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Xperotog A. Adavaciddng

YuuPoriloupe pe Zy, 1o daxtiMo Twv axepaiov modulo m, ue @ € Z,, tnv xhdon
(mod m) tou a € Z xou ye M, (R) 10 SoaxTOAO TV N X N TVAXWY YE OTOLyElL and To
doxtUAo R.

AoaxtOAhor, Axépoueg Ileployeéeg, Yopata

YuuPoiiloupe e Or to undevixd crotyelo evog doxtuliou R, ue 1p to povadiiio
otowyelo (povdda) tou R (6tay autéd undpyet) xou ue U(R) 10 00voro Tov ovTio Tpé-
hruwv otoryeiwy evoc daxtuhiou R e povdda. YreviuuiCoupe ott éva otoryeio b evéc
Saxtuliou pe povddo R Myeton apiotepd (avtiototya, 6e&1d) avtiotpopo tou a € R av
ba = 1 (avtictotya, ab = 1g).

1. No eetdoete av 10 0Ovoro N 1wV QuOOY apriucy, EQOBLICUEVO UE TIC TRGEELS
npbéateonc a @ b = max{a, b} xou tolomAactacpold a ® b = a + b, anotelel SouxtOALO.

2. Alvetan doxtohMog R. Oswpolpe to cUvoro RP = R, e@odlacuévo Ue tny npdoieot
Tou R xat molhamhactooud o 1 R X R — R mou opiletan Vétoviac aob = ba ywwa,b € R
(6mou ab eivar o ywbpevo v a,b oto R).

(o) Aeilte 61t 0 RP anotehel doxtUA.

(B) Aci&te 6ti 0 R éyel povéda (avtiotolya, ebvor petodeTinde SaxTOAOC), av 1o Uovo
av o RP éyel povddo (avtiotorya, eivor uetadetinde duxtilog).

(v) Aci€te 61 éva ototyeio a € R éyet apiotepd (avtiotorya, 8eZl6) avtiotpopo 610
R av xou pévo 1o a éyet 8e€to (avtiotolya, aptotepd) aviiotpopo oto RP.

(6) Aei&te 61t 10 @ € R eivan aptotepde (avtiototya, detoc) undevodiupétne oto R
oV XL UOVO TO a lvor 6e€LOg (owtiGTOLXO(, O(pLOTEpég) UNOEVOdLLEETNG 6To RP.

3. AwoTe Topdderyua U METoETIN00 BaxTUAOL UE HOVAda, 0 oTtolog Exel axpU3MS OXTE
otouyeia.



4. Aiveton doxtOMog R xon ototyela Tov a, b ue ab = ba.

(o) Act&te ot yioo xdde Yetind axépono n woyveL 1 TOLTOTNTA

(a+b)" = Zn: (Z)akbn_k,

k=0

6mou (1) = #Lk), v k€ {0,1,...,n}.

Yuvdyete 6Tl av p elvat TEMOTOC aptduog xat toyVel pr = Og yia xdde r € R, téte
Y e P X
(a+b)P =al + P,

5. Afveton doxtOMoc R yia Tov omolo woyver @ = a yw x&e a € R. Aeifte 61t o R
elvon petadeTinde xan 6L —a = a Yy xde a € R.

6. Afveton daxtOAoc R pe povédo.

(o) Acet&te 6Tl éva otolyelo a € R civon avtiotpéduo atoyelo tou R (Snhodn ot
a € U(R)) av xou p6vo av 10 a €xel aptoTepd avtioTpogo xou 0edtd avtio Tpopo
cto R.

(B) Ava € U(R), delEte 6ta ! € U(R).
(v) Ava,be U(R), dei€te 6t ab € U(R).

7. Alveton daxtOMog R pe povdda xon ototyelo a € R. No e€etdoete av ol axdroudeg
npotdoelc ebvon ahndeic:

(@) Av T0 a €yel 8e€i6 avtioTpogo oto R, toTE TO (Bl0 1oy lel Yoo To @ Yo xdde
YeTnd oxépato n.

(B) Av 10 a éyet apiotepd avtioTpopo aTo R, T6Te 10 (Blo 1oy Vet Yl To a” Yo xdie
Yetnd oxépato n.

8. Afveton doxtOMog R e povdda xar ototyelo a € R to omolo €yel 6e€t6d avtiotpogo
oto R. Aellte 6T1 oL axdloviec cuviixes elvon 1ooBUVOUES:

(i) To a elvon avtioteéduto atotyeio Tou R.

(i

)

(ii) To a éyet yovadixé d8edi6 avtiotpopo oto0 R.
) Toa €yel memepacuévou Thdoug 6e€lole avtioTeépous oTo .
)

(iv) To a dev eivon APLO TEPOC UNOEVODLUEETNG 6TO .



9. Afveton daxtiMog R pe yovddo xa a,b € R. Av 1o 1z — ab cbvar avtioteéduo
otoiyeio Tou R, det&te 6tL 10 1z — ba civon enlong avtioteédipo otoryeio Tou R.

10. Abvovton doxtohor R, S xou to evdid ywvouevo R x S.

(o) Aci€te 6L 0 R x S eivon petadetinde doxtUlog (avtiototya, €yel uovdda) ov xot
uévo av ot R xou S elvon petodetixol Soxtihior (avtiototya, €youv povida).

(B) Av ot R xau S €youv pyovéda, detgte 6t U(R x S) = U(R) x U(S).
(v) II6te o BaxtOhog R x S Bev €yel undevodlanpétee;

11. Bpeire:

(o) Ohat o avTioTeEdiuo oToryela Tou utodaxtuliou Z[i] = {a+bi : a,b € Z} tou C,

(B) évav unodaxtilo tou C ye povdda, Sidpopo tou Z, o onofog va €yet oaxpBne 500
ovTio TEédLua oToLyElo.

12. Abvetar 10 ovoho R = {a +2bv6 : a,b € Z}.

(o) Aci€te 61t t0 R givon vnodaxtihog tou C ye povddo.

(B) Aci&te 6L 0 R éyel dnepo mhdoc avTioTeédiunmy oTotyeinv.

13. T guoxoie aprduoic m Yétouye mZ = {ma : a € Z}. Aci&te 61U

() To obvoro mZ eivon uTodaxTOMOS TOU Z Yyio xde Quoxd aprdud m.

(B) Kde unobaxtihog tou Z eivor tne wop@hc mZ yla x4moto uotxd aptiud m.

a

14. Atveton oopa F xaw to untocivoro R = { ( b

_2 ) s a,be F} Tou My(FF).
(o) Aci€te 61t 10 R eivon unodaxtihog tou My(F) pe povédo.

a _b ’ 7 7 4
b a glval O(VTLGTPELI)L“O OTOLYELO TOU R ov xou HOVO

(B) Aci&te 6t 0 mivaxog (
av a® +b*#0 o7 F.
(v) T o odpata F € {Q,R, C, Zs, Zs } eivar o Saxtiiiog R oo,

(8) T mowa oporto = Z,, ebvar 0 SaxtOiiog R oo,



15. Abveton SaxtOhog R, otowyeio a € R xou to oUvoho S = {x € R : ax = za}.

(o) Aet&te 61t 10 S elvar unodoxtOilog Tou R.

0 1 /7 /
0 0 ) Aciéte 6TL o

daxTOMOg S ebvon uetodeTindg xon Peelte dAa T avTio TeédLua oToLyElo Xon Toug
undevodtarpeteg Tou. Ebvar to S axépona meploy;

(B) Eow 6t R = My(F), émou F elvon odya, xou o = (

(v) Adote mopdderypa Saxtuliov R xou ototyelou oo € R yio ta omolor 1o S ebvau
YVAholog xou ) hetadetindg umodaxtOMog Tou R.

16. XupPoriCouue pe C(R) 10 0Ovolo TV oTtolyelwy & evog Suxtukiov R yo To omola
oyVer ar = za i xdde o € R (1o C(R) Myeton kévtpo tou R).
(o) Acette 6t 10 C(R) elvon petadetinde umodaxtiiog tou R.
(B) Aci&te 6t yro Tuyaioug doxtuhiove R xon S woyber C'(R x S) = C(R) x C(95).
(v) Awote mopdderypa un undevixol daxtuliov R pe C(R) = {0x}.
)

Ao te mopddelypo daxtuiiou R ue Toukdylotov Tela oTolyela, Yl Tov onolo to
C(R) €yer axpiBede dVo ootyeia.

(e) Adote mopdderypor doxtuhiov R ue Touldylotov Tpla ototyeio, Yl Tov omolo
oyVeL Y # yx vy 0ot x,y € RN{Og} ye = # .

17. Alveton axépona Teployn R.

(o) Bpelte dha ta otowyeta a € U(R) yio to ool .oyler a™ ' = a.

(B) Eotww 6t 1o cbvoro U(R) eivan nenepacpévo. Aciéte 6t 1o U(R) éyel nepltto
mhflog oToyelwy av xar uévo woylel —x = x vy xde x € R.

18. 'Eotw duxtiMog R xou €670 S 10 6UVOAO TV Un Undevix®y ctolyelnv Tou R
Toe omolo 6ev efvon aptoTepol undevodtanpétec oto R. Acilte 61t ab € S vy dha T
a,beS.

19. Alvetu nenepaopévog doxtOMog R ue povdda. Acléte ot xde un undevinodg un
undevodlonpétng oo R elvan avtiotpédylo otoyeio Tou R.



20. Afbveton daxtOioc R.

(o) Av 0 b elvan aptotepdc undevodionpétne oto R xon a € R, det&te 6t ab = O 1
10 ab ebvar oo TEPOE UNdEVOdLNEETNE 6T0 R,

(B) Av to b eivan oplotepds undevodiounpétne oto R xon 10 a € RN{0g} dev eivou,
oetgte 6TL 10 ab civan entlong aploTEROC PNdeEVOdLINEETNEC 610 .

(v) Av 10 6UVOhO TV ApIGTERMY UNdeVODLonEeTdY Tou R elvon un xevé xou memepo-
ouévo, delte 6Tt 0 R elvan memepaouévog daxtOMOC.

21. Aiveton menepoouévog doxtOlog R. Aelgte ot

(o) T xdde x € R undpyouy axépanot 1 < n < m ool Hote 2" = 2.

(B) Tmdpyouv oxéponot 1 < n < m tétolol WoTe Vo toylel 2" = ™ vy xdde x € R.

22. 'Eva otoyelo a evog daxtullov R Aéyeton undevodtvapo av a” = Og ylor xdmoto
YeTnd oxépato n.

(o) Av a,b eivor undevodivapo ototyeio tou R xou ab = ba, deilte 61t 10 a + b eivon
eniong undevodivouo ctolyelo Tou .

(B) Av a,b eivar ototyeio Tou R évo Touldytotov and Tor omola efvat Undevodivopo xou
ab = ba, det&te 611 10 ab eivan enione undevodLvauo otoryeio Tou R.

(v) Eotww 6ut o R eivan daxtOhog pe povada. Av a € U(R), to b eivar undevodivayo
otowyelo Tou R xou ab = ba, deilte 6t a+b € U(R).

(6) Eotw 6t o R eivar doxtOMoc pe povado. Av b etvon undevodivapo otolyelo tou
R, deite 6Tt 1g + b € U(R).

(e) How omd o (), (B) xan () toydouy ywelc tnv unddeon ab = ba;

23. Aivetou oopa F.

() Eotww R = M,(F) xou éotw 1g 0 n X n tautouxdc mivaxag e atotyeio oand to F.
Av yw 1o 4, B € R woyber A> = B? xou AAB + uBA = 1p yw xémow A, i € F
ue A # p, Oetlte 61t AB = BA xou 61 A, B € U(R).

(B) T ot yevixdtepn xatnyopio Saxtukiny R oylel to (o);

24. Atvetou oopa F pe g otoryeio, 6mou ¢ eivor mepittoc oprduoc.
(o) Aci€te 6t dev undipyet un undevixd otoyelo x € F, tétolo wote —x = .

(B) Av g =1 (mod 4), deifte 6T undpyer = € F, tétowo dote 2? = —1.



IToavwvuuixol AaxtOAloL

YupBorifouye pe R[z] 10 SoxtOMO TwV TOAWYOUWY GTN UETUBANTH & UE OUVTENE-
otéc and 1o daxtOMo R xou pe deg(f(z)) to Badud evog un pundevixod moAuwmvOUoU

f(z) € R[z].

25. Alveton daxtOloc R.

() Av o R dev éyer undevodiapétee, deifte 61t oite o R[x] €yer undevodionpéte xou
6Tyt toyobor pn undevixd moduvwvupa f(z), g(z) € R[x] woylel

deg(f(x)g(z)) = deg(f(x)) + deg(g(x)).

(B) Eoww 61t 0 R dev €yet undevodlapétec. Av o daxtOlog R[z| éyet povdda, deilte
OTL 1) povada auTh ebvan oTadepd ToALGVLUO To oTolo elvon povdda Tou .

(v) Aci€te 61 o daxtihog R[x] Sev eivon ooy

26. No egetdoete av UTGEYOUV:
(o) mohudvupa p(x), g(x) € Cla] térow dote (p(x))® - (¢(2))% = (2! + 2° 4 1)212

(B) mohuvupa p(x), q(z) € Clz] Badpol n > 1, tétowr Bote (p(x))? — (¢(z))? =
l+x+a?+- - +a"

27. Aivetar oopo F xon povixd tohuwvupo p(x) € Flz] dotiov Baduol 2n > 2.
() Avioyler —1 # 1 oo F, dei€te 61t undpyouy mohudvuua ¢(z), r(x) € Flz] této
wote p(r) = (q(z))* + r(z) xou deg(r(z)) < n.
(B) Ioyber to (o) ywelc tnv unddeon —1 # 1;

28. Abveton daxtohog R. T p(x) € Rlz] 9étoupe A(p(z)) = p(z) — p(x — 1)
xow A™(p(x)) = AA™ Y p(z))) yio m > 2. T mopdderypa, éyovpe A?(p(x)) =

p(x) = 2p(z = 1) + p(x = 2).
(o) Av deg(p(x)) < n, deilte 6n deg(A(p(z))) < n — 1.
(B) Aci&te ot

= S (7 e m

k=0
yioe xde YeTind oxépono m.
(v) Av deg(p(z)) < n, delfte 6n 3000 (- DF("H p(z — k) = 0.
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(0) Aceigte 6T

v xdde n € N.

29. Afveton petodetinde doxtohoc Rxon v € R. T f(x) = ap+a1z+- - -+a,z" € Rx]
YéTouue
oo(f(2)) = flo) :== ap+ara+---+a,0" € R.

() AclEre ot o (f(2) +9(2)) = @a(f (7)) + palg()) Yia Oha tor f(2), g(x) € Rlz].
(B) AciEre 61 palf(z) - 9(2)) = @u(f(7)) - a(g(x)) yio Oda T f(2), g(z) € R[z].

(v) Eotww ¥(f(x)) € R o ddpolopa v cuvteheotdv tou f(x) € Rlz]. Acilte 6

O(f (@) +9(x)) = (f(2)) + ¥ (g(x)) o bn o (f(2)g(x)) = L(f(2))P(g(x)) Y
oot f(x), g(x) € R[z].

(8) Trohroyiote 10 ddpotopa Twv cuvieheotédy Tou (1 — 3z + 2)" € Zlx] v xdide
YeTnd oxépato n.

30. Aivetar moluidvupo p(z) € Clz] Baduol n.

() Av p(m) € Z vy xdde m € {0,1,...,n}, dei&te bt p(m) € Z vy x&de m € Z.
(B) Av p(m) € Z yio x&9e m € {0,1,2%,...,n?}, delEte 6t p(m) € Z vy xdde
TETEAYWVO axepalou m.

(v) Adote mapdderypo tohuwvipou p(r) o omolo AouBdver axépona T o xdde
TERAYWVO axepalou, aAld Oyt oe xde axépono apriud.

31. Atveton Jetnde axéponog k. Ipoodiopiote tov ehdytoto Yetuxd oaxépono n = n(k)
ytot Tov onolo undpyEL Lovixd mohudvupo p(x) € Z[z| Baduold n, tétowo Gote to p(m)
va Stonpeitan pe to k v xdde m € Z. YTrohoyiote enaxpBode to n(k) v k = 1000.

32. Afveton petoadetindg Soxtohog R e povdda xou tohudvupo f(x) € Rlz].
() Av 1o f(x) eivon avtioteédipo ototyeio tov Rz, deilte 6t 10 f(a) elvon ovti-
oteéduo otoyelo Tou Ry xde o € R.
(B) Tuvdryete 6t to 1+ ba + 322 Bev ebvon avtiotpédipo otowyeio Tou Zglz].

(v) Adote nopdderypo yetodeTixod Soxtuhiou R pe povdda xou un ovuo teéduyiou
ntoluwvipou f(x) € R[z] yw to onolo f(a) eivon avtiotpédipo otoyeio tou R
v xdde a € R.



33. Aiveton petodetindg daxtOMoc R pe povdda.

(o) Aci€te 6L T0 TOAUGOVUPO 1k + ra elvon avtioteéduo ototyelo tou Rlz] av xou
uovo av To 1 elvon undevodlvopo ototyelo Tou R.

(B) Tevixbtepa, deilte 6Tt T0 TOALGVLPO a + b elvor avtiotpédiuo ototyelo Tou R[x]
av xat u6vo av a € U(R) xou 1o b ebvar undevodivayo ototyelo tou R.

(v) Xuvdryete 6t av 0 m Btoupeiton Ye T0 TETREYWVO xdmotou tpehtou aptduol, ToTe o
BUXTUNOG Zyy[2] €xer avtioTeédiua ototyeio mpodtou Baduol.
34. No e&etdoete av 0 0axtOMOC Zy,[] Exel dnetpo mhRvoc avTio Teédiumy oTotyeinv:

(o) vt m =6,
B) yiam = 12.

35. Abveton petodetinde doxtdhoc R pe povada. o f(z) = ap+aiz+- - -+a,z" € Rx]
optloupe TNV TapdywYo

f'(x) = a; +2ayx + - - +na,a" ' € R[z].

(o) Acigte 6t (f(x) + g(x)) = f'(x) + ¢ (x) vy bha o f(z), g(x) € R[x].
(B) Acitre o (f(z)g(z)) = f'(z)g(z) + f(z)g'(z) o Gho T f(z), g(x) € Rlz].

36. Aci€te 6T 10 tohvwvuuo (z — 1)"q(x) €yer Touldytotov n + 1 un undevixoic
ouvTeEREaTéC Yo X8e pn undevixd mohundvupo ¢(z) € Clzl.



Alonpetotnta xou ITapayovtonoinorn IloAvwviuwy

37. Acite 6Tt T0 TOAUGOVLUO a8 4 210 4 232 2 16 8 otanpe{ton pe To
0+ + a2t + 23+ 2%+ 2+ 1 o0 Zlxl.

38. Afveton petadetinde daxtihoc R xou mohudvuua f(z), p(x), q(z) € R|x].

(o) Aci€re 6t 10 f(p(z)) — f(g(2)) Snpeiton pe 1o p(z) — ¢(x) oto Rix].

B) 2\[) ﬁ)(q(a:)) = q(p(z)), Sei&te 1o p(p(x)) — q(q(z)) Sroupeiton pe 1o p(zr) —¢(x) oto

39. Troloyiote To Péyioto xowd dougétn v % — 2t + 222 — 2 xou 2 + 2% + v + 1
(o) o710 Zlx],
(B) oto Zy[x],
(v) oto Zs[x].

40. Atvovton Yetixol oxéponol m, n xan axéparo teploy | 2.
(o) Aeffte 6t urd(x™ — 1,2" — 1) = 2% — 1 070 R[z], 610U d = prd(m,n).
(B) T motoug axepaiove m,n to ™ — 1 Broupeiton e 10 2" — 1 oo R[z];

(v) Acgi&e 6t urd(fin (), fu(x)) = fa(z) oto R[x], 6mou d = ukd(m,n) o fr(z) =
142+ 4+ -+ yio k> 1.

41. Abvovtar oopa K, uvtéooua F C K avtod xoa modudvupa f(x), g(x) € Flx] ye

g(x) #0.

(o) Aet&te 6t 0 Ao xou o undlowno tne Euxheidetog Sadpeonc tou f(x) pe to
g(z) oo K[z| elvau (oo, avtiotoya, pe to mniixo xou 1o unéhoito e Evxeldetoc
Suaipeone tou f(z) pe 1o g(z) oto Flz].

(B) Xuvdyete 6T 1o f(x) Smpeiton e 10 g(x) oto Klz] av xa pévo av 1o f(x)
Sroupeiton pe 1o g(z) oto Flz].

(v) AceiZte 61 o péyotog xowoe Suunpétne twv f(x) xa g(z) oto Kz elvon ioog pe
T0 €Yo T0 X0wd dtonpétn Twv f(x) xou g(x) oto Flz].

(8) "Eotw 6110 g(2) ebvon avdrywyo ato Flz]. Av ta f(z) xou g(z) éyouv Toukdytotov
uto xown ptlo oo K, del€te 6t 10 f(x) dronpeitan pe to g(x) oto Flz].



42. AvolboTe 0 tohudvupo f(x) = x+a?+- - -+aP ! € Zy[x] o8 yvopevo avdywymy
TOAWVOU®Y ToU Zy[z] yior tuyoio tpthTo aptdud p.

43. Abveton npitog aprdude p xou 1o tohuodvupo f(z) =1+z + -+ 2Pt € Z,[x].

(o) Bpeite ohec tic pilec tou f(x) oT0 Zy.

(B) Avarbote 1o f(x) OE YVOUEVO aVEYWY®Y TONUGVIUOY TOU Zy|x].

44. BOewpolpe to Tohuwvupo f(z) = (22 + x4+ 1)P — (2 + z + 1) € Zy[z].
(o) Acet&te 6n undpyer tohudvupo q(z) € Zy[z| oo dote f(x) = (2P — x)g(x).
otog etvon o Padude tou ¢(z);

(B) Tmohoylote enaxpBnc To mToAuGVLPO ¢(z).

45. Aivovton molvavopa f(z), g(x) € Zlx] v ta onola to f(n) eivar axépono molha-
Thdoto tou g(n) yio xdde n € Z.

(o) Aci€te 6t 10 f(2) Sanpetton pe to g(z) oto Q|x].

(B) Adote mapdderypo TETOWWY TOAWVUUWY 6To otolo to f(x) de Supeiton e To
g(x) oto Z|x].

46. Alvovton un undevixd mohudvupe f(x), g(z) € Zlz]. Acte 6t o f(z), g(x) dev
€y 0LV xowY| uryodu pilo oy xou uévo av utdpyel d € Z tétolo Gote pukd(f(n), g(n))
d vy x&de n € Z.

47. Aiveton axépona teptoy) R pe dmepo mAdog otolyeinv xar mouwvupo f(x,y) €
Rlz,y].

(o) Av woOyel f(a,a) = 0p yia xée a € R, del&te 611 undpyet tohuwvuuo ¢(x,y) €
R[z,y] tévowo wote f(z,y) = (z —y)q(z,y).

(B) Eotww 6t R =R. Avwoiye f(a,b) = 0y xdde (a,b) € R? pe a®+b* = 1, deilte
6T uTdpyet ToAudvUpo q(x,y) € Rz, y| tétoo wote f(x,y) = (a®+y*—1)q(z, ).
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48. Aibvovtor to tohuovupe folg) = (¢ —1)(¢* = 1)---(¢" = 1) yiw n € N, 6mov
fo(q) = 1. T 0 < k < n Yétoupe

(1) = 5o

() Av1 <k <n,deilte 6Tt (Z)q = ("gl)q + g F (Zj)q

(B) Xuvdyete 6t t0 fo(q) Sroupeiton pe 10 fi(q) fur(q) oo Zlg] xau 6T t0 MNAixo
(Z)q etvar ToAUGVUUO Porduol k(n — k) pe un apynuixolc oxépotous GUVTEAEG TEC.

49. Afveton axépona teptoy) R. ‘Eva nohudvupo f(x) = ag + a1z + - - - + a,2" € R[z]
Borduol n €yel maAwoOpouikols CWVTEAEOTES av @ = Gy Yot 0 < 2 < n.

(o) Aci€te ot éva mohudvupo f(x) € Rlz] Baduol n éyel nahvdpouinols GUVTEAES TEG
av xou pévo ov x"f(1/x) = f(x) (n wéTnro auth éyer vonuo Ty 010 GO
xhooudtwy tou R[z]).

(B) Act&te 61t 10 Ywopevo 500 TOAWVUUWY UE TOAVOPOUXOUS GUVTENECTES Elvor
eniong TOAVWVUIO PE TOAVOPOUIXOUE GUVTEAEG TEC.

(v) Aci€te 6t T mtohudvupa fr,(q) g ‘Aounong 48 €youv ToAVOPOUIX0UC CUVTEAE-
oTéC.

50. Atvovtow to tohudvupe f(2,y,2) = (x +y + 2)° — 2% —y? — 2% % g(x,y,2) =
(x+y+2)>—a®—y>— 25

(o) Exgppdote 10 g(z,y, 2) g yvouevo avdywywy toluwviuwy tou Q[z,y, 2].

(B) Aci&te 6t 10 f(z,y, 2) Swnpeiton pe 10 g(z,y, 2) o010 Qz,y, 2.

51. Avohlote to * + 1 08 YIVOPEVO avy YV TONGYIWY:

o) oto Rlz],

B) oo Q[z],

(@)

(®)

(v) 070 Zi7[z],
)

(0) eml evog daxtuhiov R ye —1g = 1p.
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52. Aciéte o6t

(o) To morucdvupo ot + 2% + 22 — 2z + 1 elvor avdywyo oto Z|z].

(B) To mohuévupo z* + z3 + x + 3 elvon avdywyo oo Zs[z).

53. Bpeite 6ho tor avdrywyoa mohudvuua teTdptou Baduol oto Zs[x].

54. Atvovton SlapopeTixol avd 500 axépotol aptiuol ai, as, . . . , Gy.
() Aceilte 6Tt t0 f(2) = (x —ay)(z —ag) -+ (x — a,) — 1 ebvor avdywyo oto Z[z].
(B) Aciire 6t 10 g(2) = (x — a1)*(@ —az)? - - (x — an)? + 1 ebvar avdrywyo oo Zlz].

(v) Ioylet ndvtote 1o B0 yio 10 h(z) = (v —a1)(x —ag) -+~ (z —an) + 1;

55. Atveton oouoa F.

(o) Acet&te 6Tt undpyouy dnetpou TARYoUC avdywya ToAvwvuua oto Flz].

(B) Eoww 6t 1o F eivan nenepaopévo. Actlte 6t yio xdde n € N undpyet avdywyo
roluevupo oto Flz] Boduol peyahitepou tou n.

(v) Ioyver 1o (B) ywelc v unddeon étL to F elvan menepaouévo;

56. Alvetou puowxog apriuode n. Beeite

(o) ‘Oha tor mohudvupa p(z) € Clz] e p(0) = 0 to onolor enakndedouy Ty 06T T
p(zt+1) = (p(x))* + 1 o7o C[z].

(B) Oha ta moduwvupa p(z) € Clz] Boduol wxpdtepou ¥ icou tTou n yio o omola
woyvet p(k) =1/(k+1) yie k € {0,1,...,n}.

57. Aivetaw mohvwvupo p(z) € Clz] Baduod uxpdtepou 1 ou tou n yio 1o onofo
wyver p(k) = 1/("1") v k € {0,1,...,n}. Troroyiote 0 p(n + 1).
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58. Aiveto axépara teptoyny R, nohudyvupo f(z) € Rlz] xou a € R. Aéue 6Tt 10 a elva
&imAny pila tou f(x) av to f(z) donpeiton pe o (x — a)? 610 R[z]. Aéue 6Tt 70 a ebvau
ptla moAarmAdtntag m tov f(x) av 1o f(x) Soupeiton pe to (z — a)™, ahhd oyt pe to
(r —a)™, 670 R[x].

(o) Acet&te 611 10 a eivan Sty pilo tou f(z) av xaw pévo av f(a) = f'(a) = Og, 6moUL
f'(z) ebvon n mapdywyoc tou f(x) (‘Aoxnon 35).

(B) Eotww 61t R = C (1 onoodinote owua yapoxtnelo txic undév). Acilte 6Tt av a
etvan plCa TOAAATAGTNTAC M TOU f(z), téte 10 a ebvau pila TohhamAoTNTOG M — 1
Tou f'(z).

(v) Eotw 61t R = Q (1) 0Tol08ATOTE GO YoUpoxX TNRto TIXAS UNBEY) xou 6Tt To R elvon
unéonua evog oopatoc K. Av g(z) € R[z] elvar avdywyo mtohudvuuo oto Rzl
dei&te 61 to g(x) dev éyel dimhég pilec oo K.

59. Abveton avéywyo moluwvuuo teitou Baduol g(z) € Qlz]. Acilte 6w av ri, 19,73
etvan ot pilec Tou g(z) oto C, té1E MOvéVaC amd Toug aptduole 11 — T, T1 — '3 XOUL Tg — T3
oev ebvou pnToc.

60. Abveton mohucyvupo f(z) € Rlz] yio to onolo woyler f(z) > 0 yo xdde = € R.
(o) Aci€te 6L 10 f(x) unopel vo ypagel we 0 yvouevo evéc detxol aprduod xo
TONUWVOPLY g popghc (x — a)® + b%, pe a,b € R.
(B) Zuvéyete 61t undpyouvy Tohudvua p(z), ¢(z) € Rz tétow wote f(z) = (p(x))*+

(q(x))*.

61. Aivetw mohudvupo p(z) = ag + a1z + -+ + a,z” € Rlz] ye un apynuxoic
OLVTEAECTEC Yl ToUg omoloug oy Vel ag = 1 xat a; = ap—; i 0 <@ < n. Trnodétouue
6Tt %de plla Tou p(x) elvon TparypoTixde aprduodc.

(o) Acei&te 6Tt 10 p(x) Unopel vo ypopel ot uop®h

T

(@) = (1+2)™ H(:c—i—bi)(erb%)

i=1

yioe xdmotor m, 1 € N xon Yetixole mparypotinoie aprduols by, by, . . ., b, didgopoug
Tou 1.

(B) Tuvéyete ot (—1)V/2 3 (=1)ia; > 0.
Yuvdyete 0Tt loylel p(x) = .LZ/QJ 7t (1 + )" vy xdmotoug AEVNTIXOUC
Y Y X i=0 Y Hn oevn
TEOYUATIXOUS apLdU00C Yo, V1, - - - 5 V|n/2]-
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62. Abvovtor axépator 1 < k < n xou nohuwvupo p(z) € Clz] e popphc p(x) =

ap + a1z + -+ + ap_px" " + 2" € Clz], ddgopo Tou x". Aceilte 6t To p(T) €yer
ToUAdytoTov k Sroxexpiuéveg pilec oto C.

63. Atveton Yetinog axépoog n. Beeite to eAdyloto duvatod mAfloc oTolyelwy Tou
ouvérou {z € C: p(x) € {0,1}}, émou p(z) € Clz] eivar modudvupo Boduol n.

64. Aivovtar ntohuodvopa p(z),q(z) € Rlz] ttow dote p(x) € Z < q(x) € Z, yw
x € R. Aei€te 61t éva tovhdytotov and to tohvwvuua p(z) — g(z) xou p(x) + q(z) ebvan
oToeRo.

65. Bpeite 10 péyloto Yetind axépato n yl tov onolo undpyet mtohudvuuo f(x) =
ap+ a1z + - - + a,x" € Z[z] Paduod n e tic €ric 16T TES:

(i) {ao,a1,...,a,} ={0,1,...,n},
(ii) to f(x) avahbetar o yvouevo TemToRddulwY ToAWVIULY 6To Z|z] (1oodivaua,
x&e pryadnr| pila tou f(z) eivon prroc aprdudc).

66. Bpeite 6ha o tohvdvupe p(z) = >0 @z’ € Rz pe a; € {—1,1} yiw 1 <i<n
xde uryadny| pila Twv omolnv etvon mporyuatindg aptiuodg.
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Opopopgiopol, Idewdn xar AaxtOlog IInhixo

Treviupllouvue OTL €vog OUOUORPIOUOS BUXTUAILY ¢ @ R — R Aéyeton evoouopei-
ouos tou R. Yupfolilovye ye T, (R) 10 SaxTUAO TV GVe TELYOVIXGY 1 X 1 TVEXWY
ue ototyela amd to R.

67. No eleTdoete av oL TopoXdTe ATELXOVIOELS EVOL OPOUOPPLOUOL BoxXTUALWY:

(o) @, : My(Z) — 7Z pe

a b a b
('O(c d)_a’ ¢<c d)—ad—bc

vy a, b, c,d € Z,
(B) o meproptoude e ¢ otov unodaxtilo Th(Z) tou My(Z),
(Y) 0:Z]i] = Zs pe o(a+bi) =a+b, yiwa,b € Z,
(8) 7:Z[i) = Zs pe T(a + bi) = a+2b, yie a,b € Z,
(€) p: Zlz] = Z pe p(f(x)) = [(0), yot f(2) € Z[z].

68. Ailvetor to oOvoro R = {( g 2 ) : a,bEZ}.

(o) Aci&te 61t 0 R eivar unodaxtihoc tov My(Z).

(ﬁ) Beelte 6Aoug Toug opoUoPPLOUOUE daxTUAlWY ¢ @ R — Z X Z.

69. Aiveton doxtUAlog R ue povddo.
(o) Acilre 6y xdde « € U(R), 1 omewdvion ¢ : R — R pe ¢(z) = aza™! yw
x € R ebvan auvtopopgloude tou R.

(B) Act&te 6t n amewdvion ¢ @ Ma(R) — My(R) e

b _ d c
7 d) =~ \b a
yw a,b,c,d € R eivan autopop@iopgdc tou My (R). Ioyver 1o (8o ywple tnv und-
veorn 6T 0 R €yel povdoa;

(SRS

(v) Xuvdyete 6Tt 0 BaxTONOC TV GV TELYWVIXGY 2 X 2 Tvéxwy Ue oTotyela and To
R etvan 1060p@og PE TO BuXTUMO TOV XATO TELYOVIXOY 2 X 2 TVAXwWY Ue oTolyelo
and to R.
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70. Aiveton oxépano meptoyy| R. Bpelre:
(o

B

) 6houg Toug OUOHOPPLOUOUE Do TUALWY ¢ 1 Z — R,

®)

(Y) 6houc toug empopPLopols SaxTUAY ¢ @ Z — Zjy, 6Tou p eivor tpdhTog apriudc,
)

OANOUC TOUC QUTOUORPIOUOUE TOL BuxTuAou Z,

(8) 6houg Toug LovouopPLoUoUS daxTUMWY ¢ : Z — Z[z|.

71. Aivetou opopoppiopde daxtuliov ¢ : R = S. T f(z) = ag+ a1z + - - - + a,a" €
R[x] ¢toupe

P(f(x) = ¢lao) + pla)r +--- + p(an)z" € S[x].

(o) Acet&te ot n omewdvion @ @ Rlx] — S[x] elvon opopoppioude daxtuliwy.

(B) Aci&te 6L 0 opopopPLou6S @ Elval HOVOUOEPLOUOS (avTioTotyd, ETUOPPLONOS N
LOOUOPPIOUOC) v X0l UOVO oY O ¢ EfVOL UOVOHORPLONGS (avTioTolyd, ETUOPPLOUOS
1 LOOUOPPLOPOC).

(Y) Xuvdyete 6L umdpyet emop@iouods Soxtuliwy ¢ : Zx] — Zy|x]
Y(a) = a € Z, (n x\don tou a (mod n)) yio xdde a € Z (10 ¢
avaywyn tov f(z) (mod n)).

Ylo. Tov omolo

f(x)) ebvou 7

(6) "Eotw detixol axépotol n, m xo €0t 6Tt 0 n dtonpel Tov m. Luvdyete 6Tt UTdpyEL
ETMUOPPLOUOC SOXTUNWY 1 Zpy [x] — Zy[x] Yiot Tov omolo Y (a) € Zy, eivon 1 xhdon
tou a (mod n) y x&Ve a € Zyy,.

72. Alveton oxéponoc p > 2. Aceifte 61 o mohudvupo 1+ x + 2% + -+ + 2P ebvou
avdywyo oo Zlx] av xou pévo ov o p ebvor tpodtog aptiude.

73. Aci&te 6TL Ta TOALGVUYL!
(o) 5a® + 13222 + 253z + 209,
(B) 16z + 112 + 5 + 21z + 48,
(v) 25+ 2%+ 2? + 823 + 8z + x + 1

elvar avdywya oto Zlz].

74. Alveton mpitog aprduog p. No e€etdoete av 1oy Youv oL TopaxdTe TEOTACEL:

() Av f(z) € Z[z] xu 1o f(m) Soupeiton pe to p yoo xée m € Z, tote xdde
ouvteheatrc Tou f(z) Supeiton Ue TO p.

(B) Av f(x) € Z]x] eivar moludvupo Boduol wixpdtepou tou p xou to f(m) Slupeiton
e To p Yo X8 m € Z, thte xdde ouvteheothc tou f(x) Boupeitan pe o p.
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75. Alveton eTUOPOPPIOUOE BaxTUMWY ¢ @ B — S xan etindg axéparog n.

() Av o R etvar yetodetinde, Sel€te 6Tt o (Blo 1oyvet yia tov S.
(B) Av o R éyer povdda, dellte 6t o (B0 toylel yia tov S xon 6t p(lp) = 1g.

)

)
Y) Avn-a=0g vy xdde a € R, deilte 61 n-b=0g yia xdde b € S.
(8) Av xdle otoyeio Tou R eivan undevodivayo, dei€te 6Tt 1o (Blo toyvet yio tov S.
)

(e) "Eotw Yetxde axéporoc m. Av xdde nohudvupo oto R[x] avolleton oe yivouevo
TOAUGVOUWY Borduol tixpdTepou Tou m, 6eilTe 6TL To (Blo oy VEL Yol Ta TOAUGDVLUA

Tou S[z].

76. Alvetou opopoppionde ¢ 1 R — S doxtuhiowy pe povéda, ue ¢(1g) = 1g.

(@) Av a € U(R), dei€te 611 p(a) € U(S). Xuvdyete 6Tl 0 ¢ eMEYEL Lol ATMEXGVION
¢ :U(R) — U(S).

77. Alveton un undevinos ogopop@ouds ¢ 1 R — S daxtuliwy pe yovada.

() Av o S dev éyer undevodlapétee, deite 6t (1) = 1g.
(B) Adote napdderypo téTolou ogopopgopol ue o(1g) # 1.

(v) Eotww n € Z. Av o S dev éyel undevodlatpétec xou undpyet a € R ue n - a = 1g,
octgte 6TL undpyet b€ Spuen-b = 1g.

(8) Xuvdyete 6tL Bev UTEPYEL U UNBEVIXOS OUOUORPLOHOE SoxTUMwY ¢ @ Q — Z.

78. No e€etdoete av eivon aandeic ol mapoxdte TeoTdoec:
(o) Tmdpyer mencpacuévoc doxtilog R xan yviotog umodoxtilog autod o onolog
elvon t1oopop@og ue tov R.
(B) Tmdpyer yvhctog unoduxtiiog Tou Z o omolog elvor Lobuoppoc Ue tov Z.

(v) YTndpyetr daxtilog R xou yvActog utoduxtihog autod o omolog eivor 1oduoppog
ue tov R.
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79. Bpeite 6houc toug opopop@ionole Soxtuliwy ¢ @ Z[i] — S, énou:

(0() S = Zg.
B) S =Zso.
(v) S =Zlz].

80. Bpeite 6houg toug auTolopPIoUOS:

(o) Tou Boxtuliov Q,
(B) Tou doxtuhiou Zx],
(y) tou doxturiou Q[z].

81. No egetdoete av t0 I elvan WBeMOEC TOL BoxTUAIOL R GTIC TopoxdTe TEPLTTWOELS:

(a)R:MQ(Z)xoaI:{(QCa Z):a,b,c,dez}.
® r=n@a1={( % ! )iabcez]

0
(v) R=Zlz] xu I ={f(z) € Z[2] : f(v/2) = 0}.
(0) R =Z[z] xu I ={f(x) € Z[x]: f(1) = f'(1) = 0}
(€) R =Zla] xou I ={f(z) € Zlz]: f(1) = f'(2) = 0}

82. Aiveton copa F xou tar utocivora

(3 8 e~ {(5 ) enes)o= (3 2) e

oL Saxtuliov R = Ty(F).

(o) Aette 6ttt 1, J, K etvon 13ecddn tou R.

(B) Act&te 6t ta I, J, K elvon tor pévor un tetprppévor (nhadh didgpopa twv {0g} xou
R) Bewdn tou R.
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83. Aivovtar axépatol a, b, byt xou ot 0o pundév, xat 1o ovvoho I = {ax+by : x,y € Z}.

(o) Aei€te 6t undpyet Venxde axéponoc d tétolog dote [ = {dx : x € Z}.
(B) Aci&te 6t d = prd(a,b).

(v) Iéoouc mpwtoug apriuole urnopei vo teptéyet to I;

84. Aivetar oopa F. Aei&te d1 xdlde 1decddec tou doxtuhiov Flz] eivar x0pto.

85. Aiveton to otvoro I = {f(z) € Q[z] : f(1++/2) = 0}.

(o) AeiZte 61t 10 I givon 1demdec tou doxtuliov Q[z].
(B) Beeite opopoppioud doxtuliwy ¢ : Q[z] — S tétoov wote ker(p) = 1.
(v) Beeite modudvupo g(z) € Q[z] tétoo daote 6t I = (g(z)).

86. Afveton 10 obvoho [ = {f(x) € Z[z] : f(0) € 2Z}.

87. TrohoyloTe TOv MUpRvaL Xt TNV EXOVO TV odopop@lon®y e Aoxnone 79. INa
xodévay amd avtole, Bel€Te 6Tt o Tuprivac etvon xUpto 18ewdeS Tou Z1] xou Beeite ototyelo
TIOU TOV TUPAYEL.

88. Aiveton coya F.

(o) Aci€te ot tor tetprppéva 8ewdn {0} xou F etvon tor pdvor 18ecddn tou F.

(B) Acifte, yevixdtepo, 6Tt yia xdide Vetnd axépono n, to TETEWUUEV DS {O} xou
M, (F) etvar tor uévor 18edn tou daxturiou M, (IF).

(v) Aci€te 6T xdde pn undevixde opopop@iouds doxtuhimy ¢ @ M, (F) — S eiva
UOVOUOPPLOUOC.
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89. Aivetan opopoppiopde daxtuhiny ¢ @ R — 8. TreviupiCouue 6Tt yioo J C S
opiletan 1 avtiotpogn exdva ¢ H(J) = {z € R : p(z) € J} tou J w¢ mpoc .
() Av 7o J elvan Bemdec tou S, dellte bt to ¢ L(J) efvon 1deddec Tou R.

(B) Av o ¢ eivan empopgLopog xou to I elvon Wewdee Tou R, delfte 61t to ¢(I) eivon
WOEWOeC Tov S.

(v) Eotww 6t ot R xou S etvan petardetixol doxtOor. Av o ¢ elvor ETIop@LouoS xou
I = <CL1, ag, ... 7am> g R7 BSiETE éTL 90([) = <90(a1)7 Qp(a2>7 ety @(am» g S

(6) Eotw 6t ot R xou S ebvan yetodetixol Soxtohor. Av o ¢ elvon emuop@lolds xa
xdie 10ewdeg Tou R ebvan xUplo, Bellte oL xde WBeDdEC ToL S elvon xVplo.

(e) Xuvdyete b1 xde 1deddec ToU doxTUOL Zyy, Elvor x0plo.

(o7) Ioyver to (B) yweic ™y unddeon dtL 0 ¢ elvar eMPOPPLOUOC;

90. Aivovtar daxtOhor R, S xan 18ewon I, J autey, avtiototya.

(o) AciZte bt to I X J givon 18emddec tou doxtuhiou R X S.

([3) Av ot R xou S €youv povdda, deiéte 6Tt xdle 1dedeg Tou R X S elvan tng popgrnc
I x J, 6mou I sivar 10emdec tou R xat J elvon tdemdec tou S.

(v) Ioylel to (B) ywelc v unddeon 6t ot R xou S €youv uovddo;

91. Atveton doxtOAlog IR xon 16ewdn 1, J avtol. Treviuuilouue 6t e 1J oupforileto
70 6OVORO OAWY TWV TETEPUACUEVLY adpoloudTeny oTotyeiwy Tou R tng wopgng ab, émou
aclxubelJ.

92. Aiveton doxtOAMog 1R xou 1dewdn 1, J autou.

() AvI+J =RxuINnJ = {0g}, deiéte 61t 0 R eivon todpoppog e to eudhd
ywopevo I x J tewv unodoxturioy tou I xau J.

(B) Xuvdryete otL oy m xon 1 ebvon oyeTxde TpdTol Yetixol axépatot, ToTE 0 SoxTOMOG
Lo €tvon 106p0pGYOG UE TO EVHD YWVOUEVO Zyy X L.
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93. Alvovtor to dewdec I = (x? + z 4 1) Tou daxtuliov Z[x], o doxtOhog TnAixo
R =7Z[z] /I xou ta mohueovopa fr(z) = (x+1)" + 2" + 1 vy n € N.

(o) Beette ay, by, € Z dote vatoyler f(z) + I = (a, + byx) + 1 oto R.

(B) Aci&te 6t 1o fo(x) Snpelton pe w0 2% + x4+ 1 070 Z[z] av xow pdvo av n = 2 A
4 (mod 6).

94. Alveton t0 uTtocshvVolo

TOV MQ(ZQ)

(o) Aci€te 61t 10 R eivan yetodetindc umodoxtilog tov My(Zs) pe povddo.
(B) Aci&te 6t 0 R ebvou 1odpopgoc pe to daxtiho tnhixo Zso[z] / (x* + x + 1).

(v) Xuvdyete 6Tt 0 doxtOhog R elvor ooua pe téocepa oTotyEelo.

95. Afveton o duxtuhoc Tnhixo R = Zs[z] / (x* + 2).

(o) IIéoa otoyela et o R;

(B) IHow etvon tor avtioteéduor otoryela Tou;

96. Aivetar oopa F, nohudvupe f(z), g(x) € Flz] pe f(x) # 0, 1o 8ewdec I = (g(x))
tou Flx] xou 0 daxtuliog mnhixo R =Fz] /1.

(o) Aci€te 6t xhdon f(x) + I ebvar avuoteédiuo ototyeio tou R ov xat uévo ov
prd(f(z), g(x)) = 1.

(B) Hoéoa avtioteédiuo ototyeio €yet o R, av to F elvon nenepoouévo owpo Ue ¢
otovyeio xat g(x) = (z + 1)™;

97. Aivovtar daxtOhor R, S xan 10ewon I, J autoy, avtiototya.

(o) Aet&€te tov toopgop@lopd doxtukiny (R x S) /(I x J) = (R/I) x (S/J).
(B) Xuvdyete 6t (Z X Z) | (MZ X NZL) = Ly, X Ly,
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98. Acitte 611 1o 0oLV Ol TAPUXATW LOOUOPPLOUOL BUXTUALWV:
() Z[a]/ (2* + 1) = Z[d],
(B) Rlz]/(z* —1g) = R x R, 6nou R eivon axépouno neployh ue —1g # 1g,
(v) Z[i) / (1 + 4i) = Zsy.

99. Atvetou daxtOMog R xan 16e0dn 1, J autoo.
(o) Av undpyet autooplopds ¢ Tou R tétotog hote ¢(I) = J, dellte 6L 0 daxtOAog
mnhixo R/1 elvou .oéuoppoc e tov R/ J.

(B) Adote napdderyua yetoteTinol doxtukiov R pe povdda xou Wewdwy 1, J autol,
TETolY WoTE Tor [ xon J o ebvon Lloduopgol uToduxTOAOL Tou IR aAAd 0 SaxTOAOC
mnAixo R/ vo uny eivar wodpoppoc pe tov R/ J.

100. Ilowt and Toug mapuxdte duxTuAloug elvar UETAEY TOUG LoOUOPYOL;

(@) Qz]/{x* - 1),
) Qlz]/ (2* - 2),
(v) Qlz]/ {x* —4),
(0) Qlz]/(=* +1),
() Qlx/ («* +2),
(o7) Q[z]/ (z* + 8).
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102. Afvovtan ot mtivaxec
0 1 0 0 0 1
o = o o011, p= 0 0 O
0 0 0 0 0 O

%ot To oUvoho R twv mvéxwv x € M3(F) vy toug onoloug loyVouy ar = To XL
Bx =z (6mov F eivor odua).

(o) Aet€te 6t 10 R eivon unodaxtiiog tou M3(FF) pe povdda.

(B) Aci&te 61t 0 daxtOhoc R eivon petodeTtinde.

(v) AciEte 6T 0 R elvan 106popgoc pe 1o doxtoho mniixo F[t] / (7).

103. Abveton odpa F, tohudvupgo g(z) € Flz] Boduod n xou o Soxtdhiog mnhixo
R = F[z]/(g(z)). Opiloupe e&wtepixd norhamhaoctaoud F x R — R tautilovtog xdde
otoyelo a € I ue tnv xhdon tou avtictoryou atoepol tohuwvipou a € Flz] oto R.

(o) Acet&te 61t 10 R, €odlocuévo e TV tpdo¥ect| Tou xat Tov EEMTERIXG AUTH TOA-
hamhaotlaoud, etvon dtavuopatixde yweog ent tou F.

(B) Ac&te 6t av a = x + (g(x)) ebvan elvon ) xhdon tou 610 R, TOTE T0 GUVOIO
{1,a,0?,...,a" 1} anotehel Bdomn tou F-Bravuopatixold yopou R. Xuvdyete 6Tt
dimg(R) = n.

(v) Eotw tuyaio utocivoro S tou N pe n+1 otoryeio. Aci€te dtL undpyet tohudvuuo
h(z) € Flz] této0 Gdote g(a)h(x) = 3, gz’ yia xdmow a; € F (dnhadr tétoto
OO TE 0oL EXVETEC TWY HOVWYOUWY Tou eupaviloviar 610 g(z)h(z) ye un undevixd
OUVTEREGTH VoL aviixouy 6hot 6To S).

104. Aiveton ooupa F. Tloeg and tic mopaxdtew npotdoec etvar ahndeic;
(@) Av f(x),g(z) € Flz] etvar povixd mohucyvupo xon o daxtOiog Flz] /(f(x)) eivou
woopopgoc e tov Flz] /{g(x)), téte f(z) = g(x).
(B) Av f(z),g(x) € Flz] xon ot doxtOhog Flz] /(f(x)) xau Fz] /(g(z)) ebvar iobpoe-
o, w672 deg(f(x)) = deg(g(z))

105. Aivovton mpmtor aptduol p xon g xou ot SaxtOhor R = Zy[z]| [ (2P — x) o S =
Zglx] [ (29 + ).

() Acite 6Tt y? =y v xde y € R.

(B) Aci&te 6tL av ot ot doxtOor R xon S elvon 1obuoppol, tote p = q = 2.
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Opddeg: Baouxég ‘Evvoleg

Oa cuyPoiiloupe e e To oudéTEpo oTolyElo wog ouddag G. Treviduuiloupe 6Tt 1)
Ta&n evog otolyeiov a € G elvan 0 eAdytoTog VeTNOC oxéponog m Yo Tov oTolo 1oy Vel
a™ = e, av TETOL0¢ oxEPUOg UTIAPYEL (BLopopeTIXd TO @ €YEL dmelpn TEEN).

106. Iloec and Tic axdroudeg mpotdoel elvon aAnelc;

(o) Av yua to otoryeia a, b, ¢ g ouddog woyler abe = e, tdte bea = e.

(B) Av vy to otoryeia a, b, ¢ g ouddog woyber abe = e, tdte bac = e.

107. Aiveton SoxtOhog R pe povddo xou 1o alvoho U(R) twy avtio Teédiumy o totyelwy
Tou.

(o) Acet&te 6t 10 U(R), pe mpdén tov moamhactoacyd tou R, anotehel ouddo.
(B) Ipoodiopiote tnv ouddo U(R) vy R = Z[i].

(v) Hepwypddte tor otoryeion tng ouddac U(R) av R eivar 0 BoxTOMOC TV dve Torye-
VIXWV 1 X N TWVAXOY UE o TotyEla amd Wi oxéponor tepLoy ) F.

108. Afveton SoaxtOAlog R xou 10 alvoro Aut(R) twv autopoppiou®y tou R.

(o) Acet€te 6t 10 Aut(R), pe npdén tn ovvieon onexovicewy, anotehel ouddo.

(B) Hpoodiopicte Ty oudde Aut(R) yio tov utodaxtiio R = Q[v2] = {a + bv/2 :
a,b € Q} wou C.

109. Aivovtar otouyeio a,b plac ouddog ye a3b = ba’.

) Av a® = e, delte 6t ab = ba.
B) Av a* = e, det&te 611 ab = ba.
¥) Av a® = e, deilte 6L ab = ba.

)

(o
© Fevixdtepa, av a” = e Yo xdmolo VeTind axépoto 1 0 onolog Bev elvol TOMATALCLO

Tou 3, dciéte 6Tl ab = ba.

110. Arnogoavieite av elvon aAndic n oxdroudn mpdtacn: Av yio To oTolyela a, b yiog
ouddac wyver a'*b® = a®h° = e, t6re a =b=e.
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111. Aivovtar nenepacpévn ouddo G, untocivoro S autrc xat YeTinds axépatog n.

() Eotw o1t 10 S neptéyel neplocdtepa omd ta hiod ototyelo tne G. Aci€te 6Tt i
xade x € G undpyouv a,b € S tétola wote x = ab.

(B) Avote mopdderypo opddac G tdEne 2n xou cuvdrouv S C G ue n oTouyeld, yio T
omola dev untdpyelt € G\.S 10 onolo va unopel var Ypapel w¢ YVOUEVO GTotyElwY

Tou S.

112. Alveton nenepaopévn ouddo G pe Toukdylotov dLo otovyeio. Trodétouue 6Tt Yo
1

onowdnTote otoyela a,b € G, ddpopa Tou e, utdpyel x € G TETo OOTE b = Taxr .
Acitte 6T 1 G éyel axpBng 6o cTotyela.

113. Aiveton nenepacuévo oopo Fy ue ¢ otowyelo.
(o) Tmohoylote TNy T4EN TNC OPEBAC TOV AVTIE TEEPLUMY BVe TELYWVIXWY 1 X 1 TvE-
xwv pe otolyelo and to Fy.

(B) YTmohoylote tnv 18N e ouddoc GL, (F,) tov aviioteédiuwy n X n mvixwy ue
otouyelo amd to Fy.

114. Aiveton tenepaocuévn oudda G.
(o) Acilte 61 10 TAfvog Twv oTolyelwy Tdlng 2 g G elvon TepLTTOg aptiudg oy o
uovo av 1 1é&n e G eivon dptiog apriude.
(B) Tmohoylote to mARdoc Twv cTolyelwy TEENg 2 TN OUEDBAC TWV CUUUETELOY TOU
AAVOVIXOU N-YWOVOU Yla xde axépono n > 3.

115. Aci&te 611 dev undpyel oudda Tou va €yel axp3ng 000 oTotyela Tding 2.

116. Aiveton opdda G xou ctoyeio a € G nenepaouévng Teing n.

() Eotww m € Z. Aci€te 6Tt a™ = e av xou govo av 10 m eivar axépoto ToATAGoLo
Tou n.
(B) Yrohoyiote v té&n tou oToLyelou 2 g ToAhamAactac TiXAC ouddag U(Zsas).

(v) Yrohoyiote tnv té&n oL GTOLYEOL 2 TnE ToANATAaCLO TiXAS opddac U(Zsm ) yio
xde YeTind axépono m.
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117. Aivovtar otouyeio o ouddac a xou b tdéne r xau s, aviictoya, ue ab = ba.
(o) Av our xan s elvon oyeTnme tpdTol, dei€te 6T 1) T8&N Tou ab eivon lon ye 7s.
(ﬁ) ‘Eotw 61t r = s = 5. Iloeg ebvan o1 duvatég Tipég g 1déng tou ab;

(v) Eotww 6 r = s = 4. Iowec eivan ot duvortéc Tipéc ™™g T4Eng Tou ab;

118. Afveton opdda G, otowyelo a autic xou 1 anewévion f, : G — G pe fo(x) = zaz™

vz € G. H ewéva {zaz™ : x € G} e f, Myetu kddon ovluyias tou a ot G o
oudPorileton pe C,.
(o) Tow etvon 1 xhdom ouluyiag Ce Tou oLBETEPOL GToYEloL € € G

(B) Act&te 6t oL xhdoelg ouluylag e G amoteholy dlapéplon Tou auvdrou G (Snhady
6T etvan un xevée, Eéveg avd 800 xau 6Tt 1) évewat) Toug ebvan {on pe G).

(v) Aci€te 6t n G eivon ofehavh av xou wévo av xdde xhdon ouluyiog e G éyel
oaxeBwg Eva oTolyelo.

(8) Awote TOEABELYUOL 1) TETEWUHEVTC TETEPAOUEVNC OUAdaC, ot xAdoelc ouluyiag Tng
omolag €youv avd 600 BlaopeTixolg TANYdpLIuoUC.

(e) AciZte 6u o manddprdpoc e avtiotpogne emdvac {z € G : f,(x) = b} tou {b}
0¢ PO TNV fq elvan aveddptnrog tou b € C.

(o71) Acei&te 6Tt av n G eivon temepoaouévr, toTe T0 TARYOC TwV GToLYEIDY 0TolGOY|ToTE
xhdone ouluyloac e G dronpel Ty T8N e G.

() Awote wa Aon oty Aoxnon 112 yenotponoidvtoag to (o7).
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Yoppetpixés Ouddeg

YuuBoiilouvpe pe S(X) v ouddo twv yetodéoewy tou cuvohou X xat Ue S, TNV
opddo twyv petadéoewy tou cuvolou {1,2,..., n}.

119. OgiCouye v amewdvion o : {1,2,...,20} — {1,2,...,20} ¥étovroc

(k) = 2k, av k<10
T Y2k —11, av k> 11

vk €{1,2,...,20}.

() Acite 611 0 € Syp.

(B) Tmoloylote v té&n g o.

(v) YTrohoylote Tic yetadéoec 020 xau 02013,

120. Trnohoyiote TV Té&n TOoU GTOLYElOL
(12 n) (12 n—1)--(123)(12)
™me Sy Yo xde n > 2.
121. Bpeite tov ehdyloto Yetnd oxépono n yia Tov onolo UTdpyEL axéoonog 1 > 2 Ue

NV €EAC WOOTNTAL: 1) CUPMETEWT oUdda S, €YEL TouRdytoToV €var aTotyelo TAENg 7 oahhd
oev €yel otovyeio Tédneg r — 1.

, , (1 2 3 45 6 7 8
122. Awarwnpswﬂsona—(,Y 6 8 1 5 3 4 2)658.

() Tmohoylote Ty t8&N g 0.
(B) Beeite otowyelo x,y t8&nc 2 e Sg tétown hote zy = 0.

(v) Yndpyouv atoyeia ,y t8énc 3 e Ss TéToW HOTE TY = O}

123. Iloec and Tic mapaxdtey TEoTdoEels eivon ahnieic;

(o) Tmdpyouv B0 ororyeior TdENe 15 TG CUUPETEIXAC OUAOUS Sg TO YIVOUEVO TwY
omoiwv €yel eniong tddn 15.

(ﬁ) Trdpyouv 600 otoyelor Td&ng 30 TNg ouPPETEIXG opddag Sy TO YWOUEVO TwV
omoiwv €yel eniong tégn 30.
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124. Acite 6Tu
(o) Kdbe petddeon w € S, nepirtic tééne ebvou dpTio.

(B) Kde dotio petddeon w € S, umopel vou ypopel we yvouevo uetadécenmy Teplttnc
TAENG.

2

125. Tlow oouyeio tng Sy Unopoly va ypapolv oTn Lopen oro’r?0373, ue o, 7 € Sy;

126. Ocwpolue petadéoelc o, 7 € S,.
(o) Av piot omd Tic o, 7 ebvan {on ye xdmota dovaun e dAAng, deite 6t 0T = TO.
Ioydel o avtiotpogo;
(B) Av o1 = 7o xau 1 7 elvar xOxhog urixouc n, dellte bt N o eivor {on YE xdmota
oLVOUN TNG T.

127. Iléca crotyeio tng Sop petotidevton pe to otoyelo (1 2)(3 4)---(2n — 1 2n);

128. INa o € S, oupPorilovye pe ¢(o) 1o TAAdoC TwY xOXAWY (cupTepthopBovouévewy
exelvov prfxouc éva) tng o. o mapdderypa, éyouue c(e) =n xou ¢(o) = 1 av xou pdvo
av 1 o elvon xOxAog PUhxoUS n.

(o) Eotw 6t 1) o ebvor x0xhoc pixouc n. AelEte 6t nc(o?) = 1, av o n elvon nepittoc
aprdpodc xon 6Tt ¢(0?) = 2, av o n ebvar dpTioc.

(B) AciEre 6t (o) < ¢(0?) < 2¢(0) yw xdde o € S,,.

(v) AciEte 61 ¢(0?) = ¢(0) av xou pévo av 1 téEn e o ebvon teprtToc opriuoc.

129. Aiveton x0xhog 7 € S, urixoug n.
) Aci&te 611 xdde yetdideon o € S, ye o? = T elvor xOxhoC UhxoUS n.
) Bpelte dhec Tic petadéoec o € S, pe 02 =T,

Fevixdtepa, yio doouévo Hetind axépono m, Peeite dheg Tic uetadéoelc o € S, Ue

o™ =r.

130. Ozwpolue o otoyel 0 = (1 2) xou 7= (1 2 --- n) e S,. Aci&te ot xdde
ototyelo TNg Sy, UTopel Vor Ypupel ¢ YIVOUEVO TETEPACHEVOL TAiloUS oToLyElwY, xadéva
amo6 o omofo ebvan (0o pe o A e 7.

131. T n > 2, deite 611 «dde otoyelo tng S, pmopel var ypagel g yvouevo 600
ototyeiwv TédEng 2 g Sy.
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132. T o € S, ouuBoiilouye pe f(o) tov eNdyioTo puoxd aprdud k yia Tov omofo 1
uetdieon o unopel va ypogel g yvouevo k avtetodéoewy (xOxhwv uixoug 2). T'a
Topdderyya, €youde f(e) = 0 xou f(o) = 1 av xou wévo av 1 o ebvar avtyetdideon.
YuuBohiloupe enione pe ¢(o) 1o TAHloc Twv xxAwy g o, dtwe oty Aoxnon 128.

(o) Aci&te 61t f(0) < n—c(o) yw xdde o € S,,.
(B) Aci&te 6t c(ot) = c(o) £ 1 yio xdde o € S,, xou xdde avuyetdeon t € S,.
(v) Acilte 6u f(o) =n — c(o) y xdde o € 5.

Y roouddeg

TreviuyiCouue 6t ot aptotepée (avtiotouya, 8ediéc) xhdoewc tne vrnoouddac H o
opddac G etvan to obvora aH = {ax : © € H} (avtiotowa, Ha = {za : v € H})
vy a € G. Ou cuyPoriloupe ye F* v TOAATAACIAC TN OPEDA TV 1) UNOEVIXWY
otoyeiwyv evoc oopatog .

133. Ailvetar opdda G. T A, B C G Yo ypdpoupe AB = {ab:a € A, b € B} xou
Alt={a"t:a€e A}

(o) Aet€te 6Tt éva ovoho H C G etvan umoopddo tng G av xaw pévo av e € H xou
HH=H'=H.

([3) ‘Eotw ot H, K etvar unoouddee tne G. Acetéte 6t 1o HK etvor uooudda tne G
av xou povo av HK = KH.

134. Aivovta opddec G xou G’ ye towtotind ototyela e xou €', avtiotoryo. Xto G X G’
opiCoupe wa npdén Vétovtag (a,a’)(b, V') = (ab,a’t’) yiw a,b € G xu a', bV € G'.

(o) Acet&te 6t e v mpdén auth, 1o G x G’ xadiotatar opdda e TavtoTnd oTtolyelo
(e,€") xouw 6Tt T oUvoho G X {€'} xau {e} x G elvon voopddec g opddac avThc.

(B) Adote nopdderypa opddnv G xor G, n xadeptd ue touldytotov d0o ctotyeia, yio
T omolec ot G x {€'} xou {e} x G’ eivon o1 ubveg unoouddec tne G X G’ extédc
e tetpypévne {e} x {€'} xau e G x G,

(v) Aci€te 6T yio xdde ouddo G e TouhdytoTtov 6Vo cTotyela, 1 oudda G x G éxel
TOUAY IO TOV TRELS UToouddeS extde e tetpyuévne {e} x {e} xo e G x G.
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135. Mo umooudda H wac opddoc G Aéyeton yviowr av 1 H elvon yvAclo unocivoho
¢ G. Hoteg and Tig mapoxdte TEOTAoELS elvon aAnvelc;

(o) Tmdpyer oudda 1 omola etvan (o pe TNy Evworn 800 YYAGIWY LTOOUEBWY TNC.

(B) Tmdpyer oudda 1 omola eivon (o1 UE TNV VRN TELOV YVACIWY UTOOUASWY TNC.

136. Ocwpolye 10 alvoro £, ={z € C: 2" =1}.

(o) Acet&te 6t 10 B, ebvon utoopdda téEnc n e C* yia xdde Yetnd axépato n.

(B) Aci&te 6t 10 E, elvan n uévn unoopdda tééne n e C*.

137. Atvovton axéporor 1 < k < n. MuuBoiilouue ye H 10 6Ovoho ToV peTaléceEwyY
o €S, yw tic onofeg woyvet o(i) € {1,2,...,k} vy xdde i € {1,2,...,k}.

(o) Aci€te 6t to H elvon utoopddo g Sh,.

(B) Ynohoyiote v té&n tne H xou to deixtn [S,, : H].

(v) Heprypddte tic oplotepée xhdoeg tng H oty S,.

(8) Tleprypddte tic deliéc xhdoewc tne H oty S,,.

138. Abveton Yetindc axéponoc n. Bewpolye 10 olvoro X = {1,—-1,2,-2,...,n, —n}
xou oupfolilovue pe K to oOvoho twv petadéceny o € S(X) yu Tic omoleg toylet
o(—z) = —o(x) v xdde z € X.

(o) Acet&te 6t 10 K elvan umooudda tng S(X).
(B) Tmohoylote v té&n tne K xou to delxtn [S(X) : K.

139. TN motoug Yetnolg axepaioug d untdpyel uooudda tTng Sy T4EnNg d;

140. Avote mopddetypo ouddos TdEng 12 n onola dev €yel utoouddes Tdéne 6.

141. Aiveton opdda G tééne 4.

(o) Acilre dtelte G = {e,a,a?, a®} vy xdnow a € G pe a* = e, elte G = {e,a,b,ab}
Yo xdmota a, b € G pe a® = b* = e xou ab = ba.
(B) Xuvdyete 6Tt n G etvan ofehaviy. Toylel to (Blo yio Tic ouddeg téEne 8;

(v) Bpeite Ohec Tic UTOOUEDES TNG OUABAS TWY CUUPETELOY TOU TETEUYWMVOU.
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142. T opdda G xar ototyeio a € G Vétoupe Ci(a) = {z € G : ax = za}.

(o) Acet&te 6t 10 C(a) elvon voopdda tne G yio xdde a € G.

(B) Av n oudda G eivon nenepaopévn deilte ot |G| = |Cala)| - |Col Yia xée a € G,
orou Cp = {zaz™ : x € G} elvar 1 x\don ouluyloc Tou a mou oploTnxe otV
‘Aoxnorn 118.

(v) Bepeite dhec Tic unoopddec NG HOPPNS Cqla), av G givou T OUOA TWV CUPPETEUOV
TOU TETEOYDVOU.

(6) Eotw 6t nouddo G eivon tenepoopévn 1ééng n. Aei&te 6t to mAhdoc twy Levy v
(a,b) otowyelwv e G ue ab = ba eivor ico pe mn, 6mouv m eivar 10 TARYOC WYV
xhdoewv ouluyiog e G.

143. To xévipo Z(G) wog ouddoc G anoteAeiton and dha ta ototyela € G yio T
omola woylel ax = za yw xdde a € G.

(o) Acet&te 6t 10 Z(G) elvon vnoopdda tne G.
(B) Aci&te 6t 10 Z(G) mepLéyEL TNV TOUR TV Un TETPWUEVLY UToopddwy tne G.

(v) YTrohoyloTte T0 XEVTPO TNC OUEBAC TWY CUUHUETELDY TOU XAVOVIXOU N-Y()OVOU.

144. T utoctvoho H opddoc G xou z € G Yétove tHx ™' = {zaz™ : a € H}.
(o) Av 10 H elvon vroopdda tne G, detlte ot 10 Blo woyler ya 1o Ha ™t v xébde
x € G. Kdle tétolo unooudda Aéyetar ovluyris tne H.

(B) Eotww vnoopddec H, K tne G. Av n K eivon ouluyic tne H, detlte 6t n 18y
e K ebvan {on ye excivny tng H. Ioylel 1o avtiotpogo;

(v) Eotw a,b e G. Av 1o a,b avixouv atny dio xhdon ouluyioc tne G, del€te ot 1
urtoopdda Ce(b) mou oplotnxe oty ‘Aoxnon 142 eivar ouluyhc tne Ce(a). Toylet
T0 avtloTEOYO;

145. 'Eotw yvhcto vnooudda H uioc tenepacuévne ouddos G.

(o) Acet&te 61t o TAHY0¢ TwV uToouddny e G TS Hop@nc cHz™! ue z € G ebvou
uxpoTepo 1 foo tou Belxtn [G @ HI.

(B) Aci&te 6t undpyet otoyelo tne G mou dev eivon oulLYEC Ye xavéva oTolyElo TG
uroouddag H.

146. Alvovto etindg axéparog n xou mpwtog aptiudc p. Iloéoec umoouddec tédne p
€yel o oudda G TédEng n, av woylel a¥ = e yio xdde v € G
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147. Acilte 6T yio nenepaopévn oudda G, ot axdhovdec cuvIfxeS elval LGOBUVAEC:
(i) H eZlowon 2% = a éyet Mon otn G v xdide a € G.
(ii) H eZiowon 2? = a éyel yovadu hor ot G yia xéde a € G.

(iii) H t¢&n tne G eivon teprttoc apriude.

148. Aiveton umooudda H tng cUUUETEWXNC ouddag S, TOU TEQLEYEL ULal AVTIHETAVEDT
xa Evay xOUXAO UAXOUS N.
() Av o n eivon mpdtog apiude, dellte 6t H = S,.

(B) Ioylel to iBlo ywpic v unddeon 6Tt 0 n elvon TEWTOC;

149. Aivovta ouddo G xon uroopdda H authc.

(o) Act&te 611 o1 apiotepéc xou ot Be€iéc xhdoe g H ot G €youv ke to (Blo
mafdoc oTouyelwy.

(B) Act&te 6t 1o mAfdoc TV aplotepny xAdoewy g H otn G eivan ico pe to mAfdoc
TWV OEELOV XAIoEWY.

150. Aivovtar oydda G xon unoouddec H, K autrc.

() Av H C K, deigte 6u [G: H] =[G : K][K : H].

(B) Aci€te 6ty xdde a € G 1o otvoro (aH) N K eivar xevd, 1 (oo e o oplotepn
xhdon e KN H oty K.

(v) Agigre 6u [K: KNH| <[G: H].

151. Ozwpolue unoopddes H, K wiag ouddoc G. Beelte tic duvatée Tipég Tou delxtn
|G+ KN H] otic e€Ac mepIntioelc:

() [G: K]=2xwu[G: H]|]=3.
@) [G:K]=|G:H]=3.

152. Aivovtan ouddo G xon umoopdda g H menepaouévou delxtn n.

(o) Aeifte o1 yio xdde x € G undpyer k € {1,2,...,n} tétoo vote 2 € H.
(B) Av n opdda G etvon offehovy), dellte ot 2™ € H v xdde = € G.
(v) Ioyler to (B) ywelc v unddeon étu n G ebvan oafehaviy;
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153. Acite 611

(o) H mpoo¥etinn ouddo Q Bev €yel un TETPUIUEVES TEMEPUCUEVES UTOOUABES.
(B) H npooletixr oudda Q Bev €yel yviioteg unoouddec nenepaouévou delx.

(v) H oudda C* Sev éyer yvrolec unoouddes nenepaopyévou delxtn.

154. Aivovto unoouddeg H, K pag opddog G. Ta cOvoha tng wopgrc Hor K = {axb :
a€ H,be K}y x € G Ayovion dimAés khdoeig v H, K otn G.

(o) Act&te bt Sraexpruéves Simhéc xhdoeic v H, K otn G eivan Eéveg petadd toug
xoL OTL 1) EVoT) TV XAJoEwY auTtoy ebvar ion ue G.

(B) Beeite tic dumhéc whdoec wwv H, K otn G, av G = GLy(F) v xdmoo odua F
xouw H = K elvan 1 umoopdda Twv 2 X 2 avTIo TEEPIUWY Ve TELYWVIXOY TVIXGY
ue otovyeio amd to F.

KuxAuxég Ouddeg

155. Iloiec amd Tic oaxdhoudec ouddes etvor XUXMXES;

156. Ocwpolue owpo Fy pe g otoryeion xan ty opdda G = U(R) tov avTioTpédgiuwy
otowyelwv Tou daxtulov R = F[x] /(z?).

() Tmohoylote v té&n e G.

(B) T moteg Suvdels mpdTwv aptdu®y ¢ eivar 1 ouddo G xuxhx);

157. Oewpolye v ouddo G = U(Zs[z] /(z")).
(o) Tmohoyiote v té&n e G.

(B) T mooug Yetixoie oxepaioug n etvor 1) oudda G xuxhxy;

158. II6ca Wewdn ExeL 0 SuxTONOG Zp;
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159.

()
®)

162.

uovo

163.

Oewpolue xuxhixn opddo G TédEne n.

‘Eoto d évag Yetindg dronpétng tou n. Iléoa otoyela tdéne d éyel n G

> o) =n

d|n

Aciéte 6T

yia xdde Yetind axéparo n, 6mou 6to ddpotoua To d dlaTpEy el GAoUC Toug YeTinolg
otnpetec d Tou n.

. Oewpole xuxhixn oudda G TdEng n, Yetnd danpétn d Tou n xan x € G.

‘Eotew H 1 povadu utooudda tééne d tne G. Acei&te otL 1 td&n tou & Soupel To
d ov xan yovo av x € H.

Yuvdyete 611 umdpyouy axpBne d oTtotyela TN opddac G, 1 TAEN TV onolwy
otanpel To d.

. Alveton menepoaouévn oudda G.

Av yio xdde Yetind axépano d undpyouy To ToA) d orowele x € G pe 2 = e,
oet&te OTL 1) opdda G elvon xUXAXH.

Yuvéyete 6t 1 unoopddo B, = {z € C: 2" = 1} e C* elvar xuxdunn yio xdde
Yetnd oxépato n.

Yuvdyete 6Tt 1) ToAamhacLoe T oudda B efvan wuxdut| yia xdie menspaouévo
owua IF.

Acite 611 1 moAhamhactao T oudda F* evéoe oouatoc F etvon xuxdnt| av xan
av 10 owua [ elvon tenepacuevo.

"Evo otowyeto a poc ouddac G Aéyetor tédewo tetpdywro av woylel a = x? yu

wdmowo z € G.

()
®)

Av G elvon xuxhixr) oudda xou o a, b € G Gev elvan TEAELL TETEAYWVA, OElETE OTL
T0 Ywouevo ab elvor TEAELO TETPAYWVO.

Ioybel to (Blo ywpic TNV undleon 6Tt 1 oudda G elvar xuxAxH);
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Opopopgiopol, Kavovixég YTroopddeg xouw Oundda IInhixo

Treviupllovue 6Tt pe F* oupfolileton 1 TOMATAAGLAG TIXT OUAO TOV U1 UNOEVIXWY
otoyeiwyv evoc oouatog .

164. Bpelte 6houg toug evdouopgiopols ¢ 1 Q — Q tneg tpocdetinic opddag Q. ool
amd ouToUC Efval AUTOUOPPLEUOL;

165. Oewpolye opdda G xow Ty arexovion ¢ : G — G ue p(x) = 2% oz € G.

(o) Aceite 6tL 1 @ ebvon evoouoplouos e G av xon wévo av 1 G ebvon offelavi.

(B) T moteg menepaopéveg ouddec G 1 amewdvion ¢ eivou autouopplopog g G

166. 'Ectw oyopop@ioudc opddny ¢ : G — K.
(o) Av z,y eivoar ouluyn otoyela e G, dellte 6t to () xon p(y) ebvan ouluyy
otoyela g K.

(B) ©ewpolye to ototyelon u = (123 4) xuw v = (124 3) e Ss. Tdpyel opopop-
PLop6S opddwY ¢ 1 Sy — Sy pe @(u) = (1 2) xou p(v) = (1 3)(2 4);

167. Oewpolye oudda G Ue TaUTOTIXG GTOLYED €, OUOUOPPIOUS OUAOWY @ 1 Zg X Ly —+
G xou o otowyeto a = ¢(1,0) xou b = (0,1) e G.
(o) Aeite 61t a® = b* = e xou ab = ba.

(B) Avtiotpbdgnc, beite 6Tt yio xdide Levyog (a,b) otoyeiwy e G ue a?=0=c
xaL ab = ba, untdpyEL LOVAUOLXOS OUOUORPIOUOS OUGDOWY @ @ Zg X Ly — G T€TOL0G
wote o(1,0) = a xou p(0,1) = b.

(v) Iécol opopoppiopol ouddwy ¢ : Zy X Zgy — Ss UTEEYOLY GUVOAXS;

168. Eotw x| opdda G T4Eng n P YEVVATOPA @ xou opddo K.

(o) T b € K, del&te 6t undpyet odopopplopds opddwy ¢ : G — K e ¢(a) = b ov
xa UOvo av 1 Té&n Tou b danpel To n.

(B) Xuvdyete ot av n K elvon xuxhn| té&ng m, t6te undpyouv axplBoe pukrd(n, m)
opouopplopol ouddwy ¢ : G — K.
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169. Ocwpolye Ty avupetdeont = (n+1 n+2) € 5,12 xou opilovye TV ametxévion
@ Sy, = Spye VétovTog

o, av 1 o elvon dpTLo
plo) = o-t, v { A
, N o €lvor TEQLTTN

o o € S, 6mou €youue Tawtiosl xde uetdldeon o € 5, ye TNV emMEXTUCY TNG YE
on+1l)=n+1lxuon+2)=n+2ocmy Spis.
(o) Acet&te 6Tl 1 ¢ €lvon HOVOUOPPIEUOS OUABOY.

(B) Xuvdyete 61 n S, elvan 16dpopPn PE ULol UTOOUEDdA TNE EVOAAICCOUGUS OUAd0C
Ao

170. Ocwpolue opdda G xa Yoo g € G Yewpolue TNy aneovion ¥, : G — G Tou
opiletan Vétovroc ¥y (z) = grg™" yia x&de = € G. Oérouue Inn(GQ) = {v, : g € G}.
(o) Aci€te 6t N 1y elvon awtopop@lopdc e Gy xdde g € G.
(B) Aclfte 6Tt by 0 9y = Ygn xou 6T (Yy)F = hy-1 Y10 Ohat Tt g, h € G

(v) Xuvéyete 6Tt 10 obvoro Inn(G) eivon unooudda e opddoc Aut(G) twv autopop-
propny e G.

171. Alveton umooudda H prog ouddoc G. Oewpole 1o aivoro X = {zH : x € G}
TV aplo Tep®Y Xhdoewv e H ot G xou ty opdda S(X) twv petadéoeny tou X.

(o) Acette 6ty xdde g € G, 1 anewxovion @, @ X — X ye p,(vH) = (92)H yw
x € G elvorn elvor piar xohd oplopévr uetdideon tou cuvohou X.

(B) Aci&te 6 namexdvion ¢ : G — S(X) nou optletan Yétovtog v(g) = @4 yio xdde
g € G elvar ooyopPLoUOS OUddwWY, 0 TLUETVAS Tou oTtolou TEpLEyEToL 6Ty H.

172. Bpelte 6Aoug T0U¢C OPOUORPIoUONE OUddWY ¢ S, — C*.

173. Aiveton tenepaocuévo ooua Fy ue ¢ otowyelo.

(o) Acire 6T n anewévion e opllovoag det : GL,(F,;) — FX v empopgropoe
OUADWY.

(B) Xuvdyete 6Tt 10 oUvoho SL,(F,) twv n x n mvdxwy optllovcac 1 ye otoyela and
0 F, elvou xovovixy| unoopdda tne GL,,(F,) xou unohoyiote ty té&n tne.
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174. Bpelte OAEC TIC XAVOVIXES UTTOOUADES TNG CUMUETEIXNC OUAOAS Sy.

175. Bpelte 6houg toug axepatoug n > 2 yia Toug 0moloug 1) GUPPETEWXT] oudda S, elvou
lo6UopPnN UE To eVHU YIVOUEVO TNG Sp—1 PE TNV XUXALXT OUddaS TAENS N,

176. Ocwpolue opouopptopd ouddwy ¢ : G — K xou ¥étouue, og ouvidug, ¢(H) =
{p(x):x e Hy xn o' (N)={z€G:p(x) E N} yio HC G xu N C K.
(o) Acette 6t 10 @(H) elvon unoopdda tne K yio xde unooudda H tne G.
(B) Aciire 6t 10 ¢ H(N) ebvor uoopdda e Gyl xéde utooudda N tre K.
)

(v) Avo ¢ : G — K eiva empopglopds ouddny, dellte 6t 1o o(H) eivon xovovixh
umooudda Tne K yia xde xavovixt, utoouddo H tne G. Ioylet 1o (Blo yio tuyaio
OHOUOPPLOHO OUddwY ¢ : G — K;

(8) ActEte 6170 @ H(N) ebvon xovovind utoopdda tre G yio x&de xovovin uToopdda
N ¢ K.

177. Atveton 1 umooudda

e G.

(o) Acet&te 6tin N elvon xavovixry urtoouddo e G.
(B) Beeite wior xavovixr yvhola vtooudda tne G mou meptéyet yvhota tn N.

(v) Aci&te 6t dev UTIEQYEL 1) TETEUIMEVT XavovixT| uToopdda tng G mou mepleyeTo
yviow ot V.

178. Iloeg and Tic axdroudeg mpotdoelg lvon aAndelc;

() Av N elvou xovovixy) utoouddo pac opddac G, tdte xdlde xavovixr utooudda tng
N ebvar xovovixry utooudda e G.

(B) Av N eivar xuxdixn) umoouddo proc opddac G 1 omola ebvor Xovovixy| UTooUddo TNg
G, t61e %dde umooudda Tne NN elvon xavovixr) utooudda e G.
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179. Abveton meptttoc axépatog n xon TENEQUOUEVT oudda G ue unoopddo N téine 2
xou umooudda K tding n.

(o) Aci&re 6t |G| > 2n.
(B) Adote napdderypo téTolg opddac TdEng 2n, 1 onoio Bev elvat XUXAXY.

(v) Av |G| = 2n, nvrooudda N tng G elvor xavovixr| xon o n ebvat TewTog, delgte dTL
1 oudda G etvan xuxh.

180. Av H, K eivar xavovixéc unoopddee uog ouddoc G xow H N K = {e}, deilte 6
ab="ba yw oot a € Hxub e K.

181. 'Eotw un TeTpyuévn, TENEQUOUEVT oUdda G %ot €0TW P O UXPOTEQOC TRMTOG
Sanpétne e téEne e G. AciZte 1 xde vrooudda H tne G e deixtn [G - H) =p
elvon xorvovixr| uroopddo e G.

182. Aivovtat opdda G xon 1o unoclvoho N = {(z,z) : v € G} tng ouddac G x G.
(o) Acette 6t 10 N ebvon unoopdda tne G x G.
(B) Heprypddte tic aptotepée xan tic dediée xhdoewc e N ot G x G.
(v) Aci€te 6t nvnooudda N tne G ebvan xovovix| av xon u6vo av 1 G elvon afiehiavn.
)

(6) Av n G eivou afiehiavy), dellte 6t 1 opddo (G x G)/N eivou wobpopen pe ) G.

183. Abvovta vrnoopddec H, N yioc opddac G, tétoeg wote G ={ab:a € H,b € N}
xou HNN = {e}.

(o) Acilre 6t |G| = |H| - |N].
(B) Av n N eivar xavovixr) utoouddo g G, 6ei€te 6Tt 1 opdda mnhixo G/N eivon
woépopen e TV H.

(v) Av o H, N eivaw xou oL 600 xavovixée unoouddec tne G, oeilte 6t n G ebvau
woépopen e Ty H x N.

(6) Bpelte napdderypo oto onoio n N ebvar xavovixr) utoouddo e G, ahhd 1 G Sev
elvon toopopen ue v H x N.

184. Oewpolpe v unoopdda Inn(G) (‘Aoxnon 170) tng ouddoc Aut(G) twv auto-
HopQLopGY pag opddag G.
(o) Aet€te 6t n Inn(G) ebvan xavovixr utoopdda tne Aut(G).

(B) Act&te 6t n Inn(G) ebvon tobuoppn pe ty ouddo tniixo G/Z(G), omou pe Z(G)
oupBolileton to xévtpo (‘Aoxnon 143) tne ouddoc G.
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185. Aiveton 1 unooudda

1 {o(2) o (}) mncs)

e TeooUETIXAC OUddag 7?2 xou 1 ATEXOVION @ : 7% — 77 Tou optleton VétovTag

g&(Z) = 2a—3b €Z;

v a,b € Z.
(o) Acilte 611 1 ¢ elvon ETPOPPIoPOS OUADWY, 0 TUEY VIS Tou ontotou TeptEyel TV H.
(B) Aceite 6t ker(p) = H.

(v) Zuvdyete 6T 1) opddo Tnhixo Z2/H elvou wodpopon pe tn Zz.

186. Iloeg and Tic axdroudeg mpotdoel ebvon aAndelc;
(o) Tmdpyouv mencpoouévn ouddo G xau un TeTEyUévn xavovixr utoouddo N tne G
Yot Tic onoleg 1 opdda tniixo G/N elvou toduopen pe ) G.

(B) YTmdpyouv oudda G xon un tetpuuévn xovovixt vtooudda N e G yio Tic onoleg
1 opdda tniixo G/N elvon wwdpopen ue ) G.

187. Anogavieite av etvar aAndc n mapoxdte medtaon: Av N eivar xovovixr utooudda
TenEpaoUEVoL Oelxtn n wag ouddac G, t6te 2" € N vy xdde = € G.

188. Aciéte otL 1 uévn yvrota xavovixt| utoouddo N Tng GUUUETEIXC opddag S, Yl
v omofa 1 opdda tnAixo S, /N etvon offehtovy, etvon 1 evakhdooovoo utooudda A,,.

189. 'Eotw unoouddo H menepacuévou delxtn wpog opddoac G. Acilte 6TL undpyel
xavovixt| uTooudda tenepacuévou deixtn e G 1 omola tepEyeTon oty H.

190. Aci&te 611 n opddo Aut(S,,) Twv aUTOUOPPIOUGY TNG CUUKETEWNC ouddag S, etvor
lo6uopen Ue TV Sy, yio xdde VeTind axépano n Ue n # 2, 6.

Adpopa IpoBArpata

191. Aiveton nxn nivaxac A e atovyelo axépatoug oprduoic xou optlovoa det(A) = 1.

(o) AceiZte 61 yioo xdde Vetnd oxépono m undpyouv Vetnde axéponoc k xou n X n
nivaxog C' ue ototyelor axépotoug apriuole, TETolol WO TE AP =T+ mC.

(B) Eotw B = P~ 1AP, 6nou P civar n X n mivaxoc ue otovyeta axépotoug apriuoic
xou det(P) # 0. Xuvdyete 6Tt undpyet detnde oaxéponoc k yla tov onoio dha to
ototyela Tou Thvoxa B* gtvou axépatot apriuof.
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T rodeilelg - AVoeig

. Hapatnerote 6Tt 0 aprdude undév eivan oudétepo orolyelo e TpdOTNE nEdEne (rpdodeonc)
oahhG OTL xavéva dhho oTotyelo Tou N Bev €yel avtileto, omdte N andvinon oTo epdTNnuUa efvor
opvnuxt. Aeléte pdhiota 6Tl oL d0o mpotevdueveg tpdEel oto N enodndebouy dha ta audpoTa
tou daxtuhiou, extdg and Ty UnapEn Tou avtidétou crouyeiov.

. T to (o) mapatneriote 6t Y a, b, ¢ € R éyoupe (aob)oc = (ba)oc = c¢(ba) = (cb)a = ao(cb) =
ao (boc) xou emahndetote opoiwe 6t (a+b)oc=aoc+bocxm é6nco(a+b) =coa+cob.
To (B), (v) xou (3) aghvovton oTov avaryvoo ).

. Ae{€te 6T 0 SaTOALOG TV 2 X 2 AV TELYWVIXOVY TVexwy pe oTolyeld and to Zg €xel Tic
{ntolueveg BLOTNTES.

. T to (o) ypnowonoote enaywyh oto n (auth etvon 1 cuvAdng ahyePeus anddelln Tou Aww-
vupixod Oewphpatoc). T to () detlte 6T 0 cuvteheothc (§) Bloupeiton pe 0 p yio xdde TpdTo
opdud p xow k € {1,2,...,p — 1} xan egapubote 1o ().

. Avoantioooviag to (a + a)? xon yenowonowsvtac TN doopévn oyéon a? = a, cUVEYETE TEMTA
and v ot (a+a)? = a+a 61t —a = a Yo x&de a € R. Epyalduevol pe mopdpoto tpémo0,
ouvdyete éneita and Ty wétnTa (a + b)2 = a + b 61 ab = —ba xou cupnepdveta 6TL ab = ba
yio 6ha o a, b € R.

. T 1o (o), vtodéote 6T 10 a €xel oploTePd avtioTpopo ¢ xon delld avtiotpoyo b, ondte ca =
ab = 1g. Topatnehote téte 6t ¢ = ¢ 1g = ¢+ (ab) = (ca) - b = 1r - b = b xou cuvdyete
611 10 ebvor a avtioteédipo ototyelo Tou R pe avtictpogo a”l = b = c¢. Ta aviiotpogo eiver
tetpippévo. To (B) aghveton otov avoryvds . T to (y), emohndedote 6t o otowyelo b~ ta™!
elvow to avticTpogo tou ab.

. Acite 6t oL BVo mpotdoeic eivon aindeic we e€ic. Tia 1o (o) Vewpriote d8elid avtiotpogo b
Tou a, ondte ab = 1g. Hapatnphote 6T a™b™ = a" H(ab) bt ="t - 15 - b7 1 =g~ 1pn~!
X0l EQPUPUOCTE EMAYWYH 6T0 1 Yla va Oetlete 6Tl To b™ elvan dedid avtiotpogo tou a™ yia ke
Yetnd axépano n. T 1o (B) epyaoteite opolng, f epappdote to (o) oto doxtOMO TNne ‘Aoxnone
2 xou ypnowonoiote o gpdTnue (v) e Blog doxnong.

. 'Eotww b éva 8e&i6 avtiotpogo tou a, ondte ab = 1g. Tt ouvenayoyy (1) = (ii), utodéote
6tta € U(R) xou 611 T0 ¢ € R elvan enlong 8e€ué avtiotpogo tou a, dnhadi 6T ac = 1. Acilte
6T b = ¢ mapatnpadvtag 6Tt a(b—c¢) = Or %o TOANATAUCLELOVTOS TNV Lo6TNTO AUTY omd oo TERE.
we a b T va del€ete 6 (ii) = (iv), unodéote dTL 10 a ebvon dploTeEPSE UNdEVOdLLEéTNC 010 R,
oméTe uTpyeL un undevixd ototyeio u € R pe au = Og. Ioapatnpriote 6t ab = a(b+u) = 1g xou
CUUTEPAVETE OTL TO a €xel BUO BlapopeTinolg deglole avTtioTeépous oto R. T'a 0 cuvenoywy)
(iv) = (i), unodéote 6Tt T0 a dev ebvon aploTepde undevodianpétne oto R. Tlopatnefiote ot
a(ba—1g) = a(ba)—a = (ab)a—a = 1g-a—a = 0. Tuunepdvete 6T ba = 1 xon 671 10 a elvon
avtoteéduto ototyeio Tou R pe avtiotpogo otouyelo to b. T tn cuvenoywy (iil) = (i), delte
AT 6T TO G ToLyYElo by, 1= b+ (ba—1R)a™ elvan 816 avtioTpoo tou a yio x&de Yetxd axépato
n. Tnodétovtog 6Tt 10 a €yel nenepacpuévou tAftoug 8e€lolc avTioTEoPOUS 610 R, GUUTERVETE
6Tt untdpyouv axéponol 1 < n < m tétolol WoTE by = by, ondte (ba — 1g)a™ = (ba — 1g)a™.
IMoMamhaotdote €nettor and dedld auth v bt pe b™ v vor xatodAhlete oty tlodTNTA
ba = 1r. H avtiotpogn cuvenoywyt (i) = (iii) elvon tetpiuuévn.

. TrmoVéote 6Tt 10 1 — ab elvar avtioteédupo otoryelo Tou R ye aviictpopo © € R, dnhadn bt
wylel (1g —ab)x = x(1g — ba) = 1g 610 R, xou 8eilte 6u (1g — ba)y = y(1g — ba) = 1g v
y=1r +bxa € R.
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10.

11.

12.

13.

14.

15.

T to (o) mopatnehote 6t oydet (a,b)(c,d) = (¢,d)(a,b) oto R X S av xaw ubvo av ac = ca
oto R xau bd = db oo S xou 61t 10 (a,b) eivon povadiaio otoryelo oto R X S av xat wbvo av 1o
a etvon povadiaio otouyeio oto R xaw 10 b elvon povaduio ototyeio oto S. T to (B) deilte bt
70 (a,b) elvon avtioTpogo tou (¢, d) oto R X S av xou wévo av 1o a elvar avticTpogo Tou ¢ 6o
R xou 10 b elvon avtiotpogo tou d 610 S xou ouunepdvete 6t (a,b) € U(R x S) av xou pévo
av a € U(R) xou b € U(S). T 1o (v) napatneriote 6t woylel (a,05)(0r,d) = (0gr,0s) ot0
R x S nou oupgnepdvete 6TL 0 R X S 8ev €xel undevodlotpETes oV xou HOVO oV EVaS TOURAYLO TOV
an6 touc R xon S ebvon 0 undevixdg doxtOMOC xou 0 GAAOg Bev EyEel UNdEVOBLNEETES.

T to (o) dei&te ot U(Z[i]) = {1,—1,4, —i} wc e&hc. Oewphote avuotpéduyio otoyeio x =
a + bi tou Zli], éotw pe avtiotpogo y = ¢+ di. Amd v woémta zy = 1 cuunepdvete 4T
1 = |zy|? = |2]*|y|? = (a® + b2)(c? + d?) (6mov pe |z| ovuBoriloupe o pétpo Tou pryadxol
aprdpol z) xou emopévac 6t a? + b2 = 2 4+ d? = 1. Suunepdvete 6tz € {1,—1,4,—i} xou
ot U(Z[i]) C {1,-1,i,—i}. O avtiotpogoc eyxheioude elvon mpogavic. T to (B), Yewphiote
Tov untodoxtoho Z[2i] = {a + 2bi : a,b € Z} tou Zi] xou YpNoWWOTOACTE TO UTOTEAECUA TOU
epwTiuaToc (o).

To (o) awhveton otov avayvdot. T 1o (B) napateriote 6T 10 5 + 2v/6 eivon avtiotpédiuo
orotyeio Tou R (ue aviiotpogo 5 — 21/6) xou cuurepdvete 61t 10 (5 +2v/6)" eivan avtioteédipo
otolyelo tou R vy xdde axépono n.

To (o) aghveton otov avoryvdotn. Ta to (B) unodéote 6t R elvon un undevinde unodoxtiiog
oV Z xou Yewphote Tov eAdyioTo JeTixd axépono m mou avixel oto R. Ilapatnprote 6T
mZ C R xou del€te tov avtiotpogo eyxheiond VYewpdvtac tnv BEuxdeldeio Siipeor tuyaiou
otoyelov a € R ye t0 m.

To (o) aghvetan otov avoyvodotn. Ta to (B) Jupndeite 6t av A ebvan avtiotpéduuo ototyeio
tou M, (F), téte det(A) # 0 xou mapatnphote 6T av a® + b? # 0 o710 F, té12 0 Thvaxoc

1 a b
a?2+v2 \ -b a

. - a —b . .
avixer oto R xou omotehel avtiotpogo tou b oa ) T to (), oupnepdvete and 1o (B)

61t 10 R ebvon odpa ov xon pévo av oo F oylet a® + b2 =0 = a = b= 0. Tuvdyete 6Tt 10 R
ebvan odpo av F € {Q, R, Zs}, eved Sev eivan av F € {C, Z5}. Tt 10 (3) xpnoulonotic e YVOHoELS
o6 ) Vewpla aprducdv yio va deiete 6t yoo F = Z,,, 10 R elvon oodpa oy %o Wévo ov yio Tov
npdTo p toylel p = 3 (mod 4).

T o (o) mapotneriote 61 O € S xou dellte 6T av ax = za xou ay = ya Yo xdrow x,y € R,
6t a(z+y) = (z+y)a xu a(ry) = (vy)o. T to (B), ¥étoviac x = < i Z ) € R, dellte

TE®T OTL LIoYVEL v = Tav oV xou HOvo av a = d xou ¢ = 0 XL cuUTEPdVETE OTL

- {(3 1) et

xou OTL

Télog, détovtag



16.

17.

18.

19.

20.

21.

22.

ue a,b,c,d € F, 8el&te 6t 2y = yz xou 61 woydel zy = O0g av xou pévo av a = 0 1 ¢ = 0.
Yuunepdvete 6t o daxtOhlog S elbvan yetadetinde, 6Tl oL undevodloupéteg tou S elvon ol mivaxeg

( 8 g ) pe b € FN{0} xou 61 T0 S dev eivon axéponar meptoyh. T to (y) Yewphiote to

daxtOMo R = M3(F) xou 1o otoyelo tou

Q

I
(e e i
o O O
o O O

T to (o) epyaocdeite dmwe oty ‘Aoxnon 15 (o). T to (B) deilte 6u wyber (o, B)(z,y) =
(z,y)(,8) ot0 R x S av xou wévo av ax = xa xou Sy = yfS xou ocvunepdvete 6tL (x,y) €
C(RxS) avxou yévo av z € C(R) xouy € C(S). Tt () xou (€), Yewprote Tov unodaxtihio

e {( 4 ener)

tou My (F). Aci&te 6t o R éyel tic {nrolpevee wbidtntec 610 () yio xdde oodpa (1 axdur, xdde
daxtOMO Ye wovdda) F xou tic {ntodpevee Wbiotntee oto (g) Yy F = Zo. T 1o (B), deidte bt
TéTolo nopddelypa elvon o daxtiMoc Ma(Zsz).

T 1o (o) mopatnehote 61t a ! =a & a? = 1gr & (a— 1r)(a+ 1g) = Or xou cupnepdvete 6Tt
o wéva tétota otoyela Tou U(R) ebvon o 1 xou 10 —1g. T 1o (B) nopatnerote ot to U(R)
dropepileTon amé o LTOCUVORS Tou e wopphc {a,a 1} xu ouvdyete and o (o) 6L to U(R)
éyeL mepitto mhloc oTolyelwy av xou povo —1p = 1pk.

HMapoatneriote étL ab # Or xou yenowonowwvtag v wétta (ab)z = a(bx) , dellte ot (ab)x =
Op = 2=0g oz € R.

‘Eoto un pndevodinpétne a € R\{0g}. Ou deifoupe 611 a € U(R). Oewpolye tnv anexdvion
f:R— Ruye f(z) = ax yia © € R. And v unddeor 6t to a dev elvan opotepde unde-
vodiaupétne oto R mpoximter 6t 1 f ebvar 1-1. Agol to R elvon menepacpévo oOvoho, Emeton
ot n f eivon xau eni. Enopévee, undpyer z € R tétolo dote ax = 1g, dnhadh 10 a éxetl dedid
avtiotpogo oto R. Me nogduolo tpémo delyvouue 6Tl T0 a €xel xou aploTepd avtioTpoPo 1o
R. Ané v Aoxnon 6 (a) éneton 611 t0 @ eivan avtioteédiuo ototyeio tou R.

T to (o) mapatneriote 6t av bu = O pe u € RN{Or}, téte (ab)u = a(bu) = a-O0r = Op.
To (B) éneton amd 1o (o). Eotw tdhpa B 10 0OVORO TV 0pLOTERMY UNJEVODIAPETMY Tou R xou
éotw X = RN(BU{0gr}). Trnodétovtac 61 1o B éyel nenepaouévo xou un pndevixd miidoc
otoyelwy, éotw n, apxel yio o () va delfoupe 4TL To chvoro X elvar menepaouévo. Ocwpolye
tuyodo otouyelo b € B xou mapatnpolue 6T, Aoyw tou (B), opileton n amewéwion f : X — B
pe f(z) = ab yo z € X. Iopatnpolye enione 6t av f(z) = f(y) v xdrow z,y € X, té1e
(x —y)b = Op xou enopévee x —y € BU {0r}. Zuunepaivoupe 6t 1 f howfdver xdde tiun
oto B 10 mohbh n + 1 @opéc xou cuvendde 6Tt 1o TAloc Twv otolyelwv Tou X dev unepPalvel to
n(n+1). Anéd auté énetoun to {nrodyevo.

T to (o) mopatnehote 6Tl T otolyelo @, 2%, 23, ... Tou R ebvon nenepaoyuéva o mifdoc. o
0 (B) unodéote 61t R = {x1,22,...,24} xou Yewphote t0 SaxtOAo ywéuevo S = RI :=
R X R X ---x R (émou 1o mA\fdoc tov napaydviny eivar ico pe q). Iaupatnerote 6t o S elvon
enione nenepacpévos SuxTOMOC xau epopudoTe To (o) oTo oTouelo & = (X1, T2,...,Z4) € S.

To to (o) vtodéote 6T a™ = ™ = 0. Xpnowonowdvtag v Aoxnon 4 (o), deilte bt
(a+b)"tm=1 = 0p. Tw 10 (B) nopatnerote 6L (ab)? = aPbP yia xdde Yetind axépono p. Iiat
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23.

24.

25.

26.

0 (3) umodéote 61t U™ = OR xou det&te 6Tl 10 otoyElo 1g — b+ 0% — -+ + (=b)™ 1 tov R

elvon avtiotpogo tou 1 + b. T 10 () mopatneRote étt a + b = a(lg + a='b) xou cuvdyete
0 {ntodpevo and ta (B) xou (8). T to (g), dei&te ot xavéva and ta (a), (B), (v) dev woydel
ywelc Ty unddeon ab = ba Yewpdvtag to daxtiho R = Mo (Z) xou Yétovtog

- (84) - ()

yroc T (o) xon (), xou

v o ().

I to (o), molhamhaotdlovtog and aptotepd xou ond delid v wwdétnta AAB + pBA = 1p ye
A, agoupmvToc xotd uéhn, nopatnedviac 6t BA?2 = B3 = A2B xou hopfBdvovioc urddny d1t
A—p # 0 Bploxouye 61 A(AB— BA) = O. Epyaldyevol opoiwe Bpioxovye B(AB—BA) = O.
Enopévec,

AB—BA = 1p-(AB—BA) = (AMAB+ uBA) - (AB — BA) = O.

Supnepaivoupe 6Tt (A + p)AB = (A + u)BA = 1 xou ouvende 6t o A, B elvon avtio tpédiua
otouyela tou R. T to (B), napotnpolpe dTL 1 napondvew hoor toydel yior xdde Saxtolo R e
povéda o onolog elvar tautdypova F-Slavuopatinic ympoc xot toylel Alab) = (Aa)b = a(A\b) vy
a,b € R xou XA € F. 'Evoc tétologc doxtOhog R AMéyetan F-dAyefpa pe povada.

T to (o), utodéote bt undpyetl tétolo = € F xau Belte dtL o sUvoha tng popphc {a, a + x},
v a € F, anoteholy to pépn pog dauépiong tou F. Autd delyvel 6Tt to mhidog twv otolyelwy
tou F elvon dptiog apidude, oe avtideon e ty vnddeon. T to (B), éotw 61t ¢ = 1 (mod 4).
Acifre mpdta 6L Tt oOvoha {m, —z, x7 1, —x 71}, yio pn undevind x € F, anoteholv T uépn o
dropéplone tov FN{0}. Kdénow and to chvoha autd evdéyeton va €xouv hydtepa and técoepa
otouyela. Iapatnpriote 6t ool —z # x v xdde & € F\{0}, 6nwe mpoxintel and 1o (o), autd
ouuPaivel pévo dtav 71 =z, R 7! = —x, xou 6T oTNY TEADT TEpinTOON UTdYETOL UOVO TO
oclvoro {1,—1}. And ta nponyolueva xo To yeYovos 6Tl 1o TAdoc Ty ototyeiny tou FN\{0}
elvon axépono TolhamAdoto tou 4, cuvdyete to {ntoluevo.

T o (o) vnodéote 6u deg(f(z)) = n xou deg(g(z)) = m xa exgpdote o f(x), g(x) o
pwopwh, f(x) = ap + a1z + -+ + apz™ xou g(x) = bg + bz + -+ + by x™, Pe an, by # Op.
Mopatnefiote 6T f(x)g(x) = apbo + (apby + a1bo)z + - -+ + anbpma™ ™™ xou 1L @by, # Op xou
owvéyete 0Tl f(x)g(x) # Opjy xou 6T deg(f(x)g(x)) = n+m. I'a o (B), urodéote 6L 7(x)
efvon 1) povédda tou R[x] xon oupnepdvete and to (o) xou v wétnte (1(z))? = r(z) 6t o 7(x)
ebvar otadepd mohudvupo (xou mpogovade povdda tou R). T to (Y), mopatnefiote TpmTto Ot
av o R[x] Bev éxel undevodioupétee, téte To Blo toylet yio Tov R, xou ypenowonofiote to (o)
xou (B) yiot va deilete ot Bev umdpyet un otodepd Toludvupo f(z) € Rlx] to onolo va elvon
avuotpéduyio ototyeio tou R[z].

Xpnowonoiote Ty ‘Aoxnon 25 (o) yio va dei€te 6Tt dev undpyoLY TETOW TOAMYLUY WS EERC.
T to (o) mapatnefiote 6t o Badudc Tou aploTepol PEAOUS TNS TROTEWVOUEVNS LoOTNTOC Elvol
oxépono ToMNaTAEoI0 Tou 16, evd exeivog Tou 8e€lol uéhoug dev eivon. To o (B) napatneriote
o (p(x))? — (¢(z))? = (p(z) — q(x))(p(x) + q(z)) *on 6TL éval TOUNIYLGTOV AT Tl TOAUCVUUYL
p(z) —q(z) xou p(z) + q(x) éyer Podpd n xon cuumepdvete dTL av o tohudvupo (p(x))? — (q(z))?
elvow un pndevixd, tote o Podude tou elvan yeyolitepog 1 {oog tou n.
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27. Tw 7o (@), éo0tw p(x) = 2°" + 12?71 + -+ + ag, xou q(x) = 2™ + byt + - + b,. Téte

28.

29.

30.

31.

32.

33.

(q(x))? = 22 + 12?1 + - + cop pE e = boby + b1br_1 + - + brbo yio 1 < k < n, énou
bp = 1. Tlopatneriote 6Tl oL €€lodoES €1 = a1, C2 = a2,...,Cp = Ay EXOLY YOVODOIXY ADOT
bl = a1/2, b2 = (a2 — b%)/Q, .. .,bn = (an — blbk_l — "'bk_lbl)/Q WS TEOC bl,bg, .. .,bn Hol
ouvdyete to {nroduevo. T to (B) ddote apvntnd| amdvtnom, 3oxiudlovtag To TOAUGYULUO
p(z) =14z + 2% € Zs[x].

To (a) aghveton otov avayvodotn. Ta to (B) yenowonoote enaywyh oto m. T to (Y)
eopudoTe ta (o) xou (B), xodde xou to yeyovde 6t A(g(x)) = 0 vy xdde otadepd TorudvLYO
q(z) € R[z]. Tw 0 (3), ypnowonowdvtag ta (B) xou (), mopatneicte 6Tt

i(l)’“(}ﬁ) -k = A"@") = A" (2 - 1))
k=0
— Anfl (Tliﬂnl o (Z)an 4. > _ Anfl(nxnfl)

_ nAn—l(l_n—l)
xat xatoAh€ete 6T0 {NTOVUEVO PE EMAYWYT GTO N.

To o (o), exgpdote o f(x),g9(x) o popeR f(z) = ag + a1z + -+ + apa™ xu g(x) =
bo +bixz + -+ + byx™, 6mov deg(f(x)), deg(g(x)) < n, xou napotnefioTte OTL

(f+9)(a) = (ag+bo) + (a1 +b1)a + -+ + (an +by)a™
= (ap+aa+---+aa™) + (bg +bra+ -+ bpa™)
= f(a) +g(a).

T to () deilte npdta v el nepintwon g(z) = bypz™. Xtn cuvéyew, yeddte g(x) =
h(z) + byma™ pe deg(h(x)) < m xa ypnowonoote 1o (a), TNy Tponyolduevn eWdixy neplntwon
xou enoywyr oto Badud touv g(x) v va xatahiZete ot {nroduevn wétnra. To (y) ebvan n
el tepintwon o = 1g twv (o) xouu (B), 6tav 0 R éyet yovdda. Xtn yevxt| tepintwon, unopel
xavele va pundel y anddeln v (o) xou (B) mou neprypddope. T to (3) epapudote 1o (Y)
%ol cUPTEPdvVETE 6TL To {nTovpevo ddpolopa elvan (oo pe (—1)".

T to (o) yenowonoiote v Aoxnor 28 (v). T to (B) epapudote To (o) 0TO TONUGOVULULO
q(z) = p(z?) Baduol 2n, mapatnpdvtac 61t g(m) € Z v x8de m € {—n,—n + 1,...,n}. Ta
10 (y) Soxpdote to ToAUGVLPO p(z) = z(x — 1)/12.

AelEte npdta 611 av pu(z) = z(x — 1)(z — 2)--- (x — n + 1), té1€ 10 Pr(Mm) Broupeiton e
o n! yo xédde m € Z. YTnodéote énerta 6t p(z) € Zz] civon povixd torvdvugo Baduod n
xou nopotnefote 6t av to p(m) dwoupelton pe 1o k v xdde m € Z, t61e To Blo oylel v
0 mohudvuuo A™(p(z)). Buvdyete and tnv Aoxnorn 28 (3) 6t to k dwupel to nl. And To
Topandve cupmepdvete 6t o n(k) eivar o eNdylotoc Vetindg axépaog n yia Tov omolo to n!
Broupeiton pe 1o k. Eldwétepa, yio k = 1000 = 22 - 53 éyoupe n(k) = 15.

Na 1o (o) Yewphote 10 mohudvupo g(x) v o onoio woyvel f(z)g(x) = 1 oto R[z] xo
egopubdote v ‘Aounon 29 (B) v vo Seiete 61 to g(a) ebvon to avtiotpogo otowyeio tou f(a)
v xdde o € R. T o (B) epappdote 1o (o) ye a =1 € Zg. T 1o () va Yéoete R = Zy xou
flx)=1+az+ 22

T to (o), vtodéote npmta 6Tt To 1 g +rex elvon avtioTepédo otoryelo Tou R[x], ondte undpyouv
€0, C1y- - Cn € Rye (1p+712)(co+c12+- - -+cpz™) = 1g 610 R[z]. And ¢ e€omoeic ¢ = 1R,
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34.

35.
36.

37.

38.

39.
40.

41.

42.

c1+rcg =ca+re; = =cp+7rch_1 = 1r¢y = Op TOL TPOXUTTOUV GUVAYETE OTL "t = 0p xou
CUVETWC OTL To 7 elvar undevodivauo ototyelo tou R. To aviiotpogo éneton and tnv ‘Acxnon
22 (3). T to (B), vnodéote npdta 6L T0 a + bx eivan avtictpédupo ototyeio Tou Rlx] xou,
epyalbpevol 6nwe oo (o), Sel&te 6T T0 a elvon avtioTEéduto ototyeio Touv R. ‘Encita, ypdpoviag
a+br = a(lg + a=tbx), cuvdyete 10 (B) epdtnua ond 1o (o). T o (y) cuvdyete and To
(B) 6T av 0 m Bdranpelton pe p?, té1e T0 TOALGVLKO 1+ (m/p)T ebvon avtioTeéduio oTotyelo Tou
L[]

T to (), dellte 6T ta péva avuotpéduua otoyelo Tou Zglx] eivon tor otodepd moAvdvupa 1
xot —1 we e€hc. Oewphiote Tohudvuua f(x), g(x) pe oxépououc cuvtelesTéc Yo To omola Loy Vel
f(z)g(x) = 1 oto Zglx]. Autd onpaiver 6T o otadepdc dpoc tou f(z)g(x) elvon wobtpoc e
1 mod 6 xou o undhoiol pe undév. Enopévac, éyovpe f(z)g(x) = 1 oto Zs[z] eniong. Agod
bpee o péva avtio Teédiua ototyelo Tov Zsx] efvon o 1 xon —1, éneton 61t xdde cUVTENES THS TV
f(x) xou g(x) extde twv otadepdv bpwvy drupeiton ue to 3. Me autd to dedopévo xatoliZte ot
dromo. T to (B), napatneRote 6T oylel (1+6f(z))? = 1 vy x&de nohvddvupo f(x) € Zio[z]
%ol CUVEYETE OTL TO TOAUOVURO 1 4+ 62 + -+ - + 62™ elvon avtiotpédiuo otoyeio touv Ziao[z] Yo
xdde puaxd aptdud n.

Agrvoupe v enoddeucn otov avayvao ).

Egapuéote enaywyf oto n. Eotw f(z) = (x — 1)"¢(x) o éotw ét n > 1 (1o {nrodpevo
elvon tetptppévo v n = 0). Mropeite va unodéoete ywplc PAEPN tne yevixdtntac 6T ¢(0) # 0
(eEnyhote yiotl), omdte £(0) # 0. Hopotnerote 6t f/(z) = (x — 1) Ir(z) ya xdmowo r(z) €
Clz] o egoppdote v unddeon e enaywyhc oto f'(z).

Acifte 6L 1 Blopopd TV 3V0 ToNLWYOULY Blupeiton e to o7 — 1, dpa xou pe to 28 + 25 + 2t +
23+ 2% + x + 1, 670 Z[z] xou ouynepdvete 10 {ntoduevo.

T o (a) exgpdote 1o f(x) ot wopeh f(z) = ap + a1z + -+ + apx™ xou yenowonotio e
™y ToutéTNTE Y™ — 2 = (y — 2) (Y™ + ™2 + -+ 2™ (6mou yz = zy). Tw o (B)
nogatnefiote 6 p(p(x)) — ¢(q(2)) = (p(p(z)) — pla(@))) + (9(p(2)) — 4(g(2))) xeu epopudote
0 ().

Andvinon: (o) 2+ 1, (B) 22 +1, (y) 23 + 22 + o + 1.

T to (o) unodéote bt m > n xou Vewprote v Euxheldeia Swodpeon m = gn + r tou m ye
o n, 6mou 0 < r < n. Aciéte 6t 2™ — 1 = (2" — 1)g(z) + (2" — 1) v x8molo TOAUGVUPO
q(z) € R[z]. Zupmepdvete 6t ukd(z™ — 12" — 1) = prd(z™ — 1,27 — 1) xou epopudote
emaywyh oto max{m,n} vy va dei€ete to {nroduevo. T to (B), cuvdyete and 1o (o) 6Tl 10
2™ — 1 Swnpeiton ye 10 2™ — 1 610 R[z] av xou uévo av to m donpeiton ye 10 n oto Z. o 1o
(Y) mopotnpriote 6tz — 1 = (z — 1) fr(x) i k > 1 xou ypnowonomiote o (o).

Na to (o) dewprote v Ewadeldewa didpeon f(z) = q(z)g(z) + r(x) wov f(z) ye to g(z)
oto Flz]. Iupatneriote 4t 1 mponyoluevn wdtnta woyvel xau oto K[z] xau yenowwonotfiote
T povadixétnta e Euxdeldeiac Swipeone oto K(z]. To (B) émetan omd to (o). T 7o ()
xenotponoiote 1o (B) xou tov Euxheidelo ohydprduo yio Tov UTOAOYIGHS TOU UEYIGTOU XOWOU
Soupétn (1 emorywyn oto Badud tou f(x)). T o (3), Yewphote t0 uéyioto xowd droupétn d(x)
v f(z) xu g(x) oto K[z] xou ypnowonotfiote 1o (v), xadde xou Ty unddeon 6t to g(x) ebvan
avéywyo oto Fz], yio va 8ellete 6w d(z) = g(z).

Xenowomoudvtag 1o wxpd Oewenuo tou Fermat, Seilte 6t xdde otouyelo tov Zy, extdc tou 1
ebvan pllot Tou f(x) xou oupmepdvete 61 oto Zy[x] woyler f(z) =x(x —2) - (z —p+1).
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43.

44.

45.

46.

47.

T to (o) mapatneote ot f(1) = 0 xon, yenowonoudvtac o wxpd Oewenuo tou Fermat, étu
fla)=(a? —=1)/(a—1) =1 vy @ # 1 xon ovunepdvete 61 1 povadny pila tou f(x) oto Z,
ebvar @ = 1. T 1o (B) deléte 6 f(z) = (@ — 1)P~! 070 Z,y[2] w¢ e€hc. Aviehotdvtoc To
T ye o —x, éyouue va detfoupe 6t (L+ )Pt =1—az+- -+ (—2)P~! 670 Zp[x], Snhadh 6Tt

("21) = 1 modn)

yio k€ {0,1,...,p— 1}. Autd npoxintel ye enorywyy ot0 k, Topatnedvoc Ot

() = ()-Gm) = -(ms) man
yoke{1,2,...,p—1}.

Ané 1o winpd Bedpnua tou Fermat cuvdyete 6u xdde otoyeio tou Z, elvon pila tou f(z) xou
ouvenie Ot to f(z) dwnpeiton pe to ywopevo z(x — 1)(z —2)---(x —p+ 1) = 2P — x o710
Zp[z]. "Apa, woylel to (o). Aol o f(x) xou zP —x éyouy Bodud 2p xou p, avtictolya, o Bodude
Tou TnAixou ¢(z) elvon loog ye 2p —p = p. T 1o (B), xenowonowdvtoc ty Aoxnon 4 (B),
TapATNENo TE OTL

fl@) = @P+a?+1) - @@ +a+1) = @ —2*) + (2 — )
= (&P —z)(a+2)+ (2P —2z) = (P —2)(2P+2+1)

xou cuprepdvete 6t g(x) = aP +x + 1.

’.

Trodétouye 6t 10 g(z) eivar mohudvupo Yetixol Bardpol (Spopetind to {nrodyuevo eivon Te-
Towpévo) xon Yewpolue v Euxdeldewx Swipeor f(x) = g(z)g(z) + r(z) tou f(x) pe to g(x)
oto Q[z], ondte éyovue q(x),r(x) € Qlx] xa deg(r(x)) < deg(g(x)). Aol g(z) € Qlx],
undipyet Yetinde axéponoc m tétolog Gote m - q(x) € Zlx]. And v unddeon €youpe OTL
q(n) +r(n)/g(n) = f(n)/g(n) € Z vy xdde apxetd yeydho axépao n. AouBdvoviac unddny
6t limy o0 7(2) /g(z) = 0, dpo 67 |r(z)/g(z)| < 1/m Yo opxetd peydho x, xou 61t q(n) € L7
yioe xéde oxépono n, tpoximrel 6tL r(n) = 0 yio xdde cpxetd peydho axépoo n. BuUTEPUVOUUE
6t o 7(2) ebvan To undevind mohuddvupo touv Q[z], Snhady bt toyler to (o). T to (B) apxel va
Véoel xavele f(z) = z(x — 1) xou g(z) = 2.

Trodétoupe npdta ot o f(x), g(x) Bev éxouv xowd| wyodued| pila. Téte ukd(f(z), g(x)) =1
oto Q[z] xou cuvende umdpyouv a(x),b(x) € Qz] tétow dote alz)f(x) + blx)g(z) = 1.
Torhamhaotdlovtac pe xatdhhnho detnd axépono d Peloxoupe p(x), q(x) € Z[z] tétoi dote
p(x)f(z) + q(x)g(z) = d xou npogavdde ukd(f(n),g(n)) < d yw xéde n € Z. Avtotedpwd,
g0t 6u o f(x), g(x) éxouv xowi pilla oo C. Téte ukd(f(z), g(x)) # 1 oto Clz] xou cuvende,
olugpuva pe Ty Aoxnon 41 (y), to do wylel oto Q[z]. Apa, undpyel tohudvupo h(z) € Z[x]
Yetixol Paduod xou a(z),b(z) € Qz] wérowr dote f(r) = a(x)h(x) xu glx) = blx)h(zx).
Torhamhaotdlovtac pe xatdiinho axépato r Beloxovue p(x), ¢(x) € Zlx] tétow wote r f(z) =
p(x)h(z) xou r g(z) = q(x)h(x). Supnepaivovye ot r purd(f(n), g(n)) > |h(n)| yia xdde n € Z,
o 6mou émetan 6Tt limy, o0 pid (f(n), g(n)) = oco.

Ocwprote T0 f(x,y) we TohuGVLHO oTo T pe ouvteheotéc and 10 Rly]. T to (o) epopudote
v Euxieldea diadpeom yia va yeddete to f(x,y) ot popwt, f(z,y) = (z—y)g(z,y) +r(y) v
xdmotor tohudvupa ¢(x,y) € Rz, y] xu r(y) € Rly]. ©étoviac © =y = a € R, nopatnefote
6t r(a) = Og v xée a € R xou ouunepdvete 6t 1o r(y) elvor T0 PNdevind TOALGOYLUO TOL
Rly]. Tw to (B) epopudote tmv Euxheldeio duipeon yia va ypdete to f(z,y) otn popyh
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48.
49.

50.

51.

52.

93.

54.

f(z,y) = (@2 +v® — Dg(z,y) + g(y)z + h(y) v xdmoe mohuddvupe q(x,y) € Rz, y] xou
g(y),h(y) € Rly]. Hopotnerote éreita 61t yio x4de (a,b) € R? pe a®? +0*> = 1 10 (—a,b)
emohndeler v Bl lodtnta xou enopéves 6t g(b)a + h(b) = —g(b)a + h(b) = 0. Tuvdyete bt
9(y) = h(y) = 0 oo R[y].

To (a) aghveton otov avoyvdotn. To (B) npoxdntel and to (o) ye enaywy”R oto n.

TN to (o) napatnerote 6t 2™ f(1/x) = ap + an—12 4+ - - + apx™, av f(x) =ap + a1z + -+ +
anz™. Tw o (B) epappdote 1o (o), | yenowwonomote xotevdeiay TOV 0ploUS TOU YIVOUEVO
ToAUOVORLY. T o (Y) Yenotonoio e Tov 0plod Twv TOAWVOUGY fr,(q) xou epapubdoTe To

().

T o (o) enadndedote 6n g(x,y, 2) = 3(x+y)(v+2)(y+2). T to (B) Yewpriote 1o f(x,y, 2)
S TOANUOYUPO OTO T e ouvieheotéc and to Qly, z]. Hapatnerote 6t f(z,y,2) =0 vz = —y
xou Yewpriote Ty Euxkeldewa Swipeon f(z,y, 2) = (x+vy) ¢(z,y, 2) +7(z, y) tov f(z,y,2) ye To
x+y oto Q[z,y, 2] yio va suprepdvete 6t f(z,y,2) = (x4 ) ¢(x, y, 2) Yo x8mOL0 TONUGOYUULO
q(z,y, 2) € Qlz,y, z]. Acilte ye napdpoo tpémo 6TL T0 (T, Y, 2) Soupelton Ye To T + 2 o GTL
7o mnAixo tne Swipeong Siapeiton pe 1o y + 2 610 Qla, v, 2].

Eotwo f(z) = 2* +1. Tto Rz] éyovpe f(z) = (22 +1)2 - 222 = (22 — 22+ 1) (2% + 22 +1).
¥10 Ziz7]x] éyoupe f(x) = 2t — 16 = (22 — 4)(22 +4) = (22 —4)(2? - 64) = (z — 2)(x +
2)(z — 8)(x + 8). T to (B) mapatnefiote 6T xdde napayoviomoinon tou f(x) oto Q[z] woylel
xon 670 Rlz] xon cuvdyete 6t to f(z) eivar avdywyo oto Q[z]. T to (3) napatneiote dTL av
—1r = 1g, t61€ f(2) = (¥ + 1)* 070 R[]

Eotw f(z) = 2t + 23 + 22 =22+ 1 xa g(z) = 2* + 23 + 2 + 3. T 10 (@), delEte 61
10 f(x) Bev éyel pilec 010 Z xou ovunepdvete 6Tt av 1o f(x) dev elvar avdywyo oto Z[z],
61 LTdpyEL Tapayovionolnon tne wopghc f(z) = (2% + ax + 1)(2% + bz + 1) A f(z) =
(22 + ax — 1) (2% + bz — 1). T v e TEPIMTWOT, TAPATNEHGTE 6TL 0 CUVTEAEGTAC TOU &
070 Ywopevo (2 +az+1)(z2 +bz+1) ebvou iooc pe exelvov Tou T xou cuTEpdvETE bTL Piat TéToLoL
nopayovionoinon vl to f(x) elvar adivarr. Epyooteite topduota yio 1 devtepn nepintwon. T
0 (B), del&te 61 1o g(z) dev éyel pilec 010 Zs. Tupmepdvete 6L av to g(x) dev eivan avdywyo
o710 Zslx], to1e undpyel mopayovtonolnon tne popghc g(z) = (2% + ax + 1)(z% + bx + 3) 4
g(z) = (22 + ax — 1)(2? + bz — 3) xou del&te 6TL %o oL dVO TapayOVTOTOAOEL Elvor adUVATES
o0 Zs[z].

Acifte mpdto 6T 10 22 + 2 + 1 ebvon o pévo avdywyo mohumvupo deutépou Baduol oTo Zalx).
Supnepdvete Tl o avdryeya TOAUGVUPS TETdpToL Porduol oo Za[z] elvon autd ToU €YouV un
undevixd otadepd 6po (lwodivaya, de dlawpolvTon Ue To ), Exouv Teplttd TARYOC un Undevindy
ouvtekeoTdY (100d0Vapa, Bt Blapolvtar e 0 = — 1) xou ebvor ddgopa tou (22 + z + 1)2 =
st 2?4+ L, dmpedf ozt +r+ 1 et ad 1wt + 2 2t o+ 1

Na to (o) unodéote 6t f(x) = p(z)g(x) vy xdnow Torvdvuua p(z), ¢(z) € Z[z] Badpold
wxpétepou tou n. Hopatnehote téte 6T p(a;)g(a;) = —1 yio 1 < i < n xou Yewphote 10
nohudvupo r(x) = p(z) + q(x). Hoapotnehote 6Tt oL a1, aq, . .., a, evon pllec ToL TONUWYOULOU
r(z) o 6T deg(r(z)) < n — 1 xou ocuunepdvete 6Tl 10 r(x) elvoar T0 UNBEVIXG TOAUGYLUO.
Enopévoc, éyoupe q(z) = —p(z) xou f(z) = —(p(z))?. Ouundelze tdpa 611 10 f() elvon povixd
TONUGVUPO Yl vor xatahiZete oe drono. Epyoaodeite opoiwe yia 1o (B). Trodéote ot g(x) =
p(x)g(x) Yo xdmorar rohucdvupa p(z), ¢(x) € Z[z] Baduol wixpdtepou tou 2n. Iupatnpefiote tdte
ot plas)g(a;) =1yl <4 < nxo bt tap(x),g(z) dev éxouv npaypatixéc pilec. Xuunepdvete
ot eite pla;) = qa;) =1yl <i<n,onéte p(z) =q(x) = (x —a1)(x —az) - (x —ap) + 1,
elte p(a;) = q(a;) = =1y 1 <i <, ondte p(z) =¢q(z) = (r —a1)(® —az)--- (v —an) — 1
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95.

96.

57.

58.

59.

60.

xou xotohfEte oe drono. Ia 1o (y) ddote apvnTind andvinoT YewpdvTtac T.Y. TO TONUMYULUO
hz)=(x—1)(z—3)+ 1.

T to (o) wundeite Ty anédeln tov Euxdeidn yia ty anelpla twv npdtov aprdudy. o to (B)
napatneriote 6Tl av to IF elvon nenepacpévo, tote yio xdde n € N undpyouv uévo neEnepacUévou
mAfdoue Tohudvupe oto Flz] Boduod wxpdtepou 1 ioov tou n xa yenowonotfote to (o). T
70 (Y) dwote apynuin andvinorn Yétoviac F =R, 4 F = C.

T to (o) Bellte pe enoywy? oto m 6t oy p(m?+1) = m*+1 yio xéde m € N. Tupnepdvete
6t to Tohubvuuo p(x) — x €yel dnepee pilec oto C xou emopévwe bt 10 p(r) = o ebvon o0
povadixd mtorumvugo pe Tic {ntovuevee Widtntee. o to (B) nopotnehioTte 6Tl T0 TOAUGYLUO
q(z) = (z+1)p(x)—1 éxer Podud pxpdtepo 1 ioo tou n+1 xou tic pilec 0,1, ..., n. Buunepdvete
ot g(z) = cx(x—1) -+ (x —n) vy xdmoto ¢ € C. Oétovtag ¢ = —1 otny nponyoluevn b,
deilte 6t ¢ = (—1)"/(n + 1)! xon cuvdyete 6t To

p(z) = (1 T é‘?ﬁlx(m—l)---(x—n))/(x+1)

elvon to povadixd mohudvupo pe T {nToluevee WioTnTeS.

Amné tov t0no napeyforric tou Lagrange €youue

- r—1 —~ 1 [Tipi(z — 1)

= k = .

p(@) > p(k) S Yy D () (0 RE (0 — k)

k=0 i#k k=0 \ k
- n—k+1

= >ty [ -,
k=0 (n + 1)' i#k

6mou ot ywbueva to ¢ datpéyel ta otoryela tov {0,1,...,n} extoég and to k. Oftoviag

x =n+ 1 oto teheutaio ddpotoya, cuunepdvete 6T p(n+ 1) = 1 4 0, av o n ebvan dptioc A
nepltTdg, avtioTolya.

T to (o) vnodéote 6t f(a) = f'(a) = Op, ondte undpyel Tohudvuuo g(x) € R[z] pe f(z) =
(x — a)q(z). Xenowonowwvtac v Aoxnon 35 (B), deiéte 6t f/(z) = q(z) + (z — a)¢'(x) xou
ouunepdvete 61l g(a) = Og, 6Tt T0 g(z) donpelton pe o & — a xou 67t o f(x) Soupelton pe to
(x — a)? oo R[z]. T 70 avtioTtpogo ypnowonotfote Ty ‘Aoxnon 35 (B). Tw 1o (B) yeddte
f(x) = (z — a)™q(x), énov q(z) € R[z] pe q(a) # Og, xou dei&te 6t f/(z) = (z — a)™ tr(x),
onov r(x) € Rlz] pe r(a) # 0. Tw to (y) napatneote 6t to ¢'(z) elvon wn pndevixd
TohuGYLUO Barduol uixpdtepou and autdy tou g(x), ondte de dupelton and 1o g(z) oto R[z],
xou ypnowonoiote to (o) xou TNy ‘Aoxnon 41 ().

Trodéote 6t r —re € Q. Trnodéote enione, ywpic PAGPN e yevixdtntag, 6Tt o g(x) elvon
povixd mohucdvupo. Ilapatnehiote, yenotwonowbdviag v Aoxnon 58 (y), 6t r1 — ry # 0 %o
Yewpfote to mohudvuuo f(z) = gz + r1 — rz2). Aeilte 6t 10 f(x) elvon povixd TONUGOYLUO
tpltou Badpol pe pntolc cuvieheotée Sdypopo tou g(x) xau bTL o Ty elvon pilo Tou f(x) xou
Xt TE OF dToTo, Yenoorowvtos Ty Aoxnon 41 (3).

T 1o (o) Yewpriote TRy avdhuon tou f(z) oe YWOUEVO avdywYwy ToALwyOuwy oto Rz].
AciEte 6t wdde mpaypoatin pila tou f(x) €xel modanmidtnta dptio aptdpd xow Yuundeite bt
T Lovixd avdyeyo tohumvupe oto Rlz] Bodpol > 2 elvor exelvo tne popphc (z — a)? + b2, pe
a,b € R xa b # 0. Xpnowonowdvtog enaywyh oto Padud tov f(x), cuvdyete 1o (B) and to (o)
xow Ty tawtotna (p? + ¢2)(r? + s%) = (pr+qs)? + (ps — qr)?, mou Vel ot %x8de petoadeTind
BoxTOALO.
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61.

62.

63.

64.

65.

Iapatnpolpe dtL o p(x) dev €xel un apvntinée npoypotinés pilec. Xuvenme, and tny unddeon
Tou mpoPAfuatoc o Ty Aoxnon 49 (o) npoxintel du p(x) = (x + f1)(x + B2) -+ (x + Bn)
vt xdmotoug Yetinolc mparypatinole aprduolie B, Ba, ..., Bn HE f1P2 -+ Brn = 1 xou 61 p(x) =
x"p(1/x). Aol B1Bs--- Bn =1, nwbtnta p(z) = 2"p(1/x) yedpetou

(@+8;) = H(x—i—%).

1 i=1

Ané 1o mponyolueve mpoxintet to (o). Tio 1o (B) éyoupe va deifouue bt (—1)"/2p(—1) > 0.
Avutéd woyber av m > 1, agol téte p(—1) = 0. Aiopopetind, éyovue n = 2r xou

(—1)"2p(=1) = f[ 7(@;1)2 > 0.

i=1

T 10 (Y) yenowonowiue to (o) nopatneaviac 6t (z + b;)(z + 1/b;) = (1 + x)* + ¢z, pe
G >0yl <i<r.

‘Eotw ai,...,q, o duxexpévee pilec tou p(x), ondte p(x) = (v — o)™ -+ (& — ap)™r
yior xgmoloug Yetnole oxepaiove myq, ..., my. Onwe mpoxdntel and v ‘Aoxnon 58 (8), to
TohuGVURO q(x) = (2 —ap)™ 1 (2 — o)™ ! Buoupel T p() xon p’ (). Apa, 10 q(z) droupet
xou to np(x) — zp'(x). Eyovue duwc deg(q(z)) = n —r xou deg(np(x) — ap'(z)) < n — k,
enouévewe r > k.

Ae{Ete 6t o InToluevo ehdyioto eivan {oo pe n+1 we e&hc. Hopatneiote tpdta 6Tt yio p(x) =
x™, 10 doopévo olvoho Exel axpBic n+1 otoyeln. BewproTe énelta Tuyaio TolvvLpo p(x) €
Clz] Boduot n. Iapatnefiote 1L 10 dipoiopa TV TOAATAOTATOV Ty ptlodv Tou p(z) v (oo
pe m, 6mwe xou Tov p(a) — 1, evdd yior Ty xowh Toug napdywyo p' () To aviicToyo ddpooua
ebvon foo pe n — 1. Xpnowonowdvtog to tponyodueva xou tny ‘Aoxnon 58 (), cuunepdvete dtu
o p(z) xou p(xr) — 1 éxouvv cuvolxd tovhdylotov n + 1 pilec.

AciEte mpdta bTL av €va amd o Tohudvupa p(x), g(x) elvon otadepd, téte eivon oToepd xou
10 dMo. Trno¥ote thpa 6T o p(x), g(x) dev ebvon otadepd. Avuxahotdvtoc to p(z) pe
0 —p(x), av autd eivar anopaitnTo, xou ogolwe yio to g(x), unopel vo utodéoel xavele 6Tt ol
ouvieheotéc TV ey ToRdduny bpwv twv p(x) xu g(x) elvou Yetixol aprduol. Trd avth Ty
npobnddeon, undpyel a € R tétolo dote ta p(x) xou g(x) etvan yvnoing adouoes cuvVapTHTELS YLot

x > a. Téte 10 p(z) nalpvel dwodoynéc axépatec Twéc m, m—+1,m+2,... yio = ag, a1, az, . . .
pe a < ap < a; < ag < ---. Ané v unddeor tov Tpofhiuatoc npoxdntel 6Tl 0 ¢(z) maipvel
enione Sadoyxég axépaneg Tiwée n,n+ 1,n 4+ 2,... Yo £ = ag, a1, a2,.... LUUTERAVOUUE OTL

7 dapopd p(x) — g(x) howPdver ™y R m — n v dnepeg Twée tou x. Katd ouvénew, to
p(x) — g(x) eivar otadepd TOALGVLYO YE TWH T — Nn.

Acl&te 6L 0 péylotog duvatde Badude evdg Tétolou ToAumviuou elvar (oog pe 3 we e€rg. Tlopa-
merote npodta 6t o f(z) = z(z + 1)(x + 2) éxer Tic Intolpeves Widtntec. Oewphiote Enelta
Tuyodo mohudvupo f(x) € Z[z] Boduod n pe tic Widtntee (1) xou (ii), ondte

flx) = ap+arx+ - +apz™ = H(bifEJrCi)
i=1

v xdmoloug axepaloug by, ¢ e by > 1yl <4 <n. Aelte dn e > 0yiel <4 < n, pe
¢; = 0y évay to 1oh0 delxtn i. Xpnowonowdvtag Ty ‘Aoxnon 29 (v) (dnhadh détovtac z =1
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66.

67.

68.

69.

oV Tapamdve wdTtnTa), dellte bt
b

=agtar+-Fa, = [[bi+ea)>20"
=1

n(n+1)
2

xou ouvunepdvete 6t n < 4 xou 6t to n(n + 1)/2 unopel va ypogel we yvéuevo n — 1 axepaiov
> 2. An6 autd cuvdyete 6t n < 3.

Trodéote 61 an, = 1 xu Jewphote o tetpdywva twv pilldv tou f(x). Hoapatnehote ot
ou aprdpol autol elvon wn apvntixol xou étL éxouv &dpoloua a2_; — 2a,—o %ou YWOUEVO al.
Egopudéote Ty avicotnta aptduntinol - YEWUETELXOU UECOU XAl YENOWOTOWOTE TNV UNdUesT
a; € {—1,1} v vo ei€ete 6t n < 3. Katahhite 6 ta mohuddvupoe Ye T {nTodueves 1Bt6TnTeg
ebvon to £(z—1), £(z+1), £(2?+2-1), £(2?—2—-1), (23 +22—2—1) xu (23— 2% —2+1).

I to (o) del€te 6T oL @, 1 dev elvon opgopop@lopol, ool de dBatnEoly ToV TOAATAACLICUS
xou Ty npdodeoy, avtiotorya. T to (B) Selte bt 1 doouévn aneixdvion eivar ouopopPLopoC.
T to () Sei&te 6t n o Sev elvan opopoppiopds agol, Yo Tapdderypa, €yovue o(i) = 1 xo
o(i?) =o(—1) = =1 # o(i)-0(i). T o (3) delEte 611 1 T €lvor OUOPOPOIOUES, YENOULOTOLOVTOC
my wétnta 2 - 2 = —1 mou wylel 6T0 Zs Yo va deilete 6t o(xy) = p(z)p(y) v z,y € Z[i].
T to (g) deite 6TL 1) p Bev elvan opopoppiopde apol, Yo mapdderypa, Exovue p(z) = 1 xou
p(x?) = 0% p(x) - p(x).

T to (B), Vétoupe

X0l TOEAUTNEOVUE OTL

(6 b)) = elarsbn) = aptn) +bo()

yia xdde opopoppoud daxtuAwy ¢ 1 R — Z x Z xou 6k T a, b € Z. Topotnpolye eniong dt
I? = I xu J? = O xon oupnepaivoupe 61t (o(1))? = p(I) xou (¢(J))? = (0,0). Agol bpwe to
wéva otowyela o,y € Z x Z pe x? = z xau y? = (0,0) ebvow ta x € {(0,0),(1,0),(0,1),(1,1)}
xow y = (0,0), avtioTowyo, cuvdyoupe 6Tt oL uévee duvatdtntee Yo Tov ¢ : R — Z X Z elvon vo.

elvar o undevixde opouopplouds, N €vag and Toug

alg v) =@ w(g o) =00 «(y )= @

I o (@), enodndedote 61 p(z +y) = alz +y)a ! = aza™ + aya™ = ¢(z) + p(y) xu 61t

p(zy) = a(zy)a™ = (az)(a~ a)(ya™") = (ava™")(aya™") = p(z)p(y) Y 6o T 2,y € R.
"Enerta delEte 611 1) ¢ elvon 1-1 xou enl, mopotnpdviac 61t Yo xéde y € R 1 eliowon aza™! =y
éxel povodA Mo x = a~ lya we mpog z. T 10 (B), egapudote to (o) oo doctOho Ma(R)
%o T0 avTloTEEo ool elo Tou
(0 1g
o= (1 W)

Evahhooctind, Seite xatevdeiov 6t n ¢ ebvon 1-1 xou enl xan 611 p(z + y) = @(z) + ©(y) »xou
o(zy) = p(z)p(y) v dha ta x,y € Ma(R). Autd deiyver 1L nunddeon 61t o R €yel povdda dev
ebvon amapaitnTn. T o (Y) nopatneRote Tl xotdAANAOC TEPLOPLOAS TOL @ EIVIL IGOPOPPLOUOS
peToE v 800 daxTUAWY TOL ovaPEpOVTAL.

20



70.

71.

72.

73.

74.

75.

76.

T to (o) Yewpriote Tuyaio opopop@lopd daxtuhinwy ¢ : Z — R, émou R elvar axépato TepLoyT.
©étovtac p(1l) = a € R xou ypnowonowdvias ty Wiétnta p(z + y) = o(z) + ¢(y), dellte ot
p(x) = ax v xdde x € Z. Xpnowonowdvtog v Widtnta p(zy) = ¢(z)e(y), ovunepdvete
6Tt a = Op } a = 1r xon cUVAYETE OTL Ol p6VOL ououoppioyol ¢ : Z — R elvar o pndevixdg
xon exelvoc pe p(n) =n - 1g vy xdde n € Z. T ta (B), (v) xou (8), ouvdyete and 1o (o) bt
0 TOUTOTXOS EVOOUOPPLOUOS EVOL O POVOS AUTOROPPLOUOS TOU Z, OTL O PUOLXOE ETULOPPIOUOS
Z — Zp eivon 0 udvoc pn undevixde ouopop@oudc daxtuMwy ¢ @ Z — Z, xou 6Tl 1 QUOLXT
euPdmtion ¢ : Z — Zz] elvon o pbvog povopoppiopde doxtuhinv ¢ 1 Z — Z[z).

T to (o) epyaoteite énwe otny Aoxnon 29 (o) xau (B). Tot mopdderypo, yio TOANUGVUPL
f(z) =a0+ a1z + -+ anz™ xu g(x) = by + byx + - -+ + bpz™ 10U R[z] é)youue

o(f(x) +g(x)) = wlao+bo) + wlar +br)x + -+ + plan + by)z"
= (p(ao) +plar)z + -+ ¢(an)x™) + (p(bo) + p(b1)z + - + p(bp)z")
= o(f(@) +¢(g(x)).

To (B) aghveton otov avoyvodotn. T ta () %o (3), epopudote 10 (o) oTOUC PUOKOUE ETL-
HOPPLOUOUE @ @ Z — Ly, HOU P & Logy — Ly, OVTIOTOLYQL, X0 VECTE P = P.

Eotw f(z) = 1+ x+ 22+ + 2P~ L. Aclfte mpdra 6L éva mohudvupo g(z) € Z[x] elvou
avdywyo oo Zx] av xo pévo av 1o Bo woydel v to gz + 1). Hopatneote énetta 611

oy = WL (1)

xou eQopudoTe To xpithpto Tou Eisenstein yix va deifete 6w to f(x + 1), dpo xau 10 f(z),
elvan avdrywyo oto Z[z] v xdde npdto p. AvtioTtpdpne, av p = rs yu axepaiovs T, > 2,
napotneriote 6t f(x) = (1 +x+22 4+ 42" (1 + 2"+ 22 -+ 27~) xou cupnepdvete
ot 1o f(x) dev eivon avdywyo oto Zlx].

T to (o) egapudote To xprthplo tou Eisenstein yio p = 11. T to (B) dewpriote Ty avaywy™
ToU doopévou TohuwVOpoU oTo Zs[z] xou yenowonoiote ty Aoxnon 52 (B). Tw to (Y)
eqopubdoTe To xpithiplo tou Eisenstein yia p = 7 610 modvidvupo f(z + 1), énwe oty ‘Aoxnon
72, 610v f(z) elvar T0 BOGUEVO TOAUMVUPO.

I 1o (o) Yewpriote T0 mohuvdvupo f(z) = aP — o xou dellte 6 1 mpdoon ebvon Peuvdiic.
Avtdérog, deifte 6L 1 tpdtaon 010 (B) elvar ohndfc we efic. Oswpriote TNV avaywyr f(x)
tou f(z) 070 Zylx]. Topatnehote 6T t0 f(z) éxer p oe mhdoc pilec oto Z, xou Bordud
WxpdTepo TOU p. Nuumepdvete 6L T0 f() elvon o UNdevind TOAUGVUPO 6T Zp[T] xou cuveThe
6Tl x84 ouvtedeotic Tou f(x) Bioupeiton pe to p.

T o (o) Yo Tuyaio ¢, d € S, Yewphiote a,b € R ye ¢ = p(a) xou d = ¢(b) xou nopatneote bt
ed = p(a)p((d) = (ab) = p(ba) = p(b)p(a) = de. Tw 1o (B) dellte 61 av 1g eivor 1 povddo
Tou R, t61€ 10 (1R) eivon povdda tou S. T to () Yuundeite 6t p(n-a) = n- p(a) yio xdde
a € R. Tw to (8) vy tuyado b € S, dewphote a € R pe b = ¢(a) xou nopatneiote 6T av
a™ = 0g, 161 O™ = (p(a))™ = p(a™) = ¢(0r) = 0. T T0 (g) Ypnowonoiote TRV ‘Acxnon
71.

T to (o) deilte ot av a € U(R), t61e 10 p(a) eivon avtioteédiuo otouyelo tou S pe avtiotpopo
0 p(a™!). To (B) ebvou tetpyuévo (eEnyhote ywri). Tw 1o (y) egapubéote 0 (o) GTOUC
opopoppopols ¢ : R — S xaw o™ 1S — R. T 7o (8) duapdo e Toug puoxolc ETUOpELOUOUS
¢ 1 Z — Zyp, 670U p ebvan mpddtog apipde. T to (g) yenowonomote to (y) xou Yupndeite ot
ot SaxtOhot Z[i] xou Z]x] éyouv téooepa xou 8o avtioTeédua otolyela, avtioTotya.
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T to (o) mopatneote 6L undpyel a € R pe p(a) # 0g. Svunepdvete ot p(a) - p(lg) =
o(a-1g) = p(a) # 0g xu ovvenie 61 p(1g) # 0g. Hopoatneriote énerta 6T (p(1R))? =
o(1r) - p(1r) = p(1g - 1) = @(1g), dNady 6T 0 ©(1R) enodndeder v ekiowon y? = y
o710 S, xou ovunepdvete 6T p(lg) = 1g. T 1o (B) Yewphiote TV anewmdvion ¢ : Z — Zg pe
o(x) =3z vz € Z. T 1o (Y) yenowonoiote to (o) xaw tny WBétnta ¢(n - x) = n- p(zr) tov
opopoppiopol . To (8) éneton and o (Y), Yo mapddetyua ye n = 2.

To (o) éxel apvntnd| andvinon agol xdde daxtiMOC Tou elvor LOGUOPPOC UE EVAY TETEPAUCUEVO
SaxtOMo R mpémel va éxel to (Blo mhidog otouyeinwv pe exeivo tou R. T to (B) dwote apvntixd
amdvTnoT, TopaTNEOVIAC 6Tt oL Yvholol unodaxTtOMoL Tou Z eivar oL mZ pe m > 2 (Aoxnor 13)
xau yenowonowsvtos ™y ‘Aoxnon 75 (o). T to (Y) mopatnedote 6t yio x8de pn pundevixd
doxtOMo S umdpyel o povopopglopbe doxtuhiov ¢ : S[z] — S[z] pe o(f(z)) = f(2?) Yo xdde
f(z) € S[z]. H emdva autod 1ou povopopplopol eivar yvictog urodaxtoiog tou S[z] o onolog
elvan 1odpoppog ye tov Sx).

OcwphioTe Tuyoio opopopPLoUs daxTulwy ¢ : Z[i] — S, 6mou o S elvan 6nwe oTic Teel Sodeioeg
nepntoels. And T WOt p(ma +ny) = me(z) +np(y) Tou opopopPIoUoD ¥ GUUTERAVETE
ot p(a+bi) = au+ bv vy a,b € Z, bnov u = ¢(1) xou v = p(i). And tic wodémrec 1-1=1
xau i -4 = —1 mou wybouv 610 Zli] cuprepdvete 6T Ta u,v € S avonoloy g eELODOELS
u? = u xou v? = —u 010 S. T 10 (o) delfte 6L o un undevinéc hooelc Ty eEloOoEWY Yio
to Levyoc (u,v) oTo Zg X Zg etvor ov (0,3) xou (0, —3). Acléte duwe 6L oL dlo amewxovicelc
TOU TEOXVTTOLY, SNAABH oL 1, 2 & Z[i] — Zg ue ¢1(a + bi) = 3b xou @o(a + bi) = —3b, yu
a,b € Z, dev elva opopoppiopol Soaxtuhiny (8e dlatnpoly To YWOPEVO) Xou CUUTEPAVETE OTL
0 WOVOC OUopopPLouoe @ 1 Zli| — Zg eivor o undevixde. Ta 1o (B) deléte bt oL un undevixée
Mogic Ty e&lomoewy yia to Levyog (u,v) ebvon ot (1,3), (1, —3) xou (5,5). Enodndedore 6t xou
oL Tpelc amelxovioelc oL TPOXUTTOUY, dNAADY oL 1, P2, @3 : Z[i] — Zig pe @1 (a+bi) = a+ 3b,
@o(a +bi) = a— 3b xa @3(a+ bi) = 5(a+b), v a,b € Z, eivon opopop@iopol daxtuliwy. T
70 (y) dellte 6T oL edlooelg auTéS Bev €youy N undevixéc Aoe 6To Z[x] Xou GUUTERAVETE
OTL 0 uévog opopoppiopdc ¢ @ Zi] — Z[z] eivon o pndevixde.

‘Eoto avtogoppopds ¢ @ R — R, émou R = Q, h Z[z], f Q[z]. And tv Aoxnon 75 (B)
mpoximtel 6T (1) = 1 xou and v Widmta p(n - x) = n - p(x) TV oHOUOEPIOUOY  6TL
w(n) =n vy xdde n € Z. T 7o (o) yenowonojote v B Sidtnta yia va deiete Tpdta T
w(1/n) = 1/n v xdde Yetnd oxépono n xou €nerta 6T @(r) = 1 Yo xdde r € Q. Luunepdvete
OTL 0 UOVOC auTopopPLonoS Tou doxtuiiov Q efvar o tavtoTnde autopoppopde. T to (B),
Yétovtoc p(x) = p(x) € Z[z], deléte du o(f(z)) = f(p(x)) v xdde f(x) € Z[z]. Hoapatneriote
émertar OTL yior vo ebvon 1 @ enl, Yo mpémel va undpyer f(x) € Zlx] pe ¢(f(x)) = x. Lunepdveton
ot p(z) =z +a " plx) = —x+ a vy xdrow a € Z xou 6T oL autouopLopol tou Zx] elvon
oxpBde oL anewovioews ¢ : Zlx] — Zlx] pe o(f(x)) = f(xr + a) v f(z) € Z]x] xon exelvec pe
o(f(z)) = f(—x+a) v f(z) € Z[z], 670V a € Z. Tt 10 (Y), epyaldpevol UE TapdUoLo TpdTo,
deilte 6Tl (1) = 7 Yy x&de avtopoppoud ¢ tou Qlx] xou r € Q xou 4Tl oL aUTOROPPIOUOL TOV
Qlx] etvon axpide ov anewovioes ¢ @ Q[z] — Q] pe ¢(f(x)) = fla + bx) v f(z) € Q[z],
6mou a,b € Q xou b # 0.

Acigte 6T 1o I ebvan Beddec otic nepintmoec (B), (v) xou (3), evd dev ebvan otic (o) xou (g).
I to (8) yenotponoiote v ‘Aoxnon 58 (a) yio va deiete ot to I elvan To xUpLo 18eWdeS Tou
Z[z] mov mapdyeton amd 1o (x — 1)%. Tw 1o (g) mepatneRote 6Tt t0 I TepIéyEl T0 TOAUGVULO
g(z) = 2% — 4z + 3 A& by to xg(7).

To (a) apfvetan otov avayvdotn. T 1o (B) dewprote Tuyaio un undevixd Wewddec L tou R.
Iopatneriote mptdta 6L a - 1g € R v xdde a € F, 6mov 1k elvon 0 2 x 2 towtotixde mivaxog,
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xon ouunepdvete 6t ax € Ly xdde a € F xou & € L. And tic 1ooTnTeS
1 0 a b 0 0 _ 0 b
0 0 0 ¢ 0 1 B 0 0 )’
a b 0 1 _ 0 a 0 1 a b _ 0 ¢
0 ¢ 0 0 N 0 0 )’ 0 0 0 ¢ N 0 0

CUUTEPAVETE OTL To L mepléyel xdmolo urn undevixd otoiyelo tou I xou emouéveg 6t I C L.
Trodétovtac 6t L # I, Sellte 61t t0 L mepéyel xdmoov un undevixd dorydvio mivaxo xou

: . . . . , a 0 v
Blopivete 800 mepintdoeis. Av undpyouvy a, ¢ € F\{0} tétowa dote < 0 e > € L, dei&te 6TL

)

L = R ypnoWonoldvTag T lodTNTES

Con) (6 2)=(8a) (5 2)nv)-(

Av oy, t61e TopatneNoTe 6Tl glte

o o
o O

onéte L = J, elte

onote L =K.

T o (o) napotneiote 6n 1o I eivan 18eddec tou Z xan Yuundeite 6t xdde tétoio WBeddec elvan
x0pto. Tt to (B) mopatneriote 6Tt o d elvon xowvde droupétne twv a xou b (apob a € I xaw b € 1)
e poppic d = ax + by pe z,y € Z. T'o 1o (Y) ypnowwonoiote To (o) xou CUUTEREVETE OTL TO
I mepiéyel dnelpoue, €vay 1 xavévay TewmTo optdud av o p elvon (oog pe 1, eivon mpotog, N elvon
oUvletog aprdude, avtictouya.

Oewphote Tuyaio Wemdec I tou Fz]. Trodétoviac 6t o I eivou wn undevixd, emhéEte Tolu-
vugo g(z) ehdyotou Boduol mou avixer oto I. Iapotnehiote éu (g(x)) C I xou Seilte tov
avtioTpogo eyxheloud Vewpmviag v Euxdeldewa dwipeon oto Fla] tuyaiov otoyeiov f(x) € T
ue o g(z).

To () mpoxtnter and to (B). Tt 1o (B) Yewpriote tov opopoppioud extiunone ¢ : Qz] — C
ue p(f(@)) = F(1+v2) v f(z) € Q[x] (to 6L 1 amebVIoN @ evorL OUOUOPPLOUOS BAXTUNGY
éneton amd v Acxnon 29). T 1o (v) dewpriote 10 g(x) = (x — 1 — V2)(z — 1 +V2) =
2?2 — 22 — 1 € Q[z] %o napatneriote 6 (g(x)) C I. T tov avtioTpopo eyxhelousd, Jewpriote
Tuyado tohudvupo f(x) € I. Hapatnpriote 6Tl T0 g(x) ebvor avdywyo mohudvuuo oto Q[z] o
6L éyer Ty xowvd pila 14+ v/2 e to f(x). Supnepdvete and vy Acxnon 41 (3) 6t o g(z)
doupel 1o f(x) oto Q[z], dnhady étL f(x) € (g(x)).

To (o) npoxdntet and 1o (B) (n aneudeioc enodflevon Tou aprveton otov avayvaot). o to
(B) Vewpriote Tov opopopplond daxtuhinv ¢ : Zlx] — Zz pe o(f(x)) = f(0) yia f(z) € Z[z].
T to () moapatneiote mpdta 6Tt (2, ) C I, apold 1o I elvon 1Beddec tov eptéyet To 2 xou To
x. Acei&te énerta Tov avtioTpogo eyxheond, ypdpovtae tuyaio otoeio f(x) € I o1n popeh
f(z) = zq(z) + a, 6nou g(x) € Z[x] xou a = £(0) eivon dptioc aprdudc. T to (J) urnodéote bt
I = (g(z)) v xdmowo g(z) € Zz]. Hapatnpote t6te bTL 0 g(x) dronpel xdde otoyelo tou I,
eWldTepa T0 2 xou T0 x, 010 Z[x] xou xatahfiETe oe dromo.
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T to pndevixd opopoppiond ¢ = Z[i] — S éyouvype ker(p) = Z[i] xou im(p) = {0g}. Tw
S = Zyo, €070 1, P2, P3 oL un undevixol opouopplopol mou Beédnxay ot Aor g ‘Aoxmong
79. Hopatnehote 6t ker(ps) = {a+bi € Z[i] : a+b =0 (mod 2)} xou im(p3) = {0,5} C Zyo.
AopBdvovtoc vnddny 6t 2 = (1+4)(1 — i) € (1 +14), dellte 6T o nuphvac ker(ps) elvon ioog pe
70 %n0plo WeMdee Tou Z[i] mou moapdyetan and to 1414i. Me avdhoyo tpbémno, dellte 4Tl oL Tuphves
TWV 1 %A g TOEdYoVTOL oo Tt 3 — ¢ xou 3 + 4, avtioTowye, xou ot im(p) = im(ps2) = Zig.

T to (o) napatneriote 6t av I C F elvon 18etddec mou nepléyet éva un undevixé otowyeio a € T,
t6te b= (ba™1) - a € I yio xdde b € F xou cuvendxe I = F. T 10 (B) Yewphiote Tuyaio un
undevixd Wewdec J tou M, (F) xou dei&te 611 J = M, (F) wc e€fc. T 1 < 4,5 < n, éoww Ejj
o n X n mivaxag Tou éyet 1o (4, §) oTtouyelo Tou (oo e 1 xou ta undhoina loa ue pndév. EmréZte
nivaxa A = (a;5) € J ye age = a # 0 xou mopatnefiote ot agol to J elvon Bemdeg, éyouue
a 'EjpAEy € Jya 1l <i<n. IMopatnenote tpa 6Tt 0 a L E;, AEy; etvon o mivoxac mou éyet
0 (4,1) otowyeio tou ioo pe 1 xon to undhotna (oo ye pndév. Tupmepdvete dTL To ddpoloua auTHOY
TV Tvdxwy i 1 <4 < n, dnhadh o Tautotnds n X 1 ivoxag, avixel 6To J ol GUVETOS OTL
J = My (F). T 1o (v) Yuundeite étL 0 muphvag tou ¢ eivon 1deddeg tou My, (F) o epopubote
70 () v vo xatahigete oo {nroduevo.

T 7o (o) mapotnerote 6L Op € ¢~ 1 (J) xou Yewphote otoyela r € R xou a,b € o~ 1(J), ondte
o), (b) € J. Topoenpriore 6w p(a +b) = pl(a) + p(b) € J, 6 p(ra) = p(r)p(a) € J xou
ot plar) = p(a)p(r) € J xon cupnepdvete 6L a + b, ra,ar € ¢~ H(J). T to (B) nopatneroe
6t 0g = ¢(0r) € ¢(I) xou Yewphiote otoyeia s € S xa @(a), p(b) € o(I) (6nov a,b € I).
Iopoatneriote 6t p(a) + ¢(b) = w(a +b) € p(I) xou emhélte otoigeio r € R e ¢(r) = s v
va detete otL sp(a) = p(r)p(a) = @(ra) € o(I) xou bt p(a)s = p(a)p(r) = p(ar) € o(I).
Epyooteite pe napdpoo tpomo v o (). Do 1o (8) unodéote 61 to J elvan 18eiddec tou
S xou Yewpriote to wewdec I = ¢ 1(J) tou R. Iapatnehote étt J = (1) (apol 1 ¢ elvan
enl, n woTTa UTH Loyler Y xdde unocivoho J tou S) xaw egappdote o (y) Yoo m = 1 v
va oupmepdvete OtL To J elvan xVplo Wenddec tou S. T to () epappdote o (3) oto Quoxd
ETWOPPOWS @ @ Z — Ly, Tt 10 (07T) dddote apvntind| oandvinom, Yewmpdvtac o Lovoroppioud
v :Z — Qe p(n) =n v xdde n € Z.

To (a) aprivetar otov avaryvao . T to (B) Yewpriote Tuyalo Wewdec K tou R x.S. Oewpriote
TOUS QUOIXOUE ETOPPLOUOUS daxTUMLY ¢ : R X S = Rxaw ¢ : R X S — S pe ¢(a,b) = a xou
¥ (a,b) =byw (a,b) € R xS xou ouunepdvete and v ‘Aoxnon 89 (B) 6w 1o I = p(K) eivan
WBemdec tou R xou 61t 10 J = (K elvon 18eddec tou S. Topatneriote 61t K C I x J xou deilte
Tov avtioTpogo eyxleloud we elhic. Oewpriote tuyaio ctotyelo (a,b) € I x J. Iopatnehote
OTL agol a € I, undpyel b € S tétoo dote (a,b') € K. Agod 1o K civon 1decddec tov R X S,
ovunepdvete 6Tt (a,0s) = (1g,05)(a,b’) € K. Acite pe nopduoto tpémo 6t (Og,b) € K xou
ovunepdvete 6t (a,b) = (a,0g) + (0r,b) € K. T 10 (y) Jewphote 1o doxtOho 2Z X 27 xou
70 UTocUVOAS Tou K mou anoteheiton and to Lelym (a,b) € 2Z X 27 yw o omolo To a + b elvon
axépoto ToranAdoto tou 4. Enokndedote 6t to K elvon 18ewddec Tou 2Z X 27 10 onolo mepléyEl
70 Lebyoc (2,2) ahhd 6yt o (2,0) xou oupnepdvete étL to K dev elvon tne woperic I x J.

To (o) apfveton otov avaryvdotn (xo Yewpeiton Yvwotd). T to (B) emhélte otoyela a € T
b e Jye a+b=1g. Hupatnpriote 6ty xdde z € INJ woybetz =z -1lg =xz(a+b) =
za+xb=ar+xb € IJ xou cupnepdvete 61 INJ C IJ. T 1o (y) Yewpriote Tov unodoxtiio
R = 27 wou Z xon o 13edddN I = 4Z xou J = 6Z tou R. Tt 10 (8) Yewpriote to Saxtho R =7
xon oL Wewdn I = 27 xon J = 47Z.

T o (), yenoonowdvtog tic urodéoec I +J = R xou I NJ = {0g}, deldte ot yo xdde
x € R undpyet povodind Levyocs (a,b) € I x J této10 Bote &z = a+b. Oewpfote v anexdvion
¢ : R — I xJ nov opileton Vétovtac ¢(x) = (a,b) yia x € R, 6nou oo a € I xou b € J elvon
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onwe mpwv. Topatnprote étu n @ eivan 1-1 xou ent xou deilte 6n p(z +y) = p(z) + ¢(y) Y
z,y € R. Eneita, ovunepdvete and v unddeon INJ = {0r} 61t toylel ab = ba = Og yio 6hot
T a €1 xoube Jxou deilte 6t p(zy) = o(x)p(y) Yy z,y € R. To (B) npoxintel and 1o (a).

'Eotw y = z + I 1 xhdon tou x 610 R. Tlapatneriote 6t oylel y°> +y + 1 =0 oto R, ondte
y? = —y—1xou y3 = 1. Tpddte 10 n ot popp n = 6¢ +r pe ¢ € N xow r € {0,1,2,3,4,5}
xou TopaTneNoTE OTL 6To R €youue

fay) = W+ D" +y"+1 = ()" +y"+1 = )y +y" +1,

agot y® = 1. EZetdloviac xdde th Tou 1 Leywplotd, ouumepdvete 6Tt f(y) = 3,2 +
2y,0,1,0, -2y, ondte ap, +bpx = 3,24+ 22,0,1,0, —2x, av r =0, 1,2, 3,4, 5, avtiotoiyo. T'a o
(B) mapatneriote 6T 0 fin () droupelton pe 10 2%+ + 1 670 Z[z] av xon pévo av a, = b, =0
%ol YPNOWOTOGTE TO AMOTEAEOUA TOU (at).

To (o) apriveton oTov avaryvarotn. Tioto (B), dellte 6t n anewdvion ¢ : R — Zolx] / (x®+z+1)
nou opiletar Yétovtag

a b _ 2
<p< b oatb ) = a+br+ (&°+z+1)
ebvan Loopopglopde doctuhlwy. To (y) éreton amd 1o (B), agol o 22 + x + 1 elvor avdywyo
TOAUGOVURO 670 Za[z] xou cUVEROS 0 doxtOAoc Zao[x] / (2% + = + 1) elvon odpa.

Eot a1 xhdon tou z otov R, onéte éxoupe a? = —2 =1 670 R. Tw 70 (o) Yupndelte 6Tt 1o
otouyela Tou R ebvon to a + bar pe a,b € {—1,0, 1}, dpa axpBire 9 oe mhidoc. T to (B) deilte
ot U(R) = {£1,+a} nopotnpdvtog 6t tor £1, £ elvon avutpéduua otoyeia tou R, apo
woylel (—1)2 =a? =107 R, evéd 1o £(a — 1), +(a + 1) dev ebvan, ool (v — 1)(a+ 1) = 0.

T to (o) mapoatnehote npdta 6Tt ukd(f (), g(z)) = 1 av xa uévo av UTEEYOoUY TONUMVLU
a(x),b(x) € Flz] pe a(z) f(x) +b(z)g(x) = 1. Acite énerta Tt T0 tENeLTAlO oY VEL OOV Mo LOVO
av vrdpyet a(z) € Flz] tétoo wote va woydel (a(z) + I)(f(z)+1) =1+ 1 oto R. T 7o (B)
ouvéyete and 1o (o) 6n o f(x) + I ebvon avtiotpédo otouyelo tou R av xou pévo av 1o —1
dev etvan pila Tou f(x) xou ouunepdvete 6L To {nToluevo TAfdog elvan (oo pe ¢" — ¢" L.

T o (o) egappdéote to Oewpenua tou Ioopopgiopod 6Tov opopopPond doxTukiny ¢ @ R x
S — (R/I) x (S/J) mou opileton Vétoviac ¢(a,b) = (w(a), p(b)) yia a € R xou b € S, 6nov
m:R—= R/I xoup:S— S/J etva or puowol empopgiopol. To (B) elvon 1 elduer) nepintwon
R=S=27Z,I=mZ, J=nZ wou (a).

T to (o) egappdote to Ochpnua Tou Ioopoppiopod otov opopop@ious Saxtulinwy ¢ : Zlz] — C
e o((f(x)) = f(@) v f(z) € Zlz]. Hapatnphote mpdta 6t im(p) = Zi] xou Yewprote
énewto v Buxheldew dadpeon tuyadou mtohuwvipou f(z) € Z[x] ye 1o 22 4+ 1 yur vo dellete
ot ker(p) = (2% + 1). Epyaodeite pe nopbuolo tpémo yio 1o (B) xou (Y), yenowonoldvtoc
Touc ouopoppopolc ¢ : Rlz] = R x R ye o((f(2)) = (f(1r), f(=1r)) v f(2) € Rlz] xou
@ Z[i] = Za7 ve p(a + bi) = a+4b vt a,b € Z, avtictouyo.

T to (o) Yewpriote tov opopoppiopd daxtuhivv ¢y = mow : R — R/J, 6nou m: R — R/J
ebvan 0 xavovide empopplonds. AetZte i o ¢ elvan emop@lopds doxtuiny ue ker(¢) = I xou
ouvéyete To {nrodpevo and to Oehpnua tou Ioopoppiopod. Ta to (B) Yewphote To doxtdAo
R = Flz,y] / (23, zy,y?), énou F elvor tuyedo odua, xou tor xOpto 1deddn I xon J tou R mou
Topdyovton ond Tic xhdoelc Ty o2 xou y, aviioTorya. Ilapatneote 6Tt we LTOBUXTONOL TOU
R, ta I xou J etvon iodpoppa pe 1o doxtoio F, otov omolo 1 npdoleon elvon 1 npdodeon Ttou
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100.

101.

102.

103.

oopatoc F xaw o morhamhaotoopde oplleton Vétovtac ab = 0 yia 6ha ta a, b € F. Aeléte énerta
6Tt 0 doxtOhog TnAixo R/ dev elvon lodpoppog pe tov R/ J, v napdderypo apold ta ototyela o
tou R/I pe o = 0 anotehodv F-diavuopoatind utdyweo tou R ddotaonc 2, evéd to avtiotolya
ototyela Tou R/J anoteholv F-Siavuopatind utdyweo tou R ddotaong 1.

IMopatneote mpdta 6Tl 0 Zy eV elvon LOOUOEPOSC PE AAVEVAY O TOLG UTOAOLTOUS BuxTUAloug,
agol o autolg loylel —z = 2 yia xdde otolyelo Toug x, evd otov Zyg €yxouue —1 # 1.
IopoatneRote enione 6Tl 0 Zy X Zz dev elvon 10OUOPPOS UE XAVEVOY OO TOUG UTOAOLTOUG da-
xTulMoug, agol oylel 2 = vy xdde T € Zy X Zs, eV Toug UTOLoLToug dev Loylel To (Blo.
Ae{Zte 611 oL doxtOoL ot (), (8) xou () elvan petadl toug Wwdpoppol we e€hc. AeiZte 6t o
(3) xou (g) elvon wbpoppol Yewpdvtac Tov avtopopPond ¢ tou Za(x] we o(f(x)) = f(z + 1)
v f(z) € Zalx], nupatnpivroc 6t toylel (z + 1)? = 2% + 1 070 Zso[x] %ou ypnoponoldvoc
v Aoxnon 99 (a). Téhog, av R eivar o Soxtdhog tou (), dellte 61 n anewxdvion ¢ : R —
Zso|x] | (2%) mou opileton YétovTac

w<g Z) = a+br + (z?)

elvol LooYopPIoUOS SaTUALWY.

Ae{Zte mpdtar 6Tt o1 Soxtohor (o) xou () ebvon 106UopPoL VEWEOVTAC TOV AUTOLOPPIOHS @ TOL
Q[z] mov op{leton Yétovtac p(f(x)) = f(2z) vy f(z) € Q[x] xau epappdlovtoc v Acxnom
99 (a) (# mopatnedvTag 6TL o oL 300 doxtOMoL efvan 1dpopyol pe to Yvéuevo Q x Q). AceiZte
pe tov Bo tpémo bTL ot SaxtOhol () xou (ot) elvon enlong wopopgol. Ilopatnprote énetta
6TL oL BaxtOhol (o) xon () Sev elvon axépatec TEPLOYES X0t ETOPEVKC OTL BEV Efval LGOPOPPOL UE
xavéva amd toug uTbholtoug daxtuiioug (oL ontolol elvon Ghot odpata). BTN cuvéyela, dellte bt
o daxtOMoc (B) eivan Wobuopgpoc pe Tov uroduxtilo (Lnbowpa) Q[v2] = {a +bv2: a,b € Q}
Tou R xou ouunepdvete 4Tt 0 SaxtOAog autde Sev elvon 1ooUopos Pe xavévay and toug (B) xou

(g), apol awtol tepiéyouv oTowyela o xon 3, avtioToya, e a? = —1 xou B2 = —2. Acite téhog
o doaxtOMoc (g) dev meptéyel otowyelo a pe o = —1 xou cuurepdvete 6TL dev elvar LoAUOPQOC Pe
Tov (3).

To (o) agphveton otov avoryvootn. Ta 1o (Y), extehdvioc Tic oyetnéc npdielc, dellte npddta
ot

R = :a,byceF

o S0

a b
0 a
0 O
Acifte éneito 6t 1 amedvion ¢ R — F[t] / (¢3) mou opileton Vérovroc

b
a = a+bt+ct® + (1?)
0

AS)
o o e
SRS

’. ’

elvan woopoppiopde daxtuhiwy. To (B) eivon dueor cuvénewa tou (y).

To (o) elvon tetpyuévo. T 1o (B) yenowonofiote v Euxdeldeia Swipeon oto Flz] v
vo dellete ot v xdde f(z) € Flz] undpyouv povodixd ag,ar,...,an—1 € F této dote
va oyler f(z) + (g9(z)) = ap + a1 + -+ + ap—10" ! 670 R xou cupnepdvete 6L 10 6UvVOho
{1,a,0?, ..., a" 1} anotekel Bdon tou F-dlavuouotinol ydeou R. Tia 1o (), yenotonoldvtoc
0 (B), nopatnehote 61t o {af 1 i € S} ebvon ypopuxde e€optnuévo unocihvoro Tou R xou
ouvdyete to {nroluevo.
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104.

105.

106.

107.

108.

109.

110.

T to (o) topatnehiote 6w Flz] / (z—a) = F yiaxdde a € F xow cuprepdvete 6t 1 npdroo ebvar
Peudic. T to (B), unodéote bt ot daxtOMoL nhixo Fz] /(f(x)) nou Flx] /{g(z)) eivon 1obpop-
got. Ael€te tdte bTL autol elvar wodpoppol xou we F-Siavuouatixol ydpeot xat yenotponoioTe
v ‘Aoxnon 103 (B) v vo suprepdvete 6t deg(f(x)) = deg(g(x)).

‘Eotw o =z + (2P — x) n xhdon tou z oo doxtOho R. Tote of = o xou xdde y € R ypdgeton
(Hovadxd) ot popeh) ¥y = ag + a1 + + -+ + ap—1aP~! Yo xdmooug ouvtereotéc a; € Zy.
Xenowonowdvtae ty Aoxnon 4 (B) xou 10 yeyovée 6t af = a v xdde a € Z,, deilte 6n
yP =y xou ovunepdvete 6t woylel 1o (o). T to (B), ac unodécouvue 6t oL Soxtohor R xoun S
elvon oopop@ol. Agol ol R xou S éyouv pP xou ¢? otouyelo, avtiotoiya, Exouue avoryxoo Tixd
p = q. Enopévee, av 8 = x + (2P + x) eivou 1 xN\dom tov = otov S, t6te P = —fF. Aol duwe
ot R xou S eivan iodpopgot, and to (o) npoximtel 6t yP = y yia xéde y € S, ondte xou P = S.
Apa, —f = B. Aol 10 S elvan pn undevixd ctolyeio tou S, and tny teleutala lodTnTa EneTal
ot p = 2.

Aci&te 6TL 7 npdtaon oto (o) elvon ohnc, tolharhaotdlovTag Tedta TNV WobTnTe abe = e and
aploTepd e a !t xou émetta TNV 1o6TNTAL oL TpoxUnTeL and delld pe a. Aelfte eniong dtu 1
npbtoon oto (B) ebvan Peudric, Yewpdvtog tuyala otolyela a, b wog un afehiavic opddag yia to
onola toylel ab # ba xou Vétovtoc ¢ = (ab) .

T to (a) yenowonotfiote v Aoxnon 6 (B) xou (v). To oudétepo otouyeio tne U(R) eivan
N povédo tov R. T to (B) Yupndeite and tmy Aoxnon 11 (o) 6t U(Z[i]) = {1, 1,4, —i}.
Aol i2 = —1, i3 = —i xou i* = 1, n ouddo awth ebvon xuxhier téEne 4. Tt 70 (y) delEte oL
yior évay v terywvixd mivoxa A € My, (F') wyber A € U(R) av xou évo av To YWVOUEVO TwV
dlaywviwy ototyélwy tou A elvar avtiotpéduuo otolyeio tou F wq e€fc. Hapatnerote npwta 6t
av urdpyet nivaxac B € M, (F) pe AB = 1, t61e det(A) det(B) = det(AB) = det(1lg) = 1p
xou ovunepdvete 6t det(A) € U(F). Avuotpdgwe, av det(A) € U(F), yenowonoiote to
Ocipnuo Cayley-Hamilton yio vo Sel€ete dt undpyer nohudvupo p(z) € F(z) tétoo doTe
A-p(A) =p(A) - A=1g. Hapatnpeiote 6t p(A) € R xou cupnepdvete 6t A € U(R).

T to (o) dei&te 61 1 obdvdeon autopopPlop®y, xadde xou 1 avtiotpogn omewmdvior evic
autopop@louol, tou R elvan enfone autopopgiopol Tou R. Oubétepo otoiyeilo yia tn olvieon
QUTOUOPPLOUMY Tou R elvon 0 tawtotinde autopoppiopdc tov R. T to (B) deidte 6t Aut(R)
elvon 1 opddo pe dVo oTolyeln wg e€hc. Oewprote Tuyaio auTopopplos ¢ Tou Q[V2] xau
deilte, omwe oty Aon e Aoxnone 80, 6t p(z) = x v xéde x € Q. Oétovtac a = V2,
TapatneRoTe 6Tt a? = 2 xu ouverde 6Tt (p(a))? = 2. Supnepdvete 6t p(a) € {a, —a} xo
671 oL uévol autopopgiopol Tou Q[v2] eivar o TauToTxde o M ameévion ¢ : Q[v2] — Q[v/2]
ue pla+bv/2) =a— V2 ywwa,bc Q.
3 _ -1

To (a) aghvetaw otov avayvdot). Ta to (B) mopatneiote 6t a® = a™' xou cuumepdvete
6t a”tb = ba~!. HoMarmhaodote Ty TeheuTala oyéomn omd aploTepd xou ond delld e o a
xou xotoMiETe oty wétnTe ab = ba. T 1o (y) ypdhte Tn doouévn oyéon a®b = ba® wc
a® = ba3b~ 1. Todvovtog oto TeTpdywvo, dellte 6Tt

a® = (ba®dp N (ba®b™) = ba*(b7'b)aPb! = baSp?

xou ypnowonothote v wétnta a® = a. T 1o () mopatnehote étLr =3¢+ 1 H 7 = 3¢ + 2
yioe xdmolo puod aptdud g xou epyacieite dnwe nponyouuévwe oto ().
13 bS

H npétoon elvon oknidnc. And v woodtta a = e nadpvoupe b® = a1 xou b0 = @~

Opolwe, and v wétnra a®h® = e nalpvoupe b° = a8 xou b0 = a=%. Suunepaivoupe 6t
a=% = a7 xou cuvende 6T a = e. Me mapduolo tpéTo Beloxoupe bTL b = e.
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111.

112.

113.

114.

115.

116.

T 1o (o) Yewphote 0 ovoro T = {a"tz : a € S}. Acife 6L o TAhdoc TV oToLyElwY Tou
T etvou (0o pe exelvo tou S xou ocvurepdvete 6Tt SNT # &. Emié€te otouyelo b € SNT xou
nopatneRote 6Tt = ab v xdmow a € S. T 1o () Yewphiote, yio nopdderypa, ™ diedpuxt
oUddo G TV CUPPETELWY TOU XOVOVIXOU N-YVOUL Xl TO UTocUVoLo S Tou anoteleltal and Oheg
Tic otpoéc ot G (ouunepthaufBavopévng e oTeoPnc xortd ywvia undév).

Apxel va dei&ouye 6Tl 1 opddo G elvon offehiavt|, agot téte yior onowdinote a,b € GN{e} da
éxouue b = zar™! = zz7la = a vy xdnow x € G, xo cuvende a = b. Oewpolue Tuyoio
ototyelo a € G xou v anexévion f 1 Gh{e} — G {e} mou opileton Yétovtac f(z) = var™!
yio x € GN{e}. And v vnddeon tne doxnone éxouue 6t n f ebvan enil. Agod To clvolo
G~{e} elvou memepaopévo, 1 f elvon xon 1-1. Suyunepaivoupe 6L a? = e, agol dlopopetnd Yo
elyope f(a?) = a = f(a) xou enopévec a? = a, o avtideon pe v unddeon a # e. Acifope
howmdy 6Tl a? = e v x&de a € G. Toodivoya, éyoupe a~! = a yio xdde a € G. Enctoun 6L v
6o ot a, b € G 1oyber ab = (ab)™! = b la™! = ba xou emopéverc 6L M opdda G elvor ofSehiov.

T to (o) Yuundeite dn évag dve tprywvixde nivoxoae A € M, (Fy) eivon avriotpéduloc av xou
povo av xdie otoyelo g xdplag diaywviov tou A elvon un undevixd. Apa, umdpyouv ¢ — 1

emhovég yia xdde tétolo otolyeio Tou A xou g emhoyEég yia xardéva omd To uTOhoLTaL (g) oTouyelo.

Supnepdvete T 1 {nroduevn t6én eivan {on pe (g — 1)”q(;). T to (B) mopatneicte T évag
nivaxag A € M, (F,) elvon avuiotpéduuog av xou uévo av dev urdpyet otihn tou A 1 onofo vo
elvol Yeauuxdg GUVBLAOUOS TWV TEONYOUUEVKY. LUUTEPAVETE 6TL UTdEyYouy ¢" — 1 emhoyég
Yol TV Ted T oTAAY Tou A (doTe auth vou ebvan un undevixy), undpyouy ¢ — ¢ emAOYEC Yo
) deltepn othAAY (dote awth va ebvan uny ebver Tolhamhdoo e TedTNC), LTdEYoLY ¢ — ¢
emhovéc Yo TNV Teltn oA (dote auth var elvon uny ebvon ypoppxde cuvduooude twy d0o

TROTWY) %ot 00T xoedhe, xou 6t 1) Intoduevn Tén etvan {om e q(g) (q—(¢>—1)--- (g™ —1).

N o (o), mopatnecte 6t o otoyein 18éne 2 e G, pall ye to oudétepo orotyelo, elvar
axppoc T ototyeln a € G pe a”! = a. Topoatneriote enlong 6Tl o uTGAoLa oToLyEld TNC
G dupepllovtan oe diolvora tne poperc {a~!, a}, xu cuvende 6t ebvon dptiou mhdoug, Yio
vo ouunepdvete 1o {ntolpevo. Ta to (B) napatneriote 6L ta otouyelo TdENe 2 tne Soouévne
ouddac elvar oL avaxAdoelc 6ToUG N AEOVEC CUMUETEIOG TOU Xovovixol n-yokvou, xadde xou 1
oTPoYh xatd ywvio m, dtov awth elvon otoyelo g ouddac (nhadh 6tav o n elvon dpTiog).
Yuunepdvete 61l to {ntoduevo mAdoc elvar (oo pe n i n + 1, av o n elvar mepittodC B dpTiog
aptdude, avtiotouya.

Oewpfote oudda G ye 800 dlapopetind otolyela a, b tdéng 2. Aetlte npdta 6Tt av ab = ba, tdte
70 ab eivan otoiyelo tdEng 2 e G dlopeTind amd ta a xou b. YTrodéote énerta 6t ab # ba
xau Oel€te 6Tl 10 aba elvon otouyeio 18Eng 2 g G BlapopeTind and T a xou b.

T to (o) unodéote 6tL a™ = e. Oewphiote Ty Euxdeldewa ddpeon m = ng+r tou m pe 1o n,
detlte 6t a” = e xou ouumepdvete otL r = 0. To avtiotpogo aghvetar otov avayvodotn. o to
(B) ovunepdvete ond o Oedpnua tou Euler xou to (o) 6t 1 {nroduevn téEn elvan dioupétng tou
20 xou del€te émerta 6 ebvon 1) TN awth {om pe 20. T 1o (Y) epopubote enaywyh 6to m yio
vou del€ete 61L 1 {nroduevn téEn ebvan fon pe ¢(5™) = 4-5™ 71 e e€fc. Hopoatneriote mpdta d1L
0 {ntolpevo woydel yio m = 1 xou, cOppwva Ty andvinon oto (B), vy m = 2 xou unodécte
OtL Loy Vel YL To m > 2. Oewphcte TRV T4EN 1 Tou 2 oTny Tolharhaotao Tk ouddo U (Zgm+1).
Ané 0 Oedpnua tou Euler xou to (o) cupnepdvete 6t to n doupet to (5™ L) = 4-5™. And v
nopathenon 6t 2" =1 (mod 5™), to (a) xar Ty unddeon g enoywyric cuunepdvete Tl To N
Broupeiton pe to 4-5™ L. Enopévec apxel vo anoxhelotel n nepintwon n = 4-5m 71 Trnodéorte,
avtrdétoe, 6Tt n =4-5m"1 Ané 1o Oedpnpa tou Euler éyoupe 6t 245" =1 4¢-5m ! yia
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117.

118.

119.

120.

121.

xdmoto Jetnd axépato g. And v unddeon NG EMAYWOYNHEC CUUTERAVETE OTL TO ¢ OE Sloupeiton e
10 5. Troloylote Thpa 6Tl

24457?1,—1 _ (1+q.5m71)5 — 5m+1 (qS.54m76+q4.53m74+2q3.52m73+2q2'5m72) +q5m + 17

o€ avtideon ue tny unbdeon 245" = 27 =1 (mod 5™ 1) Ané Ty avtiguon auth cuutepd-
vete o =4-5".

s rs b’l‘S

T to (o) mapatnehiote npdta otL (ab)™ = a = e. Trnodéote énerta 6Tt (ab)™ = e v
xdmoto Yetixd axépono m xou Sei&te 6t 0 m elvan oxépoo moAATAdolo Tou s we e€f. And
v unddeon éyouue a™b™ = e. Oftoviag ¢ = a™ = b7 xaL YENOWOTOLOVTOS TS OYECELS
a” =0b° =e, deilte 61 " = ¢® = e. And v Aoxnon 116 («) cuunepdvete 6Tt ¢ = e. And
v Blo doxnon xou tic oyéoelc a™ = b™ = e cuunepdveTe 6TL 0 M Elvol AXEEAO TOANATALGLO
TWV T XL § X0 cUVAYETE To {nroluevo. Andvinom v to (B): ot mdavéc Tywéc ebvon ot 1 xou 5.
Andvinon v o (v): ow mbavée Twéc ebvon ou 1, 2 xou 4. T vor Sef€ete 6t n Ty 2 elvon eQuueth]
VewpfoTe, yio mopdderypa, to otoryein a = b = (1 2 3 4) tne Sy,  ta otoryele a = (1 2 3 4)
xoub=(1234)(56) tnc Ss.

T to (o) deigte 6 Ce = {e}. T 1o (B) dellte 6 1 Syedric oyéon oo olvoro G Tou opileton
Vétovtag a ~ b < b € C, elvou oyéon ooduvayiog oto G xan cuunepdvete 1o {nrovyevo. To
(v) agphveton otov avayvaot. T to (8), Seldte 6T 1 Biedpnh| opdda TV GUUPETELDY TOU
l6oThe0poL TELYOVOUL Exel wa xhdon ouluyioc pe éva otoyelo (tnv Tawtotn| cuppetpia), wia
xh\dom ovluyioac ye dvo oroiygelo (tic otpogéc xutd ywviee 2m/3 xow —27/3) xou pio xhdom
ouluyloc pe tpla otouyeio (Tic avaxhdoelc 6Toug TpElC dEovee cuppeTpiac Tou TLydvov). T to
(e) emhéEre Tuyaio ototyelo b = gag™! € C, xoudefllte 6t fo(z) =b e g lo € H, &z € gH,,
6nov H, = {z € G : ax = za} xu gH, = {gx : * € H,}. Yuunepdvete 6Tt 10 tAfloc twy
otouyelwy e avtiotpogne emévog tou {b} we mpog v f, elvan (o pe To TARdoc Twv oTouyelwy
Tov H, xou ouvende aveldptnto tou b € Cy. T 10 (071) ouvdyete and 1o (g) 6t 1 téén e G
elvan fom pe 10 ywépevo 1wy mandopiduwy twv Cy xou H,. T to ({) napatneriote 6t av n eivon
N t8&n wag ouddac G émwe otny Aoxnon 112, téte n G éxer axpiBds d0o xhdoeig ouluyiog ue
nhidoc otouyeinv 1 xow n — 1, avtictoya. Tupnepdvete and 1o (ot) 6Tl o 1 — 1 elvon dlapétne
TOU 7 X0 EMOUEVWS OTL 1L = 2.

T to (o) Bef€te 61 n amewdvion o elvon 1-1, ¥ ot eivou el ¥ teprypddte evdéwe Ty avtictporn
anewovion. Iapatneriote énetta 6t 1 0 ypdpeTon

o= (12481611)(3 6 12) (5 10 20 19 17 13) (7 14) (9 18 15)

S YVOUEVO EEVEY XOXAWV X0l GUUTERAVETE 6TL 1) TN Tng elvou {om pe 6. T to () mopatnehote
6t 01998 = 52010 = ¢ qgpol 08 = e, xau cuunepdvete 6Tl

o = 5% = (1 4 16) (2 8 11) (3 12 6) (5 20 17) (10 19 13) (9 15 18)

o o3 = 5% = (1 8) (2 16) (4 11) (5 19) (10 17) (20 13) (7 14).

Ae{Zte 61 to doopévo yvouevo eivan oo pe (1 n)(2 n—1)(3 n—2)- - xou cuunepdvete 6T 1)
6EN tou ebvan fom pe 2.

Ael&te 6T dev undpyel tétolog axéponoc Tyl < 6 xou OTL 1) cLUPETEXY oudda Sy €xeL To
otouyelo (1234 5)(67) téEne 10 ohAd dev éxel atolyelo T8&nc 9. Xupnepdvete bt o {nroduevog
ehdyloTog axéponog elvon o n = 7.
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122.

123.

124.

125.

126.

127.

T 1o (o) mapatnefiote 6t o = (1 7 4)(2 6 3 8) xaw ouunepdvete bt n o €xel téén 12. T o
(B) mapatnehote 61t

o= (17T 4)(26)63)(38) = (17)47)(26)(38)(68)

%ol cuunepdvete 6T o = xy, érou & = (1 7)(2 6)(3 8) xou y = (4 7)(6 8) elvon crouyeio tne
Sg tdEne 2. T to (y) Bellte bt wdde petddeon tédine 3 elvon dptiar xou ouunepdvete 6T 10
EPAOTNUA EYEL AEVNTIXY AEVTNO).

To otouyela (1234 5)(678) xan (13524)(678) tdéne 15 tne S deiyvouv 61 1 npdtact oto
(o) ebvon ahdc. T to (B), moapatneiote dtL xdde otouyelo tdine 30 tne Sip ebvan ico pe o
YVOUEVO TELV EEVEV xUXAWY Uixoue 2, 3 xou 5, avtiotolya, xou cUVETGCS elvon TeptTTA petdieon.
Yuunepdvete 6Tt TO YIVOPEVO BU0 TETOLwY GTolyElWY elvan dpTiar uetdieon xou GUVETKDS éxel TEEN
didpopen tou 30.

I 1o (a), utodétovtoc 6T N w € S, éyel mepltth T4En, éyoupe wh = e yia xdmoo mepitté

k. Egapuélovac tov opopop@iopd tou tpootuou € @ S, — {1, -1}, nalpvouye (e(w))* =1
xou oupnepaivoupe 6Tl e(w) = 1, dnhady 6t 1 w eivon dptio petddeon. T to (B), yvwpillouue
ot xqe dpTio petdieon w € Sy, unopel va ypapel we ywouevo detiou thdoug Eévev avd 5bo
avtetadéoewy. Iapatnpdvtae 6t (a b)(c d) = (a ¢ b)(a ¢ d) vy Swxexpwéva a, b, c,d €
{1,2,...,n}, ovunepaivoupe 6Tt N w propel Vo YPaPel 1S YVOUEVO xOXAWY phxous 3, ot ontolot
elvon petadéoeic Tepltthc TAENS.

Hopatnerote npmta 6Tt x&de petddeon tne popphc oro?T20373 elvon dptio. AcelEte émetta 6Tt

xde dptia petddeon g Sy umopel va ypogel oe auth Tt woppn wg e€hc. o to TawtoTnd
otoyelo e € Sy apxel va Yéoel xavelc 0 = 7 = e. T to otowyeio (1 2)(3 4), (1 3)(2 4) xu
(1 4)(2 3) va Yéoete 0 = e xan vo Yewphioete xatddnio x0xho 7 uhAxouc 4. o toug xOxhoug
ufixoug 3 va YewpfoeTe xATIAANAES AVTIIETAVETELC T Xou T.

T to (o) Topatnehote 6Tt o, Yl Toeddelyua, 7 = o via xdmow k € N, t6tc o7 = 70 = oFtL.
e % » Y © YU, Y ,

To avtiotpogo dev woylet, omwe delyvel to mapdderypo o = (1 2) xou 7 = (3 4) yia n = 4. T
70 (B) napatnefiote mpdTo 6TL Aol N T € Sy, ebvan x0xhog uRxoue n, xdde z € {1,2,...,n}
Ypdopeton ot pwopph @ = 7™(1) e m € N. Ocwprote k € N tétoio dote o(1) = 7%(1) xou
delfte 61 0 = 7% w¢ elfic. Oewprote Tuyaio = € {1,2,...,n} xou emréEte m € N tétol0 HGote
x = 7"(1). Houpoatnprote énetta 6T aol N o yetotideton pe v 7, Vo petotideton xou pe xdide
dUVaUN aUTHC %ot UToAoYIoTE 6TL

o(@) = o(r™(1) = (o)1) = (1"o)(1) = 7"(0(1)) = 7 (7¥(1))
TR = 7R (e (1)) = R ().
Yuunepdvete 6t o (x) = 7% (x) yio xdde = € {1,2,...,n} xu cuvende 61 o = TF.

©étoupe 7 = (1 2)(34)---(2n — 1 2n) € Sz, xou Vewpolye petddeon o € Say,. IHopatnpolye
ot 1oylEL OT = TO ov %ou pévo av T = o101 xou 6t N oTo ! ypdgpeTton

ot = (6(1) 0(2)) (0(3) 0(4)) -~ (o(2n — 1) o(2n))

WS YWOUEVO EEVmv xUxhwv. Muunepaivoude 6Tl 1 o petotideTton Pe TV T ov Xou VO oV 1|

dapéplon tou cuvérou {1,2,...,2n} ye pépn {o(1),0(2)}, {c(3),0(4)},....{c(2n—1),0(2n)}
ovuninter ye exelvn pe péen {1,2}, {3,4},...,{2n — 1,2n}. 'Enctu (e&nyfote mode) 6Tt 10
mAdoc Twv otolyelwy Tne Sz, Tou petatidevtor ye Ty T ebvan (oo ye 2"nl.
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128.

129.

130.

131.

132.

133.

T to (o) Vétoupe o = (ag ag -+ a,) xu vrmoroyllouvye 6Tt 02 = (ay az---ap as ag -+ an_1),
av o n ebvor TeprtToc apdude, xou 6t 02 = (ay az - an—1)(az ag---ay), ov o n ebvor dp-
wog. Exgpdlouye tdpa T 0 ©¢ YWOUEVO EEVWYV UOXAWY O = 0102 - 0p XOL TUEATNEOVUE
ot 02 = oi05 -+ 02 (e€nyfote ywrl). Egopuélovtac to (o) otouc xixhoug o; mpoxinTel To
(B). HMpoxinter eniong 6t ¢(0?) = c(0) av xon Pévo av x&de xixhog o ExEL TEPITTO PAXOC o
oLVETHS 6TL Loy VeL To ().

YupporiCouue pe ¢(o) to mAlog Twv xixhewv e o € Sy, 6nwe oty Aoxnon 128. T 1o
(o) mopotneriote 6t av 02 = T, 16t€ c(0?) = 1 xou egoppdote Ty Aoxnon 128 (B). Tw
70 (B) dxpivete MEPITTMOES Yot TO oV 0 1 elvon dpTIog i TEPLTTOC. LNV TeMTY NEP(TTWOoN
yenotgonoiote 1o anotérecpa tou (o) xou v Aoxnon 128 (o) yia vo detlte 6TL dev undpyet
uetddeon o € S, pe 02 = 7. Y11 dedtepn nepintwon del€te 4L N povadnd uetddeon o € S,
ue 02 = 7 ebvor ) 0 = 7" /2] Enodndedote npdra 611 yion T petddeon auth oylel o2 = T.
Trotéote éneita 6L 02 = T, Guvdyete and to (o) 6TL 0™ = e xou cuunepdvete 6L o = T(MH/2,
T to () epyacdeite pe napdpoo tpdmo yio va deilte 6L 1 e&lowon o™ = 7 éyel Mon o € S,
ov ot Wovo av ukd(m,n) = 1 xou 6T Ty undpyet, N Ao gbvor povadixy. Ltnyv nepintwon nov
prd(m,n) = 1, delfte 6 n eklowon o™ = 7 éyel povodixd| Aon w1 o = 7F, émov k (mod n)
ebvan 1 povaldixr) hoom e wotwlag ma = 1 (mod n).

Hopatnehote 6t 7 o™ = (i i+ 1) v x4 i € {1,2,...,n — 1} xou Yupndeite é1t
x&de otouyelo e S, umopel va ypagel we ywvopevo avtetodéoewy e poppic (4 7+ 1) ue
ie{1,2,...,n—1}.

Agot x&de otoryelo e Sy YedpeTow WS YVoUEVO Eéveov avd BU0 x0xhwy, apxel vo delloupe bt
%&0e xuxhunr| petdildeon o € S(X) evég nenepaouévou cuvilou X pe Touhdytotov d0o ototyeia
umopel va ypagel we yvéuevo dvo ctoiyeinv t8éng 2 e S(X). Xwplc BAEEN e vevidtntag
propolpe vo unodécoupe 6t X = {1,2,...,m}, ondte n o € S, eivan xOxhog phixoug m > 2.
IMopatnpolye mpwta dTL uTdpyouv ctolyela 71, To TdENE 80O NS Sy, TETOLL WOTE TO YIVOUEVO
T = T1T2 va elvon x0xhog uixoug m. I'a mapdderyua, urnopolue vo Yécouue

mn=00203B4)---(m—1m), 7 =(23)45)--(m—2m-1),
av o m elval deTlog xou
m=02034)---(m=-2m-=1), 7 =(23)(45) - (m—1m),

av o m eivan teptttoc (e€nyhote yiatl). Aol ol o, T eivan x0hot uixouc m, ol petodéoelc auTég
etvon ouluyH oTowyela TS Spn, xau CLVETHC UTdpEYEL etddeon p € Sy, TéTol MoTe o = pTp L.
Supunepatvoupe 6tL o = p(T1m2)p "t = (pr1p™ 1) (prap™!) xon cuvendc n o ebvan fom pe 1o YvouEvo

dV0 otoyelwy TéENg 2 TG Sy

T to (o) Betlte b xdde xOxhog winoug 1 uropel va ypagel wg yvéuevo r — 1 avtipetadéoewmy
Xl EPAPUOCTE TNV TopaThENoT auth ot xadéva and toug xixhoug g o. T 1o (B) yeddte
t = (a b) xou dei&te 61 c(ot) = c(0) — 1, av to @ xon b elvon otoryeia Tou Blov xixhou e o
xou 6t c(ot) = c(o) + 1, av o a xon b elvon otouyeio dapopeTindy xOxhwv e o. T 1o (Y)
Yewphote wa napayovionolnon o = tite -+t TS 0 we ywopevo k = f(o) avtpetoadéoemv.
Xenowonowdvrac to (B), deidte 6t c(tita---t;) > n —i v xdde i € {0,1,...,k} pe enaynyt
070 © %o oupnepdvete 6Tt ¢(o) > n — f(o). And Ty oviodtnTa auTh xou To (o) TpoxUTTEL HTU
f(o) =n—c(o) ywoxdde o € S,.

To (a) agphvetoan otov avayvdotn. T to (B) vtodéote mpdta 1 to HE elvon umoouddo tne
G xou delEte, pe 1 PoRdewr tou (o), 61 HK = (HK)™' = K~'H™! = KH. Avuotpdgoc,
unoVéote 61t HK = KH, deléte 6t (HK)(HK) = H(KH)K = H HK)K = (HH)(KK) =
HEK xou 6t (HK)™' = HK xou ouunepévete 6t 10 HK elvon umooudda e G.
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134.

135.

136.

137.

138.

139.

140.
141.

To (o) agriveton otov avayvdot. T 1o (B) Yewphiote tic xuxhixéc ouddec pe 800 xan tpio
orotyela, avtioTowya. T to (y) deldte ot o chvora G x {e}, {e} x G xou {(z,x) : © € G}
elvan Tpelc Slaxexpiuéves unoopddes e G X G Bdgpopes tne tetpypévne {(e,e)} xa e G x G.

Adndic eivou pévo n mpdtaot oto (B). T to (o) Yewphote do yvioee vnoouddec H, K plog
opddog G xau BelEte OTL N Evwon) Toug elvan YVAclo utocUvoro g G wg e€hc. Tlapatneriote
Tp®TA 6Tl To {Nrolpevo elbvan ovepd av uio and tic H, K nepiéyeton otny GAAN. Alapopetixd,
emhéEte otoyela x € HNK xouy € K\ H xou del&te 611 10 yvoéuevo xy dev avixel 6o HUK.
T to (B) Yewphiote T wn xuxhuy| opdda e 4 ototyeio.

To (o) agriveton otov avaryvdot. T va dellete dt n tddn e B, ebvau {on pe n, yenow.o-
roote 1o ToAvmwpo p(z) = 2™ — 1 € Clz] xou v Aoxnon 58 (o). T o (B) Yewprhote
unooudda H tne C* tdne n. Oewpdvtoc v tédln twv otouyeinv e H, dellte 6t 2™ =1
vy x&e © € H. Yvunepdvete 61t H C E,, xou ouvende 6t H = E,.

To (o) apriveton otov avayvero . T to (B) 9étoupe X = {1,2,..., k} xau Y = {k+1,...,n}.
IMopatnefote dtL oL neplopiopol ox xan oy Wag petdeong o € H ota ohvoha X xou Y ebvan
peTadéoelc TV GUVORWY aUTMY xou dellte otL N anewdvion ¢ 1 H — S(X) x S(Y) nou opileton
Vétovtoag p(o) = (ox,0y) v o € H eivan 1-1 xou eni. Tounepdvete 6t 1 té&n tne H elvou {om

pe k! (n — k)! xou 611
n! n
5 = i~ (1)

T to () napatneriote 6tLay 0,7 € S, elvon petadécelc mou avixouvy oty Bl opLotept| xAdom
e H oty Sy, 16t 0(X) = 7(X) xou deilte ot o xhdoeic autée eivon axpde ta ohvola
{0 € S, : 0(X) = S}, 6nov 10 S Burtpéyel o vroclvora tou {1,2,...,n} pe k otouyeio.
Ouolwe, detlte 61 ol dediéc xhdoec tne H oty Sy, elvon 1o sbvoha {0 € Sy, : 0(S) = X},
6oL T0 S Bratpéyel o utoovvoha Tou {1,2,...,n} ue k ortouyelo

To (o) aghveton otov avayvootn. [a to (B) noapatneoldpe 6T vy xdde o € K n anedvion
7:{1,2,...,n} = {1,2,...,n} nou opileton Vétovtac 7(x) = |o(z)| yia z € {1,2,...,n} elvou
petddeon {1,2,...,n}. Emnhéov, xdde petddeon 7 € S, npoxintel oaxpiBdc 2™ popéc Ye auTév
Tov tpémo and otoryela tne K. Buunepaivoupe 6t |K| = 2"n! xou [Sa, : K] = (2n)!/2"n! =
1-3--+(2n — 1) vy xdde Yetnd axépato n.

Yougpova pe to Bempenuo tou Lagrange, tétolol axépatol mpénel va dlonpovv to 24. Actlte dTu
yio xdde Yetnd dioupétn d tou 24, undpyel unooudda e Sy t8éng d. o d = 12, 1 uoévn étola
elvow 1 evodhdocovoo opddo Ay. T d = 8, 8el&te 611 10

H = {e,(13),(24),(13)(24),(12)34),1423),(1234),(1432)}

elvor uTooudda TNg Sy 0 €€, OewprioTe T Sledpuxr] opddo G TwY GUUHETELOY TOU TETEAYOVOU
pe xopugéc 1, 2, 3, 4, aprdunuéveg xuxhixd. Kdde otoyelo € G neplopiletan oe wo petdieon
p(x) € S4 010 GOVONO TWV XOPUPHY Tou TETPaYWVoL. Tlupatnerote 6t p(zy) = w(x)e(y) Yo
x,y € G (dnhad¥), 6TL 1 @ elvor opopopPIOUOS OUABKY) XaL CUUTEREVETE and aUTé OTL 1] EXOVAL
©(G) = H eivar unoopdda tne Sy.

Aci&te oTL 1) evarhdocouoa oudda Ag €xel Tny emduunTy WioTHTOL

Na to (o) Suxplvete tic mepintodoelc vy Tic onolec 1 G éyel B dev éxel otoyelo tééne 4.
Iopotnpriote 6T otn deltepn nepintwon éxoupe G = {e, a, b, ¢} v xdnow otoyeia a,b,c € G
ve a® = b2 = % = e. Aci&te 61 ab = ba = ¢, anoxhelovtoc Tic nepintdoE ab € {e,a,b} xou
ba € {e,a,b}, xou cuvdyete 6t N G elvan afiehiov. T to Sedtepo epwtnua Tou (B) napatnehoTe
OTL 1) OpBdY, €0Tw K, TV CUUUETELOY TOU TETPAYwvou elvon un afeiiov) opdda tééne 8. T
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142.

143.

144.

145.

146.

147.

148.

10 (y) mopatneRoTe 4T oL un TETPWHEVES uToopddec tne K €youv tédin 2 1 4. Suyxexpwéva,
urdpyouv Tévte utoouddes e K Tddng 2, 6oec xon to otolyelor TEENC 2, wla xuxhixy utoouddo
TéEne 4 xou 300 un xuxhixée e (Bl tdEng (xardepld and tic dVo TeEleuTalES TEPIEYEL TO TOLTOTIXG
otowyeio, dUo avaxhdoels a,b o dfovec ouppeTplog TOU TETPAYMVOU ToU Elvor xGdeTOL HETAED
TOUG X0 TO Youevo ab = ba).

To (o) aprivetar atov avayvaot. T to (B) Selte ) Aon tne ‘Aoxnong 118 (g). Andvnon v
70 (y): elvon 1 OUddA TWV CUUUETELLY TOU TETEAYWVOU Xal 0L LTooddes Tdine 4 avthc. T to (3)
Tapatneolue 6Tt To {ntolue mAfdog eivar ico ue to dbpoiopa Y, - [Ca(a)|. And to anotéhecyua
Tou (B) éyoupe Y, .o |Cala)l = |G| yioa xdde xhdon ouluyioc C e G. Adpoilovtog tdvew oe
Ohec i xAdoelg ouluyiog e G madpvoupe to {nTolpevo.

Ané Tov oploud tou xévipou éxoupe Z(G) = (,cq Cala). To (a) npoxintel and tny wodTTaL
outh o Ty Aoxnon 142 (o). And v Bl wodtnra npoxdntel xou to (B) agol 1o Cg(a) eivan
uoopdda e G didpopn tne tetpppévne {e} (e€nyrhote yiotl) yio xdde opddo G pe TovhdyioTov
800 otoygelo xan x&de a € G. T 10 (Y) é0tw K 1 opdda TV SUPPETELOY TOU XAVOVIXOU N~
yovou. Aceite 6t pla avéxdoon e K petotideton pe pla otpogh av xon wévo av 1 teleutaio
elvar oTpog xatd ywvie m. Luurepdvete 6Tl 10 xévipo tne K elvou tetpypévo, av o elvou
TEEITTOC apLiude o 6Tl amoteheltan amd TO TAUTOTIXG G TOLYEID XU TN OTEOPYH XATE YwViol T, oV
o n elvon dpTioc.

To () apriveton Tov avaryveot. T to (B) nopatneriote éttav K = zHz ™!, 161 1 aneixdvion
[+ H = K nou opiletor 9étovtac f(y) = zyz~! yiuy € H elvon xohd oplopévn, 1-1 xou ent. Tiot
vo Bel€ete OTL T0 avtioTpo@o Bev 1oy lel VewpHoTE, YLo TAUPEDELYUO, TN K1 XUXAXY ouddo TéEng
4 xou Tic uToouddee téEne 2 authc. T to () dellte ot av b = zax~! v xdmowo x € G, toTE
Ca(b) = 2Cg(a)zt. T v delfete 6L 10 avtiotpogo dev toylel YewpRoTe, Yiot TopddeLypa,
dVo Tuyala Blaxexpluéva otolyelo a xa b piog afetavrc ouddac G.

T 10 (o) mopatnefote 6t (zh)H(xh)™' = z(hHh Y)2z™! = zHz™! yio e 10 € G xou
h € H o ouvdyete to {nroduevo. T o (B) mepatnerote 6L 1) 14N e unoopddac zHx ™!
ebvou {om pe exetvn tne H yio %8¢ © € H xon 611 xéde umoopddo zHr ! mepiéyel To tawtotind
ototyelo e G. Suunepdvete amd to (o) 6L N évwon v cuvéhwy zHz ™! vy z € G nepiéyel
Nyotepa and |H| - [G : H] = |G| ovoyela, nou onuoiver 1L 1oy bet to {ntoluevo.

Iapatneriote dtL xdde otoyelo e G avixel oe umooudda tééng p g G xou dei€te oTL Yo
onoecdfrote 300 tétoles dpopetixéc unoopddec H xou K wylter H N K = {e}. Zuvdyete 6t
undpyouv axpBac (n —1)/(p — 1) vrnoouddec tédine p e G.

Oplloupe v amewévion f: G — G 9étovtag f(z) = 2% yiw 2 € G. Agol 10 civoho G elvan
nencpaopévo, 1 anexovior f elvon enl av xow woévo av n f eivoaw 1-1. Q¢ cuvénela nalpvoupe
v woduvopla (i) < (ii). T ™ ovvenaywyy (iil) = (i) vnodétovue bt 1 tddn e G elvan
{on pe tov mepittéd apriub 2n — 1. Iopotnpolue téte 6TL Yo xdde a € G oyler a® 71 = e
(e€nyhote yiotl) xou cuvende 6t 1o otoyelo . = a” e G eivan MNoon e e€iowong 2=a H
ovvenaywyy (i) = (iil) mpoxdntel and tnv Aoxnon 114 (a).

T to (o) Yewpriote ywplc BAEPN e yevxdtnrog Tt ta o = (12 --- n) xou 7 = (a b) ebvan
otouyela tng H. Iapatneriote 6Tl ol avtiuetodéoels oiroTt = (a+1i b+1i), bnou n mpdodeon
v ototyelwv tou {1,2,...,n} yivetow (mod n), avixouv enlone oty H. Xenoyomoudvtog
v undeon 6Tl o 1 elvan mpwTog, del€te oL xde avtiwetdleon e S, YpdpeTal WS YIVOUEVO
Ty avtigetadéoewy (a+i b+1) vy i € {0,1,...,n — 1}. Suuncpdvete 6T n H mepiéyel bheg
Tic avuetodéoels e Sy, o ouvende 6t H = S, T to (B), Yewphote ) diedpinn] unooudda
w4€ne 8 e Sy mou Beédnxe ot Ao tng ‘Aoxnone 139 xou cupnepdvete dTL To epTNUA EXEL
oEVNTLXY) oAV TNON).
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149.

150.

151.

152.

153.

154.

155.

156.

To (o) o mpénet va cog ebvan yvwotéd. T to (B) ac ovuPoricovue ye L(G, H) xou R(G, H) to
GUVOAOL TWV APLOTEROY o delwy, avtiotolya, ¥Adoewy e H ot G. Aci&te 6t 1 anewdvion
¢0: L(G,H) — R(G, H) mou opiletor ¥étovtac w(aH) = Ha™! vy a € G elvor xoh& optopévn,
1-1 xou enl xon cuunepdvete To {nTolyuevo.

T to (o) mopatnerote 6t xdde apoteph| xhdon H oty K eivar xou aploteph xhdon e H
ot G xau ouvunepdvete 6T N K ypdpeton we EEvn évwon [K @ H] to mAdoc aplotepddv xhdoewy
e H ot G. Acl&te 6T 7o (Blo woylel yio xdde apiotepr| xhdon e K otn G xou cuvdyete
o {nrodpevo. T to (B) unodéote dtL to olvoro (aH) N K eivon pe xevod, napatnefiote 6t
(cH)NK = (bH) N K yw xdmowo b € K xou dei€te 6t 1o (bH) N K ebvor (oo pe v aplotepn
xhdon b((H N K) tie KN H oty K. T 1o (v) yeddte ™ G = ;e aill o Eévn évwon
aploTepdV xhdoewv tng H, ovunepdvete 6t K = ;¢ (aiH) N K xou epapuoste 1o (B).

T 7o (o) epapudote v Aoxnon 150 (o) yio vo dellete mpdta 611 0 delxtng [G @ K N H] elvau
axépano tolamhdoto tov 6. Egappéloviac ta (o) xou (B) tne drog doxnong, deléte énerta bt
[G:KNH)=[G:K|[K: KNH|<|[G:K]G: H] =6 xu cuvdyete 6t [G: KNH|] =6
elvan 1 wovn duvath wuh v o [G @ K N H]. Epyaoleite opoiwe oto (B) yio va deilete bt
[G: KnNH]e{3,6,9} xou enohndedote 6TL xou oL TpELC auTES TLéC elvon eQuxTéc.

To 1o (o) mapatneroTe 6Tl UTdpyouy dlo GTotyelo PeTal) TV e, a,a?,. .., a" oL avixouy
oty B opotepy) x¥hdon e H ot G. Av aP xou a? elvar d0o tétowa otouyelo, deléte ot
a?"P € H xoa ovunepdvete to {ntovuevo. T to (B) ac unodéoovue 6t a1 H,asH, ..., anH
elvon oL n aplotepéc ¥Adoelg e H ot G. Acite 6t ta otoiyela a1, asz, .. ., apT avixouy
oc BlaopeTIXéC avd 800 aploTepég xhdoee g H ot G. Xuunepdvete 6Tl To YIVOUEVS TOUG
(a1x)(a2x) - - - (anx) = (@1az - - - ayn) - ™ avixeL oty aploteph xhdon (aras - - - an) H xou tehxd
6t 2™ € H. T 1o (y) Yewpriote ) oupueteind ouddo Ss xou vnoopdda authc téing 2.

T to (o) Topatnehote Tl To Undéy eivan To évo oToLyelo MEnepaoUévne TIENS TS TPocYeTinic
ouddac Q xou Yuundeite dtL xdde otolyelo Wac menepaouévng ouddac €xel TETEpUoUEVY] TEEN.
T to (B) ac vnodéooupe dTL undpyet Yviowr voopdda H menepaouévou deixtn n tne Q. And
v ‘Aoxnon 152 (B) npoxtntel 6t nx € H yioa xdde x € Q. Autd pog odnyel oy avtigaon
Q=n-QC H xau anodewviet to {nrovuevo. To (B0 oxentind epopudleton xau oto ().

T to (o) unodéote 6Tl oL dinhéc xhdoewe HaK xow HyK éyouv xowd otouyeio. Acilte bt
x € HyK xou y € HxK nou ovunepdvete 6v HxK C (HH)y(KK) = HyK xou 6u HyK C
(HH)z(KK) = HzK. Topatnpriote enione 6 € HxK v xéde © € G xou cUUTEPAVETE TO
Unrovuevo. T o (B) Selte 6L undpyouy axpBie dUo BIMAEC XAJOELS, CUYXEXPWEVO Tt GOVONXL
H xa GNH.

T to (o) Peeite otouyeio mou mapdyer v opddo U(Zsg). T to (B) dellte ot m U(Zgs)
€xeL neploodtepa Tou VO ototyelo TdENng 2 (dpo teptocbTepES amd wio uToouddes TdENS 2) xou
cuunEPAVETE OTL 1) oudda Ty Bev ebvan xuxdixd. Tt () xon (3) del€te 61 oL doouévec opddeg
elvan xUXAXES oy xou Pévo av n = 1 we e€fc. Aeilte mpdta 6T yia n > 2 1 ouddo SL,, (F) dev
elvan eV, Gpar 00TE XUXAXT, Xou cLUTERGVETE 6Tt To (Blo Loy Vet yio T GL,, (F). Iapotneriote
gnerta 6t yoo no = 1 1 SL,(IF) givon tetpypévn, dpa xuxaduxt|, xou 6t 1 GL, (F) tawtileton pe
v molamhaotac @ opdda F* tou nenepoouévou ompatoc F, n onofo elvon wuxhixy (Seite, yio
nopdderypa, TV ‘Aoxnon 161).

Dvopiloupe 6L xdde otoyeio tou R = Fylz] / (x2) ypdgeton pe povodixd tpéno otn popph
a=a+bx+ (2?) ye a,b € F,. Ané v Aoxnorn 96 (o) mpoximtel 6L 10 ar ebven avtioTeédipo
otouyelo Tou R av xou uévo av a # 0 xan cuvende 1 Té&n e G eivan {om e (g —1). T to (B)
yedpouue g = p”, 6mou p elvon Tpwtog aptiuds. Oa dei€oupe dtL N G elvan xUXAXY oY xou HOVO
av ¢ = p. Hoapatnpolue 6L Yo tuycio etind axépono n éyoupe o = a™ + na™ 'bx + (z?).
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157.

158.

159.

160.

161.

162.

163.

Yuvenog exovpe @ =1 av xou u6vo av woyvel a” = 1 oty opdda FJ xou elte 1 yopoxtnpio i
p tou IFy Suupel 1o n, elte b = 0. Aol 1 ouddo I ebvon xuxhinnd tééne ¢—1, and ta npornyoldueva
TpoxinTel 6T Woylel Pl =1 yia %8s @ € G xou 61 1 G éyer otoyelo t8Eng q(g — 1) av
xou HOVO av g = P.

Epyacieite 6nwe otn Mon e Aoxnong 156 xou Seite npdta 61l xdde otoiyeio tne G ypdpeton
HE HOVadIXO TEOTO GTN Wopph ag + a1 + -+ - + p_12" "t + (&™) UE ag, 1y, Ap1 € Ly xou
ap = 1. T 10 (o) oupnepdvete 6T 1 G éyel w6En 2"~ (ombte ebvon xuxhieh yio n < 2). T
o (B) Bei&te 6T 1 G éyel yewhtopa o 1+ + () yioo n = 3 xou 67t €yel TouhdyioTov dlo
ototyelo T8ENC 2, yio mopdderypa to T+ 272 4 (2™) xow 1+2" 14 (2™), yien > 4 xou ouvdyete
6t N G Bev elval XUXAXN YLot QUTES TIC TWES TOU n.

Kdrde 18echdec tou doxtuhiou Z,, eivon xou utoopddo tne npocidetixrc Tou ouddoc. Avtiotedpwe,
x&de unoopdda H tng mpoodetxnnc ouddac tou Zy, elvar xou 18emdeg, agol nx € H yua oha
twn € Zxux € H Kotd ouvéneln, to tAloc twv 18ewddv tou Z), clvor (0o ye exelvo twv
UTIOOUEBWY NS TEooVeTxNg OUddoc ToU Zy,, dnhody| (6o Ye To A0S Twv YeTIXWY SLUPETOY
ToU n.

T o (o) mapoatneriote ot to otoryelo TdEne d e G elvon axpiBie oL YEVWATOPES TNE LOVadIxic
XUXAXTC uToouddac TdEne d tne G xan cuumepdvete 6Tl to TAog TV cTolyElwy auTdY elval
{oo pe ¢(d). Tuvdyete 6T to ddpoiopa mov diveta oo (B) elvon (oo pe v &N e G.

T to (o) umoVétoupe dtL M TéEn, €0t k, Tou & doupel to d. Aol n H elvon xuxhixt| ouddo
T4€ne d, umdpyer povadur utooudda K tne H té&ng k. Ilpogavdde n K ouunintel ye tn povadixy
unooudda téine k e G. Agol o tétoa eivon 1) utooudda (x) e G Tou TopdyeTol ond TO
x, Yo mpémel va éxoupe (z) = K. Apa z € K C H xou ovvene ¢ € H. To avtictpogo eivan
pavepd aol 1 TéEN onotoudrnote otowyeiou e H Sioupel v té&n d e H. To (B) eivon dpeon
cuvéneta tou (o).

T 1o (o) ouyPorifouue pe n Ty T8&N xou Ye rq to TARYoC twv otoyelwy tdEne d e G.
‘Eotww 6tz € G elvaw otouyelo tééne d tne G. And v undideon yvwpellovye dti undpyouv 1o
Toh0 d oroiyelo y € G pe y? = e. Katd ouvénela, o otouyelo autd eivar axpiBde oL duvdyelc
Tou x xou tot ototyelo TdENe d e G elvan axpBc oL YEVWATOPES NG XUXAXAS UTOOUADOS TNG
G mou nopdyeton and to x. And ta napandve xou Ty Aoxnon 159 (o) éneton 6t rg € {0, p(d)}
yio x&de Yetind Sanpétn d tou n. Emnhéov, and 1o pépoc (B) tne Biog doxnone mpoxinter 6t
10 dpotopo v aprduny ¢(d) elvar oo pe exeivo twv 14 (to omolo eivau (oo pe n), 6mou to d
Botpéyet Toug Yetxole dloupétee Tou n. Tupnepoivouue 6Tl rq = ¢(d) Yo xdde Yetind droupén
d tou n. EBwétepa, éyoupe r, = @(n) > 1 xaw cuvende 1 ouddo G etvon xuxdxh. To (B) xou
() ebvon dueoec ouvéneiee Tou (a).

Ebva yvwoté (v mapdderyya, and ty Aoxnon 161) 6t av 1o F elvow nenepaopévo obdua, t61e
N opdda F* elvan xuxhixh. T to avtiotpogo unoléote 6T 10 F elvon dneipo ooduo xou dt
1 ouddo F* mopdyetor and to otoyelo a. IHepatneRote mpdta é1t ool (—1)2 = 1, to —1
€yl memepaouévn Tdln oty FX xou ouvende woyder —1 = 1 oto F. IapatnpAote éneita dtu
14+ a=a™ yw xdmoo m € Z xou cuunepdvete 6Tt To owua F elvor nenepacuévo, oe avtideon
pe Ty unédeon.

T 7o (o) Topatnehiote Ot a = ™ xou b = ¢ yio xdmoLoug TepttTole axepaious m xat 1, GTou
¢ elvon yevwhtopac e G, xon cupnepdvete 6Tt To ab = ™1™ elvan téheto Tetpdywvo. o to (B)
YewpoTe 0 wn xuxhix| opdda e Técoepa otouyelo Yo vor BeleTte 6TL 1) AmdvTNom GTO EPHOTNUA
elva opvnTixn.
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164.

165.

166.

167.

168.

169.

170.

171.

172.

Znrdpe va Bpolue Ohec Tic amewxovicels ¢ 1 Q — Q ue ™y Wt o(z +y) = ¢(z) + ¢(y)
yioo dha o 2,y € Q. Acllte mpdta 61 p(nx) = ne(xz) xou p(z/m) = e(x)/m vy xdde
oxépano m, xdde Yetind oxépono m xou xdde x € Q xou ouumepdvete 6Tl p(x) = ax yio x&de
z € Q, émov a = (1) € Q. AvuoTtpdpnc, 1 anedvion ¢q 1 Q = Q pe po(z) = az éyxel
{ntoluevn Widtnta v xdde o € Q. Iopatnernote téhog 6Tl 1 @ elvan avTioTEEPT, dNAadY
OUTOUOPPLOUOS, oV Xl U6vo av a # 0.

To (o) aghveton otov avayvadot. T to (B) yenowonoote tny ‘Aoxnon 147 yio va dellete

OTL Ol TEMEPUOUEVES OpddeS Ue T {ntoluevn ot elvor axplBog auTéS Tou €YOUV TEELTTY

.

T 7o (o) mopotnehote 6L av ¥y = grg L v xdnow g € G, 6t 9(y) = @(grg™!) =

0(g)p(z)p(g) ™1 xon ouurepdvete 6L o () xon p(y) ebvon culuyy ototyela tne K. Egoapubote

énerta o (o) yiow vo delete OtL M) andvnon oo epdtnua (B) ebvon apynTixy.
)

T to (o) mapatneRote 6TL ab = go(i (_)) ©(0,1) = ((1 0) + (0,1)) = ¢((0,1) + (1,0)) =
©(0,1) - p(1,0) = ba xou delEte opolwe 6Tt a® = e xau b2 = e. T 7o (B) dellre evdéwe 6L 1
anewévion ¢ : Zo X Ly — G mou oplletoan Yétoviac »(0,0) = e, p(1,0) = a, ¢(0,1) = b xou
©(1,1) = ab ebvar opopoppiopdie opddev. Egapuéloviac ta (o) xou (B) v G = S3 mpoxOnTEL
6Tt 070 () umdpyouv oxEBns BExo opoUoPPLEUOL.

T 1o (o) mopatneolue 6t av ¢ : G — K elvan ogopoplonds ouddov ye p(a) = b, t61e
b = p(a)™ = ¢(a™) = e xou cuvende 1 4N Tou b doupel To n. AvtioTedpwe, av 1 TIEN Tov
b € K Buwupel to m, defvouye 61 1 amewxdvion ¢ : G — K pe p(aP) = bP yio p € Z elvon xohd
0pLOUEVOC OUOPOPPLOUGS oUddwY e w(a) = b. To (B) mpoxintel and 1o (o) xou TV Acxnon 160
(B)-

T to () emodndetote 6t p(o102) = p(o1)p(o2) Y 01,02 € Sy, dlaxplvovtac TEPLTTNOOELS
Yiot To av oL 01, 02 ebvon dpTiec 1) nepittéc petadéoec. To (B) eivon dueon ouvémela tou (o).

T 7o (o) napatneoltye 6t y(ay) = glay)g™" = (grg~")(gyg™") = be(2)vye(y) xeuw bu
Yy(z) =y & grgt =y & =g 'lyg yo g2,y € G. Tw w0 (B) napatneolye eniong
6t (g 0 Yn) (@) = Yg(Yn(x)) = Yy(hah™") = g(hah™')g™" = (gh)z(gh)™" = Ygn(x) Y

g,h,x € G x.ox. To (y) eivan dueon ocuvénela tou (B).

T to (o) vnodétoupe mpdta 6Tt *H = yH ywo xdmow x,y € G. IHopotnpolue 6Tt y = xh
yioe xdmowo h € H xow ovunepadvovue 6t (gy)H = g(zh)H = (gx)(hH) = (gx)H v g € G.
Auto Belyver 6TL M @ 1 X — X elvon xahd opiopévr aneixovion v xdde g € G. Hapatnpolue
énertal OTL 1) pg-1 ebvon N avTioTPoPN amEdVIoN TG Py Xou cuunepaivouue 6Tl g € S(X) yia
x&le g € G. T 10 (B) TopatnEoVUE OTL ©gi g, = Pgr © Pgy YO g1, 92 € G, 0OV g, g, (xH) =
(g192)xH = g1(g922)H = g, (pg, (xH)) yia xdde x € H, xon cuunepaivoupe 61 n ¢ : G — S(X)
ve ¢(g) = @q Y g € G elvan opopop@iopdc opddwy. Téhog, unolétovtog 61t g € ker(yp), €youye
(92)H = zH vy xdde x € G, dpo xou yioo ¢ = e, %o cupnepaivoupe 6t g € H.

Ou delEouye 6TL oL pbVOL TETOLOL OUOUOpPIoHOL VOl O TETPWUEVOS XOL O OUOUOPPLOUOS TOU
npoohipou € : S, — {1, —1}. Tapatnpoue 6t yio x&de avtiwetddeon t € S, éxovue (¢(t))? =
o(t?) = p(e) = 1 xou ouvende 6t ¢(t) € {1,—1}. Ouuduacte éneita HTL OTOLEGDATOTE DO
avtietadéoelg ty,ty € S, elvon ouluyelc, dnhodh Ot toylel te = at1o ! vl xdmota petddeon
0 € Sy, ondte p(ta) = p(otio™1) = p(o)p(t1)p(o) ™t = ¢(t1). Ané 1o mponyolueve TpoxITTEL
ot elte p(t) = 1 v xdde avtetddeon t € Sy, eite p(t) = —1 v x&de avtipetddeon
t € S, Xy mpdn nepintwon o ¢ elvon o TETPWWPEVOS ogouoppiopos. Tpdypatt, apol xdde
petddeon o € S, yedpeToL (¢ YWOUEVO OVTWETOVECEWY 0 = titg - - - by, Vo éyovue (o) =
o(t1)p(ta) - - (tm) = 1. Opolwe, o1n deitepn nepintwon Peloxoupe 6Tt p(o) = (o) yio xdde
o€ Sy.
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173.

174.

175.

176.

177.

To to (o) yenowonojote Baocxéc Wotntee twv opllouctyv. And to (o) mpoxdntel dTL 0
oOvoro SL,(F,) eivon xavovixr unoouddo tne GL, (F,) xou 6t yior Ty 1880 tne oy Vet

SLn(Fg)| = |GLn(Fg)| / [Fg| = [GLn(Fg)| /(g = 1).

Ané autd xou to anotéreoya tne ‘Aoxnone 113 (B) mpoxinter 6t 1 té&n e SLy, (Fy) ebvan {on
pe ¢ (g2 = 1)+ (g" - 1).

Mot uoouddo H pag opddog G elvon xavovixr| av xat povo av n H yedgpeton we évwon xAdoewy
ouluyioc e G. O xhdoeic ouluyloc tne Sy elvon exelvn mou anoteAelton H6VO and TNV TAVTOTLXY
petddeon, exeivn pe otowyela tic €&L avupetadéoeic e Sa, exeivn pe otoieia (1 2)(3 4),
(13)(24) xou (14)(23), excivy pe otoyeia Toug oxtd xOxhoue whrous 3 tne Sy xou exeivn pe
otoyela Tic €81 xuxhixée petadéoeic (wdxhoug uixouc 4) tou {1,2,3,4}. Ot ubdvec unoopddec

N S4 TOL YRAPOVIOL WS EVWOT) AUTHY TWV XAACEWY ELVOL OL TETPLUUEVES UTOOUADES, 1) TEPUEDELXY
opdda {e, (1 2)(34),(13)(24),(14)(23)} xou 1 evarhdocovoo oudda Ay.

Oa del€oupe 6Tt 0 n = 2 elvan 0 udvoc axéponog ye auth Ty Widtnta. Ipdypart, ac unodécouue
OTL YLOL XATOL0 I > 3 1) GUUUETELXT] 0D Sy, Elvar looUopPT Ue To eV YvoueVo S, 1 X Cy, 6Tou
Cy, ebvon 1 x| opdda t8&ne . Téte 1 S, €xel Wi xovovix) xuxhixy| vroopddo H = (o)
wENe n, v xdmow o € Sy, Auwaxpivouye 0o mepittwoelc. ‘Eotw 6t n o elvan xuxhie).
Téte Ohec ov (n — 1)1 xuxhixée petadéoeic e Sy, elvon culuyeic TS 0 XL CUVETDS aVXOUY
oty xavovixt, urtooudda H téEnc n. Luprepaivoupe 6t (n — 1) < n —1, onéte n = 3. H
nepintwon avth anoxieleton xaddc 1 opdda Sp x C3 etvon affehavy), eved Sz dev elvor. ‘Eotw
éhoc 61 M o dev elvan xuxhwr. Téte vndpyouv daxexpéva otoela a,b,c € {1,2,...,n} e
o(a) = b, Tétol Mo TE 10 € deV avixel oTov X0Oxho TN 0 Tou TEpLEYEL T a, b. Téte, n yetddeon
T = (a c) o (ac) ebvor ouluyhic Tne o ahhd dev avhixel oty H = (o), agol 7(c) = b, og avtideon
pe v xavovixdtnta e H. Mo dhhn Aoon npoxinter epapudloviag tny ‘Aoxnon 188.

T to (y) vrodétoupe 6L 0 ¢ : G — K elvon empopplopdc ouddnv xon Yewpolue w € K xo
y € p(H). Emhéyoupe g € G xou x € H tétowr dote w = p(g) xou y = p(x) xou Beloxoupe 6Tt
wyw™t = (g)e(x)p(g) ™t = p(gzg™") € p(H), apol n H ebvon xavovixd utooudde tne G xou
ouvenwe grg~! € H. Auté delyvel 6t m p(H) elvon xavovier| utoouddo tne K. et 1o debtepo
epO TN Yewpolpe Tuyaia un xavovixr urtoouddo H plog ouddac G %ot T0 LOVOUORPLOUO OUddwY
t:H — Gue (z) =2 yiox € H. Toapatnpotue 1t n H eivar xovovixr) voopdda tne H xou
ot M L(H) Bev elvon xovovin| utoopdda tne G xou SUUTEPAVOUUE GTL 1) AAVTNCT GTO EPAOTNMN
autd etvor opvnter). To uTOAOLTA EPWTAUATO APTIVOVTAL GTOV AVAY VOO T,

T to (o) deldte 6T 1 anewdvion ¢ : G — R* nou oplleton Yétovtoc

(0 i) -

elvan empopLopds opddwy pe tuphva ker(¢) = N. T to () dewphote v avtiotpopn emxdva
Tuyadog Un TETPWUEVNS utoouddac e offehovic ouddac R*, yio napdderypo Ty

K = {<§ 11//3@ ):x>0,y€R}.

Tougovo pe o (8) e ‘Aoxnone 176, xdde tétola avtiotpogn ewdva elvar xovovixr utooudda
e G nov nepiéyet ) N. T to () Yewphote un tetpippévn xavovixs utoopdda H tne G mou
neptéyeton oty N, unohoylote 6t

GGG ) =G
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178.

179.

180.

181.

182.

183.

xou OTL

xoL ouvdyete 6t H = N.

T to (o) Yewphote TV opdda G 1wV GURPHETELOV TOU TETPayMvou (Biedpinn opdda tdéne 8) xau
ot wn xuxhux uvoopdda N = {e, a,b, ab}, émou a,b € G eivon 300 avoxhdoeic we npoc dEoves
ouppetplog xddetoug yetall toue. Iapatneriote 6Tt n N elvor xavovixry unooudda tne G xou
6t {e, a} ebvan xavovixt| utooudda tne N (we unoouddes deixtn 2) alhd 6t m {e, a} Bev eivan
xovovixh btoopdda e G xan ouunepdvete 6t 1 Tedtac oo (o) elvan Peudhc. Trodéote thpa
OTL 1wV utoopdda N = (a) e G eivan xavovixn uroouddo tne G xou Yewphiote uTooudda
H e N. Ago0 xdie umoouddo xuxhixic opddac eivan xwduxd, éxoupe H = (a¥) yia xdnowo
k € N. Xpnowonowsvtac tnv wétnia gabg~! = (gag™!)* delfte 61 gakg™! € H yia xdde
g € G xou ouunepdvete 6t 1) mpdtaon oto (B) ebvar ohndic.

I o (o) yenowonowiote to Oedpenua touv Lagrange yio v 8etlete ot 1 té&n tne G Bonpeiton
HE To 2n xou va cupnepdvete to {ntovpevo. T 1o (B) Yewphiote tn diedpuxr oudda tééne 2n.
T to (v) 9étovpe N = {e, a} xou oxeptépocte we e€hc. Aol n K éyel 18 tov npddto aptdud
n, 1 opddo auty elvan xUXAXN, €oTw Ue yYevwAtopa b € K tédéne n. And tnv xovovixdtnTo T
N mpoximtel ebxoha 6Tl ax = za v xde z € G xou eldxodtepa 6Tt ab = ba. Troloyilovtag
6t (ab)™ = a™b™ = ab™ vy meptttols axepofoug xa (ab)™ = ™ yio dptiouc, Peloxovue bt 1
T6E1 tou ab etvor {on pe 2n xou cupnepatvoupe to {Nroluevo.

Hopatnpotye 61t aba~1b™! = a(ba™'b~') € H-H C H xou 6t aba™ b=t = (aba=')b~! €
K-KCKywaé€ Hxoube K xou ovunepatvoupe 6t aba=tb~r € HN K = {e}, dnhadA 6t
ab=ba, yina € H xube K.

OewpRote Tov opopopPlopd ouddwy ¢ : G — S(X) e ‘Aoxnone 171 xou tov mupriver autol
N = ker(p). And 1o anotéleopa authc e doxmone éyxovpe N C H. Ilopatnpdviac 6t 1
opdda mnhixo G/N eivan 1obuopen pe pa urtoouddo tne S(X), dellte du n tédén e [G @ N]
droupet to pl. And autd xaw v wétnta [G 2 N| = [G : H][H : N| ouunepdvete 6t o deintng
[H : NJ Swoupet 10 (p — 1), Agol o deixtne avtde dioupel v t6&n e H, dpa xou e G, omd
v unddeon e doxnong ovunepdvete 6t [H @ N| = 1, dnhadh) 61t H = N, xou cuvdyete 6Tt
n H elvar xovovin) unoopdda tne G.

To (o) apriveton otov avoryvedoth. Andvinon oto (B): oL aplotepéc xhdoels elvan To GOVORX TNG
popwhic {(az,z) : © € G} xou o1 dediéc to shvoha e popphc {(za,z) : x € G}, vy a € G. T
0 (y), urodétoviac 6T 1 N ebvon xovovixd), napatneriote 6t (aza™t, z) = (a,e)(z,x)(a,e) "t €
N xou oupnepdvete 6Tt aza ! = x, v Ok T @,z € G. Tt To avtioTpogo mopatnehote OTL
av 1 G elvon ofehiavy), téte T0 (Blo toylel xou Yoo ) G X G xan cuven®s xdde uTooudda NG
tedeutodoag etvon xavovixd. T to (3) ypnowonoiote 1o (B) o tov opiopd tne opddac mniixo,
# ToV enpoppLoud opddwy ¢ 1 G x G — G nou oplletan Yétovtac ¢(z,y) = 2y~ vy z,y € G.

T o (), Seite 6T xdde © € G ypdypeton pe povadixd 1pémo otn wopph) ¢ = ab, ye a € H
xu b € N. T to oxond autdv, mopatnerote OtL av ab = cd pe a,c € H xu b,d € K,
t6te cla = db™' € HN N = {e} xou ouynepdvete 61t a = ¢ xow b = d. Tw 1o (B),
oeléte 6Tl oL aploTepée xhdoec e N ot G elvon axpBog to obvoha alN ye a € H xan 6TL 1|
anewévion ¢ : G/N — H ye o(aN) = a vy a € H ebvan woopopiopdc ouddwv. T to (),
xenowonoudvtog T Ao tou (o) xan v ‘Aoxnon 180, dellte bt n anexdvion ¥ : H X N — G
ve ¥(a,b) = ab yio a € H xou b € N elvon toopoppiopde ouddwv. T to (3), Yewphote
ovppete oudda G = Sz xou tic uroopddee e H = ((1 2)) xau N = ((1 2 3)).
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184.

185.

186.

187.

188.

189.

190.

D 7o (o) Beflte 6Tt aothgoa™ = thy () Yia x84 o € Aut(G) xou x8e g € G xan cuunepdvete
0 {nrodpevo. T to (B) Yewphote my anewdvion ¥ : G — Inn(G) pe ¥(g) = ¥y Y g € G.
Ae{Zte 6T n P elvan empopgLopdc opddev xou pe tuphva Z(G) xou egapudote To Yedpnuo Tou
LOOUOPPIOUOV YLOL AUTOV TOV ETULOPPIOHO.

To (o) agprveton otov avayveot. T 1o () mapatneolye éti a,b € Z éyouyue 2a — 3b=0<«
a = 5b < a = 5b+ Tc v xdnolo ¢ € Z xou GUUTERAVOUPE OTL

ker(p) = {( 5ng7c>:b,ceZ} - {b( ] > +c( g):b,cez}.

Ané v teleutalor Exgppoom xou TG LOOTNTES

(1) =2(5) () em (§)=o() () <

npoxintel 6t ker(p) C H. To (y) éneton amd o (B) xou 10 Jedpnud 10U 1G0pop@Lopol.

Adndic ebvon pévo n tpdtoon oo (B). T to (o) napatnehote bt n G/N éxel uxpdtepn TéEn
oo exetvn g Gyl xdde nenepacuévn oudda G xan xGle pn TETPUIMEVT XOVOVIXT] UTOOUEDA
N avtic. T o (B) Yewphiote v unoopdda G = {z € C : |z| = 1} e modamhaoctas txic
opddac C* xou v vrooudda B, = {z € C: 2" = 1} e G o oyodo axépoo n > 2. Aeite
6Tl M amexévion ¢+ G — G mou opileton Yétovtag p(z) = 2" v z € G eivon empopPLopdis
ouddwyv pe muptiva N = E,, xat cuunepdvete 6Tt 1 opddo nnhixo G/N eivon wobuopen pe ) G.

H npétaon eivon ohndic. Aol 1 ouddo tnhixo G/N éyel 1é&n n, n 14N onoloudinote otoiyeiou
e N Swupel 10 n. Apa oydel 2" N = N, dnhadf 2" € N, yia xdde € G. To anotéheopa
owto ebvan toyupdtepo exelvo tne ‘Aoxnone 152 (B).

'Eoto xavovixt, vnoopdda N tne Sy, vy v onola A := S, /N eivon ofehav). Tédte, N =
ker(p) yiot xdmotov ogouopplopd opddwv ¢ @ S, — A. Apxel va delfoupe 61 T € ker(p) yio
x&le dptia petdldeon 7 € Sy Abyw e ‘Aoxnong 124 (B), apxel va deloupe 61 o € ker(yp) yio
x&de petdideon o € Sy, meptthc TdENG. ‘Opwe, Yo xdde tétolo petddeon, 7 o2 givou ouluynhc pe
™ o (e&nyfote yiorl). ‘Apa, 02 = wow ™! yio xdmoto w € S,. Egapuéloviag tov opopoppioud
o, Beloxoupe 61t (0)? = p(w)p(o)p(w) ™! = p(o)p(w)p(w) ™ = p(o) xo cuunepaivoupe 6T
o € ker(p).

OewphoTe ToV opouopPIoRd opddwy ¢ @ G — S(X) tne Aounone 171 xou tov TupRver autol
N = ker(y), o onolog elvon xavovixf vooudda tne G. And to anotéheoya autic TN doxnong
gyovue N C H. Ané o Jedpnua tou toogopplopold oupnepdvete 6t [G @ N| < [S(X)| < oo.

Adbyw e Aounone 184, xaw ool 1 Z(S),) elvon 1 tetpppévn unoopdda tne Sy, vl n > 2, apxel
vo def€oupe 6Tt Aut(S,) = Inn(S,) vy n # 6. Eotw ¢ € Aut(S,). Oéhovue vo deioupe
6t undpyer petddeon w € S,, tétol wote p(o) = wow ! v x&e o € S,. Agol 1 S,
nopdyeta and avtpetadéoeis, opxel va Bellel xavelc (e€nyfote yiotl) 6T o autopoppiouds @
anewxovilel avtipetadéoeic oe avtetadéoeic. Hapatnpoiue 6t o ¢ anewxovilel xAdoewc ouluylag
oe xhdoeic ouluylae, agol pluou™t) = @(u)p(o)e(u)™ yia u,0 € S,. Enouévec, o ¢
petodétel T xhdoeg ouluyiog e S, doouévou Thdouc oTtotyelwy. ATd autd cuunepaivouue
6t av ¢ ¢ Inn(S,), téte N xNdon ovluylac twv avuyetodéoewy e S, Vo mpénel vou €xel
70 (B0 mhilog oToiyelwy pe xdmolo SR xAdon culuyioc. Agol mpogavds o ¢ omewxovilel
avupetadéoeic oe petadécelc TéEne dvo, ocuuncpaivoupe (eEnyhote Twe) Ot

(Z) = 1-3-(2k—1) (;;)
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191.

Yo xémoto k > 2 4, 10odivoya, 6t (n —2)(n —3) -+ (n — 2k + 1) = 2F1k! yio xdmowo k > 2.
H pévn Suvatédtnta eivon k= 3 xou n = 6 (e&nyfote yotd). T n = 6, Yétovtog s1 = (1 2),
s =1(23),83=1(34),s51=(45) xn s5 = (5 6), undpyeL TEEYUATL AUTOLOPPIOUOS @ TNS Sy,
e

p(s1) = (12)(3 4)(5 6),
pls2) = (14)(25)3 6),
plss) = (13)(24)(0 6),
p(sa) = (12)(36)(45),
p(ss) = (14)(23)(5 6).

To nopdderypa autd eivon mopuévo amd to BiBhio Abstract Algebra twv D.S. Dummit xou
R.M. Foote. Euyopiote to Nixo Adakdylou yio ) 6i6pdwon tng Slatdnwong authc g -
oxnong xou TNy uTedelEn yia T Bihoypagplo.

T to (o) napotnphote 6tL, agol det(A) = 1, ye avaywyy| twv otoyelwy Tou modulo m, o A
unopel vor Yewpndel otoyelo e nenepacpévne opddac GLy, (Z,,) xou cUUTEREVETE OTL WG TETOLO
otouyelo, o A éyel nenepaopévn téln. T 1o (B), epappdote 1o (o) v m = |det(P)| xou
CUUTEPAVETE 6T

BY = p7lAFP = PYI+mC)P = I+ P Y(mC)P = I+ QCP,

6mov @ = mP~t ebvan mivaxac pe otouyeto oxépotouc aprioic.
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