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Jèma 1. [20 BajmoÐ] RÐqnoume èna amerìlhpto z�ri k ≥ 2 forèc. Poi� h pijanìthta toul�qiston dÔo

apì ta k apotelèsmata tou zarioÔ na eÐnai Ðdia?

Jèma 2. [30 BajmoÐ] Mi� k�lph A perièqei 10 maÔra sfairÐdia, en¸ mi� k�lph B perièqei 7 �spra kai

1 maÔro sfairÐdio. Epilègoume mÐa k�lph sthn tÔqh, kai ex�goume apì aut  thn k�lph me epan�jesh 3

sfairÐdia to èna met� to �llo. K�je for�, katagr�foume to qr¸ma tou sfairidÐou pou ex�goume.

(a) Poi� eÐnai h pijanìthta kai ta trÐa sfairÐdia pou ex�goume na eÐnai maÔra?

(b) Apì mÐa pragmatopoÐhsh tou peir�matoc, mac faner¸netai mìno ìti kai ta trÐa sfairÐdia pou bg kan

 tan maÔra. Dedomènou autoÔ, poi� eÐnai h pijanìthta h k�lph pou eÐqe epilegeÐ arqik� na eÐnai h B?

QwrÐc na upologÐsoume aut  thn pijanìthta, diaisjhtik� perimènoume na eÐnai mikr    meg�lh?

Jèma 3. [25 BajmoÐ] DÐnontai dÔo luqnÐec A, B twn opoÐwn o qrìnoc zw c eÐnai mi� suneq c tuqaÐa

metablht  X gia thn A kai Y gia thn B, me puknìthtec antÐstoiqa

fX(x) =

{
e−x an x > 0,

0 an x ≤ 0,
fY (x) =

{
xe−x an x > 0,

0 an x ≤ 0.

(a) Na upologistoÔn oi mèsec timèc E(X), E(Y ).

(b) Na upologistoÔn oi pijanìthtec P (X > t), P (Y > t) gia t > 0.

(g) Poi� luqnÐa eÐnai protimìtero na qrhsimopoi soume kai giatÐ?

Jèma 4. [30 BajmoÐ] 'Estw X1, X2, . . . , Xn tuqaÐo deÐgma apì plhjusmì me puknìthta

f(x) =

{
1
r e
−x/r an x > 0,

0 an x ≤ 0,

ìpou r eÐnai mia jetik  �gnwsth par�metroc.

(a) Poi� h puknìthta thc tuqaÐac metablht c Rn := min{X1, X2, . . . , Xn}?
(b) Na deiqjeÐ ìti h Tn := nRn/r eÐnai odhgìc posìthta (dhlad  h katanom  thc den exart�tai apì

thn r), kai me b�sh aut n na kataskeuasteÐ di�sthma empistosÔnhc gia thn r me bajmì empistosÔnhc

1− a = 0.95

Upìdeixh: Gia to (a), upologÐzoume thn sun�rthsh katanom c thc Rn wc ex c

FRn(t) = P (Rn ≤ t) = 1− P (Rn > t) = 1− P (X1 > t,X2 > t, . . . ,Xn > t) = ...

'Arista eÐnai to 100. Di�rkeia 2 ¸rec.

KALH EPITUQIA!



Apant seic

1. (Autì eÐnai to Ðdio me to prìblhma twn genejlÐwn) 'Estw to endeqìmeno

A := {up�rqoun toul�qiston dÔo Ðdiec endeÐxeic apì tic k}.

Tìte

P (A) = 1− P (Ac) = 1− (6)k
6k

.

Autì giatÐ gia th diatetagmènh k-�da twn apotelesm�twn up�rqoun 6k isopÐjanec epilogèc. Apì autèc,

eunoðkèc eÐnai autèc qwrÐc epanal yeic, �ra eÐnai diat�xeic twn 6 an� k.

O tÔpoc bèbaia isqÔei kai gia tic tetrimènec peript¸seic ìpou k ≥ 7. Den qrei�zetai na tic exet�soume

qwrist�.

2. (a) Je¸rhma olik c pijanìthtac.

(b) TÔpoc Bayes.

4. (a) Akolouj¸ntac thn upìdeixh, upologÐzoume gia t ∈ R th sun�rthsh katanom c thc Rn.

FRn(t) = P (Rn ≤ t) = 1− P (Rn > t) = 1− P (X1 > t,X2 > t, . . . ,Xn > t)

= 1− P (X1 > t)P (X2 > t) · · ·P (Xn > t) = 1− P (X1 > t)n.

Qrhsimopoi same thn anexarthsÐa twn X1, X2, . . . , Xn. T¸ra eÔkola brÐskoume ìti

P (X1 > t) =

∫ ∞
t

f(x) dx =

{
1 an t ≤ 0,

e−t/r an t > 0.

'Ara

FRn(t) =

{
0 an t ≤ 0,

e−nt/r an t > 0.

Epomènwc paragwgÐzontac brÐskoume ìti h puknìthta thc Rn eÐnai fRn(t) = (n/r)e−nt/r1t>0. Dhlad 

h Rn akoloujeÐ thn ekjetik  katanom  me par�metro n/r.

(b) H sun�rthsh katanom c thc Tn isoÔtai me

FTn(t) = P (Tn ≤ t) = P (Rn ≤ tr/n) = FRn(rt/n),

kai paragwgÐzontac brÐskoume thn puknìthta thc wc

fTn(t) = fRn

(
rt

n

)
· r
n
= e−t1t>0.

Dhlad  h Tn akoloujeÐ thn ekjetik  katanom  me par�metro 1. Epomènwc eÐnai odhgìc posìthta.

BrÐskoume stajerèc 0 < c < d ¸ste P (Tn < c) = P (Tn > d) = a/2. Sugkekrimèna1 , me b�sh ta

parap�nw, autèc oi dÔo sqèseic isodunamoÔn me

1− e−c = e−d = a/2,

kai �ra c = − log(1− (a/2)), d = − log(a/2). Tìte

a = P (c < Tn < d) = P
(
c <

n

r
Rn < d

)
= P

(n
d
Rn < r <

n

c
Rn

)
.

Oi nRn/c, nRn/d eÐnai statistikèc sunart seic. Epomènwc h teleutaÐa sqèsh dÐnei ìti èna di�sthma

empistosÔnhc gia thn r me bajmì empistosÔnhc 1− a eÐnai to[n
d
Rn,

n

c
Rn

]
1O akrib c upologismìc touc den  tan aparaÐthtoc gia thn exètash. EÐnai safèc ìti up�rqoun, kai den exart¸ntai apì

thn r afoÔ h Tn eÐnai suneq c tuqaÐa metablht  thc opoÐac h katanom  den exart�tai apì thn r.


