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MNMepiexopeva

1. Eloaywyn

Ocwpnua Tou Little

2uotnua M/M/1

2uotAuata M/M/m, M/M/«, and M/M/m/m
2uotnua M/G/1

. AikTua Oupwv
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T1 TrepIpévoupe amro Ta MovréAa Avauovig;

XpAoipa yia avaAuon amdédoong, oxediacud SIKTUWV Kal
TTPWTOKOAAWV gAéyxou dikTUOU (dpouoAdynong,...)

ATTaITOUV ATTAOUOTEUTIKES UTTOOEDEIG

Aivouv 1ToI0TIKG atroTeEAEopaTA, BonBoUv oTNV KATAVONON TWV
TTAPAYOVTWY KOBUOTEPNONG, KOI OE NEPIKEG TTEPITITWOEIG
MTTOPOUV VA ATTOTIMAOOUV TNV TTPORAETTONEVN KOBUOTEPNON

Ta avaAuTIKG HOVTEAQ CUMTTANPWVOUV TA HOVTEAQ
TTPOCOHO0IWOoNG, TTOU CUVHOWG €ival TTI0O AETTTONEPH




2YNIZTQ2ZEZ THZ KAOYZTEPHZHZ 2E KOMBO

Emregepyaoia Meradoon
(Processing) (Trar7|ission)
EEE |\ | Ao /
# (Queueing) -
EBEE B3

KaBuotépnon Etregepyaciag: Xpovog atrd Afyn TTakETOU PEXPI TOTTOBETNON
OTNV OUpPa_(OTaBEP, EKTOG AV N ETTECEPYATTIKN I0XUG Eival TTEPIOPICWV TTOPOG)

KaBuotépnon AvapovhAg: Xpovog OTnv oupd HEXPI TNV €KKivnon TNG
METGdOONC (OUVABWC PETABANTA)




2YNIZTQ2ZEZ THZ KAOYZTEPHZHZ 2E KOMBO

Emregepyaoia Meradoon
(Processing) (Trar7|ission)
WA |\ | Ao /
# (Queueing) -
EBEE B3

KaBuotépnon Metadoong : Xpovog JETAdOONC Tou TTAKETOU ( avaAoyog Tou
MIKOUC TOU TTOKETOU)

KaBuotépnon Aiadoong : XpOvog TToU ATTAITEITAI YIA VA TTAElI TO TEAEUTAIO bit
atrd TTOPTTO o€ OEKTN (avAAoyn TNG QUOIKAG aTTOOTAONG METACU TWV KOMPBWV.
MeydaAn yia dopuPopIKEC CEULEIQ)




OEQPHMA TOY LITTLE

Acixvel 0TI yia dOOUEVO pUBUO aitewyv A O€ €va OTTOIOONTTOTE
ouoTnua avapovng

Méoog ApiBuog NMedatwy = A x Méon KaBuotépnon

[TOAU onuUavTIKO: I0XUEI KATW aTTO EAAXIOTEC UTTOBETEIC




Kupieg MNapaperpol evog ZuoThpaTtog AVauoVviG

pn(t) = MBavoTnTa va uttTdp)ouV n TTEAATEC OTO CUCTNUA TN
XPOVIKA oTiyun t

pr = limt 5 « pn(t) : KatdoTtaon icoppotriag (Steady state)




Kupieg MNapaperpol evog ZuoThpaTtog AVauoVviG

N(t) = i npn(t) :  Méoog apiBud¢ TTeEAaTWY 0TO OUCTNUA OTO XpPovo t

n(t)

N = lim: 5 « N(t) : Méooc apiBudg meAatwy oTo oloTnua

Nt = Xpovikdc¢ péoog apilBudg oto oloTnua ammd 0 péxpr t

YT1r00£TOoUE OTI TO OUCTNUA €ival EPYOBIKO (XPOVIKOG NECOC = TTIBAVOTIKOG
MEOCOCQ)
N = lime . N(t) = lime -, - N

Epyodiko cival éva duvauikd oUoTnNUa, TO OTTOI0, O€ YEVIKEG YPAMMEG, £XEI TNV idI0 CUMTTEPIPOPA PE HECO OPO TO
XPOVO, KOBWC Kal KaTtd JECO OPO OTO XWPO TwV TTIOAVOTHTWV.



https://el.wikipedia.org/wiki/%CE%94%CF%85%CE%BD%CE%B1%CE%BC%CE%B9%CE%BA%CF%8C_%CF%83%CF%8D%CF%83%CF%84%CE%B7%CE%BC%CE%B1

Kupieg MNapaperpol evog ZuoThpaTtog AVauoVviG

Tk 1 Méon kaBuoTépnon Tou k TreAdaTn (Average system time)
T =limk > «Tx (Méon kaBuoTépnon oto cUoTNUA)

T ptropei va ekppaoTei kal oav XpoviKOS HEOOG

ABpoiopa kaBuoTeprioewy TTEAaTWY pEXP! t

T=limk- ——
Ap1Buog TTEAQTWYV PEX P! t




Qewpnua Tou LITTLE : N=AT

Ormrou:
N = Méooc¢ aplBudg TreAatwy oTo oUCTNHA
) = PuBpudéc agitewv (TTeAATEC / povada xpovou)
T = Méon kaBuoTépnon 0To CUCTNUA

To Bewpnua Tou Little epappdletal oe KABE oUOTNUA APICEWV-
ECUTTNPETACEWYV ME TNV KATAAANAN epunveia Twv N, A kai T.




Qewpnua Tou LITTLE : N=AT

[Napadeivuara:

EoTiatopio ypriyopou @ayntou (uikpry kaBuotépnon ecutnpétnong T)
aTTaITEl MIKPO XWwpPo eoTiaong (Trepiopiopévo TTARBo¢ TreAatwy N) yia 10
id10 A

2€ [Bpoxeprn MEPA UTTAPXEl MEYOAUTEPO UTTOTIAIGPIONO OE WPEC AIXMAG
(ueydAo N) kai ol KaBuoTeprioelg gival HEYOAUTEPEC (MEYAAO T)

2NUEIWCTE!

To Bewpnua Tou Little dev pag divel Ta N kalr T, povo TN PETAEU TOUG
oxéon.
EmmrpdoBeTec (OTATIOTIKES) UTTOBECEIC aTTaiToUvVTal Yia va Bpouue Ta N
kar T.

10



Qewpnua Tou LITTLE : N=AT

« 2& OT0Bepny KaTdoTaon (steady state), o pyEoo¢ apIBPOS TTEAATWV
OTO OUOTNUA €ival i00C PE TO YIVOUEVO TOU PEOOU puBuou agicewv
KAl TOU JEOOU XPOVOU TTOU TTEPVAVE Ol TTEAATEC OTO CUCTNUA.

E[N] = AE[T]
« AT6deiEn:
A(t) D(t)
i979S TreAdTNG | Queueing . 9708 TrEAGTNG
KaTacgeavsl ™ System avaxwpei TN
XPOVIK OTIYMR S; XPOVIKR OTIypA D;
Ti=D; - S
m To oUoTtnpa {ekiva adelo Tnvt=0 m S; = ZTIYA TTOU 0 i°7° TEAATNG aQix0n
m A(t) = MARBo¢ TreAaTwy TTou éxouv @BACE! Ewg TV t m T, = Xpovog ou o i reAdTng Sodelel aTo
m D(t) = MARBog TeAaTwV TTOU £XOUV avaxwpnoel éwg  OUGTNHO
N OTIyMA t mD; = Zniypn mou 0 i°™S reAdTng avaywpei = S; + T;

m N(t) = MARB0¢ TTEAATWV GTO CUOTNHA TN OTIVHA t N(t)=A(t) - D(t) 1)




Little’s Law: First Come First Served

TINABoG agitewv A(t)
[MARBo¢ avaxwprnocwyv D(t)

MEoog apiBuog reAatwy oT1o ouoTtnua N(t) Tn xpovikn 1repiodo (0,1]

I

erfi

AD Ters[! |

€T > '

e:in, Z| D(t) : :

€ mn> -

€T, > L
S D, tp t

1 ‘ ! /
<N > :szN(t)dt 2)

- % [ Ot(A(t’) _D(t))dt’

= EuPadd ypauUOOKIAoUEVNG
TTEPIOXNG MEXPI TOV XpOVo t

= O oUVvOAIKOG XPOVOC TTOU TTEpaCcaV
OTO OUCTNMA Ol TTEAATEG MEXPI TOV
XPOvo t dia Tov XpOvo auTto

=T, 3)




Little’s Law: First Comes First Served

O p€oog pubuodg aitewyv PEXPI TOV XPOVo t gival

<A>,= @ (4)

Ao TIC (4) (3), £XOULE:

A(t) A(t)

1 1
<N>t=?ZTi =<A>thTi (5)
i=1 i=1

Av < T >; €ival 0 JEOOG XPOVOC TTOU TTEPACAV OTO CUCTNMHA Ol
TTpwTtol A(t) TTEAATEG TOTE
1 A(t)

A6 TIC (9) Ka (6) £XOULE:
<N>=<A><T>, (7)




Little’s Law: First Comes First Served

AG uttoBéooupe OTI t 2 oo, hE TOAVOTNTA 1, OI XPOVIKEG MEOEC
TIMEG CUUTTITITOUV HE TIG OTATIOTIKEC MEOEC TIMEC (for mean ergodic
random processes)

<N> = E[N]
<A> DA (8)
<T> - E[T]

(7) kai (8) @ewpnpua Little

E[N] = AE[T] (9)




Qewpnua Tou LITTLE

[lapadeyua:
NQ! W P, E{X}
< >l >
—p| Avapovi MeTadoon
< >
N, T

Epappuoyr} Tou Bewprjpartog otnv avapovn (oupd)

NQ=)‘VW

Ommou Nq = H€oOC apIBuOC TTAKETWY TTOU AVAPEVOUV OTNV oupd

W = uyéon kabuoTépnon oTnv oupd

Epapuoyr) Tou BewpipaTtog oTo TURUA JETAdOONG (ECUTTNPETNG)

p =1 E{X}

Ormou p = HECOG ApPIOUOG TTOKETWY UTTO pETAdoon (évraon Kivnong)

E{X} = péoog xpovoc petddoong
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Qeswpnua Tou LITTLE

AeUTELO TTAPAOEIVLUA:

M MoAuTtrAoko
\ TUoTNHA AVOHOVAS
A
\ N1 N2
N,
hy —

Egappoyn otn pon kivnong |
Ni= )‘iTi

Epappoyn o€ 0Aeg TIG poEG padi
(N1+...Nk)=(;u1+...+;\,k)T

o1TouU

K
T = (;: ;\,iTi)/ (3\.1 +...+ )\.k) (uéoog¢ arrd OAa 1a )




Qeswpnua Tou LITTLE

‘AAo éva mapadeiyua

‘EAgyxo¢ pong ouvodou w / window size N

Meplopiopoég yia N
TTAKETA OTO CUCTNUA
EAeyxopevn yla Tn ouvodo

ouUvodog

Y160eon: TTaKETA gival TTAVTA SIOBECIUA TTPOC ATTOOTOAN
PuBuatrédoon A = N/T

Omw¢ peyaAwvel n oupeopnon (T peyaAwvel), To A JIKPAivel (0 EAEYXOS PONG
YiveTal 1o dpaaoTIKOG)

Av 10 N peyaAwvel, To T yeyOAWVEI

14



ApI1OunNTIKA EQapuoyn

A monitor on a disk server showed that the average time to
satisfy an 1/O request was 100 milliseconds. The I/O rate was
about 100 requests per second. What was the mean number
of requests at the disk server?

Using Little's law:

Mean number in the disk server

= Arrival rate x Response time

= 100 (requests/second) x(0.1 seconds)
= 10 requests




Baoik) opoAoyia CUCGTNHATWY AVAMOVEHS

a/b/m/K
= a - TUTTOC aQicewv
= b - Karavoun xpovou eCuttnpéTnong
= m - MARBo¢ eCutTnpeTNTWYV (Servers), m=1,2...
= K =2 XwpnTikotnta (K=1,2,...) (av « mTapaAcitreral)

To a oupBoAiletal cuvnBwC¢ ue Ta ypAuuaTa:

M = Memoryless = Poisson

To b oupBoAiletal cuvRBw¢ ue Ta ypAuuaTa:

M = Memoryless = exponential service time distribution
D = Deterministic

E = Erlang

H = Hyper-exponential

G = General = Results valid for all distributions




Napadsiypa: Zuotnua Oupag M/M/1

Or1 agiceic treAaTwyv akoAouBouv Tnv Karavoury Poisson pe
puBud A Kal oI XpOvol HETALU OUO OIadOXIKWY aPICEWV
(interarrival time) €ival ave¢dpTnTEC TAUTOONMA KATAVEUNNMEVES
(IID) Tuxaiec petaBANTEC pe péon Tiun 1/ A

O1 xpovol €CutTNPETNONG Eival EKOETIKA KATAVEUNMEVEC TUXAIEC
METABANTEG pE MéEon Ty 1/pu KAl avecpTnTEG TOU XPOVOU
METACU TWV DIAdOXIKWY APigEWV

2U0TNUA JE Eva ECUTTNPETNTN

ATTEIPO PEYEBOC OUPAC




Napddsiypa: Zuotnua Oupag M/M/1

Customers il

Queue/butter

MovTEAO KaTtaAAnAo yia

[MeAQTEG TTOU TTEPINEVOUV OE HIa OEIPA

[papun ocuvapuoAoynong/rapaywyrg TTPoIOVTWY
AiKTUO JETAYWYNAG TTAKETWY

KuypeAwTtd dikTua

[Tou 6éAouv va yvwpilouv
= To Néoo apIiBud TTeEAATWV/EPYATIWY OTO CUCTNUA
= o MEOO XPOVO AVANOVAG

BaoikEG TTAPAUETPOI CUOTHUATOG
= Méooc puBudc agicewv xpnoTtwv (TTANBOC XpNOTWV ava Povada Xpoévou
TTOU KaTa@BAavouv)
= Méoocg puBudc ecuttnpétnong (TTARBOC XpnoTwV avd povada Xpovou TTou
eCUTTNPETOUVTAI)




To cuoTnua M/M/1

M/M/1
Aladikacia agicewv Poisson (1° M)
EkOeTIKOI ¥pbdVvol ecutTnpéTnong (2° M)
‘Evag ecuttnpetntnS (1)
ATreipol TTEAATEC OTO oUCTNHA

2TOXO0G
O 1PoadlopIcPOS TNG TTIBAVOTNTAC p, VO UTTAPXOUV n TTEAATEC OTO
ouoTnUa o€ KATAoTAON ICOPPOTTIAC

15



Aladikacia a@ifewv: POISSON pe pubuoé i

—
[¢—
N
—
w
[—
N
[—
(3]
e 4

21oxaoTIKA dladikaoia agicewv {A(t)| t= 0} TTou Traipvel Tiuég 0,1,2,... €101
WOoTE

A(t) = apiBudc agicewv atrd 0 £wg t
apIBuoi agitewyv o€ cexwploTa dlaoTruaTa (intervals) gival ave¢aprnrol

apIBuoG agitewv o€ dIAOTNUA MKOUG T akoAouBei katavoun Poisson e
TTOPAMETPO AT, ONA., .
(A1)

P{A(t+1)-A{t)=n}=e "
n!

,h=0,1,...

16



1016TNTEC TNG O1adiIkaciag POISSON

Xpovol peETacu  OIadoXIKWV  agicewv  €ival avegapTnTol Kol  €KOETIKA
KOTAVEUNMEVOI JE TTAPAMETPO A

2UVETTWG, N MOavotnTa P{t, < s} 10 XpovIkO didoTnua heTAlU duo
O1a00XIKWYV aPIiCEwWV va gival JIKPOTEPO Tou S diveTal ATTO:

P{t, < s} =1-e"s, s20

OTToU T, = XPOVOG METACU APIENG N KAl APIgng (n+1)

EmimrA€oy, 1oxuel P{A(t+ 1) — A(t) = n} = e‘“():—)'n,n =0,1,..., CUVETTWG, YIA
n=0, 1, 2... 1I0XUEl

P{A(t+5)-A(t) = 0} = e}5=1-15 + 0(5) (1)
P{A(t+5)-A(t) = 1} = e (15)= (1-15+0(8))(15)= 15+ O(5) (2)
P{A(t+5)-A(t) 2 2} = o(5) (3)

ommou 0(6)/6—0 oTTwg 6—0
YtrevOupion: Zeipda Taylor: e = 1-A5+(Ad)?/2-...

17



1016TNTEC TNG O1adiIkaciag POISSON

Av A4, A,,... A, cival avecdpTtnTeg dladikaoieg Poisson pe puBuoucg A4, Ay,
ceey M, TOTE A = Agt+ Agt. . +A, cival Poisson pe puBuo A = g+ hy +...+ Ay

H Oiadikacia Poisson e€ival TUummkKa €va KOAO HOVTEAO vyia TN
OUYKEVTPWTIKN Kivnon atrd &va JeEYAAo aplBud « IKPWV» XPNOTWV.

18



Aladikacia e€utrnpeTnoswyv og M/M/1

PuBpuég agigewv A PuBuég
ggurnpéTNONg 1
‘Evacg €CuTTNPETNTAG

Agiteic Poisson pe TTapAUETPO A

EkBeTIKG KATAVEUNUEVOI XPOVOI ECUTTNPETNONG WE TTOPAUETPO

P{x <s}=1-¢™"°, E{x}=1

1
AveZapTnTOol XPOVOI QQPIEEWV Kal ECUTTNPETHACEWV

Atreipol TTEAATEG
ATTeipn oupd AvaPoVG

Memoryless property: The additional time needed to complete a customer’s service
in progress is independent of when the service started, similarly the time up to next
arrival is independent of when the previous arrival occurred

19



AAucideg Markov

2TNV avAAuan Tou CUCTANATOG MAG NTTOPOUNE va XPNOIUOTTIOINOOUUE AAUCIDEG
Markov yiati n “Memoryless Property” utrovoei oOrTi:

oTav EEpoupe OTI Exoupe N(t) TTEAATEC OTO CUCTNPA TN XP. OTIYMA L, Ol
XPOVOI OTOUG OTTOIOUG Ol TTEAATEC PTAVOUV OTO cUuaTnua r} Ba
OAOKANPWOOUV TNV EUTTNPETNON TOUC OTO PEAAOV Eival aveEdpTnTol ATTO
TOUG XPOVOUG AQIENG TwV TTEAATWYV TTOU RO BpioKovTal 0ToO CUCTNUA Kal
atrd 10 TTOCN £CUTTNPETNON £XEI OEXOEI NON O TTEAATNG TTOU ECUTTINPETEITE
atrd To ouoTnUa TN 0edoNEVN OTIYUN.

Apa 0 HEAAOVTIKOG apIBOG TTEAATWY OTO CUCTNHA ESAPTATAI ATTO
TOV TTAPEAOOVTIKO apIOud TTEAATWY OTO CUCTNMA HOVO HECW TOU
TPEXOVTOG aplOpou TreAatwyv. {N(t)| 20}

Omréte umropoupe va avalucoupue Tnv diadikaoia N(t) cav aAucida
Markov ouvexoug xpovou

@a XPNOIKYOTIOINCOUKE OUWC TNV ATTAOUCTEPN Bewpia Twv aAuaida
Markov diakpiTou xpovou




AAucideg Markov

AG €0TIAOOUE OTOUG XPOVOUG
0,9, 29, ..., KJ,...
OTTOU 0 £VOG MIKPOG BETIKOC apIOudC.

Ny = N(kd) kai N(t) eival pia aAucida Markov ouvexoug XxpOvou TOTE
MTTOPOUME Va DOUE OTI

{Nilk = 0,1...} €ival yia aAucida Markov diakpITou Xxpovou

JE TOavVOTNTEC TO OUCTNUA va gival KATEIANUPEVO OTav BpioKeTal O€ OTABEPN
kKataoTtaon (steady state occupancy probabilities) ioec ye autég piag aluoida
Markov ouvexoug xpovou

Av P; gival ol mBavotnTta yeTGBacng atmod TNV KATaaTaon i oTnV j
Pij = P {Nk+1 =] | Ny=i}




AAucideg Markov

P(n agiteic o€ xpovo 8) = e*9 (’%)n
P(n atroxwpnoeic o€ XpOvo ) = e

P(0 atroXwpAOEIC O Xpdvo d) = e Ho

P(1 atroxwpnon o€ Xxpovo &) = ude Ho

Mapdadeypa perapaong evog Pripartog (one step transition):

Pi.i+1) = P(1 a@ign kai 0 amoxwpnoeig) = P(1 agign) x P(0 ammoxwpnoeig)




AAucideg Markov

ATo 116 (1), (2), (3)

P{A(t+56)-A(t) = 0} = e*>=1-L5 + 0(9)

P{A(t+3)-A(t) = 1} = e} (Ad)= (1-1L6+0(5))(Ad)= A3+ 0O(9)
P{A(t+0)-A(t) 2 2} = 0(0)

ommou 0(8)/6—0 oTw¢ 6—0

Poo = P(0 &gign) = 1- Ad + 0o(d)

P:i = P(0 agicn ka1 0 atroxwpnoeig) = 1- Ad — ud + o(d)
Piiv1 = P(1 a@ign ka1 0 atroxwpnaoeig) = Ad + o(d)

Pii.1 = P(0 apign kai 1 ammoxwpnaon) = ud + o(d)

Pi;j = 0(d)

(1)
(2)
(3)

ikl j#=i,i+1,i—1




Kartavoun apiBuou TeAaTtwy 0TO OUCTNMA

Aldypappa HETABAONG KATAOTAONG
AAuoliSa Markov

A0 A A0 A0
a-a-a TN OO O I
1o no no

H meavomm TO oUOTNUA €ival 0TV KATAOTACN h KAl va JETAREI 0TV KATAOTOON
n+1 1o €TOPEVO dIAoTNPA PETABAONC gival ion PE TNV TTIBavOTNTA TO CUCTAUA VA
ueTaBei atrd TNV KaTtdotaon n+1 oTnv KATAoTAON h OTO ETTOPEVO dIACTNUA

METARaONC
AvAAuon evoexoNEVWY O€ Eva dIAOTNUA & Sec

PuBuoc pyetapaong atmé n o n+1 = p, Ao

PuBuoc pyetapaonc atmé n+1 o€ n = ph+nd

20



Kartavoun apiBuou TeAaTtwy 0TO OUCTNMA

» ESlowoEIg 1I00ppoTTiag:
Pnho+ 0(3) = pp+1d + 0(5)
* AI0IPOUME HE O KOl TTAiPVOUME 6p10 OTTWG T0 6 — 0
Pn+1= PPn, n=0,1,...
OTToU p = A/n
Pn+1= PPn = P(PPn-1) = p? Pn-1 = P* Pr2--- = PPy

= Apa BpoUME TO Py TOTE Ta EXOUME OAa

21



Kartavoun apiBuou TeAaTtwy 0TO OUCTNMA

‘Exoupe
pn+1 =Pn+1p°, n= 0,1,...

EmitrAéov, TO AdBpoicpa Twy TTBavoTATWY OAWV TWV TTIBAVWYV KATAOTACEWV = 1

1=2pn=2p Po = R
n=0 n=0 1- p

Po=1-p

pr=p" (1-p), n=0,1,...
‘ETol To péoo TTARB0C XpnoTwy 0TO oUCTNHA
looUTal UE

N=2 np. =2 np"(1-p)=

n=0 n=0 1 -p

Y1revlupion: avamruypa Taylor 6t Y5, p" = ﬁ

A 4




« Amodeign oxéong

N=> np. =2 np"(1-p)=
n=0 n=0 1-p

1

1. T'vwpiloupe atré avdamtuypa Taylor 6T Y 1%, p™ =15

2. lMapaywyiloupe wg TTPOG p Kal Toug dUOo époug Kal éxoups
+00

—(1—p)’
Z A % Ta- p)2
n=0
3. MNoAAatTAao1aloupe pe p Kal Ta OUO pa)\r] OTTOTE TTPOKUTITEL:
+ 00
> =t
_ T (1-p)?
n=0

4. AvtikaBioTOUUE

+00 +00
p(1—p) p
N:Znn:Znnl— = =
), P 4 p"(1-p) A—p2 1—p
n=0 n=0




Kartavoun apiBuou TeAaTtwy 0TO OUCTNMA

Méon kaBuotépnon (atéd To Bsewpnua Tou Little)
N p A
A AM(1—-p) A(1-A/p)

-1
n-A

Méon kaBuotépnon oTnv oupd

1 1 1
W=T-—=————

B p-A p
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M/M/1: MéTpa etridoong

E[N]
p/(1- p)
0.5
E[T]
E[7]

0.5




2vothuara M/M/m, M/M/«, and M/M/m/m

AvaAuaon mrapopola pe M/M/1

XpNOIJOTToIoUUE €va MOoVTEAO aAuaidac Markov

Yia va BPOoUNE TNV KOTAVOUNR TOU apIiBuou Twv
TTEAQTWY OTO oUCTNHA

24



2votnpa M/M/m

Meaning: Poisson agigeig, exponentially distributed xpovol
eCUTTNPETNONG, m OJOIOI Servers Kal ATreipn XxwpenTikoTnTa oupdc

A A Y A A
e o>
mme 3p ‘mu,\f_%

o _fnu if0sn<sm
Aj =4 and ‘u"_{mu ifn>m




2vuotnua M/M/m

Poisson aigeig (A), ekBeTIKOi xpodvol eguttnEETNONG (1), M €EUTTNPETNTEG

ALY o B

(m-1)ps
KataoTaoelg 1I00ppoTTiag (nSm): KataoTdoeig iIcoppoTriag (n>m) :
* APo = pp4 * MPm = MUPm+1
* APq=2up; APn.1 = NPP, : MPn-1 = Mpp,

. }\‘pm_1 = mupm, * )"pn-1 = mup,,

XpNOIUOTTOIOUHE QUTEC TIC ECICWOEIC VIO VA EKPPACOUNE TIC TTIBAVOTNTEC
pPn WG ouvapTnon TNG TMBavoTNTAC Po VA Eival TO oUCTNUA AdEIO.
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Karaotdoeig i1coppoTriag (nSm):

 To ouoTtnua €xel otn d1IABEON TOU M ECUTTNPETNTEG :

p = A/(mu)

« AedouEVOU OTI Apy_1 = NP, EXOUME

A1
Pn = (E) Hpn—l
 Me avadpoun
AZ
Pn = ﬁpn 1= ”Zn(n _ 1) Pn-2
13
N wnn—-1)(n-2) Pn-3 =
A" A" (mp)"




To cuotTnua M/M/m

(mp)”
0 ) m
n!
pn= -
mmp" p=L <1
P ., n>m where
’ m! mp

m-—1 + oo m-1 (mp)n T mmpn
p0+2pn+2pn=1=>po 1+ T +2 - =1 =
n=1 n=m m—1 n=1 + oo n=m
(mp)" _m™ _
n=1 n=m
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loxuel OTI

0 + oo m-—
= n=0 n=0
2ZUVETTW mp)"
S : (mp) P15
n! m!'1—p
n=0
m -1
_| 5 (mp)” _(mp)
n=0 ! m! (1-1p)
Y1revlupion: MewpeTpiki Tpo60d0g -
a+ar+ar’ +ar’ +---+ar™ =) ar za(l_r ) )
“— 1—r




2uvotnua M/M/m

MOeavoTNTa A@IKVOUHEVOG TTEAATNG VA XPEIOCTEI VO AVAMEIVEI
otnv oupd (Erlang C formula)

P, (mp)”
m!(1-p)

Pa =P{Queueing}= ) pn =

ATTode1gn:

P—ZPn ZPO -
m

Z S




2uvotnua M/M/m

MOeavoTNTa A@IKVOUHEVOG TTEAATNG VA XPEIOCTEI VO AVAMEIVEI
otnv oupd (Erlang C formula)

© m m
Pa =P{Queueing}= ) pn = P, (M)
n=m m'(1 - p)
pom™ + Pomp)™ N
Nq=Zan+n= n ) pr "= m',D ann
n=0 n=0 ' ' n=0
N
Ny = P,—— a__P
1—0p P, 1-p
+00
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2uotnua M/M/m: KaBuoTtepnoeig

PPq (Méoo > )
= 9Q G XPpOVOC aTnV oupqd)
A(1-p)
1
=—+W (Méoocg xpbvog oTo OUCTNHA)
n
PPy , ,
N=AT =mp+— (Méoog apIBudg aTo GUOTNNA)

1-p




2uotnpa M/M/e

Poisson a@igeig (1), ekOeTiKOi Xpovol egutrnpéTnong (n), atreipol
ECUTTNPETNTEG

Lo 210 3ud npuo  (n+1)ud
O&Tw m = « gT0 cuoTnua M/M/m
ADna=nup, n=12,..

lk




2uotnpa M/M/e

Poisson distribution

H katavouni Tou apiBuou gival Poisson Pe TTAPAMETPO A/

N = (M€on TINA TNG Poisson )

T= (a1ré TO Bewpnua Toulittle)

> | Z = | >

1
n

(= Méoog XpOvog £CuTTNPETNONG, OTTWG TTEPIPMEVAE)
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2votnua M/M/m/m

Poisson a@igeig (1), ekOeTIkOi Xpovol egutrnpéTnong (1), m
ECUTTNPETNTEG, TO TTOAU M TTEAATEG ETITPETTOVTAI OTO CUCTNMA

mmm m

pod 2pd 3pd (m-1)ps

APn - 1= Nppn, n=1,..m
pn=po(Mp)’ (1/n!), n=1,....m
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2votnua M/M/m/m

AUVOUUE WG TTPOGC Po OTNV X,.pn = 1 Kol AauBavoupe

Kal

p-=p, (Mp)"(1/n!), n=1,..,m
H mBavérnTa pe tTnv otroia pia agign 0a Bpel 6Aoug Toug m servers
atracXoAnpévoug Kal Ba xalei ivai:
_ (M/pn)"Im!
> (/p)" In!

P Erlang B Formula
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To cuoTnua M/G/1

H péon kaBuoTtépnon ptropei va Bpedei e aTTAEG TEXVIKEG

H katavoun Tou apiBpoU Twv TreAATWYV gival SUCKOAO va
BpeOei
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To cuoTnua M/G/1

i MevikA Katavoun
Poisson A XPOVWV

egutrnpéTnong

— M/G/1 |_>

Poisson agielg (pubuog i)
Xpovol CuTTNPETNONG AVECAPTNTOI TWV XPOVWY APIENG

["eVIKI) KATavOPN XPOvVwyV eCuTttnpéTnONG, ME doouéva E{X},
Kol E{X?}

‘Evacg eCuttnpeTnTNG
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To cuoTnua M/G/1

Pollaczek - Khinchine (P - K) formula

2
W = )»E{X } (Méoog xpovog oTtnv oupd)
2(1-p)
2
T= E{X} i )\'E{X } (Méoocg xpbvog oTo OUCTNHA)
2(1-p)
N=JLT (Méooc apIBuoC TTEAATWV 0TO GUGTNHA )

p=hi/p
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To cuoTnua M/G/1

[Napadeivuara:

2uotnua M/M/1

E{(X}=1, E{X}=2
1)

2 °

n(1—-p) np-2a

2uotnua M/D/1 (Deterministic Service Time — 6Ao1 £xouv oT1aBgpd Xpovo
gcutrnpétnoncg 1/un)

E{(X}=1, E{X’}=-_L
1)

2 °

_ P
2p(1-p)

(EAGXIOTO YIa QOCHEVA 1 KAl p)
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To cuoTnua M/G/1

A1TO0¢£1EN Thc @OpuUoUAac P - K
BEotw

W, = xpOvog avauovng oTnv oupd Tou TTEAATN i

R; = UTTOAEITTOMEVOG XPOVOC £EUTTNPETNONG OTTWGS TOV
BAETTEI O TTEAQTNG |

Xi = XpOVvog €CUTTNPETNONG TOU TTEAATN |

N; = apIBuo¢ TTEAATWY TTOU BPIOKEI O TTEAATNG | va
AvVAUEVOUV OTNV oupd

W =R + I21:X1

j=i-Ni

E{W;} =E{R;} + E{X}E{N;}
W=R+ 1 N. ( i— OO)
n

W =R+ pW (No =AW, Bewpnua Little)
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To cuoTnua M/G/1

TeAIKG £xOUpE

R

W: 1_p

Kal xpnoIJoTTolwvTag

AE{X*}

R=—"3

[0 TO0 HECO XPOVO aVAUOVIG (OEC ETTOUEVO )
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To cuoTnua M/G/1

Y1TOAOVIOUOC TOU UTTOAEITTOUEVOU XPOVOU £EUTTNPETNONC

A YTTOA&ITTOHEVOG XPOVOG
egutrnpétnong r(t)

N

N g
Y <

0 X1 X2

Xm)

>
Xpovog t
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To cuoTnua M/G/1

A YTmoAeirépevog xpovog * 2’ éva oU0TNUA XWPIig OTTWAEIES O

gfutrnpéTnong r(t) TTEAATEC dev e€aavidovTal Kal av O
APIOUOC TWV TTEAATWYV OEV QUEAVEI
OUVEXWG MTTOPOUME VA TTOUUE OTI O
ApPIOUOC avaxwpoEewy gival iocog JE
TOV PUBUO agitewv.

X,
- S >
0 X, X, t Time t
M(t) Xu)
X2
31 x; - 1M 2%
— j r(t)dr = Z— -
t M(t) M(t): 0 apIBUOG TWV
) eEUTTNPETACEWYV OTO
MaipvovTtag 10 6pIo OTIWG TO t— TTPOKUTITEN SIG0TNNG O-t

R = (1/2)AE{X?}
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Avapovi pe MpoTepaidoTNTES

O1 TTpoTEPAIOTNTES EI0AYOUV
TTOAUTTAOKOTNTA

AUO onUavTIKA JOVTEAQ ETTIOEXOVTAI
AUOEIC KAEIOTAG HOPYPNG ME BAon TO
uovtéAo M/G/1
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Avapovi pe MpoTepaidoTNTES

MovTéAo 1: Nonpreemptive Priority Queueing

MporepaidéTnTa 1 (UPNASTEPN)

\-;
—

MporepaiéTNTa N (XOAUNAOTEPN)

O 1eAATNC UTTO €EUTTNPETNON OEV DIAKOTITETAN

n KAGoe€IG TTpoTEPAIOTATWV(1 = uWPNASTEPN, ...N = XAUNAOTEPN)
A Wi - PUBPOI A@IEnc Kal eEUTTNPETNONG TTPOTEPAIOTNTOC K

W : HEOOG XPOVOG AVAUOVNG YIa TTpoTEPAIOTNTA K

Pr = A/ i : €VTAON Kivnong yia TrpoTepaiotnTa k

R = p€oog uttoAeImmépevocg XpOvog CuTTnPEETNONG

YT00TOoVTaC py+prt... + pp <1 EXOUME
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Avapovi pe MpoTepaidoTNTES

Omwg Kal oTnVv TTEPITITWOoN TNG atrodeigng T P-K egicwong yia Tnv uwnAdTeEpPn TALN
€CUTTNPETNONG EXOULE:

1
M1
ATI6 T0 Bepnua Tou Little:  Ng = 4, W4 Kall YEVIKG NE = LWy
Wi=R+p W
W R
1=7
1-p,;

1 1 1
W,=R+—Ng+—N2+—4,W,
M1 M2 H1

O TeAeuTaiog 6pog oTnv egicwaon TTEPIYPAPEI TNV KABUOTEPNON N OTTOIA OPEIAETAI OTOUG
TTEAATEC UWPNAOTEPNC TTPOTEPAIOTNTAC O OTTOI0I Ba PTACOUV OTO CUCTNUA OCO0 O TTEAATNG
TNG TTPOTEPAIOTNTAG 2 TTEPIYEVEI OTNV OUPA.
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Avapovi pe MpoTepaidoTNTES

A6 1O Bewpnua Tou Little: W,=R+p Wi+ p Wy, + p W,
R+ p W
W, = P11
1=p1—p2
R
W,

T A -p)(d—pi—p2)
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Avapovi pe MpoTepaidoTNTES

["eviIKEUPEVQ

W = R , k=1,...,n
(1'p1'-..'pk-1)(1'p1'-..'pk)
1_
R=—X"
2

X2 = ME{X Y} + ..o + ME{X )}

2NMEIVOTE TNV avecapTnoia Tou Xpovou avapovic Wy TnG uwnAnig
TTPOTEPAIOTNTAC ATTO TO PUBUS APICNG A; XOUNANG TTPOTEPAIOTNTAC.
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Avapovi pe MpoTepaidoTNTES

MovTtéAo 2: Preemptive Resume Priority
O utrd €€uTTnNPETNON TTEAATNG DIOKOTITETAI OTTO APIKVOUMEVO TTEAATN uWNASTEPNG
TTPOTEPAIOTNTAG
H eCuttnpéTnon Tou TTEAATN TTOU O1EKATTN Cavapxilel aTTd TO anuEio TNG OIOKOTTAG
MéEoog xpOvog aTo oUOTNUA yia TTpoTepaIdTnTA K
MEoOC XpOVOoC €EUTTNPETNONG TTEAATN TTPOTEPAIOTNTAC K: 1/H,

MEOOC XPOVOC UTTOAEITTONEVNG €EUTTNPETNONG TTEAATN ME TTPOTEPAIOTNTA 1 WG K

Ry D> WE{X?}
1=p1— == p R« = - 5

O péoog xpbvoc EutnPETNONG YIa TTEAATEC YE TTPOTEPAIOTATA 1 WG K TTOU
@TAVOUV OTO cUuoTnPa oTav o TTEAATNG K €ival oTo oUuoTnua €ivai:

k-1

Z_/l Tk—zpsz
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Avapovi pe MpoTepaidoTNTES

MovTtéAo 2: Preemptive Resume Priority

k-1
=4 i +z T
K e A—pr— e py LR
=1
L=tk T
Mo k=1 =
[ LT 1y P1l1

(H) = pp) +Ry

H1
T, =
! (1-p1)
1
(‘u_k)(l—m—”'—Pk)"‘Rk
T, =
T A-pi— DA —pr— = i)

o1ToU

R.

3 WE{X?)

2
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Aiktua Oupwv

AUOKOAO va BpeBolv AUOEIC KAEIOTAGC HOPYPNAG

XpelalovTal atTAOUCTEUTIKEG UTTOBETEIC
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Aiktua Oupwv

Qupéc aorn ocipa: MNapadeiyua 1

Packet arrivals at queue 1
4
Time at

12 3
u 1 1 Queue 1
.

Packet arrivals at queue 2

11 2] 3 4 Time at
Queue 2
.

Packet departures from queue 2

Agv uttapxel avapovr) otn deUTEPN oupa
To povtéAo M/D/1 dev epappdletal otn deUTEPN OUPA




Aiktua Oupwv

Oupéc aorn ocipa: MNapadeiyua 2

Packet arrivals at queue 1

S L S S _
Time at
1 1 Queue 1

s

S L S S Time at
Queue 2
.

Sl Long Service Time Long Service Time 1 1 1
L S S

Xpovog «evdod@iEnc» atn 2" oupd gival ueyaAog otav AapBavetal JEYAAO TTOKETO

O1 xpdvol agi¢ewv e€apTwVvTal ATTO T IRKOC TwV TTAKETWV. (Interarrival times are
dependent on the packet lengths...)

H 2" oupd dev givar M/M/A
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Aiktua Oupwv

EvllagpEpov atroTéAeOUA YIa TO «eV O0€lpd» ouoTnua M/M/1 -

H diadikacia avaxwprjocwv amo 1 1" oupa cival Poisson
(Burke’s Theorem). ETTopévwg, av o1 XpOvol a@icewv Kal
ECUTTNPETNOEWV ATAV aveeapTnTol, N 2" oupd Ba ftav M/M/1.

H ouvABng uttébeon oTa diKTUO ETTIKOIVWVIWY  €ival va
UTTOBE£00UNE AUTA TNV AVECAPTNTIa.
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Aiktua Oupwyv

MovTtéAo SIKTUWV oUpwV

X

p3

AlGpopeg poEg TTAKETWY. H pory 010 povoTTaT p, Xl puBuo X,
(packets / sec)

OAIKOG puBudg apigng otn Geugn (ij)
Ajj = XX, OAa Ta yovOTTATION p TTOU OIEPXOVTAI ATTO TN Ceugn (i,j)

wij = PuBuog egutnpetnong otn Ceugn (ij)
Ni; = Méoog apiBuog TTakETwy oTn deugn (i,j)
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Aiktua Oupwv

NMpooéyyion Aveaptnoiag Tou Kleinrock

YT1100£T€1 OTI OAEC 01 OUPEC (i,j) oupTTEPIPEPOVTAl OTTWG N M/M/1
uE OOOMEVO PUBUO APIENG Ay, PUBPO €quTINEETNONG pjj, KOl
KaBuoTépnaon emegepyaaiag / diadoong d;.

N = ha + Aid;
Ll = )\.ij

MéEoog apiBudc TTakETwY o€ 0AOKANPO TO diKTUO.

(i-i) i) \ M = A




Aiktua Oupwv

Méooc xpbvog oTo ouoTtnua (Bewpnua Little)

T= %Z( ha + )\«ijdij)

i) \ M = i

OToU L = XpX, €ival 0 GUVOAIKOG puBuog agigng
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Aiktua Oupwv

MoiétnTa TG «lpooéyyiong AvegapTnoiag»

ApPKeTA KOAN yia TTUKVA OlacuvOededéva OikTua  Kal
UETPIO TTPOG BapuU QopTio.

KaAy yia e@apupoyéc TTou n akpifeia mTpoRAeywns degv
gival TTOAU onuavTIKA.

XPNAOIUN Yyia UTTOAOYIOUOUG TOTTOAOYIKOU aOXeQIQOOU,
WG CUUTTANPWHA OE TTPOCOUOIWCEIG KATT.
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Aiktua Oupwv

[apadeiyua omrou n lNpoo€yyion tou Kleinrock O¢v givail KaAn

A2

=D

A2

Pon TmakEéTwyv Poisson diaxwpiletal o€ OUO iong XwpenTiKOTNTAG
Ceucelc.
Edv 10 a@IKvOUPEVO TTOKETO TOTTOBETEITOI OTNV MIKPOTEPN
oupd, To CUCTNUO CUUTTEPIPEPETAlI WG Mia oupd M/M/2 ue
puBuo A.

H Tpooéyyion avegaptnoiac Afel  Om1 kKABe  oupd
oupTtrepIPEpeTal WS M/M/1 pe puBuod A/2. AGBoC exTipnon.




OQswpnua Tou JACKSON

Y1ro0éo«eig:
Agiceic atrd 10 eCWTEPIKO TOU OIKTUOU gival Poisson.

2€ KABe oupd, OAEC O POEC TTAKETWY €XOUV TNV idla EKOETIKI KATAVOUN
yIa TOUG XPOVOUG £CUTTNPETNONG.

Ta TTakéTa pyoipadovTal JE TUXAIO TPOTTO OTIG OIAPOPETIKEG OIADPOMEG.

Xpovol agicewyv Kal ECUTTNPETIOEWY Eival aveEAPTNTOL.
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OQswpnua Tou JACKSON

ToTe:

H 1TI6avoTiKr) KaTavour o€ KaTdoTaon I00pPOTTiag Tou aplOuou
TWV TrEAATWV 0€ KABe oupd e€ivar n idla PE auTh NG
MEPOVWHEVNGS oupdc M/M/1.

MTTopei va xpnoidoTroinBei yia Tov UTToAoYIoHO TNG KATAVOUNAG
KAl TwV NECWYV KABUOTEPNOEWV O€ KOTAOTAOT) I00PPOTTIOC.

ACloonueiwTo atrotéAeoua e1Teid) n ouvouacopévn dladikaaoia
aQPi¢ewv o€ KABE oupa PTTOPEI va unv gival Poisson.
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TEAOC EvoTnTag

EMIXEIPHLIAKO TMPOTPAMMA

* ¥k N
* * EKMAIAEYZH KAI AIA BIOY MAGHZH U, EZI-IA
: : £nivovon oTny Uotvwvio. TNe YYWon: [ )
- =m
YNOYPTEIO NAIAEIAL & BPHEKEYMATON, NOAITIZMOY & ABAHTIEMOY YPOMAIKO KOINONIKO TAMEIO

Evpwndikn ‘Evwon EIAIKH YNHPEXIA AIAXEIPIZHE

Evpuraiiké Kowwviks Tapeio

Me ) ouyxpnpatodétnon tne ENNGSag kai tne Evpwmaikric Evwone
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XpnuarodoTnon

To TTapov eKTTAIOEUTIKO UAIKO £XEl avaTTTuxOei oTa TTAQioIa TOU
EKTTAIOEUTIKOU £pyou ToU OIOACKOVTA.

To épyo «Avoiktd Mafiuarta oto MNMavemoTtApio ABnvwv» £xel
XPNMATOOOTNOEI HOVO TN AVADIANOPPWAN TOU EKTTAIOEUTIKOU UAIKOU.

To €pyo uAoTrolgital oTo TTAQiclo Tou ETTiXeipnaiakou NpoypaupaTog
«EkTTaideuon kai Aia Biou Mabnon» kal ocuyxpnuatodoTeital atrd
TNV EupwTtraiki 'Evwon (EupwTtraikd Koivwvikd Tapegio) kal atrd
€0VIKOUG TTOPOUC.

EMIXEIPHXYIAKO MMPOIPAMMA
EKMAIAEYZH KAI AlIA BIOY MAGHzH 3 Ez rIA
EREVIVEN TNV UOLVWVIA TNE YVWER

EE=] < | npéypapya yo ww avinuo

YNOYPTEIO MAIAEIAL & OPHZKEYMATON, MOAITIZMOY & ABAHTIZMOY
Evpwmnaiki Evwon EIATKH YNHPEXIA AIAXEIPIZHE

g e & Tatael
oPUTAOTONAUIOTAHES Me TN cuyxpnpatodotnon tng EAAadag kat tng Evpwmnaiknig ‘Evwong




