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Jèma 1. [25 BajmoÐ] Se ènan diagwnismì zwgrafik c summetèqoun 13 agìria kai 10 korÐtsia, kai

dÐnontai 8 èpajla. Upojètoume ìti den up�rqoun isobajmÐec, kai ìlec oi dunatèc katat�xeic eÐnai isopÐ-

janec. Ta èpajla eÐnai 2000, 1500, 1000 Eur¸ gia ton pr¸to deÔtero kai trÐto kalÔtero diagwnizìmeno

antÐstoiqa, en¸ oi epìmenoi 5 se epÐdosh kerdÐzoun 500 eur¸ o kajènac.

(a) Pìsoi oi diaforetikoÐ dunatoÐ trìpoi aponom c twn 8 ep�jlwn?

(b) Poi� h pijanìthta ta trÐa pr¸ta èpajla na kerdhjoÔn apì korÐtsia en¸ ta upìloipa pènte apì

agìria.

Jèma 2. [20 BajmoÐ] MÐa k�lph perièqei 100 nomÐsmata. Apì aut�, ta 50 fèrnoun ��Gr�mmata�� me

pijanìthta 1/2, ta 30 me pijanìthta 1/6, kai ta upìloipa 20 me pijanìthta 1/5. Epilègoume èna nìmisma

apì aut� sthn tÔqh kai to rÐqnoume. Poi� h pijanìthta na fèrei ��Gr�mmata��?

Jèma 3. [20 BajmoÐ] 'Estw X suneq c tuqaÐa metablht  me puknìthta

fX(x) =

{
re−rx an x > 0,

0 an x ≤ 0,

ìpou r ∈ (0,∞) eÐnai mia gnwst  stajer�.

(a) Poi� eÐnai h puknìthta thc tuqaÐac metablht c 1/X?

(b) Gia poièc timec tou a ∈ R eÐnai h mèsh tim  E(eaX) peperasmènh? Gia autèc tic timèc, na upologisteÐ

h E(eaX).

Jèma 4. [25 BajmoÐ] 'Estw (X,Y ) didi�stath suneq c tuqaÐa metablht  me puknìthta

fX,Y (x, y) =

{
ax an (x, y) ∈ (0, 2)× (0, 2),

0 diaforetik�,

ìpou a ∈ (0,∞) eÐnai mia stajer�. Na upologistoÔn oi timèc twn

(a) a

(b) P(X < 1 | Y < X)

(g) E
(
Y
X

)
.

Jèma 5. [20 BajmoÐ] 'Estw X1, X2, . . . , Xn tuqaÐo deÐgma apì plhjusmì me katanom  Γ(3, 1/r) ìpou

r ∈ (0,∞) eÐnai �gnwsth par�metroc.

(a) Na brejeÐ h ektim tria mègisthc pijanof�neiac thc paramètrou r.

(b) EÐnai h ektim tria thc r pou prosdiorÐsthke sto (a) amerìlhpth?

DÐnetai ìti h katanom  Γ(a, θ) èqei puknìthta

θa

Γ(a)
xa−1e−θx1x>0,

mèsh tim  a/θ, kai diaspor� a/θ2.

'Arista eÐnai to 100. Di�rkeia 2.5 ¸rec.

KALH EPITUQIA!
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2. Efarmìzoume to je¸rhma olik c pijanìthtac.
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3. (a) H Y := 1/X èqei puknìthta

fY (t) =

{
r
t2
e−r/t an t > 0,

0 an t ≤ 0.

(b)

E(eaX) =

{
r

r−a an a < r,

∞ an a ≥ r.

4. (a) ∫∫
R2

fX,Y (x, y) dxdy = 1⇒ a = 1/4

(b)

P(X < 1 | Y < X) =
P(X < 1, Y < X)

P(Y < X)
=

∫ 1

0

∫ x
0
ax dy dx∫ 2

0

∫ x
0
ax dy dx

=
a
∫ 1

0
x2 dx

a
∫ 2

0
x2 dx

=
1

8

(g)

E

(
Y

X

)
=

∫∫
R2

y

x
fX,Y (x, y) dxdy =

∫ 2

0

∫ 2

0

ay dy dx = 2a

∫ 2

0

y dx = 4a = 1

5. (a) Gia x1, x2, . . . , xn > 0, èqoume

log{f(x1)f(x2) · · · f(xn)} = −3n log r − n log Γ(3) + 2 log(x1 · · · xn)− 1

r
(x1 + · · ·+ xn).

To mègisto wc proc r pi�netai sto shmeÐo

r̂ =
x1 + · · ·+ xn

3n
.

H ektim tria mègisthc pijanof�neiac eÐnai h

T (X1, . . . , Xn) =
X1 + · · ·+ Xn

3n
.

(b) H T eÐnai amerìlhpth giatÐ

ET (X1, . . . , Xn) =
1

3
E(X1) = r.


