
APEIROSTIKOS LOGISMOS I (2005-06)
Telik  Exètash � 16 IanouarÐou 2006

1. (a) 'Estw A,B dÔo mh ken�, �nw fragmèna uposÔnola tou R. DeÐxte ìti: an A ⊆ B,
tìte supA ≤ supB.
(b) 'Estw A �nw fragmèno uposÔnolo tou R kai èstw α èna �nw fr�gma tou A. DeÐxte
ìti: α = supA an kai mìno an up�rqei akoloujÐa (αn) stoiqeÐwn tou A ¸ste αn → α.

(1,5m)
2. Gia kajemi� apì tic parak�tw akoloujÐec exet�ste an sugklÐnei kai, an nai, breÐte to
ìrio thc:
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(1,5m)
3. Exet�ste an oi parak�tw prot�seic eÐnai alhjeÐc   yeudeÐc (aitiolog ste pl rwc thn
ap�nths  sac).
(a) Up�rqei gnhsÐwc fjÐnousa akoloujÐa fusik¸n arijm¸n.
(b) 'Estw (αn) akoloujÐa jetik¸n pragmatik¸n arijm¸n. An h (αn) den teÐnei sto +∞,
tìte h (αn) èqei fragmènh upakoloujÐa.
(g) 'Estw f : (0, 1) → R suneq c sun�rthsh. An (xn) eÐnai basik  akoloujÐa (akoloujÐa
Cauchy) sto (0, 1), tìte h (f(xn)) eÐnai basik  akoloujÐa (akoloujÐa Cauchy).

(2m)
4. 'Estw f : A → R. Upojètoume ìti h f eÐnai suneq c sto x0 ∈ A kai ìti f(x0) > 0.
ApodeÐxte pl rwc ìti up�rqoun δ > 0 kai M > 0 ¸ste: gia k�je x ∈ A ∩ (x0 − δ, x0 + δ)
isqÔei 0 < f(x) < M .

(1m)
5. 'Estw f : (0, 1) → R suneq c sun�rthsh me thn ex c idiìthta: f(x) = 1− x gia k�je
rhtì x ∈ (0, 1). Na brejeÐ to f
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)
. Aitiolog ste pl rwc thn ap�nths  sac.

(1,5m)
6. 'Estw f : (0, 2) → R suneq c sun�rthsh me thn idiìthta

lim
x→0+

f(x) = 0 kai lim
x→2−

f(x) = 1.

DeÐxte ìti: gia k�je ρ ∈ (0, 1) up�rqei ξ ∈ (0, 2) ¸ste f(ξ) = ρ.
(1,5m)

7. 'Estw f : [a, b] → R suneq c sun�rthsh. Upojètoume ìti up�rqoun xn ∈ [a, b] ¸ste
f(xn) → 0. DeÐxte ìti up�rqei x0 ∈ [a, b] ¸ste f(x0) = 0.

(1,5m)
8. (a) 'Estw f, g : R → R kai èstw x0 ∈ R. Upojètoume ìti: f(x0) = 0, h f eÐnai
paragwgÐsimh sto x0 kai h g eÐnai suneq c sto x0. DeÐxte ìti h sun�rthsh ginìmeno f · g
eÐnai paragwgÐsimh sto x0.
(b) Exet�ste an eÐnai paragwgÐsimh h sun�rthsh f : R→ R me f(x) = |x| sinx.

(1,5m)

(1) An summeteÐqate sthn endi�mesh exètash, na to dhl¸sete sthn pr¸th selÐda tou
graptoÔ sac.
(2) Shmei¸ste touc arijmoÔc twn jem�twn pou apant sate (b�zontac se kÔklo ton antÐ-
stoiqo arijmì).
(3) MazÐ me to graptì sac na paradÐdete kai ta jèmata.

Kal  epituqÐa!


