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¢óêçóç 1 (Ross, Exer. 6.1): Äõï ôßìéá æÜñéá ñßðôïíôáé. Íá âñåèåß ç áðü êïéíïý óõíÜñôçóç
ðéèáíüôçôáò ôùí × êáé Õ , üôáí

1. X åßíáé ç ìåãáëýôåñç áðü ôéò ñßøåéò êáé Õ ôï Üèñïéóìá ôùí ñßøåùí,

2. × åßíáé ç ñßøç ôïõ ðñþôç æáñéïý êáé Õ ç ìåãáëýôåñç áðü ôéò ñßøåéò,

3. × åßíáé ç ìéêñüôåñç êáé Õ ç ìåãáëýôåñç áðü ôéò ñßøåéò.

¢óêçóç 2 (Ross, Exer. 6.8): Ç (×;Õ ) åßíáé óõíå÷Þò äéäéÜóôáôç ôõ÷áßá ìåôáâëçôÞ ìå áðü êïéíïý
óõíÜñôçóç ðõêíüôçôáò ðéèáíüôçôáò ðïõ äßíåôáé áðü ôïí ôýðï

f(x; y) =
{

c(y2 − x2)e−y áí y > 0 êáé −y < x < y

0 äéáöïñåôéêÜ.

1. Âñåßôå ôç óôáèåñÜ c.

2. Âñåßôå ôéò ðåñéèþñéåò óõíáñôÞóåéò ðõêíüôçôáò ðéèáíüôçôáò fX(x) êáé fY (y) ôùí× êáéÕ áíôßóôïé÷á.

3. Õðïëïãßóôå ôçí Å[× ].

4. Âñåßôå ôéò äåóìåõìÝíåò óõíáñôÞóåéò ðõêíüôçôáò ðéèáíüôçôáò fX|Õ (x|y) êáé fY |X(y|x).

¢óêçóç 3 (Ross, Exer. 6.9): Ç (×;Õ ) åßíáé óõíå÷Þò äéäéÜóôáôç ôõ÷áßá ìåôáâëçôÞ ìå áðü êïéíïý
óõíÜñôçóç ðõêíüôçôáò ðéèáíüôçôáò ðïõ äßíåôáé áðü ôïí ôýðï

f(x; y) =
{

6
7

(
x2 + xy

2

)
áí 0 < x < 1 êáé 0 < y < 2

0 äéáöïñåôéêÜ.

1. Åðéâåâáéþóôå üôé ç f(x; y) åßíáé ðñÜãìáôé óõíÜñôçóç ðõêíüôçôáò ðéèáíüôçôáò.

2. Õðïëïãßóôå ôçí ðåñéèþñéá óõíÜñôçóç ðõêíüôçôáò fX(x) ôçò × .

3. Õðïëïãßóôå ôçí ðéèáíüôçôá P (X > Y ).

4. Õðïëïãßóôå ôç äåóìåõìÝíç ðéèáíüôçôá P (Y > 1
2 |X < 1

2).

5. Õðïëïãßóôå ôçí Å[× ].

6. Õðïëïãßóôå ôçí Å[Õ ].

7. Âñåßôå ôç äåóìåõìÝíç óõíÜñôçóç ðõêíüôçôáò ðéèáíüôçôáò fY |X(y|x) ôçò Y äïèÝíôïò üôé X = x.
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¢óêçóç 4 (Ross, Exer. 6.10): Ç (×;Õ ) åßíáé óõíå÷Þò äéäéÜóôáôç ôõ÷áßá ìåôáâëçôÞ ìå áðü êïéíïý
óõíÜñôçóç ðõêíüôçôáò ðéèáíüôçôáò ðïõ äßíåôáé áðü ôïí ôýðï

f(x; y) =
{

e−(x+y) áí x ≥ 0 êáé y ≥ 0
0 äéáöïñåôéêÜ.

1. Õðïëïãßóôå ôçí ðéèáíüôçôá P (X < Y ).

2. Õðïëïãßóôå ôçí ðéèáíüôçôá P (X < a).

¢óêçóç 5 (Ross, Exer. 6.22): Ç (×;Õ ) åßíáé óõíå÷Þò äéäéÜóôáôç ôõ÷áßá ìåôáâëçôÞ ìå áðü êïéíïý
óõíÜñôçóç ðõêíüôçôáò ðéèáíüôçôáò ðïõ äßíåôáé áðü ôïí ôýðï

f(x; y) =
{

x+ y áí 0 < x < 1 êáé 0 < y < 1
0 äéáöïñåôéêÜ.

1. Åßíáé ïé ×;Õ áíåîÜñôçôåò;

2. Õðïëïãßóôå ôçí ðåñéèþñéá óõíÜñôçóç ðõêíüôçôáò ðéèáíüôçôáò fX(x) ôçò × .

3. Õðïëïãßóôå ôçí ðéèáíüôçôá P (X + Y < 1).

4. Âñåßôå ôç äåóìåõìÝíç óõíÜñôçóç ðõêíüôçôáò ðéèáíüôçôáò fY |X(y|x) ôçò Y äïèÝíôïò üôé X = x.

¢óêçóç 6 (Ross, Exer. 6.23): Ç (×;Õ ) åßíáé óõíå÷Þò äéäéÜóôáôç ôõ÷áßá ìåôáâëçôÞ ìå áðü êïéíïý
óõíÜñôçóç ðõêíüôçôáò ðéèáíüôçôáò ðïõ äßíåôáé áðü ôïí ôýðï

f(x; y) =
{

12xy(1− x) áí 0 < x < 1 êáé 0 < y < 1
0 äéáöïñåôéêÜ.

1. Åßíáé ïé ×;Õ áíåîÜñôçôåò;

2. Õðïëïãßóôå ôçí Å[× ].

3. Õðïëïãßóôå ôçí Å[Õ ].

4. Õðïëïãßóôå ôçí V ar[X].

5. Õðïëïãßóôå ôçí V ar[Y ].

¢óêçóç 7 (Ross, Exer. 6.40): Äõï ôßìéá æÜñéá ñßðôïíôáé. ¸óôù × êáé Õ , áíôßóôïé÷á, ç ìåãáëýôåñç
êáé ç ìéêñüôåñç áðü ôéò æáñéÝò. Íá õðïëïãéóôåß ç äåóìåõìÝíç óõíÜñôçóç ðéèáíüôçôáò pY |X(y|x) ôçò Õ
äïèÝíôïò üôé × = x, ãéá x = 1; 2; : : : ; 6. Åßíáé ïé × êáé Õ áíåîÜñôçôåò; ÄéêáéïëïãÞóôå ôçí áðÜíôçóÞ
óáò.

¢óêçóç 8 (Ross, Exer. 6.42): Ç (×;Õ ) åßíáé óõíå÷Þò äéäéÜóôáôç ôõ÷áßá ìåôáâëçôÞ ìå áðü êïéíïý
óõíÜñôçóç ðõêíüôçôáò ðéèáíüôçôáò ðïõ äßíåôáé áðü ôïí ôýðï

f(x; y) =
{

xe−x(y+1) áí x > 0 êáé y > 0
0 äéáöïñåôéêÜ.

1. Âñåßôå ôç äåóìåõìÝíç óõíÜñôçóç ðõêíüôçôáò ðéèáíüôçôáò fX|Y (x|y) ôçò × , äïèÝíôïò üôé Y = y,
êáèþò êáé ôç äåóìåõìÝíç óõíÜñôçóç ðõêíüôçôáò ðéèáíüôçôáò fY |X(y|x) ôçò Õ , äïèÝíôïò üôé
× = x.

2. Âñåßôå ôç óõíÜñôçóç ðõêíüôçôáò ðéèáíüôçôáò ôçò Æ = ×Õ .
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¢óêçóç 9 (Ross, Exer. 6.Theor14): ¸óôù × êáé Õ áíåîÜñôçôåò ãåùìåôñéêÝò ôõ÷áßåò ìåôáâëçôÝò
ìå ôçí ßäéá ðáñÜìåôñï p, äçëáäÞ P (X = i) = P (Y = i) = p(1− p)i−1; i = 1; 2; : : :.

1. Õðïëïãßóôå ôç äåóìåõìÝíç óõíÜñôçóç ðéèáíüôçôáò ôçò × äïèÝíôïò üôé × + Õ = n, äçëáäÞ ôéò
äåóìåõìÝíåò ðéèáíüôçôåò P (X = i|X + Y = n).

2. Ôß åßäïõò êáôáíïìÞ áêïëïõèåß ç × äåäïìÝíïõ üôé ×+Õ = n; ÅîçãÞóôå ôï áðïôÝëåóìá äéáéóèçôéêÜ.

¢óêçóç 10 (Ross, Exer. 6.Theor15): ¸óôù × êáé Õ áíåîÜñôçôåò äéùíõìéêÝò ôõ÷áßåò ìåôáâëçôÝò
ìå ôéò ßäéåò ðáñáìÝôñïõò n êáé p, äçëáäÞ P (X = i) = P (Y = i) =

(
n
i

)
pi(1− p)n−i; i = 0; 1; 2; : : : ; n.

1. Õðïëïãßóôå ôç äåóìåõìÝíç óõíÜñôçóç ðéèáíüôçôáò ôçò × äïèÝíôïò üôé × + Õ = m, äçëáäÞ ôéò
äåóìåõìÝíåò ðéèáíüôçôåò P (X = i|X + Y = m).

2. Ôß åßäïõò êáôáíïìÞ áêïëïõèåß ç× äåäïìÝíïõ üôé×+Õ = m; ÅîçãÞóôå ôï áðïôÝëåóìá äéáéóèçôéêÜ.
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