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1. (1.5m) (a) 'Estw A,B dÔo mh ken� kai fragmèna uposÔnola tou R. An supA = inf B,
deÐxte ìti gia k�je ε > 0 up�rqoun a ∈ A kai b ∈ B ¸ste b− a < ε.
(b) 'Estw x ∈ R kai èstw n jetikìc akèraioc. DeÐxte ìti up�rqei m ∈ Z ¸ste

∣∣x− m
n

∣∣ < 1
n .

Ap�nthsh. (a) 'Estw ε > 0. Apì ton qarakthrismì tou supremum up�rqei a ∈ A ¸ste
supA < a + ε

2 kai apì ton qarakthrismì tou infimum up�rqei b ∈ B ¸ste b < inf B + ε
2 .

AfoÔ supA = inf B, sundu�zontac tic dÔo anisìthtec èqoume b < supA+ ε
2 < a+ ε

2 + ε
2 =

a + ε. Dhlad , b < a + ε.
(b) IsodÔnama, zht�me m ∈ Z ¸ste |nx−m| < 1. P�rte ton m = [nx]. Tìte, m ≤ nx <
m + 1 �ra 0 ≤ nx−m < 1. Sunep¸c, |nx−m| < 1.

2. (1.5m) Gia kajemi� apì tic parak�tw akoloujÐec, breÐte to ìrio, an up�rqei:

αn =
n!
nn

, βn =
√

n2 + 2−
√

n2 + 1, γn = n hm
( 1
n2

)
, n = 1, 2, . . . .

Ap�nthsh. (a) Gia thn αn qrhsimopoioÔme to krit rio tou lìgou: met� apì aplopoi seic,

αn+1

αn
=

(
n

n + 1

)n

→ 1
e

< 1,

�ra αn → 0.
(b) Pollaplasi�zontac kai diair¸ntac me th suzug  par�stash paÐrnoume

βn =
1√

n2 + 2 +
√

n2 + 1
=

1
n
· 1√

1 + 2
n2 +

√
1 + 1

n2

→ 0.

(g) Qrhsimopoi¸ntac thn | sinx| ≤ |x| gia x = 1/n2 paÐrnoume

|γn| ≤ n · 1
n2

=
1
n

.

'Ara, |γn| → 0. 'Epetai ìti γn → 0.

3. (1.5m) OrÐzoume mia akoloujÐa (an) me a1 =
√

2 kai an+1 =
√

2 + an, n = 1, 2, 3, . . ..

(i) DeÐxte ìti ìloi oi ìroi thc (an) eÐnai �rrhtoi.

(ii) DeÐxte ìti h (an) eÐnai monìtonh kai fragmènh.

(iii) Na apodeÐxete ìti h (an) sugklÐnei kai na breÐte to ìriì thc.

Ap�nthsh. (i) Me epagwg : o a1 =
√

2 eÐnai �rrhtoc. 'Estw ìti o an eÐnai �rrhtoc.
DeÐqnoume ìti o an+1 eÐnai �rrhtoc: an  tan rhtìc, apì thn an+1 =

√
2 + an ja eÐqame

an = a2
n+1 − 2 ∈ Q, �topo.

(ii) ParathroÔme pr¸ta ìti an > 0 gia k�je n. DeÐqnoume me epagwg  ìti h (an) eÐnai
aÔxousa kai �nw fragmènh apì ton 2.
(iii) Apì to prohgoÔmeno er¸thma kai apì to je¸rhma sÔgklishc monìtonwn akolouji¸n,
up�rqei x ∈ R ¸ste an → x. PaÐrnontac ìria sthn anadromik  sqèsh blèpoume ìti
x =

√
2 + x dhlad  x2 − x − 2 = 0. Oi rÐzec thc exÐswshc eÐnai: 2 kai −1. AfoÔ h

akoloujÐa èqei ìrouc megalÔterouc apì
√

2, sumperaÐnoume ìti an → 2.

4. (1m) 'Estw f : [a, b] → R suneq c sun�rthsh me f(a) = 0 kai f(b) = 1. Exet�ste an
oi parak�tw prot�seic eÐnai alhjeÐc   yeudeÐc (aitiolog ste pl rwc thn ap�nths  sac).



(i) H f eÐnai aÔxousa.

(ii) To sÔnolo tim¸n thc f eÐnai to [0, 1].

(iii) Up�rqei x ∈ (a, b) ¸ste f(x) = 1
2 .

Ap�nthsh. Oi pr¸tec dÔo prot�seic eÐnai yeudeÐc: Gia par�deigma, jewr ste thn ex c
sun�rthsh f : [0, 2] → R: grammik  sto [0, 1] me f(x) = 2x kai grammik  sto [1, 2] me
f(x) = 3−x. Elègxte ìti h f eÐnai suneq c, f(0) = 0 kai f(2) = 1. H f den eÐnai aÔxousa
(eÐnai fjÐnousa sto [1, 2]) kai to sÔnolo tim¸n thc eÐnai to [0, 2].

H trÐth prìtash eÐnai alhj c: apl  efarmog  tou jewr matoc endi�meshc tim c.

5. (1.5m) 'Estw f, g : [a, b] → R suneqeÐc sunart seic. Upojètoume ìti max(f) =
max(g). Dhlad ,

max{f(x) : x ∈ [a, b]} = max{g(y) : y ∈ [a, b]}.

DeÐxte ìti up�rqei ξ ∈ [a, b] ¸ste f(ξ) = g(ξ).

Ap�nthsh. H f kai h g paÐrnoun thn Ðdia mègisth tim  M : up�rqei x1 ∈ [a, b] ¸ste
f(x1) = M ≥ f(x) gia k�je x ∈ [a, b] kai up�rqei y1 ∈ [a, b] ¸ste g(y1) = M ≥ g(y) gia
k�je y ∈ [a, b].

Jewr ste thn h = f − g sto [a, b]. Parathr ste ìti h(x1) = f(x1) − g(x1) =
M − g(x1) ≥ 0 kai h(y1) = f(y1)− g(y1) = f(y1)−M ≤ 0.

Apì to je¸rhma endi�meshc tim c, h h mhdenÐzetai se k�poio shmeÐo ξ tou diast matoc
pou èqei �kra ta x1, y1. 'Epetai ìti ξ ∈ [a, b] kai f(ξ) = g(ξ).

6. (1.5m) (a) DeÐxte ìti: an 0 < x < 1 tìte h akoloujÐa x2n (me ìrouc x2, x4, x8, x16

klp) sugklÐnei sto 0.
(b) 'Estw f : [0, 1] → R suneq c sun�rthsh me thn ex c idiìthta: gia k�je x ∈ [0, 1] isqÔei
f(x) = f(x2). DeÐxte ìti h f eÐnai stajer .

Ap�nthsh. (a) GÐnetai me di�forouc trìpouc: gia par�deigma, afoÔ 2n > n kai 0 < x <
1, èqoume 0 < x2n

< xn gia k�je n ∈ N. GnwrÐzoume ìti xn → 0, �ra x2n → 0 apì to
krit rio parembol c.
(b) Apì thn upìjesh, an 0 < x < 1 èqoume f(x) = f(x2) = f(x4) = · · · = f(x2n

) gia
k�je n ∈ N. Apì to pr¸to er¸thma x2n → 0 kai, afoÔ h f eÐnai suneq c, h arq  thc
metafor�c deÐqnei ìti f(x2n

) → f(0). 'Omwc, h akoloujÐa (f(x2n
)) eÐnai stajer  me ìlouc

touc ìrouc thc Ðsouc me f(x). Sunep¸c, f(x) = f(0).
'Eqoume dei ìti f(x) = f(0) gia k�je 0 ≤ x < 1. Lìgw sunèqeiac sto shmeÐo 1,

sumperaÐnoume ìti f(1) = f(0) (jewr ste (yn) sto (0, 1) me yn → 1 kai qrhsimopoi ste
thn arq  thc metafor�c).

'Ara, f(x) = f(0) gia k�je x ∈ [0, 1].

7. (2m) (a) Na brejoÔn ta lim
x→0+

x
[

1
x

]
kai lim

x→0+

1
x [x] (me [x] sumbolÐzoume to akèraio

mèroc tou x).

(b) Na brejoÔn oi timèc twn a, b ∈ R gia tic opoÐec h sun�rthsh f(x) =
{

x2 , an x ≥ 2
ax + b , an x < 2

eÐnai: (i) suneq c sto R, (ii) paragwgÐsimh sto R.

Ap�nthsh. (a) Gia to pr¸to ìrio, apì ton orismì tou akeraÐou mèrouc èqoume

1− x = x

(
1
x
− 1

)
< x

[
1
x

]
≤ x · 1

x
= 1,



kai to krit rio parembol c deÐqnei ìti lim
x→0+

x
[

1
x

]
= 1. Gia to deÔtero, parathr ste ìti

[x] = 0 an 0 < x < 1, �ra 1
x [x] = 0 sto (0, 1). 'Epetai ìti lim

x→0+

1
x [x] = 0.

(b) Gia th sunèqeia: paÐrnontac pleurik� ìria sto shmeÐo 2 blèpoume ìti prèpei kai arkeÐ
na ikanopoieÐtai h 2a + b = 4 (�peirec lÔseic thc morf c (a, 4− 2a), a ∈ R).
Gia thn paragwgisimìthta: ektìc apì thn prohgoÔmenh sunj kh, prèpei na up�rqei ` ∈ R
¸ste

lim
x→2+

x2 − 4
x− 2

= lim
x→2−

ax + (4− 2a)− 4
x− 2

= `.

Dhlad , ` = 4 kai lim
x→2−

a(x−2)
x−2 = 4. 'Epetai ìti a = 4 kai b = −4.

8. (1.5m) 'Estw f : [0, +∞) → R suneq c sun�rthsh, paragwgÐsimh sto (0, +∞).
Upojètoume ìti |f ′(x)| ≤ √

x gia k�je x > 0. DeÐxte ìti

lim
x→∞

f(x)
x2

= 0.

[Upìdeixh. Gia x > 0, qrhsimopoi ste to Je¸rhma Mèshc Tim c sto [0, x].]

Ap�nthsh. 'Estw x > 0. Apì to Je¸rhma Mèshc Tim c up�rqei ξx ∈ (0, x) ¸ste
f(x)− f(0) = xf ′(ξx). 'Epetai ìti

|f(x)− f(0)| = x |f ′(ξx)| ≤ x ·
√

ξx ≤ x
√

x.

T¸ra, mporoÔme na gr�youme

|f(x)|
x2

≤ |f(0)|
x2

+
|f(x)− f(0)|

x2
≤ |f(0)|

x2
+

x
√

x

x2
.

Dhlad ,
|f(x)|

x2
≤ |f(0)|

x2
+

1√
x

.

'Epetai ìti
lim

x→∞
f(x)
x2

= 0.


