, (z,y) ko 10 P éyer virotedel Guvenée dev pmopel va 6xver tapdhnia 6t P -
32VY ~pi (2,9).
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KEDPAAAIO 7. TO OEQPHMA ANAAPOMHX

Emkadovpevor 1o Oewpnpa Eykvpdtntog kot epappogovtog tov optopo touv Tarski kataAnyovpe
6t yio kade j € N vnapyer n € N téroio wote N = p;(¢/],y/n). Av loxve ot gar, (j) # n 1618
da elyape P =~y (f,n), dpa N E —p;,(j,n). Zuvenog yia kGde j € N vidpyet n € N 1ét010 dote
Oum,, (4) = n. O

Mopatnenon 7.3.7. To Oewpnua 7.3.6 pag delxvel 61t vtdpxer TM M yio Tnv omola dev popovpe
va. amodeilovpe (otnv I'7*) 611 yia kdmowa elGodo dev Tepuatitet ovTe va amodeiovue 6T TepuaTiter yio
KGDe €l60O.

Mopatnpnon 7.3.8. 'Ecto ¢ n mpdtacn tov Oewpnipatog 7.3.6. A@ov Tpo@avag pio ek Twv o, =@ elval
alndnic oty poTdéuevn epunveia N g I, 10 Oedpnua 7.3.6 amodekviel 611 LIGEYOLY aAndeic
TPOTAGELC TOV PAINUOTIKOV TTOL Xpnctpomotodpe (tov QuGika epmeptéxovy v apduntik Peano) ot
omoleg dev ptopouv va amodeytovv. Mia mdavn AVen 6e avtd 10 «TPOBAnuo» da Ntav va diaAéovpe
pla ek TV @, ~p kat va v evtafovpe wg aflopa 1o P. Kot tal opwg da propovcaye va entavadabovpe
™mv anddeln tov Oewpnuatog 7.3.6 kat va Gpovue GAAN TPOTAGN PYe aUTHY TV WLIOTNTA...

[Taporo Tov N TTPOTAGN ¢ TOL OeWPENRATOC 7.3.6 PALVETOL VO, EVOL «KATOGKEVOGPEVN> KL D€ POLALEL
OTIC TPOTAGEIS TOV UOIMUOTIROV TTOV £xovpe cuvndicel, 1 Mn-mAnpdtnto g apduntikic Peano (kat
KOT ETTERTACN GAWY TOV LODNUOTIKOV TTOL TNV TEPIEYOLV) JEV APOPG WOVO KUTAGKEVUGUEVES TIPOTAGELG.
AvGTUYOG VTTAPXOVY TPOTAGELS Pe KODAUPD <UOIMUOTIKO TEPLEXOUEVO>, OXL TTPOTAGELS TTOV TTPOEKVLYPUY
07t pio SlodkaGlo. TaPopoLa ke TNV oTtodeln tov Oewpnuoato¢ Mn-mAnedTnTog, TOV ATTOGYXOAOVGOY
TOVUC POINUATIROVE KALPO KOL TEAKA aTTOdEINKAV «pn OT0delLUeCs.

Inpeiwon 7.3.9. To Oedpnua 7.3.6 6ty ovcia amodekviel 61t 10 P (7t0V Teptéyet névo Ta 6Tolyelddn
aflopoto TG apdunTkig) dev elvan Tumikd TAjpec. Te avtiy T SlamlcTwon 0dNYoVRaGTE v LITOJE-
covpe 61t 10 P eivan cuvertée . Evar dpwe 10 P Tehikd cvvenéc; Te avtd to gpdmua o Kurt Godel
£dwoe (TAM) pla «ducedpectn» amdvinon ywo Toug padnuotikodg. To 2° Oedpnua Mn-mAnpdtnrac
delyver 6L dev pmopel va amoderydel amd 10 P n cuvémeld tou. Avtd onpaivel 6t dev pmopovpe (pe
ctoEeldelc pedddoug) va amodeifovpe T Guvémela tov P.

Ackncelg

7.1 (¥x5%). Bpeite Vo dagopetikég TM M kaw N tétoieg wote yo kGde x € {0,1}* va woyder
ot ppr(z) = (N) kan o (z) = (M).

7.2 (Gkix). Oewpnote T YAOGGOL
L={(M)e{0,1}* | ia kGde T.M. M" woyder 61t av L(M) = L(M") 1éte |(M)| < |[(M")|}
Aeite 011 dev LITAEYEL ATTELPO OVASPOULKD. ATTAPWUNGLLO VTTOGYVOAO TNne L.

7.3 (Gkki). Mia TM M ovopdieton edayioticn av k6de TM M’ pe L(M') = L(M) éyer me-
PL6GOTEPEC KROTAGTAGES amd v M. Ymdapyer dmepo, Avadpopikd ATapdunctpo 6UVolo KwdL-
KOTIOMNGEWV eAalGTIROV TM;

! Av dev eivar cuvenéc 161 TpOQaviC evar TLTIKG TMPEC: A@oD da umopolpe va amodeiovue évav TUTO Kat TV GEVNGT TOL
da. pmopovye va amodelfovpe plo aVTIPOOT KoL WG GUVETELD D0, PTTOPOVPE vo. aTtodelfoupe GAoUG TOUC AoyKOUE TUTTOUC.

131 Tedevraia evnuépwon 31/3/2024, otic 13:33.



7.3. TO IIPQTO ®EQPHMA MH-IIAHPOTHTAX TOY GODEL

7.4 (Gokk). Yrdpyer 1-1 kou exti, TAnpng vodoyicipog petacynuotiouéc TM ¢ : N —» N yia tov
omoio dev umdpyet i € N 11010 ©oTe 0L My (5), My(iy1), My(iy2) va vIIOAOYigoUV TNV {Bio. GuvdpTnon;

7.5 (Geie¥x). ‘Eoto d(x) n 6poyitepn Aén tng popeic (M, w) émov n TM M pe elcodo w tep-
patigel yoagpoviag = 6tnv towio tg. Aeilte ot n ovvaptnon K : {0,1}* - N, pe K(x) = |d(x)|,
dev elvar vtohoyloLun.

7.6 (rk k). Amodeilte t0 Oewpnua 7.3.3 yponowomnowviag 10 Oedpnpa 7.3.5 (ko oyt 10 Oew-
onua 7.2.1).
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KEGAAAIO 8

API®OMHTIKH IEPAPXIA

H omdvinon tov spotnpdtov g ZeAidag 22 pag €8ae dtt vmdpyovv yAowceeg (7 mpobAnpato
av TPOTIATE) TELWY KATNYOPLWV: Ol avaSPOWKEC, ol avadpopikd amapduncipec kot ot dAdec. To «ot
GANEC» TTPOPUVMC DEV PTTOPEL YIVEL AVEKTO GE €VO. ETLOTNUOVIKO Kelpevo. H meptépyetd pog avamépevkto
kaAMepyel ™V avaykn va katatdovpe ddec | Tic yAdooee we mpog Tov «Badud Suokohiac» Toug. Ag
KOTOTTLOGTOVUE AOLTIOV e AUTO TO EYXEPNUOL.

Y16 ol €vvola «SueKroMaC» Opwg da yiver outh N katdtaln; H duokolio 610 vo amo@acicovpe
wia YAweoa (1 va voloyicovpe pio cuvdptnoen) dev da ogeiletar 610 TARDOC TWV VITOAOYIGTIRGY TTOPWY
10V da YPELGTEL VO SATOVNGOVPE TIPOC AVTO, OTIWC YiveTal T.Y. 61N Oewplo TG Yroloyotikng TToAv-
mAok6tntog (0UTe N AAAWC éxovpe amogacicet 6Tt éxovpe 61N S1AdecT oG 06odNToTE PeydAoug aAld
TemepaGpévoug Topovg). Eude pog evdiagipel méco «ioyupic» mapadoxéc da xpewnctel vo KAvoupe
ylo. vo. omo@acicovpe ™ YAWGGa. [o Tov AOyo autod do. elGAYOVUE TOV AEYOUEVO GYETIKO VITOAOYIGUO,
1oV LTIOAOYIGPS dNAadN TTov e€opTdtal armd kaToteg (katd kavova TOA) 1GYVPEC) TTaPadSoyEC.

’ ’
8.1 Xyetikog vwoAoyiGpog
Oa décovpe dVO OKOPO. VITODETIKG EPWTNPATO TO. OTIOL0. D0, TPOGTIADNGOVPE VO, UITOVTNGOVYE:
Epwtpa 3: A¢ kGvovpe v untddeon gpyaciog 6t n yYAweco HP (wov dvolle tov aoké

T0V Al6Aov) eivar avadpouiki YAOcca. Etvar téte kat kGde GAAN YAOGGO 0vadpopkn N €6Tw
avadpopikd amapdunciun %;

Muovtog o xohapd, 1o gpotnua da dotvntwvotay wg eing: Av Efpaue yLa Tolee e166dovC TEQ-
uaticer ula TM kat yra sote¢ oyt da uropoveaue va amoPacGioovue OAEC TIC YAWGGEC, 1) EGTW VA TIC
avayvwpicovue; Evo. 10 yeviko epotnya evar 1o e€ng:

! Avetuyidc —ota TAalGla aLTGY TV CNUEIBcELY— dev da pTopécovpe va kadopicovpe TN duokoAia GAwv Tov yAwcoov. H
UeAETN pog GTopaTdel e pla YAOGea Ty orola aduvaTtolpe pécm TG dewpla Tov da avoTTUEOVPE VO TNV KATOTALoVpE GE
kamota kAN duokodog. O @opadNE avayvOeTng do XPetasTel vo. Guveyicel TNV avaLnTnot Tov ato medlo g Ieptyoapiknc
Zvvododewpiac.

2 pocoyn! Aev da dexdovpe cav akndi mpdtacn pia avtigpacn yiati 1éte GAeg ot Tpotdcelg do. Nrav aindeic. To epdtnua da
yiver 1To Eerddapo 6N Guvéyela.
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8.1. 2XETIKOX YIIOAOI'TXMOX

Epdtnpa 4: Eivar dheg ot yAdooeg oto 2{01" < RE 10 (810 «pn-amopavoipegs;

[Tpokelpévov va 0plcovpe €Vo. UETPO <PN-OTTOPUVGLLOTNTOC» D0 ELGAYOVPE TOV GYETIKG VITOAOYLGUO,
dNAadn Tov LTTOAOYIGUO WOC GLVAPTNGNG N TNV ATOPAVGLUOTNTO. IOC YADGGAC GE GYEGN e KATIOoL GAAN
oVVAPTNON N YAWGGO. AROAOVIWVVTAC TNV €A TOV GYETIKOV VTTOAOYLGUOV, da. dewpovye OTL pla yAwoco B
elval «3voroAdtepn» amd pla yAweco A av n (VTodeTIkN GTIC TEPIGGATEPEC TEPITTTOGELC) VITOPEN EVOC
aAyoPPOL TOV UTTOPAGICEL TN B patopel vo. XpNnGLLoTTomdel Yo Vo, ATOQOGIGOVUE 1] VO 0VAYVOPIGOVUE
™mv AL

Kevtpikd pOAo GTOV GYETIKO VITOAOYLGUO TIOLLEL 1 EVVOLO TOV UAVTEIOV YIa Uit YAWGGA KAl TO UOVTENO
TM mov pmopel vo. 0LoTIoMGEL TOUC «(EPNGUOVE» TOV POVTEIOV. AC TTEPAGOLYE GTIC AETITOUEPELEC OUTWV
TOV EVVOLOV.

Opwepog 8.1.1. Xpnouodotng (i pavteio) yia pia yAdooa L € {0,1}* eivon plo e€otepikn pnyavn (6y
TM) Tou déyetar cav eicodo pio Aéen w € {0,1}* ko emotéper 1 av w € L ko 0 av w ¢ L.

O mapandve Oplopdg elval o 6uyndésTtepog ot BlBAoypapia. T va pmopécovpe va Guvdécovpe T0
AGOQPEC «ECWTEPIKN PNYOVI» e TIC aveTnpd oplopévee TM Do 0plGOVPE TO. LOVTELDL e TTLO TUTTLKO TPOTIO.
Qo dewpncovpe Aorov w¢ pavteio yo ™ yAosoo L € {0,1}* pia drepn tawio (arwé ta dedid) mov
TEPIEXEL TN XAPURTNELGTIKN 6LVAPTNGN TNC L. ITio GuykekpLpnéva, ta keEAd auTNg TNE TAWIOG AVTIETOLO0UY
otig Aéeig Tou {0, 1}* (10 0p10TEEGTEPO AVTIGTOYEL GTNV € KAL TOL LTTGAOLTTO. KOAOVDOUY TN AECIKOYPOPIKN
ddragn tou {0,1}*) kar avaypdpovv 1 av n AéEn Tov kehov ovnikel 6tn YAWGGo. kot 0 ov Sev avikel.
Zoppowva pe autiy ™ cvpbacn propovpe va opicovpe TM Tov xpnctpormoovy pavtelo kg e¢ng:

Optapog 8.1.2. 'Eotw yAdooa L € {0,1}*. Xpnouodnmriky TM w¢ mpog v L (17 TM pe pavreio yia v
L 1, ev ovvropia, OTM) eivar ploo TM M = (Q, X, T, 4, qo, Trérog) TOWOV TOWLOY, 6100V N 3" Tawvio. elvar
10 povtelo yo v L (Se¢ Zyua 8.1.1). EmumAdov 10 Q meptéyet Tpelg eldIREC, UN-TEPUUTIKEG KATOGTAGELG,
TIC @7, @y KOL n, Ol OTIOIEC GTARATOVV TNV KKAVOVIKI» PON TOU LTTOAOYIGUOV Kat EEKVOUV TN dadikacio
«gpOTNOENG» TPog To pavtelo. H M otav petabaiver 6tnv ¢ KAvel To. arkoAovda:

1. Ymoloyiger T celpd 6tn AeSikoypoikn diataln tng AéEng mov mepteyet n 2" Tawvia, €6Tw OTL elvol
n i-o6tN Aé€n,

2. Kkwel v ke@oAn g 3" Touviog 6To Kehl i kot daBdagel To Teplexdpevo Tov. Av avtd elvar 1
uetabaivel 6TV KATAGTAGN ¢y Kot av auTo evan 0 6TNY KATAGTAGN ¢p.

"Exovtag mdpet deTIkN 1 apVNTIKN amdvTnen omé To uavteio o LIOAOYIGUGC Guvexitel Katd T YWwoTd 2.

Moapatnpnon 8.1.3. Kot avrictoyyia pe tov Opopd 1.2.23, pumopolpe va oplcovye TIG XPNOROANTITL-
kéc TM pe 300 Tepuatikég Katactdoels (TIC Gya KAL Gy), AV TO EVOIOPEPOV P0G GTPEPETAL TTPOG TNV
OTTOPOVGLLOTNTO. YAOGGOV.

Zvp6ohcpog 8.1.4. 'Ecto OTM M = (Q, X, I',6, qo, Gréroe) kKot YA®GGa L € {0,1}*. @a ypdgovue MFE
0tav DEAOLPE VA TOVIGOLYE TO POVTELO TO OTTOLO TTPOTIOEUEDO VO YENGLUOTIOVYE Yo TNV M.

' Kért avtiotoyo elyape kévet kat 610 Ke@dhaio 5 pe TIC omekovioTikée avayoyée. Xy Hopdypago 8.3 da yiver avti 1
oVGYETIoN KoL da dovpe TIC SLPOPEC TTOL VITAPYOLV.

2 0 vntohoytopde var pev die€dyetal «katd To. YveoTdx» alld 1 yvdon Tov amokopicape ard 1o pavtelo kével tic OTM 1oAYy
0 «16YVPéc» amé Tic TM (Tumikd dev pmopovue vo. Guykpivouue T SUvopn autdy Twv 300 VTOAOYIGTIKGY LOVTEAWY GTTWC
e&nyel n Hapatipnon 8.1.15). O Adyog QUGG eivar 6Tt pe 10 povtelo umopovue vo yvopitovpe av pio AéEn aviikel Ge plo
YAOGGO 1} Oxt, GROUO KOL YL0. YADGGEG TTOV £lval UN-0TTOPAVGLES, YI0. TNG oTtoleg dNAadi Sev da propovcape Vo OTTOKTAGOVPE
VTNV TN YVOON P KATOL0V VITOAOYLIGTIRG TPOTIO.
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ST T T T T T T T T T [ 1 cavio Gavia covaciae

(@ (reoié
’D‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ 2 e Zggfrﬁ;.rgro povteio)

>1fololi]1]i]o]o]olo] -+ 3 raia (pavicio)

Yynua 8.11: Zynuoatiki avarapderacn piac OTM.

11 cuvéyela da. yivel avTIANTITO OTL GVAAoYa pe To povtelo Tov xpnotpotoel n M da aAldger kot n
«GUUTEPLPOPG» TNC. 'Eto1, 6tav pog evda@épel 1 GuUTEpLPOoPd. TNC Ge 6YEon pe T yAweeo L do tnv
TPEXOVLYE YEPNOLUOTIOOVTOC WC povtelo v L.

Opwepog 8.1.5. ‘Ectw ydowooa A € {0,1}* kot cuvdptnon f : {0,1}* - {0,1}*. Mia OTM M mov
yonotpototel povtelo yo v A vrodoyier v f avv:
Vw e dOm(f)(D gow '_7\4A[> Q‘téhogf(w» kaw Vw ¢ dom(f)(MA(w) T)

Opwepog 8.1.6. 'Ecto yAwooa A € {0,1}* kot cuvdptnon f : {0,1}* - {0,1}*. Av vrdpyer OTM M
0V VTIOAOYIZEL TNV f av ypnotpoTomoeovye povtelo yia v A da Aépe oL 1 f elvan vrrodoyiciun w¢ mpog
™myv A.

Opwopog 8.1.7. ‘Eotw yAwoceg A, B ¢ {0,1}*. Mio. OTM M mov ypnowomotel povielo yo. tqv A
avayvwpiter (| nui-awopaciter) v B avv:

(A) w € B <~ MA(w) ‘L‘Ivm

Opwepog 8.1.8. 'Ectw yAwooeg A, B ¢ {0,1}*. Av vmdpxer OTM M mov nui-amogaciger v B av
YENGLLOTIOMGoLPE pavtelo yia TNy A da Aépe ot n B elvar avadpouikd amaptdunciun ¢ mpog ty A.

Opwepog 8.1.9. ‘Eotw yAdooeg A, B ¢ {0,1}*. Mia OTM M wou ypnowomowel povieio yo. v A
amopaciter v B avv:

(A) we B < MA(w) lq,
(B) w¢ B« MA(w) Ig,,

Opwepog 8.1.10. 'Ecto yAdooeg A, B € {0,1}*. Av vrtdpyer OTM M Tov amogaciter v B av ypnot-
pomomoovpe pavtelo yio v A da Aépe o1t n B elvar avadpoukn wc mpog v A.

Yvu6oAcpog 8.1.11 (Kovtakio Guvexela...).
9. Oa ovpboligovpe to pavtelo yo ™ yhwooa L € {0,1}* o¢ eng:

w
O,ovw¢ L

(Ztnv amewovigépevn mepimtnon yivetal ep@Tpa 6To pavtelo yo ™ AéEn w.)
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1 m M(w) \Lva » NAI

T HP z = (M,w) Tpége M (w). *‘ M (w) ‘L'Qé)(l

OXI

v

Xynua 8.1.2: H OTM mov arwogacitet tqv L Amodoyrc:

Hoapaderypa 8.1.12. H Lyrgs0pic £var avadpopkn o¢ wpog v H P kadog n OTM tov Zxiparog 8.1.2
™Y anoQacigeL.

Mapatnencn 8.1.13. Iapoatnpncte 61t av eiyope epodideer Tnv OTM 10U TTOEOTAVE TOPAdEYUOTOC
pe pavreio yio ™ HP (avti yia 1o pavteio yia v HP), té1e da amopdotte ™v keviy yAoooa . Axéua
kot av 1 OTM amogoaoiter (nu-omo@acigel) pla cuykerpluévn YAocoa (1] vitohoyigel pla GuykerpLuévn
ouvapton), av 1o pavtelo oANGEel 10Te aAAGLeEL KAl N YAWGGO. TTov amo@acitel (nu-amopaciget, N n
GLVAETNGN T VTToAoYitel). Mmopodue vo avtictoyncovpe ce o OTM ulo yAweoa (1 pla cuvdptnen)
UOVO eV Gy£GeL ue TN YAWGGA IOV XPNGLUOTIOOVPE OC UavTelo 2.

Zvp6ohopog 8.1.14. 'Ecto OTM M = (Q, X, 1,0, qo, ¢zarec) Kot YAGGoa L € {0,1}*. Xapw cuvtoplag
oe 660 akohovdovv da ypdgovpe «vmtdpxet OTM MPE . .» avtl yia ™v mpédtacn «vrdpyet OTM  Tov
av YENOLLOTIOMGOVYE WC UOovTelo TV L ...

IMopatnenocn 8.1.15. Ot OTM eivar eméktoon twv TM. Oa pmopoldcope vo 10 Gavtoctodue avtd
wc £8ic: Mia TM dewpeitar OTM mov dev ypnopomotel moté 10 pavteio e . H eméktaon avty, oe
avtideon pe Ti¢ emektdoelg mov eldape oty Iapdypago 1.3, Selyver (e6@popéva) woyxvpdtepn amd Tig
TM 4, kada¢ yio mapddetypa n OTM tov Mapadeiypatog 8.1.12 amogacicet pla un-avadpouki YAOGGGa.
ES duwg éyoupe va KAVOLUE e «GYXETIKO LTTOAOYIGUO» (KODWC KAvoLue TNV TTOPAd0YN OTL UITOPOVUE
va yvwplgovpe av wo AéEn avikel 6ty H P 7 61 kat 6yt ue «amtéAuto vtohoylopd» (Gmov dev kdvoupe
kaplo Tapadoyn).

"Evag 1o Tumikog 1potog va dovpe 61t ot OTM elvar eméktacn Tov TM, 1, 6wctotepa, 6t oo TM
elvat eploplopog twv OTM, divetar 6tn Zopbaon 8.1.16.

Zop6aon 8.1.16. Ia Adyoug «ovubatomnrag» da dewpnicovpe 6t ula TM M = (Q, X, I, 0, qo, ¢réroc)
elvar pla OTM o1nv omolo. €xovpe décel Tov ardAoVIO EETPO. TTEPLOPLOUO VLo TN GLVAPTNON petdBaong:

Va,be I' Vq,pe Q Ve {A,A}(0(q,a) = (p,b,x) > p* q2) (8.D

dNAadn, katd TN Aertovpylo TG dev petabalvouy TOTE GTNV KOTAGTAGN 7.

' Ed6 vrodétovpe 61t av Sdoovpe otnv kadohikn TM wg eloodo AéEn mov dev amotedel kwdiwomomon TM kat AéEng, avti da
KROAANGEL.

2 @uundeite 611 fwg TOpa Gt kGde TM avTicToovGaue akplBiC wio GuvdpTon Kat akEIBHC pia YAGGGa. Tov GYETKG vLITO-
Aoylopd auto yevika dev woyvel Ioyver pévo dtav dnhocovype pntd To pavtelo ov da ypnoponomcovpe otny OTM. Y6
plo €vvolo 0 GYETIROC LTTOAOYLOUOC TOVTILETOL PE TOV LTTOAOYIGUO TTOU UEAETOVGOUE £WC TOPO AV ETKEVIPWIOVUE GE Wi
GLYKRERPLEVN YAOGGO povtelov. PUGIKG N XPNON KOVTEIOL pag odnyel Ge OTOTEAEGUATO. TOV €Vl AVTIDETO pe GUTA TToU
dewpovcape aAyoPUIKA EPIKTA.

3Eyel T duvardtnta va to pnotponoicel aAdd Sev o Kkavel.

* Mpdyua oV LKA da KAGVIZe Y epmieTtooivn pag otn @éon Church-Turing!
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H mapamave cbpbaon pog divel ev oAlyng 1o dikailopo vo tpéxovpe ti¢ OTM Tovu kavoToovv v
TpovT6deon (8.1) «xwpic va ypnotpomoovue poveion |, dmwe dnhadn kdvaue og TOEA.

Yuvduatovtag ™ Zopbaon 8.1.16 pe tovg Opiopoig 1.2.28 kat 1.2.29 0dnyodpacte 6tnv akOAOLIN
TOPATNENGY.

Mopatipnon 8.1.17. Mia yAdcea L € {0,1}* eivar avadpopikn (avadpopkd amapdpnowun) avy vidp-
xet OTM mov v amogacitelt (nui-aro@aciel avticToyn) acyéTng pe TTowa YAOGGO. Do PNGLUOTIOM-
Govpe ©¢ pavteio. Emouévoc, ot kKAdeeic REC kat RE a@opotv améluto viohoyious 2.

Xonoponntikn Kadohkn Mnyavn Turing

Yy oapdypogo 1.4 kwdkomomoape ™ cuvdptnon petabacewy wliog TM oto {0, 1}, pe andtepo
6KOTIO va. oploovpe ™V kKadoAikn TM. H kadohikn TM pmopel vo dexdel 6av el6odo v KndkoTomon
plagc TM kot plog AEENC KoL VO TTPOGOPOLWGEL TN AerTovpyla TG pe €l6odo avtiy v Aén. 'Ocov apopd
Tic OTM dev €xovpe vo TTPOGIEGOLPE KATL TTOPUTTAV® WC TTPOC TNV KWIKOTIOMNGT TOVC, KADWC TIC 0PLOApE
cav TM 3-tamviédv 3. Mmopodue Aomév va mepdaovpe 6tov optaud e XpnouoAnmrikic Kadodwic TM.

Opepog 8.1.18. 'Ectw yAwooa L € {0, 1}*. XpnopoAnmriksi Kadowr; TM w¢ mpog v L, cupBohopdc
ME, etvar pia OTM 1tov déyetar wg el6odo Ty kwdikotomon piac OTM M kot plac AéEnc w kot popel
va pocopotwcel Ty M (w) pe Tov o 1pdmo 6mwg pia (amAn) Kadolwn TM (e¢ Optopd 1.4.13), udvo
TI0V YPNopoToEl To pavtelo yio v L 6mote  mpocopolwon g M (w) mnyaivel 6Ny KOTAGTAGT 7.

YvpBohcpog 8.1.19 (Kovtakia Guvexeta...).

10. ‘Ecto yAdooa L € {0,1}*, OTM M kot w € {0,1}*. @a ypdgoupe: +

L
(M, w) DI NAIL av ME(w) | ¢ya

+— OXI, av ME(w) Lasp

[Mapotnenote OTL 0vAAOYO. pe To povTelo Tov xpnoipomotel n kadohikn OTM propel va amodeydel 1
va. aTropplpet T €l6odo te. Ta wapddetypo av tpocopowwcovpe v OTM 1ov Iopadetypatog 8.1.12
pe £l60d0 (M, w) € L azosoyic: XONOLWOTOWOVTAC Yia pavTelo v H P, n kadodkn OTM da anodexdel tnv
{6000, £V av YpnotuoTomcovpe yo pavteio T H P da amopplypel v elGodo.

''Av 10 kévape ovtd oe ula OTM mov Sev kavomotel v (8.1) 1618 avth da KOAAye dTav é@Tove GTNY KUTAGTAGN g7 KADWG
da meplpeve Yo TAVTA EVaV «YENOPO>.

2 H Zbubaon 8.1.16 dev eivar amapaitnTn yio. va wxvel auth n apatipnon (deg Aoknon 8.2).

>Onwe otic TM dev kwdikomolovcaye To Teptexduevo e taviag, 1ot kat yio i OTM kwdikomotovpe uévo ™ cuvdptnon
petd6aong (kar éyr v tawia tov pavieiov). Mpocoyh: Aev da Ntav 6wt va Thpovpe TPWTC 1GOSHVAUN UOVOTAVIOK]
TM kar va kodikomomcovpe avthv (Sefte Tnv omddeiln tov Oewpnpotoc 1.3.3). Kwdikomoodpe katevdelav 1 cuvdptnon
petabacewv omtwg oty opdypapo 1.4.

* Todgpovpe mL avti yia [M] déhovrag va tovicovpe To pavteio mov TPOTIdEUEdA VA XPNGIUOTIOWMGOLUE GTNY TPOGOUOILGT.
Mnv mapeEnyndel autog o cvpboMopdg kot dewpndel 6Tt N YAwooa L éxel cuykerpipevomomdel. Avaloya pe Tov GKOTO TTOU
YENOLLOTIOLOVPE TN XPNGUOANTITIKY RODOAKT pnyovil N YAOGGo. pavtelo pmopel vo. oAAGgel.
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KAacelg 6xetiko vmoAoylGpov

Optepog 8.1.20. 'Ecto yAooca A € {0,1}*. Opltovpe Ti¢ arGAovdeC KAAGEC YAWGCWY ©¢ TPOC TV A:
- REA = {L ¢ {0,1}* | umdpxer OTM M mov nur-amogaociter v L}
- REC* = {L ¢ {0,1}* | umdpxert OTM M mov amogaoitel v L}

Oempnua 8.1.21. "Eoto yAdooa A € {0,1}*. Av A € REC té1e REA = RE kaw REC* = REC.

Amnodeén. "Eoto M4 n TM mou amogacitet v A kat é610 yAdooa L € RE4, Sniadn vrapyer OTM
M f OV TNV NL-OTTOPOGLLEL. « AvTRaDIGTOVYE» TO pavielo yio v A pe v My otnv M f KO TTOLPVOLUE
TM M wg e&ng:

H M mpocouotéver pe pia (amdii) kadodiky TM tqv M f. Otavn M f «PWTAEL TO UAVTEIO
yia pia AéEn w n M 1péxer Tny M 4 pe eicodo w kat av avti amodeytel yodper 1 atnv 10t
tawvia (v Tavia Tov pavreiov) oo keAl |w| + 1, eve) av amoppiper yodpe: 0.

Kotd avtév tov tpormo propovpe vo. «Eeyehacovpe» v M f KaL va Aertovpyel OTwg da €kave av
YENGLLOTIOOVGE PavTelo ya TNV A, aAAG 6TNY 0VGLO TOUC «YENGOVE>» TOLC LITOAOYLLOVUE YENGLLOTIOL-
vtac v M4 2.’Etot katackevdcape uio TM M mov nui-amogacitet v L kaw dpa L € RE. Tuverdc
RE* c RE.

"Eotw t0pa YAowoco L € RE kar TM My, 7ov v nut-amo@acigel. Ano m Lopbaon 8.1.16 mpokvmtel
étL n M, amotehel OTM mov Sev «pwtder» Toté 10 pavieio. Tuvendg L € REA kaw étot RE ¢ REA. O

Zopeowva pe 10 Oewpnua 8.1.21 n dewplo TOU GYETIKOV VTTOAOYLGUOV DEV TUPOVGLALEL «EVILOPEPOV>
OTOV XPNGLKOTOOVUE WC RAVTEID plo. avadpouikl] YAWeGa. A¢ dovue Aomtdv Tt cupbalvel dTov YENGLUO-
TOMGOLYE pLa 0vadPOpIKG amtapdpnctun YAwcsoa A € {0,1}* mov dev eivar avadpopikn. Anté o devtepo
okéhog TNg améderEng Tov Oewphpatog 8.1.21 wpokumter 61t RE € REA. TNa pepikée yAdooeg-paveia
wyver 61t RE ¢ RECH, émog yio tapddetypa v HP.

Mpétaon 8.1.22. Ioyver 61t RE ¢ RECHE,

Amnodeién. ‘Eotw yhoooo L € RE kot é6tw My, n TM mov v nui-amogacicel. [lapatnpovpe 61t n OTM
M tov Zyiuarog 8.1.3 anogaocicet ™y L, dpa L e RECH, O

Yuvenwg N amdvinon 6to Epdtnua 3 (ceAida 133) elvor katagotiky aAAd pévo 6Gov agopd Tig
avodPOUIKA aTTapPNolpec YAOGoES, OTIwg delyvel n akOAovdN TEOTOON.
Mpéracn 8.1.23. Yndpyet yAdooa L € {0,1}* mov dev aviker oto RECHY,
Amodeln. Oewpolpe ™ y\wooo:
HPy = {(M,w) e{0,1}* | M""(w) {}°
Qo deilovpe o1t HP, ¢ RECH? “Ectw (wtpog dromo) 6t H P, € RECHY wan éot0 é1u n OTM HHP v
amo@aoigel. @ewpovpe v OTM D 1ov Zynpotog 8.1.4 kot Tapatnpovpe Ot

DHP((D)) | = HY((D,(D)) lg,, < (D.(D)) ¢ HP < D""((D)) 1

AtoTo, Gpa HPs ¢ RECHP, O

' @a del€ovpe pévo v TpdTn Tepintoon. H Sevtepn eivar evtehdc aviicTowyn.

2 Tumikd, yia vo GupPopPedovpe aréivta pe ™ Zoubaon 8.116, da wpéner va Tapakdupovye Ty Katdotaon gz ™g M7 étot
®ote n TM mov katackevdgovpe va pnv petabalvel TOTé 6NV g7.

3 To «2» 610 H Py mporimter amd tov Oplopd 8.2.4 mov akohouvdel.
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M
(ML)
(M)
2 o ondge (M, w)]
(Mp,w) 1 ) M Helw) Jow > NAl
0p 0 ToéCe M (w). *‘ML(U’) Lag, o OXI

Yynua 8.1.3: HOTM M oty arddeién g Iporaong 8.1.22.

D
(M) | ouage (v, (vy) [100) 1 g —OX e NAI
NAI
(O, VD))

Xynua 8.14: H OTM D oty anddaén g Iporaong 8.1.23. [laparnpriote ot eivar arkpibo¢ idia e
mv TM otnpv amodeién tov Ocwpnuaroc 5.2.1.

H Tpotaon 8.1.23 pixver Aiyo @w¢ oto Epotnuoa 4: Yrdpyouv YAOGGEC TOL GROPO. KOL N YVOON
Tov TOTE 0 VIoAoyopo¢ wag TM teppaticer dev opkel yio vo Ti¢ amo@acicovpe. O «Badudc» pn-
OTTOPAVOLUOTNTAC TOUC GUVETIWC OQElAel va elval peyaAitepog amnd Tov 6odud T.Y. Twv YAWeGOV 6NV
kAdon RE. Autd oydel uotkd av tdpovpe v H P w¢ YAOGGaA avapopdc. ZTnv enouevn To.pdypaqo do.
TPOYWENGOLPE TNV WEQ TOV GYETIKOV LITOAOYIGOV GKOWO. TTLO TEPO. ECETALOVTOC GE YEVIROTEPO TAGLGLO
TN PN-OTTOPAVGLUOTITA, £XOVTOC KC AVAPOPG OAOKANPEC KAAGEC YAWGG®V.

KAelvoupe autnv v Topdypo@o amodelkviovTog HEPIKEC YONGLUEC IOTNTEC TOV KAAGEWY GYETIKOV
VITOAOYLGUOV.
Oedpnua 8.1.24. ‘Eoto yAdooa A € {0,1}*. L e REC* avv L ¢ REC™.

Amodeién. H amddeln elvon do pe v anddeln tov Oewpnuatog 1.5.3, pévo mov oe avtn v mepl-
ntwon £xovpe OTM. O

OpwGpog 8.1.25. Eotw kAdon yAwsodhv C. Opigovpue Ty kKAGon yAweewv co-C = {L ¢ {0,1}* | L € C}.
Oewpnpa 8.1.26. Eoto yAdooa A ¢ {0,1}*. Ioydel 61t REA n co-RE4 = RECA.

Anddeién. ‘Eoto yAoooa L € RECA. Kotd fiecova Aéyo woyder 6t L € REA. And 1o Oedpnua 8.1.24
npoxvmter 61t L € REC? kar avriotorya 61t L € REA. Apa L € REA n co-RE.

"Eoto tdpa YAdooa L € REAnco-REA Snhadi vitdpyovy OTM M A MZA OV NPL-OITOPAGILOVY TIC
L xat L avtictoa. Katackevdgovpe tav OTM M tov Iyxnuatoc 8.1.5 kat mapatnpovye 6Tt amopaciget
v L. Apa L ¢ RECA. U
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M
t41 L0 )
t (M)
ME
w TpéCe mv My (w) NAI > NAI
yio ¢t 6npato.
t—t+1 oXI| (w,t) (M)
(M)
t m A
OXI . NAI
ToéCe mv M (w) » OX]
yo t 6npato.

Syrpa 8.15: H TM M mov amogaciter v L érav L € REA n co-REA (0 Adyog mov ypnowomowovue
10V cVUGOAIGUO A avapéoetal oty Yrnoonusiwon 3 oty XeAida 137).

To aréhovdo Oewpnua elvar TAPO. TOAD XENGLWO KOOGS pag divel To dikalwpa vo aAldfovpe
«YADGGA avaPpopaC>.

Oewpnpo 8.1.27. 'Ecto yAdcoeg A, B,C ¢ {0,1}*. Ioxdet 6t
i. Av A e REP ka1 B ¢ RECY téte A € REC,

ii. Av A e REC®E kit B ¢ RECY 1612 A € RECC.

Anddeén. ' i Eoto ME n TM nov nu-amogasitet v A kar M§ n TM mov anogacitet v B. Apkel
VO «OVTIROTOGTNGOVUE» TO pavtelo yio ™ B otnv My pe v Mp (6mwg kGvape oty anddeln tov
Oewpnpoatog 8.1.21). H «avtikardotacn» avti da yiver o e€ng:

Tpocouotdvovue pe pia xonouodnmtikn kadodikn TM v M a kat otav n M4 «pwtders 10
pavteio av pla Aéén w aviker oty yAdooa B, avtl avtov 1péxovue v Mp pe €i6odo w.

"Etot mtalpvouvpe plo. OTM Tov, av ypnotporomocovpe pavtelo ya m C, da nui-anoacitet v A, [

Oedpnua 8.1.28. Eoto yAdooeg A, B,C' € {0,1}*. Av A <,,, Bkt B € RECY (B € REY) té1e A € RECY
(A € REY avtiotora).

Amodeiln. H amodeln elvon evtedwg avtictoyn pe v omtodeln tov Oewpnuotog 5.2.7. O

Y10 TAGLGLO TOV GYETIKOV VITOAOYLIGOV YIVETOL TTLO EVKOAG AVTIANTITO OTL 1] GYEGT] TTOV OPILEL N OVAYOYN
lGYVEL YEVIROTEPO. KOL UITOPEL VO YPNGLULOTIOMIEL Yo, TN dePedivnen TOU OV Ulo. YAWGGO OVNKEL GE TTLO
evpeleg kKAdoelg ano tig¢ REC kot RE.

1 ’ , . , e , ,
Oa dellovpe puovo 10 i., N amodelln yio To ii. elvar evteddg avaioyn.
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KEDPAAAIO 8. APIOMHTIKH IEPAPXIA

8.2 Apwuntikn Iepapyia

Optopdg 8.2.1. "Ecto pia kKAdon yAwooov C ¢ 2101 Opitovpe Ti¢ ardhovdeg KAGGEIC YAWGGHY ©C TTPOC
mC:

- RE® = Uac RE*
- REC® = Uy RECA

Mapatipenon 8.2.2. Amé 1o Oedpnua 8.1.21 wpokimter 61t RECREC = REC kar REREC = RE.
O kAGoelg Tov amapticovy v Apduntikn Iepapyia divovtor 6Tov arkoAovdo OpLopo.

Opwopog 8.2.3 (Apduntikn Iepapyia). Opltovpe avadpouikd ya kGde n > 1 TiIc KAAGEIC YAWGGOV:

y) = RE
A} = REC

0
T = RET

0 =
A, = RECH
KOl TIG KAGGELS YAWGG®V:

0 _ 0
M, = co-Xx,

Ot kAdoel ouTég amotelovv pla katdtaln pepkov yYAwsowv tov {0, 1}* w¢ mpog tov 6aduo pn-oio-
POVOLLOTNTAC TOUC KODOC, OTIwG da. dovpe 610 Oewpnuo. 8.2.10, yio kGde n > 2 VIAPXEL YADGGO. TTOV
aviiket 6TV KAGon L0 L1320, 1 adhdg YAGOoGa o dev apKel Vo, XONGLAOTIOMGOVPE AVTEID «ETLTESOU>
YV | ya va v nu-amo@acicovue, aAG TPETEL VO XENGLUOTIOMGOVUE UAVTEID «ETUTESOV» X0,

[TpoKkeLEVOL VO £X0VY VoMU OUTEC Ol KAAGELC Dol TTPETTEL VO DEIEOVPE OTL OL TTPOPOVEIC EYRAELGUOL
elvar yvnoiot. To amotédecpa avtd eival yvootd wg Osdpnua Apduntikic Ispapyiac (Oedpnua 8.2.10)
KOL Y10, VO. TO aTtodelfovpe da XPeLaoTel TPWTA Vo KAVOLPE KATIOLO TIPOEPYAGLA.

Opopog 8.2.4. Opitovpe avadpoptrd ya kGde n > 1 1ig YAdooeg:

HP, = HP
HPy 1 = {(M,w)e{0,1}" | M7 (w) I}

Mpétaon 8.2.5. Na k4de n > 1 woyder 61t HP, e RECH P+,

Amodeln. Oa 10 delovpe RAVOVTAC ETOYWYN GTO 1.

Bdon: Twa n = 1 wpémer va deiovpe 61t HP € RECH2, uparnpfiote 611 prmopovdpe va dewpricovpe ot
wia TM eivar OTM mov ypnciporoel povielo yio mqv HP (am\d Sev «pwtder» moté outd 10 pavtelo,
de¢ TopBaon 8.1.16). Zuvenwg n OTM 1tov Zxnpotog 8.2.1 amogacigel Tnv H P kaddg:

- Av urtdpyer TM M kon Aé€n w € {0,1}* tétoleg wote © = (M, w) kat 10 povielo yo v HPs
emotpéyel 1 1618 (M, w) € HP;, dnhadn MTP(w) |. Opwg dewpoipe 61t n TM M, mapdho
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8.2. APIOMHTIKH IEPAPXIA

1
> NAI

z 0
] L OXI

Yynua 8.2.1: H TM mov amopaciter tnv HP yonowomowwvrac pavteio yia v H Ps.

(M) M
(M)
SR . HP,
T n+1
, W 2 ! , m , W

Toe€e M(x)

xonoporowvtog ™y Myp,

avTl yo pavteio yo v HP,.

Xynua 8.2.2: H avaywyr ¢ HP, 1 oty HP, o.

Tov Y avtipeteniovpe cav OTM, dev pwtdel ToTé T0 pavteio e, cuvende M (w) | L. Onére
xe HP.

- Av elte dev vrapyouv TM M kar Aégn w € {0,1}* 1tétoeg wote x = (M, w), elte vitapyovv oG
10 pavtelo ywo v H Py emotpégel 0, edkola kataAnyovpe 011 x ¢ H P.

Ernaywyin viédeon: Yrnodétovpe 61t H P, € RECH n+1,

Eraywywo 6iua: Apkel vo deifovpe 61t HP, 1 <, HP,1o kadd¢ (mpoavag) wydel o1t HP, o €
RECHPn+2 a1 é101, amé 10 Oedpnua 8.1.28, énetar 61t HP, € RECHn+2,

A6 TV eTtaywykn VITOdean £xovpe 611 vtdpyet OTM Mg]f:“ 10V aTo@acigel v H P,. @ewpoiye
™ ovvdptmon ¢ : {0,1}* — {0,1}* pe ¢(x) = (M7, w), 6700 n OTM M amewovigetar 6To yxnua 8.2.2,
av 1o z elvarl kwdikoroinon OTM M kot AéEng w kot ¢(z) = x aAMag, KAt TOpaTNEOVYE OTL:

1. ¢ TANENG KAt vVITOAoYLGLUN.
2. (M,w) € HP, 11 < MTPr(w) | M (w) J (M, w) € HP, 12

Ermopévog n ¢ elvar avayoyn g H P, 11 otv H Py, yo. O

' To yeyovég 61 Tepportiter dev opeiletanr 6T0U¢ «XPNOUOVC» TOU povTelov, aAAd 6TV oyediaon e kat (puoikd) otn Aéen
el66dov w. Na va elpacte amolitug Tumikol da TEémet vo. eAéyCovpe Tt ylvetar pe v Tepintoon 6mov © = (M, w) kot 1
M eivar OTM (ko 6yt amdfy TM) kat woyder 61t M 7P (w) |, 0Aré o teppatiopde tne M 7T (w) Basitetar 6rouc«ypnopovcs
10V povtelov. Znv mepimtwon avtl n OTM 1ouv ynuatog 8.2.1 do emotpéper NAIL adAd da émpeme va emotpéyper OXI
(kaddg n M Sev elvar amhp TM). Tia va amo@iyovpe T Addog amdvinen tng OTM tov ZyAuotog 8.2.1 da mpénel mpdTa
va eAéylovpe av n M elvar armdin TM 7 éxt (edéyywvtag v kedikomoinei e yio va Sovye av wovomote! Tnv 8iétnTa. g
Toubaong 8.1.16).

Tedevraia evnuépwon 31/3/2024, otic 13:33. 14 2



KEDPAAAIO 8. APIOMHTIKH IEPAPXIA

(M, w) (0™ M 7P )
ToéCe M (w).

» NAI

Xynqua 8.2.3: H OTM oty anddeén tov Arjppatoc 8.2.7.

Anppo 8.2.6. To kéde n > 1 woyder 1t HP,, ¢ RECH T,

Anédeiln. H andédeiln etvar avtictoyn pe ™y anédeln e Hpdraong 8.1.23 1. O
Anppo 8.2.7. Tia k4de n > 1 wyvet 61 HP, € X0,

Amodeln. Oa 10 delovpe RAVOVTAC ETOYWYN GTO 1.
Bdon: Tia n = 1 ov anédedn tov Oswprpatoc 5.2.1 deiape 61t HP € RE (dnhadn étt HPy € X9).

Enaywyi; vodeon: Ynodétovpe ot HP, € X0,

Enaywyuo 6nua: Moapoatnpovpe 61t n OTM tov Zynuoatog 8.2.3 nui-amogoaociger tnv H P, 11 ypnoipo-

nowvTag yio pavteio ™y HP,. A6 v emaywyikn viédeon éxovue 6t HP, € £, dpa HP, 1 € ZQ_H.
O

Anppa 8.2.8. Tia kGde n > 1 woydet 61t X0 ¢ RECH ™,

Amodeln. Oa 10 delovpe RAVOVTAC ETOYWYN GTO 1.

Bdon: Ta n = 1 wpémer va dei€ovpe 6t £ ¢ RECHP 1 oAl 61t RE € RECHY 10 omolo wyver amé
v [potaon 8.1.22.

Enaywyii vrddeon: Yrodétovpe 6t 0 ¢ RECH P,

Enaywyikd Giua: Eotw L € X0 11> Onhadn vmdpyet YAwooa A € ¥Y tétowa dote L € REA. Amé v
CHPa EHPa

eNaywyIKN VITodeon TpokvTTeL 0Tt A € RE , GLVETTHC a6 T0 Oewpnua 8.1.27 émeton 611 L € R
apa vrapyer OTM MfP" OV TNV NL-aro@aoicel. Oewpovpe v OTM M 1ov Eynpotog 8.2.4. H
xonopomtikn kadohkn TM tov Exynuatog 8.2.4 ypnotporotel povtelo yia v H P, 1 kot oyt yio v
HP,. Ta va mtpocopotwcouvpe oung v Aertovpyia tg M f P yoewagdpacte povreio yio myv HP, avt’
avTng Opu¢ xenotpotoovpe v H P, 1. Auto elvar e@ikto kadwg otnv [pdtaon 8.2.5 dei€ape ot HP, €
RECHPr+1 | gpa pmopodpe va ypnowonowicovpe otn déon Tov pavreiov yia v HP, v OTM mov
arogacitel v H P, kot yonoipototel povtelo ywo v H Py 4.

Mapatpodue 61t n OTM MTFr+1 101 Syiuaroc 8.2.4 anogaciter ™y L, dpa L e RECHT L

Hapatipenen 8.2.9. ‘Ectw yAwsoa L ¢ {0,1}*. Twa kdde n > 2 av L € £° (L € AY) 161e L ¢ REH 1
(L € RECHF 1 gyticrona).

Mpdyuatt, av L € £° téte undpyet yrdooa A € £0 | tétoia dote L € REA. A6 to Afjupa 8.2.8 wyvet
6u X0 | c RECHP1 Gpa A e RECTP1 onére, and 1o Oedpnua 8.1.27, mpokimrer 61 L € REZFr-1,

' Tia v akpiBeia, oty Mpdracn 8.1.23 deiape 1t HP; ¢ RECH 1,
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(Mp)

(Mp)

—»{ Ouage (M, w). |

HP,
MHP7L+1 ML (w) JfQVul > NAI

1
W Toéee My (w). n M (w) Lag, ot

Xynpoa 8.2.4: HOTM M otnv anddeién tov Arjuuarog 8.2.8.

<ML7w>

[TAéov elpaote oe déon va armodelovpe 0Tt 0 Oplopdg 8.2.3 dev Nrav e1¢ Patny, KadOS Kaplo oo
¢ kAGoerg X0, M2 kar A Sev «katappéer» péoa oe kamowa GAMn. H amédeitn avtot tou 1oxupiouot

dlvetanr 610 akoAovdo Oewpnuo.
Ozopnpo 8.2.10 (Oehpnpa Apuntikig lepapylog, Kleene-Turing). o kdde n > 1 woydel dt:
i YV c Z?z+1 kan MY ¢ ﬂgﬂ
i, ¥ ¢ Nk MY ¢ 30
iii. ToundcAd,,
iv. 2009 =A2
v. A2 Y0 ka AY c Y

Anédeln. i. Ané 1o Afupa 8.2.8 Epovue 61t X0 RECHTP dpa kar 61t ¥V ¢ REAP", Amé to
Afppa 8.2.7 Epovpe 6t HP, € ¥0. Tuvemdg Lo € ¥ . Eniong, av L € NY t6te L € ¥0 ¢ ¥0 4,
dpo. L eN0 ., Tuvenog MY c MY ;.

Ac dellovpe TOpO OTL 0L eykAelopol elvar yvnotol. Ao to Anppa 8.2.7 Eépovpe ot HP, 11 € Z?LH,
a6 10 Afppa 8.2.8 61t £0 ¢ RECH ™ kar amd 10 Aupa 8.2.6 61t HP,, 1 ¢ RECHP» Gpa HP, ;¢ 30.
Eniong, HP, 41 € FI?L_H, apoV HP, 1 € Z?z—H’ aMG HP,, 1 ¢ I_Ig kadwg T0TE da loyve ot HPy, 11 € Z%.

ii. A6 10 Afppa 8.2.7 &povpe ot HP, € Y0 kar ané mv Maparipnon 8.2.9 éu ¥° ¢ REA P
yia n > 2 ' Svvende HP, € REF1, Av (oyve 6 X0 ¢ MY t61e HP, € N°, onéte HP,, € X0.
‘Omtwg TTEw pmopodue va deifovyue 61t H P, € RETFn-1 Syvende, and 1o Oedpnua 8.1.26 da (oyve 6t
HP, ¢ RECTP -1 npdyua mov avriBaiver 6to Afppa 8.2.6.

Me avtictoo tpémo (xpnoomowvrac v HP,,) defyvovue 6t MY ¢ ¥0

iii. A6 10 Afuua 8.2.8 Epovue o1t O © RECHE" | Ané 1o Afupa 8.2.7 &povpe 61t HP, ¢ ¥V,
Yuvenog X0 € AV . Emiong, av L e N9 téte L e £ ¢ RECH™. Ané 10 @edpnpa 8.1.24 émetar 611 ko
L e RECH™ Gpa, émwc mow, N9 ¢ A2+1.

' Ta n = 1 10 gnTodpevo mpokvmTer dueca amd to yeyovée 61t HP ¢ RE.
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> OXI

Xynqua 8.2.5: H OTM M mov amopaciter tnv 0H P, U 1H P,, av yonowomomcovue yuavteio yia v
HP, (rvmikd mpéner moéta va eAéyéovue av x = €).

Ag det€ovpe Twpa OTL 0L eyRAEIGROL elvan yvnGiol. Oewpoipe TN YAWGGO:
0HP,UulHP, = {0we{0,1}* |we HP,} u{lwe {0,1}* |w ¢ HP,} !

Maparnpovpe 61t 0H P, U1HP,, ¢ RECTP vadd¢ n OTM M P 1ou Syfuarog 8.2.5 tv amogaciget.
Apa 0HP, U1HP, e A)_ .
"Ecto (1tpoc¢ dromo) 6t 0H P, UTHP,, € X2 yion > 2 2, Snhadi vidpyer yAwooa A € L0 kat OTM,

£01w MéAHPnulﬁn’ 1oL TNV NUL-oTtopacice. H OTM Mflpn Tov Zynuotog 8.2.6 amoqacicel v H P,

ovvendg HP, € RECH. Kadig A € £° | kat (Aéyw 1ov Afpporog 8.2.8) ¥0 | ¢ RECH 1 émeran b1
HP, ¢ RECTPn-1 (Aéyw tov Oewpriparog 8.1.27) mpdypa mov avtiBaiver 6to Afupa 8.2.6.

Mévet va del€ovpe 61t 0OHP, U1HP,, ¢ MY, f alhig 61t 0H P, U 1HP,, ¢ ¥°. Mapatpodue 6t:

0HP,U1HP, = {0we{0,1}* |weHP,}u{lwe{0,1}* |w¢ HP,}
= {Owe{0,1}* |lwe HP,} ~{lwe {0,1}" |w ¢ HP,}
= ({x €{0,1}" | we{0,1}* (z=1w)}u{0we{0,1}* |w¢ HP,} U {e})
{lwe{0,1}" |w ¢ HP,}
= ({z€{0,1}"|3we{0,1}* (z =1w)} UOHP, u{e})\ 1HP,
= 1HP,u0HP,u{e}

EnavolapBavoviog v mopamndve amodeln, pe 1o 0 kot 10 1 oty apyn Tov AECewv OVTEGTPOUUEVA.
(AauBdvovtac vy kat Ty €), amodewviovue 61t LHP, U0HP, U {e} ¢ ¥° ané 10 omolo dueca
TPOKVITTEL TO {NTOVPEVO.

iv.'Eoto yAodooa L € AY yia n > 2 3, Snhadi vrdpyer A € £° | 1étoa dote L € RECH. Ané 10 Oeo-
onua 8.1.24 émetan 611 L € RECA emiong. Apa:
LeRECY'=> LeREA=> Le¥?

_ _ _ =>LexX?nn®
LeREcA:LeREA:Lezg} !

! @upndeite Tov Oplocus 0.2.19.

2 ian = 1 elvan mpoavée 61t 0H PUTH P ¢ REC (1 amédeiEn eivan avtiotonyn pe auth yio n > 2 uévo mou dev ypnctuomotovpe
pavtela).

> T n = 1 10 troduevo TpokvmTe amd o Oewprpata 1.5.3 kat 1.5.4.
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n

(Mogp, 1aP,) 1«0
t t+1

<M0HPnu1ﬁn>

A A
m MOHP,,,Ulﬁ (Ow) \L qval

w Ow ToéCe v M, - (0w - » NAI
D168 Ow kon 1w. bete ™ OHP"UlHP"( )

ya t 6nporto.

1w <M0HP,LU1ﬁ">

OXI|t
<M0HPﬂ,u1ﬁn>

A A
I MOHPﬂ,ulﬁ (1) { Gua

n

Toége mv Moy p, 1o, (1w) > OXI

ya t 6npoto.

OXI

t
t+—t+1

Xynua 8.2.6: HOTM My p, mov (vodetied) amopaciter tnv H P, av yoncwomomce: pavteio yia mmy
Aex? .

‘Eotw 10p0 yAwcoa L € Z% Q”g’ dnhadi ot L ko L avirouv otnv KAGON Zg. ZOUQOVO. Pe TNV
Mopatnpenon 8.2.9 éxetar 6t L, L € REH -1 4 oAMog 6T L € REHA -1 4 co-REH -1, Téhog, a7t 10
Ocopnua 8.1.26 émetar 61t L e RECH ™1 au amé o Afupa 8.2.7 étt HP, 1 € X0 1, dpa L e AV,

v.’Ecto (wpog dromo) 61t HP, € A?L yian > 21 Ané my Hapatipnon 8.2.9 énetar 61t HP, € RECHPr-1,

npdypa Tov avtiBaiver 6to Afuua 8.2.6. Avtictoya amodewvietal 61t HP, ¢ AV, O

Ot kAdoeg YAwoowv Tng Apuntikng lepopylog gaivoviar 6to Ixnua 8.2.7.

8.3 Alyopduikeg Avoymyeg

O xpnopoinmtikég TM koL T0 povTela YONGLLOTIOLOVVTAL VIO, VO, OPIGOVUE PI0. GROUO. LOPPT OVAY®YNG
petalV YAwoeov. Ot avaywyeg auTég PItopel va dempndolv YEVIKELGN TV GITEKOVIGTIKOV AVOYOYOV L0
AGyovg IOV D0 GUINTNGOVYE GTN GLVEYELA.

Optapog 8.3.1. 'Ectw yAwoceg A, B ¢ {0,1}*. H A avdyetar (alyopduikd 1 xard Turing) omn B,
cvuBohopde A <r B, avv A € RECE.

Z1o Hapddeypa 8.1.12 eldape 0Tt Larosopme ST H P. Ag dobue pepkd axdpa mapadelypota.

Maopaddeypo 8.3.2. Qa deifovpe 61t n YAOGGa Ly tov Moapadeiyparog 5.2.20 avayetar alyopdpikd
oty HP. ITpwta do deifovpe 0Tt Ly € co-RE, dndadn 611 Ly € RE. Tapatnpovpe ot

Ly={we{0,1}" | 3TM M (w = (M))) > (L(M)  2)}

'Ta n =1 610 Kepdhaw 5 dei€ape 61t HP, HP ¢ REC.
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9{0,1}*

0
AS

0HP, ) THP,

0
Ay
0HP, O 1HP,

¥? = RE MY = co-RE

HPy AY = REC ap

Xynuo 8.2.7: H Apdunticiy Iepapyia.

kot ot n TM Mz tov Tynuotog 8.3.1 v nut-amogacitel. Amé 10 Oedpnua 8.2.10 (1o ii.), agod
Ly € MY, mpokdmrer 61t Ly € AY. Ané v Tapatipnon 8.2.9 émetal 61t Ly € RECP. Emopévoc
Ly <7 HP.

EmumAéov, apod Ly ¢ REC (de¢ Mapdderypa 5.2.20), pmopodpe va kotatdfovpe v Ly otnv Aptd-
untiki) Iepapyia. Emetar o1t Ly € MY\ AL

AtonGdNTIKAG 0 0PLGUOC TNG GAYOPDUIKNG OVAYWYNG KOG AEeL OTL 0V 1 VTTAPEN evOC AAyopldpov Yo T
YAOGGa B pmopel vo. xpnoipomomdel, £6Tw KoL he «pun-peaMoTkG» 1p610 (Uécw evdg pavteio yio ™ B),
yto. va amoacicovpe v A, 1018 A <1 B. Av éyouvpe évav «peoloTikd» 1p0m0 (Uéow plag vitoloyiciung
GVVAPTNONG) va ekPeTaAAeLTOVUE TNV VTTaPEN adyopiduov yo Tnv B 1618 n A 0vAYETOL OTTEIKOVIGTIKG,
otnv B.

Mia 710 0VGLUGTIKN SLOPOPA PETAED TV VO POPPOV OVAYOYNG TIPORVTITEL OTAV EVILUPEPDOVUE KO
yio. Tov ¥p6vo vmohoyopov. [pogaveg av A <p B kar vidpyel alyopdpog mov amopacigel ™ B tdte
uTtdpyet akyépduoc mov amogacitet v A 1. Kadoc duwc pmopel va yivovtar oA epwTApaTa Tpog
TO POVTELD, OUTOC 0 GAYOPWOC Yo TNV A TAVOC va YPELALETAL TTOPUTIAV® XPOVO OIT0 TOV OAYOPUO
vy ™ B (;tepiocdtepo kar and v OTM Tov amogacitet v A w¢ mpog ™ B, av dev petpncouvpe
GTOV XPOVO OVTOV TG EPWTNPOTA TTPOG TO POVTEID). LTIC GTEKOVIGTIKEG AVAYWYEC OpwC 0 XPOVOC TOU
oAyoptdpov yia v A elval TTAVTo 0 YPOVOC TTOL XPELULOUOGTE YIO. V0. VITOAOYIGOVUE TN GUVAPTNGN TNC
avoywyng Guv Tov YpGvo Tou xpeldieTal o oAyopdpoc yo tn B (ue elcodo v eikdva g ovoywync).

! AvtikadioTovpe kGde aAAndentidpaon pe to povtelo pe plo ektéheon Tov akyopiduov ya T B, pe elcodo ) AéEn yia v omola
£yVe TO EPWTNPA TTPOG TO POVTELD.
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° ol w— () |28 » NAI

(z,t) | Toéte M(y)m Jy<az (M(y)ll,)

(z,t) < (€,0) Vy <z ya
t-6pata.
np(z,1)
vy <z (M(y) 45,
an (J?,t)

Zytipa 8.3.1: H TM mov nui-aropaciter v Ly, émov My, n TM t¢ Hapatipnong L4.17.

Yty Ymohoyiotikn TToATAOKSTNTA Ot 0AyopIdIKEC avaywyée elvar yvwoTéc kat e avaywyée Cook !
(mpoc¢ TNV Tov Stephen Cook), evi) 0L ATEIKOVIGTIKEG avaywyéc we avaywyée Karp % (mpog tipnv tov
Richard Karp).

IMopatnpenote otL PTopovpue vo. DEWPNGOVPE OTL Ol ATTEKOVIGTIKEC OVOYWYEC EIVOL GTNY 0LGLA GAYO-
PUKES avayWOYES, WOVO TTOU €XOVPE TO JIKOIOUO VO, KGVOLUE £V0. KoL KOVO epwTnua 670 povteio (yio
™ AéEN OV TPOKRVTTEL £QPAPUGLOVINC TN GULVAPTNGT OVOYWYNC TAvw 61N AéEn e166dov) Kat n amd-
VINGTN TOV 0. ETMGTPEWPEL N UNYaVN Pag elvor akplBOC N ardvinon Tov povielov. Avtn elval n Weéa ¢
amodelng g TPOTUGNC TTOL GROAOVIEL

Mpotaon 8.3.3. 'Eotw yAdooeg A, B < {0,1}*. Av A <,,, B 16t A <p B.

Arnodeén. 'Ectw ¢ n avaywyn g A oty B kot My n TM mov v vrohoyiget. [Tapatnpovue 61t n OTM
M5 tov Ixnuatoc 8.3.2 amopacitet ny A, kaddg:

- we A< ¢(w) € B < To pavreio da emotpéye 1 < MB(w) lg,.
- wé¢ Ao d(w) ¢ B < To pavreio da ematpéyel 0 < ME(w) a5
Yuventwg A < B. O

ZUVETIOC 0L GAYOPLIULIKEG OVAYOYEC ATTOTEAOUY YEVIKELGN TOV OTEKOVIOTIROV. H yevikevon avtn elvou
OVGLOGTIKY, RODMOC, OTIWC Yag delxvel n arOAOLIN TTaPATNENGT, TO avTiGTPOoPo Tng ITpdtacng 8.3.3 dev
LGy VEL

Mapatienon 8.3.4. ‘Eoto yAwooa L ¢ {0,1}*. Mapatnpodue 61t L <p L kadoc n OTM M* tou
Yynpotog 8.3.3 v ano@acigel. Autd QUGLKA deV LGYVEL PE TIC ATTEIKOVIGTIKEG AVOYWYEC, KADWC N YAOGGO
H P dev avayetol ameikoviotikd. 6tnv H P, kado¢ tote do. loyve 61t HP € RE.

Mapatnpnon 8.3.5. H oyéon < eivar petabatiki Adyw tov Oewpipoatog 8.1.27 (1o ii.).

! Ekel pmopovpe va kGvovpe pévo éva ToAovupKG TARDOC epwTUATOY TIPOC T0 povtelo kal, guotkd, n OTM xperdieton
TOAVOVUPLKG TIANDOC BNUATOV Y0 Vo TEPUOTIGEL.
2 H cuvdptnon g avayeyic Tpémet va eivat vitohoyloun 6e TOAGVUIKG Xe6vO.
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1
0 | » oxI

Yynua 8.3.2: HOTM M oty anddeién g Mpdracnc 8.3.3.

M
S
1 —» OXI

Zyrviua 8.3.3: H OTM M mov amopaciter tqv L av ypnowonoujcer pavreio yia v L.

‘ g

8.4 IIAnPotNTo YAWGGWV WG TPOC GYEGN AVOYWOYNC

Mia akdpa évvoro. (evdeyouévog) yvwoti and v Ymoloyiotikn TlodvmAokdtnta etvar n évvola Tng
TANEOTNTAC Plog YAWGGO, Ge plo. KAAGN YAWGGOV.

Opopdg 8.4.1. Eoto khdon yhooody C € 201" kot yhdooa B ¢ {0,1}*. H B kadeitar C-8bok0An w¢
mpo¢ ™ oxéon avaywyng 4 € {<,,, <7} avv yia kade A € C woyvel 6Tt A 4 B. Av etumhéov woyvet ot B € C,
101 N B rodettan C-mAnpng w¢ mpog 1 <.

Hopatienon 8.4.2. Ané 10 Afppa 8.2.8 mpokdmtel 6Tt yio kGde n > 1 n HP, eivar L2-806koAn ¢
7tpo¢ T <7 Kot ard 1o Afupa 8.2.7 6Tt eivar kar 2 -mdipne w¢ mpo¢ ™ <7. AvaAdywe TTPOKHITTEL 6TL N
HP,, etvar N°-mMipng wg mpog ™ <7.

[Mapotnpnote opwg kot to e&ng: Q¢ mpog v < n HP, elvou I_Ig—&')oKo?\n ko n HP,, evat Zg—
dVokoAN, 6Tt emtiong n H P, elvan A%H—Tr?\ﬁpng!

Mpétacn 8.4.3. Ta kéde n > 1 n yAbweoa 0H P, u 1HP,, elva A?Hl—n?\ﬁpng ©¢ TPo¢g ™ <7

Anddeaién. Tro ii. g amédeng Tov Oewpnipatog 8.2.10 deiape 61t 0HP, U 1H P, € A, cuvendg
opKel va delovpe otL elvan A%H—S{)GKo?\n ¢ pog ™ <7.'Eoto L € A2+1. Am6 v apatnpnon 8.2.9
émetar 6 L € RECHT™ Gpa L <p HP,. Mapatpodyue 6t n OTM MOHPUIHPr 164 Sy fuortoc 8.4.1
amogagcitet v HP,, dpa HP, <r 0HP, u 1HP, ka ané ™ petabatikétnrag e <7 émetar 6t
L<rO0HP,UlHP,,. O

Ac dovpe Tt guubaiver 66ov apopd v TAnEdTTA TV KAGoewy X0 kar M9 w¢ mpoc ™ <.
Ocwpnpa 8.4.4. Na k4de n > 1 woydet 41

i. H yAdooa HP, sivar Y2 -miipne o¢ mpog ™ <.

ii. H yAdoooa HP,, eivan MY -mhnpne w¢ mpoc ™ <.

14 9 Tedevraia evnuépwon 31/3/2024, otic 13:33.
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1
w Todye 0 pmpoctd| Ow @ 0 ™ NAI
amo ™Y w. —»  OXI

Yynua 8.4.1: HOTM M oty anddeén e Ipotaong 8.4.3.

(My)

(M) [ H P prn*l(w) Vo

. | (Mo w) > NAI
e dndge (M, w) " M (w) Ly,

Tpé€e My, (w) L

vt

Xynpo 8.4.2: HOTM M oty anddeién tov Oswprjuaroc 8.4.4.

Anédeifn. i. Amé 1o Afupa 8.2.7 mpokimter 61t HP, € 2. Méve va deiovue 61t n HP, eivar X0-
dVoKROAN WC TTPOC ™ <. 'Eotw yAweoa L € Zg. Amo v IMapotnpnon 8.2.9 émeton 611 L € REH Fr-1,
apo. viapyer OTM Mflpn‘l 0V TNV NpL-aro@acitel. Oewpovpe cuvapton ¢ : {0,1}* - {0,1}* pe
d(w) = (M,w) émov M n OTM tov Zynpatog 8.4.2 Kot TO.LUTNEOVYUE OTL:

1. ¢ mANENC KOL LITOAOYLGLUN.

2. -wel=> MfP”’l(w) Vg = MPn=1 () |= (M, w) € HP,
S wé L= M (w) dg = MIP (w) = (M, w) ¢ HP,

Yvvenwg L <, HP),.

ii. A6 10 Afupa 8.2.7 mpokvmter 61t HP, € X2, doa HP, € N%. Méver va deifovue 6t n HP,, elvar
I'Ig-6130|<o7vn ¢ TTPOC ™ <. Eotw yAwooa L € I'I%, dnhadn L € Z%. ATo 10 i. émetan 611 L <, HP,, kan
v [potaon 5.2.22 ot L <, HP,,. O

H 0m68ei&n 1ou TopakdTw dewPNUaTog APNVETOL K¢ GGKNGT.

Oeopnpoa 8.4.5. Ta kdde n > 1 wyvder 611 n yAbweeo 0H P, u1H P, elvau Agﬂ—n?\ﬁpng ®¢ TPOC TN <.

8.5 Il£pa amo tmv Apduntikn lepapyia

Ye autny TV TOPAYPuPOo d0. dWGovUe EVOV eVOANAKTIKO 0pIGRO ToV KAAGEwv TN Apduntikng le-
papylag, YWEIC TN XENON TOV KOVTEIWV.

Optepog 8.5.1. ‘Eva n-ueAéc karnydonua, ywa n € N, elvar amhd pia oxéon tov ({0,1}%)".
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YvpBoMcpog 8.5.2. 'Eoto n-pedéc katnydpnpa R. Avtiya (z1, . .., x,) € R da ypdpovue R(x1, ..., xy).
Opwepog 8.5.3. 'Eva n-uedéc karnydpnua R eivar amopdvowo avv n yA\ocoa Lr = {(r1,...,7,) €
{0,1}* | R(z1,...,2n)} evar avadpopikn.

To mapardtw Oevpnua-Opiopdg diveta Ywpelc amddeln.
Oevpnpo 8.5.4 (TTocodewtikGg opopoc Apduntikig lepapyiag). ‘Eotw yAoooa L < {0,1}*.

i. LeX? avy undpyer amo@dvoipo (n + 1)-uedéc katnydpnua R této10 dote:

L={xe{0,1}" |3y Yy2 - *yn R(z,y1,...,yn)}

, 3, av 10 n elval TEPLTTO
OToL * = ; .
VvV , aAog

ii. LeN? avw vdpyet amo@dvoipo (n + 1)-uedéc katnydpnua R této0 dote:

L={xe{0,1}" |Vy1 Jyz = *yp R(z,y1,...,yn)}

, YV, av 1o n eval TepLtTo
OTI0V * = , .
3, aAg

Mopatnpnon 8.5.5. Tlapatnpnote 61t 0 TOGOIEKTIKGC 0PLGUOC TwV KAGGEWY Tng Apduntikig lepapyiog
£TERTEVEL TOV 0pLGWO TNC KAGoNg RE movu eldape 6ty Acknon 1.9.

Mopatnencn 8.5.6. To wg evoAAdGGoviaL oL T0GodelkTeg eival avtd Tov Slaywpitel TIC YAOGGES G
avtée Tov aviikouy 6N L0 kat Ge autée Tov avikovy atnv M. To TAdog Twv evaldayey evar e&lGov
GNPAVTIKO RODOC 0110 T0 Oevpnpa 8.2.10 TPoKVTTTEL OTL LTIAPXOVY YAOGGEC TTOV 0PILOVTOL e N-EVOANUYEC
T0GOJERTOV OANG Ot pe n — 1.

O 0ploPOC¢ 0UTAG elval TTOA) YPNGLUOC YLO. VO, KOUTOTAGGOVPE TIC YAWGGee 6Ty Apduntikn lepapyto.
Ac dovpe peptka Ttopadelypota.

Hopddetypo 8.5.7. Oa deifovue 61t n YAdoea Ly tou Iapadeiypatoc 5.2.20 avikel 6o MY yonciuo-
TOWHVTAC TOV TT0GOdEKTIKG 0ptopd e Apuntikie Iepapyioc !. apatnpodue 6t

Ly = {{M)e{0,1}"[L(M) =2}
= {{M)e{0,1}" | Vy ¥t (M(y) ¥3,,)} °
= {ze{0,1}" | vy Vt (x = (M)A M(y) 4q,)}

Gvan

Maopovpe va. «ouvdudcovpe» Toug dU0 KaDOMKOVE TOGOJEKTEG GE €vav XpNotuoTolovTag v 1-1 kot
el Guvdptnon pair : N2 —» N pe pair(i, j) = (’ﬂ;l] +1, 670V 4, j 1 GELPd euPdvionNe Tov dvo Aé€ewv (y
kot ) 6N Ae€ikoypa@iki didtaln, kot avTikadGToVPEe TOVG TT0GodelkTeG pe YVw, 6TTov w N pair(i, j)-0oti
AéEn tou {0,1}*. Tuvenag prmopolpe vo. YpOpouye:

Ly = {ze{0,1}"|Vz (z=(M)npair'(z) = (y.t) A M(y) ¢..)}

""Exovpe %81 deiel 611 Ly € N9 610 Hapddeypa 8.3.2.
2 B3¢ «tavtitovues ) AEEN T pe TN Ge1pd eu@AVIGNC TNC 0T AeCIKOYPAPIKY SIGTAEN TPOKEUEVOL VA TN «YENGLUOTIOIGOUUE
©¢ 0pPO.
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Ly, t)

Toée M(y) via | M (y) 4
t-6rpata. | » NAI

Xynua 8.5.1: H TM rov Iapadeiyuaroc 8.5.7.

(z,n,z) x

OXI

Toé€e M(y) v | M (y) 4
(y:1) t-6npata. ) e / » NAI

(y,1)

pair~! |y| <n;

NAI

Xynqua 8.5.2: H TM M, tov apadeiyuaroc 8.5.8.

H yddooa L = {(z,z) € {0,1}* | 2 = (M) A z = pair ' (y,t) A M(y) 4}, } elvar avadpouu, kadog n

TM tov Xynpatog 8.5.1 v amopaciger (M, -1 evar n TM mov vmodoyiger Ty pair ' ). Apa, amé 10

air
Oedpnua 8.5.4 émetan 611 Ly € MY,
Hopadeypa 8.5.8. Oa deifovpe 61t n yAdooa Ly tov Hapadeiypatog 6.1.2 eivar LI-mipne w¢ mpog
™ <. Hpdta da deiovpe 611 aviket 6o X9. Mapatnpoduse ot

Ly = {(M)e{0,1}" [|L(M)| e N}
{(M)e{0,1}" [In Vy (y>n >y ¢ L(M))}
{(M)e{0,1}* | In Vy Vt (y <nv M(y) 4,,.)}
= {ze{0,1}*|InVz (z = (M) apair '(z) = (y,t) A(y<nv M(y) £ )}

Gvar

H yddooa L = {(z,n,z) € {0,1}* | = (M) Apair ' (z) = (y,t) A(y <nv M(y) $L,.)} elvar avadpouu,
kadoc n TM Tou Zyfuarog 8.5.2 v amoaciget. Apa, ané 10 Oedpnua 8.5.4 émetal 61t Ly € LY.
"Eotw 1dpa yAdeea L € X9, dnhadi vidpyet amopdvotpo 3-ugdéc katnydpnua R této10 dorte:

L={xe{0,1}" |3y Vz R(z,y,2)}

' H pair™ evar vitohoyiowun cuvépton kadoge 1 pair eivar vtohoyicun cuvéptnon (Sec Mpdracn 1.2.36, yia va elpaote TutKOL,
ce auti TV TepinTwon da mpémet n TM tou Ixnuatog 1.2.14 va «dokiudel» euydpta kot 6yt uepgovouéveg Aéeic).
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(Mg) M,
x (MRg)

w m NAI

Vy <w 3z (Mr(z,y,2) bg,,); » NAI

Xynua 8.5.3: H TM M, tov apadeiyuaroc 8.5.8. Na tovicovue ot yéoa oty kadorikry TM o éley-
X0¢ yia v vmapén Tov z yivetal ywpic kKdmowa emmAéov ppoviida. Aokipatovue oda ta z € {0,1}*
aKOAOVIWVTAC OTIOL GELPA YAC QPETEL

‘Eoto entiong 61t n TM Mp amogoaciget Tnv L. Oewpovue ™ cuvdptnon ¢ : {0,1}* - {0,1}* pe
¢(x) = (M) omov M, n TM tov Exnpatog 8.5.3. Ilapatnpodpe ott:

1. ¢ mAnpng kar vtoAoyloLun.

2. -z el = 3Jyy Yz (Mp(z,y0,2) {gu) = Av w > yo 1018 My(w) 1 k0dOG Mp (2,0, 2) g YO
kGe z = L(M,) c {we{0,1}* |w<yo} = |L(M,)| e N= (M,) € Ly

-z ¢ L=Vy3Iz (Mg(z,y,z) lgs) = Y (Vy <w 3z (Mg(z,vy, 2) lqéXl)) = Yw (Mg(w) lg) =
L(M,) = N = |L(M,)| = Ro = (M,) ¢ Ly

Optopog 8.5.9. ' Ta kéde n > 1 oplcovpe ™ yAwooa:
T ={{p)e{0,1}" | o =3y1 Yya - * yp V(y1,---,yn) kU N E p}

3, av 10 n elvor TEPLTTO

Vo, aAAog
GTOLYOVYE GTOV (PUGLKO GPIUO TIOV KWOKOTIOLEL TNV TPOTUGT © GVUPPWVa. pe Tnv [lapdypago A.5.1.

émov 1) mpdtaon g 2%, *+ = { ka () elvar n Aé¢n tov {0,1}* mov avtt-

Ocwpnpa 8.5.10. Tia k4de n > 1 n T, elvar L0-8UKkoAn YA®GGO K¢ TTPOC TN <.

Anddein. 'Eoto yAooea L € X0, dnhadi uidpyet amo@dvoipo (n + 1)-uedéc katnydpnua R té1010 GoTe
3, av 1o n evat TEPLTTO
Vo, adhog '

A@ov 10 R elvor amto@daveipo oro 1o Oewpnpo A.5.11 émetor 0Tt elvol avanapactdctyo 6to P 61w
amd 1oV 10 YR(Z, Y1, . ., Yn). Oewpolue cuvaptnon ¢ : {0,1}* — {0,1}*v pe ¢(z) = () 6mOUL:

L={xe{0,1}" | 3y1Vy2 * yn R(z,y1,...,yn)} 61OV * =

Po = Iy1 VY2 = * Yn OR(Z, Y1, Yn)
KOl TTO.00TNEovUe OTL:
1. ¢ TANENG Kat vIToAoyloLun.

2. - Avz e L tote:

! Aec Opiopoic A.2.5, A.5.1 kat A.5.2
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Yrdpyer y1, yia kdde ys, -, vdpyet (i yia kade) y,, 1oyver ot R(x,y1,. .., Yn)-
A@ov o pr(z,y1,...,Yyn) avomapotd 10 R 610 P mpokvmtel Otu

Yrdpyet y1, yia kdde ya, -, vrdpyer (17 yia kdde) yy, 1oxver ot P = OR(Z,Y1,- - -, Yn)-
Amté 10 Oedpnua Eykvpdtnrog (Adyw kat tov 61t N E P) émetar 6tu

Yrdoyet y1, yia kdde ya, -, vidpyer (i1 yia kdde) yy, 1oxver o1t N E PR(T,Y1,- -+, Yn)-

Omote amo tov Op. Tarski éxovpe N = Fy; Yyo - *yp OR(Z, Y1, -+, Yn). Apa N E @, kAL TEMKA
(¢z) € Tp.

- Av x ¢ L pe avtiotoryo 1p0m0 KatoAnyovpe 0Tt {9y ) ¢ 1.
Yuvertog L <, T, O
Opwopog 8.5.11. Opitovpe ™ YAwoca:
Truth = {(¢) € {0,1}" | ¢ mpdraon kar N E ¢}
Oeopnpo 8.5.12 (Oedpnpa Tarski). H yAdcoa Truth dev aviker otnv Apduntikn lepapyio.

Anoddeén. ‘Eoto (mwpocg dromo) 61t n Truth oviker otnv Apduntikn lepapyia, dnhadn vidpyxet n € N
této10 wote Truth € L2, oapatnpodue 6t Tpi1 <m Truth '. Ané 10 @edpnuo 8.5.10 n Ty evar
Z?Z 41-000K0AN ©C PO TN <py, Gpa EmteTan 6Tt H Py iy <y Thyq1. ATO T petaBatikémto e <,y €meTol
ott HP,11 <, Truth. Téhog, andé v Ilpotaon 8.3.3 mpokvmter o1t H P, <p Truth, dniadn ot

HP,,, ¢ RECTTuth ¢ RECT" = A2L+1- Opwg, amo v HMapatipnon 8.2.9, yvwpltovpe ot A(T]H_l c

RECHP: | ortéte HP, 11 € RECHT™ mpdyua mov uokd avribdwer 610 Afppa 8.2.6. O

To apoTave de®ENUO Pag aTTodEKVUEL OTL VTTAPXOVY YAWGGEC TTOV dEV OVINKOULY GE KOWI0. KAAGN TNG
apUNTIKNG tepapylag. Mia eméxtacn tng Apwuntikig lepapylag evar n Avadvtikn Ispapyia n omola
oplgeTal TAvw 6e AOYIKOVC TUTOVC TNC OeVTEPOGADULAC AOYIKNG.

Acknceig

8.1 (Kri). Aei€re 611 n cuvdptnon K tng Acknong 7.5 elval voloylcun XpnGLLOTOLOVTOC
povtelo Yo T YAOGGO. Lpzosoyic -

8.2 (Sx¥r¥r). Aei€re 61 pua yAwooa L < {0,1}* elvar avadpopn (avadpopikd amapdpnon) avy
yia kGde yAdooa L' € {0,1}* vdpxer OTM MY mov armogasiter (nw-amogasiter avictowa)
v L.

8.3 (k¥ ¥v). ‘Eoto yAbooeg A, B, C ¢ {0,1}*. Ioxve 61t av A € REP kar B € REC 161e A € REC;
8.4 (Frk*). AeiCte 611 vLGpE)OLY dV0 YAwooeg A, B € {0,1}* tétoiec wote A {1 B ko B £7 A.

8.5 (k). Amodeite 10 Qewpnua 8.4.5.

' H avaywyh eivar n TautoTiki} GuvapTon yia TiC TPOTAGEIC ( TTOL €X0uv TN PoP®N Iy1 Yy - % Ynt1 Y (Y1, ..., Ynt1) K YIQ
Ti¢ vtéhoureg Aégelg elvar N 6Tadepn GuVAETNON pe TN (X A -x).
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8.6 (K¥riy). Aeifte 611 yio kGDE > 1:
- H HP, dev eivar M°-3%6k0An w¢ Tp0C TV <151.
- H HP,, dev eivat Z?L—Sf)GKo?\n ¢ TPOC TNV <.

- H HP, dev eivan A2+1—66okohn ©¢ TPOC TNV <.

8.7 (K¥x3r). Kotardre t yAowooa L = {(M) € {0,1} | Aev vrdpyer Aé€n w mov Eerkwaer pe 001
tétol0 0ote w € L(M)} otnv Apduntikn lepapyia.

8.8 (kK ). 'Eotw A <,,-mipng yAOGGa yia 1o Y. Aeite 61 n yAboca Ly = {(M) € {0,1}* |
|L(M™)| e N} elvar <,-mipngyta 1o X9,

8.9 (Fx¥x). Karard&re T yAwooa L= = {(My, Ms) € {0,1}* | L(M;) = L(M3)} otnv Apdpn-
Tk lepapylo.

8.10 (e k¥). Karatagre ™ yAwooa L = {(My, M) € {0,1}* | e € L(My) ~ (M)} otnv Apdun-
kN Tepapyio.

8.11 (k). Aei€re 611 n yAbooa Ly = {(M) € {0,1}* | L(M) = @} elvar <,,-minipng yro to I19.

8.12 (Fk k). Aelfte 611 N YAWGGO Lyyyrenepaopevorna = (M) € {0,1}* | [L(M)| € N} eivan <;pp-
T\png yia To X5,

15 5 Tedevraia evnuépwon 31/3/2024, otic 13:33.
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NAPAPTHMA A

EIZATQOI'H XTHN [TPOTOBAO®GMIA AOI'IKH

A.1 Boocikeg €vvoleg

Opwopog A.1.1. Mia mpwrobdduia yrdoca I amoteleltor amo:
1. Eva dmewpo obvoro petabintov M (1) = {xo,z1,. ..}
2. Toug Aoyikovc Guvdéauoug -, — (o1 GhvdecpoL V, A, <> £lGAYOVTOL WG GUVTOUEVGELG).
3. T mapevdéoewg (,).
4. To cvubolo ¢ wwoTnTAC *~.
5. Tov kadoAiko mocodeiktn ¥V (o vrap&lakdg mocodeiktne 3 el6dyetar ¢ Guvtduevon).

6. Tia kAde PuokS n > 0 éva cUvolo (evdeyopévag kevo) {P; | i € I} amd n-ueA katnyopnuatikd
ovubola.

7. T kGAe Puowo n > 0 éva chvodro (evdeyopévwg kevd) {fi | i € I} amd n-déoia cvvaptnoiaxd
ovp6oda. Ta 0-décia GuvaPTNGLOKA GVPBOAA KOAOUVTOL GTADEPEG.

Iyuetwon A.1.2. To 6dp6ola tov kKaTNYOPLOV 2.—5. KAAOUVTOL Aoyikd GUuboAa kol eval (Blo. yia kGde
Tpwto6aduia YAwcca. Ta chvola Tov KATNYoPL®V 6.—7. TTEPLEXOLY Ta. un-Aoyikd cUubola plog YAWGGog
Kot 0AAGZOUY 0Tt0 YAWGGo. 6e YAOGoa. Ta cupBola avtd —ce avtideon pe 1o Aoykd GUOUBOAG— PIToPOvV
VO «EPUNVEVTOVV» TN petayldeoa pe Todhovg Tpémoug L.

Optopog A.1.3. Mia Aé€n tov I elvan dpog g Iy avv:
1. elvau petabintn,
2. elvan 6109epd,

3. elvar TG WopPNG ft1,. .., tn, 6TOV L1, ..., 1, Spot kAl f n-décio Guvaptnolakd cupBoro g I 2.

' O1 mpwt06dduiec YAGGGEC TNG Aoyikic dev da TPéTtel va GuyxéovTal ue TiC YAWGGeC TToL opicape otny Ilapdypao 0.2, kadog
eKrel elyope TEMEPAGUEVO OAPABNTO eV ed® €xovpe éva aPPNGLUOS ATtelpo GUVOAO GLUBONWY.
2 Avii ywa fty, ...ty amd €36 kot oTo e8¢ da ypdpovpe f(t1,. .., tn).
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A.2. YXHMAZXIOAOI'TA

To 6¥voro twv dpwv g I 0 GupBolicovpe wg O(17).
Opwopog A.1.4. Mio Aé¢n tov I} evon tumog ¢ I ovv:
L. elvar TG popeng =~ tita, omov t1,te € O(I7) 1
2. elvaw TG popeng Riy, ... t, 6mov t1,. .., t, € O([1) kot R n-peléc kotnyopnpoatikd cOpBoro g
I ?
3. etvar g popeng (—¢), (¢ = ¥), (Yxyp) 6mov ¢, tomor g I kot x petabhnti g 1.

To 6Vvoro twv tomwv ¢ I 10 cupbBohitovpe wg T'(I7). O TomoL TNg popeng 1. kot 2. ovopdgovtat
ATOUIKOL TUTTOL.

YopBaon A.l.5. Oa ypagovpe (Fzp), (@ A1), (p V) ku (p < ) avtl yia (~(Vz(=p))), (=(p -
(=), ((mp) = V) kaw ((p = ) A (¢ = ¢)). Enlong da mapodelmovpe doe¢ mtapevdécelg dev elvor
aTOPOTNTEG Yo TN UOVASIKY 0vayvosoTnTo. £vo¢ TUToL (OTTWg eivan yioo TTapadetypo oL eEwTEPIREC
TapEVIEGELC).

Optopog A.1.6. 'Eoto ¢ € T(I') kar petobnt x. H x eupavitetar eAevdeon crov ¢ ovv:
1. O ¢ elvar atopkdg (Kot QUOIKG) N T EPPUVITETAL GTOV (.
2. O ¢ elvar g popeng (=) koL n = eppavigetar eAedepn GTOV .
3. O ¢ elvar g popeng (x = 1) ko n = eppavigetar ehevdepn 6Tov X N 6TOV 7).
4. O ¢ elvar g popenc (Yyih) ko n = eppavigetor eAevdepn 6tov ¥ (dmov y # ).

Mio ep@dvion petabAntig mou dev elvar eAevdepn do. ovoudietal decuevuevn. Av 6tov TOT0 © GAeC oL
eppavicelg petabAntov elvar deopevpéveg T0Te 0 @ Koleltar Tpotaon g 1.

YuvpBoAiopog A.l.7. Oa ypdpovpe p(x1,...,T,) Yo vo SNAOVOLPE TO yeYovog OTL oL uetaBANTEG
x1,. .., oy (ko pévo avtée) epavitoviar eAevdepeg GTov K.

A.2 XInpoaclioloylo

Optopog A.2.1. 'Ecte mpwtobddwma yAwcoa I. Aopn (1 gounveia) A ywa m I elvar éva cdotnpa
ATTOTEAOVPEVO OTTO:

1. "Eva pn kevd atvoro A (1o oumay g dopng, cuvidwg to cupbohitovpe |2A)).
2. Ta kGde n-pehéc katnyopnuatiké cvubodo P uia n-pehn oyéon P2 c A™.

3. Tia kGde n-décio Guvaptnalakd auuBolo uia cuvdptnon f2: A" » A.

4. Ta kéde cVPBolo GTudepdc ¢ wia Tn & € A.

Mopatnenon A.2.2. Ediwto dtav opitovpe plo mpwtobdduia YAweca va £xovpe 610 Bodd pog pia
gounvela yio 1o pn-Aoyikd cOpBoAd Te. Avtiy Ty gpunvelo. GuVRAWC TNV amokalodue mpotddusvn (deg
Optopd A.5.2 yo éva Tapadetypa).

D Avtl yio w £y t2 06 €36 kar 670 e8¢ o ypdpovpe t1 w to.
2 Avtl yiot Rt . .. Ly, 06 €86 kau 670 e8¢ da ypdpovpe R(t1, . .., tn).
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IHAPAPTHMA A. EIXAI'OI'H XTHN IIPQTOBAOMIA AOI'IKH

Opepog A.2.3.'Eotw mpwto6adpo YAwoca I kat Sopn A. Arotiunon elvar pla cuvdptnonv : M (1) —
[2(]. Emtextetvoupe v amotiynon v oe pla cuvaptnon v : O(17) — 2| étoL worte:

1. 5(c) = ¥, émov ¢ 61adepd g 1.

(f(t
(I

1

tn)) = fA(0(t1),...,0(tn)), 610V f N-déG10 GuvapTGLaKS GhuBolo Tng I Katty, ... b, €

N
ST

Tyeens
)-

o)

Opwopog A.2.4. Ecto mpwto6dduia yAocsca 7, Sopn 2, amotipnon v kat petabinti z. Opliovpe v
amotiynon v(x/a), 6mov a € |2A|, wg e&ng:

a , VY =2

vlz/a)(y) = {v(y) , OAMOC

Opwopog A.2.5 (Opoudc addeiag Tarski). ‘Eoto mpwtobddua yAdeca I, Soun 2, amotiynon v ko
p e T(I1). Oa Mpe ot n gpunveia A avorotel Tov TUTTO @ yLa v amotiunon v, cupBolopdc 2 E ¢lv],
avv:

1. O ¢ elvan TNG popPN¢ L » to, oTT0V t1,t9 € O(I1), kO WYVeL 0L U(t1) = V(t2).

2. O @ evaw ™c wop@iic R(ty,. .. t,), kav woydet 6t (0(t1),...,0(ty)) € R™.

=y

3. O ¢ etvan g popeng (—x), kar dev woyvel o1t A = x[v].

4. O ¢ evar g popeng (x — ), kat woyver ot av A = x[v] tote A E P[v].

5. O ¢ elvar g popeng (Yax), kot woyder 61t yo kade a € [2A|, A = x[v(z/a)].
Optopog A.2.6. 'Ecto p € T(I) kaw T € T(I7). Oa Aéye 6t

1. O 10mog ¢ elvar ikavomomaoipoc avv vitdpyel dopn A kar amotipnon v t€toln wote A E plv]. e
auThv TV TepimTeon da Aéue 6Tt or A, v kavoroovy Tov ¢ 1.

2. H doun A kat n amotiunon v ikavoroovy 1o T avv ikavoTolovv kGde ctoelo tov 1.
3. To T elvon tkavorromoipo ov KoL ovov av vtdpyovy dopn 2 KoL AmoTinNon v TOLV TO LKOVOTIOLOUV.

4. To T cvverdyetar Aoyikd Tov @, GuuBoMGuOC T E o, avy RGDE doun KOl GITOTIUNGT] TTOV LKOVOTIOLOUY
10 T IROVOTIOOVY KAl TO (.

Yvpu6oAicpog A.2.7. Kadog pla mpdtaon ¢ wavomoteiton ce plo Sopn 2 aveldptnto amd v omoti-
unon (6Aeg ot petabANTéC epavigovtar Seopevpéves 61N ) da ypdpovpe A E ¢ kot da Adpe 61t n A
elvar povrédo g . Emtlong av o tomog Yy elvar mpotaon, epappocoviag tov Optopd tov Tarski da
yoagovpe A = Vry avy yia kade a € [A|, A = x(z/a). Téhog, avil yia =(t1 » t3), omov t1, ta opot, da

Yodpovpe t1 # to.

U'Av 0 ¢ elvar mpdraon 1 avoTomaeéTTa Tou evan avedpTnTn 0Té THY EKAGTOTE ATOTIPNGN, KODWOC dev eppavitovtal e
avToV elevdepeg petaBANTEG.
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A.3. TYINIKEX AIIOAEIZEIX

A.3 Tumkeg anmodeielg

Opwepog A.3.1. Ecto mpwtobddwa yAweco. I'1."Eva a&twuatiko cvotnua A ywo. v I omotedelton amd
1. éva obvoro altwpdrwv A CT(I) ko
2. éva 6Uvoho amodelkTikeY kavovwy K,

6mov amodektikde kavivag k € K eivar pua Sweic oyéon k € 2700 x T(I). Av (B, ) € k , 161 Mpe
OTL 0 @ €lVaL AUEGO GUUTTEPAGUA. TNG EPOPUOYNC TOV Kk oTa atotyela Tov B. To A ywpltetar 6e dvo EEva
cOvoha A kot M (dnhadi A = Au M), 6mov A glvar 10 6Ovoho twv Aoyikéy altwudrwv (1o (Sto yio kGde
YA®GGa) kot M 10 GUvoho Tov un-Aoyikev allwpdrev (Sagpépel yia kGde YAdcoa).

Optapog A.3.2. 'Ectow A = (A, K) éva alwpatikd cbetnua, T € T(I7), kot ¢ tomog. Oa Aépe 611 0 ¢
amodewvietar amd 1a. gtoyela Tov T (10 oUvodo vodécewv) ato A, cuuBohioudc T 4 @, av VITGEYEL
pla TenepPaopévn aKOAOVILA TUTIWV T1, . . . , Ty, OTIOV Ty, = ©, KAL Y10 KADE T; LGYVEL €V0. ATO TA. AROAOVIOL:

L. ;€ AuT, elvon dnhadn allopo 1 vrodeon, N
2. 10 T; €lval QPEGO GLUTIEPOGUA TNG EQPAPUOYNG KOVOVO. Kk € K og éva 6Uvolo S € {Ty,...,Ti-1}.

YupBoiiopog A.3.3. ‘Ecto = petabintn, t pog, kot ¢ Tomog g 1. Zupbolitovpe pe pf Tov THI0 TTOV
TIPOKRVTITEL OO TOV P, PE OVTIROTAGTAGN OA®V TV EAEVIEPWV EUPAVIGEWY TNC T OTO TOV 0O t.

Opwopog A.3.4. H petabinti = kaldeltar avrikaractdown omé 1ov 6po t 610V TUTO (0, OV Ue TNV
OVTIKATAGTOGN TV EAEVIEPWY EUPAVIGEDY TNC X OTTO TOV t GTOV (p, dev decpevovial ketaBANTEC Tov t.

Opopog A.3.5. Tevikevon evdg OOV  KoAelte omOl0GINTOTE TUTTOC TNC OPPNC V1V, 60U
x; petabinteg yio n > 0.

Optopog A.3.6. To afiwpatikd cvotnua A; = (A1, K1) ya v Tpoto6ddpo Aoyikn, €xel o¢ Aoyikd
AElOPOTO GAEC TIC YEVIKEVGELC TV AKOAOLIWY allwUaTIKGY GYnudTev

AZl ¢ = (Y~ o)

AZ2 (¢~ (P —=x)) > ((p>¥) > (¢~ X))

AX3 (-p > —) > (¢ > ) > )

AX4 Yxp — ¢f, pe v mpovmédeon 0Tt  petabANTN X €lVOL OVTIKATAGTAGLUN OTI0 TOV 0p0 t GTOV
AX5 Va(p - ) > (Ve > Vay)

AX6 ¢ — Vo, pe TNV TPOLTTOdEcN OTL | T eV eRPAVIleTal EAEVIEPN GTOV

AX7 z~z

AX8 zry— (p— p*), 67OV P OTOWKGC TVTOC, KAt »* 0 (ATOPIRGE) TUTTOC TTOV TPOKVTITEL GTG TOV
avTikodeTOVTag peptkéc (N koL OAeg) TIC ep@avicelc TNC & 0Tt TN ¥

kot K1 mou mepiéyel uévov évav kavéva, tov Modus Ponens (M.P.):

! Tlepiéyel Snhadn GAovE TOVE THTTOVC TTOV PTTOPOUV VO, TPOKDIPOLY GV AVTIKATUGTHGOVYE TIC GUVTAKTIKEG petabhntée (@, ¥, X,
t, T KOL i) GE OUTE. A «GYALOTO» Ue OTOLOVGINTTIOTE TUTTOUC TNC YAWGGAC TToL e€eTALOVE.
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IHAPAPTHMA A. EIXAI'OI'H XTHN IIPQTOBAOMIA AOI'IKH

@ JH#J M

Yopbaon A.3.7. Avtiyio T +4, ¢ da ypagouvpe T + ¢ kar avil yio @ + ¢ do ypagovpe + ¢. Ilapotn-
PNGTE ETMIGNG OTL UTTOPOVPE VO, DEWPNGOVLYE TO GUVOLAO TwV PN AOYIKGOV GWUATOV 0O VTTOIEGELC.

.P.

Opwopog A.3.8. 'Ecto T 60voho pn-Aoyikov allopdtov yio pio mpwto6ddua yAocea 1. To T etvou
ovventég avv dev vrapyet ¢ € T'(I1) tétolog wote T+ ¢ kow T+ —p.

A.4 To Oewpnuota Eykvpotntag kot IIAnpotntog

Ocopnpo A.4.1 (Oedpnpa Eykvpdtnrag). Ta kdde civolo timwv T kat TUTO ¢ piag mpwtobaduiag
yAwooag woyver 6t av T+ ¢ to1e T E .

Ocwpnua A.4.2 (Oedpnpo IMAnpdtnrog). Ta kGde civoro Timwv T kat TOT0 @ plag TEWTOBGAULAC
YAwooag woyvel ott av T = ¢ 16te T+ .

O pn efokelwpevog pe ™ AOYIkN ovayveooetng 9o BplokeTol Glyovpa Ge GUYXLGN GTO TO YEYOVOC
Twg éxovpe éva Oewpnpa ITAnpdtntac ko €va Oewpnuo Mn-nAnpdtntog. To Oewpnuo Mn-mtAnpdtnTog
aopd. 6pwg dYo «dlagopeTikéc» (kat 16odvvapeg petald Toug) évvoleg TANEGTNTAC OO CLTAY TOL
Oewpnpatoc A.4.2: v UK TANECTHTA £VEC GUVOAOL allwudtwv (] VITOdécewy) Kol TV TAREOTHTA
WC TOOG YOVTEAO TOV GUVOAOV ACLWUATOV.

Opopog A.4.3. 'Ecto A 6ivolo pe Aoykov allopdtov yo ™ 17 kot 2 poviédo tou A.
1. To A elvar Tumikd TARPEC avv yio. KGDE TTPOTacn @ ¢ I wydet o1t A+ o N A+ —p.
2. To A elvar mAnpec w¢ mpog 1o A avv ya kGde Tpotacn ¢ g 11, av woyvel ot A E ¢ 1018 A+ .

O moapamndve Opopée (1o 2.) (6w TPoGdétel arduo peyoditepn GuyyvoT, kodOC amd 10 Ow-
onpo A.4.2 mpokvmrer 6t (apod A E A) av A £ ¢ (omdte kaw 2 E ) da éxovpe o1t A + . To
Oedpnpa A.4.1 dpwc yia vo. 1exvoel amoutel kATt TOAD Tt edikd and v Tpovmédeon (tov 2. Tov) TOV
Opopob A.4.3: Amtartel and 6ha ta. povtéda Tov A vo IROVOTIoUY Tov ¢ Kot oL wovo 1o A. Téhog, n
TANPOTNTO. WG TPOC KOVTEAO TPOUTIOdETEL TNV VTTOPEN €vOC povtélov yio. to A, dnhadn 6t 10 A elvan
IKAVOTIOWGLPO. ALTG Sev pmopel va tyvel av 1o A dev efvar cuverée (yuari;) 1.

A5 Apduntikn Peano

Opwepog A.5.1. H yAdaoa tng Oewpiac Apdusv, cupBolicpdc 1'%, amoteleltan and ™ 6tadepd 0, To
HOVOIEGLO GUVAPTNGLUKG GUPBOAO /, kL Ta BDEGLA GUVAPTNGLOKRG GUPBoAa @ Kal ©.

Opiepég A.5.2. H kdpia (i mootidéuevn) eounveia ya m I eivar n N dnou:
- |9 = N (cUpmav eivar ot pucikol apdyol),
- M =S (n ouvdptnon tov embuevov),

- ™ = + (n cuvaptnon e TPS6GdeGNC),

' Av 10 A dev eivar cuvenée eival dpwc TeTpLUUEVA TUTTIIKG TATPEC. AUTé 1oYDeL eTeldi av propolue va amodsifovue évay THTO
KOl TNV GEVNGN TOV PItopolpe vo. artodelfovpe omolovdnmote TUTo KAdWOE - @ — (¢ — ).
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A.5. APIOGMHTIKH PEANO

- @ = (n Guvap™EN TOV TTOAAATAAGLAGUOD),
- 0™ =0 (10 undév).

Optopog A.5.3. To civoro P 1ov (un-Aoyikdv) afiwudtey e apduntikic Peano ywo I eivar 10
egnge:

Pl Vai(z1/#0)

P2 Va Vao(zi/ = xol > 21 = 22)
P3 Vzi(z1©0=1x1)

P4 VaVao(r) @ xof = (1 @ 22)1)
P5 Vzi(z1©0=0)

P6 Vx1Vao(x: @ xof =21 ©@ 29 ® x9)

P7 Vzi-Vao,(e(xi,...,2n,0) AVzo(p(x1,... 20, 20) = @(x1,...,2n,20!)) = Yaop(T1,...,Tn,T0))
TvpuBoAicpoc A.5.4. Tvubolitovpe pe n Tov 6po OV UVTIGTOWE! GTO YNPio Tov apuov n € N, Snhadn
n=2~01"-1
—_——
n-gopéc

Op6uog A.5.5. Eoto T ¢ T(I'?*) kv R € N, émov n > 1. H oyéon R elvaw avarapactdown oto T

avv vrtapyer TOmog (1, .. ., Ty) TET00C WOTE Yo KGde M, . .., my, € N va woyvel otu:

L oav (mi,...,myp) e R1ote T = p(Mmy,...,My)

2. av (my,...,my) ¢ R 1612 T = =p(my,...,my)

Avtiototya, pula ovvaptnon f : N — N elvan avarapactdoiun oto T avv vitapyet TOmo¢ (X1, ..., Tpt1)
TETOLOC OGTE YLO. RADE M1, ..., Myr1 € N va oydet ot

Loav f(mi,...,mp) =mpq1 01 T = @(my,..., M)

2. av f(ma,...,my) # mpi1 1618 T = ~(Ma, ..., M)

Ocopnpa A.5.6. Kdde ehayloTikd ovadpopiki] 6uvaptnon eival avamropactdoun 6to P .

To mapamdve Oewpnua pog divel T0 JIKOIWPO VO TEPAGOVPE UTTO TOV KOGUO TOV GPWUNTIKOV GU-
vapTeewv 6Toug Tomoug g 1Y% Ioyvet kat 10 avticTPo@d Tov, pe Y TEOLTEdeon duwg 6Tt T0 P
€lVOL GUVETTEC.

A.5.1 ApdunTtikomoincn

Tnpetwon A.5.7. ‘Exer emkpotiioet n dladikacio Tov ovTiGToLEl QuGIKoUE apdPoUs 68 «OVIOTNTES»,
OTWC elval oL 0ROAOVIIEC PUGIKMY GPWPOY N oL AoyKol TUTIOL, vo. aTtokaAelton apduntikomomon. Eva
[Mapadeypo edope oto Kepdato 2, Ao éva da dovpe do.
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ApApNTIKOTOINGN TWV TUTWV TNG Fla“

AvtioTotolpe 6e kGde cvipBodo g 2% évav Quoiké appd wg e&ng:

(i) =371 i=0,1, (v)y =19
(=hw=5 (=123
(=7 (@) =27
(Vin=11 (0} =129
(Ow=13 (0)y =31
())N =17

"Eoto ¢ = ay---ay, € T(Fla“), OOV aq,...,an € {=~,—,V,(,),~,1,®,0,0} U M(FP“), OVTIGTOL(OVUE
GTOV ¢ TOV aPYO:
<€0>N = encn(<a1 >N7 s <a’n>N)

6tov enc,, 1 6uvaptnon tov Opepoy 2.3.1. O appdg (¢)y kodeltar apduoc Gidel Tov .
"EGT0 1, . . ., pn, MEMEPAGéVN akolovdia Tomwv e 2%, Avtictorolue ™v akolovdia avth GTov
0pWUO:
(9017 R SDTL}N = encn(<@1>N> SRR} <90n)N)

[MapatneNoTe OTL KOTA GUTOV TOV TPOTIO PTTOPOVIE VO. OVTIGTOIGOVYE TUTIKEC aTtodellelc amnd to P
G€ PLGLKOVC GPWPOVC.

Mapoatnpnon A.5.8. Yndpyet TM M,,_., mov déxetar cav €l6odo TV KedKoToNoN ulag eAayIoTIKA
ovadpouLkng cuvaptnong f kol emeTeéPet Tov apud Godel Tov THTTOL Y TOV TNV AVOTTAPLGTA.

Ia va katackevdcovpe v TM M,,_,, mpémel TpGTa va TepAGovue PEGa Ao TIC AETTTOUEPELES TNG
aTtodetng tov Oewpnuotog A.5.6, dépa OV EePEVYEL TOV GKOTIOV OUTOV TWV GNUELOGEDY.

Mpotacn A.5.9. H axéon Proof € N2 pe (z,v) € Proof avv

“O y elvar apiduog mov avtiotoyel oe Tvmikny anodeén amo 1o P ¢ omolag o tedevtaiog
TUTTOC €lval o TVTo¢ pe apduo Godel x.”

eval eEAOYIGTIRG OVOIPOULKY].

Inpeiwon A.5.10. T va amodeifovpe 61 n Proof eftvan ehayiotikd avadpouikn 6yéon Tpémel TPt Vo,
amodeiouvpe 61t 16 akdpa Guvapticelc kat Gyécelc | elvar ehayioTkG avadpopkéc

Ocwpnpa A.5.11. Kdde n-pedéc amopaveipo kotnydpnuae R elvar avamopactdopo 610 P omd évav
TOTT0 pe n-ehevdepeg petaBANTEC.

Amodeln. Apov 10 R elvor amo@dvoipyo katnyopnpo énetan o1t Ly € REC. ITapoatnpodpe 611 n xo-
POKTNEIGTIKA GuvapTnon ¢ Li elvar viodoyicn (Sec IMpdtacn 1.2.38), dpo. amd 1o Oedpnua 2.5.1
elval eAOYIGTIKA avadpopkn Kot artd 1o Oewpnua A.5.6 elval avanapactdon oto P, €610 amo tov
U100 YR(Y1, - - -y Yny ). O TOTOC PR(Y1, - - Yn, 1) avoTaplotd 10 R. O

' O1 oyéoeic avtée eAéyyouv mapadefypatoc xdon av o x elvar appuéc Godel tomov ™ ITY, av o x evar apdude Godel
alOpoTog, 0v 0 X elval 0PRAC TOV AVTIGTOLEl GE TUTTIKY OTTOdEEN KAT..
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