[IIGANOTHTEY., . AYKHYEIY

1. KAASIKOS OPIZSMOS THS IMIOANOTHTAS

1. Ye wd nohn n+4-1 atéumy évo dtopo emhéyel Tuyaio Eva omd ToL UTOAOLTOL Xot AEEL Lol QTLohoY{aL.
To dedtepo dtopo xdver To (Bro, xon 1 dadixacta cuveyiletar duota. Na Beedolv ot mdoavdTnTeg
(o) n grnuohoyio va etnwel r popéc ywels va Yupioer o€ auTéV TOU TNV dEYIOE.
(B) n gnuohoyio vo etmwidel r < n @opéc ywplc vo axouotel ano xdnolo dropo Tou Ty Eépel
hom.
2. (ITp6Prnua F'othaiov) Piyvouue 3 ouvndiouéva {dpta. (o) How eivon n mdavotyta 1o dbpotoua
TV eVOElZedy Toug va tooltan we 97 (B) How eivar n mdavétnta 10 ddpotoya twv evieilewy Toug
va loobton pe 107

3. 'BEva hewgopelo Eexwvdel ano tny agetneia ye k @olitntéc ot TEQVIEL amo N GTACELC.
(o) Nowxorooxeuaotel xatdAANhog Serypatinds YOpog Yo Tic dUVATES anofBBdoelc Ty Qottr-
TOV.
(B) No unoloyiovel o aptiudc TV BuVaTGY aUTOY anoBiBdocwy.
(v) Na vrohoyioVel v mdavdtnto TouNdyLoTOV O Wiat 6Tdom Vo anoPBacTtoly TEplocdTEROL
and €vag porTnTég.

4. Ye wa t4En k podntev {ar, ag, . .., ap} mowd eivon 1 mdavétnto 0 ay v €yel yevédo Ty B
uépal Ue xdmoloy and Toug unéhotnoug k — 1 padntéc?

5. Xe éva pdgt TotovetolvTon pe tuyaio oetpd 6 BiBAla podnpatixwy, 4 BiBila guoiic, 3 PiBhia
wotoptag, 7 BiBMa Eévev YAwoowy, xou 10 he€ixd. Llowd etvon n mdavotnta oha ta BiSAia Tou (Brou
eldoug va tonovetndoly uall?

6. 'Eyouue pia BactAdmita e n xouaTion, %ot did 0Upd 1 aTOUmY. € EVal oaxpU3mS XOUUATL UTHOYEL
éva voutopa. ‘Eva dtopo (extdc tne ovpdc) uorpdlel o xouudtia éva teoc évo emAéyovTos xdie
popd éva oty oy, T dedopévo r € {1,...,n}, nog eivar o1 mdavotnteg

(o) To vouopa va Beeldel oty r-o6tr doxiut.

(B) To vououa vo unv Beedel we v r-00TH Soxiu).

7. 'Eyoupe 1 doyela, xou xdie @opd emicyoupe eva otny TOyN xat TorodeTolue €va Boko ot
autd. H draducacio otapatder dtav éva doyelo €yel 000 Bwhoug. Ilowx ebvon 1 mdavoTnta awtd va
ouuPel pe Tov n-06To Poiro?

8. Mia xdhmn nepiéyer 100 podpo 200 dompo ogaipidia. BydCloupe tuyala 100 cgoupiota. ITlowd
etvor 1 mdavotnTa va €youue emhégel axpBos 10 yadpa?

9. M xdhnn mepieyer 1000 ogarpidior amo o omola tar 25 ebvon padpa, to 30 dompar, T 945 xdxaava.
Emiéyoupe Tuyaio 15 ogoupldr aro tnyv xdhan. Ilowd etvor n miavétnra va €youue emhéde

(o) oxpiBde 3 xOxxvor opaeidio?

(B) oxeBide 2 poadpa xat 3 dompa?

() oxpBog 4 x6xxvo xou ToukdytoTtov 2 pdupa?
10. e éva dwywviopd malpvouv pépog n mavtpepéva Ceuydpto. Av mpoxettar vo amoveundoly

Tuyador oToug 2n dtaywwillouevoug n Beafela, motd etvan 1) mdavéTnTa va Tdpet Bpafeio axprBiog
éva amd Ta dVo droua o xdle éva and To Leuydpta?

11. Ané n avdpdyuva xataoxomey (2n cuvolixd dropa) Swhéyouue otny TOyn k dtoua yio vo
Toe ouuneptAdBoupe o ulo yuotnd| anoctolr. Iloeg elvon o mdavdtnteg



(o) Na oupmepuinedoly oxpBoe j dvdpes oty anoctorf?
(B) Na unv cuurepthngdolv droua Tou (Brov avdpdyuvou oty anosTtorf?

12. 'Eva Aewgopelo Zexvder and tny agetnplo ye 13 gortntée xou mepvdet and 4 otdoec. Na
urohoyiotel 1 mavotra TNy TEKO T 0TdoT Vo amoPiBacTtoly 3 goltntég, otny delTepn 4, 0TV
Teltn 4, xou oty TETUETN 2 POLTNTES.

13. 'BEva Aewgopelo Lexwvder and tny agetnpla ye k > 3 @oltntég xaL TEQVUEL and N GTACELS
(n > k —2). Na vnohoytotel n moavétnto o axplBee uio otdon va anofiBactoty oxpBde 3
PotTNTES €VH o€ xalepla amd TIC UTOAoES 6TAoEL Vo amoPiBacTel To TOAD €vag QoLrTNTAC.

*14. Eméyouye dtoboyixd ywelc enavdieon 5 opoupidia ano wid xdhmn ue 60 oparpidio aprdunuéva
1, 2,..., 60. 'Eotw 611 ot evdeilleig Toug etvan ki, ko, . .., ks, Ue TV oelpd pe TNy onoia e€dyovTa.
(o) ot n mdavoTnTa va toylet ky < ko < kg < kg < k57
(B) Lo n mbavotnra va oyder ks > max{ky, ko, ks, ka} 7

15. Pilyvouue éva ouvnthouévo (dpl n gopéc (n > 2). Na Beedoiv ot miavotnTeg
(o) Na epgaviotel Touldytotov 800 Gopéc o aprduds 6 xou

(ﬁ) Na epgpavioTel Touhdylotov 600 QoEES 0 aptiuog 6 xou va uny eugavioTel xaddbhou o aptiuog
1.

16. Piyvoupe n ouvniopéva Ldpto. T k € {1,2,...,6} vo untoroytotody ot mdavdTnree

(o) H peyohdrepn évoeln (and tic n) va toobtan e k.
(B) H wxpdteen évoeiln (and tic n) va tooltan e k.

17.1 Ano wot xAnewtida tou mepyel n Aoy voig apriunuévoug 1,2, ..., n e€dyetar €va hoyvog,
AATAYPAPOVUE TO YOUUEPO TOU, X0l TOV ETCTEEQOUNE. EmavahauBdvouue tny dwadwcacio k > 3
popec. Na Peetoldv ol mbavoTtnteg
(o) Naemheyet 0 hoyvéc 1 toukdytotoy pior 9ogd.
*(B) Noemheyolv ot hayvol 1, 2, 3 Touldyiotov wa @opd o xadévoc.

*18. And touc aprduoie 1,2,...,1050 Swhéyoupe évay oty toyn. («) ot 1 mdavétnta o
emheypévoe aptiuoe va Stonpeiton Ye Touldytotov évay ond toug apriuole 3 K 57 (B) Tow 7
mHavoTNTAL 0 EMAEYUEVOS apldudg vau Btatgeltan Ue ToLhdytoToy Evay and Toug opruols 3 4 5 # 77

*19. Piyvoupe n gopéc 8o ouvniiouéva Cdpta. TToto ) midoavotnto vo epgaviotoly Gheg ot SItAéc
Zaptée (1,1),(2,2),...,(6,6) and touldylotov pla @opd n xadepio?

*20. T n Sopopetixéc emtotoréc etotudlouye Toug avtiotolyous gaxélouc. Se xdle entoToMY
avTioTotyEl EVag CUYAEXEIEVOS Qdxeroc. Tomovetolue Tuyala TIC EMOTOAEG GTOUG PAXENOUSG
(OnhodA xdde pia oo tic n! tonodetnoeic evon wwomdavy). Howd eivon 1 mdavoTyTa xopic emoTol)
va uny €yet Torovetnidel otov @dxeho Tou TN avTIoTOLYEL?

21. (Koatavoyée ogoupdinv oe xehd). ‘Eyouue n xehd ota onoio xotavéuouye k ooupidio.
(o) Oewpolye b1 tor o@oupidior elvon dragopetid. [a mopdderyua, to apripodye. No Bpedel to
TARD0C TWV DLUPOPETIXMY XAUTAVOUWY TWV oPuEdiwy oTo xeMd oe xoéva and ta e€Hg oEVAPLA
(i) xdde xehl etvon ameptépIOTNS YWENTIXOTNTOL,
(i) xdde xehl ywpder ubvo éva cpupidio,
*(iil) oe xde xehl npéret va Torodetriooue ToUAdYIoTOY €va apopidio.

10w aoroeic 17-20 eivor egoppoyéc e dpymhc eYIAELoUOD-0mOXAELGHOD
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*(B) Oewpotye 611 o opapidia eivon dpota. Anhadi| wd xatavopr| yapaxtneiletar and 1o didvuoua
(r1,7r9,...,7r,) OTOU T; €lvon TO TARU0C TV cQupwiny Tou TEpEyovTon 0To XeAl . Aev €yel
onuacio Towd ogapidia ebvar e xdde xedl, pdévo to mAHlog touc. Na Bpedel o mAfdog twv
SLUPOPETIXDY XATAVOUNDY TV OOV aouptdiwy oTa xehd o xadéva and ta oevdpra (i), (ii), (iii)
O TAVW.

Ko otic 800 nepintdoete, yia o (ii) umodétoupe 6t k < n, evéd yio to (iil) unodétouye 61 k > n.

*22. No eedel o mifdoc twv ouvapticewy f:{1,2,...,k} = {1,2,...,n} mou eiva

(o) oTWAmoTE

® 11

() yvnolwe atouoeg

(8) avZouoeg

(g) avZouoeg xou ent

(0) et
Yo (B), (v) vrodétoupe 6t k < neved ot (g), ({) 6T k > n.
*23. 'Eyoupe éva menepacyévo olvoho {ai,as,...,as} Ye s otoryeio, n € N, xou @puoixolc
T1,72,...,Ts ME T1 + 7o + -+ + 15 = n. Prdyvouue OlaTETAYUEVEC N-AOEC WOTE XdVe wio va
TEQEYEL T'1 POPEC TO Ay, T2 PORES TO A, ..., Ts POPEC T0 as. Na derydel 6Tt o mARdog Twv
OLUPORETXWY TETOLWY N-0BWY Elval

n!
rilrgl eyl

24. Avelxvotipac Cexwvdel pe k dropa and To 16OYEW N-6po@nc owxodourc. Trolétovtag 6Tl
oheg ot anoPidoeis etvon e¢icou miavée, va utohoyioBoly ot mdavoTnTég

(o) 6 o Gropa anoPiBactoly oe BlapopETIX0UC 0POPOUC.
*(B) oxpiBadc ky droua anofiBacttolv atov mpdto 6pogo, axptBde ks droua arnoBiBactoly otov
BeUTERO OPOYO, . . ., IXPBAOC Ky, dTOP amoBiBactody 6Tov N-00T0 6powo (e8¢ ki + - -+ +
kn, = k).
*25. (o) Zevydpwuo Ty otowyelwy tou ouvéhou {1,2,...,2n} Mue x&de ohvoho tne popohc’

{{a1,a2},{as,as}, ... {asn_1,a2,}},
OTmou ay, ag, . . ., Ggy, €lvar T ooyl Tou {1,2,...,2n} . No Peedel to nhiloc 1wy Swagopetindy
Ceuyopwpdtov tou {1,2,...,2n}.
(B) Kadéva and n Euhdxior to ondue o€ €var uxpd xon éva ueydho xopudtt. To 2n xopudtia Tou
mpox0TTouY (euyapmvovTon Tuyaka xa Snuovpyolvton n Eukdxa. Na Bpedolyv ot mdavotnTeg:
(i) Kéde xopyudrt Leuyopdvetar pe exeivo ue 10 omolo Aoy Tpv oUYXOANUEVO.
(i) Kéde peydho xoppdtt Leuyop®dveTon Ue Yixpd XOUUATL.

2% éva Levydpopa, Sev éxel onuasia 1 oelpd Tov Leuyapidy, obte undpye oeipd péoa oe xdde Leuydpt, Yia
QUTO XOU YENOWOTOOUUE dyxiotea xal Oyl mapeviEoelg



2. AEXMETMENH TIIOANOTHTA KAI ANEZAPTHEIA
1. No Audet 1 ’Acxunon 6 tng TeonyolUevng Topayedpoy UE Y P1oT TOU TOMATAACLAGTIXOU TOTOU.

2. 1 gourntéc s xou @ottiteieg Bploxovion €€w amd v yeauuateior Tou Modnuoatiol mepiué-
vovtog va eyypagoly. Kdlde gopd emhéyeton €va atopo otny ToyT), EYYPIPETAL, XU QEUYEL UTO
v avopovh. Ilowd n mbavdtnta oTic TeMTES 2k EYYPUPES Vo EYOUUE CUVEYY| EVUALXYY) PONOY.
TroVétoupe 6L r,s > k > 1.

3. 'Evag pnaoxetunolotag mpdxettar va exteréoel 100 Boréc. Xtnv mpodépuavor extelel dUo
Bokéc amo tic omoleg 1 plo elvon emttuyMuéVY ot 1) GAAY Oyt Ta xodepla and T peténetta 100
Boréc, n miavotnTa emituylag toolTaL HE TO TOG0GTH EMTUYINS TOU WG TOTE UETEMYTIC XAt Tig 0VO
poléc tne mpodépuavone. T mopddetyua, oty npdtn Bold €yet miavotnta emtuyiog 1/2, xo
av elvon emttuyla, Yo €yet yio Ty dedtepn Bohh mbavdtrra entuyios 2/3.

(o) TTows N miavotnTa oL TpwTeg b BoAfc va elvon emituyleg xou ot undhotneg anotuyiec?

(B) o n mdavétnta k emtuyies vo ouuBolv otig Véoeig 11,12, 13,...,10 4+ k eved ot uno-

howeg Bohég va elvan amotuylec?
*(y) Howd n mbavotnta va éyel k axpBog emtuyiec?

Y10 (B) umodétoupe ot k < 90, eved ota (@), (v) 61 k € {0,1,...,100}.

4. M xdhrmn mepéyel 5 dompa xon 7 padpo oponeldior eved Wia 0edTeERT XIAT TEPIEYEL 3 dompa
xon 5 avpa opanpdia. Emhéyouue Tuyala €vo ogoneldlo and tny TemTr xot T0 TORTOVETOVUE OTNY
dcttepr. ‘Ernetta emhéyouue tuyado €va opoupidto ano tnyv deuteen xdArn. Tlowd etvar n mbovotnTa
T0 OevTEPO GPAEldo Vo elvon dompo?

5. Plyvouue éva (ot wd popd xon av 1 €vdelln etvan @ dtahéyoude €va oparpldlo and pid xJATr
mou meptéyeL 21 dompa xon 14 — 24 padpa ogonpldio. e pid tpayUaTtorolinoT) auTol Tou TEWRIUATOC,
mold etvar 1 miavotnTo To opoupidto Tou emAéyouue va eivon domeo?

6. M xdhmn nepieyel k dompa xan n — k padpa ogoupidio. E&dyoupe dradoyxd 3 opouupidia wg
e€hc. Metd and xdle eaywyr|, av 10 cpapldio elvor dompo, T0 ERCTREPOVUE OTNY XAATY), EVE®
av etvon uapo, 1o avuxoiotolue Ue dompo. Tlowd etvor n moavdtnta T0 Tplto cgapidio va etvar
dompo?

7. Oewpolpe 000 xdineg X, Y ue v e€rg obvieor:

X: 5 padpa xan 5 dompa oponpldia,

Y: 1 yadpo xar 9 donpa opaipida.
‘Evo dtopo emhéyel tuyaio (ue {on mavotnta) wd and tg 800 xdhneg, xou eEdyel ano oauThv
T0 éva UeTd o dhho ue emavddeon 4 ogoupidio (Snhadr petd ano xdde eCaywyn, emoTeéel To
oaipidlo oty xdAnn). e eude, amo 6k v dadixaota, Gavep@veTa Lovo HTL xou Tor TécoEpal
ooupidia etvar dompa. Aedouévou autol, mowd ebvon 1 mavoTnTA Vo Elye emAEYEL TNV apyn )
x(bhmn X7

8. Xe évay nhnduous, to 0.1 % ndoyet ano wd acPévela X. Eva teot xdver Mddoc Sidyvwor 6o
5% WY TEPITTWOEWY TOU TO GTOUO TOU XAVEL TO TEOT €yel TNV acVévela, eved xdvel Mo oto 1%
TWV TEPLTTWOEWY TOL TO dTouo efvar uyiéc. Emiéyouue otny t0yn éva dtopo amo tov thnducuo,
%Ol TO TEGT ONAWVEL 6TL TO dTouo €yet TNy acVévela. Aedouévou autol, Towd eivon 1 mdavoTnta
TO dTOUO OVIWS VoL EYEL TNV acévela?

9. 'Eyouue tpla yoetid ta onola xoholue AA, MM, AM. To AA é€yel xou Tic 800 mheupéc
YewuaTiopéves donpeg, 1o MM xau tic 800 padpeg, eved To AM €yet Ty uio mTheupd ypwuaTiouévr
domen ot TNV ALY pduen. ‘Evag gthog pag emiéyel €va yaptl otny toyr xou wog Oelyver povo
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OTL 1) i Thevpd Tou etvan domer. 1o To Towd TAgupd Tg xdpTag emAéye va pag deilel, Yewpolue
ovo exd0yEC.

() Emiéyer oty toym® plo amd e 800 mheupée.

(B) Emiéyer ndvtote donpn mheupd av undpyet Stodéotun.
[t sedde pio amd autég Tic 800 exdoyés, va utohoytoTel 1 miavotnTa 1) dAAT TAEUEd TOU YaETIOU
Tou eldape vou tvor LadeT).

10. To cuptdpl X1 tepléyetl 3 yeuod xou 3 apyYued Vouloyata Ve To GURTAPL Mg TEPLEYEL 3 YEUOU
xon 6 apyupd. Khéptne (oto oxotevd) avolyet éva cuptdpt 6tny toyn xon aprdler 0o vopiouara
oty TOYT.
(o) How n mdavéTnTar var efvon xon ot 800 ypuoad?
(B) Av damotwlel (xatd v cUAMNR Tou) oL Exel xhéder o ypuod vopiouata, Tota efvou
N miavoTnTa va elye avollel To cupTdpt 3,7

11. O aogoahotixéc etanpelec xatatdooouy toug odnyols oe 10 xatnyopieg, Ar, As, ..., Aj,
avdroyo HE TV TOVOTNTO Vo XAVOLUY oTUYTUA 0T OLIEXEL TOU ETOUC.  LUYXEXQUIEVA, EVUC
odnybe tne xatnyoplac Ay, (k€ {1,2,...,10}) éyer mdavétnta k/100 énwe npayuatonotioet
atOY MU 0Ty Odpxela Tou €Toug.  TToUETOUUE OTL OTY) CUYXEXPLUEVY] ACPUAICTIXY eToupeior To
k/55 twv odnywy mou acuiiler avixouv otny xatnyopio Ag, k= 1,2,...,10. Av évac odnydc,
AGQPANCUEVOC GTY) CUYXEXQWEVT] ETAULEELN, aVUPEQEL ATUY MU OTY) OldpxEla Tou £Toug, Totd bvan 1)
mdavoTnTa var oavixer oty xatnyoplo k7

12. Avo evbeyopeva A, B ye P(A), P(B) > 0 héyovtar Yetixd ovoyetiopéva av P(A|B) >
P(B), eve apynuixd ouoyetiopéva av P(A| B) < P(B).
(o) Now Sevyvet 61t av 1 A, B ebvan Yeuxd ovoyetouéva, tote P(B|A) > P(B) xon P(AN
B) > P(A)P(B) (mpogavéx xou ot Teels neploplopofl eivar toodivayot epbéooy P(A), P(B) >
0).
(B) Piyvouyue éva Ldpt Sub gopéc xon opilouue ol eVOEYOUEVAL
A : = {BEugovileton 1 Touldyiotov wo gopd},
B : = {O1 800 evdeiZeic efvar StagopeTtinéc},
C : = {H npdtn évoeiln dev eivan 1},

Eivon ta0 A, B 9etid 1 apvntind cuoyetiopéva? Ta A, C7

*13. (Aéouevor deopeupévne miavétnoc) Eotw (2, A, P) yodpoc miavétnroe, xo I' € A pe
P(I') > 0. H ouvépmon pr : A — [0,1] ye pr(A) = P(A|T) vy xdde A € A eivar cuvdptnon
ntﬂavérnw&. Av pp(B) > 0, t6te yia A € A opileton xatd o yvwotd 1 deoueuuévn mdavdtna
pr(A|B). Na derydel 61t

pr(A|B)=P(A|BNT).
Anhady) oty TAnpogopia 61t To I' cUVERY TeocTileTan 1) TAnpopopla 6Tl xou To B cuvERT,.

*14. (Oedpnuo ohixfic miovotntag Yo deopeuuévn mbavotnta) ‘Eotw evbeyodpeva A, T, By, By,
ue { By, By} Spépron tou derypatixol yweovu, xa P(I'N By), P(I'N By) > 0. No derydel 6T

P(A|T) = P(B,|T)P(A|T N By) + P(By |T)P(A|T N By).

*15. Eotww evbeybueva A, B ye P(A) > 0. Na derydel 6t
(a) PIANB|AUB) < P(ANB|A).
(B) P(B|BUA)> P(B|A).
SAMdh mdavéma 1/2 yia xéde mheupd. Tevixd btav éyoupe menepaouévo Thdoc emhoydy xon héue 6Ty

emhéyoupe otny TOYT, EVWoUUE OTL oL emhoYEC Ohe elvon toomidavec.
4 Anhad uavoroiel Ta afibuata Tou Kolmogorov, oel. 48 oo BiBkio tou x. Kovtpa.
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16. Av ta A, B ebvan avedptnta va deryVel 6T xadéva amo tar oxdhouda Lebyn etvan aveldptnta
(o) A, B¢, (B) A%, B, (y) A°, B°.

17. Oewpolye k > 1 piheic evoC aUepOATTTOU VOUIOUATOG %ok Tl EVOEY OUEVAL
A xon ot du6 6erg eypaviletor TOUAdYLIOTOY Wl QoEdL.
B : 1 évdeiln xopwva epgavileton To ToAD Uil Qopd.

[ totée Twég tou k eivon ta A, B aveldptnTa;

18. Auwdétoupe 800 gorvouevixd oot vouiopata Ni, Na, TAny ouwe, to éva @épvel «K» ue
wdavotnta p; = 1/2 (8ixouo) evd to dhho pe mdavotnta po = 3/4 (xiBonro) . Awhéyoupe éva
vopoua oty TOY T, xou To efyvouue 800 aveZdoTNTES PORES. OEWPOUUE To EVOEYOUEV

Ay o = { n mpody pidn eivar K},
Ay = { n deltepn pidn eivar K}.

Ebvar ta Ay, Ay aveldptnto;

19. N dué tadhoceic o, B, elvat YVooTd 6T T0 T0C00TH TV ATOLGY Tou TANIUCLOY ToL TEoYoUY
) ?

uévo omd v o ebvan 0.6%, autdy mou mdoyouv uévo ano ty B etvon 0.5%, xo autdY T0L T8Oy OUY

xot amo Ti¢ 0vo ebvan 0.2%. Eivor ot dud nadfoec aveldptnrec?

20. 'Eva nelpoya éyer mdavotnra emtuylag p € (0,1). Extelolye wa oxorouvdio aveZdptniwy
OOXLUWY TOU TELOQUATOC.

(o) No detydei ot 7 mavoTnTa va €youpe k emituylec oTIC TPWTES 1 doxué efvan

n k n—=k
1-— .
(k)p (1-p)
Ocwpotye 611 0 < k < n.

(B) No derydel 611 n mdavotna oe Oheg g Soxtpéc e axohoutiog vo €youue anotuyio efvo
0.

(v) No umohloyiotel ny mdoavétnta v npdtn emtuyio va oupfBaiver oty k Soxur. k € N\ {0}.

(8) Navrohoyiotel n mdovotnta va yeetaotolv Tould ooy k Soxiuéc og TNy TpodTr emttuyio.
k € N\ {0}.

*21. Tpeec naixtee, ot aq, ag, as, mailouv 1o e monyvidl. Piyvouv dadoyixd éva cuvniiouévo
VOUIOUOL UE TN OEWPA a1, G2, A3, A1, G2, A3 X.0.X., XL XEEOILEL AUTOC ToU Vo PEREL TRWTOS XOPWVAL.
‘Eotw p; n mdavotnta va xepdioet 1o mouyvidt o naixtne j. Nodeiete 6Tt pa = p1/2 xau p3 = pa/2,
X0l VoL GUUTEPAVETE OTL py = 4/7, py = 2/7 xou p3 = 1/7.

*22. (Awyoviogata tolhaniic emhoyic) Evag Staywvildpevog anavtdel oe n epwthoelc Tohho-
TG emhoyhc. Ye xdle epwTNoT UTAPYOUV J DLapopeTéS anavTroels and Ti¢ onoleg pla ebvan 7
owoth. O darywvilouevog emhéyel ulo andvinor otny TOyn av dev Yvwellel 1 owoTh andvTnom
— TREOYAVAS EMAEYEL TNV CWOTH amdvTnon 6tay TNy Yvwpellel. Trodétouue 6Tt 1) tpoetotuacio Tou
eCetalopevou xaopilel pla miavétnta p € (0,1) 6nwe yvopile TNV OWOTY| ANAVINGCT| O OTOLd-
ofmote epwtnor. YTrovétouye emiong 6Tl €vag cuyxexptuévog e€eTalOUEVOS EYEL TPOETOWAGTEL
étoL hote p = 1/2.

(o) How n mdavéTnTar var amavtioel owotd o k (and Tic n) epwthoec?

(B) Aedopévou 6tL andvinoe owotd ot k epwthoelc, mold 1 mdavotnta vo yvoele otny npoy-
waTixoTN T axpBos s epwthoec? (s € {0,1,...,k})

*23. (Anpoodoxntn avelaptnoia) Amo pla xdhrn mou nepiéyel n ogapidia aprdunuéva 1,2, ..., n
eCdyouye To €val UETA To dAAO Tuyaia Tae 1 o@oupidia. ‘Eotw k; 1) évoellrn tou cpoupldiou talpvouue
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oty @ e€aywyh. Adue 6Tt 0TV @ eCaywYT €Youpe pEXdP av To GPapidio TNG ExEl PHEYUAUTERPT)
€voeir amo Ta mporyoUpeEva ogouupldla, dnAad av i = 1 Hav i > 1 xa k; > max{ky, ..., ki_1}.
OewpolUe Ta EVOEYOUEVA

A; = {Emy i eCayoyr éyovue pexdp},
yar=1,2,... n.
(o) Nowdeydef 6t P(A4;) =1/jywwj=1,...,n.
(B) No dewydef ot ta Ay, A, ..., Ay elvon avd 800 avedptnra.
(v) Na derydel 6T to Ay, Ao, ..., A, elvor mhipwe aveZdotnTa.



3. XINAPTHEH KATANOMHE, MEYXH TIMH I'IA AIAKPITEL TYXAIEY METABAHTEL

1. 'Eotw tuyaio yetaBinth X pe ouvdptnor xatavounc

0 av t <0,
Fx(t) = {1 —e®  avit>0.

ITowd 1 cuvdpTnoT xotavouhc Yo Ty Tuyada BETABANTH Y = e;

2. H wuyoa yetofBinth X éyel ouvdptnorn xotavourc F(z) = (z+1)/3, —1 < 2 < 2. Agol
npoadiopioete Ti¢ Twée e F(z) v ta unéhono & (Snh. extde tou Sothuatos (—1,2)), va
vrohoyloete Ty ouvdptnorn xatavounc Fy (y), y € R, e tuyaiog yetofintic Y = | X]|.

3. Av a > 0 xou n tuyao yetofAnth X €yet ouvdptnon xatavounc F(z), © € R, now eivon 7
ouvdptnor xotavouhc Fu(y), y € R, tne tuyaiog petafintic Y, = | X|% Egopudote to nopandve
Y10 VoL TPOGOLORIGETE TNV CUYAPTNOT XATAVOUTC TNG X? o¢ xadeuio amd TG TUPAX TR TEQITTWOEL.
(

0 ava <O, 0 av x < —1/2,
() Flz) =<2 av0<x<l, B) Flz)=qz+3 av —1/2<z<1/2,
1 avaz>1. 1 av x> 1/2.

av r < —1,
av — 1<z <1,

—~
=
S—
T
—~
8
N~—
I
— o= O

\ av x > 1.

4. Botwo f(z) =c/2 yiux € Z xou f(x) =0 yio z € R\ Z, 610U 1) ¢ ebvor prd otordepd.
(o) T o1& Twh e ¢ ebvon 1 f cuvdptnon miavotnTag pag Slaxetthg Tuyalag UETABANTAC;
(B) T v Twry tne ¢ tou gpwThuaTog (o), oL ebvor 1 CLVEETNOY XATAVOURAS TNS TuylaC

weTaPAnTic mou avtioTolyel oty f;

5. (o) Na deydet 6t F: R — R pe
0 t<0
F(t)Z{ ’

[t]
T[ﬂ t Z Oa

elvor ouvdpTNnoT xatavourc xdmotag Tuyaiag petoPinthc X.
(B) No dewyvel 61t n X 10U mpONYoUUEVOU EPOTAUNTOC Efval DLaXELTH, X Yo UTOROYIOTEL 1

cuvdptnor TavoTnTdg TNS.

6. Amo Tic axdhovleg GUVAPTAOELS, TOLEC EVAL GUVIPTHCELS XUTAVOUNG WG TUY UG UETUBANTAC;

. s 2772 avx <0,
av T , 1
_ ={1 1

(o) Fy(z) {1 S war>s (B) Fa(z) 5 w z € [0,1],
o YT > 1.

0 av e <1 e” — % av z <0

Fy(z) = ’ 8) Fi(z) = s ’

(Y) 3(56) {2;13 oy x> 1. ( ) 4<l'> {g (1 . 673x) av x> 0.

(€) F5(x) = cosz y xdde x € R.

7. Lo mod Ty tou b elvon 1 cuvdpTnom



1
oz [2=6] av r < —2,

F(z)=<b av x € [—2,3),
1—e™ oavaz>3.

CLVAETNOY XATAVOUTC WG Tuyafag METUBANTAC;

*8. No eZetootel av opiletar 1 yéon nuh tne tuyaioc petaPhntic X av auty €yel ouvdptnon
mdavoTnTag

31

31 eZ,x <0

s 210 S5 v , ;

o A \/{ 2 B) f(x) = 21% av x € Z,x >0,
0 OLUPOPETLXYL. 8 g
0 OLOPOPETLXAL.

(@) flz) =

*9. And pio xdhnn mou meptéyet n xhipous oprunuévouc 1,2, ..., n eZdyovton dradoyixd ywpelic
enavddeon k xhfpot (1 < k < n). Eotw X o pyeyohdtepog aprdude mou e€dyetar. No unohoyi-
oTOUV

(o) H ouvdptnon mdavétnroac e X.

(B) H yéon nur e X.
10. Aud maixteg matlouv 1o €€rig mouyvidt. Plyvouv cuveywe €va (hipr uéypl vo eppavioTtel yio
TeaTN Qopd 1 €voelln 1 ¥ 2. 'Hotww X o aptiudc twv doxipcy tou anatovviat. Av o X efvor

TepTToC T6TE 0 A %epdiler xan mafpver B Eupd and tov B, vy av o X ebvon dptiog 16t 0 A ydver
xou dtver o Eupd otov B.

(o) TTowd etvou 1 cuvdptnon miavotnTag g Tuyadog petaBanTtic X;

(B) Howd etvan n mdoavétnro var xepdioer to maryvidt o A;

(v) How npéner va etvon 1 oyéorn petald o xou B dote 10 Tawyvidt va efvor dixoo;
11. (To nopddolo e Avyiag lletpotmoine) Ilailovue to e&¥c mauyvidt. "Evo ayepdinnto véuoua
ebyveton Bradoyixnd, xar av 1 EVOELEn xophva epgaviCeton Yo TpedTr @opd otny k pldr t6Te €I

Coupe 2k Evp®. Ilowd etvar to péoo xépdog tou mouyvidol; Oa €dvec 50 Eupd yia va nailelc to
Touy vidy;

12. 'Eotw X dtaxprth Tuyoda peToBAnTY| ue cuvdptnor miavotnrag
1
) = z(z+1)
o=

[ motd a € R woyver E(X®) < 00 ;

reN={1,2...},
r€R\N.

*13. 'Eotww X pn apvntixd| dtoxptth tuyeie uetoPhntd ue EX = 4 xa E(X?) = 18. T dvw
pedrypara nafpvoupe yio Ty mavotnta P(X > 5) and uc aviedtnrec Markov xow Chebyshev;

*14. 'Eotww X Swxpitd tuyaio yetoPintd ye twéc oto N\ {0}, pe ouvdptnon mdavdtnroe f,
oote 1 oxohoudio (f(k))k>1 va ebvar gpdivouoa. Na Serydel 6t
E(X)

P(X = k) <25

yo xdde k € N\ {0}.
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15. 'Eotww n “ueydhoc” qguoixdg apriuog xow X tuyola uetaffAnty) mou maipver uovo tg tyeg 0
xow n? pe mdavotnree 1 —n~t n~t avtiotoya, Snhady e ouvdptnor mdavdtntoag

0, av x # 0,n
fl)=q1-1 avz=0,
1 av x = n?.

No dewydei 61t EX = n, va vnohoyiotel n V(X)) xodde xou  mbdavomnra P(X > 0.8n), dnhady
1 X va pny ebvor Toh) uxpdtepn) amo TNy UEoT TS T

*16. 'Eotww X uf apvntind) Saxprtd toyodo petofinth ye EX < oo xa a € (0,1). Tére

(o)
V(X)

(1—a)?(EX)*

P(X <aEX) <

(B) (Avioétnta Paley-Zygmund)
EX)?
P(X EX)>(1- 2(—.
(X > aBX) > (1 -0 s
() Tv gpdrypota divouv ot (o), (B) yio Ty mdavétnta P(X > 0.8 n) and tnyv mponyoluevn doxnor;
*17. 'Eotww X doxprth tuyato uetoBAnt xou éotw 6T yia xémoto a > 0 woyber E(e®) < co. Na
Sewy el 6t undpyer C' > 0 otadepd Bote Y xdde ¢ € R vooyver P(X > t) < Ce ™. Anhadi 1

at

“oupd” tng X mpog Ta gLl gUiver Ypryopa, TOUAdYLOTOY UE Ty DTTO e,
*18. 'Eow X, Y, Z, W tuyaiec petofintéc ye tpés oto N = {0,1,...} yia tic onoleg oy det
(0) P(X > k)=1/logk (B) P(Y > k) = (logk)/k?
(v) P(Z > k) =1/3 () P(W > k) =1/(k + Vk)
v xdde k> 20. Ioéc amo autée €youv TEmEQAOUEVT, HEOT] THUN;

19. T xdie evdeyduevo A C €2, ypdgpouue 14 yiol THY YopaxTnEOTIXT Tou cuvdeTnoT. Aniady
TNV Ty e HETUBANTYH UE THES
1 avweEA,
La(w) = {

0 avweQ\A
(o) Now deydet 6t E(14) = P(A).
(B) T evdeybueva A, B, va Setydel 6t toylet Lae =1 — 14, xat 1lp = 14np.
(v)* T evdeyoueva Ay, As, ..., Ay, va Seyydel 6T
1a,uayua, =1—(1—=14)(1—=14)---(1—14,), (1)
AL YENOYOTOLWYTC AUTY TN GYEGT), va Oty Vel 1) apy | EYXAELOUOU amoxAEloUoU yio TavoTnTEC,

Snhodt
P(AjUAy--UA) = (=D Y P(A,NA, - Ayy).

k=1 1<i1 << <n
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4. EIAIKEY AIAKPITEY KATANOMEY

1. Kotaoxeudlovye évav aptdué oto [0, 1) pe 80 dexadixd Ynola emréyovrog xadéva amo autd
aro 10 {0, 1,...,9} opotduoppa (dnhadt, ko ta Ynpio éyouv tny Bia mdavotyta emhoyc). Towd
elvo 1 xaTovour) Tou dptiuol TV Eugavicewy Tou 3, xol Told 1) UEoT| TNE T

2. Abo ldpwa A xau B piyovton 90 gopéc. Ilowd eivon 1 cuvdptnon mdavétntog tou aprduot twy
olbewv mou 1 évdeln Tou A Eemepvdel Ty €voelln Tou B xatd 600 povddes TouldyloTtoy;

3. 'BEvag oxoneuthic plyver 10 Boréc mpog éva otoyo. H mavotnta va metiyel 4 @opéc etvan
TeimAdota tne miavotnTag vo tov Tetlyet Teelc. No unohoyiotel 1 euctoyla Tou oxomeuTr, dMAddY
7 miovotnTo vo TETOYEL TO 0TOY0 o€ ol Oedouévn Boly|. 'Eretta va unoloylotoly ot miavoTnTeg
oe 5 BoAec va TETOYEL TO GTOYO

(o) Ao TouhdytoTtov gopéc.

(B) 'H dhec ¥ xoyio popd.

(Y) To mohb 4 gopéc av eivar Yvwotd Ot TéTuye ToUAdyIoToY 800 QopEc.
4. Mia xdhmn nepiéyet 20 padpa xan 60 dompa oparpidia. E&dyouue ogoupldia to éva petd to dAho
ue enavddeon. (o) Iowd etvon 1 mdovémta 10 7o ogapidio vo eivar To TE@To Patpo oeapidio Tou
e€ayetoy; (B) [Towd ebvon 1 mdoavdTno vor ypelaotoly Toukdytotov 10 e€aywyes Yo Vo EUQOVIOTE!
wadpo ogopidio. () Iloid eivar 1 uéon Ty tou aptdyot v dompwy agouipdiwy mou eugovilovto
TEW TNV TEMOTY EPGAVIOT| Hodpou oeatotdiou.

5. Av i X axohoulel tnv Stwvupxt xatavouy| Ue TapauéTeous n, p, va detydel 6Tt

1 )_1—(1—p)”+1
X+1)  (n+1p

9

BtY)=(pt+q", E (
via xde t € R, 6mouv g =1 —p.

6.(To mpdfBanua Tou cUAAEXTY xouTovidY) Trodétouue 6Tt UTdEYOUY N EIBY) BIPOPETIXWY XOUTO-
VIOV, X0t XGVE Qopd Tou XATol0g ayopdlet €va xouTOWL, auT6 propel va efvon iooTidava omoldrtoTe
amo To 1 drapopeTxd eidor. Ilowd etvan 1 u€omn Ty Tou dpPLUo) XOUTOVIWY TOU TEETEL Vol oY OPYCEL
xavelc WoTe va €yel GUAAEEEL €val xoumowL aro xdle €ldog;

Trooeln: 'Eotw Y; n ayopd xatd tny onoia Bploxouue 10 i-0T0 VEO XOUTOVL. ZNTAUE TNV
E(Y,). o etvon 1 xoatovour; xoepioc and tic dtoupopée Yo — Yy, ..., Y, — Y, _q;

7. Kotaoxeudlouye évay aprdud x = 0. ajazas... oo [0, 1) emhéyoviag ta dexadixd tou Ynepia
ano aptoTepd mpog T 8edid to éval uetd o Ao amo to {0,1,...,9} opoduoppa. Ltov apriud
mou oynuatileTon Totog efvan 0 AVOUEVOUEVOS aptiog DEXABIXWY YNnpiwy

(o) ITptv amo v eppdvion yio TewTn Qopd tou Ynpiou 7.

(B) Hew v epgpdvion v Te@tn @opd evoc aro o hngio 2, 4, 6.

(v)* Tpw v 8n epgdvion tou dnglou 4.

(8)* Méypt v 4n eugdvion Luyol dnglou.

(e) MéypL Vv eugdvion xat twv Teidy dnginy 3, 5, 6.
8. O apWude tTwv AnoTet®y mou yivovton oe 6ha To xataothgaTe ¢ Eurobank oe éva urva
axoloudel Ty xatavour| Poisson. Av 1 mdavétnta va ouuPel to ol wa hnoteta oe €va urva

wwoltar pe 12 gopec v mbavdtnta va cupPoiv axppng 2 Anoteleg, va Peedel n mdavétnTa va
ouuPel Tourdyiotoy pla Anotela oe Eva urva.
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9. 'Evag acpahotic acpaiiler 100 0dnyoic yio ma ypowid. Kadévag and toug 0dnyols mpoxahel
atUynua v Sedopévn ypowid pe mdavétnta p = 1/1000. 'Eotw X o aprdudc twv odnyody mou
TpoxoAoY athynua exelv Ty yeowid. Na umoloylotolv ot mdavétnreg P(X < 1), P(X =
3), P(X = 10), xou €nelta ot TpOGEYYIOES TOUC YENOWOTOIOVTAS TNV TROGEYYIOT TNS XATAVOUNC
e X amo xatdhAnhn xotavour|, Poisson.

10. (o) Av v tuyada petoBnth X axohoudei Ty xatavous| Poisson pe tapduetpo A > 0, va detyOel
ot

E(Xh(X))=AE(h(X +1)) (2)
yioe xdde b : R — [0, 00).
*(B) Av n tuyalo petoBanti X maipver un opvntixée axépones Tuée, xou umdpyet A > 0 @ote 1)
X va wavoroel Ty (2) v xdde b : R — [0, 00), va detyel 6t X axoroudel v xatavous
Poisson ue mapduetoo A > 0.



13

5. YYNEXEIY KATANOMEY

1. Av 7 tuyoda yetahnti X éyer nuxvétnra fx(z) = ﬁ 1jp>1, va Beedel n muxvétnTa g
Y = X2
2. Av 7 tuyada yetoPinth X éyel muxvétnta fx () = e 1,50, va Bpedel n muxvonthTa TG

X av X <1,
TlX ey X > 1.

3. Av n tuyodo petoBinth X éyet muxvotrta fx (x) = Ae 1,50 61ou A ebvor prat etind otodepd’,
v tpocdoptoTel 1) xatavou| tne Y = [X] (axépono uépog tou X). Ilowd eivou 1 péon s, e Y
4. H ruyola yetaPintd X €yer muxvotnta fx(x) = cx™" 1,31, 670U ot ¢, 1 elvon VeTixée otadepéc.
(o) Hotég etvon o1 emTpenTég TWES TOU 7735
(B) No Beevel n nuh tne otadepds ¢ ouvapthioet Tou 7.
(v) T motée tpée tou r woyler EX < oo;
(®)

d) [ Bedoyévo r > 1, yio motée Twég tou a € R woyler E(X®) < oo;

5. (o) Av U axohovdel Ty opotépopen xatavour oto didotnua (0,1), tote yiw a < b 7
X:=a+(b—-a)U
axorovlel TV ouotduopen oo (a,b).
(B) Av n X axoloulel opotbuopen xatavops; oto ddotnua (a,b), dtov a < b, ToTE 7
X —a

U .=
b—a

axohouvlel TV opotduopen xatavour, ato (0, 1).
(Y) Av 1 U oxoroudel tnv opoduoppn xatavops; oto ddotnua (0,1), téte xau n Y :=1-U
axorouvdel TNV opoldpopen xatavour ato ddotrua (0, 1).

6. 'Eotw 0 > 0. Trodétoupe 611 1 Tuyoda etaBAnTA U axohoudel TNV opotOUop@T| Xatavour 6To
Sudotnua (0, 1).

(o) Anodei€te 6tL 1 Tuyada petaPhnth X = —log(U)/6 oxohoudel v exdetixf| xotavour, ye
TopAUETEO 0.

(B) Beeite v muxvotta g Tuyadag pswﬁkmﬁgﬁ Y :=log (%)

7. Av n X axohoudel opolbpopyn xotavouy| o€ xdmoto ddotnua (a, b), X ~ U(a,b), xou €yet uéon
T 4= 5 xu dacTopd o2 =3 vu Beeite Toug apwuolc a,b. Enlong va unoloyioete axpiBaog
v mavotnta P(|1X — pf > 2) xaw vo v ouyxpivete e 1o dve gpdyuo mou Bivel yia auThY 1
avicotnta Chebychev.

8. Piyvoupe éva {dpt xan av epgovioTel 1) €voeiln @ TOTE dlahéyoupe tuyada évay apiud, éotw X,
and 1o ddotnua (0,17) (obupwva pe v opotduopen xotovouy U(0,7)). Beeite tny muxvétnta tng
X. Katd yéco 6po mowov aptdud Sioahéyouls;

SAMdA 1 X acohoudel Ty exdetixd| xaTavour| Je TUpdUETpo A.
OH suyxexpiévn Y Mue bt oxohovdel tnv Aoyiotoe (Logistic) xotovopn.
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9. (Koatavour Weibul) ‘Eotw ¢ > 0. Otav n X axohoudei exdetins xatavouy| ye napdueteo 6 > 0
TOTE Aépe OTL 1) Tuyado yetafAnTh Y = Xe axoroudel Vv xatavoury Weibul ye mapouétpoug ¢
xau 0. Bpelte v cuvdptnon nuxvotntag g Y.

*10. 'Eow X ouveyhc tuyada uetafint ye tuée ato [0, 00), e muxvétnta f, wote 1 f vo eivo
gdivouvoo oto [0,00). Na derydel 6t

yio xde x > 0.

11. H tuyofa petofinth X oxohovldel tny exdetiny| xotavour|, ue xdmota mopdueteo 6 > 0.
H X rnopotdver o ypdvo lwiig (o€ é'm) evog nhextpovinol e€apThuatog. O XaTaoXEVAGTAS
TEOGPEPEL EYYUNON @ = 2 €TV, Xat auTod elvor To PéytoTo a €1ol HoTe TouNdyioTov 10 95% TwV
e€apTNUAT®Y Var AEtToupYolY TOUAGyoToV UypL T0 Ypdvo eyyinore (Oote va uny ypeetdletar vor
T ocvnxocroccsw']oa). Iowoe etvan 0 Yécog ypdvog Lwfg Twv e€upTNUATWY, X0t IOl 1) BLICTOPd TOU
Yeovou (wng Twv eCapTNUATWY;

12. To Bdpoc X evbg xouTio avahuxtinol axohoudel xavovixt| xotavouy| ue u€on T 1 = 330gr
xou Tumx| andxhion o = 10gr. Beette

(o) Ty mdavotnta Oee éva Tuyaio emtheyuévo xoutt €yet Bdpoc ueyolihtepo twy 340gr.

(B) Ty mdavétrra dmewe éva Tuyaia emAeypévo xouti €yel Bdpog wixpdtepo twv 310gr.

(v) Ty mbavotrro 6nwe éva tuyoio emheyuévo xouti €yet Bdpog uetall twy 310gr o twv 340gr.

(6) Ty mdavéTnTa Omewe YeTalh déxa Tuyaio EMAEYPEVWY XOUTIDY, T0 TOAD 8 and autd €youv
Bdpog wxpdTtepo twv 340gr.

(e) Tov avayevouevo aprdud xoutdy, uetald 8éxa Tuyaia EMAEYUEVLY XOUTIOY, TOU €Y0uV Bdpoc
wxeoTEpo Twv 340gr.

13. T wa ouveyy| xatavour, o aptdudc a Méyeton didueoos tne xatavounc av P(X > a) =
P(X < a), 6mou 7 tuyoaio yetafinth X oxohoudel tny dedouévn xotovoun.

(o) Now Sewydel ot xdde ouveyhic xatavour Eyel ToULd LoTOY €va SLIUETO.

(B) Hotbg etvon évac didpecog yio Ty xotavouh N(u, o?); Efvor povedixdc;
14. No Beevel évag dlduccog Yol TNy exleTixr xaTavour| UE TOUQIUETEO A.

15. Av X ~ exp(A), va detydel 6t yio b € N oy et
k!
E(X") = e

16. Eotw 61t X ~ N(u,0%). Av P(X > 1.85) = 0.2 xau P(X > 1.70) = 0.9 va Ppedolv o
w, 0. Atveton 67t @71(0.8) = 0.85,71(0.9) = 1.29

17. Av n wyola petaint oxohoudel v xotavour| I'(a, X) xou r elvan €vag Yetinde mporyuatinse
aptiuoe, tote n Y = rX axohovdel v xatavour, I'(a, A\/7).

18. Av X ~ N(0,1), va derydet 6Tt X2 ~T'(1/2,1/2).

*19. Av Z ~ N(0,1) xou f: R — R eivor mapayoyiowr e ouveyt mopdywyo xou pe {x € R :
f(x) # 0} gpayuévo, vo detydel bt
E(f'(X)) = E(Xf(X)).
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*20. Tnoloyiote T andAvtes ponée E|Z|P, p > 0, 6tav 1 Z axohoudel TUTOTOINUEVT) Xavovix

N(0,1) ouvapthioer g ouvdptnone I'dupor, o Seiéte 61t B|X — p| = 0\/2 otav X ~ N(p, o).

*21. Av n F eivon ouvdptnon xotavourc wog tuyaiog petaBintic, téte Eépouye OTL txavomotel
o e€NG:

(i) etvor abEovoa,

(i) ebvon 8e&id ouveyc,

(ifi) limy_s oo F(z) = 0,

(iv) lim, oo F(x) = 1.
Avtiotpoga tdpa, urodétouye 6t wa F: R — R wavonotel tic (1)-(iv), xat emnhéov bt elvon
yvnoiwg abouca xou ouveyhic. Ko éotw U tuyaia ueTaBAnT ue xatavouy| Tnv opoldpop®t GTo
(0,1). OpiCoupe tnv tuyoio ueTUBANTY

X = F}U).
No detydet 6t n X €yer ouvdptnon xatavourc F.

Yxoho: Hunddeor 6t n F ebvon yvnolwe adZovoa xar cuvey g dev ypetdleton. Xwpilc authy,
opilet xaveic y t € [0, 1]
F7l(t) :=inf{z e R: F(z) > t}.
Kau amodewxvietar néhe 6t FHU) éyer ouvdptnon xatavoprc F.
Yuurepatvouue hotmoy Ot

(o) Kéde F mou wavornotet tic (i)-(iv) elvon ouvdptnon xoatavouhc xdmotag tuyolag uetaBhnthc,
Ty e F7HU). Ko emopévews ot ouvitfxes (1)-(iv) elvon ixovég xou avaryxaleg GoTe pior cuvdip-
oM va elvon GUVAPTNOT XATAVOUTS pag Tuyolag UETABANTAG.

(B) Av éyouye éva unyaviowd mou mapdyel plo Tuyaia yetaintr U ue xotovouy| opolodop®rn oto
(0,1), T6TE pnopovUE Vo TapoydyOUUE oToLdmOTE GAAY) Tuyala UETOBANTH HECW TOU UETOO) T
Tiopol FHU). Apxel BéPaua vo uropodpe va utohoyicoupe Ty F—1. Autd xdvape otny doxrnor
6(a).
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6. IIOATATASTATEY TYXAIEX METABAHTEX

1. E&dyouue dadoyixd ywelc emavdieorn €€t oponpldio amo pio xdhnn mou meptéyet 50 oparpidia
aprdunuéva 1,2, ..., 50. 'Eotw X 1 uxpdteprn évoeiln, xon Y n peyokitepn évdelr amo i 6. Na
Beedel 1 ouvdptnon mdavétntac tne didtdotatng Tuyadac puetantic (X,Y).

2. 'Eotww (X,Y) Sdotaty tuyaio yeTaAnTh ue TuxvoTnTa

o= Gz e
(o) Howd n s e otadepde ¢
(B) Na Beedotv ot tepriddpies e (X,Y).
(Y) No Beedolv ot mdavétntee P(X < 1/3), P(Y > 2X).

3. 'Eotw (X,Y) dbidotatn tuyola YetaAnts ue muxvotnTa
R S,
(o) Etvar ov XY aveZdptnrec;
() Na unoroywotet n E(Ye™).
(v) Na urohoyiotoiv ot Cov(X,Y), p(X,Y).

4. 'Eotww 6t ot tuyaleg petafintéc X, Y €youv and xowvold nuxvotnta

Ffony) = —zy av (z,y) € (—1,0) x (0,1) U (1,2) x (—1,0),
HY= 0 OLUPOPETIXG.

(o) Nowumoroytotel n mdavétnro P(X +Y < 0).
(B) Na vnohoyiotet 1 yéon h E(XY).
(v) Etvar ot X, Y aveZdptnreg;

5. 'Eotw X, Y, Z tuyalec yetoPhntéc opopévec otov o yodpo mdavdtntac e E(X?), E(Y?) <
00, Z ~ N(0,1), Cov(X,Y) = 1, xou  Z aveCdpmntn ano tc X,Y. No vnohoyiotel 7
Cov(XZ2,Y + 7).

6. Ou tuyaieg petaPintéc X, Xy elvon aveldptnTeg xou 1oOVOPES xan xoepia axohovlel Ty
exetinh| ye péorn T p. No Beeite Ty ouvbuaxyavorn Cov(Xy + X, 22X 4+ 3X5) xadde xou
Tov ouvtehesTh ouayétiong p(Xi + Xo,2X; + 3X,). Eivor ov tuyaleg yetafintés Xq + Xy xou
2X, 43X, aveldpnreg;

7. Oewpolye Tic Tuyaies petoPintéc X, Xo pe V(X)) = V(X32) = 1 xau Swwonopd tou adpoloya-
to¢ V(X1 + X3) = 3. Eivar ot X7, Xy ave€dptntes? Av elvor YVwoTé OTL yia xdnow otadepd ¢ ot
Tuyateg uetaPAntée X xou Xy — Xy etvan aveldptnreg, Tt ouunépaoua Bydlete yio Ty otoepd
&

8. Foww Xi,Xs,..., X, aveldptntec xou odvoueg tuyalec uetofAntéc xadeuio ye péon Tiun
E(X;) = 2 xou dwonopd V(X;) = 8, i = 1,2,...,n. No npocdopicete otadepés a, € R xou
Brn > 0 €10t dote 1 tuyado YetaBAnTh a, + Y va €yel uéon T 0 xou dwomopd 1, dmou
Y = Z?:l ?)iilXi.
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9. Eméyoupe évay aprdud X opotduopga tuyaio oto abvoho {1,2,...,20}, xau Vétoupe ¥V =
21 — X.

(o) ot n xatovour Tne tuyaiog petafinthc Y;

(B) Tv npbdonuo neppévoupe va éyer  Cov(X,Y); Na arnoderydel tumind mowd eivon autd.
*10. n > 1 dropo emPiBdlovron tuyoia oe €va agpomhdvo n VEoewy, ayvodviag Ty avdveon
Véang mou Met 1 xdpta emBifaone touc. ‘Eotw W o aptipdc autdv mou xddovtor (cupntwyatind)

otnv Veom mou toug avatédnxe. Octoupe X; = 1 av 0 i emBding xdinoe otnv VEom Tou avapepEL
7 #dpta Tou xan X; = 0 SapopeTind.

(o) Na umohoyiotet v ouvbioxOgavor, Cov(X;, X;) vy i # j. 1ldc oyohdlete to mpbonuéd tng;
(B) Na vrohoyistoty ov E(W), V().

11. Piyvouue éva auepoinmto {det n > 1 gopéc. 'Eotw Z o aprduog 1wy gopay mou eugpovileto
2, xau W o aptdude twv gopey tou eugavileton to 3. Na unokoytotel  Cov(Z, W).

12. 'BEotw Xi, X, ..., X, aveldptnrec tuyaieg petoBAntéc ue tnv (Bior xotavour|, Ye péon tiun
p, %o drexdpavon o? € (0,00). Oétoupe

- X1+ X+ ..+ X, , 1 —
X = 5% = X, — X)%
- : — 2. )

Na devydet ot
(@) E(X) = p, V(X) = o*/n.
(8) E(S?) = 0*.
*13. (a) 'Eotww X ouveyfic tuyada petafinti pe muxvotnta f(z) = 272 1,51, T nod t € R
etvan 1) poroyevhtowr Mx (t) = E(e™) nenepoopévr;
(B) Na xotaoxevaotel toyoio yetafinth X dote Mx(t) = oo xdde v t # 0.
*14. (o) 'Eotww éu n tuyada yetaBinth X axoloudel v xotavour; Poisson pe napduetoo A > 0.

No unohoyioete v mdavoyewhretd tne, Py (u) = E(u), xoa and authy va cuvdyete tic F(X)
xor V(X). T motd u elvon nenepaoyévn;

(B) Eotw Yetixéc otadepéc A, Ag, ..., Ay xou {X; 0 1 <4 < n} aveldptnreg Tuyaie petafintéc
ue X; ~ Poisson();) vy xdde i =1,2,...,n. No deyydei 6t

X;+ Xo+ -+ X, ~ Poisson(\)
MEA =D " i
*15. Trdeyer a € R kote pla and Tic cuvapThoeig

at — 1 5t2 4+ a
t) = ——~ t) = ——
(nsptoptcpévn o€ €va DIdoTNHA YUPW amd TOo 0) va elvou n miavoyevvitola Px xdmotag tuyatog
vetaBanthc X Ia auth) Ty Tipr Tou a
(o) Now npoodlopiotet 1 xatovour authg TN Tuyadag YetaBAnThic X.

(B) Na umohoyiotoly ye ypron e Px 1 uéon Ty xau 1 droonopd e X.
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*16. (a) Eotw 6u v tuyalo yetaBinth X oxolouvdel v xatavour| I'(a, A) (6mou a, A > 0),
ONAUOY) TNV XATAVOUY| UE TUXVOTNTA

a—le—Aa: 1

f(fL’) = F(a)x >0-

No unohoyioete v poroyewhtpld g, Mx(t) = E(e')

Xpnowonowwvtag ty, utoloyiote tic E(X) xa V(X).

. T mowd ¢ ebvon 1 My memepaouévr;

(B) 'Eotww detixéc otadepéc ar, ag, ..., an, A xou {X; : 1 < i < n} aveldptnrec tuyaieg peta-
pantéc ye X; ~ I'(a;, A) yio xdde @ = 1,2,...,n (Snhodr ue xown dedtepn mopdueteo A). No
oeyvel 6Tt

Xi+Xo+ -+ X, ~T(a, N
e a= Y0 a
(v) No deiéete b1t bTav ol Tuyadeg petoPAntéc X eivocuxvsidcprmeg xo 1oovopeg Exdetiée ue

(xown) mopdpetpo 6 > 0 téTe 0 derypatinde toug péooc X = (X7 + Xo + ...+ X,,)/n axohouiel
xorovout) I'(an, An) ue xotdhhniec otadepée a, xar A,, Tic omolec o va tpoadiopioeTe.

17. Av 7 tuyata uetoPAnTs axohovdel TNV xotavour [(a, \) xou r eivon évag Yetinde nporyuatinde
apriuoc, tote Y = rX axorovdel v xatavour, I'(a, A/r).

18. 'Eotw X1, Xo,....X, tyalo Seiypo and v opotduopen xatavops oto (0,1).
(o) Totd ebvan n xaravounr tne — log Xi;

(B) How eivan n xatavour) e Y = —log(X1 Xy - - X,,);

() Na derydel 6T 1 2Y oxolovdel Ty xatavour X2 ue 2n Podpoie eheudeplag.

*19. (o) 'Eotww 6 X ~ N(u,0?), Trohoylote tyyv ponoyewitpid g, Mx(t) = E(e™). T
Told t elvan METEPAGUEVT); LUVAYETE amO AUTHY TIG POTES E(X*) vy k=1,2,3.

(B) No dei€ete 6T tav ov tuyoies petaintée {X; : 1 < i < n} eivar aveldptnree xaw X; ~
N(pi,07), yiu x89e i = 1,2,...,n, t6t€ 10 ddpotoud touc axoroudel Ty xatavophy N(u,o?)
onou p=>"" i xon 0% =" o7

(Y) Pevixdtepa, va detete 6t dtav or {X; : 1 < i@ < n} eivan onwe oto epdtnua (B), tote
Y onoeodfnote otadepéc ¢;, @ = 0,1,...,n, ye Y |¢| > 0, n tuyado petohnth X = ¢p +

n 2 = n 2 _ N\ 2 2
Y iy ¢iXi axohrovdel Ty xatavoury N(u, 0%) émou pp=co+ Y 1| Cifty X 0 = > " | c;0;.

(8) o eiven 1 xatavopr Tou derypatixot péoou X, = (X1 +Xo+...+X,,)/n 6ty ot tuyaiec
vetaPhntéc X;, i = 1,2,...,n elvon aveldptntee xou todvopee xovovxée N (u, 0?), xou Tota efvon
1) xaTavour] Tou TuTomotuévou derypatixol péoou Z, = /n(X, — u)/o;

ATIAEEY ATKHEEIL £TO KENTPIKO OPIAKO OEQPHMA

20. Ta autAyoata Tou @Tdvouy oe évav server €youv 1o xoéva Tuyaio ypovo eCumnEETNoTg Tou
axohoudel Ty exdetnd xortavopn ue mopduetpo 0 = 1/2 (Snhad? nuxvétnta (1/2)e /21,50, 0
x og hentd). O server umopel va amacyoheiton ue uévo évo aitnuo oe xdde dedouévn otryus. Lo
elvar TEOoEYYIoTE 1) mlavotnTa v eCutneethoel Ta mpwta 100 anthpata plag Sedouévrg wépag
o€ GUVOAIXO YE6vo o ToAY 220 Aentd; Aivovtar $(1)=0.8413, ®(1.5)=0.9332, ®(2)=0.9773.

21. Ocewpolye pio axohoudia pldewv evoc auepdinmtou Capot. La j Yetind axépao Vétouue
X; =1 av 10 anotéhecya g j doxhc lvon 5 1§ 6 xan X; = 0 SropopeTind.

(o) Naw vohoyolel 1 péon tur xou 1 Sweomopd e X;.
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(B) 'Eotw o aprdude twv aroterecudtov 5 A 6 otig mpwteg 1800 pldeic. Noa unoloyiovel xotd
npocéyyion 1 mbavotna P(580 < T < 640). [Abvoviaw ®(1) = 0.8413, ®(1.5) = 0.9332,
®(2) =0.9773.]

22. 'Botw X1, Xy, ..., Xgy aveldptntec xou odvoueg tuyaleg uetofAntés xadeuio ue droxplts
opotopopen xatavopr oto {1,2,3,4}. Noa Beedel npooeyyiotuxd n mdavdtnta 10 ddpoioud toug
va Boloxeton oo didotnua [190, 220]. [Aivovtar $(1) = 0.8413, &(1.5) = 0.9332, ¢(2) = 0.9773 ]

23. Trohoyiote xatd mpocéyyion tny mbavotnta 6nws o 100 aveldptnteg pldeig evog vouioua-
T0¢ eugoviotoly to moAd 40 emtuylec. [Atvovtan (1) = 0.841, (1.5) = 0.933, ®(2) = 0.977 ]

24. O apriudg Tunoypagey hadov uiag oehidag uiag cuYXeEXpUEVNS EPNUERIdAg axohoulel
Vv xatavour| Poisson ye péon tph A = 0.7. Av 1 egruepida éyer 64 ochideg, moa evon xotd
Tpooéyyion N mavOTNTA OTwe T0 TOAD 36 oeAidec dev éyouv xaddhou AdDN? [Atvovtu e 7 ~
1/2, (1) = 0.8413, ®(2) = 0.9773, ®(3) = 0.9987 ]

25. To cpdhua uétpnong evéc opydvou axoloudel ogotdpopen xatavour 6o didotnua [—0.05, 0.05].
o ebvar xatd mpoceyyion 1 mbavotnta 10 o@diua yétenong yio to ddpotoua 300 petprioewy
v efvor ot améhuty T wxpdtepo tou 0.25; [Abvovton ®(0.5) = 0.6915, ®(0.8) = 0.7881,
d(1) = 0.8413.]

26. Auo ouddeg gortntdv A xou B ue 200 péhn 1 xadeuio mpdxerton vo ypddouv pia e€étaon.
Or emddoeig Toug efvan aveldptnTeg PeTald Toug, xou EEPOUUE OTL AUTEC TWV POLTNTWY TNG OUAdIS
A axohoutolv xowr| xotovour| ye peorn tuf 9 xau Swomopd 1/6, evéd yia tny oudda B n péon
T ebvon 8.5 xou 1 Swomopd etvon 1/3. 'Eotw Ma, Mp ot yéoot dpot wwv 800 ouddwyv. Na
Beedel n mdavotnTa vo éyoupe My — Mp € [0.5,0.65]. Aivovton ¢(1) = 0.8413, ®(2) = 0.9773,
d(3) = 0.9987.

[Hpocoyr. H eZétaon dev éyet oupfel axdua. Ot emdooels twv portntédy xodde xau ta My, Mp
etvan Tuyaleg petafAntéc. Metd tnv e€étaom, Ya ndpouv cuyxexpéves TWéS, xan dev Do uTdpyel
xopior aPefoudtnro/Tuyandtnta. To mo néve gpwtnua yioo 1o My — Mp t0o xdvouye mpwv yivel
e&étaon.|
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Arnaviroeig §1

1. () H mdoavétnta etvor

n(n—1)""!

n’ ’

To nelpaya mou e€etdlouue elvon ot mpwteg 7 dawdoelc. o Tic duvatée emhoyée, oe xdlde pla
amd TG T OLOOOELS, TO dTopo €yel m emhoyES. ['ia Tic euvoixeg emhoyeg, TO TEOTO dToUo EYEL
n emhoyEg, eve xadéva and ta endueva 1 — 1 droua €yel n — 1 emhoyéc yatt and toug n + 1
AATOXOUS TNG TOANS, TO 4TOpO OEV UTOREl VoL xdVeEL TNY Btdd0GT) GTOV EAUTO TOU OUTE GTO dTOHO
mou v &exivnoe (n —1=n+1—2).

(B) T awtd 10 evdeyduevo To TAHDOC TV duvatwy emthoy®y eivar tdht n” (eluoote oto (Blo
nefpopol, 6TOV (810 SELYPTIXG Y MEO OTIWS GTO TEONYOUUEVO EPOTNNA), EVE TO TAAYOC TWY EUVOIXGY
emhoy®yv ebvon (n),. Tl xdde diddoon oty onola dev éyouue emavalfbelc avtiotoryel oe ula
OLdTaly) TOV N octépw\ﬂ avd r (xou amhoixd: O TewTog YriuploThc €yel n emhoyésg, o deltepog
n — 1, xhn). ‘Apoa 1 {nrodpevn mdavotnta elvo

(),
nT‘
2. (@) 25/6%. (B) 27/6%. Metpdue tic xatdhnhec datetoryuévee ToLddeC.
3. (o)
Q= {(ar,a9,...,a5) :a; € {1,2,...,n}} ={1,2,... . n}k
O apiude a; Aéel oe motd otdon xatefaiver o gortnTrg 7. O deryuatinog ywpeog arnoteheltor and
oroteTaypéveg k-adeg yatl o gortntég elvan dlapopeTind avTixelueva.
(B) N(Q) =n*.
(v) Eotww A 1o evdeyduevo oe pla touldytotov otdon vo anoPiBactodv Touhdytotov 800 QottnTéc
(Sn)\a&"] A etvar 10 6Uvoho TwY k-adwv Tou avixouy oTo () xou 0TS 0TolEg TOUAIYIGTOV B0 amo
T ouvteTayuéveg Toug ebvan (Bieg, Ty, as = as). Tote P(A) =1 — P(A°) =1 — (Z%
4. 'BEoww A 70 evdeyduevo otny cpwtnor. Tote

365 x (3641 /364"

(365)k B 365)
Auté yuatl, xatd Tov uTOAOYIOUO TNG P(A°), ota euvoixd anotehéopota, o aq €yet 365 emhoyec,
xaw v xdie emAoyn Tou, xaévag and Toug undhotnoug k — 1 pyadntec €xel 364 emoyeéc.

P(A)=1— P(A%) =1

5. H {nroduevn miavétnra ebvo
5!'614!3!7110!
30!

To mifidog twv duvatdy Tomodetroewy eivar 30! T va mopdyoupe wa euvoixy Tomodétnon
anogaciCouye TeWTA TNV Oelpd Ye TNV onotd Yo umolv ot 5 ouddes BiBMwy. Eyouue 5! tpdmoug
Yo auto, Ty, Tono¥eTolpE and aploTepd TEog To 0edid oTo pdgt Puotx, Maldnuatixd, Iotopla,
Zéveg Yhoooeg, Aedixd. ‘Encita, péoo otny opdda twv BiPMwy podnuatixeoy éyouye 6! tpdmoug
Vol To TOTOVETACOUUE, aVAAOYOS UTONOYIGHOS Loy UEL Xat VLol TI UTOAOLTES ouddes BiBiiny. ‘Etot
TEOXUTTEL YE BAoT) TNV TOAATAAGIAGTIXT oY Y| 0 dErdUNTHS TOU TO TEVW XAJCUTOS.

6. Eivou mo Bohixd va xottdCoupe Ty yolpaotd uovo péyet 1o r Bhuc. Kot ta 800 evdeydueva
ooV xdTL Tou eCapTATOL HoVO oo To BruaTa 1,2, ... 7.
(o) H Tnroduevn moavodtnta ebvan

(n—l)r,l x 1 - 1

(n), o

TEEapoiue autdv Tou apyiler v diédoon
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Kéie yolpaoua xoppatidyv ota mpwta r droua efvan pla Sidtaln twv n xoygatiov avd 7. ‘Etol
TEOXUTTEL 0 TagovopacThs. 'Eva polpacua mou diver oe xadéva and ta mpwta 7 — 1 dropa Eva
XOUPATL TOU OeV €yel To vououa ebvor pla SLdtaly Twv n — 1 XoppaTiY ToU BEV £Y0UY VOUGHX avd
r—1. 'Ernerta yio 10 1 xoppdtt mou divetot, umdpyetl uovo uia euvoixy| duvatdtnta. ‘Etol mpoxiinte
o apriunTrc.

Kahé efvon va det xavelg autolg toug urohoytopols xou €€ apyfc, ywelc exbxinon tou Tinou
TV OATAEEWY, DNAXDT| UE UTOBELLT TOU OTO GUYXEXPWEVO CEVIQLO.
(B)Twpa to euvoixd yotpdouara elvon exelvo oo 0Tola T TEMTA XOUUATIO OEV TEPIEYOUV OUTO UE
T0 voulopa. Bploxoupe dnwe mewv v mdavétnta (n — 1),./(n), = (n —1r)/n.

7. H {nroduevn mdavotnta etvan

(r)n-1(n —1)

rn '

[l xdde Poho €youye r emhoyée (oe méd Soyelo Vo ndet), étor 1o nhidog Twv Suvatdy Tomo-
Vethoewy etvor 1. Tlar TNy ®oTaoxeut| wog euvoixnc Tonovétnorg €youue xat dpyds pla didtadn
TV 7 doyelwy avd n — 1 mou avtioTtotyel oty TOMEVETNON TV TPWTWY BOAWY G DAPOPETIXS
doyeta. ‘Eneita, o n-ootog Bwhog £yet n—1 emhoyeg, yiotl TEEnEL va TdEL O Eva 1,01 XUTELANUUEVO
doyelo, xar undpyouv n — 1 TE€TolaL.

Enfong Ya propoloaue va xdvouue tov teleutato utoroyioud arno tnyv apyh. O mpnTog Bwiog
éyet r emhoyég, o Oebtepog r — 1, ..., on—1éyerr—(n—2) =r —n+ 2. O teleutaio,
n — 1 emdoyéc. H molomhaotixn apyn diver r(r — 1) -+ (r —n + 2)(n — 1), 10 onolo woobtan ye
(M)p—1(n —1).

8. H {nroluevn miavétnra ebvo
(100) (200)
10/ \ 90

(300)

100
Qc Berypatind ywpeo Q nafpvoupe to uroolvora tou {1,2,...,300} ye 100 orotyeio (ta otowyela
Tou  etvar toornidoava). To mhidog twv Suvatdy arotereoudtwy, dnhadr to N(Q) wolton Ue Tov
TAPOVOUAOTY| TOU O Tévw xAdopatog. Eva euvoixd anotéheoua ebvon Eva olhvoro pe 10 dompa xou
90 padpa ogaiptda. o va 1o @Tid&ouye mpémel va emhé€ouye 10 padpa ooupidia xar 90 dompa.
[a v emioyy 1wV TEOTOY EYOUUE (11000) ETLAOYEC EVE YLOL TNV ETMAOYT TV OEUTEPWY (290(?)
gyouue emhoyéc. Eretta egopudlouue TNV TOMATAACIAGTIXY dpyT), XoL TEOXUTTEL 0 oprdunThc
TOU XAJOPATOG.

9. (o), (B). Ta mpdta 800 cpwTAPUTH AIVOVTAL OTWS OTNY TEONYOVUEVN doXNOY), X0t BiVouY TiC

ATAVTHOELG (
)G (GG
(%) (%)
avtioTotya.

(v) H Onroduevn mdavétnra toodton pe

945\ [ (55 30 25\ (30

( 4 ) {(11) - (11) - (1)(10)}

(1000) :
15

Ytov apiuntr) Yehouue va yetpricoupe to TAYog Twy utocuvérwny twv 1000 cgoupdiny e 15
oTouyelo Tou TEPEYoLY wxEBmS 4 xoxxva xan ToukdytoTov BU0 ualpa cpapidia. o Ty emhoym
TV XOXAVWY GPALODIWY EYOUUE (935) emhoyéc. To umbhoima 11 ogaipldior TEEner var ETAEYOUY
and 10 oUVoro S twv 55 un xdxxwvev ogaedioy (25 padea, 30 donpa). Eotw N(k) to niidog

TV UTOoUVOAWY Tou S ue k yadpa xor 11 — k dompa ogaipidia. O aprdude utocuvohwy tou S
xadéva and To omola €yer 11 otoyeior and ta onola Toukdylotoy 2 eivon padpa tlooUToL UE

(5)-vo-x- (2)- () ()3

pdeil
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Anhadn and tov aptdud OGhwv TV UTocUVOAmY Tou S ue 11 oToyela agarpolpe 10 TARYOG AUTOY
Tou deV Eyouv TNV emiuunty clGTACT.

10. O Serypotinds yopeoc eivon o TAdog twv utoouvdrwy tou {1,2,...,2n} pe n otoyeio. H
Cntoluevn miavotnTo etva
277,

)
O nopovopaothg elvon 1 TAndixdTnTa TOU detypatinoy yweou. 'Emeita, yioa v xataoxeur) evog
eUVOiX00 UTOGUYOOL (N GToLYElWY) Tpénet and xdie Leuydpt vo emthé€ouyue éva dropo. Ta xdie
Ceuydpl €youlue 2 eMAOYES, €T0L AT TNHY TOMATAACLIOTIXT oy | TEOXUTTEL To 2" 61OV dpriunTH.

11. (o) Me oxentixd 6nwe oTic aoxfioeic 9, 10 mo mévew, Peioxouye 6Tt 1 {ntoluevn mlavotnta
too0TaL UE
n n
(1) G.2))
2n :
o)

(B) H {nroduevn movotnto tootton Ue

2n\

o)
[ éva euvoixd umoalvoro, emhéyouue mpwta k (euydpta, éncita and xdde Leuydpt emhéyouye
éva amd Tor UEAT Tou. Auth 1) dtadixaota Topdyet (Z) 2F urooUvola, Tou elvar oAEIBWE TA ELVOLXS
UTOGUVOAAL.

12. To mifdog TV BUVITGVY XATAVOUWY Efval 413 T va pTdCouue uio EUVOIXT| XAUTOVOUT
ETAEYOUUE TROTA TOUS 3 QOLITNTES TTou Yol anofBaoToly 6Ty TeWTr 6TdoT), auto YiveTon e (133)
Teomous . ‘Eretta emthéyouue toug 4 gortntéc mou Yo amofifactody otny deltepn oTdor, auTo
yivetan ye (140) tpdmoug (vt ¥On teelc éyouv @iyel yia TRV TE®TN 6TdoN, xou €youv ueiver 10).
Emhéyouue toug 4 gortntég mou Yo aroliBactody otny teitn otdor, autd yiveton ue (i) TPOTOUG.
Téhog, emhéyouue Toug 2 goutntég mou Yo anofBucTtoldv TNy TEWTN oTdoY, awTd YiveTon YE

(2) = 1 tponouc. Me Bdon v ntolamhaciacTtixy| apy Y|, T0 TARY0C TwV ELVOIX®Y TEOTWY Elva

2
13\ /10\ /6) /2\ _ 13! 10! 6! 2! 13
3 4 )\4)\2/)  3110' 416! 41212101 31414121

‘Aga 1 {nroluevy mdavotnTa efvon

1 13!
413 31414121

H yevuh nepintwon authc tng doxnong etvor 1 doxnorn 24 md xdtow.

13. To mhndog twv duvatey anoPiBdoewy etvar nk. "Olec ot euvoixéc amoPiBdoes @TIdy vovTaL g
e€hc. Emiéyoupe mpdTa To mold otdon Ja €yel Toug 3 gortnTég (n emhoyéc), EMAEYOUNE TOUC
3 goutnTéc mou amoPiBalovton exel ((’;) emhoYEQ), apHVOUPE xadEvay and Toug undiottoug N — 3
gortntéc va emhéer Ty otdon nou Yo anoPBaotel, alhd dev emtpérovtan enavarhde ((n—1)x_3
emhoyéc). Me autr tny dradixaoio naipvouue dAec Tic euvoixéc anofiBdoel, xon xoplo Toug BEY
TEOXUTTEL TAVW amo Wd popd. Apga 1 {nrodueyr miavotnTa etvor

n(3)(n— s
nk '

14. (o) H Tnrodpevn mbavotnta eivo
(%) 1
5 [ef—
60); 5!

‘Eva Suvatéd anotéheoya (K1, ko, . .., ks) eivon axpiBode wa Sidtaln twv 60 avéd 5. 'Etol tpoxinte
0 TOPOVOUACTHG. Y€ €VOL EUVOIXO ATOTEAECUA, ONAADT, Uiar TEVTAOX (k1, ko, ... ks) ue by < kg <
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-+ < ks avuiotoryolue 1o unoohvoro {ki, ko, ..., ks} tou {1,2,...,60} ye 6 otouyela. Auth 7
avtiotofynon ebvar 1-1 xou ent (av pog ddoouLY éva utoclvoho e 6 ototyeio, Tote Bploxouye TV
Sratetorypévr e€4da mou to mopfyaye Paloviag otny oepd ta 6 Soouéva oTotyeia).

(B) And xdde euvoixy| nepintwon (ki, ko, . . ., ks) tou (o) mopdyovtar 4! e nepintwong poc. ‘Ooeg
xon ot yetoéoelc v (ki, ko, ks, kq) yiatl 1 81dtoly 1wy npdtev T€00dpnv onoTeEREoUdTOY dEY
woc evotapépet. Tyouue BéBara e€ecpaiioet oTL xon Tar T€ooEpa elvor ixpdTEpa amd To k5. ‘Apa 1)
{nrodpevn mavoTnta elvan

(5)4 _1

(60); 5
To (a), (B) amodexviovton eniong xou ye éva entyeipnuo ouuuetplac.
15. 'Eotw X = nifloc epgavicewy tou 6 oTic n piq)sngg ‘Eyouue
5" 1 x5!

P(XZZ)zl—P(XS1):1—P(X:O)—P(X:1):1—6—n—%
O tedevtaiog Hpog mpoxintet Yol €youue n emAoYES yia TV el xatd Ty omofa Yo eppovioTel
1 Lovadixr €voeln 6. T exelvy tv pidm urdpyer pdvo yio emhoyy yio 1o anotéheoya (npénet va
olel 6), eved yio xde plo and Tic undhotnee n — 1 pideic undpyouv 5 emhoyéc.
(P) Bewpolye ta evdeydUEVA

A = {Bev epgaviletar xaddhou o aprdude 1},

B : = {epgavileton touldytotov 2 gopéc o aprdude 6} = {X > 2}.
P(ANB)=P(A)— P(AN B°),

4" nx1x gn—1
T 6" '
O Tedevtaiog Hpog mpoxintet Yol Eyouue n emAoYES Yo TNV el xatd Ty omofa Yo eppovioTel
1 Lovodixr €voen 6. T exelvy tny pidm urdpyer pdvo yio emhoyy yia 10 anotéheoya (npénet va
oletl 6), eved yia xde plo amd Tic undhoineg n — 1 pideic undpyouv 4 emhoyée (anayopeltetat To
1 xou t0 6).

P(ANB®) =PAN{X <2})=PAN{X =0})+ P(AN{X =1})

16. (o) ©étoupe Ay, = {Ohec ot n evdeilewc eivon < k}. Znrodue tny miavotnta tou Ay \ Ap—_1.
Enewr|) Ar—1 C Ay, Peloxouye xotd tor Yvewotd

P(AL\ A1) = P(Ay) — P(A_y) = (5)n - (u)n

6 6
[ 10 umoloyioué tou Ay, mopatnpolue ot xodéva ond to n Ldpio éyer 6 emAoyéc (xon Eto
TeoxUTTEL 0 TapovouaoThs 6"), xou k euvoixéc emhoyée, e {1,2,..., k}.

(B) ©étoupe By = {6hec ot n evdeilec ebvar > k}. Zntdue v mdovotnTol ToU £VOEYOUEVOU
By \ Byy1. Emedfy P(By) = ((T— k)/6)™ yw xdde k € {1,...,6}, Beloxouye P(By \ Byi1) =
(7= £)/6)" = ((6 — k)/6)".

17. (o) Ocwpotye 10 evdeyduevo A 1= { o hayvoc 1 emhéyeton Touldytotov wio gopd . Téte

c (TL B 1)k
['ta Tov UTOAOYLOUG TOU TARDOUC TWY ELVOIXWY TEPITTWOERY GTO EVOEYOUEVO A°, Tapatnpolue Ot
éyouue k eCoywyés, xau o xadeuio and autég €youpe n — 1 emhoyéc (o Aayvéc 1 anoyopeleta).
"Etot npoxintet o aprduntic (n — 1),

800 Solue apydTepa bl 0 Tuyaiog aprdude X ebvor pia Tuyada ueTBANTY oL axohouEl ThHY Stwvupxd xoTavopn
UE TOPAUETEOUS 1L xou p = 1/6.
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(B) Oewpolye o evdeyoueva A; := { o hayvoc i emhéyetar Touldytotov pla opd }, @ = 1,2, 3.
Téte P(A1NANA;3) = 1-P((A1NA;NA;3)°) = 1 - P(AJUASUAS), xau 1 teheutoio mdovotna,
ue Bdom v dpyh) EYXAELOUOU-UTOXAEIGUOY, tGOUTAUL UE

P(ATUASU AS) = P(AT) + P(AS) + P(A5) — P(AT N AS) — P(A5 N AS) — P(AT N AS)

(-1 -2 w3

+ P(AT N A5 N A5) = 35— o o

[ tov unohoyioud m.y. tne P(AS N A$), ta euvoixd arotehéopata eivon ot dotetaryuéves k-odeg
(ve Tic emavoldes vo emtpémovtar) ané 1o {1,2,...,n} 1ou Sev nepyouv Toug Aayvoic 1 xau 3.
To midog autey v k-adwy eivor (n — 2)".

18. Apyn eyxhewopol-anoxheiouol. (o) Eotw
Az ={ie{l1,2,...,1050} : 7o i drupeiton ye to 3},
As={ie{l1,2,...,1050} : 7o i droupeiton ye t0 H}.
Tore
1 1 1 7

"o tov umohoytopd m.y. e P(AsNAs). To A3NAs mepiéyel toug aprduoie oto {1,2,...,1050}
TOL BLLEOUVTOL XAl UE TO 3 X0 UE TO D, LGOBLYAU, ouToUE Tow doupolvtan pe to 15. To mAfdog
Toug elvan 70=[1050/15] (axépao pépoc). Apa P(As N As) = 70/1050 xaddtt v emhoyy elvou
opotouopen (6hot ot axépatot oto {1,2,...,1050} eivar wonidoavor).

(B) Optloupe emniéov

A7 ={ie{l,2,...,1050} : 7o i Swnpeiton ye to 7}.
Znrdpe Ty mdaveTnTa
P(A3U A5 U A7) = P(A3) + P(As) + P(A7) — P(AsU As) — P(As U A7) — P(A3U Ay)
1
3

1 1 1 1 1 57
to————— —+ ==

1
P(AsN AN A = - =L
+ P(As N A5 1 A7) 57 15 21 35 105 105

+

19. Apy¥ eyxhetopol-anoxhetopod. T i =1,2,...,6, 0€touue
A; = {Epgavileton v Suthr apid (i,4) o€ xdmoto omd tic n Soxipéc}.
Znrotye v mavoTnTa
P(AiNAsN...NAg) =1—-PATUASU...UAj).

Me dom v o)1} €Y*AELGUOU-ATOXAELGUOD,

6
P(AfUASU...UAG) => (-1} > P(AS MAS NLLLAS).

k=1 1<y <ip<--<i, <6
[ xdle k deixteg iy < ip < -+ < 4p ano 70 {1,2,...,6}, éyovue P(Af N A5 .. AF) =
(%)” vt and o 36 anotehéopata wog pidng tTwv dGo lupudv amoyopeloviar ol k OmAég
(i1,71), .., (i, i) Enione, undpyouv (2) emhoyéc k téTowwy dewxtwyv. Omote
c c c - g1 (6 k"
P(AluAQU...uA6):;(—1) <k) (1—%) :

xou 1) {nrotuevn mioavotnta toolton ue P(A; N Ay N ... Ag) = 22:0(—1)’“(2) (1- %)n
20. Apyr eyxieopol-anoxieopol. ot =1,...,n, ¥étouue

A; = {n i emotohf Tonodeteiton 6TOV PdxELO TOU NG AVTIOTOLYEL}.



25

Ioyter P(A{NASN---NAS)=1—-P(AiUAU---UA,), xa
P(AjUAyU---UA,) =) (=) > P(A, NA,N...NA,;)

k=1 1<i1 <9< <ip <n

S () S

k=1 k=1

s

Kdémoeg e&nyrfoeic. Tmdpyouv (Z) emhoyeg dextoy 1 < i < ip < -+ < i < m, pla v xdle
vrooUvoho tou {1,2,...,n} ye k otoyeio. o pio tétoto enhoyy, n mbavotnra P(A;, N A;, N
A etvan oxpBog n mdavdThTo oe W Tuyeio xotavour] Twv emotohdy {1,2, ..., n} va éyouvy
Tonotetnlel cwoTd oL iy, g, . . ., U (Bev Eépouye TL EYIVE UE TIC GANEC ETIOTONES, DEV amory opelETaL
xou ploamd exetveg va tonodetinxe owotd). To TARYOC TV SUVITWY XaTavoumy eivon n! eved Twyv
euvoixdv eivar (n — k)! yiotl ot iy, dg, . . ., i TOTOVETOOVTOL QUTOUATA OTOUS GWOTOVUS QOXENOUG,
xon undpyel eheudepia povo oty ToToVETNOT TWV UTOAOITWY N — K.
Tehxd Boloxouue
- 1
c c c\ __ k
P(AINASN---NAY) = E (—1) o
k=0 ’
H tedevtalo toodtnta tetvet 610 et xadie n — 0o (and to avdntuyua e €” ot Buvapooelpd).

21. (o) ‘Otay to ogopidia elvar BLaxexpUUEve, ULd XOTOYOUT| TOUC OTo XEAMS TEPLYPAGETAUL TAHEWS
and o dtdvuoua D = (r1, 72, ..., 7)), OTOU 75 €lvar TO GVOU TOU XEAOU TOU TEpLEYEL TO oQoupidlo
1.

(i) Xe auth Ty nepintwon, to Sdvuoua D eivon wa Bidtadn n twv avé k ye enavéindn (yio Ty
T xde r; Eyouue n emhoyéc). ‘Apa 10 TARY0C aUTOY TwY BtavucpdTwy Efval nk.

(ii) Todpa, emedry xdie xehl ywpdet u6vo €va opateidlo, aTo BIAVUCUN DEY EMITRETETAL VoL €Y OUUE
emavarfidec. ‘Etot to D ebvon o oudtaln n twv avd k (ywelc emavddndm. To mpohTo caupidio
éyer n emhoyée, 10 deltepo n — 1, xox). To mAfloc autdy twv Stavuoudtey eivar (n).

(ili) "Eotw S 10 00voro Ghwy TV xaTtavou®y %ot A; 10 60VOAO TWV XUTOVOUMY XATE TIC OTolEC
T0 @ XAl U€vel ddeto. Tote

N(ASNAS - NAS) = N(S) — N(A U Ay UA,) =n* — N(A U Ay UA,),

xoL 1) oY1y EYXAEIGUOU-ATOXAEIGUOD BIVEL

N(AJU Ay~ UA,) =) (=1)! > N(A;, NA,N...NA;)

s=1 1<t <9< <is<n
i n
=S (M) o
k=1 s

"Apat 0 {nroduevoc apduée etvor Yoo o (=1)%(7) (n — s)*.
(B) Otav ta ogaupidior elvar 6uota, Wd xatavour, Toug oTa XeMS TEPLYPdPETaL TAEWS antd TO
Swdvuoua E = (s1,52,...,5y), 0T0U §; ivor T0 TAK00C TwV 6Qoupldiewy Tou Tepéyovial 6To XEA
i. IoodUvaya, Teplypdpetar TAYPWS and EVOY GUVOUNCUO UE ETAVIATPT, TOU TEQLEYEL S; PORES TO
ototyeio i (Onhadn nbéoec opéc emAéyoupe To XEAL ).

(i) To mipdoc TV xatavoudy 1ooltou Ye 10 TARYOC TwV GUVBLAGUMY UE ETAVIATYY TwV N avd
k, omhaod, (M]I:*l).

(i) E8¢ évo xehl unopel vo emheyel plo 1y xopio popd, dpo wid xotovour] twv ogouptdiwy toodu-
VOUEL YE €vary ouVBUAOUS Ywpic emavdhndn. O cuvduacudg aroteheiton axpBog and To XEALL TOU
€youv éva opaipitto. Emopévwe 1o mhidog autav twv xatavouwmy eivo (Z)



26

(iil) T va xataoxeudooupe pid tétota xatovopn, plyvoupe opytxd ot xdle xell éva opaupidio’.
Auté yiveton pe évay povo tpoémo yatl o ogoupidia etvan duota. Ko yag yévouv k — n ogaipidi
VoL 4oLpaGToUY OTal 1 xeME. Autéd yivetar Ue ("ﬂ]:::*l) = (::i) TpoTOUS (oUVOUOoUOL TWY N ovdL

k—n ye ercocvdc)\nqm). "Apa o {ntoduevo mAdog eivon (’;::L)

22. (o), (B). Ovtéc e f opilouy éva didvuopa (f(1), f(2),..., f(k)). Autd to ddvuoua ebvon
oto epodTnua (o) wo idtaln pe emavdhndn twy n avd k, evéd oto gpdtnua (B) pa Sidtadn yowels
enovdAndn twv n avd k. Etol ta {ntotueva thidT etvon n* xa (n); avriotowya.

(v) Hopatnpotue dtu pla yvnoing adovoo cuvdptnon ue medio oplopol xar TGOV dTeC oty
expavnon xoopiletar yovooruavto and tny emxéva e { f(1), f(2),..., f(k)}, vyt to pxpdtego
ototyeio tne etxdvae etvon to f(1) 1o apéowe ueyahitepo to f(2) x.0.x. Xe xdie tétoln cuvdpTnom
avtiototyilouue Ty exdva tne, To omolo elvan €va unoalvoro tou {1,2, ..., n} ue k otoyeia. Auth
1 avtiotobynon eivon 1-1 xan enl. Apa 1o {nroduevo tAfdog ooltan Ue (Z)

() Tt va Eépoupe wa av€ovoo ouvdptnon f = {1,2,...,k} = {1,2,...,n} dev apxel va Zépouye
TNV exova e yrot umopet uior T v tadpvetar ToAAES popéc. Eivon mhhpwe xadoplopévn duwe
av E€pouye T6oES Popéc malpvel xoepla and Tig Twés 1,2, ..., n. Do topdderypa av Eépouue Ot
madpver TV T 1 000 @opéc, Ty Ty 2 xopla gopd, Ty Ty 3 xopla gopd, xon Ty T 4 TpeElc
popéc, tote f(1) = f(2) =1, f(3) = f(4) = f(5) =4, eve®d ot endpevec Twéc f(6), f(7) xhn Va
etvar UeyahUTtepeC 1 (oec Tou 5. Emouévwe uia adfouca cuvdptnon 6mee mo mdve ovTioTolyel 6e
€vay ouvBLAoUS UE eTavdindm Twy n ototyelwy Tou cuvorou {1,2,...,n} avd k. To ndoec popéc
TEQLEYEL O GUYOLAOUOS TOV aptdud @ ONAWVEL Tooeg PopEs Exet 1 f w¢ T to 4. H avtiotolynon

etvor 1-1 »on exf, xau dpat To TAHYOE TWY CUYUPTACEWY TOU YOG ATAGYOAOLY efvol ("J’Z_l).

(e) 'Onwe oo mponyoluevo epdTrUa, o€ xde adouca GUVEETNOT AVTIGTOLYOUUE EVOY GUYXEXEL-
uévo ouvouaoud ue enavaindn. To va ebvon 1 cuvdptron eni onuaiver 6L xdde ctoryeio and To
TEQLEYETAL OTOY oUVOLAUOUS. Apa 10 TAYOC QUTWY TWY CUVIETACEWY tooUTaL UE To ThARYog TwVY
XoTOVOUWY Kk ouotwv ogaipdiey oe n xehd. Me Bdon to epwtnua (B)(iii) e nponyoluevng

doxnomg, 10 TAHUOC AUTWY TWV XATAVOUGY Lo0OTOL UE (k:n )

(0) Mio ouvdptnon eni avtiotoryel oe pio xatavour k Stuxexpiévoy ogaiediny oe n xehd. Me
Béom to epdtnue (o) (iii) tne mponyoluevne doxnong, T TARDOC AUTMY TV XOTAVOUMY Loo)ToL

He Z?:o(—l)s(Z) (n—s)~.

23. o TNV XUTAGKELT| Wi TETOLIG N-800g, OLAEYOUUE TEMTA TI¢ 71 VEoelg Tou Ya Totodetrioly
oL ag, €RETa TIC 7o Véoelg mou Yo tomodetnloly Ta ag, xAm. T va Swké€oupe Tic Véoelg Yo Ta
a; €Y0upE (Z) emhoyéc. 'Enetta, yior vo Stohégouue Tic VEOELC Yol To ag €YOUUE (”;2”) ETLAOYES,
aol 11 VEoeg Eyouy xataAn@lel amd ta ar. ‘Opota xou yia o utdhoina otovyeio. Me Bdon tnv

TOMATAAGLOGTIXY dpy ), TO TANDOG TV N-GBWV UE TIC CUYXEXPWIEVES TEODLIYpapES Efval

(n)(n—r1>(n—r1—r2> (n—rl—r2—~--—rn_2> (n—rl—r2—~--—rn_1>
r1 T2 T3 Tn—1 T'n

B n! (n—rp)! (n—r; —my)! m—ry—rg— -+ —1p_q)!

=)l (=1 —r)lrsl (n— 1y — 1y —13)! ral(n—ry—rg—-—ry)!
n!

N Tl!Tg!"'Tn!

O dedtEPOC GPOC OTOV TUPOYOPAGTY| TOU TEAEUTAHOU X(AdoUATOC OTN DElTEPT) YRUUUT Lo0oUTHL UE
0'=1.

24. (o) (n)y/nk.

9AuT6 10 TPIX BEV Boukeler oYY TEpiTTRON TV daxexpévey cpoipdieny. Tt
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(B) H Inroduevn mdavdtnto toobta pe
k!

Falhal k! _ 1 k
TLk _TLk ]{?1]{}2"'1{?” ’

To miidog TwV ELVOIXOY TEQIMTWOEWY, Tou eupavileton otov apuiunty Tou TEWToU XAdoUATOC,
umopel vau To uroloyioet xavelg €€ ooy 1) UE yeHom NS TEOTYOUUEVNS doxnorg, Yiatl To dToud,
UE TN ETLAOYT| 0pOQwY, dNUoupYoly wa dtatetayuévr k-ddo mou oty Véom ¢ €yel Tov 6pogo
EMAOYYG TOU 1 ATOUOL.

25. (i) Eotww Za, 10 6Uvoho twv (euyapmudtewy twy ototyeiwy tou {1,2,...,2n} xou Ms, 0
o0OVOho TV PeTaECEWY TOU {B1oU GUVOROL. Oewpolue TNy anewovion 1" : My, — Z, e

T((Il, Lo,y . .. ,I2n>> = {{1’1, .732}, {.Z‘g, $4}, ceay {l’gn_l, Ign}}

Anhadr éyovtag Bdhel Toug apriuole 1,2, ..., 2n o wd oepd, Ty (21, T2, - . . , Zan), LEVYAPDOVOLUE
x&de apriud oe meprtt V€on pe tov aptduo mou Beloxeton otny apéows enouevy Véor. Me Alyn
oxédm Brénet xavels L anewdvion ebvor n!2™ tpoc 1. ‘Apa [Ms,| = n! 2™ | Zy,,|, Snhadt

(2n)!
nl2n
(ii) 'Eotw Za, 10 6lvoko mov opiotnxe ato nponyoluevo epwtnua. (o) H {ntoduevn mdavotnra
etvou 1/|Zs,]. (B) H {nroduevn mbavdtnro ebvon

n! 2"

Z ()

|Z2n’ =

=2n—-1)2n—-3)---3- 1.
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Arnaviroeig §2

2. To mpwro droyo etvan 1) portntic A gorthtela. Eton n tpooVetind apyn xon 0 TONAATAAGLAGTIXOS

TUTog divouy mavotnTa
e(s)e | Ml _ o (s

(r+s)ax  (r+ ) (r+8)ak
Enfong xou pe Ti¢ TeyVIxég TOU TEOoTYOUUEVOU XEGUALOL.

3. Botw E; 10 evdeyduevo 1 pldn @ va ebvon emtuyia.
(ar)
k
P(ENE;N---NE,NE;,N---NEfy) :P(El)HP(Ei|E1ﬂEgﬂ---ﬂEi_l)
i=2
100
x P(Efy |ExNEyn---NE) [ PESIEiNEN---NE N Ef, N-- N EG)

i=k+2
1 2 3 k 1 2 100 -k k!100 — k)! 1
=X =X - XX X X cee X = —.
273714 k41" k+2 " k+3 101 1000 101

(v) 1/101 v x&de k € {0,1,...,100}.

4. 'Eotw B 10 evdeyduevo otny npd1r eZaywyt| va Byfixe donpo ogauipidio, xat A to evdeyduevo
oty dedtepn eCaywyn va Byel dompo cpaupidto. Egapudéloupe to Yempruo olxhc mavoTntag
Yoo T Otopépton, { B, B¢} tou ywpeou mbavotntac.

5 4 7 3 4

P(A) = P(ANB) + P(AN B°) = P(B)P(A| B) + P(BY)P(A| BY) = 5 x ¢ + 35 % & = 1.

5. Ozwprnua ohuric miavoTnTaS. ZG L2 _ 1

i=1614 2
6. Ocwpnua ohxhc miavotntog. Iefpapo ot tplo Briuata. Acouedovue wg npog to T €yve oTa
0vo mpwta PAuata. Tha i = 1,2, 3 Jewpolue o evdeyOUEYYL
A; = { 10 ogapidio tne i e€aywyhc ebvor dompo},
M; : = { w0 ogapidio tng i eCaywyhc eivor padpo}.
Egapuéloupe 10 Yemdpnua olxhc miovoTnTog yiol TV SlaUéoton
{A1 N Ay, Ay 0 My, My N Ay, My 0 Mo}
TOU Y WEoU THAVOTHTIG.
P(A3) = P(A1 N Ay)P(As| A1 N Ag) + P(A; N Ms)P(As | A1 N M)
+ P(M; N Ay)P(As | My N Ay) + P(M; N M) P(As | My N Ms)
_EEE_I_E(n—k)(k—i-l) N (n—Fk)(k+1)(k+1) N (n—k)(n—k—1)(k+2)

nnn n n n n n n n n n

7. TOnoc Bayes.

8. Tinoc Bayes.

0.001 x 0.95 9% 0.0%6
0.001 x 0.95+0.999 x 0.01 ~ 95+999 ~
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9. Tinoc¢ Bayes. Oewpolyue ta evoeydUEVAL
A = {o glhog pog, pog delyver dompr mheupd )
By : = { o glhog pac emhéyet 1o oMo AA},
By : = { o ¢glhoc pog emhéyet to UANo AM },
B; : = { o glhog pac emhéyer 10 @OMo MM }.
Avalrnrodue v mdavéTnTa

_ P(BanA) P(By)P(A| Bs)
P(By| A) = P(A)  P(B,)P(A|By) + P(By)P(A| By) + P(B3)P(A| Bs)’

(o) Y10 mpdhTo GEVAPLO, TO O VK XAAOUO LGOUTOL UE

X
1 1
3><1+3><

wl=
| =

D= D=

+3 %0 BE)
(B) o debtepo oevdplo, autd mou odhdler eivon 1 miavotnto P(A| By). Topa o gihoc yac

V4 7 Ié 7 /’ ’ 7 7 7 Vs
eTOLOXEL VoL Oefy Vel dompr) TAeupd, ondte auth 1 mdavotnTa efvan 1. Kot to xAdopa yiveto

1
§><1 1

1 1 1 =5
§><1+§><1+§><0 2

10. 'Eotww A 10 ev0eyOUEVO 0 xAEPTNG Vo dvoile To cupTdpL X1 xon B 10 evdeyduevo va e 600
yeuod voulouata. (o) Egopuélouue to dedpnuo ohxic mbavomtag yio Ty dopépion {A, A}

TOU Y WEoU THAVOTNHTAC.

P(B) = PUAVP(B|A) + P(AYPB|AY = L @ 1 6 1
6 9
2.0 2 () 2
(B) Egapuélouye tov tino tou Bayes. H {ntotyevn mavotnro eivan
1
P(ANB) P(A)PBIA) 27 L1

_ _ _ (
P(A]B) = P(B) P(B) -~ P(B

Ty mdoavétnta P(B) v urnoloyioaue oo epdtrua ().

11. Tonoc Bayes. ©étoupe C) = {0 0dnyoc avixetr oty xotnyopio Ax}t yia k = 1,2,...,10,
xot B := {o 0dnybe avagépet atdynua}.

pc, | By~ PBNC) __ PBICYPCY wogs _ _ K
P(B) YU PB|C)P(Cy) N L 385

12. (B) Ta A, B eivar Yetind cvoyetiopéva, eved o A, C elvar apyntixd cUoYETIOUEVOL.

13. Me [don tov opioud 1rg decueuuévng mdavoTnog,

(A|B)_pp(AﬂB)_P(AﬁB|F)_%_P(ADBHF)_P(MBHF)
br " pe(B) T~ P(BIT)  PEN T UP(BAT) |

P(T)
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14. Enedr, n ouvdptnon pr : A — [0,1] ye pr(A) = P(A|T) eivon pétpo mdavottag, woylet yio
autrhv T Yenpnua ohxhc miavotnTag. Anhady
P(A[T) = pr(A) = pr(Bi)pr(A| Br) + pr(Bs)pr(A| Bs)
= P(B:|I')P(A|I'NBy) + P(B2|I')P(A|T'N By)

[ty teleutaio LloOTNTA, YENOWOTOWOUUE TO ATOTEAECUA TNG TEOTYOUUEVTS AOXTONG.

15. (a) Enedy (ANB)N(AUB) = ANBxaw (ANB)NA = AN B, n {ntoduevn oyéon
too0uvVauel ue
P(ANB) < P(ANB)
P(AUB) — P(A) ’
Tou wybel agol P(AN B) > P(A).
(B) Me yprion tou optogol g deoueuuévne TAVOTNTAC, 1) AVICOTNTA YEAPETAL LGOOUVOLL
P(B) S P(BNA)
P(BUA) = P(A)
< P(A)P(B) > P(ANB){P(A)+ P(B) — P(AN B)}
< P(A)P(B) — P(A)P(ANB)— P(B)P(ANB)+ P(ANB)P(ANB) >0
& (P(A) — P(ANB))(P(B) — P(AN B)) > 0.

H tedeutaio oyéon woydel mpogavac.

& P(A)P(B) > P(AN B)P(AU B)

16. Aciyvouye uovo to ().
P(ANB®) =P(A)— P(AnB)=P(A)— P(A)P(B) = P(A)(1 — P(B)) = P(A)P(B°).

H npwtn wooétnra toydet ywtl ta obvoha AN B, AN B¢ elvon Eéva pe évwon 1o A. Lny dedtepn,
yenoulomowlue Ty aveuptrnola twv A, B.

17. 'Eyouue
P(A) =120 =1 10 P(B) = o+ oo = " 22 panp) = =
Tote
A, B aveZdptnta < P(AN B) = P(A)P(B) & 2—]{; = (1—2k—1_1> <%>
@1—1{%1:1—%@2’“:/{:“@/@:3.

Apa T A, B elvan ave&dpTnta povo yio k = 3.

18. Aev etvar aveldpTnTa.

Hwe to oxeptopacte: A Vewpricouye o axpalo oevdplo mou xat Ta 0o voulopata Ny, Ny
etvon x{BOnha e p1 = 999/1000, p, = 1/1000, xon xdvouue t0 TElpao TOL avaPEREL | doXNOT).
Emhéyouye otnv toyn €va and o 600 voulouota, xou EYOUUE oTa yEplol EVal VOULOUA TOU 0To{ou
v mavotnta emtuytag 8ev E€poupe. To piyvouue uia gopd, xou €éotw OTL pyetan K dnhady
ovuPaiver o Ay, Tu xatahofoivoupe and autd;  Ilpogavie dtu xpatdue to vouopo Ny (Oev
efuaote ofyoupot, ahhd éyovue tepdotio Badud Befadtrroc). Autd emnpedler vy mdavoTn T
mpaypatonolnong tou Ay, Tlovidpouue ue oryoupld 6Tt xon otny deltepn gopd Ja €piel K. Eve
ay 0ev PAETOUE TO TE®TO ATOTERECUA, OEV Vo TOVTAPOUE e UEYSAT atyoupld oTL Yo cuufel To As.
Arnhad) P(Az|Ar) > P(Asz). To anotéheoya g npodtng pldng pog édwoe xdmoto tAnpogopia yior
v (dyvewotn) mdavétnta emtuylag TOU VOUioUaTog ToU XpaTdUE, xou dpa o EXTIUNGY Yol TO
anoTéAeoua NG debTERNS pldnc.
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Tote T onuaivel 1o 6L Tpaypatonotolue 800 aveldptnTeg pidelg; Lnualvel 0Tt T amoTEAEGUATA
Twv 0o plewv elvar aveldptnta BeBOUEVOU 6Tl €youpe emAélel To vououa N; (n 0 Ny).
Anhady

P(A; N Ag | éyouue emhéZer to Nq) = P(A; | éyoupe emhéEet 1o Np)P(Ay | éyoupe emhéZel to Ny)
= Pin1
H tumd anédeln tne un aveloptnoioc: Enotpégouue 1o oevdplo tng doxnong, xot Jewpolue
ToL EVOEY OUEVL
By : = {emhéyw 1o véuoua N},
By : = {emhéyw 1o vouopa Ny}

Téte
1/1\> 1/3\> 13
P(A;NAy) = P(B1)P(Ai N Ay | By) + P(Bs)P(A1 N Ay | By) = s(5) +5(3) =5
pigei)
1 1 1 3 5
P(A1) = P(B1) P(Ar| Br) + P(Ba) P(AL| By) = 5 % 5+ 5 % 7 = <.

‘Oupota, P(A2) = 5/8. Kou énwe neptuévope,
P(A1NAy) # P(A))P(As).
Méhiota
26

P(A2|A1):2—5>].

19. 'Eotw A 10 evdeyduevo éva dtopo vo TaGYEL amo Vv acvévela o xa B To evdeyduevo
va mdoyel ano Ty acvévelo 3. Bploxoupe 6t P(A) = 0.8/100, P(B) = 0.7/100, P(AN B) =
0.2/100. To A, B dev elvon aveZdotnro.

20. 'Eotww Ej 10 evdeybuevo 6t 1 k Soxips ebvan emtuyio, xou Ax(= Ef) 10 evdeybuevo 6t n k
oo efvan amotuyta.
(B) T xde n > 1 guowd, éyoupe
P(6hec ot Soxwpéc Sivouy anotuylec) < P(ot npdteg n doxuée divouv uovo anotuyies) = (1—p)™.
H tehevtala wodtrro npoxtntet ano to (o). Opwe (1 —p)™ — 0 yia n — oo enedrn 1 —p € (0, 1).
(Y) Zntdpe v mdavotyTa

P(ATN AN Agoy NEy) = P(A)P(Ay) - P(Ag_1)P(Eg) = (1 —p)"'p
Yy mpdTn 106TNTA YeTowoTotioaue Ty avelaptnota Tov Ai, Ay, - -+ Ap_1, B
(6) To va ypewotoly TouNdytoTov k doxiuéc tooduvayel Ue 1o ot tpwtec kK — 1 doxuée vo etvan

4 7 4 é 7.
arotuyieg. ‘Etot n mdavotrta mou {ntdue v

P(Al N AQ M- Ak—l) = P(Al)P(A2> ce P(Ak_l) = (1 — p)k_l.

21. Eow A; := {xepbdilet 1o nawyvidi 0 a;} ywi = 1,2,3, xau B := {n npd1y pin ebvar xopdva}.

1
po = P(Ay) = P(A;N B) 4+ P(As N BY) =0+ P(Ay | BY)P(B¢) = §p1'
Auté yatl dedopévou 6TL 1 TEWTY eldhn) Aray yedupota, To Ty vidL elvor cav va Cavapyilet, Ye Ty
Véon tou a; vou Ty madpver 0 ag. ‘Opota p3 = pa/2. Ané 1o (B) g ‘Aoxnong 16, xdmow otiyps
Yo €pdel xopdva (dpa oiyoupa xdmotog Va xepdioet), ondte py + pa + ps = 1. Bploxouye 1ot 1o
D1-



32

To p; unoloyileton xan dueca we e€hc. O ar xepdiler uovo av @épet oTNY apyt| X0PWVA 1 av
pépel ypdupata, ot enGUEVOL SU0 Ypduuato (WoTE vo épyeTon TEAL 1 OELPd TOU), xou Vo XEpDioEL
oto véo oty vidl mou Vo Eextviioer toTe. Anhody,

1 1 1 111 1 1
= P(A)=P(A NB PAINB) ==+ -P(A,|B)==4+ ===p; = = + —py.
Y41 (Ay) (Ay )+ P(A; ) 2+2 (A1 | BY) 2+222p1 2+8P1
22. (o) Xpnowponootue v ‘Aoxnon 17(a). Tio pla Sedouévn eptdtnon ano Tic n VEToupEe
= : = {o drywvildpevog Eépel Ty epdTNo}
Y = {o Swryovilbuevoc anavtdel cwoTd TNV €pmTNaN}.
N e 11 1 1 1
P(Z) = P(S|)P(E) + P(2IZ)PE) =1x 5+~ x 5= (1+_) .
Ané tny ‘Aoxnon 20(a) npoxintel 6Tt

P (o droyovilouevoc anavtder 6wotd ot k epwthoe) = (Z) a®(1 —a)"*,

() Eow
A : = {o drywvildpevoc andvinoe 6wotd oc k epwThoeict,
B : = {o Suryowlopevog Epet s spww’psng},
‘Eyouue
P(AnB) P(A|B)P(B)
P(B|A) = = .
(B14) = =55 e 3

O napovopootic eivan Yvwotog and 1o (o). Eniong, oo v ‘Aoxnon 17(a),

- ()6 -0

yiotl €youue n Soxuéc evog netpduatos ue mdavotnta emtuylag 1/2, evéd

o= (20 6) (-5)

Auté, vl Eépovtag 6T yvwpilel s epwThoels, UEVouy n—s and Ti¢ onoleg EMAEYOUNE Tig ETTAEOY
k — s mou amavtdel owotd oty oy, A@ol emhéoule TIC k — S TOU AmAVTAEL OWOTE GTNY
Oy, moAlamiactdlouye e TNV TlavoTnTo 08 QUTEG VoL ATAVTIAGEL GWOTA XAl OTIC UTOAOLTES
n—s—(k—s)=n—k voanavtioet Addoc.

Avtixadiotdvroag oty (3) , Peloxouye

- 06 )

k

23. O odewypatuxdg ywpog 2 elvor 10 cOVORO TV UETAIECEWY TV GTOLYEIWY TOU GUVOAOU
{1,2,...,n}. Tl av xotoypddouye Toug aptduolc Tov oQuediny Ye TNV oelpd ue Ty onola
Byabvouy anéd tnv xdhnr, naipvouue uio petddeon tov {1,2,...,n}. Ta Adyouc cuyyetplag, 6hol
ot n! duvatol TpémoL e€aywyric etvar toomidavor.

(o) Ov euvoinée e€aywyée éyouv TAdog (’]‘) (7 — Dln — ). Dl gudyvouue plo yetdieon og
e€hc. Emhéyoupe mpodta motd j otowyela Yo xatoddBouy Tig TpwTeg § éoeig ((?) TPOTOL Y10l AUTO).
‘Erevta, vty j 0éom ndet to peyahltepo and autd (ula emhoyn), Bdlovye ta undrona j — 1 o€
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oepd ((7 — 1)! tpémot Y autd), xau oot Baloude o€ oepd ta 1 — j oTouyela Tou €xouy UEivel
Y va xotohdBouy tic Véoeg j+ 1,7 +2,...,n ( (n — j)! teénor yia autd). Apa v {ntoluevn
mdavotnTa etva

()G =Dl =) i~ Din — )]

1
n! n! o

(B) Heéner va Seffoupe 6t P(A; N A;) =1/(ij) yio 1 <i# j <n.
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Arnaviroeig §3

1. Fy(y):P( y) = P(e* < y) =0 npogavirg av y < 0, eved yio y > 0, P(eX < y) =
P(X <logy) = ( 0gy). Apx

0 av y < 17
Fy(y) = {1 ooy gy g > 1.

2. F=0010 (—00,—1] xau F =1 o010 [2,00). 'Eneita Fy(y) = P(|X| <y) =0avy <0 eved
vy > 0,

P(X|<y)=P(-y< X <y)=F(y) - F(—y) + P(X = —y)
Ioyber P(X = —y) = 0 ywti n) F elvou ouveyrc tavtod (dpa xaw oto —y). Enouévee

0 avy <0,
B ayyeo1).
Aw=rixizn=. =1k, vl
3 7 )

1 av y > 2.

3. Foy) = P(|X|* <y) =0y y <0, evod ytoe y > 0 €youue
Fu(y) = P(IX|* <y) = P(=y"* < X <y"/*) = F(y"*) = F(=y"/*) + P(X = —y"*)
(a) H F eivan ouveytc, onéte P(X = —y/2) =0, %o

1/2
y av y € [0,1],
Fy(y) = F(?Jl/Q) - {1 av y > 1

(B) Ouota 6mwe oto (),

0 av y <0,
Fyy) = F(y'?) — F(=y'?) = 292 avy € (0,1/4],
1 av y > 1/4.

(v) H xatavoph tne X éyer udlec 1/2, 1/2 ouic npée —1,1. Apa n X2 éyer pdla 1 oto 1. Ac
cuveyiooupe duwe Tov To Téve urnohoyioud. Topa n P(X = —y/?) = F(—y'/?) — F(—y'/?-)
oev ebvon mdvta 0 yratl 0 £ €yet dhpora oto —1, 1. Bploxouye i y > 0,

0 avy € (0,1),
Fy(y) = F(y'?) = F(—y"*) + P(X = —y'*) = {1 -1/2+1/2 avy=1,

1-0+0 av y € (1,00).

Apa Fo(y) = 1,1 ywo xdde y € R.

4. (o) lpéne

1= f(z)= <Z2 "“'+22 ):c<22j+22’“>:
rEZL k=-—1 j=1 k=0
Apa c=1/3.

(B) Eotw X 1 tuyaio yetaPinty nou avuiototyel oty f.

[z] 11
oy e av z < 0,
Fr) = P(X <) Zf Zf(k):"':{i)Z[]L av x> 0

y<zx k=—00
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5. (o) H F etvon ad&ovoa yratl F(t) > 0= F(s) yiot > 0> s, eved ya t > 0, ypdpoupe
1
Ft)=1— ——,
1+ [t]

mou diver 6t 1 F|[0, 00) ebvar ab€ovooa. Eniong limy ., F(t) = 0,limy_,o F(t) = 1, xou 1 F elvou
0e€Ld ouveyhc. ‘Apa e Bdor YvewoTo wf)eo')pnpozm, n I elvou cuvdptnon xatavourc xdmotag tuyatog
veTaBAnTNHC.

(B) H F avgdver uovo e dhuata, dpo avtiotolyel oe Swaxplth tuyolo uetofBinth. H ouvdptnon
mavoTNTAS TNE to00TAL UE

e amlo_ 1 e N\ {0).

1+z 1+z—1 z(z+1)

{0 ;o € R\ (NA\{0}),

6. Mévo n Fi. H F, dev eivon 0e€id ouveyric oto 1. H F3 éyet Fi(oo) = 1/2 # 1. H Fy éye
Fy(—o00) = —1/8 # 0, Fy(00) = 7/8 # 1. H Fj dev eivar 00te abZouoa olte €yel ta owotd pla
ot —00, 00 (UdhioTa Sev Eyel xov dpLa).

7. 1/log8 <b<1—e2 Tértoww b undpyouy yiati 1/]log8 < 1 — e 2.

8. X0 (a) éyoue E(XT) = E(X ™) = 00, dev opileton 1 yéon T Xto (B) éyovpe E(XT) <
00, E(X7) =00, dpa EX = E(XT) — E(X™) = —oc.

9. (o) P(X =7)=P(X <r)—P(X <r—1). llpogavere X > k ndvtote, xou yio k <r <n
éyouue P(X < 1) = (r)g/(n).

(B) Xenowonowwvtag to (o), €Youle

—

n n—

EX:irP(X:r):ZT{P(Xgr)—P(Xgr—l)}:...:n— (7’;—;:

I
=

r=k r
[ o teheutalo dipotopa undpyet anholoTtepT Exppacy). XENCIIOTOWWVTAS TNV GYEaT (r+ Dga1—
(1)k+1 = (1)e(k + 1) mou wylet yio xdde 7,k > 1 (xou eivon un tetpévn yia r > k) naipvouye

(r), = (r+ 1)py1 — (T)kﬂ.

k+1
‘Apa ye tnheoxomxotnta To dbpotoua Byaiver (n — k) /(k + 1), xar 1 uéon T
EX — (n+ 1)k
 k+1

10. (o) f(t):=P(X =t)=(2/3)"1(1/3) avt e N={1,2,...} xu f(t) =0 av ¢t ¢ N.
B) P(X€2N—-1)=>"" P(X =2k+1)=..=3/5.
(Y) o =3p/2.

To (B) Pyaiver eniong xou ye tpx dnwe 1 ‘Aoxnon 21 ono v Iapdypapo 2 tou gulladiou
auTtoU. Anhadh Ue yehor DECUELUEVTC T)oVHTNTIS.

11. 'Eoww Z 1 mpwtrn doxydy| xata Ty onofa eygavileton 1 évoeiln K. Tote
EX=Y 2"P(Z=n)=) 2'27"=c0.
k=1 k=1

10T6 onolo dev éyoupe amodeiZet.
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To mapddolo elvon 6Tt eved 1) uéon Ty ebvon AmelpT] %ol ETOUEVODS OTOLIONTOTE TEREQACUEVT] TIUN
elvan PEYIAT ExTTwoT, xavelg dev mpotidetar va Bwoel Yeydho mood v va matlel. 50 Eupw
Vewpeltar axpif3n Ty yio To Towy vidt.

To mopddolo datunwinxe to 1713 and tov Nicolas Bernoulli. Awpdote hentopépeiec oto
dpvpo tne Wikipedia yia to ¥épo. http://en.wikipedia.org/wiki/St._ Petersburg. paradox

12. H X elvor Sraxprtr tuyadar petaBAnTy), xon 1 X Sroneprty| Tuyaior uetaBAnT un apynuxy). ‘Apa
7 wéon Tk e X undpyer (renepaouévr 1 dnetpn) xou diveton and tov TOmO

a o - a 1
=D @)= k T(k + 1

zeR k=1

H tedevtaloc oelpd etvor ouotaotxd 1 Y oo k%72 1 omota cuyxhivel cxxptﬁ(bg yio o —2 < —1,
67)%0(67] a <1 Tw Tnv auoTNeT O(TCOBELEY], YETOWOTOWUUE TO %PLTHRlo oUYXELONG Yl T dUo

oetpée Yoo k/(k(k + 1)), D202, k2

13. Trohoyiloupe 61 V(X) = E(X?)—(EX)? = 18—16 = 2. H avioétnra Markov egapudleta
yrott 0 X etvon ) oy, xon Siver Tor gedryuaTa
EX 4 E(X?) 18
P(X>5)<—=—, P(X>5)=P(X*>25) < =
(X250 =2 P(X25)=P(X*225) s === 2
eved 1 Chebyshev diver P(X > 5) < P(|X — EX| > 1) < V(X)/1 =2, 10 onolo eivor teTpuuévo
(Eépoupe 6t wa mdavdTnTa elvon uxpoTtepn Tou 1). Apa 10 xahOTERO Ppdyud ToU TalpVOUUE efvar
T0 18/25.

14. 'Eyouue

POO =2 2rf(0) 2 Yors0) 2 D2 n ) = 09 MG 2009

=1 r=1

H dedtepn aviodtnta woyler agol v (f(k))r>1 v @divousa. To arnotéheopa énetou.

15. EX = 0f(0) +n*f(n?) = 0x (1 =) +n*L =n. E(X?) = 02f(0) + n*f(n?) = n’.
V(X)=E(X?)—(EX)>=n%-—n?= nQ(n— 1). P(X > 0.8n) = P(X =n?) = 1/n, Tohd uxp
movoTn T

16. () P(X < aEX) = P(X — EX < —(1 —a)EX) < P(|X — EX| > (1 — a)EX) <

V(X)/{(1 —a)*(EX)?*}. Xpnowonotfoaye to 61t (1 —a)EX > 0.

(f) Eow A :={w: X(w) > aEX}.
EX = E(X14) + E(X1,) < aEX + E(X?)V2P(A)Y? =
(1—-a)EX < E(X*)Y2P(A)Y? = P(A) > (1 — a)(EX)?*/E(X?)

(v) V(X) = BE(X?) — (EX) =n® —n?% To () ppdlet Ty THAVOTNTA TOU CUUTATIEMOUATOS A0
0 (n —1)/(0.2)* nou elvor &ypnoto yio n peydho yroti ebvon > 1.

To () diver xdtw gpdypa (0.2)%/n. Ebtvar 1 owoth 182N peyédouc. Eépoupe dTL 1) mporyportixd
T e mdavoTntag evor axplBoe 1/n.

Yyono: H 'Aoxnon 16 epeuvd tny elhic epwtnot. Mrogel 1 uéon tiuy| wag tuyatog wetaBinTng
VoL UdC 0WOoEL TANPogople yior TNy “tumixh” ouuneptpopd tne X; Eivow avouevouyevo n X va
Beloxeton pe yeydhn miavotnto yiow ano tny peon e T, Ot avicétnteg Markov, Chebyshev
dtvouv dvew @pedyua otny mavotnta 1 X va efvon poxeid arno Ty péon tng . Av ouwc To
pedrypa mou divouy efvar peyahltego tou 1, téTE elvon dypnoTo xan dev TalpvouuE XdTw QEdypa
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v Ty mboavotnta 1) toyaior peTaBANTH va elvan xovtd oty péon e . H 16(3) diver névtote
A TeTpIPEVO X8t @pdyua, apxel va oyler E(X?) < oo.

17. P(X > t) = P(aX > at) = P(e™® > e) < E(e™X) /e™. Taipvoupe C' = E(e®X) € (0, 00).

18. Enedf EZ = > 7, P(2 > k) v xdle tuyoia yetainth = pe tipéc oo N, mpoxtnter 6t

uovo ot Y, Z €youv TETEQUOUEVT UECT] TILY.

19. (o) H tuyoio yetaPintd 14 naipver pévo tic tpée 0 xan 1. Apar
E(14)=0xP(14=0)+1xP(14=1)=P(A4)

yoti {w € Q: 1,(w) =1} = A

(v) Kévouyue npdZeic oto 0e&i péhoc e (1), xar yenowonootue to (o), (B).
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Arnavinoeg §4
1. H xatavour etvon Suwvuuixs ue nopapéteouc n = 80,p = 1/10. Ko dpa ye péon Ty np = 8.

2. "Eyouvue 90 aveldptnteg doxupég evog metpduatog mou €yel mbavotnta emtuylag
p = P(n évoeln tou B Zemepvder authy tou A xata 500 Yovades TouAdytoTOVY)
4 +3+2+1 5
36 T 18

O Cnroduevog aptduog oldewv axolovdel Ty dtwvupxr xatavour ye mopauétpous n = 90 xau
p=>5/18.

3. Eotw p n mdavotnta o oxoneuthc va TETOYEL To 0ToY0 OE pa dedoUEVT Bolt|. Alveton Ot

(140>p4(1 —p)° = 3(130>p3<1 ~#

ar’ 6mou Peloxouye Yetd ano anonotfoec 6t p = 12/19.

() PIX >2)=1-PX=0)—P(X=1)=1-—(1-p)°=5p(l —p)*

B) P(X =0)+ P(X =5)=(1L—p)°+p°

(v)

P2<X<4) PX=2)+P(
P(X >2) P(

O napovoyaotic éyet unohoyiotel ato (o). O aprduntic loolton Ye

(Z)pQ(l —p)°+ (g)p?’(l — )+ <i>p4(1 _p).

4. Emewt| xdde gopd n olvieon tng xdhmng ebvon (B, ot xdie eCaywyn, 1 mdavdTtnta To opapidn
va efvan padpo ebvon p = 20/(60 4+ 20) = 1/4. OvopdZoupe X tov aprdud oV Soxipody we Ty
TeWTN eupdvior wadpou cupdiov. H X eivon yewuetpi pe nopduetpo p = 1/4.

(@) P(X =7) = (1—p)°.
(B) P(X > 10) = P(o npwtec 9 doxwée ebvan amotuylec) = (1 — p)°.

() E(X —1) = (1/p) =1 =3.
5.

P(X <4)X >2) =

t) = ;t’“ (Z)pk(l —p)" = no (Z) )" —p)" " = (pt+q)"

©étouye 6 =p/(1 —p). Tote

1 "1 [n L (L—p)ttl s [n) O+
Bl —— — - kl_ nk:—
<X+1> ];kﬂ(k)p( P) p ; k) E+1

N (O

(1 p>n+1 + 6)n+1 1 1 — (1 _ p)n+1
n+1 (n+1)p
Xpnowonothooue to 6T 1 + 6 = 1/(1 — D).

£
Il

6. 'Eotw X 0 aprdudc 1V anottoUUEVWY BOXIMY OOTOU Vo DOVUE X0t TA 1 DIAPOPETIXE XOUTOVLA,
xw vt = 1,2,...,n, €0tw X; 0 apuiudc Twv SoXPOY Tou amuTelTol and TV OTLYUr| Tou
€y oupe Oel 1 — 1 DlapopETINd xOUTOVIAL UEYEL TNY OTLYUY| Tou Yo B0OUE €val VEO DLaPORETIXG aTO To
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nponyoluevo. H X; efvan yewpetpud tuyada petofinty ye napdueteo p; = (n — (i — 1))/n, xo
enopévwe Y péorn th 1/p; = n/(n—i+1). Enedh X = X5 + -+ X, 0 ypauuxdtnto e
UEoNC TLung Obvet

ZE Z#m—nz ~ nlogn

yioo ueydho n. Ilepiocbdtepa yia v tedeutata npocéyyton, otny [pdtaor 21.21, Areipootindg
Aoyoudg, Topog 11, Neypendvrng-l'iwténouroc-Lavvoaxodiag.

7. () 10-1=9. () 10/3-1=7/3. (y) 8 x 10 — 1. Apvnmx dwvupixh. (3) 4 x 2. Apvnuxy
OLWYUUXT).

(e) Edw éyoupe o mpdfinua tou cUAAEXTY xoumovidv ywelc va {ntdue va dolye oho T Sla-
PORETIXA XOUTOVLAL, amAwS Telo cuyxexpwéva. Me o (o oxentixd Bploxouye 6Tt 1 uéom TN

elvon 10 10 ]
— 4+ —4+10=18+ =
3 + 2 * + 3

8. Av 7 mapduetpoc tng Poisson elvar A t61e amo tar Sedouéva e A e = 1267/\)\2/2. Ko
enetdh A > 0, mpoxUntet 61t A = 1/2. ‘Enerte P(X > 1) =1-P(X =0)=1—¢e /2

9. Ioyber X ~ Bin(100,p). H Poisson mou v npooeyyilel ebvon 1 Y ~ Poisson(\) pe A =
100p = 0.1. "Exnetta

P(X<1)=PX =0)+PX =1)= (1 —p)' +100p(1 — p)* =~ 0.995362,

100
P(X =3) = < 5 >p3(l — )" & 1467 x 1077,

100
P(X =10) = ( 0

Ov avtioToiyec npoceyyioeic etvor
PY<1)=PY =0)+PY =1) =% +¢7°%0.1 = 0.995321,
P(Y =3) =¢e%40.1)3/3! ~ 1508 x 107,
P(Y =10) = e %1(0.1)'°/10! ~ 2493 x 107,

>p10(1 —p)* ~ 1581 x 107 %.

10. (o) Ened?| n h naipver Yetinée tée, n uéomn tiph E(Xh(X)) opileTon, xau €youUE

:ikh(k *AAR ih A Zhr+

r

— Z (r+1)e A!:)\E(h(XJrl)).

/\r+1

(B) Eow ar = P(X = k) yio xdde k € N. T k € Nk > 1 egappoloviag tny (2) yio Ty
ouvdptnon h ue h(k) =1 xa h(z) =0 yio x € R\ {k}, naipvouue

kP(X = k) = \P(X =k —1).

Arhady| ar, = ag—1 Ak yiooxdde k € N\ {0}. Apa ay, = ao”\k—T v xdde k€ N. Koun Y p2 jap =1
divet ag = e . Anhodh

v x&de k € N.
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Arnaviroeic §5
1. TroloyiCouye tnv cuvdptnon xatavouric g Y. et € R €youue
Fy(t):=P(Y <t)=P(X*<t),
To omolo givon 0 yra t < 0. [ t > 0,
P(X? <t) = P(IX| < V1) = P(—Vt < X <Vt) = Fx(Vt) — Fx(=V1).

Hpoxtnter 6t Fy(t) = 0 v t < 0, evéd ya ¢ > 0,

Fi(t) = (1 (V) + Fx(—VD) 55 = —

i Vi

‘Ereto 6Tt pud muxevétnra yioo Y ebvon 1) fy (1) = (1/2)t73/2145,.

(V).

2. ‘Opota 61we oty Tponyoluevn doxnon, Fy(t) =0yt < 0 xou Fy(t) =1yt > 1, eved yia
t € [0, 1] éyoupe
Frt)=PY <t)=PY <t, X<1)+PY <t,X>1)=P(X <t)+P(1/X <t)
=Fx(t)+1— Fx(1/t).
[t € (0,1), n tehevtaio oyéon v v Fy Bivel ye mopaydyton
FL(t) = fx(t) +t2fx(1/t) = et + 17211,
‘Eneton 611 o muxvoetnta yioe Ty Y efvor 1

ettt 2Vt avte(0,1),
fy(t) = 0, 1)
0 avt e R\ (0,1).

3. Enewdry P(X > 0) =1, éyouue 61t o Y eivan pe mbavdtnro 1 évag un apvnuxde axépotog. T
keZ,k>0,

k1
P([X]=k)=Pk<X<k+1)= )\/ e N dy = e — gAY — oM (] o7
k

= (1—p)p,
uep=1—e"*

4. Ye auth Vv doxnon Vo YeNOWOTOLACOUUE TO YEYOVOS OTL TO YEVIXEUUEVO OAOXAARUN
[ a%dx elvon menepaopévo av xon uévo av a < —1 (Amhf| doxnor. Trdpyer oto QUAAGDLO
NG N-TAENC TOU WAGEL YO YEVIXEVUEVA ONOXATPOUATA).

(o) Hpogavie mpéret va woylel ¢ > 0. Oa del€ouue 6TL oL emtpentés TWwéC etvon 7 > 1. Autd
yioti mpénel 1) fx va €yet ohoxdfpwua 1. Trohoyilouue

/fo(t) dt = c/loo £ dt.

Me Bdon v nopathenon otny ooyt e AOong, autd T0 OMOXAREWUO EVOL TETEPACUEVO AV XAl
wovo —r < —1. Anhaor) r > 1. Ko t6te emhéyovtag xatdAinia tny twr tng otadepds ¢
©€ATOPVWVOUUE TO oloxfpwua va oot pe 1. ‘Otav r < 1, 10 ohoxAfipwua 1GooTaL UE 00 Yid
omowdNtote emhoyt| g otadepds ¢ > 0. Apa xdide Ty r < 1 ebvon un emtpentt.

> 1 c
. C( —T+1) r—1

(B) T r > 1, unohoyilouye

[e’e) t*TJrl
c/ t7"dt = c———
1 (—r+1)

Apac=r—1.
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(v) EX = [Fa(r — 1)z "de = (1 —r) [[" 2" dz. Me Bdon v mapothenon oty opyf g
Aoomg, €youle OTL To TEAEUTAO OAOXARPLUA EiVOL TEREPACPEVO av xou H6vo av 1—1 < —1. Anlady
av r > 2.

(8) 'Eyoupe E(X®) = (1 —r) [[Z2°"dz. Opow étewg oto (y), auté 10 oloxhfpwyua etvo
TETEPACUEVO AV xou povo av a—1r < —1, onhadav a <7 — 1.

6. (B) ot eRR,

U et 1
= < t = < = .
Fe(t) P(l—U—e> P(U—1+et) 1+ et

MMuxvétra fy (6) = Fy (1) = e (1 +e7) 72 v xdde t € R.

7. a=2,b=28. H {nroduevn miavotnta civon

1 1

“(141) ==

6 (1+1) 3

To gpdype and Ty avio6étrra. Chebyshev etvar V(X)) /2% = 3/4, toukdyiotov dithdoto tng mpay-
wotieng g g miavotnTag.

P(IX =5|>2)=P(X €(2,3)+P(X e€(7,8) =

8. Eyouue nelpaua oe dbo Brpata. ¢ ouvidwe, dBeouehoupe we TEog TO Tt EYIVE GTO TEWTO BHUL.
‘Eotw N 1 tuyaio petoBAnty| mou xataypdget 10 anotéheoua tng pidne tou Coaptol. ITpogavie
Fx(t) =0yt <0xou Fx(t) =1yt > 6, eve yo t € [0,6] éyouue

6

P(th):ZP(XgﬂN:z')P(N:z‘):éiw 1( +tz )

=1 i=1 t<1<6

H pttn éxgpacm éxgeact yia tnv cuvdptnor xatavouns g X debyvel 6Tt auty etvan cuveyrc. H
tehevtaio Sefyver 6L Fx elvon dragopiown oto R\ {0,1,...,6} ue ouveyy| nopdywyo oto {Slo
dOvoho. ‘Apa wio tuxvoTnTa Yoo Ty X ebvan 7

16 1
= o> ovte(0,6),
fX(t) = {8 Zt<7'§6 ? ( )

OLUPOPETLXA.

‘Ererta, E(X) = [ptfx(t)dt = ... = 7/4. O unohoyiouds autds ebvor mo duecog ue yprhomn g
OECUEUUEVTG UEOTS TIAC, TNV om0l BEV €Y 0UNE XUALDEL axduT).
9. Ouowt énwc oty ‘Aoxnon 1, Fy(t) =0 vy t < 0, evd yi t > 0 éyoupe
Fy(t) = P(XY¢ <t) = P(X <) = Fx(t°).
Hpoxdmrer 6Tt 1 Fy elvon cuveyric (610 R), xou yie t > 0 n Teheutaia oyEom Yy Ty Fy Oivel pe
TOPUY WYLOT
Fi(t) = fx(t) et

Arhady| n Fy undpyet xau eivon GUVEYHc 0TO UUTA pLU EVOC TETEPAOUEVOU cuvdhou (tou {0}
av ¢ <1 xou tou ) av ¢ > 1). Ano yvwot| npdtoor énetar 0Tt pio TuxvOTnTaL Yior Ty Y ebvan 1)

fyr(t) = 0ce™ ™t 1

10. 'Eyouue

E(X):/Oootf(t)dtz/oxtf(t)Z/Dxtf(x)dt:f(x)x;.

H Bedtepn aviodtnta toyler agot 1 f elvor @iivouca oto [0, 00). To anotéreoyo énetou.
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11. To peywoto a mou wavoroet TN P(X > a) > 0.95, Onhad”y TNy e~ > .95, elvar 10
—%. Ané ta dedopéva, auté eivan To 2. Enopévwg

~10g0.95

a =

0 = ~ 0.02564.

O péooc bpog tne xau 1) dtaomopd e X efvan avtiotoya 1/6 ~ 39, 1/(92 ~ 1520.

12. Ou ypnoworoiooupe to 6Tt 1) Tuyola petaPAnTth Z = (X —p) /o = (X —330)/10 oxorouvdel
TNV TUTLXT] XAVOVIXT XATOVOUT Yo Vo EXPEACOUPE Ohe TG {nTolueveg mbavoTnTeg oUVAPTHOEL
¢ ouvdptnong xotavoure, @, tne N(0, 1).

(@) P(X >340) = P(Z > 1) =1 — (1) ~ 0.158
() P(X < 310) = P(Z < —2) = ®(—2) ~ 0.023
(Y) P(310 < X < 340) = P(—2 < Z < 1) = ®(1) — ®(—2) ~ 0.818

(8) O apiuéc N twv xoutidv ano ta 10 mou €youv Bdpoc wxpdtepo and 340gr axoloudel tnv
Stwvuuxy| xatavour| pe mopauétpous n = 10, xat p := P(X < 340) = ®(1) =~ 0.84. "Apa

P(N<8 =1-P(N>8 =1-P(N=9)—P(N=10)=1—-10p° (1 — p) — p".
(e) E(N) =np~ 841
13. (a) Av o a eivon Siduecoc, tdte enedr| 1 xotavour| evar cuveyfe, éyouvue P(X = a) =
0,P(X >a)=P(X >a). Apa
1=P(X <a)+P(X >a)=P(X <a)+P(X >a) =2P(X < a) = 2F(a).

Ty tpltn 106Nt YENOIOTOLCOUE TNV OLOTNTA Tou Otdpecou. Enedy| n F eivar ouveyhc (avti-
ooyl oe ouveyY| xatavopr), dev €yet GAuaTa) xou

F(—00) =0<1/2 < 1= F(c0),
and 1o Yedpnua evdidueonc tunhe, undpyet a € R pe F(a) = 1/2. T autd o a €youue
P(X>a)=1-P(X<a)=1-P(X <a)=1/2=P(X <a).

"Apo TOURAYIGTOV €VaC BLIUECOC UTHPYEL.

(B) Amo ta emyepfuata oto (o) mpoxinter 6Tt 0 a € R eivon évac didpecoc av xou pévo av
F(a) = 1/2. Sty nepintowon tne xazavoufic N(u, 02), ) F elvon yvnoiong atouou (éyet nuxvdtnta
VYetxr, oe 6ho to R), ondte undpyer wévo évoc Biduecoc. Oua delouue OTL oot PE TNV YéoT
T p. Eyouue

X — 1

F(,u):P(Xg,u):P< “go):-.

o 2

H tehevtaia wodtno toydet yiatl v (X — p)/o €yer xatavour N (0, 1),
€YEL TUXVOTNTA JOTLOL GUVHRTNON.

2oLyl auThY E€poude OTL

14. Av o a elvon €vag OLduecog, TOTE

log 2
P(X>a)=P(X<a)=eM=1—eM=q= Of .
‘Apa umtdipyel LOVO €Vag BLAUEGOC, TO OTO{0 HTAY AVAPEVOUEVO YIaTL 1] GUVapTTOoT Xatavours F' tng
exdetnic ebvon yvnoine adZovoa 6to [0, 00) ye F(0) =0, F(oo) = 1.
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15. [ k = 0 woyler tpogavas. Av woylel yia évay kK > 0 guowd, téte

E(XF) = / "N dr = / " (—e ) dr = (k + 1)/ 2Fe ™ dy
0 0 0

k+1 e k+1 e (E+ D!

LTV Topoy oVt ONOXATRMOT), YENOLOTOIACAUUE TO OTL lim, o gFtle= = () enedn A > 0.

16. H tuyaio yetofPhnt Z := (X — p)/o axoroudel tny xatavopr; N(0,1). Ano ta dedouéva
.85 — .85 — 1.85 —
02:P(2>£§_ﬁ):1_¢(L§_ﬁ):$¢(J§_ﬂ>zogz¢m%)

o o o

Ko enewy| n @ ebvan 1-1, nalpvouyue
1.85 —p

——— =085 (4)

‘Ouora, Beloxoupe ot

1.70 —
o <—“) —01=1-09=1-d(129) = d(—1.29).

o
O tehevtaio UTOAOYIOUOC UTAYOREYETOL OO TNV YeapixY| mopdotaot tne tuxvotntac tne N (0, 1).
Aga

1.70 — i

——=-129 (5)

Bploxouue ané tic (4), (5) 6t p~ 1.79,0 ~ 0.07

17. Eotw fx n nuxvoma e X. EOxola Beloxoupe 611 1 tuxvétna e Y ebvan fy (y) =
%fx(%). Xemotponotdvtac tov Tomo v Ty fx (dnhadh fx(z) = %x“ile%xlmo), PBeloxouye
ot muxvotno e Y ebvon auth e I'(a, A/r).

18. 'Eotw Y = X2 H ouvdptnon xatavoufic Tne Y tooltor pe 0 oto (—o0,0) vt P(Y < 0) =
P(0) = 0. Opota, Fy(0) = P(Y <0) = P(X =0) =0 vt n X éyet ouveyr| xotavout,.
[ x>0,

Fr(z) = P(X? < 2) = P(—v/Z < X </3) = &(\/7) — O(—/3).

Av f ebvou 1 muxvotra e N(0, 1), napaywyiloude Ty teheutala todTnta, xou nodpvouye

F@) = 5= (V) + V) = = (V&) = o= el

Ané ta mopandve mpoxintel 6t 1 Fy elvon ouveyhc, xou 1 Fy umdpyet xou elvar cuveyrc oTo
R\ {0} (o omofo éyel nenepacuévo ouuniipwua). Apa 1Y €yel tuxvotnta

1 —1/2 —x/2 (1/2)% L1 —z/2

_ — z ]_1, = —_— 2 z ]_1, R
fy(x) /_271' T € >0 P(l/Q) x € >0

1 omofo ebvar 1 muxvéetta e I'(1/2,1/2). Xenowonoujoaye to 6t I'(1/2) = /7.

19. Eoww a < b npayyauxol wote f = f' =0 oto (—oo, a] [b o0). Téte

001 = g [ s = s - [y

- T%/ f@)ze ™/ de = B(X f(X)).
Yy mopayoviixd ohoxkipwar, yenowonomooue to 6Tt f(a) = f(b) = 0.
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20. Trohoytlouye

_ K;p (1%1) (6)

Ewwéc neplntwoeig:

(o) p = 2k, pe k un apvnuixd axépono. Xpnowonowlue v oyéon I'(x + 1) = 2I'(x) mou woyde
v xdde x> 0, xou v I'(1/2) = /7.

lﬂZ%)zégr(k+%)::§%<}—%)(k_g).”%r(%>
— (2k—1)(2k—3)-3-1.

Autév tov aprdud tov €youpe cuvavthioer oto PUALGESIo 1, Aoxnon 25 (a). Eivor to mifdoc twv
OLUPORETINDY (EUYUPOUATMY 2K DIUPOPETIXWY AVTIXEWUEVHV.

(B) p=2k+1, ye k un apynuixd axépoto. Xenotwonooye ndit v oyéon I'(z +1) = 2 '(x) xo
0 61t ['(1) = 1.

k!

. ok+3 k+35
E(|Z]77) = Fk+1) =

(27 = Z 2ty =22
Topa, av X ~ N(u,0?), éyoupe 611 Z := (X — u)/o ~ N(0,1), ondte

2
E\X —ul=0E|Z| = a\/j.
s

Xenoworoiooye v (6) yoop = 1.
21. Tt € R €youvue
Fx(t):=P(X <t)=P(F Y U)<t)=PU<F(t) = F(t)

Yty teheutaio lo6TnTa Yenotwonotioue 10 6Tt 1 U axohoudel tnv oyolduopen xotovour, oTo
(0,1) xou 61t 0 F(t) ebvan évag aprduog oto (0,1). Xtny tpitn todTnto yenotuonotooue o 6T 1
F etvar yvnoing adZovoa pe obvoho iy to (0,1), ondte yiot € R xaw U € (0, 1) €youue

FHU)<t<=UZ<F(t).
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Arnaviroeig §6

1. o z,y € {1,2,--- ,50} ye y —z > 5,

6x5x (y—x—1)
f<x7y)_ (50)6

Aragopetind, f(z,y) = 0. Oewpoude 6TL xoToYpAPOLYE Ta oPaupidlor UE TNV CElRd Ue TNV omold
eZdyovrat, €youde dnAadY| ddtaln. Xtov aprdunty, To 6 clvar To TARUOC TV EMAOYQDY Yl TNV
Véom oty onola epgaviletar 1) €voen ¥, to 5 ebvan 1o Thlog Twv emhoy®y Yo Ty ¥éon oty
omola eugaviletar 1) €voeln . Mévouv 4 Véoeic ot onoleg Ya Pdloupe wia Sudtaln 4 opaptdiny
Ue aprduole YVNolwe avauesa ota &, .

2. () c=2.
(B) fx(x) = 32%1ucp), fr (@) =2yLye)-
(v) 'Eotww
Ar={(z,y) €[0,1]" 1z <1/3},
B:={(z,y) €[0,1*:y > 2x}.
Tote

P(X <1/3)= //A f(z,y)dxdy = /01 /01/36x2ydxdy = (1/3)*> =1/27,

L ry/2 1 Y
P(Y>2X):// f(:c,y)dxdy:/ / 6x2yd:cdy:/ Zdy:1/20.
B o Jo 0

[ Tov mpocdloploud twv oplwy g oloxhfpworng, Ponddel ToAd va xdvoupe oyfue. o v
Tew TN TavoTnTa uTopel xavels va yenowonomoet Ty tepriweta TNg X, ahAd TEOTWAUE TNy THo
Tave yevixt| uédodo.

ol

3. () Aev eivar aveldptntec. Autd mpoxinTet, T.y., ano 1o 6t 1) tuxvotnta f(z,y) me (X,Y)
dev uropel v ypagel we ywouevo h(z)g(y) (n Sixawordyrnorn eivar edxohn). Eva mé dioncdntind
emtyelonua eivon 1o €€hc. Ou yenowornotioouue o 61t P(X <Y) = 1. Emhéyouye xatddhnia
olvoha A, B xau delyvoupe P(X € A,Y € B) # P(X € A) P(Y € B). IIi6 ouyxexpyéva

P(X <2/3,Y <1/3) P(Y < 1/3) B 1 )
PIX <2/3)P(Y <1/3)  P(X<2/3) Py <1/3) PV <1/3) "
B)
E(Ye®) = //]1@2 ye® f(z,y) dedy = /0 /Oy ye"S8xydrdy = ... = 8/0 v (yeV—eV+1) dy = ?—246.

OAoAANPOYOUUE %ATA TARAYOVTES APAETES POPEC.
() Opowr dnwc oto (B), Beloxoupe 6Tt yio r > 0 oy et
8 4
E(X")= —o 2
(X7 (r+2)(r+4)

Apa
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4 8 4 4
Cov(X,Y)=EXY)-EXEY = - — —— = —|
9 155 225
1 8\ 11
X)=EX) - (EX)?’==—-(—) =—
V) = B0 - (BXP = - (55) = g
2 16 2
yy=2_2_~%
Vi) 3 25 75

Cov(X,Y)  4/225 4
VIX)V(Y) 22 522

3x15

p(X,Y) =

4. Ye auth TV doxnor, Bonddel ToAl v oyedidoet xaveic To ywelo B mou 1 muxvotnta fetvan
dapopeTix) and to 0.

(o) Ohoxhnpddvoupe TV f oty Tour| Twv yoplwy
A:={(r,y) eR*: 2 +y <0},
B:={(v,y) € R*: f(z,y) # 0} = (-=1,0) x (0,1) U (1,2) x (=1,0).

H top# etvor to tplywvo pe xopugée (—1,1),(—1,0),(0,0), xou exel v f €yet “evialo TOm0”, 1600
ue —ay. ‘Apa

P(X+Y < 0) = P((X,Y) EA)://f(x,y)d:cdy:/_Ol/g_x(—xy)dydx:—%/_Olac?’dx:%
A

(B) Trohroyilouye 800 BImAG OAOXANPOUOTOL.

E(XY) = // xyf(x,y)dyde = /_01 /01 xy(—zy) dydxr + /12 /_01 xy(—zy) dydr = ... = —8/9.

(v) Ov XY Bev ebvon avedptnrteg, xat autéd unopet vo detydel pe tohhole tpdmouc.

log tpodrog. Troroyilew xaveic Tic teprdwptes fx, fy xou Selyver 6Tt 10 6Ovoro wwv (z,y) Tou
wovorowoty ™y f(z,y) = fx(z)fy(y) dev amoteholyv alvoho tou omofou to cuumhipwuo €yel
uétpo (eufodov) 0 oto R?. Anhadh to xahd (2,y) dev ebvar 660 TOAG TpéReL.

20¢ tpoTmog. Eb® expetahevopacte v wopet tou ywelou B. Eow C) = (1,2),C = (0,1)
TéTEP(XECl,YGCQ):OEVOC)P(Xecl) (YGCQ)>O AAPOCP()(EC&,YVECVQ)7é
P(X € C1)P(Y € Cy).

5. Enedr) n Cov elvon drypappixy|, €(0ule
Cov(XZ%Y + Z) = Cov(XZ%Y) + Cov(X Z?, Z)
=EB(XYZ* - E(XZ)E(Y)+ E(XZ?) — E(XZ*)E(Z)
= E(Z*)(E(XY) - E(X)E(Y)) + E(X)E(Z2%) — E(XZ*)E(Z)
=Cov(X,Y) = 1.
Xenowonotfoope v aveloptnola tne Z and tic X,Y xow 10 6w E(Z) = E(Z°%) = 0, E(Z?) =
V(Z) = 1. O wyvptopdc E(Z?) = 0 npoxirtet and to 6Tt 10

1 o 2
E(Z%) = — e dx
V2 /_oo

elval 0OAOXAPWUAL UG TEQITTAC GUVAPTNOTG OF Ywplo GUPNETEXO Yipw amd To 0.
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6. H odwonopd xadeplag and tic X, Xy ebvon u? Ou YETOWOTOLCOUUE TO X4Tw OTL AOYW
aveZaptnolog éyouye Cov(Xy, Xy) = 0.
COV(Xl + XQ, 2X1 + 3X2) = 2COV(X1, Xl) + 3COV(X1, XQ) + QCOV(XQ, Xl) + 3COV<X2, XQ)
=22+ 040+ 3u% =542
‘Enerta, V(2X1+3X5) = V(2X1) 4+ V(3X2) +6 Cov(Xy, X2) = 13p% Opoa, V(X1 + Xz) = 2p%
‘Enetor 61t p( X7 + Xo,2X7 +3X5) = ... = 5/v26.

O tuyadeg yetafhntéc Xy + Xy, 22X, + 3X, 0ev elvan aveldptntee yotl €youv cuvdlaxbuovor)
OtapopeTxt ano 1o 0.

7. Av firav aveldptnree, tote émpene V(X1 + Xo) = V(X)) + V(X2) = 2 10 onolo eivar droro.
Emuniéov

1
V(X7 + X3) =V(Xy) + V(Xs) +2Cov(Xy, Xo) = Cov(Xy, Xs) = 3

‘Eneita €youye

0 = Cov(X1, X — ¢X1) = Cov(X1, Xs) — e Cov(X1, X,) = % L V(X)) = % e
Apa c=1/2.
8. Troloyiloupe 61t

E(Y)=> 37'2=203""-1)/2=3"—1,
=1

xou Moyw aveloptnotag,
V)= VETX) =) 37)V(X) =8> 97 =9"—1.
i=1 i=1 i=1
Apa
L=V(a,+B8,Y)=BV(Y)= 29" — 1) = B, = (9" — 1)/
X0

0= B+ BaY) = ap+ (3" — 1) = a,, = —(3" — 1)/v/0" — 1

9. (o) O tiéc mov umopel va mdper N Y elvar ta otoryeia tou ouvéhou A = {1,2,...,20}. H
ouvdptnon miavotntoc e ebvon fy (k) =0 av k € R\ A evd yua k € A éyouue fy (k) = P(Y =
k) = P(X =21 — k) = 1/20 ago) oxoloudei tny opoduopyn xotovou oto A. ‘Enctar hondy
ot xon 1 Y axoloudel tny B xatavour pe Ty X.

(B) Mepwévouye 1 ouvdtoaxduaver va ebvar apvntixd, yiotl 6tav 1 X mofpvet yeydhec tuée, n Y
Talpver uxpeg, xou 6Tay 1 X modpver wxpég TwES, 1 Y madpver peydies. H tiuy) tng ouvdioncpaveng
etvou

Cov(X,Y) = Cov(X,21 — X) = Cov(X,21) — Cov(X, X) = —Cov(X, X) = —V(X).
H Swaonopd tne X ebvon Vet yroel n X dev ebvan otadepd. ‘Apa Cov(X,Y) < 0.

10. (a)
Cov(Xi, X;) = BE(X;X;) — E(Xi)E(X;) = P(X; = X; =1) - P(X; = 1)P(X; = 1)
(n=2! (=-D'n-1! 1 1 1

n! n! n! nn—1 n? n2(n—1)
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Kdémoeg e€nyfoeig yia tov urohoyioud. H tuyaio yetaBinth X; X, rafpver uovo tig Tée 0 xau 1,
xow Ty T 1ty madpver axpiPog dtav xar 1 X; xon 1 X wwolvton pe 1. Oxndte

‘Oyota duxanoroyovue xou v £(X;) = P(X; = 1). To undhowta eivon cuvduaotixt| (suvoixéc dia
SUVITEC TIEPITTMOELS....).

Apa o X;, X etvan etixd ouvoyetiouéves. Autod elvan avopevouevo ywtl otav 1 X; molpvet
veYSAn T (Snhodr 1) etvon mo mdoavd xon n X; vor mdper eniong peydhn th. Av o empPdrng i
xadloel oty cwotr Vo, yewwvel Tig Mdog emhoyEg i Tov j, xau €Tot Tov Bonider va xodicet
xot autéC oty Yéomn mou tou avohoyel. Oupolwg, 6tav n X; nafpvel yixer, tur (dnhadt 0) eivor mo
mdavo xon 1 X va ndpet enfong wixer Ty, Av o emBdtng @ xadicer oe Mddog Véor), evoeyopEvwg
va xadioer o authy Tou J xou €tot va emPdrer X; = 0.

(B) Ba yperaotolue to 6Tt yio xde i € {1,2,...,n},
1 1
V(X;)=———,
(Xi) = = —
mou oy Vet vl i X; nabpvel povo Tweég 0 xon 1, ondte X? = X;
V(X)) = B(X}) = (B(X,))* = B(X;) — (BE(X3))? = (1/n) — (1/n)*.

Enewon
We=>) "X, (7)
=1

YETOWOTOLOVTIG TNV YRUUUIXOTNTO TN LECNC TWNASC XU TNV OLYROUULXOTNTA T1S CUVOLIXOUAVETNC,
Beloxoupe

E(W) = ZE(XZ-) = Z% =1
pigeis - =

V(W) = Cov(W, W) = Cov (Z X, ZXZ) =Y Cov(X;, X;)+2 Y Cov(X;, X;)
i=1 i=1 i=1 1<i<j<n
n—1) 1 11
— 14+ -=1

2 n’(n-1) n - n

Yy oAhwo: Oa unopolioe xaveic va Bpel tpwta Ty xatavour| g W, dnhady| tic Tiuésg P(W =k)
v k=0,1,2,...,n, xa petd uc E(W), V(W). Autd bpwe dev eivar anhi) unddeor (npoximtel
amo TNV apyt eyxhecuol-anoxhelcpod. O unoloyiouds autédg Beloxeta oto Iapdderyua 1.21,
oeh. 53, oto PiBhio tou x. Xapohounidn, Oewplio Iiavothtwy xa Egapuoyéc). Tlpocéte nwe 1
yeopy) (7) xon ot wétnteg wv E, Cov xdvouv tov unokoyloud tne E(W) tetpyuuévo, xon autdy
e V(W) ebxoho.

—nV (X)) + o

11. OpiCoupe ti¢ tuyaiec yetafintéc {Z;, W; : 1 < i < n} wg e

7 {1, av oTtny ¢ pldm epgpavieton 2, W {1, av otny 1 pldrn eppaviCeto 3,

0  OSwpopeTind, 0 OdpopeTxd.

Tote Z =214+ Zp, W =Wi+---+ Wy, o Z;, W ye @ # j ebvan aveldptnteg yioti agpopoly
drapopeTinég plbelg, xou dpal
Cov(Z, W) =Y Cov(Z;, Wy).
i=1
‘Ouwc Cov(Z;, W) = E(Z;W,;)—E(Z;)E(W;) = 0—(1/6)(1/6) = —1/36, yti Z;W; = 0 ndvtote
(otnv @ pidhn Bev etvon Suvatdy va epgaviotel xa 2 xou 3). Apa Cov(Z, W) = —n/36.
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Ed® 10 apyntind mpdomnuo tng cuvdtaxuavong etvon avauevouevo. Meydheg tiuéc g Z emiPd-
houv uixpes TweEe T W, eved wixpég TweS Z g euvooly ueydheg Tipég tng W

12. (o) And v ypouuixodtnta e uéorne e éyouue
— 1
E(X)= E(EXl +---+EX,) =pu,
xou emed”) o X; ebvon aveldptnTeg, éyoupe
— 1 1

(B) Pedepoupe

=1 =1
_ <Z X3> X
=1

Topo naipvovtog PEoeS TWES, YENOWOTOIWYTIUC T0 6T ot (X;)1<i<n EIVOL LGOVOUES, XUt TO EQWTNUAL
(o), maipvoupe

(n = DE(S?) = nE(X}) = nB(X") = n(V(X1) + E(X1)?) = n(V(X) + E(X)?)

=n(o?+p*) —n <%2+u2) = (n—1)o?

ITou efvon to {nroluevo.

(n—1)52% = i(){?—zXXJrX (Z)ﬂ) — XX +nX

13. («) Eivor nenepoouévn uévo yiot < 0. Tt

o 1
Mx(t) :/1 6 Pdl’
xo 6tav t > 0, 1 ouvdpTNoT ToU OMOXATPWVOUUE WavOTOLEl lim, ;. 72 = oo. ‘Apa 0

YEVIXEUPEVO 0hoxAfpwpo tooUton we oo. Tt < 0 éyouue Mx(t) < Mx(0) =1 < oo.
(B) Bewpolpe ™y X pe muxvoTn
fx(e) =2 =L
0 OLOPOPETIXAL

Avéhoya enyephuata 6nwe oto (o) anodewviouy 1o {nToluevo.

14. (o) T xdde u € R éyoupe

Py (u) Zuk f,\ _ i oMu—1)

H mwdavoyevvitpla elvon nenepaopuévn yia xou% u € R. Enoyevwg, TopaywyIlovtag wg Teog u 6po
TEOS OPO TNY duVAUOGELRd 8U0 Qopés, Talpvouue Yia xdde u € R,

Pi(u) = B(XuX71) = \eMeD),

PY(u) = B(X(X — 1)u™* %) = XD,
D u =1, o1 dYo autéc oyéoeic divouv E(X) =\, E(X(X — 1)) = A% Apa E(X?) = A2 + X\ xou
V(X) = E(X?) - (E(X))* = \.

Yy ohwo: Xpnowonowlye and 1ov Anelpootind 11 6t av wo Suvapoocelpd €yel axtiva olyAiong

R > 0 tote 1 nopdywyog e oto (—R, R) mpoxdntel Ye mopaydyton 600 Teog 6po.
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(B) H mbavoyevvritpia tou adpoiopatoc oe xdde u € R woolton pe

P, (1) = B@S+50) = B@) o B¥) = MO . b
_ e)\(u—l)‘

H tehevtaio efvan n mbavoyevvitpla tne Poisson(A). Zépouye (ndh and Anepootixd 1) i av o
Tuyadeg petaBantéc X, Y maipvouv Twec oto N xan o mbavoyevvitpleg toug, Px, Py, cuugomvoly
oe W tepoy ) Tou 0 (dnhadh Px(u) = Py (u) yia u € (—¢,¢) i xdmowo € > 0), t61€ €youv TV
ol xatavopr. Apa

X;+ Xo+ -+ X, ~ Poisson(\)

P'SA_ZZ IA

15. Avartiooviag TnV g o€ duvapoacelpd ue x€vteo to 0, Beloxoupe 0Tt 0L GUVTEAEGTES TV GpwY
3" ue n > 1 elvon apvntixol, dpa Sev etvon duvartdy va ebvan mdavoyevvitpto.

Lo vaetvan ) f mboavoyevvitpla, avayxoto ouvdnxn eivan 1y f(1) = 1, an’” 6nou Peloxouye a = 1.
Dot auth Ty T Tou a xan Yot xovtd oto 0 (udhota t2/7 < 1 efvor apxetd), urohoyilovyue

t5n

_ 1 2 1 2 - 1 5n - 5 5n+2
f(t)_ ?(525 +1)1_t_ 5t Z Z7n+1t +Z7n+1t !
n=0 n=0

7

1 omola gfvar par SUVAUOGELRS PE Un opvnTxols ouvteleotés (ot omolot adpoillouy ato 1 Aoyw g
f(1)=1). Apa yioa =1, 7 f elvon mdovoyevvhtpto.

(o) H xaravopr tne X npoodiopiletar and tny ouvdptnon miavétntde e we e€he.
/7 av k=5npen eN,
P(X=k)=<5/T""" avk=5n+2peneN,
0 OLULPOPETIXG.

(B) Katd o yvwotd, E(X) = Py(1—) = 5/2 xau E(X(X — 1)) = Py(1—) = 55/6. Apa
V(X) = E(X(X - 1)) + E(X) - (E(X))* = 65/12.

16. (o) e t € R éyoupe

Y[ AT [
Mx(t) = T(a) /0 et e M dy = ) /0 20 e A0 gy,

Hpoxtnter aro v teheutaior éxppacn 6Tt M(t) = 0o axpiBde vyt > A Evéd y t < A éyoupe

D —x(A—t) A* [ oyt ]
My (1) = a—1_—x(A t)d Y i / y d
x(1) F(a)/o voe v T@) J, O —ta1° XY

()
(A—1t)* A '
Eneo) n Mx ebvan nenepacuévn oe neployr) Tou 0, umopolue va €0oulE o€ exelvn TNV Teploy,
E(Xe™) = My (t) = a1 (1 — A1)~
E(X%™) = MY (t) = ala+ DA 21 —tAH) 2
O¢tovtoc ¢t = 0 nadpvouue E(X) = aX™' E(X?) =ala+ 1A 2 Apa V(X) = aX 2.

(B) H ponoyevvitpia tou adpoloyatoc oe xdde t € R 16obtan pe

Myytix, (£) = B 4X0) — B B(eH)
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Moyw avelaptnofac. And 1o (o) €youue 6T auUTH N TOCHTNTA Elvon TEMEQACUEVY oXEBMS GTaY
t <A Koy oautd ot €youue

0 (-0 () () T ()

Eniong, n xatavour I'(a, ) éyel axpiBde Ty (Blo pomoyevHTpLo, %ot quTH 1) TOUTOTAHTO TWV po-
TOYEVVNTELOY toyvet ot wa teptoyh Tou 0. Eneton and yvwotr npétaon (Ilpdtaon 7.1.2, Touoc
2 tou BiBhiov tou x. Koltpa) o1t n Xq + -+ + X, axohoudel tny xatavoury I'(a, A).

(v) Kdde pio omd Tic tuyodeg petaBintée X;/n,i = 1,...,n axohoulei Ty exdetixr xotovour ye
napdueteo nd (vt v x > 0 éyoupe P(Xy/n > z) = P(X; > nx) = e "...), n onola eivan 1
['(1,n0). poximter amd 10 (B) 61 1 X axoroudel Ty xatavour| I'(n, nb).

17. Eot fx n nuxvomta e X. EOxola Beloxoupe 611 1 tuxvétnta e Y oebvan fy (y) =
%fX(%). Xenowonowvtag tov tomo v vy fx (dnhadn fx(z) = - +>0), Peloxoupe

A a—1_,—\z
m (& 1
6t muxvotno e Y ebvon auth e I'(a, /7).

18. (o) Kotd o yvwotd, Bploxovue 6t n ouvdptnor xatavophic tne —log X etvon n F(t) =
(1 —e7") 1450 mou ebvar ot Tng exdetxrc ue mopdpetpo 1. Apa —log X ~ exp(1l) =I'(1,1).
(B) Abyw Tou (o), éyovue 6Tt N Y elvon ddpotoua aveZdptntwy I'dupo ye xowr debteprn napduetpo.
‘Apa 1 xotovour) tng ebvan (1 +1+---4+1,1) =T'(n, 1).
() Encton ané 1o (B) xou v Aoxnon 17 1 n Y axohoudel tny xatavops, I'(n, 1/2) n omolo
etvon 1) x? pe 2n Baduolc ereudeptog.
19. (a) Oewpotye v tuyaia petofinthi Z = (X —p) /o 1 onola axorovdel v xatavour N (0, 1).
Towe X =pu+o0Z, xou
Mx(t) — E<€tX) — E(et,qutaZ) — et,uE(etaZ) — €t‘LLMz(t(7) — eutJr%thz.

Xenowonotooye 10 61t My(t) = et’/?, nenepaoUevy) yia xdde ¢ € R. 'Enecita, yio b € N €youue
E(XF) = M)(?)(O). Hopaywyilovtag, Beloxouue

M (t) = (n+ o*t)Mx(t),

M (t) = (0 + (u+ 0™t)*) Mx (1),

M (1) = {20t + 200) + [0” + (11 + 0*1)’] (1 + 0™t) } Mx (1),
xor Spo B(X) = p, E(X?) = 0% + p?, E(X?) = 3uo? + .
(B) H pomoyevvhtpta tou adpoloyatog oe xdde t € R wooltan pe

My, (8) = B(O00) = p(ut) . p(ut) = et+o

= €(M1+...+un)t+%(g%+...+g721)t2

2t2 “ e e/l,ntﬁ*%O'%th

H teheutaio ebvon 1 pomoyevvhTeLo g N(u, 02) UE [, 0 OTIWE OTNY EXPWVNOT TG doxnong. Zé-
couUE OTL av B0 Tuyaleg ueToPAnTée X, Y €youv TEMEQUOUEVEC POTEYEVVHTRIEC OE WA TIEQLOYT
Tou 0 (dnhadry obvoro g wopprc (—€, €) yiot xdmoto € > 0) xan CLUEEVOUY EXEL, TOTE €YOUV TNV
0w xatavopr;. To cuunépaocya EneTo.

(Y) ‘Ouota 6TeC 0TO TEONYOUUEVO EPMTNUAL.

(3) Me Béon o rponyolpevo, n X ~ N(p',0?) pe p/ =Y 0 tp=p,0? =3 _, Lo? =o%/n.
Kotd to yvwotd, 1 tunonoinon onotcdhnote xavovixfc axohoudel tnv N (0, 1). H turomolon trne
X ebvan 7

X, — 1 X, — 1
= Vi

= Zy.
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20. w7 > 1, éotw X; 0 ypbdvog eCunneétnomng Tou ¢ aThUaTog. ATo TIC IOWOTNTES TNG EXVETINAS
xaovopnhc éyoupe E(Xp) =1/0 =2, V(Xy) = 1/6? = 4. BEow S, = X1 + Xo + - + X, T
x4de n > 1. To xevipind oploxd Vemprnua Aéet 6TL 1)
S, — 2n
van

TEOCEYYLOTIXE axohoudel Ty xatavour N (0, 1).
Znrépe v mdavoTnTa

S100 — 200

< 1) ~P(Z <1)=o(1)~ 0.8413.

Y1ig o mhve 1ootnteg, 1 Z ebvon war tuyaio ueToANTH mou axohouVel TV TuTXY xAVOVIXT
xozovoury N (0, 1), xou yenotuonooaue To XeVTpixs 0plaxd Vedpnuol.

21. (a) 'Eyoupe P(X; =1) =1/3, P(X; = 0) = 2/3. Anhodn, xdde X; éyet xatavour Bernoulli
pe p =1/3. ‘Agat B(X;) = 1/3,V(X;) = p(1 —p) = 2/9.

(B) ©étoupe S, = X5+ -+ X, yraxdde n > 1. Ou{X; :i> 1} eivon aveldptnies xou lodvoUeC.
Enfonc Z = Sigeo, xou

~0((2) - o(-1)

S — 1800 (1/3
P(580 < 51800 < 640) = P (_]_ < 1800 ( / ) < 2)

1800 (2/9)
= ®(2) + (1) — 1 ~ 0.8186

22. 'Eotw (X;)i>1 ma axohoudio AVEEAPTNTWY LGOVOUKY TUYA®Y UETIBANTOV UE XaTavouy| o-
UoLOUopQT 6TO {1,2,3,4}, xor S, := X5+ -+ X, yra xé9e n > 1. O d%o TEWTES POTES TNS
X ebvan

1 5
E(Xy) = 1(1+2+3+4) =5
1 15
E(X?) = 1(12 +22 432447 = R
Apa 1 X éyer péom twh 5/2 xou menepoopévn doropd o? = E(X7) — (E(X4))? = 5/4. To
AEVTEIXG 0pLoxd VemETUor AEEL OTL Yial 1 UEYAAO, 1) Tuyoda UETUBANTY
Sp — bn/2
/5/4y/n
axorovlel TpooeytoTxd TNV TUTXH Xovovixt| xotavour), N (0, 1).
[ n = 80, éyoupe Hn/2 = 200 xou 1/ (5/4) n = 10, ondrte

Sso =200 _ 2) ~ B(2) — D(—1) = O(2) + B(1) — 1 ~ 0.8186

P(190 < Sgp < 220) = P (—1 <

H npocéyyion otny 0eltepn 1o6TNTa TEOXUTTEL UTO TO XEVIPIXO 0plaxd Yewpnua.

23. O¢rouue

P 1 av i pldn etvon ypdupata,
"0 OLUPOPETLXG.
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Téte X; ~ Bernoulli(1/2), dpa p := E(X;) = 1/2,0% := V(X1) = 1/4. Ov (X;)i>1 e
aveZdptnTee o todvopes. Oétouue S, = X + - + X,,. T n peyddo, n (S, —n/2)/y/n/4
axorovlel tpooeyylotind tny xatavour N(0,1) (and 1o xevipxd optoxd Yewpnua). Apa

S100 — 90 (DN 1
—/4§—2>NCI>( 2)=1—-9(2)

P(S100 <40) = P(S190 — 50 < —10) = P ( 0

24. Aouvkebouye OTwS %ot oty TEoNYoluEvY doxnor. 'Eotw Y; o aprdudc Aaddv otny ceAida 1,
o
Y 1 av n oehlda i dev €yet xadorou Adim
"o OLUPOPETIX
=époupe 6Tt Y; ~ Poisson(0.7). H X; oxoloudel tny xatavour Bernoulli(p) ue p = P(Y; =0) =
e 07(0.7)°/0! = e 0T~ 1/2. E(X1) =p=1/2,V(X1) =p(1 —p) =~ 1/4. Apa

Sea — 32
P(Se1 < 36) = P(Sg —32<4) = P | ZX—"< 1| =~ d(1).
(Sea < 36) = P(Se4 <4) ( 64/4_) (1)

H mpd1n ioétnta elvon mpocéyyion yiati ypnowwonotioaue Tic tpoceyyioTés Tuée yio o (X ), V(Xq).
H teheutaio to6TtnTa TooxinTeL and To xevipind optaxd Yewmpnua.

25. Yuvorntxf hon. 'Eotw X; 10 anotéheoya g @ wétpnone. E(X;) =0,V(X;) = (0.1)?/12 =
0.01/12.

S0 — 300 X 0 0.25
P(|Ss00| < 0.25) = P [ |20 *7 < ~ P(|Z] < 0.5)
/300 x 0.01/12| ~ /300 x 0.01/12

= ®(0.5) — B(—0.5) = 26(0.5) — 1
6mou Z ~ N(0,1), ot YenotHoTOlCoUE TO XEVTPIXG 0ptoxd Ye@prua.

26. Eoto {X; :1 <i <200} xou {Y; : 1 <4 <200} ot emBOOEKC TwV QOITNTOY TwY 0pddwy A
xot B avtiototya. Oérouye W, := X; —Y; vy xdde i € {1,2,...,200}. Tére

1 1 1
— N x, - — Ny, = —
200 =" 200 ; 200 <

200 200 200

My — Mg =

Ou{W; : 1 <1 <200} givou ave€dptnteg PeTall Toug, xat €Youv OAEC TNV (Bl xatavour, ue Yéon
nwh u=EW) =E(X;) — E(Y1) =9—8.5=0.5, xau dtoaonopd

VW) =V(X, —Y;) = V(X)) + V(Y1) — 2Cov(X1, V) = V(X)) + V(7)) = %

W

1
6 +
Aoy aveaptnotag twv X, Y.

Onéte

200 200
1 1
P(Ma— M 5,065)=P|—SN W, e[05065 ]| =P —S "W, -0 .3/2
(My — Mg € [0.5,0.65)) <200 ;-1: €[0.5 065]> (200 § 0.5 € [0,3/ 0])

200 200
% B, — 200 x 0.5
_p §jW-200><05e030 - “ 22 e 10,3]
/200 x 1/2

=1

~ P(Z €[0,3]) = — B(3) — 1/2 = 0.4987,

bmou Z ~ N(0,1).



