
1. To kentriko oriako jewrhma

Je¸rhma: 'Estw (Xn)n≥1 akoloujÐa anex�rthtwn kai isìnomwn tuqaÐwn metablht¸n me
peperasmènh mèsh tim  µ = EX1 kai peperasmènh kai jetik  diaspor�1 σ2 = V (X1). Jètoume
Sn := X1 + · · ·+Xn. Tìte gia k�je di�sthma I ⊂ R isqÔei

lim
n→∞

P

(
Sn − nµ√

nσ2
∈ I
)

= P (Z ∈ I)

ìpou h Z akoloujeÐ thn tupik  kanonik  katanom  N(0, 1).

Dhlad , praktik�, gia n meg�lo, h tuqaÐa metablht 

Wn :=
Sn − nµ√

nσ2
(1)

akoloujeÐ thn katanom  N(0, 1).

Parat rhsh. 1) Gia mi� tuqaÐa metablht  X me peperasmènh mèsh tim  µ := E(X) kai
peperasmènh kai jetik  diaspor� σ2 = V (X), h tuqaÐa metablht 

Y :=
X − E(X)√

V (X)
=
X − µ
σ

lègetai kanonikopoÐhsh thc X, kai èqei E(Y ) = 0, V (Y ) = 1. GiatÐ

E(Y ) =
1

σ
E(X − µ) =

1

σ
{E(X)− µ} = 0,

V (Y ) = V

(
X − µ
σ

)
=

1

σ2
V (X − µ) =

1

σ2
V (X) = 1.

2) H Wn pou orÐsame sthn (1) eÐnai apl¸c h kanonikopoÐsh thc Sn. GiatÐ

E(Sn) = E(X1 + · · ·+Xn) = nµ,

V (Sn) = V (X1 +X2 + · · ·+Xn) = V (X1) + V (X2) + · · ·+ V (Xn) = nσ2.

Sthn teleutaÐa gramm  qrhsimopoi same thn anexarthsÐa twn {Xi : i ≥ 1}.

Prosèxte ìti h tuqaÐa metablht  Wn thc (1) akoloujeÐ akrib¸c thn N(0, 1) mìno an oi Xi

akoloujoÔn thn katanom  N(µ, σ2), gia k�poia µ, σ2, kai ìqi se �llec peript¸seic. EÐnai k�ti
pou den apodeÐxame.
Gia par�deigma, an oi Xi eÐnai Bernoulli(1/2), tìte h Wn eÐnai diakrit  tuqaÐa metablht , en¸

h N(0, 1) eÐnai suneq c katanom . ParathroÔme epiplèon ìti h Wn paÐrnei me jetik  pijanìthta
mìno timèc sto sÔnolo {

k − n/2√
n/4

: k = 0, 1, . . . , n

}
to opoÐo apèqei p�ra polÔ apo to na eÐnai to R (to opoÐo eÐnai ìlec oi dunatèc timèc miac
metablht c pou akoloujeÐ thn N(0, 1)). EÐnai ìmwc èna sÔnolo me shmeÐa pou ekteÐnontai apo
to −

√
n wc to

√
n, kai h apìstash metaxÔ diadoqik¸n shmeÐwn eÐnai 2/

√
n (dhlad  mikr ). Kat�

mÐa ènnoia, autì to sÔnolo proseggÐzei to R ìtan n→∞.

1
Μηδενική διασπορά σημαίνει ότι η X1 είναι μια σταθερά έστω c. Τότε η ακολουθία (Xn)n≥1 είναι σταθερή, και

δεν έχουμε να κάνουμε τίποτα.



2. Aplec askhseic sto kentriko oriako jewrhma

'Askhsh 1. Ta ait mata pou ft�noun se ènan server èqoun to kajèna tuqaÐo qrìno e-
xuphrèthshc pou akoloujeÐ thn ekjetik  katanom  me par�metro θ = 1/2 (dhlad  puknìthta
(1/2)e−x/21x>0, to x se lept�). O server mporeÐ na apasqoleÐtai me mìno èna aÐthma se k�je de-
domènh stigm . Poi� eÐnai proseggistik� h pijanìthta na exuphret sei ta pr¸ta 100 ait mata miac
dedomènhc mèrac se sunolikì qrìno to polÔ 220 lept�? DÐnontai F(1)=0.8413, F(1.5)=0.9332,
F(2)=0.9773.

LÔsh

Gia i ≥ 1, èstw Xi o qrìnoc exuphrèthshc tou i ait matoc. Apo tic idiìthtec thc ekjetik c
katanom c èqoume E(X1) = 1/θ = 2, V (X1) = 1/θ2 = 4. 'Estw Sn = X1 + X2 + · · · + Xn gia
k�je n ≥ 1. To kentrikì oriakì je¸rhma lèei ìti h

Sn − 2n√
4n

proseggistik� akoloujeÐ thn katanom  N(0, 1).
Zht�me thn pijanìthta

P (S100 ≤ 220) = P

(
S100 − 200

20
≤ 1

)
≈ P (Z ≤ 1) = Φ(1) ≈ 0.8413.

Stic pio p�nw isìthtec, h Z eÐnai mia tuqaÐa metablht  pou akoloujeÐ thn tupik  kanonik 
katanom  N(0, 1), kai qrhsimopoi same to kentrikì oriakì je¸rhma.

'Askhsh 2. 'Estw X1, X2, . . . , X80 anex�rthtec tuqaÐec metablhtèc pou h kajemÐa akoloujeÐ
th diakrit  omoiìmorfh katanom  sto {1, 2, 3, 4}. Na brejeÐ proseggistik� h pijanìthta to
�jroism� touc na eÐnai sto [190, 220] (dÐnontai F(1)=0.8413, F(1.5)=0.9332, F(2)=0.9773).

LÔsh

'Estw (Xi)i≥1 mia akoloujÐa anex�rthtwn isìnomwn tuqaÐwn metablht¸n me katanom  omoiì-
morfh sto {1, 2, 3, 4}, kai Sn := X1 + · · · + Xn gia k�je n ≥ 1. Oi dÔo pr¸tec ropèc thc X1

eÐnai

E(X1) =
1

4
(1 + 2 + 3 + 4) =

5

2
,

E(X2
1 ) =

1

4
(12 + 22 + 32 + 42) =

15

2
.

'Ara h X1 èqei mèsh tim  5/2 kai peperasmènh diaspor� σ2 = E(X2
1 ) − (E(X1))

2 = 5/4. To
kentrikì oriakì je¸rhma lèei oti gia n meg�lo, h tuqaÐa metablht 

Sn − 5n/2√
5/4
√
n

akoloujeÐ prosegistik� thn tupik  kanonik  katanom , N(0, 1).
Gia n = 80, èqoume 5n/2 = 200 kai

√
(5/4)n = 10, opìte

P (190 ≤ S80 ≤ 220) = P

(
−1 ≤ S80 − 200

10
≤ 2

)
≈ P (−1 < Z < 2)

= Φ(2)− Φ(−1) = Φ(2) + Φ(1)− 1 ≈ 0.8186,

ìpou Z ∼ N(0, 1). H prosèggish sthn deÔterh isìthta prokÔptei apo to kentrikì oriakì
je¸rhma.



'Askhsh 3. PragmatopoioÔme mia akoloujÐa rÐyewn enìc amerìlhptou zarioÔ.

(a) Jètoume Xi = 1 an sthn i rÐyh to apotèlesma  tan 5   6, en¸ diaforetik� jètoume Xi = 0.
Poi� h mèsh tim  kai poi� h diaspor� thc Xi?

(b) 'Estw W to sÔnolo twn for¸n stic pr¸tec 1800 rÐyeic pou èrqetai 5   6. Na upologisteÐ
proseggistik� h pijanìthta P (580 < W < 640).

DÐnetai ìti Φ(1) = 0.8413,Φ(2) = 0.9773.

LÔsh

(a) 'Eqoume P (Xi = 1) = 1/3, P (Xi = 0) = 2/3. Dhlad , k�je Xi èqei katanom  Bernoulli
me p = 1/3. 'Ara E(Xi) = 1/3, V (Xi) = p(1− p) = 2/9.

(b) Jètoume Sn := X1 + · · · + Xn gia k�je n ≥ 1. Tìte W = S1800, kai to kentrikì oriakì
je¸rhma dÐnei ìti

P (580 < S1800 < 640) = P

(
−1 <

S1800 − 1800 (1/3)√
1800 (2/9)

< 2

)
≈ P (−1 < Z < 2) = Φ(2)− Φ(−1)

= Φ(2) + Φ(1)− 1 ≈ 0.8186

ìpou Z ∼ N(0, 1).


