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Kegpdioro 1

Eicaymy

Ac apyloovue mpoomabdvtog va neptypddouue T elvar i Aoyuxr|. Xuyvd Aéye-
T 6Tl “n Aoy ueketd Toug véuoug g oxédmng”, autd dumg elvol TapaTAa-
v, H uehétn tov vopwy g oxédne elvon avixeipevo tng Yuyoroyiag,
eved 1 Aoy evBlagpépetal ubvo yla TG OXEPELS EXELVES TOU ATOTEAOVY ‘amo-
deleic’. Xtg anodelelg dev uog evdiopépel To TepleOUEVO, OARA 1 LOP®N.
[ var Sovue T evvoolue ye autd, ag pléouue o uatid oTig axdiouleg ano-
deléelc:

(1) Kdbe dvbponog eivor Bvntéc.
O Ywxpdtng elvon dvbpwroc.
O Xoxpdtng elvar Bvntoc.
(2) Kdbe dhoyo eivar aondévduro Léo.
O Nropric elvon droyo.
O Nrtoprc elvan aondvduro {do.

[MTopatneoiue 6TL xan oL d%o €youv TNV Blar Lope:

Kébe A elvon B.
O T eilvan A.
O T elvar B.

Yy npdtn anddeldn xou oL Tpelg mpotdoelg elvar aindelc, evédd otny deltepn
anddelln n medTn xou N Teitn mpdTaoy elvar Peudhc xol 1 deltepn mpdTaom
elvar adnfic (- unobérouue 6t ‘Nrtophc’ elvan to dvoua xdmolou aldyou).
Auté mou mpénel va toyel Yo pia anddelln elvar to €€rig: Av ou umobéoelg
elvar aAnbelc, téte xa t0 ouunépacua elvor ainféc. H Mabnuoatixy Aoy,
ToL O pog anacyolfoel €36, ueketd pabnuoatixés anodeliele.

And 6,1 Eépouue, 0 AploTtotéhng oy 0 TpdToC AVOpWTOS oL UGy O
Onxe ovotnuaTxd ue ) Aoy xat SlaTinwoe AmodeXTIXOUS XAVOVES, TOU



xenowonoinoe o Buxheldng. Yofapéc hoywég uehéteg, o xatevbuvon Slago-
EETLX Ao AUTH) TOU APLGTOTEAN XAl TWY LAONTOY TOU, TEAYUATOTOINGAY UEAN
e YTt priocopuxic oyohig, Wiaitepa o Xpdoirrog. ' moAlolg oud-
VES Ol PLAOGOPOL 0 OAONXAY 0LVGLAGTIXG UOVO e TNV Aplototelx) Aoy,
n omola ebewpeito wg aviinahn g Ltwixng Aoyxrc - uetd v Avayévvnon
EYLVE CAPES OTL EMPOXELTO LU GUUTANPOUATINES Xl O)L YLt AAANAOGUYXEOUO-
ueveg Dewplec.

"Hdn and tnv apyondtnta @avnxe OTL 1) XeNoT QUOIXAY YAKWGGGHY, T.Y. NG
Mg, Snulovpyoloe mpofAuata ot hoyxég uehétes. Ag Solue Eva
TUEASELYUA TTOL TPOEPYETAL ATd TOV TAATLVIXS Sidhoyo Eubfidnuoc:

(1)  Avuté elvou dhovo.
Autd elvon Aeuxd.
"Apa autd elvar Aeuxd dhoyo.
(2) Autéc o oxdhog elvar matépog.
Autédc 0 oxOhog elvon dixdc cou.
Apa autdc 0 oxdhog elvan Sixdg cou matépag.

Ou npotdoelc g ouddac (1) mpogavde anotehody éva éyxupo emtyelpnua,
eved autég g (2) dev amoteholy, map’ 6ho mou aivetal va €youy Ty (Sl
yhwoouxh Soun ue exelveg tne (1).

"Eyive howndy cagéc 6Tl tay oxdmiuo va yenowonoinboly ‘cuufolés’ 1
‘tuixég’ YAwooeg otn Aoywr). Méypl to Meoalwva n yerion cuuBéiwy frav
TOA) TEPLOPLOUEVT - XdTola GUUBOAX EYENCULOTOLOUVTO WS CUVTOUOYRAPIES.
H yenon ouuPérwy ota Mabnuatind, n omola elye cuufdier oty avdntuin
TOUg, 03N YNOE GTNY ELGAY®OYN GUUBOA®Y Xat YL TN LEAETN AoYX@Y Oeudtov.
Alamotdinxe 6t ue ™ yeron cuuBéiwy ba unopodoe va auinbel oyl udvo
N axplfela oTn SLATUTWOY EMYEENUATOY, UE ATOTEAEGUA VO ATOPEDYOVTAL
TpoAuaTa OTWS TO AVKOTEP®, AAAE ol 1 YEVIXOTNTA e@opuoYns uebddmy
XL HAVOVOV.

O G. Leibniz (1646-1716) fitav 0 mpdhtog moL GUVENTONOINGE T GTOU-
dandtnTa eloaywyng evog xahol teémou cuufoliouod ota Thalolo TG avd-
ntuEng evic hoytopoy entyelpnudtony. Enlong o B. Bolzano (1781-1848) yen-
owonolnce Ul NUI-TUTLXY YAGGoA, SNAadY) TN YEQUAVIXY EUTAOUTIGUEVY UE
didpopa £l oTabepdy xot UETABANTGY, Yo Vo UEAETHOEL BACLXES EVVOLES TNG
Aoyuig, 6mwe Ty évvola Tng Aoy cuvemaywyhc. 2 Beuehiwtéc tng ‘Xuy-
Bohuwig’ A ‘Tumxnc’ 1 ‘Mabnuatixis’ Aoyinrc Bewpodvton ov A. De Morgan
(1806-1871) xau G. Boole (1815-1864). To 1847 dnuoactetbnxe o épyo Formal
Logic tou mpdtou xau 1o épyo Mathematical Analysis of Logic tou Seltepov,
ue to onola Bewpolue 6TL yevwibnxe n vedtepn Aoyua.
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Y10 téhog Tou 190U adva Stopoppdinxay TEelg EMXANUTTOUEVES GYOAES
Aoyuic, n ‘ahyeBeuxr), N ‘hoyuaoTixny xal 1 ‘QopUaAloTxy’. XNV eXTAN-
xTf) dvnor| Toug, 1 omola SLpxECE XAl GTOV ALBGVA UAG, GUVETEAEGAV 1)
avoxdAudn Twv un Buxdeldeiwy yeoUeTpldy xou Twv nopadédwy otn Oewpla
Yuvéhwyv, v onola avéntuie onuavtixd o G. Cantor (1845-1918).

Kuptétepol exnpdownol tng ahyeBpixric oyohric ftav ou G. Boole, J. Venn
(1834-1923), C. Peirce (1839-1914) xou E. Schréder (1841-1902). H oyoly
AUTY) ETUXEVTPWOE TO EVOLAPEPOY NG GTN UEAETN NG GYEOMS TOL UTAPYEL Ue-
tall aplfuntixdy tpdiemy, dnwg N tpdobeon xal o Toh/ouds, xoL Noyxdy
npdZewv. Kiplog otdyog ftav n avdntudn Aoylouny ue epapuoyy oe diud-
(POPEC TEPLTTMOOELS, OTWS TPOTdoELS, aUvola xat mhavotntes. Apyilovtag ue
éva 1) Teplocdtepa alyeBpxd cuoThuata, oL ahyeBploTég dlatinmvay éva ol-
voho aloudteny to onolo ahibevay oe xdbe éva and ta ouotiuata autd. To
cVoTnua Tou avéntuée o Boole ftav ouvclacTtixd autd TOL GHuEpR xAAOUUE
‘dhyePeo Mmoul'.

To uéhn g AoyuwaoTtinrc oyohic lotevay 6Tl 1 Aoyua) anotekel tn Bdon
v %d0e eldog axpBoic emyeiponuatoroylog. Koplol exmpbdownol tng Htayv ol
G. Frege (1848-1925), lowg o peyahitepog Aoyixds WeTd Tov ApLoTOTENY,
xat o B. Russell (1872-1970). O Frege avéntuie ue pabnuotixd avetnpdtnta
uta mhoveolo Tuxy) YAdooa ato épyo tou Begriffsschrift xau npoondfnoe vo
delel 6L ddpopa véen twv Mabnuatixdy, énweg n Oewplo Aplbudy, Atay
oty mpaypaTixoTnTa Uéern g Aoyumc. Auotuydg, To 6UGTNUA TOU HTav
avTipatind, onng édeile o Russell ue to meplpnuo mapddold tou, xou énpene
vo anopeLpbel. e pia npoondbeta va Bedtidoouy tny xatdotaom, o Russell
xat A. Whitehead (1861-1947) avéntuZav t ‘Bewpla twv tinwy’ oto épyo
toug Principta Mathematica.

H gopuaiicotiny ool elye wg onuavtixdtepoug exnpocmdnoug tng tov R.
Dedekind (1831-1916), tov G. Peano (1858-1932) xow tov D. Hilbert (1862-
1943). Exondg oV epeLVAY NS GYOMG AUTAHS HTOV 1 XATAOKEUR ALOUATIXADY
CUOTNUATWLY Yia el pwépoug xAddoug twv Mabnuatixdy, t.y. ™ lewuetpla,
N Oewpla Aptbudv xtA. H Baocuxd xatedbuvon ftav n Sla ye auth mou elye
o Eudeldng ota Vrtoryela, ue éugacn duwg otny enaxplBy datdnmon twv
AoYdy xavévey mou emtpénetor vo yenowonototvtat. O Hilbert uniple
EUTVELGTNS TOu Aeyduevou ‘mpoypduuatog tou Hilbert’, otéyog tou onolou
ftay 1 tumonoinon twv Mabnuatixdy xou n anddelln 6Tl oL cuvrbelg anodel-
xTég uébodotl dev elvat Suvatd va 0dnyRoouy ce avtipdoeLc.

‘ANouL onuavtixol hoyixol otov atdva pag Hray ot L. Lowenheim (1878-
1957), T. Skolem (1887-1963), A. Tarski (1901-1983), A. Church (1903-1995),
K. Godel (1906-1978) xar S. Kleene (1909-1994). Ewdwxd o Godel Bewpeitol
S 0 x0pLYPALOg hoYLXdS ToL aLwdva, apol anédelle duo and ta HepehiwdéoTtepa
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Bewpruata tng Aoyug, dnhady to ‘Bedpnua TANEGTNTAS TOL XATNYOPNUATL-
%00 hoylouol’ xat to ‘Oedenuo unrrAnedTnTag TS TUTXAS aELOUNTIXAS .

Ou Tumixég YAGooeg Tou Ha ypnowwonotioouue ot endueva elval ol e€hg:
N ‘YAGoo Tou TpoTacloxo) AoYLouol’ xal ol ‘tpwtofdbuleg YA®ooes'. Mn
YADGGA TOU TPOTAGLAXOV AOYLGUOU 08NYOVUAGTE XAVOVTAS UL YOVIPOXOU-
uévn agaipeon ot uia puolxy YAOGo, evédd 6Tig TewmToBdluleg YAOGoES xdvo-
vTag uta AenTéTERT 0T YADooA Tov yenoluonotovue ota Mabnuatid, dniadn
og ua Quowxy) YAwooa uall ue yepuxd diha olufora. Mikdvtag yio Tumixég
YADOGES YPNOLUOTOLOVUE PUOIXES YADOOES. TN UEAETN UaC AOLTOV TEETEL
VoL xdvouue SLaxpLom avauesa 0T ‘YAGOGo-avTixeluevo’, Tou elvon 1 TuTLXN
YAOOGH TOL UEAETAUE, XL OTN ‘UETO-YAMGOGA’, TOu elval 1 QUOLXT YABOCA
Tou uetayeletlouaoTte ot ueAétn pwog. o pag ueto-yAdooo elvar ) eAAnvixn
uall ye yepixd olufoha xot YAOCGA-AVTIXEUEVO [ia atd TIS TUTIXES YADGOES
TIOU AVUPEPAUE TEOMYOLUEVWLS, O de TpdTOg spyactag elval autdg Tou yenot-
uomnotovue ota Mabnuatixd — autdg elvor xor évag Adyog yla Tov omolo 1
Aoyuai mou uag evdlagépel xahettar ‘Mabnuatixd’.

M puoxn YAGooo €xel Suo TASUPES:

o) ) ‘ouvtaxtxd, dnh. éva 6Uvolo xavévwy Tou TEpLYpdPouY Ttotol elvor
OL EMLTEENTOL TEOTOL VLo TNV XATAGKELY) AEEEWY XAl TPOTACEWY, Ywplg
TNV TOEAULXET| AVaPOopd GE EpUNVELES TV AEEEWMY XAl TROTAGEMY, XAl

B) ™ ‘onuactohoyxd; B ‘onuavtixd’, dnA. Ty andédoor, VOAUUTOS oTIC
AEZelg %ol TPOTACELS XAl GTNV GUVEYELL TNV anddoon Tung ahrbeag
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(‘ahnfic’ 7 ‘Peudic’) otic TpotdoeLs.

Axp B¢ To (8o ouuPaivel xou ue Tig Tumxég YAGooeg. H Paouar Stapopd elvar
OTL UE Uia TETOLL YADGOU ATOPEVYOUUE TIG AOAPELES ULIC PUOLXNES YADCGAC,
opilovtag (0N peTa-YAdooa!) auoTNEd TS GUVTAXTIXES XL ONUAGLONOYIXES
évvolec.

'Otay whdpe v éva abuPolo (f ouvduaoud cuUPérnv) tou divouue éva
bvoua, mou cuvifug elvat to Blo to cYuBolo (¥ o cuvduacuds GLUBOALY)
uéoa oe eoaywywd. ILy., ‘Hpdxhewo” elvar to dvoua upiag ehhnvixrc Aéing,
evé Hpdodhero elvan to dvoua ptag ehinvixrg toing. Ed6, mou n Sudxpion avd-
UECH TN YADOOU-UVTLXEEVO XAl TN UETA-YAMDGOA elvol oroudala, yeeldletal
Tohl GUYVE vau yenoLuonolodue ovéuata GUUBOA®Y (1) GLYSLAGUGY GLUPBOAGY)
e YAGoooac-avtixeluevo. [Na anhdtnta, deyduaote to e€nc:

o) Eva odufolo (¥ ouvduaoude cuufoiwy) e yAboooc-aviixeluevo Ho

XENOWOTOLELTAL XUl WG OVOUL TOU GTN UETA-YADGG

B) Qg 6voua evég oupfBéhou () cuvduaouol cUUPBOA®Y) NG UETA-YADOOUS
Oa yenowonoteitol



(1) To idto To abuPforo (H o Blog 0 cuVdLAGUSGS), av Sev uTdpyeL Tepl-
TTWOTN GUYYLONG XOL

(2) To oluPoro (# o cuvduaoudc) uéoa oe eloayYXE, oty avtifetn
neplntwon,.

Mepwd and ta oOuBola TV TUTXGOY YAWGGKY elval ‘uetafAntés’ mou
Talpvouy TWES 6 XAToLo GUVORO TEOTAGEWY, apthudy XTA. XN UETa-YADCCA
yeetalouaoTte xATL TUEOUOLo XaL YL AUTO YPNOLULOTOLOVUE ‘GUVTAXTIXES UETA-
BAntéc’ mou malpvouv Twwég 6 xdmolo 6Uvoho (ouvBuaouody) GuUBGALY TNg
YAGDOGAUC-AVTIXEIUEVO.






Kepdlowo 2

ITootaocaxy; Aoyuwxn

2.1 H yAdooa tng npotactaxns AoyLxng

H yAdoooa avty, mtou cuyfoiilovue ue Iy, elvar @twyy) o olyxplon ue uio
puox YAGoGoa: Bev Exel ypduuota Ue To onola QTdyvovTol AEEELG XAl 6T
GUVEYELX TPOTAGELS, AAAA UOVO GUUPOAA-TPOTAGELS IOV UE TN YEHON UEPLXMDY
oLVETIXDY GLUUPBOALV-AEEewY pog Sivouv véeg mpotdoels. To advolo twv
ouuPérov tng, mou ouufolilovue pe X(Io), éxel ta e&fc otouyela:

&) Do, P1, P2, -, TOU XONOUVTOL ‘TROTAGLOXES UETOPANTES

B) =, AV, =, >, Tou xoholvto ‘ovvdecuol’ — avtiotorya ‘devnor’, ‘ol-
Cevlr’, ‘dualevdn’, ‘cuvenaywyy’, ‘looduvauio’

) (), mouv xaholvtan ‘napevbéoelc’ — avtioTolya ‘aplotept| tapévheon’ xat
Y) (s ) e S XO OpLOTERY) TP N
‘deéd mopévheon’.

To abvolo tv npotactaxdy petaAntdy cvufBohilovue pue M (Ig). Oo yen-
OUOTIOLOVUE T P, G, T, ... O CLYTAXTIXES UETUBANTES OV TalpVOLY TUWES GTO
M(To).

Ou odvdeouol xar ot mapevhéoelg ovoudlovtor ‘Aoyxd clufora’, yiat,
6mwe Oo dolyue, éxouv xabopiouévo vonua, evéd ol Tpotacloxés UeTaBANTéS
‘un Aoywd olufohra’, emeldy) umopovv va epunveubolv ue Sldpopoug TEdTOUS.

"Exovtag det ta oVufoha tng L'y, ag otpagolue 610 cuvtaxtixd uépog.
Ogiopos 2.1.1 “Exgpacn’ tnc 'y ovoudletar uia memcpaouévy axolovbia
and ovufolrd tne, m.y. = poV -, (p1 — pa.

Me E(T'g) ouupohiilovpe to olvolo twv exgpdocwy e o, Oa yenowwo-

mololue de Ta Ypdupata o, 3,7, ... 0 cLYTAXTIXES UeTOfANTES Tou Talpvouy
née oto E(Ly).



Puowxd, uepuxéc uoévov and Tig exgppdoelg tng I'g Ha maiouy Tov pdro mou
nailouy oL MPOTACELS OE ULX PUOLXT) YADOOW, AUTES TOU TEPLYPAPOVTIL ATO
Tov ax6hovbo oploud.

Opiouds 2.1.2 Mia éxgppaon a xaleltar ‘mpotaciaxdc tinog’ avy (OpA. av
xatr uévoy av)

a) elvaw mpotaotaxy uetafAnty 7

B) etvar tne woppric (=6), (BAY), (BV7), (B—=7), (B ), drov 3,y

elvar 18y xataoxevaocuévor mpotaciaxol tumoL.

Na pepuxol npotaciaxot tonow: p1, (po A p2), (—p1), (p3 V (ps < po)).
To obvolo Ty Tpotactaxdy ey g Iy ouuBoiilovue ue T'(Ty). To ypdu-
wato @, ¥, X, ... (mpocoyy, dhho to x xat dhho to z!) Ba ypnoiwomolodvion kg
ouvtaxtixég petofAntés nou malpvouy Twég oto T'(Iy).

H dnapén tou cuvéhou twv npotactaxody tinewy e [y omnpiletar oto
Bedenua avadpounc yia 1o GOVOAO T®V PUOLXGOY aELHUGY:
Av A Tuydv obvoro, a € A xow g : A = A, téte vndpyet f : N — A tétown
TOL

f(0)=a
xat  f(n+1)=g(f(n)) yia x&6e n € N.

Yy nepintwor| wog, Oewpodue to cbvoro P(E(Ly)) (3nh. to 6vvoho Shwv
Twv utoouvorwy tou E(T)), to otoiyelo tou M (Ty) xau tn ouvdptnom h :
P(E(Ty)) = P(E(Ly)) mou opileton wg e

h(X) ={a: o g uopehc (-8), (BAY), (BVY), (B—17), (B ),
6mouv B,y € X},

yia xébe X C E(T).
Téte vndpyet wa ouvdptnon f: N — P(E(Ty)) tétoa Tou

£(0) = M(T)
xat  f(n+1)= f(n) Uh(f(n)) yio xé0e n € N.

Ou mpotaotaxol Timol elvan Aotndy T ototyela twv ouvéhwy M (Iy), h(M(To)),
h(M(To) U h(M(To))), ..., SNA. T 6ToLyela Tou cuvérou U,en f(1).

IopatAenon. I'a euxohio, Tohkéc gopéc ypnotuwonowlue |, | f {, } avtl
Y ()

Enewdq to T'([y) oplotnxe ‘avadpouwxd’, bdtav HEhovue va Seilovue 6T
6hol ol Tpotaclaxol TOnoL EYouy ULd LLOTNTA, SOUAEVOVUE ‘ETAY WYX, OTwS
poalvetol and To axdiovbo Hedenuo.



Ocdpnua 2.1.1 (Apyn g enaywyrhs v to T'(Iy))) Av A C T'(Ty) té-

Tolo0 TOoU
a) M(Tog) C A xau

B) ria xdbe o, € A, ou (=), (0 AY), (p V), (¢ = ), (¢ & )

avijxovy oto A,
téte A =T(Ty).

Anédeln 'Eotw A C T'(T) v to onolo woybouy ta o), B) Tponyouuévec.
Ocewpolue ™ ouvdptnon f : T(Iy) — N mou opiletar we &

(@) = apBude eugavicewy cuVdéouny oTov ¢, yia xdbe .

Oa deiloupe 6t A = T'(Ty). Ipdyuat, éotw én A C T'(Ty). Téte T'(Ty) —
A £ 0, ondte o f[T(Ty) — A elvan éva un xevéd urooivoro tou N. Abyw tne
apyfc tou ehayioTtou guaxold howmdy, to f[T'(Ig) — A] éxel eNdyioto oo
xelo, é6tw 10 n. And tov opioud g f, undpyel ¢ € T(Iy) — A tétolo tou
f(@) = n. Abyw tng undbeong a), o ¢ dev umopel va elvol TpotacLoxy| YeTa-
BANTA, dpa elvar g popehic (—Y) A (Y AX) 1 ... . 'Eote bt elvon tng poppric
(). Téte f(¢) =n —1, ondte P € A xou dpo (—p) € A (ue Bdomn 1o B)),
dnh. ¢ € A, mou elvan dtomo. ‘Ouota xatakiyovue oe dtomo av unobécouue
6t 0 ¢ elvan g popgiic (1P A X) A ..., ondte Loylel To {ntoduevo.

IMapdderypa. O’ anodeilovue 6Tt xdhe npotaclaxds TUTOS TEPLEYEL TOV (BLo
apLhud dedidy xau aptotepdy napeviécewy. 'Eotw A to 6ivolo Twv npotacia-
%Gy TOnY Tou éyouy auth Ty Wibtnta. pogavde M(Ty) C A (apod xdhe
mpotactoxy uetoAnt] nepéyel 0 deiée xan 0 aplotepés napevhéoels). 'Eotw
Thpa 6Tl p, 1 € A. O (—p) éxel wa 8edLd xau wia apLotepn Topévlieor napa-
Tévw and Tov @, dpa TEPLEYEL XL aUTOS ToV (8Lo apLbud deLidy xal ApLoTERHDY
nopeviéoewy, ondte (mp) € A. 'Opota BAénovue 6t (pAY), (VY)), (¢ — ),
(p ) € A, onéte A=T(Iy), oOupwva ye TV apyh TS ETAYOYNAC.

{2c oLVETELA TOU AVWTERK TAPABELYUATOS, AmodeElxVUETAL OTL O TPOTOE OV
yenowonololue g napevhéoelg dev 0dnyel oe aodgeleg, ue TNy Evvola HTL Yo
x&0e mpotactaxd TOTo ¢ undpyel Lovadixy| dtadixacia xaTtacxeLc Tou @ and
T TpoTacloxég UETABANTES mou eugaviCovtal 67 autdy. T vo anodel&ouue
70 YeYOvog auth Oa ypetaocTtolue to axdiovbo

Adppa 2.1.1 T tuydvta mpotaotaxo TURo @, XavEva yviolo apyixé TUufua
Tou @ Sev elval mpotaoLaxoe TUTOC.

Anédey. ‘Aoxnon.



Ocedpnua 2.1.2 (Oedenuo Movaduxis Avayveouuwdtntag) [a tic ouvap-
thoeic G- : T(To) = T(Ty), Ga,Gv,G, G, : T(g) x T(Tg) = T(To) mov
opilovtar wsc G- (p) = (—p), Ga(p, ) = (p AY) xat duota yia tigc Gy, G,
G, toyvovy ta eérc:

a) to otvvodo M (o) xar ta nedla tiudy twy G-, Gn xtA. elvar Eéva avd
duvo

B) ot G-, GA x.An. elvar 1-1 ovvaptioeic.

Anédeln o) 'Eotw, napadeiypatog yden, 6Tl vl x4moloug TpoTaolaxols
onoug @, ¥, x toyel GL(p) = GA(Y, X), dnhady| 6t o (—p) Tautileton ue
tov (¢ A x). Téte n axolouvbia cuuBdrwy —p) Bo tavtiletar ye ™y P A X),
dpat To TEGHTO GUUBOAO TOL TEOTAGLUXOY TUTOL ) TEENEL VAL ELVAL TO 1, TEAY UL
mou etvan adVvato (- o 9 Ba unopovoe va elval uévo tng wopphc (—P1)). Apa
To edlar Y TV G-, GA EYOUV XEVY| TOUN.

B) 'Eotw, napadelyuotog yden, 6T yia xdmotoug Tpotactaxols TUTouS ¢, 1,
X, 0 woyder G (@, ) = G (X, 0), dnhadh 6T o (¢ — ) tautiletar e Tov
(x = 0). Téte n axolouvbla cuuPdrwy ¢ — 1) Oa tautileton ye v x — ).
Yuyxplvovtog téhpa Tig axohovbleg ¢ xal X, LUTAEYOLV TEELS TEPLNTMOOELS: )
@ elval YVAoLo apyxd TUAUA TNS X, N X ELVOL YVACLO apyxd TUAUA TNS ¥, 1
¢ Tautiletor e ™y x. ‘Oung oL duo mp®dteg TEPLITOOoELS anoxhelovTal, ue
Bdon o mponyoluevo Aduua. Apa o ¢ tautiletan e tov x. Me 6uoto tpdmo
ovunepaivovue 6Tl 0 9 Tautileton ue tov 0, dpa oylel To {nToduevo.

'Onwg npoavagépaue, To nponyoluevo Bedpnuoa eacpaiilel ) povadt-
%xOTNTA TOU TEOTOU XoTacxeLNS xdbe mpotaclaxo) TOHTOL Amd TEOTAGLAXES
uetafAntéc Yéow Twv ouvapthioewy G-, G xth. M’ dhha Adyia, oe xdbe
TpoTacLaXd TUTO avTloTolyel €va uovadixd ‘devdpodidypauua’, dnhadh éva
ddrypauua ToU ATEOVICEL TNY XATAGKELY| TOU and TEOTACLaXES UETABANTES
ue ) Porbela twv cuvdéouny. Iapadelyuatog ydelv, 6Tov TpotAGLAXKS TUTO
[((po = p1) V p2) <> (—p3)] avtiotoyel to axdhovbo devdpodidypopua:

Po b1

N

(Po — p1) P2 p3

\
((po = p1) V p2) (/—|p3)

\

[((po = p1) V p2) < (—p3)]
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Mdéhota unopolue va ddcouvue éva alydeluo mou, dedouévou evédg mpota-
oloxoy TUnou, Uag divel To Lovadixd SevdpodLdypauUd TOU TOU AVTLGTOLYEL.
Ta devdpodiaypduuata Oa pog gavodv yehowwa 6tav Oa ulAfcovue yia TN
onuactoloyxr) theved g L.

Yuyvd ol mapevbécelg Tou mepLEYEL EVag TPOTACLAXOS TUTOG Elval TGO
TOAEG Tou Bev umopovue e0xoha va GUAAEBouue v Sour tou. I'V autd
TapalelmovuEe Uepnéc GlUPOmVA UE TOUG axdhouboug xavoveg:

a) O elwtepinég noapevbéoelg evdg tpotactaxod Tinou TapahelnovtoL.

B) To = Bewpeltar oyupbtepo and toug UTONOLTOUS GUVSEGUOUS XaL T
A,V Bewpolvtal Loyupdtepa and to —, .

¥) Ta A,V Bewpodvtal toodlvoua uetalld toug xat to Blo toyvel yLo o
—,

"Etou, ypdgovtag po Ap1 evvoolue tov (poApi), Ypdgovtag —poV p1 evvoolyue
tov ((—po) V p1) xau ypdgpovtag pe A pr — po V pa evvoolue tov ((p2 Ap1) —
(po V p4)).

Apxetd duwe elrnaue v v ouvtaxte] mhevpd tng I'o, ag aoyohinfodue
XOL UE TN onuactoloyxr) tng mhevpd. M epunvela tng g, n ‘mpotbéuevn
gpunvela’, elvon 1 e€ng:

a) Ou npotactaxés UeTABANTES avTLoTOLYOUY OE ‘OTOLYELODELS TPOTAoELS]
e eEMNVXTC YAOGGAG, TpoTdoelg Snhady| Tou Sev TEQLEYOUY ULXPOTERES
xou elvar aknbelc ¥ eudelc.

B) O obvdeouol avtioTolyody 6T exgppdoets dev’, ‘xal’, ‘A, ‘av ... t61e

Wyt av xan wévoy av L
z ’ ! ’ /.
Y) Ou napevbéoeic avuotoryoly oe onueia oti&ng mou uTodNAGVoLY TNV
apyh ®oL TO TENOG ULAG TEOTACTC.

M’ auth Ty gpunvela oL tpotaciaxot tinol tng [y aviiotolyody otic tpotdoelg
e eEAANVXNS YADGGAS oL xatacxeudlovtal and otolyelddelg ue TNy Borbela
TV exppdocny Bev’, ‘xal’ xth. IHapadelyuatog yder, av n pp aviictolyel otn
GTOLYELBdN TPdTacT “o  elval pntdg apliudc”, n p3 oty “o Y elvan axépatog
apLlbuos” xal n pr oty “o 2 elvan mparyuatixog aplhudc”, tote o mpotactaxdg
TOmog po A p3 — —p1 avTieTol el oty tpdTacy “av o x elvan pntog apliudeg
xou 0 ¥ elvan axépatog aplbudg, ToTe 0 z dev elval mpayUaTiXog aplhuds”, evé
0 po — (p3 = —p1) avtiotolyel oty npdTaoT “av o y elvon axépatog aptbude,
t671E 0 2 dev elval TpayUaTIXOS aplbudg, ue Ty tpoundbeom 6Tl o x elval pntdg
apLBuoe”.
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Ac Solue tdpa Toug xavdveg anddoong uog ‘Tiuie aAnbelac’ oe xdbe npo-
toolaxd tono g Lo.

Opioués 2.1.3 ‘Anotiunon’ (7 ‘extiunon’) xadeltar uia ovvdptnon
a: M(To) — {A, ¥}, drnov ta A, ¥ xadodvrar ‘Tiuéc aAfbeiac’ xar avriotot-
xouv otic évvoiec ‘aAnlnc’, ‘peudic’.

IMopatrpnon. And Tov mponyoluevo oploud gaivetal 6Tl TeEpLoptl{OUACTE OE
dltiun hoywer). Avtl yua Svo, ba uropotcaue vo ndpovue 3, 4 1) dnelpeg TUéG
ahifetac. Autég duwe oL mapahhayés de Oa pog anacyohicouvy xabbhou.

H oanédoon upiag and tic Ttiwéc ahfbelag oe xdfe mpotaciaxd tino tng
Lo, dnh. 1 edpeon wag ouvdptnone @ : T'(Ty) — {4, ¥}, btav éxet Sobel wa
anotiunon a, ylvetatl olupwva Ue Toug xavovec-tivaxeg xatwtépw. O nivaxeg
autol xahovvton ‘mivaxeg akffelag’ xou umoBdAlovion and v mpoThiuevn

gpunvela g Lo.

a(yp) | a(—p)
A 7
7 A
a(p) |a) | ale ) | ale V) | ale =) | ale < )

A | A A A A A
A | v 7 A 7 7
v | A 7 A A 7
v | v v 7 A A

I3raitepn mpocoyn yeetdletan yia TNV GTHAN TOU AVTLGTOLYEL GTNY GUVETAY WYY
Aedopévne uiag anotiunong a, enedh, dnoc eldaue, to obvolo T'(Iy) oplotnxe
avadpouxd and to M (I'g) ue vy Porfeia tng ouvdptnong h, undpyet povadixt
EMEXTAON @ NS @ OTwSG avwTépw avagépaue. H anddelln poidlel u’ excivn
Tou Bewpruatog avadpounc yia To N — enextelvovue Ty a TpdTta 6T0 GUYOAO
h(M(To)), xatémy oo h(M(To)Uh(M (T))) x.0.x., naipvovtag tn {ntoduevn
oLVAPTNOY WS GpPLo AUTAS TNS axoloubiog GLVAETAGEWY.

Octpnua 2.1.3 ‘Eotw a tuyoloa arotiunon. Yrdpyet uovadixy ouvdotnon
a:T(To) — {A, ¥} térowa nov

1) na elvaw enéxtaon ¢ a xau

2) yia onowvodinote npotaciaxols TUROUS , 1

12



a(

a(p NY) = Fa(a(p),a()),

a(p V)= F(ale),al®)), (¥
a(p ¢ ¥) = F(a(yp),a(y)),

a(p < ¥) = Fo(a(p),a(v)),

omov F i {A, W} — {A, W} xat F, By, F oy, Fey : {A, ¥} — {A, ¥} o

OUVAPTIOELS TOU AVTLOTOLYOUY OTOUG mivaxes aAnbeias avwtépn.

Anédeln Kaholue amodextsi ouvdptnon xébe ouvdptnon b : T — {A, ¥}
tétowa tov M (L) CT C T'(Tg) o toydouy to 1) avetépn xat To

3) Yl omolouedANoTE TPOTAGLIXOUS TUTOUS V¥, 1, oV =, Y A, PV 1, p —
v, €T, t6te p, 1 € T xou oybouy ot (*) avetépw.

Oewpolue Tdpa T0 6UVOA0 A OAWY TV ATOSEXTOV GUVAPTAGENY XolL BéTouue
a=U{b:be A}. Me ouvoloBewpniixd emyelpfuota, YENOLLOTOLOVTIS TO
Dedpnua LOVASIXAS VALY VOGLUOTNTAS, UTOPOUUE Vo anodeliovue 4T

o) To 6lvoho @ lval GUVAETNHOT)

B) to nedlo oplouol e @ eivar to T'(Tp)

Y) m @ elvon amodextr cuvdptnom

) n @ elvon 1 povadixy| anodextr cuvdptnon ue tedio optopot to T'(Ly).

'Otav €yovue wa anotiunon a, yo vo Bpolue Ty a(yp) YenouLonolodue
70 devdpodidypauua tou . Atchnuxd elvon mpogavég 6t 1 a(p) eaptdTon
and Tic TES alffelag Tou N a avTloTolyel 0TI TenepaoUéveS To TANHog po-
Tocloxég uetafBAnTég mou eugavilovial oto . Autéd anodewxvietar, dnhady
oy Vel n axdAouin.

Ilpétaon 2.1.1 I'ia xdle mpotaciaxs TURO @ xaL 0noLEGSHTOTE ATOTIUNOELS
ai,az, av oL ay,a CULPLWVOUY OTIC TpoTaotaxéc uetafAntéc mov eupavilovtat
070 p, Tote ai(p) = T(e).

Anédeln. ‘Aoxnon 7.

Mopdderypa. 'Eotw a uia anotiunon tétowa mov a(pz) = a(ps) = A xou
a(po) = a(p1) = a(p3) = ¥. Téte Bploxovue ty @((po — p1Vp2) <> —P3Aps)
g e&rc:
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b3

pl pz /\Il
po p1 \/ P2 —'ps
o—>P1\/P2 ﬁps/\m

\/

Po — p1V P2) ¢ TP3 Aps
A

[ euxolla, ypdgouue UOVO TIC TEOTAGLOXES UETABANTEC %ol TOUG GUVOE-
oUoUuG:

b3
Pl pz v

\/ )
\/ A\/‘
\ /

[ peyahitepn euxolla, cuuntiélouue T0 deV3pPOdAY PO, XAVOVTIS TO ULd
Movo Yoo

P4

Po = p1 VvV p2) < 7 p3 A pg
U A T A A A AT A A

Apxetd duwe elnope yio ™y Ip. Ag Sodue nddg unopolue va tn yenouuo-
TOLGOVUE YL TNV UEAETY amOdelEemy.
2.2 TauToAOYXES GUVETAYWYES

E3¢ O yenouuomoicouue Evvoleg Tou 0plooUe (ADYTAS YO TNV GNUAGLONO-
v mhevpd tng I'o.
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Oploués 2.2.1 Eotw T CT(Iy). Oa Adue du

a) n anotiunon a ‘wxavonowel to ¢’ avv a(p) = A xar ‘n anotiunon a
weavorowel to T avy n a txavornoiel xdbe otoiyeio tov T'.

B) ‘to T elvar wxavorojoluo’ avy undpyet uta anotiunon mov To Lxavo-
motel.

y) 0 @ elvar ‘tavtodoyia’ avy xdbe arnotiunon xavoroiel To .

8) o ¢ elvar ‘avtigaon’ avy o — elvar tavtoloyia.

Opiouwés 2.2.2 Fotw T C T(Iy). Oa Aéue étt to T ‘tavtoroyixd ovvend-
vetaw to ¢’y xau Oa yodgovue T |= ¢, avy xdfe anotiunon mov ixavoroiel to
T weavorotel xat to .

Mopatnefoets. 1) Mpogavie T |= ¢ v x&be ¢ € T

2) 0 = ¢ avv o p elvar Tautodoyia, apod xdbe arnotiunon wavonotel to 0.
Tautoloylec dnhadn elvar ov Tautoloyixés ouvéneleg Tou (.

3) Av to T elvow un wxavornotfioiuo, téte tpogavés T' = ¢ yio xdfe .

4) Av T = {9} xu T |= p, 161 Ypdpouue amhd ¢ = ¢ xou Mue 6T ‘o ¢
TauTOAOYLXE GUVETAYETAL TO (P .

5) Av ¢ = 9 xau 9 = @, t61E Ypdpouue ¢ = 1 xau Aéue 6Tl oL @, P elvon
‘TauToroYd LoodivauoL’.

To axdrovbo Hedpnua detyvel 6TL unopovue va yenoiuonototue tn uébodo
e ‘oe dTomo anaywyns .

Ocdpnua 2.2.1 TNa xdbe T C T(Ty):
T =@ avy to TU{=p} dev elvar ixavorotjoiuo.

An6dely. (=) 'Eotw 6t T = ¢, adkd 1o T'U {—¢} eivon xavonoioo.
Téte undpyel anotiunon a tou wavornotel to T'U {—p}. "Eyovue xatoahiel
Thpa ot drorno, ddTL npénel a(p) = A, agol n a wavornotel To T xa T |= ¢,
xat Tautdypova a(p) = ¥, agold 1 a xavonolel Tov —p. Buvendg LoyVel To
{nroduevo.

(<) 'Eotw 6t 10 T U {—¢} dev elvar weavornofopo, alh&d T = ¢. Téte
undpyel anotiunon a mou wxavonoel to 1" adkd dev weavomolel To . Apa
undpyet anotiunon mou xavorotel to T'U {—¢}, mpdyua addvato. To {ntov-
UEVO €mETal.

Apyotepa 6 anodellovye to e€hic Oedpnua:
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Oedpnua 2.2.2 (Oedpnua Xvurdyeiag) Eotw T éva dreipo alivolo mpo-
taolaxdy tinwy. Ay xdbe nencpaouévo vnootvoio tov T elval ixavonotfoiuo,
161 10 T elvar wxavorotjoluo.

Yt ovvéyela Ho dodue éva alydplfuo, ue Bdorn Tov omolo anogacilovue
oV €V TEMERAGUEVO GUYOAD TIROTAGLUXMY TOTY TAUTONOYLXY GUVETAYETAL VAl
mpotactaxé tono 1 oyt 'Eote howndv 6t éyouue éva nenepacuévo T C T'(Ty)
xou éva mpotaclaxd TUno . Xiugova ue v Ipdtaon 2.1.1, pag evdiape-
EOoLY U6VO oL TWég ahfiflelag Tou ulal AmoTIUNOY AVTLETOLYEL OTIC TPOTAGLAXES

z ’ ! ’ /7
uetoBAntéc nou epgavilovtal ota otoryela touv T'U {¢p}. 'Eotw bt n dua-
popeTinég mpotactaxés uetafintéc, n € N — {0}, eugaviovioun ota atovyeia
tov T'U {p}. Kataoxevdlovye éva mivaxa alffelas pe 2" oeipée (yiotis)
xou m 6THAES, 6oL M 0 aPLHUOS TV SLAPOPETIXGDY TEOTAGLAXDY TUTWY TOU

’ e ! 7’
epgaviCovto ota devdpodiaypdupota v ototyelnv tou TU{p}. Agol npoo-
dtoploovue Tic Tés alffelog 6’ dheg Tig othheg, eletdlovue Tig oElpéS YLa
va Sovue av xdbe arnotiunon mou xavornotel To T ixavornolel xaL Tov ¢ 1 oyt

Hopadeiypata. 1) O decilovpe 6t pAg > rE=p— (¢ —r).

pAqg|lqg—=T1 | pAg—oT | p—(g—7)

SIRSIESIRSIIN N NN LS
SIESIININESIES] NN

SIIENESIINESIBS ESI N

SIRSIESIRSIESTES NS

ENENESI RN NES] S
ENENENEN S NES S
ENENENEN S NES S

Amé Tic dvo teleutaieg othheg PAénovue 6Tt 0 p — (¢ — 1) malpvel T
ahfbetag A xdbe gopd mouv o p A g — r malpvel Ty A, ondte €youue TO
{nrolyuevo.

2) Ou deifoupe 61l 0 npotactaxdg tinog 7(pAQ) < —pV g elvan Tautoloyia.

pla|p|~qg|pAg|-(pAg | pV—g|(pAg) < —pV g
AlA| v [T | 4 T T A
AU | v A ¥ A A A
V| A| AT | U A A A
T U | A|A| U A A A

And v tekevtalo 6THAN BAénouue 6Tl 0 TPOTACLAXNOS TUTOC TOU UOG EVOLA-
pépel malpvel Ty A, dpa elvan Tautoloyla.
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Iopatnerosig. Mepixég gopég umopolue Vo TdGOVUE GTO GXOT6 pag Ywelg
™ xpnom mvdxwy ahifelac. Ag dodue duo tétola mopadelyuaTa:
o) o voe Bodue 6tL 0 mpotasctaxds THnog

pVignr) e (pVvag) A(pVr)
elval Tawtohoyta, epyalduacte wg e&ng:

1) YnoBétouue xat’ apynfv 6tu n p éxet T alfbetag A. Tédte Brénovue
6Tl 0 mpotaolaxds TUTOS malpvel Tiun A, ywele va Zépouue tinote Yl
TS TUWES TWY ¢, 7.

2) Ytnv ouvéyela unobétovue 6TL M p Eéyel T olffelag W.  Autd dev
apxel yia va Bpodue TL Ty talpvel 6hog o mpotaclaxdg Tunog. I' autd
umobétouvue dTL oL 1) ¢ Exel T alrfbelac ¥, ondte o Tpotaclaxds THNOG

matpvel T A.

3) Téhog, unoBétouue btum p éxet T ¥ xou 1 ¢ th A. Abyw cupuetpiog
TV ¢, 7, av utobéaouue 6TL N 1 Exel T W, ToTE elpacTe oTNY TeplnTwoN
2). TV auté vrobétovue 6t n r éxel rr A. Téte o npotacioxds tonog
malpvel TdAL Tiwn A, Xymuotid:

p VvV (@ ANr) oo (p vV g AN (p VvV oT)
A A A A A A A A

VAR R A U U U U ¥

T A A A A A T A A A T A A

B) 'Eotw tdpa 61t BéNovue va delouue 6L 0 mpotaoctaxds timog (p A g —
r) = (pVq — 1) dev elvon tavtoroylo. Apxel va Bpodue wa anotiunon tou v’
avtioTolyel otov tno autd Ty tur ¥. Mia tétowa anotiunon Ou Sivel otov
pAq — 7 Twn A xo otov pVg — r 1w ¥, Yuveyilovtog €0l Pploxouue ot
piae anotiunon a v Ty onola a(p) = A, a(q) = a(r) = ¥ dlvel otov apyxd
Tpotaclaxd oo T V.

"Evog xatdhoyog e YVwotég TauToloyieg, Tou xahovvtal ‘vouoL Tng mpo-

TaoLaxig Aoyxnc”, elval o e€ng:

Néuou avtiyetafeuxdmnrag: @AY > P A
PV PV

Néuot pooetatplotixdtnrac: @ A (Y Ax) < (p A1) Ax
pV(PVx) e (pVP)Vx
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Néuol emueptotixdnroc: AW VY) e (eAY)V(pAY)
PV (PAX) & (pVYP)A(pVX)
Népog dunivc dpvnong: T P

Néuog dpvnong cuvenaywyrng:

Néyuot de Morgan:

(o= P) & oA
(P AY) < —pV
(e VYP) & mp A

Néuog andxieiong teitou: wVp

Néuog avtifetoavaoctpoprc: (p =) < (7 = )

Népog egayoyic: (eAY = x) & (¢ = (¥ = X))

Néuot avtixatdotaong: (p = ) & (mp V)
(ped) e (¢ 29 A=)
(Vi) & =(mp A=)
(P AD) & (e V ).

2.3 II\jprn odvola cuvdéouwy

Ac Bewprioovue pia YAGooa mou €yl Yo oUUBola TIg TEOTAGLAXES UETABAT-
Tég, T Tapevhéoelg xal ueplxolsg and Toug TMEVTE GLVSEcUOUS, lowg uall ue
uepxolg dAloug, xou 1 onoto woldler ue ) I'p. "Apaye n véo auth YAdooo
elvow onuacloloyxd mhouatdtepn and tn g, grwydteen and ) Iy 1 1oodv-
voun ue ™ Lo; O oxonde pag 6’ auty| Ty mapdypago eivat v’ anaviiocovue ¢’
QUTH TNV EPOTNON.

Kat” apynyv yeeralduoaote éva oploud.

Opwouds 2.3.1 Fotw k € N. Yuvdptnon Boole ue k + 1 uetafintéc’ xa-
Aeltar xdbe ouvdptnon f: {A, UL - {4 T},

Etlvan mpogavég 6t oe xdfe mpotaciond tomo ue k + 1 SlopopeTtinég npo-
Tacloxég YETABANTES avtioTolyel uwa cuvdptnon Boole ue k 4 1 petafSAntéc.
Ioyder uinowe xat to avtifeto; H andvinon elvar “vou”, onwg gatvetar and to
enduevo Hedpnua.

Ocodenua 2.3.1 Ay f elvar uia ovvdptnon Boole ue k+1 uetafintéc, k € N,
TOTE umdpyel mpotaclaxos TUmo¢ ¢ otov omolo cugavilovtar ot po, ..., Dk
TéT0l0C MoV Yia xdlfe armotiunon a va toyvel:

f(a(po), -, a(pk)),

SnAady o nivaxag aAffeiac tov @ va meptypdper tAfows Ty f.

a(p) =
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Ipwv amd v anddeiln tou Hewpruatog, ag dovue €va mapddetypo Tou Ha
xdvel euxohdtepn TNV xotavonom tng anddeline. 'Eotw Aowndy f n cuvdptnon
Boole ye tpeig petafintéc mou opileton wg e&hc:

FOO,U,T) =T (AT, T)=A
FO,U,A)=A  fA U A)=1
FOU,AT) =A  F(AAT)=1T
FOU,A,A) =T  f(A A A=A

(v amhétnra, yedgouue U, U, W avtl yio < U, ¥, ¥ > xT\.).
Tpooduopilovye xat’ apyhv To otolyeta tou {A, U} ota onola 1 f avtiotolyel
v tug A. Autd elvar ta e€g:

<Y U A>S <P ATV>S <AV > <A AA> (Y.

Ye x80e pia and auTég TIg SLATETAYMEVES TELASES avTLoTOLYOUUE Eva TPOTA-
oloxd TUTO GTov onolo gugavilovtal uévo oL po, p1, P2 ©S EENG:

Av 1o mpdto otouyelo g TEddag elvan A, téHTE malpyouue TNV pg, EVEH av
elvar ¥, maipvouue tv —pg. ‘Ouota yio tae dhha Suo otolyela tng teLddag
%Ol TEAXA TTalpYOLUE TN GULELEN TWVY TELOY GTOLYELWSMY TEOTAGLAXMDY TUTWY
mou mpoxvTTouy. ‘Etol oty < ¥, ¥, A > avuotolyel o npotaciaxdg Tinog
—po A 7p1 A\ pa.

H 3udlevin tov mpotaclox®y TOTWY TOU AVTLGTOLYOUY GTLS SLATETAYUEVES
TpLédec (*) elvan o npotaotaxdg Tinog

(=po A =p1 Ap2) V (mpo Ap1 A —p2) V (po A —p1 A —p2) V (po A p1 A p2),

Tou onolou o Tivaxag aifbelag teplypdel TANPws Ty f.

Ac yuploouue Tipa 6Ny anddelén tou Hewpruatog.
Anddeln. Awaxplvouvue duo TepITTGOOELS.
[Tt nepintwon: 'Eotw 6t 10 nedlo nwdv e f eivan to {¥}. Téte o
nivaxag aAnfelag Tou

(po A=po) V (p1 A =p1) V...V (pk A i)

TepLypdipel TARpwe Ty f.
AcUtepn mepintwon: 'Eotw 6t undpyouy n + 1 Swtetayuéves k + 1-ddeg,
n € N, tic onoleg 1 f avtiotolyel oto A, ag modue ot

< T00, 701, ---» TOk >
< T105 T11y ++e) T1k >

< Tno, Tnl, -y Tnk >-
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Ioyvplouacte 6Tl 0 npotaciaxdg Timog ¢ mou {INTdue elvat 0 Yo VP V... Vihy,
6mou ;= Xio A ... A Xik, ¢ = 0, ..., %o

Yii = Dy, Ay Tij:A
Y —pj, ov T = W.
Mpdypatt, éotw a wa anotiunon. Av a(po) = Tio, ..., a(pr) = Tik YL xdn0L0
1, TOTE

a(p) = A= f(a(po), ..., a(pr))-

Av tédh < a(po), ...y a(pr) >F< Tioy ooy Tik > Yl %402 @ =0, ..., n, TéTE

fla(po), ...,a(pr)) = ¥ =a(y).

Iopatnehioets. o) ‘Otav o nivaxac alffelac Tov ¢ neplypdpel TAHPWS TNV
ouvdptnon Boole f, Oa Aéue 611 “o ¢ avtinpocwneldel Ty f7.

B) IMdvta undpyouy neplocdtepol and €vag TEOTACLAXOl TUTOL TOU OVTLTPO-
ownebouy Ty Bl cuvdptnon Boole f — av o ¢ aviinpocwnelel v f, tétE
%80e mpotaclaxds THNOS TAUTOAOYIXA LGOBUYAUOS UE TOV (@ ETUONG AVTLITEO-
ownedel Ty f. X10 napdderyuo Tov Tpoavapépaue, o po <> (p1 <> p2) eniong
avtitpoownelel Ty f.

Opiopds 2.3.2 Oa Adue ot évac mpotaotaxdoc tunoc elval ‘oe xavovixr Sia-
Levxtuer popey” avy elvar tng uopeic YoV V..V 1y, 6mov ¥y = XioA...AXik,
i =0,...,n, xat x;; elvar uta mpotaciaxy uetaBAnty ij dovnon meotactaxic
uetafAntic.

‘Aucon ouvénela tou Bewpruatog 2.3.1 elvan to

IIépiopa 2.3.1 Kdfe npotaciaxic tinog elvar tavtoloyixd toodUvauos ue
éva mpotaoiaxd tUno oe xavovixy StaleuxTixy uoppr.

Anédeln. ‘Aoxnon.

Tdpa elpaote og Oéon v’ anaviioouvue 6To epdtnua Tov Bécaue otnv apym
NG TAEAYEAPOL GE SUO TEPLNTMOCELS, TNV TERINTWOY IOV TAlPVOLUE TOUg TEVTE
apyxolg cuvdéououg pall ue xdmoloug VEoug oL TNV TERINTWON Tou Tale-
VOUUE UOYVO UEPXOUS Amd TOUS apyIX0oUs GUVSEGUOUC.

[pdtn mepintwon: "Eotw Aowmdy 61 nalpvouue, extdg and Toug apytxols GUV-
déououg, xat 10 VEo GUVBEGUO # xal avaTUGGOUKE TNV Vé YAGooa I érec
v L'y (8ivouvue Snhady) oploud yia Toug mpotactaxols tonous, xabopilovue
Tov Tivaxa ahdBelac tou # xTh.).

'Eotw tdpa @4 évag mpotaclaxdg TOTog TNng I'h. O nivaxag alffelds tou
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TeplypdpeTal TAfpwe and wa cuvdptnorn Boole, éotw v f. Ldugova ue
o Bedpnua 2.3.1, undpyel npotaclaxds tinog Y e o mou aviinpoowmtevel
v f. Téte ol pu, P €xouv axpBde Tov Blo nivaxa akhbelag, ondte elvon
TOUTOAOYLXE LGOSUVAUOL.

‘Apa n T elvan Tawtohoyind toodbvoun ue my Ty, Puoxd to (Bo toyldel xa
oV TAEOLUE TEPLEGATEPOUS aTd €V VEOUS GUVSEGUOUG.

Aceitepn mepintwon: Lougova ue to [ldpioua 2.3.1, av xpaticovue ub6vo Toug
=, A,V €éyouue Vv Bla Yhdooa. 'Oneg Ho dodue, umopoldue vo xpatioouue
Ayotepoue. T va mpoywperioovue dung ypetalduacte éva optoud.

Opwoudg 2.3.3 Eotw C olvolo ovvdéouwy. Oa Aue 6t to C elvar ‘TAij-
pec’ (7 ‘emapxés’) avy xdfe mpotaociaxdc tinog elvar tavtodoyixd toodlvauog
ue éva mpotaotaxs TUno mov mepLéyel uovo ouvééouous mou avixovy oto C.

'Onoe elBaye, to {—,A,V} elvonw mifeec. Ilapadeinovtag éva and toug A,V
€youue AL Eva TANPES GUVONO.

Ilpétaon 2.3.1 Ta {—, A}, {—~,V} elvar mAzpn.

Anédely. Oo detZovue btL to {—, A} elvon mAdpeg — n anddeldn yio to {—, V}
elval ouota.

"Eotw Mowmdy ¢ tuyohv npotactaxdg tinog. Me Bdorn to [ldpioua 2.3.1, unde-
YEL TpoTAGLOXOS TUTOS ™ oTov omolo eugavilovtal udvo o 1, A,V Tétolog
oL = ¥,

O tpltog véuoc tng avixatdotaong Sivet 9 V x = —(—- A mx). Xuvende,
ZexvdvTag and To UIXEOTERO XOUUATL TOL @™ 670 onolo eupaviletal o V xou
TEOYWPHOVTAS G UEYAAITEQA, UTOEOUUE V' amahhayoUue amd TS EUPAVICELS
Tou otov ¢*. 'Etol nalpvouue éva mpotaciaxd tino ¢** atov onolo eupavi-
Lovton ubévo oL =, A tétolo Tov ¢ = ¢** (Sec ‘Aounon 12).

Mopatnefoets. o) I'a va ddoouue wa auetnet| anddelln g TEONYOUUEVNS
TPOTAONG TPETEL VL YPNOLLOTIOCOLUE TNy apy? TN enaywyhc Yo to T'(Tp),
xatéAknho tpononotuévn (Snhad avtl yua o T'(Ig) O Loy el yio to olvolo
T'(Ty) 6hwv Ty Tpotaclox®y Ty otous omoloug eugaviovtal uévo ot
-, A, V).

B) Abyw tne Ipbdraong 2.3.1, Ha unopoloaue va mdpoupe uévo duo GuVE-
GUOUC ATO TNV AEYY) XL VAL ELGAYEYOLUE TOUG GAAOUS TEELS Ylat AOYOUg Euxo-
Aog — autd Ba xdvouue apYdTERA GTOV XATNYOENUATIXG AOYLOUO.

"Exovtoag éva mArpeg olvoho cuvdéouwy C xal éva mpotaclaxd Tno ¢,
v v Beodue éva Tpotacloxd TUTO Tou TepLEyEl GUVSEaUOUS Uovo and To C
xo elval TRUTOAOYIXE LGOSUVOUOS UE TO @ YENOLULOTOLOVUE TOUS VOUOUS TN
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avTxatdotaong, axohovbnvtag Ty Sladixacia Tng anddeling g meonyoluEe-
VNG TPOTAGTC.

IMapdderypa. Ag Ppolue éva npotaciaxd Tino otov onolo eugavilovral udvo
ot 7,V xat 0 onolog elval Tautohoyixd Looddvapog pe Tov pV g — (g <> 7).
Lymuatied mpoyweolue g eENg:

pVqg—(qg—=1)N(r—q) 20¢ véuog avixatdotaong
pVqg— (mqVr)A(-rVyg) log vouog avTxatdoTaong
pVqg— (=a(=gVr)Va(-rVg)) 4og véuog avtixatdoTaong
“(pVqg)Va(a(mgVr)Va(—rVeg)) log véuog avixatdotaone.

To va det&ouue 6Tl éva alvoro cuvdéouwy C dev elval TAvpeg elvan Lo
dVoxoho amd to va detlovue 6T elval. LuvAng xdvouue to e€hg: Aelyvouue
6L o mivaxag alrfelog xdbe TpotacLaxod TUTOL TOL TEPLEYEL GUVSEGUOUS UOVO
ané to C éyel xdmota Wopoppia. Katémy Beloxovue éva npotaciaxd tomo
Tou TepLEYEL éva GUVBEGUO oL Bev avixel 6To C' xaL Tou onolou o mivaxag
ahffetag dev €xel auth TNV WLouoppla.

Iopddetypa. Oua deifovue 6t t0 {A, =} dev elvar mAfpec.

[Mopatnpodue 6Tt xdbe TpoTacLAXOS TUTOS TOU TEPLEYEL LOVO TOUS GUVIEGUOUG
A, — matpver T A étav ou npotaciaxéc uetafSAntée mou eugavilovial o’
autéy malpvouy T A (= v avotne anddelln, yeNoLLOTOLOVUE TNV dpYT
e enayoyhic). o tov mpotacioxd tino —py buns dev oydel auTo.

Ou xheloovye Ty Tapdypapo e Yo culitnor oyetixd ue n-Bécloug cuyv-
déououg, Y n < 2, tou Ha unopovoaue va Hewpricouvue. Tlpopavig o nivaxag
ahnbelag evog n-Béclou GuYSEGUOL TEpLYPAPETOL TANPWS AT UL GLVAETNOM
Boole pe n petafintéc. AN 1o nhiflog étoiwy cuvapthoewy elvar 22°. Apa
urdpyouy 22" Suvatol n-Héclol clvdeoyot.
n=0. Yndpyouv duo 0-6écioL olvdeouol, ou T xou L, mou anotelovy and udvol
TOUG TPoTAGLAX0US TUTOUS TETOLoUS ToL Yia x&fe amotiunon a: a(T) = A xou
a(l)=0.
n=1. Yrdpyouv técoeplc 1-6éciol advdeouol: oL duo aviigTolyoly G6TIS oTa-
Oepéc ouvapthoeis e T A, ¥ avtiotolya, évag avTloTolyel 6TNY TAUTOTIXY
OLYVAETNON XAl O TETAPTOS £lval 0 71, TOU €YOUUE BEL.
n=2. Yrndpyouv déxa €€l Suvatol 2-6éatol olvdeauol, and Toug omoloug UGVo
ot 10 elvon ovclaoTtind Sihéciol — ou undroirol elval ouvclactixd 0-6éaiol 1 1-
Oéolol. Extog and autolg mou €youue Bel, TEEMEL V' AVAPEQOLUE TOUS +, |,
| Tou avTieTOLYOVY OTIg EMVIXES Expdoels “... 7 ... ahhd Oyt xau Tar Suo”
(amoxhetotind| ddlevin), “olte ... olte ...”, “Bev ... # dev ...” xou éyouv Toug
e€nc mivaxeg ainfeloc:
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a(p) | a®) | ale+¢) |ale L) | alely)
A | A 7 7 7
A | v A 7 A
v | A A 7 A
v | v 7 A A

IMopdderypa. To {|} eivon mifpec (umobétovue bTL éyouue TpomomoloeL Tov
0pLob TOL GLYOAOU TV TPOTAGLAXADY TUTWY XTA.).
[pogavde v xdbe ¢, -

o =plp xu oV =(pl)|(Y[Y).

Aol to {—, V} elvan mAfpee, To (8o toyder xou yio to {|}.
"Opota unopotue va 8ei&oupe 6t to {]} elvar midpec.

Ipétaon 2.3.2 ['a xdbe di0éoio abvleouo x Siagopetixd and toug |, |, To
{x} dev elvar mArjpec.

Anédeln. ‘Eoto * 8féolog olvdeouog tétolog mou to {*} elvan mAfpec,
MG 0 * dapépel and toug # |, .

Av (A, A) = A, t61e %8B npotactaxds TONOC GTOV OTolo EUPavileTal ubvo
o * Do énanpve T A dtav Oheg oL mpoTactaxés UETABANTES Tou EmaLpvay TN
A. 'Ouwc 0 —pg Sev éyel auth v Wiétnta. Apa (A, A) = P.

'Opota Prénovpe btL mpénet va toylel (U, ¥) = A. T tic nwée *(A4, ),
#(W¥, A) éyovue oLVONXE TEGGERLS TEPLTTOOELS:

a) A, A B) AT y)T, A D) T, T

Enewdd * £ |, ], ol tepuntdoeig o) xou ) dev umopel va toybouy. Av oylel 1
Y), T6TE *(p, 1) = . Av ioylel 1 B), téTE *(p, 1) = ). Xe xdbe nepintwon
Aowdy, o  Ba Arav oplowwog and tov —. "Ouwg to {1} Sev elvar TAfpeg, dpa
to {*} dev elvou mhApec.

IMopatripnon. Av and toug 10 ouclactind Siécioug cuvdéououg eatpécouue

Toug >, +, onoloadNnote and Toug undholtoug 8 amoteel pall e tov -
TApeg GUVOAo.

2.4 Ilpotaociaxdg hoyiouds

"Eva epdtnuo mov avoxdrtel guolohoyxd elval to e€ng:

Elvaw Suvaté va cuetnuatonomboldy ol tautoloyleg 6Tta mAalola evog allmua-
wxol ovotiuatog; M’ dhha Adyla, undpeyel GUVOAO AELOUATOY XAl XAVOVWY
ue Bdomn ta onola unopolv va mapayBoldy oL TauToloYieg xoL UOVOY AUTES;
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E36 BéBara n évvora tou ‘adiwuatixod’ A ‘rapaynyxold’ cucthuatog a elvat
auotned xaboplouévn ota TAalold TS YADGGCOS TOU TEOTAGLAXOV AOYLGUOU
- oLVRDWLS T AELWUATING GUOTAUATIE SEV TUEOLCLALOVTOL UE YPNOT TUTLXMDY
YAOOGOY.

Optouég 2.4.1 'Eva ‘aliwuatixd’ (1 ‘tunixd’) olotnua yia tov npotactaxd
Aoyioué anoteleltar ané ta eéijg:

a) éva olvolo mpotaciaxdy tUnwy A xa

B) éva otvodo K ue otoyela (Siuekels) oyéoeic avdueoa oe olvola mpo-
TAOLAXGY TUTWY Xl ToTAcLaxoUs TUTOUC.

Ta ototyela tou A xadovvrar ‘aéiduata’ xar avtd tou K xalodvrar ‘anodet-
xtixol xavéves'. Av k € K xau 71, ...,Ty, T €lval mpotaociaxol TUTOL TETOLOL
nov < {T1,...,Tn}, T >€ K, 01 Aue o1 “o T elval dueon ouvvémelad TV
Tly .y T PBdoet ToU K.

Oplopdg 2.4.2 Eotw A=< A, K > éva aliwpatixé olotyua yia Tov mpo-
taotaxd Aoytoud, B C T xaw T € T'(T).

a) ‘Tumixy anédeién oto A and to B’ xaleltar xdle memepacuévn axo-
n n paouevn
Aovbia mpotaciaxdy TUTWY Ti, ..., Ty TéTOlX TOL yia xdfe i =1,...,n

1) TiEAUBU/

2) o1 elvar dueon ouvéneia mponyoUuevwyY Tpotactaxdy TUnwy Bdoct
XATTOLOU ATOSELXTIXOU XAVOVA.

‘Otav B =0, avtl yia ‘tumxyf anddeiln oto A and to O’ Aéue anrd
¢ 7 z J)
tuner anddetln oto A’

B) Aéue o6t ‘o T amobeixvietar tumixd oto A and to B’, ypdgovrag
B 4 7, avy undpyet uia tunwe anédelén T, ..., 7, oto A andé to B
TéToLa mov T, = T.

‘Otav B4 7, ta otoiyela tou B xalobvrar ‘unobéceis’ xat o T xadel-
Tt ‘ouunéeacua’.

Av B = 0 xat B k4 7, téte ypdgovue andd A T xar Aéue ot ‘o T
elvar tumxd Gedpnua tou A’

Hopatnehioers. 1) Ou tumxég amodeilelc 610 Ag TOU UTOPOUUE VO XoTa-
OXELAGOLUE AVTLOTOLYOVY Ot ANOdElEEL TOU UTOPOUUE Vo XAVOUUE UE TG
TPOTACELS TNS EAANVIXNS YADGGOS o avapépaue 6To TEAOS NG TEPLYPAPhS
e xOplag gpunvelog g I'p. Autdg elvan o Adyog mou ypnoiuonoodue Tty
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€xppaom ‘Tpotactaxéc Aoyloudc'.

2) Elvaw govepd 6tLav B F 4 7, 16t B' 4 T Yo xdnoto nenepaouévo B’ C B.
3) Erniong elvou npogavég b1t B F 4 7 yia xébe T € B.

4) Av B 4 7, t61€ Tpogavie B' a4 T v xdbe B C B C T(Iy).

Metd and autéc Tig yevxdTnTeg, ag SoUUE oo Elval TO AlOUATIXG V-
otnua (tou Hilbert) Ag =< Ap, Ko > nou Oa e€etdoovue. Ag eival to 6Uvolo
ue atolyela GAOUS TOUS TPOTAGLAXOUS TUTOUS OV SLVOLY Ta ‘aELWUATIXE TY1-
poto’

AX1. o = (Y — @)
A2, (o= (Y = x)) = (¢ = ¥) = (¢ =2 X))

AZ3. (mp = ) = ((me = ) = @)

xat Ko to olvoho ue povadixd otoyelo tov amodewxtind xavéva ‘Modus
Ponens’ (M P) nov neplypdgetat o¢ e€fg:

=Y, p
()

Mua ebhoyn anopla nou dnuovpyeitol elvan 1 e&ng: Natl ota aiwpatixd
ouata tou Ag sugaviovial uévo oL GOVSEGUOL 71, —;
Auté Se dnuiovpyel mpoPAuata, agol, 6nws eldaue, To abvoro {—, =} elvon
TAYpES.

IMopdderypa. H axdrovbn tumxr| anddeiln oto Ag Selyvel 6t 4, ¢ — .
Ynuetdvovyue 6Tt yior euxollo, 6Tay €YOuUE ULo TUTLXY| anddelln 71, ..., Ty, OTO
Ay (and xdmoo abvolo B), ypdgouue Toug TpoTaclaxols TOTOUS TOV éval
%4t ond Tov dANo, ue enednynoelg deld.

L ojp=e—=9)=o)]=le—=(p—=9)—=(p—p)] AX2
2. 9= ((p—=9)—v) AY1
3. (p=>(p—9) = (p— 9 1,2, M.P.
4 (p—= (v =) AX1
5. Y 3, 4, M.P.

Y1 ouvéyewa Ho dodue uepnd Bewpruota yio To allouatixd cOoTHUA
Ap. E3d mpénel va toviotel 1 dtapopd avdueca oe ‘Tumixd Hewpruata’ %ol
‘Oewpiuata’. "'Eva tumxd Oedpnuo elvar €xgpacy ulag tumixfc YAGooog,
eve éva Dedpnua elvon €xgpact Tng HeTa-YAOooag. Avdloym etvar n Stopopd
avdueoa ot par ‘“Tumxy) anddelln’ xow uia ‘anddelln’.

Ocdhpnua 2.4.1 (Oedpnua Anoywyhs) [a xdbe T C T(Ly):
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av T U{p} Fa, ¥, t6te T Fay 0 — 9.

Anédelly. 'Eotw 6w T' C T'(Tg) xou T'U {¢} Fa, ¥. Téte undpyer wa
Tun anddelln Y, ..., ¥n, = 1 oto Ag and 1o TU{¢p}. Xpnowwonohvrag v
apy tng emaywyng Ou delloupe 6t yia xdbe @ = 1,...,n: T F 4, @ — ;.
[Tpdto Prua: 7 = 1. Ataxplvouye duo meplntioels:
0() Y € AgUT.
Tote T 4, ¢ = Y1, 6Twg @aivetar and v axdlovdn Tumixy| anddelln oto
Ap and to T

1. ¢1 — (QO — Q,bl) AX1

2. U otolyeto Tou AgUT

3. o= 1, 2, M.P.
B) v1=e.
Arnd To mponyoluevo mapdderyua, Eépovue OTL 4, o — . Apa T 4, ¢ —
@, M. T'Eyay @ — 1.
Acettepo Bua: 'Eotw 6tu yia xd0e k, 1 < k <@ < n, woydel T 4, ¢ = Yy
Oa deilovue 6TL T F 4, ¢ — ;. Alaxpivouue TdAL Suo TEQINTOGCELS.
a) i € ApUT U{p}.
Téte malpvouue to {InToduevo dTwe TELy.
B) o 1 elvar Gueon ouvénewa twv Pj, P = P — P, 4,1 < i, Bdoel Touv xavéva
M.P.
Adyw g enaywyeic undbeong, €youue 6T

Tha o= xu ThEa, o= (Yj — ).

Kataoxevdlovue tdpa pia tumxy) anddelln oto Ag and 10 T wg evc:

..... o] anddeldn and to T ato Ay

..... Ty anddelln and to T oto A

ptlo (o= (W5 =) = (0= 1)) = (0 = b)) AX2
pt2 (o= 5) = (0 — i) b+ 1, M.P.
3. p—Y; A+ 2, M.P.
Yuvende T 4, ¢ — ;i xau n anddelln elvar Thieng.
Hopathpnon. To bedpnua anaywyic (Léow tne xlplag epunvelag tng o)
WAG yior Ty €A TEYVLXT AmOdEENS:
'Oray and Tic unobéoelg Y npoonabolue v’ anodellovue 6t A = B, npoona-
Bolue v\ anodellovue to B pe vnobéoec Y U {A}.
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IIépropa 2.4.1 1) {p = 9, — x}Fa, ¢ = X
2){p = (b= x), v} ru v = x-

Anédeln 1) Apxel, obugpwva ue to Bedpnuo anaywyhc, va delouue 6Tt
{o—= v = x 0t Fa x

Auté Suwe to e€aopaiilet n axdlovdn Tumxy anddelén:

1. ¢ —=1 vundbeon
2. ¢ —x undbeon
3. o unébeon
4. 4 1, 3, M.P.
5. x 2,4, M.P.

2) 'Ouota.

Yto e€¥c Ha ypnowwonoolue Ta Hewpruata mou amodelloue Yot GUVTO-
pevon tumxeyv anodetewy oto Ag. Iapadelyuatog ydern, av xatd v xo-
TaoxeLn xdmolag Tumxg anddeling Eyovue 1NN Yedel Toug THTOLS Y — VP,
Y — X, T0Te unopolue va ypddouue tov ¢ — x ue dixaworoyia “IIépiopa
2.4.17, avtl va emavardBouue Ty avtictoryn Tumxy) anddelln.

To enduevo Oedpenua Ha poag pavel ToOAD yerowo apydtepa.

Ocopnua 2.4.2 Ov axdélovbor mpotaciaxol timor eivar tumixd Hewpruata
tov Ay (yia xdbe @, ):

1) —mp =

2y

3) g = (¢ =)

4) (%= 2p) = (v = 9)

5) (o= 9) = (=¥ = —p)

6) (¢ =)= (¥ = —p)

7 o= (Y= (= y)

8) (p—=4) = ((mp = ¥) = ¢)

9) (o—=9) = ((p = %) = —9).

Anddeln: Aoxnon 18.

"Eva dAho onuavtixd néplopa tou Oswpiuatog Anaynyhc elval To axo-
Aoufo

Ocdhpnua 2.4.3 (Oedpnua Avtifetoavaotpopis) [a xdfe ovvoro mpo-
taotaxéy tUney T xar TuyGVTEC mpoTaoLAX0US TUTOUS 9,1

Ty {90} l_.Ao - avy T'U {¢} I_Ao —p.
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Anédely. (=) 'Eotw 6t T'U {p} kg, 1. Téte, Moyw toU Owphuotoc
Anoywyne, T Fa, ¢ = —9. H axdhouln tumxr) anddelén uag delyvel ot
T gy — —pr

1. ...
..... Ty anddelln oto Ag
A o=
A1 (=) = (P — —p) Oedpnua 2.4.2, 6)
A+2. Y —-p AMA+1,M.P.

[T&hL ye Bdon 1o Oedpnuo Anaywyhc éxovpe 6t T U {¢} 4, —p.
(<) 'Ouoto.
Yuveyllouue ue éva bedpnua mou avtietolyel otn uébodo tng ‘oe dtono

anaywyhs’, n onola ypnoylonoleltal ToA) GUYVE GTNY XATAOXEVT] ATOSEIEEWY.
IIpwy dovdue 1o Bedpnua, Oa oploovue pla véa évvola.

Opiopds 2.4.3 Eotww T oUvolo npotaoctaxdy tinwy. Oa Adue ot

a) 1o T elvar ‘ovvenéc’ avy dev undpyer mpotaciaxdc TUTOC @ TETOWOC TOU
TEa, @ xae T4, 0

B) to T elvar ‘avrigatind’ avy to T dev elvar ouvernée.

[Tpénel var onuewwbel 6tL av to T elvon avtigatind, téte T - 4, ¢ Yo xdbe tomo
. Hpdyuott, €0tw 6Tl Yo xdmoto tono ¢ oyvel 6TL Tk 4, @ xau T F 4, —p.
Téte, ypnowwonoldvtac 1o tumxd Bedpnua ~p — (¢ — ) (dec Oedpnua
2.4.2, 3)), UMOPOVUE VO XATAUGXEVAGOLUE Wiar TUTILXH amddelln Tou 9 and 1o
T, ywt Tuyovta tono .

Ocdpnua 2.4.4 (Oedpnua tng oe dtono anaywynRs) [ia xdbe olvolo mpo-
taotaxdy tinwy T xar yia xdbfe mpotaoiaxs tino ¢:

av to T U {p} elvar avripatixd, téte T F 4, —p.
An6dely. 'Eotw 6t to T'U {p} elvow avugatind. Téte yia xdmowo 9:
TU{p}Fa, ¥ xouw TU{p}Fa, .
‘Apa, Moyw tou Oswpruatog Ataywyig,
ThFa =Y xa T Fyy o — ).

Xpnowonoldvtag topa o wmixd Gedpnua (¢ — 1) — ((¢ = =) = —p)
(Oedpnua 2.4.2, 9)), UTOPOUUE VoL XATAOXEVEGOUUE ULa TUTLXY antdBELE) 6TO
Ap mou Seiyver bt T F 4, —op.

Ae Bo cuveyloovue ) ueAétn tou Ap, yia toug e€fc Adyoug:
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a) To Ag Sev anotekel o xatdhhnho unéBabpo yia v pehétn pabnuati-
%0V anodellewy, apol 1 L'y éxel neploplouéves exppaoTixés SuvaToTn-
TeC.

B) Yndpyet euxohdtepog TpOTOC Ond TNV XATAGKELY| TUTUXGDY ATOdElZewy
o710 Ap Yoo vau ehéyyovue av XdmoLog TpoTactaxds Tnog elval TuTxd
Bedpnua Tou A, dnhadr o ékeyyog av autdg o TUTOg elval TauToloyia
- 10 yeyovég autd énetar and Hewpruata mov Ha Sodue otny enduevn
ToEA Y PAPO.

Oa xheloovye TV Tapdypago avagpépovtog ta olvola adloudtey Aj, Af,

x&0e éva and Ta omola unopovue va mdpouue atnyv Béom tou Ap ywelc Vv’ ai-
MaZel tinote, dnh. ta ouoTAuata Ag, Ay =< Af, Ko > xav Af =< Af, Ko >
gyouyv ta dlar Bewpruarta.

To otouyeio tou Af) elvar 6hot oL npotaciaxol tonol tou divouv ta axdrovbo
AELWUATIXG oY HUATI:

V=

p—=>oVY

pVY PV

(P —=x) = (VY —=>pVX).

To A éye otolyela 6houg Toug TROTAGLAXOUS TOTOUS TNG LOPPAS

{llp=9¢) = (x = =0)] = x} = 7) = [(T = 9) = (0 = ¢)].

2.5 Eyxvpdtnta xar tAnpdtnta

Yy napdypago autn o dodue 6Tt To altwuatixd clotnua Aj elvar ‘“€yxupo’,
dnhadn xdbe Tuxd Bedenud tou elvan Tautoroyla, xar ‘TApes’, dnhady) xdbe
Ttowtohoyla elvar tumxd Bedpnud tou. M’ dhho Adyla, TO Vo GLUTERALVOUUE
TpOTAGLAXO0US TUTOUS and dAloug ‘GuvTaxTXd’ elvan To (Slo Tedyua Ue To va
TOUG GUUTEPALYOUUE ‘ONUACLONOYLXE .

YOUpeVIL UE TA ATOTEAEGUATO TNG ToEAYPdpoL 2.3, uTopolue va UTobéGouue
6Tl oToug TpoTactlaxols Timoug eugavilovtal uévo ol olivdeouol -, — (Tpo-
pavde 1 apyf Te enarywyRs Loy Vel UE TNV xaTdAANAY Tpomonoine).

INa V' anodellouvpe to Baoixd Bedenua, ypetalouacte to e€ng

Adppa 2.5.1 Acdouévne uiac anotiunonc a, opilovue tn ouvdptnon
4 T(Ty) = T(To) we elrc:

—a , ava(p) =A
. {so (¢)

- i,  ardide
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I xdbfe mpotaoiaxs tumo ¢ xar xdbe arotiunon a toyvet

{po®, ... D"} Fao 97,

onov k € N térowo mov dAec o1 mpotaociaxéc uetafAntés nov eugpavilovrat
oT0 @ elval aVAUESH TTIC Py, -.., Dk -

Anédeln. Xpnowomnotoue v apyn g emaywyns. o euxohia, ypdgouue

~ avtl v~

a

1) Av o ¢ elvouw xdmota mpotactoxy| petofAnti, téte 10 {nToduevo oy lel

TREOPAVES.
2) 'Eoto hownéy 6tu to {nroduevo woylel yua toug @, 9. Oua delfouue bt
Loy VEL XAl YO TOUS ¢,  — 7).

o)

[Tpogavie oL mpotaclaxés uetafAntég mou eugaviloviol 6Toug ¢, =@
elvar oL dleg, €otw OTL elval Petalld TV po, ..., Pk Oswpolue ula
anotiunon a. and Ty enaywywxy undbeon, woydet {Po, ..., Pk} FA4, P
Ava(p) = A, t6tea(—p) = ¥, ondte =g = . ANG 4, © = =g,
and to Oedpnua 2.4.2. Xuvende {po, ..., Pk} F4, =P

Av a(p) = ¥, 161 a(—p) = A, ondte T = —p xa =g = . Apa
{p_07 7p_k} l_.Ao 'z

Ye xdbe neplntwon Aomdy woylel yia Tov —p autd tou HEAouyE.

Ac unofécouvue dTL oL mpotactaxés uetafBAntéc mou eugaviloviol GTov
@ elvor YeTagl TV Po, ..., P xal aUTES o eugavilovtal oTov P elvol
UeTa TV Po, ..., P, OTMOL, Ywelc BAIPN g yevixdnrag, toylel k <
[. Ipogavie ol mpotactaxés YetaBAntéc mou eugavilovtal atov ¢ —
¥ elvow petald TwV po,...,p;. Oswpolye ula anotiunon a. And tnv
enaywywy utébeo, toybouy o

{1)_07 "'7]7_k} FAO? (1)
{Po, -, i} Fap ¥ (2).

Abyw e napatfienong 4) ot celida 25, and ™y (1) éneton 7
{Po, P} Fag @ (3).
Av a(e — ) =¥, ondte a(p) = A xou a(yp) = ¥, Oa éyovye
poP=-(p¥),p=pxni=") (4).
"Opwg and 1o 7) tou Bewpluatog 2.4.2, éyovue bt
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Fag ¢ = (0 = =l = ¢)) (5).
Ané tic (2), (3), (4) xou (5) ouunepaivouue 6t
{70, i} Py 0 = ¥,
dnhadn 6t toydel To {nroduevo.
Av a(p — ) = A, ondte a(p) = ¥ R a(y) = A, Oa éxovue
U= b= T = (6)

Av woylel a(p) = U, 161 10 {nroduevo énetat and T (3), (6) xou o
yveyovég 6t 4, ¢ — (p — ) (dec 3) Oewpriuatog 2.4.2).

Av woylel a(y) = A, t6te 1o {nroduevo énetat and T (2), (6) xou o
yeyovog 6t kg, ¥ — (@ — ) (deg AX1).

z ’ /7 ’ 7
Ye xdfe neplntwon Aowndy oybel to {nroduevo.

Tdpa éyouvue 6,1 yperdleton Yo v\ anodei&ouue To Baocixd Hedenua.

Oedpnpa 2.5.1 (Oedpnua IIknpdtntag potactaxold Aoyiopol) o xdbe
meotaolaxs TURO @,

av = @, 10t 4, .

An6dely. 'Eotw thpa 6Tt = ¢ o oL mpotactaxés UeTABANTES TOU EUpa-
vifovtar oto @ elval avdueca GTiC Py, ..., Pk. Xwpelg BAIPN Tng yevuxdtnTag,
unopovue va utobécovue étL k > 0.

[N TuyoVoa amotiunon a, Aoyw tou meonyoluevou Afuuatog, LoyveL:

{P0, Dk} Fa, ¢ (ool a(p) = A).
Av a; elvar pia arotiunon tétow nov aq(pr) = A, 161
{p_07 "'7pk717pk} '_.Ao P

[atpvovtag pia anotiunon oy étota mov as(pr) = ¥ xou az(p;) = a1(p;) yw
t=0,...,k—1, éyouue

{]Tla ooy Pl—1, _‘Pk} }_.Ao -
Yuvenog, olugponva ue to Oedpnua Ataywyrc,

{p_07 "'7pk71} '_.Ao Pk — @ XOoLL
{Po, s Pe—1} Fay Pk — .
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Xpnowwonobvtag thpa (ndg;) to 8) tou Bewphuatog 2.4.2 éyouue 6T

{p_07 "'7pk71} '_.Ao ®-

Yuveyllovtag étol, anadelpovue GAOUS TOUG TEOTACLAXOUE TOTOUS PO, .., Dk—1
xou cuunepatvouue 6Tl g, @.

Fevixdtepa, amodewxvieton To €€Xg, To onolo enlong xaholue ‘Oebdpnua
[IAnpétnrac Hpotaoiaxod Aoyiouod’.

Ocedpnua 2.5.2 I'ia xdfe olvolro mpotaciaxdy tinwv T xau xdbe npotaciaxd
tino @:

av T = ¢, 16te T F 4, .

'Onwe mpoavagépaue, oylel xal To avtioTpogo tou Bewpruatog [IAnpo-
nTog, dnhadn To e€ng:

Oedpnua 2.5.3 (Oedpnua Eyxvpdtntag Hpotaciaxod Aoyiopos) Ia xdbe
TpoTacLaxXs TUTO Q!

av Fa, @, Tt = .

To avwtépn Bedpnua eacparilel 1L To0 Ag dev elvon avtipatixd. Ipdyuart,
€0TW OTL UTAPYEL XATOLOG TROTAGLAXOS TUTOG ¢ TETOLOG IOV - 4, ¢ %ot 4, .
Téte Ou loyue = @ xou = —p, npdyua advvato.

Oa anodellovue to €&fc OBedpnua, To onolo enlong xaholue ‘Oedpnua
Eyxvpétnroc Ilpotaciaxod Aoyiouod’

Ocodpnua 2.5.4 ['a xdbe olvolo mpotaciaxdy tinwy T xai xdbe mpotaciaxs
Uno @:

av T Fa, @, t6te T |= .

Anédeln. 'Eotw 61T F 4, ¢. Tote undpyet ylo tumnr| anddelln @1, ..., o, =
¢ oto Ap. 'Onwg Ha dodue oty ‘Aoxnon 19, xdbe allwua tou Ag elvon tau-
Tohoyla o o xavévag M.P. Swatneel Ty Tautoloywxy| cuvenaywnyy. Xenol-
HOTIOLOVTAS TO YEYOVOC auth, uropolue va detlovue pe enaywyh 6t T = ¢;,
vy xdfe i =1,...,n. Apa T |= ¢p, Snhadi T = .

(d¢ méploua TV Oewpnudtwy IIAnpdtntag xaw Eyxupdtntoag éyouue to
Oedpnua LUUTEYELNS TOU AVAPEPUUE, UE anddelén tny e&ng:
'Eotw 61t T elvan éva dmelpo 6UVOAO TpoTacLaxdy TUTwY TEToLo Tou xdbe
TETEPAGUEVO UTOGUVOAS TOU ELVOL IXAVOTIOLGLLO, aAAd To (8to to T dev elvon
wavonoiowo. Téte T = po A —po (napathenon petd tov Opioud 2.2.2).
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"Apa T' F 4, po A —po (Oedpnuo IIknpdtntac), ondte undpyel xdnolo menepo-
ouévo T C T téwowo mou T 4, po A —po. Téte, odugpwva ye o Oedpnua
Eyxvpbtntog, Ha woyder T' |= po A —po, Tou elvar addvato, agol to T' elvon
IXAYOTIOLHGLUO.

Adyo twv Oswenudtov [Iinpdtntac xow Eyxupdtnrog, undpyet ahydplh-
pog yia v’ anogacilovue av o ¢ anodetxvietal Tumxd 1 Oyl oto Ag and éva
nenepacuévo ovoro I' C T'(I'g): o alybpibuog yo v’ amogacilovue av 1 = ¢
1 Oy
Yy xotnyopnuatixy) Aoywy, 6nwg Ha Sovue oty cuvéyela, To TEdyUoTo
dev elval t660 amhd, map’ Gho Tou xou exel Loyvel To Hedenua TAnpdTNTAC.

AYKHXEIY

1. Aei&te 611 dev undpyouv mpotaclaxol TinoL ue aptbud cuulorwy 2, 3 1
6, aAA& 6Tt onoloodfnote dhhog puoxde aptbude > 0 etval Suvatoc.

2. 'Eotw ¢ mpotaciaxdg tinog, n o aptbudg SiBéoiny cuvdéouwy xal m
o aplfudc mpotaocloxdy LeTaPAnTtdY tou eugavilovior oto ¢ (av éva
oVufolo eugaviletar TeplocdTERES AN Wial POPES, UETEAUE EEYWELOTA
%&0e eugpdvion). Anodellte 61 m =n + 1.

3. Anodeilte 6T 1 éxgpaon (p1 — Apo) dev elvon mpotactaxds Timog.

4. Acei&te 6T xavéva YvHoLo apyxd Tuiua evog mpotactaxod Titou Sev
elvo mpotactaxdg Tinog.

5. Bpelte ta 3evdpodlaypduuato TV TEoTACLOXGY TUTWY

[(p1 Apo) = ((—p2) V (p3 <> p1))], (P1 V (P2 < Po)),
[((po A p1) = p2) = pol-

6. 'Eotw f,g:T(I'y) = N oL cuvaptiioeig Tou opilovial g eZng:

f(p)=0 g(p) =0
f(=p) = f(p) +1 g(=p) = g(p) +1
flovy)=fle)+fW)+1 glpAyp) =maz(g(p),g(¢)) +1

oL OUOLAL UE V, —, > avTl YloL A.
o) Beeite toug aplipoic
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10.

11.

12.

13.

f((p1 = p2) A (=p2 = po)), 9((p1 V (P2 = p3)) A (=3 V —pa))).
B) Aceilte 6t yio x8be mpotaciand tino ¢ woyler: g(p) < f(p).
Arnodei&te v llpbdtaon 2.1.1.

E&etdote av 0o xabévac and toug xatwtépw TpoTtacloxols TUTOUS GUVE-
TEYETAL TAUTOAOYIXE TOV dAAO:

po < (P14 p2), (Po A (P1 Ap2)) V (=po A (—p1 A —=p2)).
Eivaw o npotaciaxde tinog ((po — p1) — po) — po towtoloyia;

Arnodeilte bt yo xdbe ¢, € T(Ty), ¥ C T'(Iy) éyouvue
a) TU{otEY aw SkEp—9
B) o=t aw Foo v

"Eoto o, ¢1, P2, ... axoloubia tpotactaxdy tinwy. o tuydvta tpota-
olaxé Tuno @, cuuPoiilovye ue p* Tov TpotacLaxd TUTO TOL Talpvouue
AVTIXOOLGTOVTAC TNV Po UE @Yo, TNV P1 UE 1, TNV P2 UE P2 XTA.

o) 'Eotw a pa anotiunon. Iaipvovue wa anotiunon b tétowa nov
b(ps) = a(yp;) i i =0,1,2,.... AciEte 6L b(p) = a(p*).

’ /7 ’ 7 /7 * ’ 7
B) Aci&te 6t av o p elvon tautoloyia, tétE 0 * eivon TawToloyia.

[N Tuydvta mpotaclaxd tHno ¢ opllovue avadpoulxd To GUVOAO TwV
“urtonpotactlaxdy TUTKY Tou @’ cuuPolxd Yro(p), we eZhc:

Yno(p) = {p}
Yro(—¢p) = Yro(p) U {—¢p}
Yro(p A 1h) = Yro(p)U Yro(¢) U {o Ap}

xou 6uola Yo V, =, <> otny Héon tou A.

"Eotw tdhpa ¢, 1, x npotaciaxol tinot ye x € Yno(yp). Optlovue tov
Tpotaclaxd tono px /1] va elval o THmog ToL TEOXUTTEL and TOV @ AV
AVTIXATACTACOVUE TOV X, OTou eugpaviletal otov ¢, ue tov . Aciéte

6t av x = ¥, téte = ) /Y]

[ éva pdvo undpyouy Teelg Unonttoy, ol A, B, I'. Xtnv avdxpion Snha-
Youv:

A: Aev éxava tov povo. To Odua fray naidg yvodpewwog tou B. Eniong
o I' tov uioovoe.
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14.

15.

16.

17.

18.

19.

20.

B: Aev éxava tov @dévo. Olte xav néepa to Hua. Extdc autol,
éhewnar amd TNV TOAN TNV NP TOU PEVou.

I': Aev éxava tov @bvo. Eida tov A xar tov B ue to 6dua v nuépa
Tou govou. 'Evag an’ autolg mpénel va To Exave.

ZépovTag OTL €vag amd TOUS TEELS EXAVE TOV PEVo oL OTL oL duo abdol
Aeve ainfela, Beeite moldg elval o dohopdvoc.

Arnodel&te v axdrovbn Apyr tou Auvicuoi:

'Eotw 6t 6tov ¢ gugaviCovtal uévo ol aivdeouol -, V,A. Eotw ¢*
0 TPOTACLAXOS TUTOG oL TalpVOuUE and Tov ¢ evalhdooovTog Ta A,V
%o AvTiXabloTdVTag xdbe Tpotaclaxy UeTafANTY ue TNV dpvnor| Tng.
Acl&te 6TL —p = p*.

XeNnoLonol)vTag ToUg VOUOUS TOL TRoTAGLaxoV AoYLouol xat Tny ‘Acxnon
12, amhomnolelote Toug axdAouboug TEOTAGLAXOUS TUTOUG:

[p1 A ((p1 Ap2) V (p1 A=p2))] V —(p3 V —p1),
(P A=)V (mp AY) V (mp A =),
(V)N = Q)] VI AX) V(P — X))

"Evag guhaxiopévog mou €yel xatadixactel og Bdvato elvol unoypewmué-
vog va xdvel pia SHhwon. Av 1 dhhwon elvar ainfivig, Ho arayyoviotel:
av 1 dSnhwon elvan Peudric, Ha exteleotel ye tougexioud. Ilown 3HAwon
Odmpene va xdvel Hote va unepdéel Toug exTEAEGTES TOU;

ITowd and ta axdhovha civola elvon LeovoTolAcLua xol Yot
)

M(Ty), T(T'g), {po,po — p1, 71}, {pi = piy1:7 € N}

Kataoxevdlovtoc tumixée anodeilelg, dellte 6t ou mpotaciaxol tomot
/7 7 Vé /7
Tou Oewphuatog 2.4.2 elvar Tumxd Bewpruata Touv Ajg.

EXéyEte ot ta aliduata tou Ag elval tautohoyleg xol 6Tl 0 xavdvag
M.P. dwrtnpel TNV TaUTOAOYLXT) GUVETAY Y.

Aci&te 6T oL mpotactaxol TomoL

(VPN (=)A= x) = x o= @ =X (pAY = X)
elvow Tumxd Bewpruata tou Ag.
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21.

22.

23.
24.

25.

26.

27.

'Eotw f n ouvdptnon Boole mou opileton wg e&vc:

FU, 0, A) =4 fATT) =4 [AAA)=T
FU,AT) =4 f(AT,A)=T.

Bpeite éva npotaciaxd tino oe xavovue Staleuxtixy Hopgy| Tou Tpay-
uatonotel Ty f. Ymdpyel odvtouog tétolog tpotactaxds tinog;

Bpette Toug nivaxeg ahrfelag tov 9 Suvatdy cuVSEcumyY Tou dev €youue
AVAUPEQEL.

Arnodeigte 6t ta {}}, {—, =} elvar TAfpn.
Aei&te 611 10 {+, >} dev elvan mAfpes.
[eddte Toug axdrouboug TpoTaclaxols THTOUS GE xavovixY) SLaleuxTixy
Lop@n:
~(p1 = p2) V (-1 Aps3), po— ((p2 = —po) V p3)-
a) Aeilte bt yio %86 ovvoho mpotaotaxdy tnwy T:

z /4
T ocuvenég avy T' Leavomo|GLuo.

B) Eivar to {-p2 Ap3 = p1,p2 — (—p1 — p3), p1 <> 7P3} CUVETES;

Av T,% C T(Ty), ue T ouyPoiilouue 10 obvoho {p € T(Ig) : T F 4,
v} Acel&te 6wy tuydvta T,% C T'(T) woydouy:

o)
Y)

SN

B TNECT
5) T(To) =T

Beeite napadeiyuata 7, % yioa ta onola Exovue C (Yvhoto unocivolo)

ota fB) - 9).

=T
UXCTuUx
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Kegpdhoro 3

Katnyopnuatixn Aoy

3.1 IlpwroBdbutes YABooES

'Onwg mpoavagépaue, n YAGooa I'g €xel Toh) neploplouéveg exppaoTinég Su-
votodTnTeES oL YU auTé elvon edhoyo vo avalntioovue GARES, EXPPACTIXOTE-
peg, Tumég YAwooeg. Me ta obuPola tng I'g dev elyaue ) Suvatdtnta va
OLELGOUGOVUE GTO EGWTEPIXO TPOTAGEWY TNG EAANVIXNG YADOCUS, TEAYUO TOU
elvow emtaxtind, av 6éhovye, mapadelyuatog yder, vo WAHGOLUE UE evialo
TEOTO YLt GUVOAX SUOLLY TEPTTGOOEWY. 'Eotw 6Tl Béhovue va exgppdoouue
oe T YAOGoa 6T “o aplBude a €yel Ty Wiotntar A7 xat 6Tl “o aplBudeg
b éyer v WioTTa A7, Yta mhaiowo g I'g avtd unopel va yivel yéow duo
SLIHEXPLUEVWY TIPOTAGLAXGY UETABANTGY, ag TOVUE TNG Po XL TNS P1, TEAYUA
mou odnyel 6NV andiela TG TANEooplag 4Tl avaPepdUAcTE 6ToUg apliuoicg
a, b oe oyéon ue v WBla WioTnTar A. Ay Sumg undpyel oY TUTLLXY YAGOGGA
éva aOuPolo mou aviinpocwnelel Ty WOTTa A, o unopolooue va exppd-
GOLUE TLS SUO TPOTAGELS UE TEOTO TOU VA OVASELXVUEL TO XOLVO UEPOC TOUG.
[Mopadeiypatog yden, av 1o clufoho P4 avictoiyel otnv A, ol npotdoelg
UmopovY var HeTaypapody we Pa(a) xar Pa(b) avtiotouya. O amoxalodueveg
mowtofdbuies yAdooeg elvan TUTUIXES YAMDGGES TOL TROGPELOLY AUTES TLS duva-
totnTeg. Tétoleg YADGOES YENGULOTOLOUVTOL YOl TNV XATAGKELY) AELOUATIXMDY
CLGTNUATWY YLl TNV UEAETN XOUUATLOY Twv Mabnuatixdy, T.y. e Ocwplag
Yuvohwv, g Oewplag Aptbudy xTA.

Ta clufoha ulog tpwtofdbulag YAdooog elvor ta e&ig:

o) Vg, V1, V2, ..., TOU xOhOUVTOL ‘UeTABANTES]
B) -, —, mou xahodvton ‘ovvdeouol’ (avtiotouya ‘dovnon’, ‘cuvenaynyh’)
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Y) (1, ), mou xaholvtar ‘mapevbéoels’ (avtiotouya ‘apiotepr| mapévbeor,

‘de1d napévheon’)
) =2, mou xokeitan ‘todTnTa’
£) V, mou xakeiton ‘xafohxds nocodeixtng’

0) v xdbe n € N—{0}, éva ovoro (lowg xevd) {P;ili € I,,}, o otouyeia
Tou omolou xahoUVTAL ‘N-UEN| xaTnyopnuaTiXd clufola’

n) v xdbe n € N—{0}, éva obvodo (lowg xevd) { fnilj € Jn}, To oTOLYELR
Tou omotou xaholvtal ‘n-6éoia GuvapTnaLlaxd clufoha’

0) éva ovvolo (lowe xevd) {ck|k € K}, to otouyeia Tou onolov xahodvtat
‘(atouixés) otabepéc’.

To abvolo twv cuuPérev g I'1 ouuBorilovue e L(I'1), twv otabepdy pe
E7(T'1) xou tov petafBintdy pe M ().
Xenowwonowolue Tig e€g GUVTAXTIXES UETAPANTES:

T,Y, 2,0, T1,T2,... ME TWES UeTABANTES

P,Q,R,... UE TWES XxaTnyoenUaTiXd cUuBola
9.0, ... ue Tég ouvaptnolaxd oluBola
c,d,e, ... ue Twég otabepéc.

Iopatnprioets. 1) Ta oduBora twv xatnyoptdy B) - €) xahodvtal ‘Aoyixd
oVufola’, 8LoTL €youy mavta To (8lo vonua, mou otnelletal ot Slanchntixy
Aoyudh, evéd exelva tov ) - 0) xakobvtar ‘un Aoyixd abufola’, SibTL unopolv
v gpunvevboly ue dudgopoug tpémouc. Ta oluBola TV xatnyopldy o) - €)
elvat xowvd 67 6heg T TpwToBdbuLlec YAOOGOECS.

2) Mepuxol ouyypageic nepthoufdvouy to oluBoho ~ ota un hoyixd obufola,
aUTH OUWS deV ETLPEREL OUGLAGTIXES JLAPORES GTNY AVATTUEY TNS XUTNYOET-
uatixng hoyurg. Eniong uepuxol ouyypageic Bewpolv ta oduBola ctabepnv
o 0-Béoia cuvaptnolaxd cOufoha.

3) Oo unopovcoue va enttpédouue TV Vnapln 0-Héctwy xaTnyopnuaTiXGdy
ouufBérwy, ta omola Ha avtioTolyovoay 6T Tpotactaxés ueTaBAntéc g Lp.
"Etou fa emtuyydvaue evenudtnmon tng TpoTaclaxis Aoy GTNY XATNYO-
enuatixr) Aoy — Bo émpene BEPoua var xdvouue xUTIAANAES TEOTOTOLGELS
oe 6,TL axoloubel, xuplwe otoug Oplouoie 3.1.5 o 3.1.7.

4) 'Oneg vt Lo, B ypnotworotodue |, | xou {, } avtl yu (', ).

5) YroBétouue 6t xdfe mpwtoPdfula YAbooo Exel TOUAGYLGTOV €V XaTNYO-
enuaTiXd 1 cuvapetnolaxd cVUBolo.

6) Apybtepa Ha eloaydyovue ta odufoha A, V, >, 3. O Néyog ou dev elvon
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amopaltny N Tapovsia Toug and T apyn elvar 6tL o clvoro {—, —, V} elvon
TMApec (umotifetar bTL éyoupe enextelvel Ty évvola TNg TANEGTNTAC BGOTE Vol
eQopuoleTal 6 GUVOAA UE GTOLYEIN GUVSEGUOUS Xl TOGOSEIXTES).

[pogavdg ula mpwtofdbula YAdooa elvar xabopiouévn 6tav elvar xabo-
plouéva ta un Aoywd tng obufora. Xuvibwg ol tpwtoPdbules YAdooeg Tou
ua evdiagpépouv €youy nenepacuévo 6To tARbog alufola TV xatnyopdy )
- 6).

Mopadeiypata. o) H yhdooo T e xatnyopnuatumic hoyudc éyel wévo
xatnyopnuatixd oOUBols Py, ue n,m € N — {0}, xou otafepés ¢q, c2, c3, -...
B) H yAdooa I'§7 tng Hewplag cuvowy éxel wévo éva Stuehéc XoTnyopnuo-
w6 ovufBolo, to €. (Mepxol ouyypageic mpotutoly 1 T va éyel xou évar
oVuPolro otabepdc (.)

) H yhédoou T tne Hewplag aplbudy éyet éva povohiéoio cuvaptnotaxsd oly-
Boho 1, Buo 8ot cuvaptnolaxd olufola &, ® xat wa otafepd 0. (Mepuxol
ouyypagpeic mpotwoty n TI% va éyet xou éva Siuehé xatnyopnuatind oiuBolo
<.)

Y1n ouvéyela Oo uihdue yevixd yua wa tpwtoPdbula yAdooo I'y, extdg
oV OVAPEPOLUE [ULOL GUYXEXPLUEVT).

Opwouwds 3.1.1 “‘Exgpacn’ tnc I't xadeltar xdbe nenepaouévn axolovbia
ané ovuford tnc, m.y. Vro = xor1, (r1 — .

To 6lvolo twv exppdoewy g I'1 ouuBorilovue ue E(I'1) xou ypenousonotolue
T, 3,7, ... 0 cuvTaxTxés LetaPAntéc ue twéc oto E(I').

Ac dolye thpa moég exgpdoeig tng I't Ba elvar gopelc vorjuatog. Ou
oyetxol optouol Ha yivouv avadpouxd, 6mne yio ™) L.
Oproudeg 3.1.2 Oa Adue 6t n Exppaon a eivar ‘Gpog’” avy

1) o€ M(Fl)UET(Fl) 77/

2) n o elvar tyc popwrc fBi...0n, dnov f elvar n-Géoo ouvaptnoiaxsd olu-
Bolo xai B, ..., By elvar 76y xataoxsvaouévor dpot.

Na pepucol dpor g T'1: g, v3, fo;v1vs, f25 foivivicy.

To clvolo twv bpwv ™ I'1 ovuBorilovue ue O(I'y). To t, 7, s,... yenowo-
ToLobvToL wg ouvTaxTixés Yetafintéc ue twég oto O(I).

I euxolia, Oa ypdgouue f(t1,...,tn) avtl yio fti...tp.

Opwouwds 3.1.3 Oa Adue o1t n éxppaon o elvar ‘tUmog’ avv n o elvar )¢
Hoppifs
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1) ~ t1t2 7]’

7

2) Pty...t,, dnov P elvar n-uedéc xatnyopnuatixd obufolro, 7
3) (=B) 7 (B — ) 1 VYap, drnov B,y 78y xataoxevaouévor tinot.
‘Evac tunoc xakeltar ‘atouixds’ avv elvar tne uoppic 1) 7 2).

No pepuxol tonol g I'y: ~ey fajuivs, (~(Repvr — Paickus).
To olvolo tov atouxdy tiney e I't cuuBoiilovue ye AT (1) xou twv
wnwv we T'(I'1). Ta ¢, 9, X, ... XPNOHLOTOLOVVTAL 1S GUVTAXTIXES UETABANTES
ue twéc oto T(T'y).
[Mo euxolia, Oa ypdpouue P(ti, ..., t,) avtl yia Pty...t,.

Mepwxol ané toug tomoug tng I'y Ba €youv cuyxexplévo vonua, v ol
umohointol Ha €youv vonua und teolnobécelg. O Slaywpertouds autdg otneileton
oTov axéhoubo opLoud.

Opiopds 3.1.4 Oua Aéue ot
a) ‘nx eupaviletar edevlfepn otov ¢’ avy

1) o @ elvar atouixdc xar n v eupaviletar oto ¢ 1

2) o ¢ elvar e uopiic (—p) xavw n x eupaviletar eAedbepn otov ¢

7

3) o ¢ elvar tnc poppic (¥ — x) xaw n x eupaviletar eAelbepn otoy
¥ 1 oto x i

4) o @ elvar tyc uoppic Yy, drov x # vy, xaw n x eupaviletar eAed-
Oepn otov .

B) ‘nx elvar Seoucvuévny otov ¢’ avy n & Sev eupaviletar elevfepn oto
P.

Y) o ¢ elvar ‘mpdracy’ avy xdbe uetafAnty elvar Seoucuuévy oto p.
Hopadelyuotog yden, n z eupaviletoar ehelbepn otov (VeQ(x) — P(z)), ny
elvan deouevuévn otov Yy(P(y) — VzQ(x)) xa o VaVy(xzy — ~yz) elvon
TEOTAON.

To oivoho 6hwv TV tpotdoewy e I'1 ovuBoiilovue ue II(I').

IMapathipnon. Liugponva Ue Tov TEoNYOUUEVO 0ploUs, Ulo UeToBANTY utopel
va guaviCeton ehebepn o7 éva TOMO xou TauTdyYpova va elval SEGUELUEVT G
€vat UTOTUTO TOL.

e avaroyla pe v apyn g emaywyic Tou Keparaiou 2 éyovue tnv
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Ocdpnua 3.1.1 (Apy7h s Enaywyds) o) Av A C O(I'1) térow mov
1) M(T1)UET(T1) C A xau

2) f(t1,....tn) € A, yia xdbe n-Oéoio ovvaptnolaxd oiufolro f xar xdbe
t1,...,t, € A,

téte A= 0(I).
B) Av AC T(I'y) térow mou

1) AT(T'1) C A »xa
2) () e A, (Y —x) €A Ve € A, yia xdbe p,x € A xaw x € M(T'1),
téte A=T(Iy).

'Onwg oto Kegdhao 2, unopodue va anodeilovue 6Tt xdbe timog elvar
povadixd avayvedoluog, dnhadn xataoxeudleton ue Bdon éva pyovadixd dev-
dpodidypauua and atouixolg Tinoug ue ) Porbela Ty cLUPBOAWY 1, —, V.

[ suxohia, eledyovue ta giuBola A, V, <, 3 wg ehc:

Ou yedgouue  (pAY) avilyia (=(p = (=¢))),
(pVe) avily ((mp) = 9),
(p = d) avityie ((p = D) A (Y = 9)),
dmhadty  avtl vy (=((p = 9) = (=& = ¢)))),
Az avtl v (=Vz(—gp)).
Enlong yia euxolia xou v Aoyoug nopddoong Oa yedpouue

t1~to avtl v tqto, t1 # to avtl yo (—~st1ts)
t1€ty avtl Yy Etta, t1 & to avtl yio (—E€tyta)
th avtl yia 1tq, (t1 D to) avtl yio Btits

(t1 © tg) avtl yioa Otqts.

'Onwe 0ToUg TPOTAGLAXOVUS TUTOUG, ETOL XAl GTOUS TUTOUS TUEAAEITOUUE
napeviéoelg, oluPwva ue Toug axdrovboug xavoves:

1) Ouewtepinéc napevbéoels napaheinovral.

2) Ta =, V, 3 Bewpodvta toyvpdtepa and ta undhotna cOuBoa xou Ta A, V
LoYLEOTEP AT TA —, <.

3) Ta A,V Bewpolvial toodivaua petadd toug xal To (8o toyvel Yo Ta
—,
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Enlone mapakeinovue xou tig eEwtepinée mapevbéoelc bpwv tne T§%, dtav Sev
UTAPYEL TERITTMOT TOPAVONGTC.

Ac otpagolye tdpa 6N ONUAGLOAOYIXY TAELEE Lo T ToRdbuLaS YAGO-
cog. Alogopetixég TpwToBdbules YAOOoES €xouv SLapopeTinég ‘xipleg’ epun-
VELEC TIOL GUUPWYOLY OUKS 66OV aopd Ta hoywxd clufola. 'Etol n xdpla
gpuUNVELX TV AOYLXOY GUUBOALY Xl TOY HEGW AUTOY 0pLlOUEV®Y GUUPBOAGY
(dnA. Ty A, V, >, 3) elvon 1 e€c:

43 7 W2

a) Ta =, A, V, =, <> aviiotoryoldv otig exgpdoeis “8ev”, “xan”, “A” xTh.,
omwg v Ty o,

B) Ta (,) avuotolyolv oe onueia otilewg, énwg yio Ty L.
Y) To ~ avtiotouyel oty gpdon “looltar pe”.
3) Ta V,3 avuotolyoly ot gpdoelc “yia xdbe”, “undpyel”.

Ac Sovue duo mapadelyuata xdplag epunvelag Twv un Aoyxody cuUBoAwy duo
TEWTORAOUWOY YAOWGGOY.

TMopddetypa 1. H xlpla epunveia twv un hoywdy cuuférov tne T eiva
M edhc:

a) O yetafAntéc aviioTtolyolyv 6e GUVORa Xal

B) To € avuotolyel oty ppdon “avixel oe”.

M’ auth Tnv epunvela oL tonol Tng T avtiotoyolv oe Tpotdoelg Tng EMAN-
VXS YADOGGAS TOL apopoly TNy Bewpla GUVOALV.

Topddetypa 2. H xlpla spunveio tov pn Aoywdy oupPorey e T eivo

a) Ot petafntéc aviiotolyoldy ot guotxois aptfuoic,
B) To 1 avuiotouyel otV @pdon “enduevog tou”,
v) Ta &, ® avuotolyody ouc gpdoeis “ouy”, “entl”,
’ Ié [ 2y,

3) To 0 avtioTolyel ot ppdorn “undév”.
M’ auth Ty epunveta ot tomor g T avtiotolyody o mpotdoelg g e
Anviic YAGooag mou agopoly T bewpla apliudy. Tapadelyuatog yden,
av ol Ty, T2, T3, T4 OVILOTOLYOLY GTOUS @uoxolg 4, 1, 2, 3, 16t o tinog
(x1+w2) mws.x4 aviiotolyel oty npdtaon “o enduevog tou 4 ouv 1 wwoltan
ue 2 ent 37 xou m mpbdtaon Vridrexerr| oty npdtacn “yia xdbe guoixd
aplhud undpyel PUOLXOS TOL LEOUTUL UE TOV ETOUEVO TOU TEMTOL”.

Yuveyllovue e pepxd mopadelypota UeTdpeaons EAANVIXAY TEOTAGEWY
o€ XATAAANAES TUTUIXES YADOOEC.

’ ’ 7 ’ Qo ! 7

Hopadelypata. o) Ag dolue notds tinog tne Y7 avuotoiyel otny npdtaon
‘TN duo TuydVTA GUVOAL, TO TEHOTO LooVTAL UE TO BeUTERO avy EYouy Ta dLa
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oTouyela”.

[Mopatnpodue 6Tl n npdtaon auth €xel Ty 8t onuacto ue ty ‘T duo Tu-
YOVTa GUYOAX, TO TEMTO LGoUTaL e To deUTepo avy xdfe aTolyelo Tou Tpdtou
elva xat otolyelo tou dedtepou xat avtiotpopa”.

Tehuxd, ayvodvtag ueplxd ypoauuatixd otolyela Tng mpdtaong, BAémovus 6T
o TUTmog mou {nTdue elvan o e€ng:

Vo Vas|riay <> Yos(zs€xy > x3€x2)).

O toroc tne I tou avtiotolyel otny npdtaon “Kébe opuoixde aptbudc
1

didpopog amd to uNdév LeovTaL PE TOV EMOUEVO XdTOLOL QUGLX0L apliuos”

’ ~ !

elvaw 0 V1 [11#£0 — Jrozi~xs).

[ vae Sodue g yivetar n anédoon utag Tiurc ainbelag oe xdbe mpdtoaom
e 'y yeewalbuaote pepixoilc oplopolc.
Oploués 3.1.5 Mia ‘Souyj’” (i ‘cpunveia’) A yia tpv I'y anoteleltar and ta
eérc:

a) éva un xevé ovvolo mov xaleitar ‘olunav’ tne A xai ouuforiletar ue

|A| ( - oto onolo raipvovy Twéc ot uetafAntéc)

B) ria xdfe n € N — {0}, éva avvolo (lowc xevs) {PAli € I,} and
n-ueiels oyéoeic oto |A| (- oto obuforo P, avtiotowyel n oyxéon
P CIA")

v) yia xdbe n € N — {0}, éva ovvoro (lowc xevd) {f;:;|j € Jp} and
ouvaptioeic ue nedlo optouol to |A|" xar nedio Twuwdy éva urooivolo
tov |A] (- oto oduforo frnj avtiotoiyel n ouvdptnon f;:} A — A
xat
8) éva avvodo (lowg xevd) {citlk € K} and otoiyela tou |A| (~ oto odu-
Bolo ¢y avtiotoiyel To it € |A|).
Iopatrienon. Ol yAdcoeg nou ueketdue Aéyovion ‘tpwtofdbules’ yiati €youy
uetaf3AnTég oL ot Tyég Toug elval atolyela evog cuvohou. Ol deutepofBdfuteg

YAOGGES €xouv UETABANTES TOU oL TWES TOUg Elval UTOGUVOAL XATOLOL GUVH-
Aou xTA.

Mopadetypata. 1) H Soph Ny yio tn T97 opileton wg e&ig:
a) |No| =N xou

B) o710 € aviotoiyel N oyéon €N = {< m,n > N x N|m < n}.
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2) H Sou# N yio tn T97 opileton we e€nc:

a) [N =N xo

B) oto € avuotoyel n oxéon €V = {< m,n >€ N x N|n < m}.
3) H Sour, N yuu ) T opiletar wg e&hge:

a) N =N

B) ota /,B,® aviloTtolyody oL cLVAPELS CUVOPTACELS TOL EMOUEVOL, TNG
npbobeone xoL tou Toh/oupol oto N

Y) oto 0 avuotowyel 10 0 € N.
4) H Souh N* yua ) T opiletar g e&nc:
@) [N*| = {-nln € N} ~ N*

B) ot /N*, GBN*,(DN* optlovtar wg e&hc:

Y) oto 0 avtiotouyel to 0 € N*.

M Soun Aowmdy yua ) I'y elvan évag xdoupog yua Tov onolo expedlouy xdtt
ot tonoL g I'1. H andédoon cuvends akrbelag otoug tinoug npénel var yivel
oTa mhalolo piag dourng.

Opwouds 3.1.6 Eotw A uia dour yia tpv I'y.
1) ‘Arotiunon otpv A’ elvar wia ovvdptnon v : M(Ty) — |A|l. Enedy

to O(I'1) oplotyxe avadpouixd, elvar evxolo va Seilovue ot1 yia xdbe
arotiunon v otpy A urndpyet povadixij ovvdptnon v @ O(I'1) — |A]
TETOLO TTOU
(z) = v(z) yia xdbe uetafinti x

(¢) = c* yia xdbe ovuPolo orabepds ¢
v) T(f(t1, s tn)) = fA@(L), ..., T(tn)) yia xdbe n-b6éoio ouvapty-

otax6 oduforo f xar tuyévtes 6poug ty, ..., ty.

2) Avw elvar uia anotiunon otpv A, ‘tiurf tou t yia tpv oty A’ xadeltal

to T(t) € |Al.
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3) Av v elvar wa anotiunon otpy A xat a € |A|, tdte v(z|a) elvar g
anotiunon mov avtiotolyel T0 6 OTHY T XAl CUUPOVEL UE TN U Yia OAeC
Ti¢ dAdec uetafAntéc.

Mopadelypata. o) AcHewproovue ) dour Nyt [ %o o amotiynon v
otnv N tértowa tov v(z1) = 2, v(z2) = 0, v(zg) = 1. Téte V(21 D (2O x3)) =
T(x1) + 0(xh © z3) = v(z1) + v(zhy) - v(x3) = v(z1) + (V(z2) + 1) - v(z3) =
24 (0+1)-1=3.

B) Ac Bewprioouue tHpa T Souh N* yio 1 1§ san pia amotiunon v oty N*
tétoa mou v(z1) = —1, v(zg) = 0, v(zg) = —4. Téte V(2 © (v3 D x1)) =
o(af) OV B(ws © 1) = (B(xh)V N (B(xs) &V B(21)) =
(@)™ YNV N (u(as) @Y v(a1)) = (OV)V ON ((—4) @V (-1)) =
(=N N (=5) = (—=2) &7 (=5) = —10.

Oploués 3.1.7 (Tarski) ‘Eotw A dourj yia tpvI'y, ¢ tinoc, T otvodo tinwy
xar v anotiunon otny A. Oua Adue ot

1) o ¢ ‘adnfeie yia tpv otpv A’, xar Ga yedgovue A |= @[v], avy

a) T(t1) = T(tz), av o ¢ elvar tnc uopyiic ti~ts

B) <T(t1),....,0(tn) >€ PA, av 0 ¢ elvar ty¢ yopgric P(t1, ..., t,)
y) Sev woyver A= Ylv], av o ¢ elvar tyc uoppic =

8) av A =9, tére A= x[v], av o ¢ elvar ¢ uoppric v — x
) yia xdbe a € |Al: A= ¢v(z|a)], av o ¢ elvar e uopprc Yaip.

Av 0 ¢ Sev akpbevel yia tpv v otyv A, tdte yedgouue A = ¢lv].

2) to T ‘aApbeie yia tpv otpy A’ 7§ ‘pv wavorowel to T otpy A’ avy
xdbe otoryelo tou T aApbeder yia tpv oty A.

Iopatripnon. And tov t1pdémo moL oploaue Tt A, V, <+, 3, elval Tpogaveg 6Tt
v xdfe Soun A v ™ I't xou xdbe anotiunon v oty A:

A=Y Axv]  avw (AE Y] xa A= x[v])

AEY V] aw (AE¢] 4 AE X))

AEY < x] avw (A EPD] xu AEx]) 14
EA 7 o] xouw A~ x[v])

A |= Jzip[v] avv  (undpyel a € |A]: A |= ¢[v(z]a)]).

Mapadeiypata. o) Ac fewpricouue T Sour Ny yia 1 Y7 mou oploaue oto
Mopdderypa 1) moty and Tov Optoud 3.1.6, %o pLo amotiunon v otnv N, tétola

nov v(xy) = 3, v(z2) = 5. Téte Ny = a1 €x2[v], agot < v(xy), v(zs) >€ eVe
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(3nh. < 3,5 >€ eo).

B) Ac Bewpricouue tdpa T Soud N* yio ) T xau i amotiunon v otny
N* tétowa mov v(z2) = 0. Téte N* = Vrizy @ z2 & z1[v], agod yia xdbe
n € N woyler (—n)+V 70 = (—n), . N* | x1422 ~ z1[v(z] — n)]. Av
buwe v elvon wa anotiunon oty N* tétowa tov v'(z2) = —1, t61e N* [~
V12149 & x1[v], apos Sev woyler (—n)+V " (=1) = —n yio xé0e n € N.

Eilvaw mpogavég Slanahntind 6t to av aindeder évag tonog ylo pia amoti-
unon v ot Soun A eloptdtar amd Tig TLWES Tou SIVEL N v UOVO GTLG UETABAY-
Téc mou epgaviCovtar ehetlepec oTov THNO ALUTS. Autd amodexvieTal, dSNAadn
Loy el 1 axdAovin.

Ilpétaom 3.1.1 [a xdfe timo ¢, tuyoloa dour A xai oroteadinote anoti-
ufoeig vy, vo oty A, av oL v1,va ouupwvoly otic uetafintés mov eupavilo-
ytal eAevfiepec oto @, TOTE

A E plvi] avw A= plvs].

‘Aueco néplopa elvan 6TL pia tpdtacn tng I'y adnBeldel yia dheg Tig anoTiunoelg
1 Yo xautd toug. Autd To yeyovdg uag odnyel 6tov axdiovbo oploud.

Opioués 3.1.8 Eotw ¢ € II(I'y), I CII(T'y) xat A Sourf yia tpv T'y. Adue

ott

1) n ¢ eivar ‘aApbiic otpv A’ 7 n A elvaw ‘pwovtélo tne ¢, xau ypdpovue
A=, avy n o akpbede yia xdbe anotiunon oty A.

2) n @ elvar ‘pevdic otpy A’ xav yedgovue A [ @, avy n @ dev elva
aAnbic otpv A.

3) n A elvar ‘uovtédo tou I1” avv n A eivar uovtédo xdfe otoiyeiov tou
II.

IMapdderypa. Oo dellovue 6Tl M npdTacy JxgVrizy © 1 ~ 1 elvan aAndrc
ot douh Ny tnv T "Eotw v tuyoboa amotipnon otnv . Téte

N | JxogVz120 © 71 = 21[V] avv

vrdpyet m € N : N | Varizo © 21 = z1[v(zo|m)] avy

undpyet m € N tétoto nou yia xdfe n € N :

N E 20 © 21 = z1[v(x0|m, z1|n)] avv
urndpyet m € N tétoto nou yia xdfe n € N :

v(zolm, z1|n)(xo © 1) = v(xo|m, z1|n)(21) avv
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undpyet m € N tétoto nouv ywa xdfe n € N : m - n = n, nouv elvar aAnbeLa.

Ac un Zeyvdue duwg 6TL 0 GXOTOG Lag ELVAL VO YENOLULOTIOLGOUUE TLS TR~
ToBdbulec YA®OooeS Yoo TNy UeAETn pabnuatixdy anodellewy. Kot ed3d, dnwg
oTNV Tpotactaxy Aoyixt, undpeyouv duo Leodlvauol TeéToL Vo Soulédouue: o
CUVTOXTIXOS XAl O ONUACLONOYIXOS. 'Omwe XL otny mpotactaxy hoywxy, 6’
apyloovuE UE TN OMUAGLONOYLXT) TPOGEYYLO.

3.2 Aoywég oLVETAYWYES
Optopés 3.2.1 Eotw T CT(I'1). Oa Adue du

1) o T ‘ouvvendyetar Aoyixd to ¢’, xau Oa yodpovue T |= @, avv yia xdfe
Soun A xau xdfe arotiunon v otpv A, av aAnbedet to T yia tpv, ot
aAnbedet xat 0 @ yio ) V.

2) o ¢ elvar ‘€yxvpoc’ 1j 0 @ elvar Aoyixd aAnbic’ avv yia xdfe Soury A
xau arotiunon v otpy A o @ ainbedel yia T v.

IMopatnefioets. o) [ xdbe ¢ : O = ¢ avy o ¢ elvan éyxupog, dnh. oL éyxu-
pot tomot elvat axplBdg oL hoyxés ouvéneteg tou ) (avtiotolyolv Aoy oTig
Tautoloyleg).

B) Ot évvoleg 0 ¢ ‘ouvendyetal Aoyxd’ To ¢ xat oL ¢, elvar ‘hoyxd L6odv-
vopol” optlovtal OTwe oL avTIGTOLYES GTOV TPOTAGLAXO AOYLOUO.

Y) Xuvdudlovtag Toug optopovs 3.1.8 xat 3.2.1 Brénovue 6T yia xdbe IT C
H(Fl), (NS H(Fl):

IT = ¢ avv xdfe povtéro tou II elvan povtého e ¢.

Ac dolue thpo uepxd TopadelyoTol AOYIXDY GUVETAYOYOY.
Hopadeliypata. ‘Eotw @ povoueréc xatnyopnuoatixd ciufoho.
1) Ou dellovue 6t Vr1Q(71) E Q(z2). 'Eotw Aowmdv @ wio dour xou
v wo arnotiunon oy A tétowr mov A | VziQ(zi)[v]. Téte v xdbe
a € |Al : AE Qzy)[v(zi]a)], . v xdbe a € |A] : a € QA Tlpogo-
vidg 161 v(22) € QA onbte A = Q(22)[v], Snh. toydel To {ntolduevo.
2) Ou deiloupue 61t Q(z1) E Vr1Q(21). Auth T @opd €xouue Alyo Suoxold-
Tepn dovkeld: va Bpovue uta dour) A xat o anotiynon v otny A tétola mou o
Q(z1) va aknbedel v v oty A, ahhd o Vo1 Q(z1) vor unv adnbedet. 'Eotw
Aourév A Sopi e obunay o oivoro {ag, a1} (6mov ag # ar) xaw Q4 ~ {ao}-
Enione éotw v anotiunon oty A tétowa nov v(z1) & ag. Téte A |= Q(z1)[v],
apol v(w1) € QA aMAG A = Va1Q(21)[v], 0ol a1 ¢ Q4. Ag onuetwfel 61

avtl yio v A unopolue va ndpovue onowadiinote Soun B tétola mou to |B|
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va. xel TouhdyLaTo duo ototyela xou QB C |B.

3) BOu deiovue thpa 6t = Vri1Q(x1) — Jx2Q(x2). 'Eotw lowmdv A uia
doun o v i anotiunon oty A térow mov A = VriQ(z1)[v]. Téte ya
xG40e a € |A| - A = Q(z1)[v(z1|a)], L. v xdbe a € |A] : a € QA 'Eotw
ag Y6y ototyeto tou |A|. Téte ag € Q4 xou ouvende A = Q(x2)[v(w2]ag)].
‘Apa utdpyet a € |A| : A = Q(z2)[v(z2|a)], ondte A = Fz2Q(x2), SnA. 1oy let
T0 {nrovyuevo.

4) Bewpoiue Tig axdloubeg Tpotdoels TG ENVLKAC YADOGOC:

Kavévag Simhwudtne Sev elvat tpouoxpdng.
Mepuol gavatixol elvol Tpouoxpdtec.
Mepwxol Simhwudteg elvan pavatixol.

Xenowonoldvrag aviloTolyeg TeoTdoelg uLag tpwtoPdbutag Yhdooag, Ha del-
Zoupe 6Tl oL Buo mpdteg e ouvendyovtar Aoyuxd v teitn. ‘Eotw Aowmdv
't wa mtpwtoBdbula YAOGGGa Tou €xel TOUAAYLGTOV Tplol LOVOUERY) XATNYOET-
uatd obufora P, Q, R. O axbéhoubeg mpotdoeic tng I't avtiotolyoly otig
AVOTERL TPOTAGELS TNG EAANVLXNS YADGOAG:

Va:l(P(xl — —|Q(x1)), Hl‘l(R(xl) AN Q(xl)), E|CL‘1(P(J?1) AN R(l‘l))

Oa dei&ovue howndy 6T

{Va1(P(z1) = —Q(x1)), Fz1(R(z1 A Q(z1))} [ Fz1 (P(21) A R(21)).
Apxel va Bpodue uta Sour) A tétola mou ol Suo TpihTeg TpoTdoelg Vo ahnbebouy
oty A evéd 1 tpltn vo unv aknbedel. Oewpolue hotndy wa douh A ue |A| =
{a1,a2,a3} (6mou o a1, az2,az Sogopetind) xou PA = {a1}, Q* = {aa},
RA = {as,a3}. Me Bdon touc opouoie, éyovue 6Tt
A EVz(P(z1) = —Q(z1)) avy
(o %&b anotiunon v oty A xau x8be a € |Al:

A= P(z1) = ~Q(z1)[v(z1]a)])) avy
(vt %&b anotiunon v oty A xat xébe a € |Al:
w A Play)[o(zifa)], w6t A K Qop[o(er|a))) v
(o %80 anotiunon v oty A xat x8be a € |Al:
av a € PA, t6te a ¢ Q4,
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Tpdyuo mou aknbedel. Xuvends n Vo (P(z1) — —Q(z1)) elvon alnbic oty
A. Me éuolo tpbno detyvovue 6t v Jz1(R(x1) A Q(x1)) elvon aknbic otnv A
evé 1 Jz1(P(z1 A R(z1)) dev eivo.

'O eldaue oto Kegdhawo 2, undpyet évag alydpibuog ue Bdon tov onolo,
av dofel nenepacuévo T C T'(Iy) xou tuydy npotasctaxds TUTOS ¢, UTOPOUUE
v’ anogacioovue av T' = ¢ A éyt, xow cuvende, Aoyo tou BewpRuotog TAned-
wrog, av I' 4, ¢ 1 Oy
I v xatnyopnuatix Aoywxy) Suctuyde dev toyldel xdtL avtioTolyo, apol
OL TEPLTTMOOELS TTOL TEETEL VoL EEETAGTOVY Elval dmelpeg, SLOTL UTdEYOLY dTElpEg
duvartég douéc yia tn I'1. "Etol cuyxevtpdvouue tny Tpocoyn oS TNV XaTo-
OXEUN Xot UEAETN ALWUATIXGY GUOTNUATOVY Yo THY XOTNYORNUATIXT AOYLXN.

3.3 Kamnyopnuatixds hoyiouds

O’ apyloovue U’ €va oploud.

Oprowoeg 3.3.1 Oa Aéue ot o p elvar ‘yevixevon’ tov 1 avv o ¢ tavtiletat
ue tov P 1 o elvar g woppic Yy1..Vyni.

Mapadeiypoatog yden, o tonog Yoy (P(x1,z2) — P(z2,21)) elvan yevixeuon
tou P(xy1,z2) = P(x2,22) o o Vo Vos(Q(z1) V R(z1)) elvon yevixevon tou

Q(l’l) \Y R(ml)

"Eval a&louatind cVeTnUa YLoL THY XoUTnYoenuatixy Aoy
./41 =< Al, K >
oplletal wg e&ng:

a) To odvoho Kj elvar to 8o ye to Ky mou elyoue otov mpotaotaxd
hoylouo, €xel dnhadn uévo éva otolyelo, Tov xavova M.P.

B) To olvoro Aj TwV aZLOUATLY LGOUTAL UE TNY EVKET) SU0 EEVELY GUVOA®Y,
v A; xau M;. Ta otouyela tou A; xaholvton ‘Aoywxd adlduata’,
TEPLYPAPOLY TOV POAO TV AoYXGY GLUPBOALY Tng 't xou elvan dAeg ot
YEVIXEUOELS TUTWY TNG axdhouing popgrc:

AX1 o,
6mou @ elvar o THnOg MOV TAlEPYOULUE AV OE ULa TAUTOAOY(X aVTL-
XUTAGTHOOUUE OAES TIC TEOTACLAXES UETABANTES ue TUToug g Iy,
ny. P(x1) A Q(x1,z3) = Q(x1,x3) A P(x1)
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T
A¥2 Yz — ¢f,
/7 ’ z /7 /7
6mou n ¢ elvan avuxataotdown and Tov t 6to ¢ (dec Oploud 3.3.2)
xau @f elval 0 TUTOG oL TAlPVOLUE ATd TOV Y AVTIXAOLGTHO VTG TNV
x, 6mou eugpaviletal eAedbepn 670 @, ue t.

AY3 V(o — ¢) = (Vo — Vi)

A¥4 ¢ = Vxp, 6mou n x dev eugaviletal ehedbepn ctov .

AYS5 =z

A¥6 z =y — (¢ = ¢¥),
6mou p atouxdg TUNOg xaL ¥ o TUNog ToL Talpvouue amd To @
avtxablotdvtac Ty @ (o€ pepxéc i Oheg TIC EUPAVIOELS) UE Y.

Ta otoiyeloa tou My xahodvton ‘un Aoyud allduata’ oL TEPLYPd(POouY TO

eOho TV un Aoywxdy ouuBoiwy g I't. Ipogavde howndy diha O elvar to
un Aoywd a€Lduata evog allouatixod cLGTHUNTOS Yia TN HBewpla GUVOALY xat
Ao evoc yia ) Bewpla aplBudy. To mo cuvniiouévo adlwuatixd cvoTnua
Yo T Bewpla aptBudy A éxel to axdroubo un hoyud aiiduata (tou Peano):

P1 Vxiz) #0

P2 YV Vao (x| ~ah, — x1 &~ x2)
P3 Vriz1 0~ 1

P4 YV Vroxy @ xh~(11 & x2)’

P5 Vzi121 © 00

P6 V1Vrox; © o & 11 © 22 @ 21

P7 Vr1. Nz, [p(0,Z) AVo(p(zo, Z) = (20, T)) = Vrop(zo, T)),
6m0L (0, ..., Tp) TOTOS THg T 1é1010¢ TTOL OL YETABANTEC IO
eppavilovtal eAetlepeg 67 aUTOV Elval AVAUESA GTIC T, ..., L.

(To a&iwpatixd oyfua PT aviiotolyel otnv apyd Tnc Enay»Yhg YLo To 6Ovoho
TV PUOXOY apliudy. )

To mo cuynfiouévo aZlwuatixd cvoTnue Lo T Bewpla cuvérwy AL éyel we
un Aoyuwd a&idpata ta adiopata twyv Zermelo-Fraenkel, uepuxd and ta onola
elvon tar e€nc:

ZF1 Vi \Voa(zimxy <> Vaz(rs€x <> x3€x2))
ZF2 VI1§|$2V$3($3EI2 <~ VLL'4(£L‘4E{L'3 — LL'4E(L‘1))
ZF3 3$1VCIJ2$2¢$1
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Hpéner vo toviobel 6tL dev amoxdeteton va toyber My = 0, vor unv éyet dnhadr
10 allwuatxd oVotnua xabdhou un hoywd alduota.

IMopatnefoets. o) Avtl v to oOvora Aj, K mou eldoue nponyovuévec,
unopolue va ndpovue ta Af, Ki, 6mou

1) Ki elvar 10 olvoho mou éyel duo otouyela, tov xavéva M.P. xai tov
XOVOVOL YEVIXELGNG

¥
Vzp

2) A} elvar to obvolo mou éyel yia otolyela dheg Tig yevixeloelg TUTLY
mou divouv ta A¥1, A¥2, A¥5, A¥6 xou To oyfua

AX3 Va(o — ) = (¢ — V), 6nov x deoueupévn oto p.

B) 'Onwcg O dodue apydrepa, ta AXS xou AX6 cuveTdyovTol TNV GUUUETELXO-
e xan Ty petoPatixdtnta Tou R. Enlong, to adiduoato autd eaoparilovy
NV SUVATOHTNTA AVTLXATAGTACTS TUYOUGAS UETABANTAS T UE TUYOUCA UETA-
BNt y o TuYOVTA TUTO @, uE TNV TEoUndbeon &TL N T Elval AVTLXATAGTAGLUN
and ™ y otov ¢ (Sec ‘Aoxnon 53).

¥) Ou tumxég anodeielg oto A; avtiotolyoly ot anodellelg Tou xEVouue Ue
TPOTACELS TNG EAANVLXAS YADGGOS ue TNy €vvola Tng xVptag epunvetag tng I'y.
"Etol, nopadelypatog yder, ol tunixég anodellelc ato

Afe =< 3(T9*), T(T9*), Ay U P, Ky >

avtiatolyoly ot anodeliels g Hewplag aplBudy. Enedy| 3¢ xdbe mpwtoPdbuia
YADGGA €YEL TOLAAYLOTOV £VOL XUTNYORNUATIXG 1) GUVIRTNGLAXG GUUBoAO, €xEL
xablepmbel o bpog ‘xatnyopnuatixds Aoyouds’ (to ouvaptnolaxd oluBola
unopolv vo Bewpenbolv wg xatnyopnuatixd cufola).

3) 'Eotw T'C T(I'1) xou A =< 3(I), T([1), A U T, K1 >,

AY =< 3(T)), T(T1), A1, K1 >. Ané toug opiopote gaiveton 6ty

l_Af @ avv TI—A? ®.
Suvende, uehetédviag 1o aftopatxd ovotnua A uehetdue Gha ta afiouotind
cLGTAUATA, oL €Youv Quoxd yia uTdBabpo Ty Bl TewToBdbuta YAboG.

Yto &g B aoyohnfolue amoxheiotind pe 1o LAY yodgovtac udhota yua
amhétnra Ap avtl yia AL

[Towv mpoywenoovUE, TEETEL VO SOCOVUE UEPIXES SLEUXPLVNCELS OYETIXS
ue to alwuatixd oyfuo A¥2. H 3éa elvar “av xdbe avtxeiyevo €yet v
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WibtnTa (mov exqpdlet o TONOC) @, TOTE XaL TO GUYXEXPLUEVO AVTIXElUEVO t
Exel TN @7, OULS TEENEL VO TPOGEEOVUE UNTWS %dmolo xouudtt Tou ¢ elval
acuuBifacto ue xdmolo xouudTl Tou @: Bev mEEmel xdmota UETABANTY Tou
epgaviletol otov t va deoueubel and xdnolo tocodelxtn Tou . Ag dodue U’
éva mopddetyua TL BéNovue V' amoplyouye:

'Eotw ¢ o tinog Jyz #£ y xou t o 6pog y. Tote o ¢} elvou o tonog dyy £ v,
ondte Yz — ¢f elvar 1 mpdTao

Vedyx %y — Jyy # v,

n omolo elvan Peudric oyeddv 6’ dheg Tig Souée yio T I'. Hpdypatt, n npdtaon
Vadyx % y elvar akndnc oe xdbe Sour| A tng onolag to ciunay €yel ToLAdYLGTO
duo otouyela, eved 1 Jyy # y elvar Peudrc oe xdbe Sour|) A. Av houndv dev
Bdhouue %ETOLO TEPLOPLOUOS OTLS AVTIXATACTAGELS UETABANTGY and dpoug, Oa
€yovue g olwuo v mpdtaon Vrdyr % y — dyy # y, npdyuo mou de
ouufiBaletal ue v edhoyn embuuia pag va malpvouue wg hoywd adiduoto
€YXUPOoLG TUTOUG.

)

Opwouds 3.3.2 Oua Adue o611 n o elvar ‘avuxatactdowwn ané tov t oto ¢
avy

1) o ¢ elvar atouixdc 1
2) oy elvar tn¢ uop@iic = xar n x elvar avtixataotdown and Tovt oTov
L
3) o0 @ elvar ¢ uopyic Y — x xaw n x elvar avixatactdowun ané tov t
oTovV Y xat oTOV X 1}
4) o @ elvar tnc uopwric Yy xa
a) nx Sev eupaviletoan erebbfepn otov Yy 7

B) ny dev eupaviletar otovt xar n x elvar avtixataotdowun and toy
t otov Y.

[opadelypatog yden, n x elval avixatactdown and Ty = oe xdbe tino ¢
’ z /7 ’

xat M = ey elvar avixataotdowun and ty y otov tino P(z) — JyQ(z,y).

Hpogavae, av xould and tig uetaBAntég Tou t dev eygaviCetol oto ¢, T6TE 1)

z elval avTxataotdown and Tov t 6To @.

Tdea mou éyouye Teptypddel TANeng To adlwuatind cbotnua Aj, ag dodue
évor Topddetypa Tutxic anddeling o’ autd, mou deiyver 6t o Vz(P(x) —
dyP(y)) elvan Tumxd Gedpnud tou.
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1. Vz[(Vy—=P(y) — -P(x)) — (P(x) = =Vy=P(y))] A¥1

2. Va[(Vy=P(y) = ~P(z)) = (P(x) = =Vy=P(y))] =
Vz(Yy—P(y) — - P(z)) — Yz (P(z) - -Vy-P(y))] AX3

3. Vz(Vy-P(y) - -P(z)) = Vz(P(z) - -Vy—-P(y)) 1,2, M.P.

4. Vz(Vy-P(y) —» ~P(x)) AY2

5. Vz(P(z) — =Vy-P(y)) 3, 4, M.P.

To npdto and ta Hewprjuata mou Ha anodellovue Y& o A1 A& yid v
e&ic uébodo anddeling mou yenoiwonoolue ota Mabnuatind: Av 6éhovue vo
dellouvye 6Tl xdbe = Exel o WLOTNTA, delyvouue 6Tl Eva TuYGY & €xeEL AUTHY
™V WBLIOTNTAL

Oedpnpa 3.3.1 (Oedpnua Levixevorng) Eotw T C T(T1). AvT ba, @
xar nx dev eupaviletar eAelbepn oe xavéva ototyeio tou T, té1e T' =4, V.

Anédeln. 'Eotw 6t n x dev eugaviletar eAedbepn oe xavéva otolyelo Tou
T xon T 4, ¢. Tote undpyet o Tumxn anddelln @1, ..., ¥n = ¢ oto A; and
to T'. Me enaywyn 1o 7 Oa detlovue 6Tt yia xdfe 1 <@ < n: T k4, Vzy;.
[MTedto Prua: ¢ = 1. Awaxplvouye duo TeplntOoELS.

1) ¢1 € A1. Téte Vg € Ay, ondte npogavie T F 4, V.

2) p1 € T. Téte n axdhoubn Tumxd anddelln oto Aq Selyvel étt T F 4, Vapr:

1. ¢ YndéOeon
2. o1 > Vepr AXA4
3. Vxpp 1,2, M.P.

Acttepo Bua: ‘Eotw 6t T F 4, Voer v xdbe k tétowo mov k < ¢ < n. Ou
dellouvue 6L T' 4, Vzp;. Awaxplvouue mdAL duo TepTTHOOELS.

1) ¢; € Ay UT. Tére éyovpe to {ntoduevo 6nme TeLy.

2) O @; elvou dueon ouvénel Twv @, ©; — ©; = ¢, j,1 < i, ue Bdon Tov
M.P. Aéyw tng emaywywrg undbeong, €yovue 6T

T Fay Vop; xou T Eay V(p; — ¢i).

Kataoxeudlovue tdhpa v axdrouln tumxn anddeln oto Aj:

1.

.. o anddelln tou Vo, and to T’

A Vzp;

A+ 1.

. Tumxr) anédelgn touv Y (¢; — ¢;) and o T
U VI (p; — i)

ut+l. Va(e; — ¢i) = (Vop; = Vop;) AX3

ut2. Vzp; = Vrp; o, u+1, M.P.

ut3. Vo, A, ut2, M.P.
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Yuvenig T' 4, Vap;, ondte 1 enaywyw| anddeln elvar mhdeng. ‘Apa T'F 4,
Vpn, Sn\. T F 4, Yap.

Iapatrpnon. O neplopioude mou Bécaue 6Ny & 6To TEoNyoluevo Bedpnua
elvow amapaitntog, 6mwg gaivetar and 1o axdrouvbo mapdderyua:
'Eotw 6t T'= {P(z)} o ¢ = P(z), émou P elvow povouehéc xatnyopnuo-
6 oluPoro tne I'1. Téte mpogavdg woylel T' 4, ¢, duwe Sev elvar adrhbeia
6t T a4, Vg, 36t P(x) = VeP(z) (deg Topdderypa 2 petd tov Opioud
3.2.1) xau, 6nwe Oa doue apydtepa, av T4, ¢, téte T = ).

‘Onwg %ol 6Tov TPoTAGLAXd AoYLGUS, umopolue V' anodellovue Ta axd-

houbo Bewpruata:

Ocedpnua 3.3.2 (Oedpnua Anaywyhs) Eotw T CT(I'y). Téte yia xdbe
P s

TU{p}ba, v avw Thka o — 1.

Oedpnua 3.3.3 (Oedpnua AvtiBetoavaotpopic) [a xdbe T C T(T')
xal yio xdbe o, p:

Ty {90} |_A1 - avy T'U {d}} |_A1 —p.

Ocdpnua 3.3.4 (Oedpnua tng oe dtono anaywyhg) [a xdfe T C T(I'q)
xal xdfe tino p:

o T'U{p} elvar avupatixé avy T4, —p.

Ac Boldue thpa Eva mapddelyud OTOU YENOULOTOLOUUE TA TEOMYOVUEV
Bewpruata yio va det€ovue 6T évag TOTOg elvan TUTIXG Bedpnua Tou A;.
IMopdderypa. Oo deilovue 6Tl yia xdbe :

Fa, dzVyp — Vydze.
Adyo tou Bewpfuatog anaywyng, apxel va delouue 6TL
JaVyp 4, Yydzp.

Adyow Tou Bewprjuatog yevixevong, agpol 1 y elvow decuevuévn otov JaVyp,
apxel va del&ovue ot

JxVyp b4, Tz, SN\, 6T ~Vz-Vyp 4, V.
Abyw Tou Bewpruatog avtifetoavactpopnc, apxel va dellovue ot

Ve a4, VT Vyep.
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AX\& o tonog =V Vyp < Vr—Vyp elvon aliwya, ondte apxel va det&ovue
ot

Vo a4, VeVyp.
Xenowonowdvtag AL To Bedpnua yevixeuong, €youue 6TL apxel va det&ouue
6tV F g, “Vyp, dnh. 6t to abvolo {Va—p, Vyp} elvon aviigatxd (AMoyw

Tou Oewphiuatog 3.3.4.). H axdhoubn tumixs anddelln oto A; pag eZaopalilel
ot {Va—p, Vyp} Fa, —p:

1. Vz-p YnoOeon
2. Ve—p —>—p AX2
3. —p 1,2, M.P.

'‘Ouoa detyvouue 6t {Vz—p,Vyp} 4, ¢, ondte éneton 1o {nroduevo.

Cevixd, étav 6éhovue va Betovue 6L T 4, ¢, axolovbolue tnv &g
TOXTLXN:

1. Av o @ elvon g popync ¥ — X, toTe apxel, olugpuwva ue to Hedpnua
anayoyic, va deilouue étt T'U {¢} F 4, x.

2. Av o ¢ elvar g wopprc Vo, émouv n = dev eugavileton eredbepn oe
xoavéva otolyeto Tou T', tte apxel, oVuPwva e To Bedpnua yevixeuong,
va del&ovue 6Tl T 4, 9.

3. Av o ¢ elvou tng woppng P, THTE BLaxplVOLUE UTOTEQLTTMOOELS:

a) Av o 1 elvon g popyhic Y1 — 1o, thTE apxel va deilouue bt
T Fa, Y1 xou T F gy —pa. Hpdyuatt, €xovtag autd g dedouéva,
xenowsonoldvtag to alloua 1 — (- = = (Y1 — 12)), uno-
polue va det&ovue 6TL T'F 4, .

B) Av o 9 elvar tng popyric —x, téTE apxel va detovue bt T F 4, X,
agol o x — —x elvon almua.

Y) Av o1 elvan e poppric Vo, téte apxel vo detovue 6L T 4, —xF
Yia XATOLOV 600 t TETOLO TOL M) T VAL ELVOL AVTIXATACTAGLUY) ATO TOV
t otov x. Ipdypoat, éyovtag Seilet 6t T 4, —xF, xENOLLOTOLD-
vtog ta adidpata Vox — x§ xat (Yex — x§) = (-x§ — V),
unopolue va deilovue 6t T'F 4, .

Ac Solue thpa pepid Topadelyuoto axdud.
HMopadeiypata. o) Ou deiovue bt av 1 = dev eugaviletar ehelbepn oTo @,
t61E F g, (@ = Vo) < Vo (p — ).
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Ipwv mpoywpnoovue, xdvouue Ty e€ng TapaTHENoN:
‘Ozay Béhovue v’ anodellovue 6t T F 4, X1 ¢ X2, apxel va dellovue ot
TFa x1— x2xou T Fa, x2 = X1, 2ol o TOnog

(x1 = x2) = (e = x1) = (x1 © x2))

elvo aglwua.
E3& howndy apxel va dei&ovue 6t

Fa, (¢ = Vo) = V(e — ) xa
Fa, Yo(o = ) — (o — Vo).

[ to mpdto Yépog, Aoyw tou Bewpruatog yevixeuong xat Tou Bewpruatog
anaywyng, apxel va detovue 6T

{(P — Y, 90} l_Al .

Autd Suwe Selyvel n axdlovdn tumxr anddeln:

1. ¢ —=Vayp Yndbeon
2. ¢ Ynobeon
3. Vaip 1,2, M.P.
4. Vzip — ¢ AX2

5 1 3,4, M.P.

[ to dedtepo Yépog, AL Adyw tou Bewpruatog anaywyhs xow Tou Hewpr-
uatog yevixeuong, apxel va dellouue ot

{Va(e = ), 0} Fay ¥,

mpdyuo mou delyvel 1 Tumxy| anddeln:

1. Vz(p — ) Ynébeon
2. ¢ Ynébeon
3. Vz(p—=¢) = (g =) AX2

4 @ 1,3, M.P.
5. 2,4, M.P.

B) Ou dellovue btL av 1 & dev epgaviletol ehetbepn oTo @, THTE

Fa, Gz — 9) & Va(y — ).

Apxel va delouue 6T
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Fa, Tz = ) = Vo (y = @) xa

Fa, V(¥ — ) = (Fzp — ),
dh. 6t k4, (AVz—Yp — @) = Va(¢ — @)
o Fa, V(i — ) = (V1) — ).

[N to mpdto pépog, apxel va det&ovue 6T

{"Vl‘—!?/} - 90771[}} l_Al ©-

Autd Suwe paivetar and Ty axdAouhn Tumxr anddeldn:

1. Ve — Ynébeon
2. Ynébeon
3. (Ve —» ) — (Y - Ve—p) AX1

4. Vm—n/; — —|1/} AX2

5. Y — Ve 3,4, M.P.
6. —Vr—ab 2,5, M.P.
7. v 1,6, M.P.

"Ouota doukevovue yia To deltepo UEPOG.

Y) Oa deifouue 6T k4, VaVy(zry — y=x).

Abyw tou Bewpiuatog yevixeuong xat Tou Hewpruoatog anaywyns, opxel vo
del&ovue OtL xRy b4, YT,

Auté Suwe to Selyver n axdrovdn Tumxn anddeldn:

1. z=y Ynébeon
2. zmy — (xmr — ymz) AX6

3. zRT — YT 1,3, M.P.
4. z=x AY5

5. y~ 3,4, M.P.

) Ou deillouue 6T yioo x8be Sibéoto ouvaptnolaxd cduBoro f:
Fa, V21V2oVyn Ve (z1y1 — (22892 = f(21, 22)R f (Y1, 42)))-
Apxel va Set&ouue 6T
{z1my1, 22~} by f (21, 22)% 0 (y1, 92)-
Kataoxevdlovue Aowmdy v e€rc tumxy) anddelln:
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1. 21”1 Ynébeon
2. 29”2 Ynébeon
3. amy = (f(a,22)Rf (21, 22) = f(21,22)%f (y1,22))  AX6

4. f(Zl, 22) f(Zl,Zg) — f(Zl, ZQ)%f(yl,ZQ) 1, 3, M.P.
5. Vrizi~z AY5

6. Vririmry — f(z1,22)~f (21, 22) AN2

7. f(z,z2)=f(21,22) 5,6, M.P.
8. flz1, z2)=f(y1,22) 4,7, M.P.
9. =y = (f(21,22)=f (Y1, 22) = f(21,22)=f(y1,92)  AX6

10. f(Zl, 22) (y1,22) — f(Zl, Zz)%f(yl,yg) 2, 9, M.P.
1. f(z1, 22)=f(y1,y2) 8, 10, M.P.

£) Oa deiloupe GTL yLoo TLYGVTA LOVOUEN xotnyopnuatxd cluBoia P, Q xou
Tuyolca ctabepd c:

{va(P(z) = Q(2)),V2P(2)} Fa, Q(c).

1. Vz(P(z) = Q(x)) Ynébeon
2. VzP(z) Ynobheon
3. VzP(z) = P(c) AX2

4. P(c) 2,3, M.P.
4. Vz(P(z) —» Q(x)) — (P(c) = Q(c)) AX2

6. P(c)— Q(c) 1,5, M.P.
7. Qc) 4,6, M.P.

Av oty tumxh anddelln 010 €) AVKDTEPE AVTXATUAGTAGOVUE TO € TaYToU
ue to y, t6te Ho ndpovye pia Tumxr anddelln mou delyvel oL

{Va(P(z) = Q(2)),V2P(2)} Fa, Qy)-

To 6t ula otafepd oe Tohhég Tepintdoets tailel Tov (dlo pdho ue uia ehedbepn
uetafAnty anoteAel T Bdon yia To axdrovbo Hedpnua, ToL avapEPOLUE Ywplg
anddelin:

Ocedpnua 3.3.5 (Oedpnua 'evixevong Xtabepdv) Eotw dul C T'(I').
AvT &g, ¢ xat nc dev eupaviletar oe xavéva otoiyelo tou T, téTe undpyet
y mov dev eupaviletar oto ¢ tétora mov Tk 4, Vypy.

(g elvar o timog mou maipvouue and to @ aviuxabiotdviac ) ¢ ravtod ue

y.)

[I6pioua Tou mponyoluevou fewpruatog slval to emduevo Bedpnua, Tou
avtiotolyel otny e€rc uéHodo mou yenoLwonoloVUE Yol TNV XaTaoxeLY) Labn-
LTV anodellewy:

’ /7 z ! /7 /7 z z
Eotw 6t Oéhovpe va anodellovue 10 B, ue undheon Tl UTAEYEL EVaL T UE TNV
Wiotnta A. Kaholue ¢ éva avtixeiuevo mou €yel tnv A xou delyvouue to B.
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Ocdpnua 3.3.6 (Oedpnua Yrapaxhs Ytabeponoinorng) Forw T C T'(I').
Ay TU{pY} Fa, ¢ xau g c Sev eupaviletar oe xavéva otoryeio tov TU{p, v},
téte T U {yp} Fa, 9.

Ac¢ Zavadolue to Ioapdderyya auéowg yetd to Oedpnua 3.3.4, auth TN
popd yemowwomoldvtag To Hedpnua unapllaxic otabeponoinong. Oéhovue
Aownéy va det&ouue 6T

Fa, JzVyp — Vydzep.
Adyw tou Bewpruatog anaywyng, apxel va Seiovue 6T
JxVyp 4, VyIzp.
Me Bdon todpa to Hedpnua vrapiaxrc otabeponoinong, apxetl va dellouue 6T
VypZ a4, Yydzp, 6mou ¢ otabepd mou dev eugaviletol atov ¢.
Téhog, AMoyw Tou Bewpruatog yevixevong, apxel va det&ouue 6TL
Vy? 4, zp, dnh. o1 Yyl 4, ~Vr—p.

Auté Suwg Loy let, Onwg @atvetal and Ty eENG TUTILXY amOdelEn:

1. Vyp? Ynébeon
2. Vyp¥ — o2 A¥2

3. ¥ 1,2, M.P.
4. Vz—p = —¢? A¥2

5. (Vz—p — —¢?) = (¢f —» Vzp) AX1

6. ¥ = Vo 4,5, M.P.
7. V- 3,6, M.P.

Apxetd duwg aoyolniixaue ue To alloupatixd cbotnua Aj. 3TN cuvéyela
Oo delovue 6TL N cLYTAXTX XA 1) GNUAGLOAOYIXY TEOGEYYLON Wiag padnua-
TG anddelgng elval LGodUVIUES.

3.4 Eyxvpdtnta xaw mAnpdtnta

Apyilovue U’ éva oploud.

Optouds 3.4.1 Eotw T C T(I'1). Oa Adue étw to T elvar ‘ixavonoiijoiuo’
avy vrdpyet uia Souny A xar uia anotiunon v otpy A tétota mov to T aly-
Pever yia tpv otpv A.

X1n ouvéyela €youue To aviloTolyo Tou Oeweruatog 2.5.3.
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Ocedpnua 3.4.1 (Oedenua Eyxvpdtntag Katnyopnuatixod Aoyiowod)
TIa xdfe T C T (1) xaw xdbe ¢ € T(I'y):

a) AvTFyu @, e T = .

B) Av to T elvar ueavorojowuo, téte 1o T elvar ouvernée.

Anédely. o) Oewpolue vg dedouévo 6Tl Ta hoyid adiduota elvor Eyxupol
TonoL xou 6t 0 xovovoag M.P. Swatnpel T Aoy ouvenayoyh (8eg ‘Aoxnom
61). 'Eotw howndy 6t T F 4, . Téte undpyet uto Tumxn andSetln @1, ..., o &
¢ oto Ay and 1o T. Me enaywyy oto i Ho deiloupe 61t T = ¢; vy xdfe
1=1,..,n.

1) ¢ = 1. Ipogavie w1 € AfUT. Av @1 € Ay, téHTE 0 1 Elvan éyxvpog, ondte
T E 1. Av o1 € T, téte npogavie T = 1.

2) 'Eotw tdpa i < n tétoo tov T = ¢ vy x80e k < i. Oa deilouue btu
T | @i Avg; € AqUT, t61e éxouue To Intoduevo 6nws oto 1). Av o ¢; elvon
QUEGT) GUVETELL TWV V), Y1 = ©j — ©;, Y xdrola j,1 < i, ue Bdon tov M.P.,
61, MOYw TNg emaywywic undleong, Oa woyder T = ¢; xau T' = @ — ;.
Apa T |= ¢4, agol o M.P. Siatnpel tn hoyix) Guvenayo Y.

H enayoyw anddelln elvar mifene, dea T' = .

B) 'Eotw 6n 1o T' elvaw ixavornotfioluo, ahhd avugatxd. Téte yio xdmolo
wno o1 T Fa, o xw T Fa, . ‘Apa, Moyw tou a), vl xdnolo tino ¢:
T E¢xuT |E -9 'Eotw tdpa A Soun xar v anotiunon oty A tétowa
mou to T ahnbeldet vy v oty A. Téte A = plv] xaw A |= —p[v], npdyua
advvaro.

To {nroduevo énetat.

IHopatAenon. And vy nponyoluevn anddeln Brénovye 6t o) = B). Ly
TpayuaTixdTnTa, toyVeL xat To aviiotpogo (dec ‘Aoxnon 62).

To enduevo moAd onuavtixd Bedpnua anodelyfinxe and tov K. Godel xa
dnuoatevinxe to 1930.

Ocdpnua 3.4.2 (Oedpnua IInpétntag Katnyopnuatixod Aoyiouov)
INa xdfe T CT(Ty) xaw xdbe p € T'(T'y):

a) AvT E g, t6te T k4, .

B) Av o T elvar ovverée, téte to T elvar txavonotfoluo.

(Enuetdvoupe 6t o a), B) elvon toodvoua - deg "Aoxnor 63.)

Anédely. Ou oxaypagpiicovue Ty anddelln tou B) mov édwoe o L. Henkin
10 1949 (ot Sdaxtopuxd tou dater). 'Eotw howmdv T ocuvenée olvolo
TOnOY uag teenTtoBdbutag yAnooag I't. H wéa tng anddeilng nporibe and
v e€¥c avdivon: "Eotw dtl €youue tuyovoa dour A yia t I} xau tuyodoa
anotiunon v oty A. Téte mpoxdntel évag SlaywpeloUds Tou GUVOAOL TWV
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wnwyv g I't oe Suo “loa” uépn: 10 clvoho TwV TUTKWY TOU XAVOTOLOVYTOL
and ™ v 6Ny A xal To GOVOAO TwY TUTWY TOL SEV IXAVOTOLOVYTAL ATd TN ¥
oty A (mou elvon axpBde oL apvAcELS TV TUTWY TOL TEMTOL UEEOUC):

T(I'1)

ahnbeic heudeic
ToTOoL ToTOL

Avtiotpoga, av uoag dofel évag Slaywploudc Onwe aventépw, elval Suvatov
an’ QUTOY VoL EXUALEVGOLUE ToV oploud utag doung A xau plag anotiunong v
0UTwg, GOTE oL TVTToL Tou aAnbevouy Yo ™ v 6Ty A va elvan axplBog oL ToroL
Tou U€POLS TOL TEPLEYEL TOoUS hoyxd aknbelc Tdmouc.

Yuvenog, n avalhtnon anotiunong xal Soung yia TG OToleg LxavoTolelTal TO
oVvoro T' tooduvapel pe v avalhitmon evéc ocuvérouv ¥ C T'(I'y) to onolo
xavorotel Ta e€Ng:

a) T'CX,

=

10 X elvon ouvenEg,

Y) to X elvon ‘mhfipec’, dnhadh yia xdfe p € T(T'1) : p € E 4 —p € £,

)
)
)
) 10 ¥ bvime aviimpoowrelel Ty alfbela.

T var e€oopatotel 1 oylc Tou §), TEENEL VO UTEEYOLY Ol ATOXAAOVUEVOL
udptupes Henkin, dnhadn otabepéc o onoteg e€acpalilouv étL av o tinog
Jyp éxer ouunepiingbetl 6to X, 161 €xel cuunepingbel xal o tomog ¥ yia
XA TEMNAY tétowa otafepd. Emueidvouue 6TL yLoo teXVxols Aoyoug (mou Ha
yivouv cagelc otn ouvéyela) ol otafepés autég Teénet va Stapépouv and autég
mou B3N Stabétet N I'y. Enlong onueidvouue 6t npénel va Angbel eduxn uépiuva
Yia TO R2, 0oV auTéd MEETEL Vo eplnveLbel onwadinoTe we 1 oyéon TauTdHTNTAS
6T0 GUUTAY NS dourc.

Ac otpagoiyue thpa 6T Aentouépeteg. ['a euxolia, unofétouue T n I'y
éyel aplbunowo minbog cuuforwy. 'Eotw I'T 1 yAdooo mou malpvouue av
npocbéoovue ot I'1 éva aptburolwo cdvoho véwv otabepdv {co,c1,ca, ... }.
Katémy g avwtépn avdivong, n anddelén éyel ta e€ng tpla Baoixd Priwata:
Hpdto BAua. Opilovue éva abvoro ¥ C T'(I']) tétoto mou

a) T C ¥ xou ¥ ovuvenég

B) X nhhpec ot Iy
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Y) v xébe tono ¢ e '] xaw uetafhntd y undpyet véa otabepd ¢ tétola
nov dyp — p¥ € 3.

Aettepo PBriua. Optlovue uia Soun A xau ula anotiunon v otnv A tétoleg nou
%d0e otoiyelo Tou X nou dev meptéyel To & wavoroteitol and Ty v oty A.
Toito PAua. Optlouvue pio dopR A" xou uio anotiunon v’ oty A’ tétoteg mou

x&be otoyelo Tou X ixavornotelton and y v’ oty A

Oa dhoouue avalutixr anddelln uévo Yo To TpdTo PAu, eved Ha ddoouue
oxlaypdynon Twv anodellewy tov dAwy 8bo Brudtwy (agfvovtag Aentoué-
PELEC WG UOXHOELG).

Hpdto Brua. Hapatnpolue xat’ apynyv 6t to T' elvar cuvenég, av 1o Hewpr-
oouue ws olvolo timwy e I']. Ipdyuatt, €otw 6T autd dev Loylet, SnA.
T Fa ¢ T Fa -, yia xdnowo ¢ € T(I'7). Me Bdon to Oedpnua yevi-
XEVOMNG OTADERDY, UTOPOUUE VO AVTIXATAGTHOOVUE OAES TIS VEES aTabepéc oy
eugavilovtal oTic TUTLXES anodelelc mou delyvouy 6t T4, @ xou T' 4, —p
ue UEToBANTEG oL VO GUUTEQAVOUUE OTL UTEEYOLY TUTLXES amodellelg mou
xenoweonotody tiroug e I'r xaw delyvouy 6TL 1" =4, ©* xou T'F 4, =™, yia
xatédhnho p* € T(I'q). 'Apa to T elvon avtipatind wg utocivoro tou T'(I'),
TedyUo adUvATO.

'Eoto < ¢o,¥0 >, < @1,y1 >, ... anaplbunon éhwv twv (euyapldy Tou
EYOLY WS TEMOTYN CLVTETAYMEVN €va TUTO TNg ['] o wg dedtepn yio uetafBAnTy
e I ((undpyet aptburfiowwo tiffog tétowwy Leuyaptdy, St To abvoro T'(I'])
elvon aplbunoo — and ) BOewpla Luvolwy Eépovue 6t av A elval tuy oy
apthunowo cdvolo, TéHTE To GUVORO GAWY TWV TENEPACUEVLY axohoLBLOY amd
otouyetla tou A elvan aptburiouo).

Optlouue o axolouvbio tonwy g, b1, ... wg e&¥c:

a) By elvow o timog Jyppp — (@0)73?0, 6mou ¢, N TEAOTN Véo oTabepd mou
dev eugaviletal oTov g XL

B) éyovtag oploet Toug by, ..., B,—1, opilovue Tov 0, vo elvon o Tomog Iy, pn —
(0n)dr , 6moL ¢4, elvar N TpdTN Véa oTaflepd Tou dev eupavieTal oToUg
n
00, ceey Qn_l, Pn, -

Ioyvpioude: To T =T U {6y, 0y, ...} eivou cuvenée.

Anédeln: ‘Eotw 6t to T elvar avtipatixd. Téte undpyel nenepacuévo
UTOGUVOAG Tou Tou elval avtipatixd, dpa undpyet m € N tétolo mou To
T U {6, ...,0n} vo eivan avugouxd. 'Eote k 1o eNdytoto tétolo m xat og
vnoféoovue 6L k > 0 (av k = 0, té61e Sovhevouye buota).

Agol to T U {bp, ..., 0} elvar avugotxd, Moyw tou fewmphiuatoc anoywyhc
oe dtoro, Ha oydel
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T U{b,....0k_1} Fa, —0k, OnA.
TU{bo, - Ok-1} Fay ~(Fyneer = (Pr)2)-

‘Ounc Fa, =( = ¥) = ¢ xou Fa, =(@ = P) = 9 yu TuydvTeg ToNOUG
0, (Moyo AX1). Apa

TU {90, ...,Ok_l} Fa, Jyppr xaw T'U {90, e Qk_l} Fa, (_"Pk)gfk

Agob n ¢, dev eugaviletor oe xavéva otoyelo Tov 1T'U {6y, ..., 0k_1, vi },
AoYw g Acxmong 59, Ba toydel

TU {00, . Qkfl} I—Al Vyk—!(pk.

"Apa to TU{0Oy, ..., 01} elvon avtipatixd, tpdyuo adivoto Aoyw tou optopol
Tou k. 2Xuvendg LoyVeL 0 LoyuplouoG.

‘Eotw tdhpa Yo, Y1, P2, ... anapibunon tov tinwy g I'7. Opilovue v
axohouBia g, X1, X, ... og e€hc:

Xo=T*

s Yo U{tn},  avoautd elval ouvenég
T S, U {n), o,

Téte 10 ¥, elvan ovvenég, yw xdbe n € N. Ilpdyyat,, autd toydel yio
n = 0, Aoyw tou mponyoluevou toyvelouol. 'Eotw tdpa 61l to X, elvon
oLVeTES, aANE TO Xy 1 elvar aviigatixd. Tote, Aoyw tou oplauol Touv X1,
0 Xp U{Yn} elvor avugatxd xow to X, U {1} elvor avupatind. Apa
Y Fa, n xo Xy 4, 0y, ondte 10 X, elvan avTigatind, medyua dromno.
O¢tovue ¥ = U,en En- AdY® T0U 0plou0l TwV Ly, toydouy Ta o) - Y) Tou
avagépoue oty apyn. Ilopatneodue 611 1o ¥ €yer tnv erig WidtnTa: av
Y Fa, o, 16t @ € X. Hpdyuatt, éotw ¢ € T(I']) tétotog mou X 4, ¢, ahAd
© ¢ 3. Agol to X elvan mhpeg, Bo Loylel g € X, dpo npogavie X k4, .
Yuvenoe to X elval avtipatind, Tedyua tov dev LoyUeL.

Acitepo Brua. ‘Eotw T'TF 1 yAdooa mou naipvouue and tyy I avikabiotd-
vtag To olufolo =~ ue to Siwekéc xatnyopnuatixd cbuBoro E. Opilovue
Soun A yio T T3P ¢ e&he:

1) 14 = O(T{F) = o(ry)
2) <s,t>c EA aw s~texn

3) <tiyty >E€ PA avw P(ty,...t,) €X
4) fAtL, e tn) = ft1, s tn)
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5) ¢t =c

"Eotw v n anotiunon oty A pe v(z) = x yia x8be petofinti x. Xenotuo-
mowdvTag Ty apyl e enaywyhc v to O(I'F) xouw to T'(I']), unopolue vo
del&ovue 6L

a) v(t) =t, yia xébe t € O(T'T)

B) A ¢E[v] aw ¢ € X, ya xdbe ¢ € T(T'Y)
(6mou % elvar o Timog mou maipvouue amd To P avixabloTdvTag To A

ue to E).

Teito Brua. Mropolue va deifoupe 61t 1 EA eivon oyéon tooduvauiag oto
|A| o 6ty x8be n-yehéc xatnyopnuatixd abufolo P xou xdfe n-Héoio
ouvapTnotoxd aluBoro f 1 oxéon PA xou n ouvdpton fA elvaw ouuBiBactéc
ue v B4, Snhadi

o) av <ty ...ty € PAxa < ty,s1 >€ BA, .. < t,, s, >€ B4,
T6TE < 81, ..., 8y >E PA,

B) av < t1,s1 >€ EA xou ... xan < ty, sp >€ EA,
w6t < fA(tL, o tn), fA(SL, o S0) >E BA

Me [t] ovuBohiilovue v xAdomn teoduvapiag tou t € O(I'7). Opilouue
dour A"y tn 't o¢ e€¥c:

1) |A = |A]/EA = {[t] - t € | A}

2) < [t1], ..., [tn] >€ PA aww < ty,...,t, >€ PA
3) FA([ta]s -oos [tn]) = [FA(t1, ooos t)]
4) A =1d.

(Tlopartnpotue 6Tt oL opLopol 6ta 2), 3) avetées eivar xalol, St ou PA, fA
elvon ouuBBactéc ue vy EA)

'Eoto h: |A| = |A| ue h(t) = [t] xou v' 7 anotiunon oty A’ tou opiletar
wc v = hov. Me enayoyh oto T(I'}) uropolue va delZoupe dtL yio xdbe
e eT(I7):

A" o] avw A= ().

Yuvenog v x8e ¢ € T(IF): ¢ € ¥ avwy A" = V']
Agod T C X, nv" wavornotel x8fe otouyelo tou T oty A'. Av neploploouue
mv A" oty apywf Yhdooa I'y, dnh. mdpovue tny dour A'[Tq, dev akhdlet
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ovolaoTxd xdtt, dnh. N v ixavornotel to T oty véa Sour) A' [T (dec doxnon
64). "Apa to T elvan ixavonotioLo.

'Onwg otov npotactaxd hoyloud, Yenoluoroldvag o Hedenua thnpdtn-
g xal To fedpnua eyxvpdTNTAS, UToPOoUUE Vo anodelEouue To

Ocdhpnua 3.4.3 (Oedpnua Tvurndyewas) Fotw T dreipo olvoro tinwy.
Av xdbe nernepaouévo uroaivoro tov T elvar uxavorotjowo, téte to 1 eiva
LXQVOTOLOLUO.

O TEAELOOOVUE TNV TARAYEAPO UE ULd EQAEUOYT TOL Dewprjuatog cuund-
velug. Oa Myue 6t uta Soun elvan ‘nenepacuévn’ (¥ ‘dreien’ ¥ ‘el n otouyeid,
6mou n € N —{0}) evvodvtac 61 to olunay tne elvon tenepaouévo (A dnelpo
1) éxeL n oToLyEla).

HMapatnpotue 6t yia xdbe uotxkd aptbud n > 1 undpyet wa TedtaoT ¢, (Tng
I'y) nou exgpdler “undpyouv TouldyLtoTov n Tedyuata”, dnA. yia x&fe Sout

A:
A= @, avw 1 A éyel Touhdylotov n otolyelo.

[Mopadelypatog yden, @2 elvol n npdtaon Jxz;Irars #xa xaL @3 elval 1 TedToo
337131'23373(1'175372 AToFx3 N\ $37él'1).

Enlong ywa xd0e guowxd n > 1 undpyel uia mpdtaon ¢, tng I't mou exppedlet
“undpyouy axplBde n Tedyuata”, dnh. yio xdbe dour A:

A=, avww n A éyel axpBde n otouyeia.

Yndpyouv Aoty civoha mpotdoenmy, T.y. To {12}, Tou xdbe wovtélo toug
elvon menepacuévo. Liugpova ye to enduevo Bedpnua, av évo gOvolo mpo-
tdoewy II éyel uévo menepacuéva Loviéha, TOTE UTAEYEL £Val QEdyUa VLo TO
uéyeboc toug.

Oedpnua 3.4.4 Eoto II C II(I'1). Av yia xdfe n € N vndpyer m € N,
m > n, tétowo nov to Il éyet éva uovtédo ue m otovyeia, téte to Il éyel éva
dretpo uovtélo.

Anédelln. Ocewpolue to olvoro IT* = MU {p, : n € N,n > 1}. Adyw
g undbeong, xdfe nenepacuévo urtocivoro tou II* elval xavoroujoiuo. Xu-
VETOS, ANOY®w Tou Bewpruatoc cuundyetag, to II* elvar xavornoijoiuo, Sna.
undpyet doun A tétowa mouv A = IT*. Ilpogavie t6te A |= II xar 1 A elvon
dmetpn (apot éxel Tovhdylotov n ototyela, yio x8be n € N).

‘Aueon cuvénela Tou TEoNYoUUEVOL Bewpruatog elval To
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Octpnua 3.4.5 Acv vndpyet olvolo mpotdoewy 11 tétoio mou uta dour eivat
uovtédo touv 11 avy elvar nenepaouévr.

An6dely. 'Eotw 6t II CII(IM) tétoto mou yia xdbe dour| A:
ATl avv A nenepacuévn.

Téte 1o Il éxel menepaouéva poviéla, ocodnnote yeydha HEAovue, xaL Gu-
VETGS, Moyw Tou Bewpruatog 3.4.4, éyel éva dnepo poviéro, avtigaon. To
{ntoluevo ércTal.

3.5 Kavovixy nocodeixtiny| popypn

Edoue 611 xdbe npotactaxds tOTog elvol TaUTOAOYIXA LGOBVVOUOS UE EVA GE
xovovixy) dtaleuxtixt) pwoppr. Oa delouue 6Tl xdTL aviioTtolyo oyvel TNy
xotnyoenuatixy Aoywed. I v anddeiln ba yeelactodue To e€ig Bedpnua:

Oedpnua 3.5.1 (Oedpnuo Ahpafntixdy Hoaparhaydy) [a xdbe tino ¢,
ueTafAnTh x xar dpo t undpyel TUTOC P TETOLOC TTOU

a) Fa, o P xa
B) nx elvar avuxataotdowun and tovt otov .

An6delr. Xpnowonowodue Ty apyy tng enaywyhc yia to T'(I'1). © ava-
pepbolue Aemtouepelaxd ubvo oTny TeEPITT®ON Tov 0 ¢ elval Tng Lophc Yyih.
H enaywywh undheon elvar 611 undpyel TOmog ¥ TéT010¢ oL 4, P <> P %o
n T elvon avTxaTaoTdown and Tov ¢t 6Tov 1.

[Tpdtn mepintwon. Av ¢ = y ¥ n y dev eupaviletoan otov ¢, téte OéTouue

? = Vyib. Edxoha Prénoupe 6Tt toydouy T ), B) yia Tov P.
Acttepn nepintwon. Av Sev elyacte oty TpdTN nepinTwo, Bewpolue ueta-

BAnth 2 mou dev eugaviletal odte 6ToV P 0UTE GTOV T 1AL elval SlapopeTiny
7 z — -y

and v = xou Bétovue P = Vzipr.

Aol 1 z ev epgaviletal 6ToV t xal 1) T ELVAL AVTIXATAGTACIUN antd TOV t GTOV

P, n o elvon avixatactdown and tov t atov B, dnk. toydet to B). Mével va

detovue 6t aknbelel To ).

1) Ané v enayoywed undbeon, 1 4, P. Xpnowonowdviag tnv Acxnon
49, éyovue 6T Yy Fa, Yyib. ANG Vyib -4, EZ, agpol Ny elvor avTixa-
TaoTdown and ™y 2 otov . Apa, My Tou Hewphuatog Yevixeuong,
Yy b4, V2b? | onbe Yy 4, Vi,

2) Enedh n 2z dev epgaviletar otov 9, Aoye g Aoxnong 58,
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Oglopds 3.5.1 Aéue ot o tinog ¢ eivar oe ‘xavovixij tocodelxTixy uoppy

VZ%Z Fa, EZ Z = E

AMG P 4, P, and Ty emaywyed unébeon. Suvende Vz@i Fa, ¥ xa
bpa V21bY b 4, Vyih, Abye tou Bewpfiuatog yevixevong.

'

’ ¢ Y] z Ve ’ 7 ’
avy o @ elvar ‘avoixtoc’, dnh. dev Eyet xabiodov mooodeixtes, 1§ o ¢ elvau

¢ popPlic Qyi...Qnyny, dnov n € N —{0}, ¥ avouxtdc xar to Qi elvar V
n3d,i=1,..,n.

Ocopnua 3.5.2 Kdbe tinoc eivar Aoyixd toodivauos ue éva tino o xavo-

VIXT] Too0deIXTIXT] UoPPT].

An6dely. Xpnowonotodue ™y apyn e enaywyhc yid to T'(I').

1)

2)

"Eotw ¢ atouxds. Tote o ¢ elvon avouxtde, dpa 0 ¢ elval 6 xavovixt
TOGOBETINY UOPYPY).

"Eotw 611 0 ¢ elvar tng wopprc Vo) xau o ¥ elvar hoyixd tooddvouog ue
Tov P* mou elvar 6 xavovixy| tocodewxtixt| wopt|. Téte Vah = Varh*
(Moyo tne "Aoxnong 49 xau tou Bewphuatog TAnpdtntoc). 'Oung o Vay*
elvon TpoQavdg Ge xavovixy) TocodeETIXY Lop@n, ondTte To {nTolducvo
Loy VeL.

'Eotw 6t o ¢ elvar tng wopprc =1 xat o 9 elvar Aoyixd 1oodivauog ue
Tov ¥ mou elvon oe xavovixy tocodewxtixy woppn. Tote —p = —p*.
‘Ouwg 0o =™ elvar Aoywxd Looddvauog ue €va TOno Y™™ oe xavovixt
TOGOJdEX TN Lop®n, agol yia xdbe ¢, x:

“Vrp = drw xa —drp = Vg,

‘Apa 0 ¢ elvar hoyxd 1oodUvapog Ue Eva TOTO GE XAVOVLXY| TOGOSELXTLXT

HOoPPT).

'Eotw 6T 0 ¢ elvon Tng woppic 9 — x xou ¢ = P*, x = x*, 6mouv P¥,
X* elvon tomoL oe xavovixy| Tocodelxtixn woppr. Adyw Tou Oswphuatog
3.5.1, unopolue va vnobécovue 6L oL uetaPintég nou sugavilovial oe
nocodeixteg 6ToV P dev eupavilovtol 6To Y xat avtiotpopa. ITpogavie
P = x =¢Y° = x*. And 1o [opadelyuota otic oeiideg 55, 56 xaL To
Oedpnua Eyxupdtnrag, éyovue 6tL yia xdfe @1, @2, z, av n x elvon
deouevuévn 6To @1, TOTE
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o1 = Vaps =Va(pr — ¢2) (1)
Jzps = o1 =V(p2 = 1) (2)-

"Ouota delyvouue OTL av 1 T elvol dEGUELUEVN GTO @1, TOTE

o1 — Jzws = Jz(pr1 = ¢2)  (3)
Vaps = o1 = (e — 01)  (4).

Xpnowonowdvtag g (1) — (4) unopodue va Peodue éva timo * oe
XOVOVIXT) TOGOJSEXTIXY HoppT TEToLo Tou p* = Y™ — x*. Tote ¢ = ¥,
ondte €yovue T0 {NTOVUEVO.

Hapdderypa. ‘Eotw 6tL ol 2,y dev eygaviovial 6o x xau 1 2 dev eupovile-
TOL GTOV Y. YTApYOUY TEELS TUTOL GE XAVOVLXY) TOGOSELXTIXY) LORPT| TOL elval
hoyuxd teodVvauol ue Tov tono Yoy — Jzy, avdloyo ue v Gelpd mou Ha

epapudoouue g (1) — (4).

o) VzIyyp — Jzyx Jz(VzIyyp — x
Jz3x(Jyy — x

Fz3zVy(p — x

Jz(3yyp — Jzx
JxVy (¢ — Jzx
JzVy3z(p — x
Jz(3yyp — Jzx
Jz3z(Jyy — x)
JzI=Vy (Y — x).

B) Vzdyy — Jzx

)
)
)
)
)
)

y) Vz3yyp — Jzyx

3.6 Xtouyela Oewplag Moviéhwy

Optouds 3.6.1 Eotw A, B Soués yia tpv I't xau h @ |A| — |B|. Aéue ot
n h elvau

1) ‘ououopypiouds e A oty B’ avy toybouvy ta e&ijg:
a) T'a xdbe n-ueléc xarnyopnuatixd obuforo P xai ay,...,a, € |A|:
<ay,...,a, >€ P4 avw < h(ay),...,h(a,) >€ PB
B) I'a xdbe n-Géoio ovvaptnotaxd olbufolro f xat ay,...,an € |Al:

h(fA(a1, ..., an)) = fB(h(ay), ..., h(ay))

y) Ta xdbe orabepd c: h(c*) = cB.
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(Avti yia to a) Aéue n h ‘Siatnpel tic oyéoeic’ xa avil yia to f) Aéue
n h ‘Siatneel tic ovvaptiioeic’.)

2) ‘toouopypioude tnc A evide tnpc B’ avy elvar 1-1 xar ououoppioudc tne
A otpv B

3) ‘toouopypiouds tpc A enl tpe B’ avy eivar 1-1, enl tov |B| xat ououop-
piousc g A otpy B.

Aéue 6t ov A, B elvar ‘oduoppes’, xar yodpovue A = B, avv uvndpyet too-

uopypiousc h tnc A eni tnc B (mov tov ovuforilovue h: A= B).

IMopadeiypata. o) Oewpolue ) YAGooa I'T™ ue uévo duo dibéoia cuvop-
motaxd ovuBola @, ® xar tig Soués A, By v I'T" mou opllovtar wg
e&ne:

|A| =N, @A, @4 oL cuvnPlouévee Tpdiec oto N
1Bl ={a,7}, P ={<a,0,a><anr,m><mTanr><TT0>}
B ={<a,q,a><ama><Taa>< T >}

Téte n ouvdptnon h: | Al — |B| ue

h(n) _ { Q, OV 7L dPETLOQ

T,  OANOC

elvaw opopopgLoude e A otny B. Tpdyuatt, and tov oploud g h BAénovue
6t v xdfe m,n € |Al:

h(m @4 n) = h(m) @B h(n) xa h(m &4 n) = h(m) @8 h(n).
B) 'Eotw A, B o Sopéc yio tnv T mou opiloviar we e&hc:

Al = N — {0}, <% nouviing oxéon “wxpdtepog and” oto N — {0},
|B| =N, <B 1 ouviing oyéon “wixpbtepog and” oto N.
Téte n ouvdpnon b : |A| — |B| ue h(n) = n — 1 elvar wooyopgiouds g A
el g B, énwg edxola enaknbedetal.

O mponyoluevog optoude pag Bupiler avtiotolyoug akyeBpixoic optouoic.
To enduevo Bedpnua Tov cuVSEEL UE ONUAGLONOYLXES EVVOLES.

Ocdpnpa 3.6.1 Fotw A, B Soués yia tpv I'1, h ououopproudc e A oty
B xai v arotiunon otyv A. Tote

a) Ia xdbe dpo t: h(v(t)) = howv(t)
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B) I'a xdbe avoixté tino ¢ ywpic 10 ~
A= pv] avw B = p[hov]
y) Av h 1-1, téte yia xdbe avoixté tino ¢

Ak lo] aw B glhod]

8) Av h eni, téte yia xdfe tino ¢ ywpic to =

A E ¢[v] avw Bl ¢[hou].

Anédeln. a) Aoxnon 70.
B) Xenowomnowobue Ty apyf NG ETAYOYHS Yot T0 6UVOAO TwV TUTWY ToU
xotooxeLdlovtal and atoulxols Ywels To X UEow Twv UUPROAWY —, —.

1) 'Eoto atouxds tonog g wopphc P(ty,...,t,). Téte

AE Pty .. ty)[v] aw < T(t1),...,5(t,) >€ PA (op. Tarski)
aw < h(W(t1)), ..., h(T(tn)) >€ PB (h ogouops.)
avw < hou(ty),...,hou(t,) >€ PB (ané a))
avw B P(ti,...,ty)[hov] (op. Tarski)

2) "'Eotw 611 ¢ e popehic ), émov A = [v] avv B = ¢lh o v]. Tére,

Aoy Tou oplopoy tou Tarski,
A = ¢[v] avv A = o] avy B = ¢P[hov] avy B = plhov].

3) Av ¢ tng popyric ¥ — X, TéTE doukevouue bnne oTo 2).

¥) Aovketouue 6Twg 6To B), ywelc v’ anoxkeletar o THnog va elvan g poppric
t1 = ta, 610V t1, ta 6pot. ‘Ouwng

Aty = ta[v] avw o(ty) = v(t2) (amd op. Tarski)
avv  h(v(t1)) = h(v(t2)) Eo«pox’) h 1-1)
(

<

aw how(t;) =hou(tz) (and a))
avv B = tyxtalh o v ané op. Tarski),

ondte €yovue o {NTOvUEVO.
3) Aouvhevouue énwc oto B). H nepintworn mou péver vo Bewprioovue elvon
btay ¢ e woptic Yoy xou A = ¢[v] avy B |=lh o v].
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1) Eotw éu B |= Vap[h o v]. Téte B |= [(h o v)(x|b)] yia x&be b € |B.
Aol n h elvon eni, éneton 6t B = ¢[(h o v)(x|h(a))] yioa x4be a € |Al.
'Ouwc ot ouvapthoels (hov)(z|h(a)), ho (v(z|a)) elvar loeg, doa B =
p[ho (v(z]a))] yio x&be a € |A|, ondte, Aoyw tne enaywyixic undbeong,
A = Yv(z|a)] Yoo xd0e a € |A]l. Téte duwe éxovue b1t A |= Vayp[v]

and tov optoud tou Tarski, dnA. to {nroduevo.

2) 'Onwg o710 1), deiyvouue bt av B = Yaih[h o v], téte A B~ Vo |v], dea
oy el 1 {nroduevn tooduvapia.

IMapatienon. Luvénela tou mponyoluevou Oswpnuatog elval étL av h @ A =
B, t61e v xdfe tono ¢ xou anotiunon v oty A:

A= ¢[v] avw B = ¢[lhowv].
EWlwébtepa, yioa xdbe npdtaon ¢ A= ¢ avww B E= .
Opwouds 3.6.2 Fotw A, B Soués yia tpv I'y. Adue ot
1) n A eivar ‘vrodour’ tne B, xat yedypovue A C B, avv |A| C |B| xa

@) yio xdbe n-ueréc xatpyopnuatixd oiuforo P: PA = PBN|A

B) yia xdbe n-6éoio ouvaptnoiaxd oduBoro f: fA = FE[A"

y) yia xdfe otabepd c: A =cB.

2) o A, B eivar ‘ototyeiwddc toodivauec’, xar yodgpovue A = B, avyv ol
A, B uxavorowody ti¢ (die¢ mpotdoets, dnA. yia xdbe modtaon @:

Al @ avw B E .

[Mopdderypa Soudy A, B yia tig onoteg A C B €youvue and to IMopdderyua
B), oeh. 69. Xty nepintwon auth oydel xoau A = B, 8ev 1oy lel duwe yevixd
ottav A C B, téte A = B. Ipdypatt, vy tig Soués A, B g Aoxnong 39
éyouue mpoavie 6Tt A C B, alld Sev woylel olte xav A = B, agpol undpyet
npéTaoT ¢ tétola mou A = ¢ ad\d B | .

Ané v auéong mponyovuevn Hapatienon éyovue 6tLav A = B 161t A = B.
To avtictpogpo dev woyldet. Ilpdyuatt, éotw M non-standard povtéro tng
aptbuntiic (‘Aoxnon 66). Ou dellovue 61t M ¥ N, evd npogavde Loylel
M =N. 'Eoto howndy bt h : M =2 N. Ané tny undbeon, undpyel anotiunon
v oty M tétola Tou

M = zo#n[v] yia xdbe n € N.
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Téte, Moyow e Hapatrpenong,
N = zo#n[h o v] yia xébe n € N,
dnh. howv(xp) #hov(n) yia xdfe n € N.

Me (ouvnbiouévr) emaywyy delyvovue 61t howv(n) = n v xdfe n € N.
Apa how(xg) # n vy x8be n € N, npdyuo addvato, agod hov(zy) € IN| =
N. Yuvendc dev vrdpyet b : M = N.

Opioués 3.6.3 Eotw tdpea A Souri yia tpv 'y, ai, ..., an € |A] xat p(x1, ..., Tp)
tinoc — ypdpovrag ¢(x1, ..., Ty) EVVOOUUE Tt CAec o1 uetafAntéc mov eugpa-
vi€ovtal eAevifepes otov ¢ elvar avdueoa oTiC T1, ..., Tn. Oa Adue ot

1) o ¢ ‘“xavormoeitar and ta ay,...,an otpy A’, xau o yodgpovue A =
plai, ..., an], av vndpyet anotiunon v oty A tétota ov A |= p[v] xau
v(x;) = a; yia i = 1,..,n (7, tcoddvaua, yia xdfe anotiunon v otpy
A, avo(z;) =a; yiai=1,...,n, tére A |E p[v])

2) o ¢ ‘opilet tpv oyéon R otpv A’ avv toyUet
R={<ay,..,ap >€ |A|" : A= ¢lai,...,an]}

3) n R elvat ‘oplowun otpv A’, émov R C | A", avy undpyet tinog p(z1, ..., Tn)
mov opllet Ty R otpy A.

Mopadeiypata. Ozwpolye ) doph N yio T T

o) H oyéon {< m,n >€ N? : m < n} oplletor otnv N ané tov tdno
drzz+ah~as.

B) T tuyéy n € N, 1o abvoro {n} elvon oplowo otnv N and tov tino
T1N.

Y) To odvoho twv TpdTwy aplfudy optletat oty N arnd tov tino
230"+ 3wy AVroVrs(zi~rs.x3 — 190V x320").

[ v del&ouye 6TL wia oyéon dev elvar oplowun oe W Sour| yenouuo-
nolodue to axdiovbo

IIépiopa 3.6.1 Fotw A Souri yia tpv I't, h avtouopgpioudc tne A, SpA.
h: A=A, xat R C|A|" oplown otypv A. Téte yia xdbe ay,...,an € |A| :

<ai,..,ap >€ R avv < h(a1),...,h(an) >€ R.
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Anédey. 'Eotw ¢ o tinog mou opilel v R oty A xau v Tuyodoa aroti-
unon oty A ue v(z;) = a;, i =1,...,n. Téte

< Apyeyap >ER avw Al glag, ..., an] (oo o ¢ opilel tnv R)
avw A = p[v] (ANoyw ouufoliouot)
avw A = p[h o] (Moyw Oewp. 3.6.1)
aw A= pl[h(ar),...,h(a,)]  (ouvuPolioude)
avw < h(ar),...,h(an) >€ R,

OnA. toyvel to {ntovuevo.

Mopdderypa. ‘Eotw Rs 1 Sour yio tny I tou oplleton wg e&c:

IRs| = R xou <R¢= 1 ouvifing oyéon “uxpdtepoc and” oto R. Xenoipo-
noldvtag to nponyovuevo Ildpioua Oo detlovue 6tL To N dev elvon oploywo
oty Rs (— 1o N Bewpeitar wec povoueric oxéon R C |Rs] = R). 'Eotw
Aoy 6t to N elvan oplowo. Tote, Adyw tou Iloplouatog 3.6.1, yia xdbe
a € R woylel

a €N avv h(a) € N,

6mou h TuyGY autopopgLouée Tne Rs. H ouvdptnon h: R — R ye h(z) = 23
elval eixolo va dodue 6TL elvar autouoppLouds g Rs. ‘Apa yio xdbe a € R:

a €N av a® e N.

Auté bueg Sev Loylet, agol, T.y., 2 € N evéd v/2 ¢ N. Apa 1o N dev eivau
oplowo oty Rs.

AYKHYEIY
28. Bpeite ta devdpodiaypdupoata twv tinwy 3z (Q(z1) — YraQ(x2)),
(Fz1Vxo P(21, 22) — Yaodz1 P21, 22), [(Vz(p — ¥) A Jzp) — Jz9].

29. Iloiég uetafintéc eugaviCovtar ehetiepeg o xdfe éva and toug axd-
houBoug tunoug; Ilowol and autoig elval Tpotdoelg;

(Vz1Q(71) < I12Q(72)) (Fz1Q(z1) A Q(71))  (Q(22) = VI1P(71, 72))

dr3(Q(z3) = VraQ(x4)) (21 = 2V 21 % 22).

73



30. Anodeigte 6T %dbe tinog g I'y €xer Tov Blo aplbud dedidy xa apt-
OTEPOY TapEVOEGEWY.

31. Ilowl tinot yetd v anadoupy| Ty Tapevhécewy yedpovTtal

leQ(xl) VAN P(l‘l,l'g) — E|{L'2—|P(l'1,$2),
—Ju1 Ve P21, 22) V V21Q(21) ¢ Q(z2);

32. a) Bpeite Toug tonoug g T'§? mou avtiotol ol otic tpotdoeig: “Yndp-

YEL éva aUvolo Tou Bev Exel atolyela”, “Kdbe advolo elvar otouyelo evig
ouvohou”.
B) Beette toug tonoug tne '™ mou aviiotolyoly oTig npotdoelc: “Yrdp-
XEL évag Quoxdg apludg mou dev elvol 0 EMOUEVOS XAVEVHS PUGLXOY
aptBuot”, “Avo tuydvieg guoixol apliuol €youv yivouevo ueyalitepo
ané to dfpoloud toug”.

33. Oewpolye Toug axdhovou Tinoug e I

T1€x V x1€x3, Jrg(TaE21 N T4ET3)
T1€Ex9 N\ To€EX3 — T1EX3, YVTox1ET2.

o) 'Eote v arotiunon otn douR N, tétola nov v(z1) = 2, v(zg) =4
xat v(zg) = 7. ool and toug avwtépn Timoug aknbedouy yio Ty

v oty Ny;

B) 'Eotw v* anotlunomn ot douh N tétowa tov v*(x1) = 5, v*(x2) =
1 xou v*(xz3) = 3. ool and toug mponyoluevoug TimoLS ohn-
Hedouv yio Ty v* oty NJ;

34. 'Eoto v anotiunon otn Souh N* yia v T tétola mou v(zy) = —3,
v(xg) = —4 xou v(z3) = 0.

a) Hpoodioplote Tig Té TV axdrovbuy dpwy Yo T v oty N
(7] ® 23)' @ (21 © 73), 72 © (71 & (25 © 0)).
B) Mool and touc axdrouvbouc tinoug ainbedouy yia ) v oty N¥;
3331 0" O T =~ T, VCIL‘I T 56‘ 0— T3 ~ I2.

35. Tlowéc amé tic axdhovbeg mpotdoeig tne [ eivon ahnbeic oty doph N

dry 21 @ x1 = 0, Va1 o1 = 21 V dxex0 % To,
Vo1 r1 % ©1 = Vr1Ves 21 @ 10 = 12 D 1.
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36.

37.

38.

39.

40.

41.

'Eotw ¥ C T(I'1) xou A Sou| & v I'1. Elvar adfeior 6t av xdbe
otolyelo Tou X elvar ixavoroioluo otny A tdte xau to X elvon ixavo-
TofoLo oty A,

"Boto ¢ 1 npétacn e 1Y mou exppdler “T'ia xdbe 6hvoho undpyet To
duvapocivohd tou”, dnA.

Va13xoVas(xs€ary <> Voa(ra€Exs — x4€X1)).

EZetdote av Ny = ¢ A 6y

"BEoto Ns n Sous yio v T'{? tou opiletan we e&hc:

a) |Ns|=N
B) Mo ={<m,n>c N?:m duupel tov n}.

'Eotw tdpa ¥ 1 mpdtaon nou expedler 6t “Ta tuydvta clvola x,y
undpyel To ovvoho {x,y}”, dnh. 7

V1 VrodrsVes(za€xs <> zaapprorzy V x4 & x2).

EZetdote av N5 = ¢ A oy

'Eoto I'Y 1 yYAdooa tne ewplag dudtaing, Snh. n npwtofdbuia YAdoou
ue uoévo un Aoywxdéd clufolo to duuelés xatnyopnuatixd clufolo <.
'Eotw A, B, C ot douég yio tnv F‘f mou opllovtal wg e€hc:

A =N, |B| = Z, |C| = Q xau <A=<N, <B=cZ C_Q

Beeite npotdoeic ¢, tng I'Y tétoleg mou

a) Bl xu A -p
B)CE Y wau B .

'Eotw X CT'(T'1). Aceilte 6w yua xdbe @, :

@) SU{pl v aw Sk ¢
B) o=0¢ aw oo b

Act&te 6t yia xd0e dwweléc xatnyopnuotixd cluforo P:

E|$1V$2P(:IZ1, 1'2) ): V$23$1P($1, :I?2)
ngEleP(:cl, .%‘2) l# EIxngP(xl, :L‘Q).
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42.

43.

44.

45.

46.

47.

48.

49.

50.

Oswpolye T axdroubeg TEOTdoELS TNG EAANVIXAS YAMCGUS:
1) I xdfe obvolo x vndpyel oivolo y ue TAnfdplfuo yeyalitepo
exelvou Tou .

2) Av z utocvolo Tou y, téTe 0 TANHdELiuoc Tou T elvan LixpdTEPOS
1 {oog exelvou Tou y.

3) Kdfe oidvolo elvar urtosivoro tou V.

4) To V 8ev elvou olvoro.

Xenowonowdvtoag avilotolyes mpotdoelg wog tepwntoBdiutas YAdooog,
detZte 6tL oL 1) — 3) ouvendyovtow hoywxd v 4).

Ozwpolye T axdloubeg TEOTAGELS TNG EAANVIXAS YADCGUS:

1) Kdéfe guoixdeg aplfude eivan axépatog apliude.
2) O n elvon axépatog aptbude.

3) O n elvon guoxds aptbudc.

Xenowonowdvtag avilotolyeg mpotdoelg uog tentoldiutas yAdooog,
detlte 6Tt ot 1), 2) ev ouvendyovtal hoyixd v Tpitn.

Acite 6y xdfe p, : {Va(p — ¥),Vap} E V.
Acite 6T av 1 z dev eygaviletor ehedbepn otov p, T6TE @ = V.
AciZte 6L yia xdbe : 0 ¢ elvan €yxupog avv o Vg elvon yxupog.

'Eotw IT C II(I') tétoo mou yia x84 ¢ € II(T): I = ¢ 4 I1 = —o.
"Eotw eniong A éva povtédo tou II. Anodeilte bt yia xdbe ¢ € II(I'):
AEpawll = .

[Towol and toug axdhovbouc Tinoug elvan hoywxd oaliduota; (P elva
uovouehéc xat () duueléc xatnyopnuatixd ovufolo.)

[(VzP(z) = VyP(y)) = P(2)] = [VaP(z) = (YyP(y) — P(2))],
Vy[Va(P(z) = P(z)) = (P(c) = P(c))], VadyQ(z,y) — FyQ(y,y)-

Aci&te 6TL v xdbe @, -

o) Fa, Yop — Jze xoun
B) av b4, ¢ =, t6t€ Fa, Yo — Vaih.

AciZte 6T yia tuydvTa xatnyopnuotixd cbufora P, Q:
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ol.

92.

93.

o4.

95.

96.

o7.

98.

{Q@),vy(Q(y) = VzP(2))} Fa, YaP(z).
Acet&te 6t yia Tuydv Siuekéc xatnyopnuatixd cbuforo P:

a) Fa, VaVyVz(zry — (y=z — xR2)) xou
B) Fa, YyiVyaVzi Vaalyimzr — (y2 = z2 — (P(y1,y2) = P(z1, 22)))].

Acel&te 6T y1d TUYOVTES OpOUC t, T, 8!

a) Fa, t=t

B) Faytms— st

Y) Fa,trs— (srr—tar)
d) Fa, sxet—(ret—>s~r).

Acel&te 6TL Y14 OTOLOVINTOTE TUTO @, AV N T ELVOL AVTIXATACTAGLUY ATO
NV Yy OTOV , TOTE

Fa, vy — (9 = %),

6mou @™ elval 0 TONOE oL AlEYOLUE ATd TO @ AVTIXAOLGTOVTAS TNV T
o Uepéc V) Oheg Tig ehelbepeg EUPAVICELS TNG UE TN Y.

Acel&te 6TL YId TUYOV Bluehéc xatnyopnuatixé cbuBoro P:
VaVyP(x,y) Fa, YyVzP(y, ).
Acel&te 6T yia Tuy OV LovouEAES xatnyopnuatixd clufoho Q:

Fa, Qy) © Va(zry — Q(x)).

Arnodei&te 10 Oedpnua yevixeuong otabepodv.

(Yrnédeln: 'Eotw 6t @1, ..., pn, = ¢ elvon pro x| anddelln and to T
%o Y ULt UETABANTY mou Sev eupavileTal 0 XAVEVA ATd TOUS D1, ...y Pp.
AclZte 6L m axohovbiar (1), ..., (¢n)y elvon prar Tumied) anddeln tou
¢y and 10 T')

Act&te ye mapadelyuata 6t oL cuvhixeg mou undpyouy ota OewpRuata
3.3.5, 3.3.6. vy to c elvar amapaitnres.

'Eotw ¢ tinog xau z, y petoffAntéc. Aeilte 6Tt

) Aev ioydel mévta 6t ()4 = .
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99.

60.

61.

62.

63.

64.

65.

66.

B) Av n y dev epgaviletar xabbéhov 610 @, T6TE N Y Elval avTixoTo-
’ 7 T T —
oTdowun and TV T 6To @y x (py)% = .

Arnodeilte 1o e€rg moploua Tou Hewpruatog yevixevong ctabepdv: Av
T F 4, ¢ xaun ¢ dev epgavileton oe xavéva ototyeto Tou TU{p}, téte
T a4, Yye.

Aci&te 61 oL axdhovbol timol elvon Tumxd Hewpuata tou Ap yio xdbe
©, 1, X

1) Fz(p V) <> Jzp V Jzop

2) Yoo V V) — Vo (p V)

3) dz(p Ap) = Jzp Adxep
4) Vx(p A) > Voo ANVzip
5) V(o = o) = (3zp — Jzp).
Acel&te 6Tl To hoyxd adiduata elvat €yxupol TUTOL XAl OTL 0 XAVOVIS
M.P. Swatnpel t hoyueh, ouverayoyh (dnh. av T E ¢ xau T E ¢ — ¥,
t6te T = x).
AciZte 6TL T0 deltepo UEPOG TOL BEWPNUATOS EYXUPOTNTAS GUVETAYETAL
TO TPATO.

Aci&te 6L Ta duo uépn Tou Bewpruatog TAnEdTNTAS Elval LGOSUVIUA.

"Eotw I'1, I mpwtoBdbulec yYAdooes tétoleg mou 1 I} elvon eméxtoon
e I'1, dnhad” neptéyet 6ho tar un hoywxd obuBoha tne I'1. Av A’ Sou
vt I xaw A'[T'y elvon o meproplopds tne A’ ot yhdooa I'y (or A, A
€youv To (8lo olumay xat Tig (8leg spunveleg yia Ta un Aoywd clufola
e I'1) xou o' anotiunon oty A, t61e yio xdfe tomo ¢ g I'y:

A = p[v] avw AT = ¢[v].

‘Eotw 6t 1,2 CII(I). Acei&te 6t av to T, X dev €youy xowvé poviého
(dnA. dev undpyet Soun A tétowa touv A =T xou A = X), téte undpyet
TpoTacT ¢ Tétol mou 1T 4, ¢ xauw X g, .

Ocewpotye 10 olvoho T = ThN U{zg % n : n € N}, énov ThN elvo
70 6UVoho TV TEotdoeny T T tou aknfevouy oty N xat n eivou
o 6pog 0" (n gopéc). Aeilte bt 1o T elvon ixavomoiouo.
Ynuelwon. Ou douég otig onoleg xavonoteliton to 1T xohodvtol “non-
standard povtéla tng aptbunteic”.
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67.

68.

69.

70.

71.

72

73.

Oploudc: 'Eotw T C II(T';) xow K »Adom douddv yio tnv I'y.

o) Me ModT ouuBoiilouvue v xAdomn 6oV TV Loviéhwy tou T
B) Me ThK ouufohlilouue to ghvolo

{p € I(I'1) : A |E ¢ v xdbe A tou K}.

Acigte 6n yio tuyovia T, X C II(I') xow tuyoloeg xhdoeig doudy K,
L woybouv:

1) AvT C X, téte Mod¥E C ModT

2) Ay K C L, t6te ThL CThK

3) T CThModT xaw K C ModThK

4) ModT = ModThModT »xaw ThK = ThModThK.

'Eotw tdpa abvoha T, X tétowa tov T' C ¥ C II(T'y), T mifjpeg xou X
xavornololpo. Acetéte otL T = X.

Bpeite tinoug o xavovixn mocodewxtiny Lop@t) Tou elval Aoywd Loo-
dUvauol Ue Toug

Vo(P(z) = z = y) = (3zP(2) = Juz = u),
ez =~y — (P(x) » ~Jzz = z).

Anodei&te to a) Tou Bewpruatog 3.6.1.

"Eotw A dour vyt I'1 xou g 1-1 ouvdptnon ue nedio optopol to |Al.
Act&te 6t undpyet wovadxy doun B tétow tov g : A = B,

‘BEoto Z 1 Soun yio mn T mou opiletor g e&ic:
Z =1,

®Z, ®% o cuviPeig Tpdeic tpdobeong xou toh/ouol oo Z,
17 m ouvdptnon ue 12 (n) = n+ 1 xa 0% = 0.

a) Anfedel 6t N C Z;
B) Anbeldel bt N = Z;

Y) Aknfeder 6u N = Z; Av by, ufinwg undpyet looyopglouds e N
eviog g Z;

'Eotw Ni 1 8our v tny I'T™ nov oplletar we e€hc:
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Vx| =N, @V, &V ol suvieic TpdEeic npdabeonc
xaL toh/opol oto N.

Acei&te 611 oL axdhovbeg oyéoeig elvon oploweg otny Ny

{1}, {<m,n>n=m'}, {<m,n > m < n}
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Kegpdiowo 4

To Bedpnua un-tAnpdTnTUS TOU
Godel

4.1 Ewoayoyq

'Eotw A olvoho un hoyudy allwudtony oe ua tumxy tpentoldiuia yAdcoa
Iy (%, 6noc eldoue, loodivaua, olvoho vobéoewy oto Thalola Tou aZLmUNTL-
%00 GUOTAUATOS HE UOVO hoyixd adiduota). Avo Booixd EpwTAULATA TOL HaC
anacyololy elvan to eENG:

Eedtnua 1 Eivar to A mAijeeg;
Eedtnua 2 Eivar to A ovverée;

Elvar cagéc L agopd to 8eitepo epdnua. Ye GYEoN UE TO TEMTO, TEETEL VoL
oploouue v évvola “mAfpeg oUvoro adlwudtny”. Kat’ apyny, To npdto epd-
U Eyel vomuoa uévov av unobécovue 6t to A elvon cuvenés (agpol and xdbe
avTLpatixd oUvoho unobéoewy anodetxviovtal Tutxd Oheg ol tpotdoelg). H
évvola Tng TAnedtnTag oplleton ue duo Leodlvauoug TpéToUE, dnhady cuvta-
XTUE 0L ONUAGLOAOY LG,

a) Aéue 6T to A elvon ‘mhpeg wg tpog to A’y bmou A elvon povtého tou
A, avv v xdbe mpbtacn ¢ tng Iy, woydel 6t av A = ¢, 16t A = .
Yuviog to epdnua av to A elvar Thipes wg tpog To A éyet evBiagépov
6tay To wovtého elvar to “npotiféuevo” (intended) # ovvnbeg (standard)
uovtého tou A.

B) Aéue 6Tt to A elvon ‘tumixd mAfpe’ avv yia xdfe mpbtaon ¢ e I'y
oybet A h AF —p.
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Ac ovye yuatl 1 évvoua Tou opileton 670 a) twoduvauel ue auth Tou oplleTon
oto B). 'Eotw howdv bt 1o A elvan mhipes we mpog 10 A = A xau ¢ elvon
tuyoloa mpdtacn e 1. Téte woydel 61t A = ¢ | A |= —p xou cuvendg bt
AF R Al =p. "Apa, to A elvar tumxd mifpec. Avtiotpoga, éotw 6Tl TO
A elvon Tumd mhfpeg, A = A xou ¢ elvon tuyovoa mpdtaoy e 'y tétow
mou A = . Téte woylet bt AF p 4 AF —p. Av buoc loyue 61t A F —p,
fa loyve xaw A =~ (agod to A elvar poviélo touv A), mpdyua dtoro. ‘Apa
oylel A = ¢, dnhady) to {ntoduevo.

To avetépw epwtiuata yio 1o abvoro adlwudteny P (tou eldaue oto npon-
YOUUEVO XEPGAAO) amaoySANoay évtova Touc pabnuatixolic otny apyy Tou
audva pag, ota Thatola Tou Aeyduevou “rnpoypdupatog tou Hilbert”, to onolo
N\Be g andvinon otny xplon nou npoxdiecay 6ta Mabnuoatixd o avoxahi-
Peig mapadbEwy otn Bewpla Luvérwy. To P avuotouyel ota allduata o
Tpotdbnxay and toug Dedekind-Peano oto téhog tou 190u ardva. To apyixd
allduaTa expedotnxay ywelc yenon tumxic YA®Gooog, 6mws cuvibwg ota
Moabnuatind xar cuvodedovtay and xdnolo cuvorobewpentind undBabpo. Lo-
VToua UM €YLVE Gaéc OTL 1 Taxtonoinan Ty BeyeAinwy Twv Mabnuatixdy
anattovoe YpNon TUTIXGY YAWGo®Y xal uebddwv xu €tol odnynbnixaue ota
avtioTolye TV AZleUdTeY auTdy oty TewtoBdiue yhdooo Y. Eidud-
Tepa, T axdhoula epwTAuaTA anacydAncayY Toug Uabnuatixode TN dexactio
Tou 1920:

IIpbBAqua 1 Av to P eivar cuvenée, etvan to P tumxd mhipeg;

Ip6BAnua 2 Anodewxvietal (Ue oTolyelddels uehddoug) 6t to P elvar Guve-
TES;

O K. Godel anédeile to 1931 6t to [pdPAnua 2 xau éva mpdBAnua xdmng
achevéotepo and to IpdBrnua 1 éyouv apvntixn Ador. Ilpdta anédelle to
“npdTo Bedpnuo un-tAnedtnToac”:

YroBétovtag 61t to P elvar w-cuvenée, undpyet npdtaoy ¢ tng L9 tétota mou

PYoxan Pl —p (¥).

7 7 “ ’ /. z ” T4
Y1n ouvéyela anédelle To “Bevtepo Oedpnua un-mAnedmrac”, dnhadn 6Tl N
ouvénela Tou P Sev anodewvietan pe neboédoug mou eivar Siabéoiues ot mhal-
old Tou:

Yrdpyer wio mpdtaon 0 g T mou exgpdler “To P elvon ouvemée” xat yiol
v onola woyvel P I/ 0 (unobétovtag 6Tt to P elvon cuvenée).

Ynuewdvouue 6t o J. B. Rosser Beitiwoe to 1936 to npdto Oedpnuo tou
Godel, delyvovtag 6t 1 acbevéotepn undbeon “to P elvan cuvenés” unopel
vou avtixotaotioel Ty “to P elval w-cuvenéc” xan, xotd cuvémeld, 4Tl TO

[MpoBhnua 1 €xel apvntixy Adom.
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Aentouepeic anodeilelg Oa Sodue 6N cuvéyeia, Ha avagpepholue duwme Tdhpa
oTLg Paowxég Wéeg Ty anodellewy twv bewpnudtwy un-tinedétntac. H npd-
taon ¢ e T yio Ty onola Loyvel To tpdto Hedpnua exppdlel “Eyd Sev
anodeuxviouat oto P, mporilfe dnhadh uéow xwdixonoinong otn I'* xénolag
autoavapopxg TedTacNS TNg eEAAnVXnS YAwooag. H 8éa tng xwduconoin-
ong 1 apthuntixomoinong elvar pia and Tig Paoixég Wéeg mou elye o Godel yia
Y anddelln Twv DewpnUdTey un-tAnedtntag. LNUELOVOLUE OTL UTdEYEL TEd-
Taor ue pafnuatixd tepleyduevo yia Ty onola toyvel N (*) - n tpdTaon auth
exppdlel wa maparhayn evos Bewpruatog tou F. Ramsey xou avoxohipbnxe
amé toug J. Paris xou L. Harrington to 1977. H mpétaon 6 tng T yio tnv
omola toyveL to deltepo Oedpnua un-tAnpdtntas moeRyon xor auth U€ow xw-
duconolnong. H Pacunr| déa niow and tnv anddelln tou debtepou Hewprjuatog
UNFTANEOTNTAS elvat 6Tl M amdSEEn ToU TPMTOL HEWEAUATOC UN-TANEOTNTAS
umopel va “runonownbel”, dnradr va dobel “uéoa oto P7.

Ye oyéomn ue 1o mpdTo Bedpnua UN-TANEOTNTAC TEETEL VAL AVUQEPOLUE T
e&ne:

a) O Godel dev aoyorinxe axpBdc ue to P, adld ue évo napaniiolo
6UVOLO aELLUATOY 6Ta TAalola Tou cuosThuatog oto Principia Mathe-
matica Ty Whitehead xouw Russell.

B) H npétaon ¢ ya tv onolo toydel n (*) elvan tétoa tov N = o.

Y) To P elvon ‘ovolaotind un-nhipec’, dnhadh xdbe cuvenic enéxtaoh tou
elvow Tumxd un-tAfeng:
av ¢ elvan tpdtaom yia Ty ontola toyvet 1 (*), Téte undpyeL pLa TpdTao
¢ ttowwnov P4+ ot ¢ xow P+ @t =" (¥%),
av p, ¢’ elvon tpotdoelc yia Tic onoleg toyouy ot (¥), (*¥*), tdte undpyel
npbtaon ¢’ tétow mov P+ ¢ + @' ¢" xaw P+ ¢ + ¢’ I/ =¢" x.0.x.

**)

Tehewdvouue onueldvovtog 6Tt To delTepo Dedpnuo Un-tAnedtnTag Loy et
Oyt wévo v to P, alhd v xdfe allwpatind cVoTuo Tou TEpLEyEL €va
pivipouy aplBuntic (dote vo undpyel N duvatdTnTa xWdxotolnong), tapa-
delypatog ydpen yia to aiwuatixd obotnua Zermelo-Fraenkel yio tn Oewpla
PIVINOI

4.2 Boaowéc ocuvéneleg tou P
"Eva yopaxtnetotixd mou bo HBéhaue va €yel to P elvan v arodeuxvioviol Tu-
Tuxd and autd GAeS oL Bacixéc WLOTNTES oL €youV oL QuaLxol aplbuol, Tapa-

delypatog ydptv 1 avtuetafeTiedTnTa X0 1) TPOGETAUELETIXOTNTA TNS Tedce-

83



ong xat Tou ToAarmhactacuol. To P mpdyuatt £xel autd TO YApAXTNELOTIXO,
6nwg Ho dodue otic TpoTdoelg Tou axohouboly.

Ilpbétaoy 4.2.1 Ou axdrovfeg npotdoceic anodexvioviar tumxd and to P:
1)Ve(zr = 0® x)

2)VaVy(a' @y ~ (z @ y))

3)VaVy(x Dy =y @ x)

4)VaVyVz(z D y) Dz~ 2 @ (y ® 2))

5)Vz(0 ® z = 0)

6)VaVy(z' Oy ~z Oy Dy)

7)VaVy(zr Oy =y © )

) VaVyVz((z 0y) ©z~z O (y© 2))

I VaVyVz(z O (YD z) Rz Oy Dz © 2)
10)VaVyVz((y @ 2) Oz Ry Oz ® 2 O x)

1) VaVyVz(z Dz my Dz > xR y)
12)VaVyVz(z £ 0 = (2 Q2R yO 2z > xR Y)).

An6delr. Oo xdvouue avolutixd anddelln uévo yia to 3) - ta uTGAoLTAL
anodexviovtal e 6uolo TpoTo.
Abyw tou Bewpruatog yevixevong, apxel va det&ovue 6T

PHEYy(zdy~yd ).

Adyo Tou aliwyatixod oyfuatog P7 xal Tou yeyovotog OTL Yo TUYOVTES
Tonoug @, P oylel F p — (Y = v A1), apxel va dellouue 6TL

a) PFzd0=06z xou
B) PrVYy(zodymydz -2y =~y @ x).

[ to o) éyouue v e&hc Tumx anddeldn:

1. Vz(z®0=xzx) P3
2. Ve(z@O0=z)>2cd0xx A¥2
3. z00=z 1,2, MP
4. Vz(zx~0® ) uépog 1)
5. Vz(z=0®dz)—>z~0dx AY2
6. r~00z 45 MP
7. VaVyVz(zmyAymz > xR 2) U6 Bedpnua
8. VaVyVz(rmyAyxz—sz=x2)—
(@0~ ANz~0Pr—>2d0~0dx) AX2
9. z0=0d«x 7,8 MP

[ 1o B), Moy tov Bewpnudtony yevixevong xat anaynyfc, apxel vo delouue
ot
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Pu{zdy~ryda}ttzoy =y @z,

TEdyUa oL oy VEL AOYw TNg axdiouhng Tumxig anddelgng:

1 rhy~ydr unobeon
2. VaVt(zmt— 2 =t) Tur. Oedp.
3. VaVtzmt—oZrt) s [zdyrydr—

(z@y) =~ (y@ )] AX2
4. zoy~ydr— (zay) ~(yoz) 2,3, MP
5. (zoy) = (y® ) 1, 4, MP
6. VVt(zot =(zdt)) P4
7. VNt(zot = (z0t) vy x(xDy) AX2
8. zdy=(xay) 6, 7, MP
9. VaVt(Z @t (zDt)) uépoc 1)
10. V2Vt(Z/ @t (zot)) >y +r~(ydz) AX2
11. yoz=(ydx) 9,10, MP
12 z+y =~y Dz 5, 8, 11, yetof/xénTar ~.

Iopatripnon. Xtnv nponyolduevn anddelln Ho umopovooue va elyaue spya-
otel onuaclohoyxd, detyvovtag 6t yua xdbe Sopur A yio T T xan %8s amo-
tiunon v oy A, av n v woavonotel 1o P oty A, t6te A= 2@ 0~ 0@ z[v]
xuw AEYy(zdyrydr > 2@y =~y @ x)v]. Avtdéc o tpdnog epyaocioc
elva axpBdg o “anddelln ue emaywyr oto y”.

Mepxol épot tne T4 éyouv Eeywploth onuacte, apol aviitposwrehouy
oTNY TUTIXY YADGGA Toug QuGIXoUS apLbuols. Autol ol eldixol dpol xahovvtal
“hnepla’ xaw elvan ou bpot g popphic 07, érou to oVuPolo 1 epgavileton n
popéc, v Tuyév n € N (deg xou Aoxnon 65). Mnopolue vo dellovue 6t
6heg oL avauevoueveg WBLOTNTES TV PNnplwy atodetxviovtol Tumxd and to P,
TapadelYUaTog Yden OTL oL e€Ng TPOTAGELS ElvaL TUTLXEG GUVETELES TOu P

1) Vz(zodl=a')

Ilpbtaon 4.2.2 I'ia tuyévtec puotxolc apLbuoic m,n:
a) Avm #mn, téte P+ m #n.
B)PFm@®n~mon.

y) PEmon~mon.

Anédely. o) 'Eotw 6t m # n, ag vnobéoovue étt m < n (- n nepintwon
n < m eivon 6uota). H axdroubn tumxh anddelln odnyel oto cuunépaoua
nou Béhouue, énou unobétovue GtL M > 2:
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1. Vz(z' % 0) P1

2. Ve(x' 20) > (n—m—1) %0 AX2

3. (n=m-—1) %0 1,2, MP

4. (n—-—m—-1")~0 - (n—m-1")=0)
= ((n=—m—-11%0—>(n—m—1")%0) AX1

5. Vavy(zr' =y — z ~y) P2

6. VaVy(d' =~y — oz~ y) —
(n=—m—-1")=0 = (n—m-—1)=0) AX2

7. m—m—-1"Y=0 = (n—m-—1")~0) 56 MP

8. (n—=—m-—1)%0—-(n—m-—1") % 0) 4,7, MP

9. (n—m-—1)"%0 3,8, MP

K. (n—m—1)"#£0"-/ TS AVOTER®
(to ' m+ 1, m gopéc, avtiotolya)

k+1l. m#n K, OVTETAbETIXOTNTA ~2.

B) Xenotuonolodue 0 cuvidn apyf enaynYhs 6To 6UVONO TV PUOLXGY apLh-
uov, dnhadn Bewpolue To chvolo

A={neN:yuxdbe me N wybee PFrm®&n~mdn}

%o EAEYYOUUE OTL Lo YoLY T

i)oe A
ii) yoo xde n € N, avn € A, t6te n+1 € A.

i) AgoY o poc 0 eivar 0 0 xow m B 0 ~ m, apxel va del&ovue 6T vy x8be
m € N woyVet P+ m® 0 ~ m, npdyuo mou énetat and to P3.

ii) 'Eotw tdpa 6t n € A, dnhadf 6t yiao xde m e N: PFm@nx~mdn.
Oéhoupe va eréyiovue 6TL yia Tuxoy m € N:

Prmon+lam+ (n+1).

[ cuvtouia, dev tapabétovue pia Tumxy anddelln, akhd Sdivouue Ty W€a xa-
TooxeLnC TNS. Ao tny enaywyen undbeon xat Ty Hpdtaon 4.2.1, €youue 6T
PE (m®n) = (m+n). Apa, Aoy tou P4, oyber P+ m®(n) ~ (m+n)'.
'Ouwg, €€ oplouol TV Ynplov, o épog (m +n) elvar o m 4+ n + 1. Luvende
wydet PEFm@&n+1~m+ (n+ 1), 3nhadh to Intoduevo.

v) 'Ouota pe to B).

Iopatnprioets. o) o va xpatioovue cagh to dtaywetoud petald tng Tu-
TUXNS YADOOOS XL TNG UETAYADOGOS, Oa WAdUE Yo “emaywyr) oTn UeTo-
YAGOGA” bty yenousonololue Ty apyn tng enaywyng v to N onwg otny
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Tponyoluevn anédelln, ot avTSlaoTOA? e TV enaywyY ota thaiowa g T§%,
OTaY YENOUWLOTOLOUUE TO ALOUATIXG oyfua P7 énwe otny anddelén tne Ilpd-
Taong 4.2.1.

B) 1o efic Ha yenowonotobue v avenionun uéhodo anddelne mou yenol-

MOTOLOAUE AVOTERE.

[ euvénroug Aéyoug, BENovue va elcaydyovue ta oVufora <, < otny
Tunxy YAGooa (-6nwe éyouue mpoavagépet, uepxol ouyypagelc Hewpolv to
< g apyw6 aluPoro e T yopic auté va ennpedlel ouoLaoTXd T TEdY-
pata). Autd yivetow uéon tou axbéhouvbou opLouoU:

Opioués 4.2.1 O ypdgpovue v <y avtl yia 3z(z # 0Nx@z R y) xarxz Xy
avtl yia x < yVa xR y. Erlone, énws ouviifog, fa yodpovue © Ay avtl yia
- < y.

'Oleg ol YVOOoTég WLOTNTES TV <, =< anodelxviovtal Tumixd and to P. Ava-
(pEpOLUE EVBEXTIXG Uepxég oTNY axdhouln tpdTao.

IIpétaom 4.2.3 Ou axdrovfec npotdoceic anodetxvioviar tumxd and to P:

1) Yz(x A 0)

2) YaVyVz(z <y — (y < z = = < 2))

3) VaVyVz(z <y >z @2 < yd 2)

4) Vavy(z <y <z X y)

5) Vo (x < ')

6) VaVy(r < yVez~yVy<x)

To 6t n axohovbia TV nplwy aviiotolyel enaxpBos otny axoloubia
TV QUOXKOY aplBudy elacpaiiletar and WLOTATES TNg < X TNV axdloudn
TEOTAOT).

Ipétaon 4.2.4 (1) I'a xdbe puowxd aptbué k:
PHx~=O0V..Vzxckox<k.
(2) I xdbe puoixd apibud k xar xdbe timo p(x):

PE@O)A...ANp(k) & Vz(z 2k — p(z)).
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Anédedy. (1) Me enaywyd o petayhdooa. Kot apyt Oéhovue va ehéyEouue
6 PRz~ 0+ =0 Autd dung énetol and Toug oplopolc Twy 0, < xat
10 1) ¢ mponyoluevne Ilpbraone.

"Eotw thpa 6t oybet Pz~ 0V...Vx = k <z =2 k. ©éhovue va del&ouue
ottwoybet PRz ~0V..Vzrk+1lsxz<k+1 Adbyo TV 0ploudy TV
k+1, < xo tou 4) g nponyoduevng Hlpbtaong, woydet bt

Prez<k+lzxz=<kVvVez~k+1.

‘Apa, YpNOWWOTOLGVTAS TNV ENAYwYLXY| undleoy, éneton To {nToduevo.

(2) "Ouota.

IMapatrpnon. H mponyoluevn mpdtaon woylet, ue xatdhhnhn tpononoinon,
oyl < avtl v <.

YN Oewpla AplBudy, extodc and Ty apy | TNS ETAYWYHS, TOA) GLUYVE YET-
owonoloVue TNV “apy1| TN TANpoug enaywyYNg” xat TNV “apyn Tou ehayictou
aplhuot”. Kat ol Suo autéc apyéc éyouy aviiotorya allwuatixd oyfuate ot
% mou anodewviovtal and to P.

Ocdonua 4.2.1 (a) INa xdbe tino (xo, ..., on) e T§%:
P FVzy.. Ve, {Voo[Vrpt1(zn+1 < zo = ©(Tp+1,T1,. .., Tpn)) —
o(zo, 1, ..., )] = Yaop(xo, 21, ..., 2n)}.
(B) Twa xdbe tomo p(wo, ..., x,) tnc DI
P FVzy... Vo, [3zop(xo, ..., xn) = Jxo(@(xo, ...y Tn)A
VEn41(Tni1 < o = 2@(Tpt1, -5 Tn)))]-

Anédeln. ‘Aoxnon 74.

"Eva dhho cVuBolo mou Béhovue vo undpyet Slabéoiuo elvar to abuforo
e SlopeTéTNTAC.

Optouég 4.2.2 T'a tuyévtee dpoug t, s e T2, Ga ypdgouue t|s avil yia
dz(s =t ® z), dnov z elvar uetafinti nov dev eupaviletar otouc t, s.

'Oleg oL ouvifelg WLbTNTES TOL | amodexvbovto Tumixd and to P, topa-
delyuatog ydpely ol e€ng:

1) Vz(z|z A 1|z A x|0)
2) VaVyVz(z|y A y|z — z|z)

) VaVy(y # 0 Azly — 2 < y)
4) VaVy(z|ly ANylz — = =~ y)
)
)

w

5) VaVyVz(z|ly — z|ly © 2)
6) VaVyVz(z|y A x|z — x|y @ 2).
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Enlong umopotue va dellovue 6tL Tumixy cuvénela tou P elvan 1 Vnopdn po-
voadixol mnAixou xoL unoloinou yia xdfe Swalpeon ue aplbud Siapopetind and
7o 0.

Ilpbtaon 4.2.5 PrLy#£0— JuvfzxyudvAv <yA
VaVw(z = yOz0wAw <y — u & zAv & w)|.

Anéden. ‘Aoxnon 75.

And Ta mpornyolueva yivetow cagéc OTL UTOPOVUE UE aUTO TOV TEOTO Vo
anodetoupe Tumxd amd 1o P %l dhheg mpotdoelg mou expedlouy Hewpruata
Y1 Toug Puoole. BéPBaia Ha yperaotel va opicoude ue tomoug g I
cuvapThoelg Omwg N =¥ xou M z!, autd duwg dev elvar doxolo, omwg Ha
dolue otn ouvéyela. Ilpénel va onueldoovue ot axdurn xou Hewpruoto yio
7 Satinwon B Ty anddelln TmV omolwy YENOLLOTOLOUVTAL U GTOLYELOOELS
évvoleg, Omwg, Topadelyuatoc yden, 1 Aoyaplbuixn cuvdptnor, elval duvatd
va exppactody otn T xau v’ anodetyfodv tumind ané to P.

4.3 Ex@pooindtnta oYECEMY XUl CUVIPTHOEWY

'Onwg €youue NdN det, €va evdlagpépov Béua elvan 1 oploludTTa GYECcEWY GE
(o doun, ulor o wog Sivel T SuVaTOTNTA VoL EXPEACOLUE UEGW TUTWY XATOLES
drancbnmixée WiotnTeg. ‘Eva napduolo {itnua elvar n Suvatdtnta €xgpacng
utag oyéong ota mhalota evog GUVOAOL allwUdTwy, dNAadn 1 duvatdtnTa opl-
opol Uog 6YECNG, UE OUOLOLORYO TROTO, G OAA To LOVTEAA EVOS GLVOAOU
allwudtey (6nng elvat to P). Autd to Béua Ba oulntAcovue otn cuvéyeLa.

Optoués 4.3.1 ‘Eotw T odvolo mpotdoewv e T4 xar R n-uelic ayéoy
oto N, dpAady R C N", dmoun > 1. Aéue 6t n R eivar ‘exppdoiun oto 1’
avy undpyet tUnoc o(x1,...,Ty) TETOWC TOU Yia xdbe my, ..., my, € N:

a) av < my,...,m, >€ R, t6te TF @(my,...,my)

B)av<my,....,m, >R, t61e TF —p(mi,...,my,).

[Tpogavdde, av n R elvar exgppdown oto T, téte elvan exppdowurn oe xdbe
enéxtaon X tou T', dnhadn oe xdbe clvoho mpotdoewy X D T

Hopdderypa. H oyéon tne woédtnrag elvan exgppdoiun oto P. Ilpdyuatt, av
xalécouue @(x1, r2) TOV TUNO X1 R T, TOTE Yoo xdfe m,n € N:

a) avm =n, téte PFm~n (Myw avaxhaotixdnrog g ~2)
B) av m #mn, t6te PFm % n (Myw e [pbdtaons 4.2.2).
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IHopatApnon. Av ua oyéon R C N elvar exgpdown oto T xow N = T,
t61e 1 R elvon oplowun oto N. Tpdyuatt, éotw ¢(z1,...,T,) TOTOS YL TOV
omolo woybouv ta o), B) avetépw. Téte Tpogavie

<mi,...,my >ER=TF p(my,...,myp) =N = p(my,...,my).
Enilong éyouue 6t

N Eo(my,...,mp) =T -p(my,...,my) =< mq,...,my, >€ R,

Goa < my,...,mp >€ RSN = p(my,...,my) (%),

dnhad| n R oplleton amd 1o ¢ oty douh N.

To avtiotpogo, dnradh 6t av n R elvar oplown oto N, t6te n R elvon
exppdowun oto T, dev toylet. Ipdyuatt, av utofécovue 46Tl Yo xdnolo ToTO
o(x1,. .., @) woyle 1 (*), t61e Ho éxouue

<My ey My >€ R = N mp(ma, ... ,my) = T —p(ma, ... ,my).

'Ouwg and 1o yeyovég 6t T i —p(ma,. .., my,) 8ev unopodue vo cuunepd-
vouue 6L T+ p(ma,...,my), agod n Bewpla T' unogel va elvor un-mifene,
dInhadn v toyder It ~p(ma, ... ,my) o T p(ma, ..., my,)!

("Oyoua,

<mi,...,mp >¢ R=>NEo(m,...,mp) =T p(m,...,my),
and Ty tehevtalo duwg dev mpoxtntel 6t T F —p(mq,. .., my,)!)
Avdhoyog oploudg diveton yia cuvaptrioel oto N.

Optopés 4.3.2 ‘Eotw T ovvolo mpotdocwy e T xau f n-uelic ouvdp-
oy oto N, éprady f : N™ — N, énov n > 1. Adue étt n f elvar ‘ava-
rapaotdowun oto I avy to ypdynua tnc f elvar oyéon exppdowun oto T,

SnAady vndpyer tinoc (1, ..., Tni1) TETOOC TOU YA XEOE My, ..., my €N
toyvouy ta:

a) av f(mi,...,mp) =Mmpp1, 1616 TH p(ma,...,Mpi1)

/B) ay f(mla s 7mn) # Mn+1, ote T+ _'@(ma s >mn+1)'

Yrdpyouv xat GANOL TEOTOL VoL 0PLGTEL 1) AVATAPAGTAGULOTNTA ULALG CUVEE-
tnong oto Pt

IMpétaon 4.3.1 Eotw f n-Oéoia ouvdptnon oto N, n > 1. Ta axdélovbfa
elvat too8vvaua:

1) H f elvar avanapaotdowun oto P

90



2) Ymdpyet tinoc p(x1,. .., Tnt1) TETOWOC TOU Yia xdbe My, ... , Myt € N
ya Loy Uovy
@) av f(my,...,my) = myy1, 1616 P @(ma, ..., mpi1)
B) P Az, 1po(ma,..., My, Tni1)-

3) Ymdpyet tinoc p(x1,. .., Tnt1) TETOWOC TOU Yia xdbe My, ... , Myt € N
ya Loy Uovy
O() ay f(mla s 7mn) = Mnp+1, téte P+ (P(ml, s aanrl)

B) PrEVzy.. Ve, Az 190(z1, ..., Tng1)-

Anédely. 1) = 2) 'Eotw 6t ioybet to 1), dnhady vrdpyel tonog p(z1, . .., Tny1)

Tétolog Tou Yl x40 my, ..., mp+1 € N va toydouy ta

av f(mi,...,my) = Mpt1, t61€ PE@(ma,...,mpe1) (%)

av f(mi,...,mp) # Mpi1, T61€ PE2p(ma,...,mupp) (4).
Oewpolue Tov TUN0 Y*(Z1,. .., Tpy1) TOL EXPEALEL “TO T4 Elvan 0 eENdyLOTOC
aptBude tétolog o p(x1, ..., Tpi1)”, SMAadH Tov ToMO

(1, oy Tnt1) AVTpi2(Tnio < Tnp1 = 2@(T1, .-y T,y Tng2))-

Ou dellouue 6L Loyvouy T a), B) Tou 2) Yyl To P*.
'Eotw my,...,muyy1 € N tétowa tou f(my,...,my) = mpt1. Adyo e (%),
Yo To o) Tou 2) pével va delovue 6t

PEV2pio(ngto2 < Mpg1 = 2@(Ma, ..., My, Tnia)).

'Eotw hownéy A |= P xau a € |A| tétowo mov A = a < mp41. Tote, Moyo g
pbraons 4.2.4, undpyet guoxds aptbuds k < my41 étolog tov A |=a = k.
'‘Ouwg téte Oa woyler f(my,...,my) # k, dpo, Moy tne (+), éyouue 6T
Pt —p(m,...,mn, k). Buvende A = —p(ma,. .., my,a), nhadh oydet to
{ntoduevo.

Ac €pfovue tdpa oto B) Tou 2). Abyw Tou a), Loy vEL TEOYAVHOS OTL

Pt 3zpiip(ma, ..., my, Tnit).
"Apa, Moyw tou Oswpruatog 4.2.1, Oa toydel xa 6T
Pt 3zpi19*(ma, ..., Mg, Tpgt).
'Ouwg to eNdyLoto atouyelo elvor wovadixé (6tav undpyet). Apa

Pt a0 (ma, ..., my, Tnit).
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2) = 3) 'Eotw 6t undpyer tinog ¢(T1,...,Tp+1) TETOLOS TOL Yo xdhe
mi,...,Mpt1 € N oydouy ta:

av f(mi,...,mp) = mpy1, 6t PEp(my,...,mup1) (%)
Pt Az, p10(ma, ..., my, Tni1) (+)-
Oewpolye Tov TOTo ©*(Z1, ..., Tpi1):
(A Zpt10(T1, - Ty Tnt1) AP(T1y -0 Tnt1))
V (=3 zpi10(x1, ooy Ty Tig1) A Ty = 0).
Téte woydouy ta a), B) tov 3) yio tov @*(z1,...,Tp11). pdyuat, to o)

elvaw dueco, AMoyw tov (¥), (+) xa tov 6t av P+ ¢, t6t1e P+ ¢ V1, v
Tuyoloeg tpotdoels ¢, P. To B) eivon enlong mpogavég, didtu

PrEVxy.. Ve, (zpri10(z1, ..oy Tpy1) V oMz 10(z1, -0y Tngt)).

3) = 1) 'Eotw 6t undpyet tinog p(x1,...,Znt1) TéTOLOG TOL YLoL %E0E
mi,...,Mp+1 € N oydovy Tt
av f(mi,...,my) = Mpi1, 16€ P p(ma,...,mup1) (%)
PrEVzy.. Ve, Nz, 10(z1, ..oy Tny1) (+).
Oa Sei&ouue 6L Loybouy Ta o), B) Tou oplopol avanapactaciudtnTac. To o)
toylel mpogavae, AMoyw e (*). 'Eotw tdpa étt my, ... ,mpp1 € N tétow
mwouv f(my,...,my) # Mpt1. Aoyo v (¥) xou (4), éxovye 6T

P+ @(M7"'aw7f(m17"'amn))/\
Vni1(Tnp1 # f(ma,....my) = 2@(Ma, ..., Mp, Tni1))-

Adyow e Hlpbraonc 4.2.2 ), woylel buns 6t P F mppq # f(ma,...,my).
Apa éneton 6Tt P F =p(ma, ..., My, Mpi1), dNhadh toydel to {ntoduevo.

Hopathpnon. Etny mpoyuatxdtna, 1 ooduvapio tmv 2) xo 3) toylel Yo
xébe olvolro Tpotdoewy T g T«

Ac Bolue thpa peEIXd TAPASELYUATA AVATAPACTIGUUWY GUVALTACEMY.
Hopadelypata. 1) H ouvdptnon tou emouévou /N elvol avarapaotdoyun,
ue v évvowr 3), oe x40e T C TI(IY). Tpdyuott, éotw @(r1,r2) 0 THTOC
zy = ). Téte yio x40 my,mo € N: av mg = miN, 161 mg = my + 1, dpu
T F mg = (my)'. Enlong, 6nwc elvon edxoho vo ehéyZouvye, T+ laozg = 2,
dpa Loylel To {ntoduevo.

2) 'Eotw P! : N* — N, n > 1, 1 < j < n, n ovvdptnon mpofolijc otny
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J ovvtetayuévn, dnhadh n cuvdptnon tou oplletan wg P (z1,...,%n) = ;.
Kéfe tétowa ouvdptnon eival avanopaotdown ye Ty évvola 3) oe xdbe T C
II(T9).

Mpdrypatt, elvon evxolo va dei&ouue 61t toybouy ta a), B) yia Tov Tino

Onj(T1,-- - Tpg1): TL=T1INA - ATy = Tn A Tyy1 = T5.

3) 'Eoto 6t éyoupe tic ouvaptioelc g : N¥ — N xou Ay, ..., by : N® — N,
6mou m,n > 1, xou opllouue ) ouvdptnon f : N — N ue avratdotaoy

Ty hy,...,h oty g, Snhadn g e&nc:

f(mla"'amn) = g(hl(xla"' 7$n)7"'7hk($17"'7$n))'

Ou delfouye 6T av oL g, h, ..., hy elvar avanapactdowes oto T' C II(TY?),
téte xau 1) f elvon avanapactdown oto T, ue xpfiom Tou optopod 3) Tng avana-
paotaciudémrac. ‘Eote howmdy bt ot tonot gy (21, ..., Lrt1), Phy (1, .o, Tnt1),
e @h (1, Tpg1) avomopleToly TS g, b, ..., hy, aviictouya, oto T. Ag
XohEGOUUE Q¢ (21,. .., Tpt1) TOV TOTO

Fy1 - Fukleg(Wrs s Uk, Tng1) A Ony (T1, -0y Ty Y1) AL A
Phi (mla cey Ty yk)]

Oa ehéyZouue 6TL oydouy ta a), B) tne llpdtacng 4.3.1, 3), vl Tov timo ¢y.

a) 'Eotw 6t my,...mpt1 € N tétowa nou f(my,...,my) = mpy1. ‘Eote
li,...,lx € N tétow mov hi(my,...,my) = l1,...,hg(ma,...,my) = I,
onéte g(l, ..., lg) = Mpy1. Abyw g LTEbEGTC YL TOUS TOTOUS Ygy Phys - - - Phy. s

toybouy ta ehc:

YUVETOC

TEp (M, .. smn, L) Ao Appg (Mo, U) A pg(les - gy M),

amd 6mou éneton Tpoavng 6TL T @p(ma,. .., Mp, Mpy1).

B) o euxohia, douledouue onuactoloyixd. Bewpodue Aowndy tuyéy A =T
xoL TUYOvVTa at, . . ., an € |A| xau Selyvovue 6t A |= lap190f(at,. .., an, Tni1).
Abyo g undbeong yia TOUg TOTOUS Py, Phy s - - -, Phy > VTAEYOLY by, ... by €

|A| ot mou yua xébe 1 < i < k:
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AE op,(a1,...,an,b;) ANVZpp1(on, (a1, .. Gny Tng1) = Tugr = b)) (%)

xat utdpyet ¢ € |A] tétoto tov

A 0g(b1,. o bey ) AT (0g (b1 s by Tg1) = Thgr =€) (F).
Ané tg (*) xou (4) énetan apéong 6t A |= pr(a, ... an,c) (1).
'Eoto tdpa d € |A| tétowo tov A = gg(ar,. .., an,d). Téte, and tov opoud
TOU 7, UTEEYOLY €1, ..., e} TETOLA TOU

A= pp (ar,...,an,e1) Ao Ay, (a1, ..., an,e5) A pgler, ..., ek, d).
Aéyw tov (¥), éneton 6T by = eq,...,br = e, ondte, Noyw e (+), éneton
6t c =d. Apa toydel 6TL

A ): Vni1 (Qof(ala <+ Qn, -TnJrl) — Tp41 = C) (2)

Ané tc (1), (2) énetan o {nroduevo.

Ytn ouvéyela Ha del€ouue GTL OL GUVIPTACELS TTOL ELVAL AVATAPACTAGLIES
oto P elvon axpBdg ol ‘avadpouxéc cuvaptioelc’. Ou ouvaptioelg auTég,
mou mailouy omoudato pdho yevixd ot Mabnuatixy Aoy, ntapdyovtol and
%4moLeg ApYIXES GUVAPTNOELS UEGK XAVOVKY, UE SLadLxactio TapdUoLa UE EXELVT
THEAYWYNS TUTLX®OY Bewpnudtoy and xdrola allduata UEGW ATOSELXTIXMDY
HAVOVWV.

Opioués 4.3.3 1) Kadodue ‘Paoixés’ 1 ‘apyixéc avadpoutxéc ouvaptioets’
1119

Z:N—->NueZ(zx)=0
S:N—>NuSx)=z+1
P :N" = N, yia xdfen > 1 xau 1 < j<n.

2) Kadovue ‘avadpouixolc xavéves’ toug efic xavdveg, ue Bdon toug onolovg
opllovue véec ovvaptioeic ané 1§dn undpyovoeg:

a) avixatdotaoy (Sec mponyoluevo napddelyua)

B) avadpoun: av éyovue tic ovvaptioeisc g : N® — N, h : N2 — N,
n>1, téte p f: N1 - N opiletar ‘ue avadpous and tic g, h’ avy

f(xly"-7$n70) :g(xl,---7$n)
f(xla"'7$n7y+1) :h(xla---7$n;yaf($1,---7$n;y))'

(Ov uetafAntéc x, ...,z nailovy 1o pdlo napauétowy.)
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y) u-tedeotic: av éyovue ua ovvdptnon g : Nt — N, n > 1, yia v

onola toyvel ot yia xdbe x1,...,x, € N vndoyer y € N térowo nov
g(x1,...,2n,y) =0, téte p f : N® — N opiletar “ue u-tedeotsj and
™mg” avy

f(z1,...,2,) = eddyioto y tétowo nov g(x1,...,Tn,y) =0,

medyua mou ouvibus yedgouue w¢

f(ajla"'amn) = H’y(g(mlaamnay) = 0)

3) Aéue ot wa ovvdptnon f : N™ — N, n > 1, elvar ‘mpwroyevijic avadpo-
ey’ avy n f mapdyetar ané TS apyix€c avadpouixés ouVAPTHOELS UE TE-
nepaouévo mAnfos epapuoydy TV mpdtwy duo xavovwy, SnAady avy urndpyet
axolovbia ouvaptioewy fi,. .., fn Tétota mov fr, = f xat, yia xdbe 1 < i < n,
n fi elvar apyuer avadpouixy 7 opi(letar and mponyoUueves ue avTixatdoTaos
1 avadpoud.

4) Aéue ot wa ovvdptnon f : N® — N elvar ‘avadpouitxr’ avv napdyetal
ATO TLC APYINES AVABPOULNES OUVAPTIOELS UE TETEPACUEVO TALHOC epapuoydy
TWY aVAOPOULXGY XAVOVWY.

'Onwe mpoavagépaue, Ho delfovue 6Tl UL cuVdETNoY elval AvAToEAGTE-
own oto P avv elvar avadpouxy (-urnobétovtag 6t to P elvar cuvenéc). H
anddelln auty Ho otnplybel oe Suo Baocuxég Wéeg Tou Godel: tn yerion tng B-
ouvdpTnong xal Ty ‘aplfuntixonoinon tou cuvtaxtxol’. O mpdhTog 6TdY0g
uog elvar va det&ovue 6TL xdfe avadpouxr) GuVAETNCT Elvol AVITAEAGTAGLU
oto P. T va tov metdyovue Ha ypelaoTel va xAVOUUE dEXETY TROXATAEXTIXN
douleld.

Mpétaon 4.3.2 ‘Eotw 61t ng: N¥ — N, k > 1, eivar (rpwroyeviic) ava-
Sooutxry ovvdptnon. Téte n ouvdptnon f: N™ — N, n > 1, nov opiletau

ole

flz1, .o zn) =9y, - Uk),

7 . 7 Z 7 7 I
érov nyi, 1 <i <k, elvar xdnoia ané t¢ T1,..., T, eivar enione (mpwroye-

vijc) avadpouixy.
Anédeln. 'Eotww 6ty = w4y, ..., Yk = x;,. TO1e TROQAVEOS
f(xlv"'axn) = g(‘PleL(xlv 7$n)7"'7Pink(x17'"733”))7
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ondte to {nrovuevo énetal Adyw Tng LTdbeomg xal Tou oplouol 4.3.3.

Yuvénewa e Hpdtaong 4.3.2 elvon 61t av oe o (mpotopyixf) avadpo-
uwxn ouvdptnor mpochécouvue Thaotég uetaffAnTéc N Tawticovue UetafBAnTég
7 avTiwetabécovue uetafAntég, TéTE N GLVAETNOY Tou TEoXUTTEL elvol eTi-
ong (mpwtoyevig) avadpouwxd. Tlapudelypatog ydem, av n g : N2 — N
elvar (npwtoyevic) avadpoulxs, téte xou oL ouvapthoeic f @ N® — N pe
f(z1,22,73) = g(x1,73) %o h : N? — N ye h(z1,22) = g(x2,21) clvon
(mpwtoyevelic) avadpouixéc.

[Tolkéc ouvifelc ouvaptioels oToug Puatxols elval (TpwToyevels) ovo-
dpoutxéc. Avapépouue evdexTind Uepixéc, e&nydvTag Tnheypapxd yati elvat
(mpwroyevelic) avadpouixés.

IMopadeiypoata. o) H +N elvor mpwtoyevic avadpouxd, apod oplletal avo-
Spouxd and tig Pl oxon St

r+0= P} ()
z+(y+1)=S(z+y).

B) H N eivar npwtoyevic avadpouxd, agod opiletar avadpouxd and g Z
N
noL +

x.0 = Z(x)
r.(y+1) = +N(z.y,2).

y) HP : N — N elvar npwtoyeviic avadpoutxy, étou

r—1, avax >0
P(z) = { 0, AL,

ooy optleton avadpouxd and To puowxd 0 xar Ty P?:
¢ P pou ¢ nv Iy

P(0) =0
P(y+1) = Pt(y, P(y)).

8) H = : N — N elvou mpwtoyevic avadpouixy, 6tou

-y, ava>y
Y= { 0, AANLOC

apol oplletal and Tig Pl1 xou P wg egng:

-0 = P}(z)
r—(y + 1) = P(z—y).

e) HO : N — N elvou npotoyevic avadpouixs, 6mov
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0, avz=0
Ofz) = { 1, ohhde,

apov opiletar and ) Z xou ) otabepr| ouvdptnom 1 wg egnc:

0(0) =0
O(y+1)=1.

H enduevn npdtaon avagépetar oe uio Siadixacia mou yag odnyel amd
(mpwtoyevelc) avadpouixéc oe (Tpwtoyevelc) avadpoutxés cuvapTthoeLs.

Ipétaon 4.3.3 Eoto f : N — N, n > 1, (mpwroyeviic) avadpouxi
ovvdptnon. Opilovue ti¢ ouvaptioeic Y o f : N+l 5 N, [I-f: Nt
N w¢ e&ijc:

0, avz=20

Yoo flz,. . xp, 2) :{ f(Z0)+ -+ f(F,2—1), allidc,

Hef(m,. o om ) = { [])”’(f, 0) ... f(#2—1), szzzzw:go
Tére o0 Yo f, [I. f elvar (mowroyevels) avadpoutsxés.
Anéden. T'a vy g = > f mapatnpolue 6TL oplletar avadpouixd wg e&hg:
g(z1,...,2,,0) =0
g1,y xny+ 1) =g(x1, .. 20, y) + f(21,. 00y 20, Y).

'‘Opota Sovkevouue Yy v [[ . f.

Iopatrienon. H nponyoluevn npdtaon woydel xou 6tayv éyovue < avtl yio
<.

Q¢ mapddelyua epapuoyhc e Hpdtaong 4.3.3 avagpépouue to e€nic:
H ouvdptnon 6 : N — N ue

§(z) = optiude Sratpetdy Touv , av z >0
10, AAALOC

elval mpwtoyevic avadpouxy), STl Loylel 1)
6(33) = ZS @(rm(x, y))v
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6mov © = 1—0 xaw rm(z,y) elvon 7 GUVEETNOT e TLH To UTGhoLTo TN dlatpe-
ONC TOU T UE TOY ¥ - 0L GUYVAPTHOELC © xaL rm elvon TpwToyevelg avadpoulxée
(dec "Aoxnom 80).

Mepuixéc popéc opillovue ula cuvdptnon ue ‘avadpoun cto medlo TV,
dnhadn cuuBouievduacte GAeg TIg TEONYOVUEVES TLIES TNG Yia va xafloploouue
uo . Auth ) dtadixacta Statneel v (Ttpwtoyevr) avadpouxdnra. Oa
anodelovue auTod TO YEYOVOS ApYOTER.

H axdhouvdn npdtacn agopd ™ B-cuvdptnon tou Godel.

Ipétaon 4.3.4 'Eoto B : N3 — N g mpotapyixy avadpouixi ouvdptnon
mov oplletar w¢ B(x1,x2,x3) = rm(xy,x2(xs + 1) + 1). H (B elvar avanapa-
otdown oto P and tov tino pg(x1,x2,x3,24):

A1 = (2 - (s +1)+1)z+za Axg < - (23 + 1) +1].
Anédeln. ‘Aoxnon.
Ou ypelaotolue Tig €A TpoTdoelg and T Oswpla Aptbudy:

Ocedpnua 4.3.1 (Oedpnua vroloinwy xwélov) Ia tuydvrec puotxolc aptb-
HOUS 0,y - - -y Thy YOy - - -y Yk, AV OL Tp, - .., Ty, Elval mpdtor avd Svo, tote undp-
XEL puOLXGS aptBuds z < xg -+ - T), TETOLOS TOU

z = yomodzxy, ...,z = Ypmodxy.

Ocodpenua 4.3.2 [a tuydvreg guotxols aptbuols ao,. .., ak, UTdpyovy @u-
owxol aptfuol b, c térowor nov B(b,c,i) = a; yia 0 < i <k.

An6dely. 'Eotw ag,. .., a; € N. ©étouvye ¢ = n!, énov n = max(k,ao, ..., ar).
Oa deiZouvue 6t ot aplBuol o = c(0+1)+1, ..., 2 = c(k+1)+1 elvon npdToL
avd %o. Ag fBewprioouue howndy Toug x5, x; Yo xdrowa 0 < i < j < k. Yrobé-
TOULUE OTL OL T4, Tj €Y0uV Eva 0L Blatpétn > 1, ag movue Tov Te®to aptbud

p. Téte ple(j —7), dpa plc f plj — . Av woyde ple, t6te ple(i + 1), dromo,
diét ple(i +1) + 1. Av p|j — 4, téte ple, 86w j —i < k xou k!|e, ndht droro.
‘Apa oL 73, T; elvar TpdTOoL Avd duo yia onoovadhrote deixteg 0 < 4,5 < k.
Egopuélovrtag tépa to Hedpnua unoloinwy tou xwvéou, cuunspaivouue 6Tl
undpyet b € N tétotog nou B(b, ¢, i) = a; Yo %86 0 < i < k.

To mponyolduevo Bedpenuo wog Sivel T SuVATOTNTA VoL ULAGUE YLOL OTIOLA-
dfnote nenepacuévn axoloubia puoxdy aplbudy ue ouolduoppo TEoTO UEGW
TELOY aplBumdy, dnhady) Tou unxoug TS xoL duo ULIXKGY'. Autd To Baocixd
anotélecua Ho ypnowomnowmnbel auéong yio Ty anddelln tou e&ic Hewpruatos:

Ocodenua 4.3.3 Kdbe avadpouwxij ouvdptnon elvar avanapaoctdowun oto P.
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Anédeln. Agol xdbe avadpouwxy) cuvdptnon TEOXUTTEL UECK ULAG TETE-
paouéyng axohoublag fi,..., fn, Omou xdbe f; elvar apywxen B oplletan and
TPONYOUUEVES UE AVTIXATACTOCT, avadpoun 1| u-teheoty, apxel va dellouyue
ot

o) oL apyxES avadPOULXES GUVIPTHOELS Elval avamopaoTtdolues 6To P xou

B) ot avadpouxol xavoveg pac odnyody and GUVAETHOELS AVUTOPUGTAGUUES
6T0 P 68 GuVapTACELS avanapacTdolues oto P.

To o) anodelybnxe v tic ouvaptioeis S xou PJ' o8 mponyoduevo Tapadely-
pota - 1 TeplnTwon TS cuVdpTNoNg Z elvol eOXOAT).

Ac épboupe tdhpa oto B). Xto mapddelyuo tng oehidag 93 eldaue 6t M avTi-
XATAGTACY) SLATNEEL TNV AVATAPACTAGLUOTNTA GUVAPTHOEWY.

Avodpour: 'Eotw 6t

f(z1,. .., 2n,0) = g(x1,...,20)
f@1, ... zn,y+1)=h(z1,.... 20y, f(21,. .., 20, Y)),

/7 ’ z Z /7
6mou ot g, h elvar avoarapactdolues oto P. Ag unobéocovue dtiL yio Toug

TONMOUC @g(T1,. .., Tnt1)s -« Pr(T1,. .., Tny3) toydoLy oL WLéTNTES @), B) TOL
optopotl 2) tng avanapastaciuétntas (deg Ilpdtaon 4.3.1) yo tig g, h. Ou
dei&ouue 6TL 1 f avanapiotatar 6to P uéow tou Tmou wf(x1, ..., Tpyo):

JuIv[Fw(pg(u,v,0,w) A @g(x1, ..., Tn,w)) A @a(t, V, Tni1, Tniz) A
Vi(t < xpy1 — JyIz(ps(u, v, t,y) Aeg(u,v,t', 2) A pp(x1, ..., Tn, t, Y, 2)))].
H Wéa eivan 1 e€hc: T va Bpodue tyy wwud f(x1, ..., Zn, y + 1) anortelton va
xdvouue Ta Buata yia TNy e0pECT) TWV TV
g(x1, ..., Tn),

h(z1,...,2n,0, f(z1,...,2,,0)),

h(xl, s 737n7y7f(x17 R 7xn7y))7

Onhad”) va Statpéloupe wa tenepaouévn axohovbia ag, ai, - . ., ay mou opile-
T ye Bdon tov oploud g f and tg g,h. I v axohoubia duwg auty
UTOPOUUE Vo WANOOUUE UK TOU URXOUS TNS oL 8O xwdxGY (Oedpnua
4.3.2). Oa eléyZoupe 6TL Y ToV TUTO @5 LoYYouy Ta o), B) Tou opLaUoy 2
NG AVATALAGTAGUYLOTNTAS.

'Eotw 61l Yo xdnoloug guoxols my, ..., my, k, [ woydel 7
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f(mla'--ymn,k) :l
O¢hovpe va del&ovue 6L
PFos(mi,...,mn,k,1).

Ynobétovtag 6t k > 0 (- av k£ = 0, té1e Sovkedouue duowa), Bewpolue Toug
puoLX0UC

ap = g(mla cee 7mn)7
a1 = h(my,...,my,0,9(mq,...,my)),

ar = h(my,...,mp, k=1, f(m1,...,my, k—1)).

Abyw Tou Bewphuatog 4.3.2, undpyouv guaixol b, c tétotol tou B(b, ¢, i) = a;
yio 0 <4 < k. Téte Oa oydouv ta e€hg, a@ol oL g, P AVATALGTOVY Tig
g,h 610 P xav 0 pg avanaplotd tn B oto P:

P @ﬂ(bagaoaai)

PE  @g(ma,...,my,a0)
PE (b, c k, aL)
P @,@(b7gui7f(m17"'7mnaj)) /\Soﬂ(b7gaj+ 17f(m17"'7mn7j+ 1)))

A Soh(M7-"7%aivf(m17"'amn7j)7f(m17"'7mnaj+1)))7
v x4 0 < 5 < k.

Yuvenng, yenowonownvrag tny lpdtaon 4.2.4, woydel to {ntoduevo.
B) Oéhouvue tdpa vo del&ouue 4Tl YL TUYOVTES QUOLXOUS M, . .., My, k:

P El!xn-i-?‘pf(mv <y M, k, xn+2) (*)

Xenowwonololue enaymyn oty UetayAdooa, agivoviag tny nepintwon k = 0
w¢ doxnor. Yrnobétouue hotmdv 6t toydet 1 (*) xau Seiyvouue btu

Pt Azn0pr(m,...,mn,k+1,2540).
Abyw tou o) avetépw, apxel vo Sei&ouue bt

PlE Vagiolpp(ma,...,mu,k+1,2540) —
Tpyo = f(ma,...,mp, k+1)].

"Eotw hownéy A |= P xau a € |A| tétolo Tou
AE s, ..., ma,a).
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Téte yio xdnowa b*, c* € | Al woyden
A E Jw(pg(b*,c*,0,w) A pg(ma,...,mu,w)) Apg(b*,c* k+1,a) A
Vi(t < k+1 — JyIz(ep(d*, ¢, t,y) A pg(b*, c*, 1, 2)

A pn(ma, ... mn,t,y,2))).

Abyw e enaywywic utdbeong, undpyouv b, ¢ € |A| tétola tov
A |: Hw((pﬁ(bacaoaw) Asog(ma"'a%vw)

A ‘P,G(ba Cakaf(mla cee 7mn7k)

AVt < k — JyFz(pp(b, ¢, t,y) A pg(b,e,t', 2

A @h(ma s 7%77:7 Y, 2))

)
)
)
).

Me enaymyn unopodue va del&ouue 6T
AEVHt <k — VyVz(ps(d,c, t,y) A pg(b*, ¢ t,2) =t = 2)).
‘Apa, malpvovtag t = k xal YpnoLuonoldvtag To YEYovog 6Tl

PENz, olpr(my, ... ,mn, k Tny2) = Tz = f(ma, ... ,my, k)],

éyouue 6Tt A |= @g(b*, c*, k, f(m1,...,my, k)).
Adyw duwe tng undbeong yia ta b*, c*, Loy lel

A = VyVz(pg(b*, c* k,y) A pg(b*, ¢ k+1,2) = pp(ma, ..., mn, k,y,2)).

IAPO‘ A ): @h(ma'-w%akaf(mla'”7mn7k)7a)7

onéte a = h(my,...,mp, k, f(mi,...,mpn, k) = f(m1,...,mp, k+1), Snhadt
oy et o {nroduevo.

u-teheotic: ‘Eotw 6t f(z1,...,2n) = py(g9(z1,...,2n,y) = 0), 6100 1 g

elvar avanapaotdoiun 6to P uéow tou Timov @u(z1, ..., Tpt2). Ou deilovue
6TL vt Tov TOMo (T, .. s Tpgl):
0g(x1, .., Tnt1,0) AVZypo(Tryo < T = g (21, ..., Tn, Tny2, 0))

toybouy ta a), B) Tou oploUoy 2) TNG AVATACACTACLUOTTAC.
a) 'Eotw ét f(ma,...,my,) =k. Téte g(my,...,my, k) =0
xat g(ma,...,my,l) # 0 vy x&9e guowd | < k. "Apa, AMoyw tng undbeonc
YLOL TOV @,
Pt pg(my,...,mn,k,0) (1)
Pt —pg(mi,...,mn,1,0) vy xdbe | < k (2).

O (2), oe ouvduaoud pe v [pdtaon 4.2.4, cuvendyovtar 6t
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P V$n+2($n+2 <k— _‘Wg(ma <oy My, T2, 0))a

ondte, Moyw xar g (1), éxoupe ét P @r(ma, ..., my, k).

B) ©éhovue va deigouue b1t P E o, 1pp(ma, ..., Mp, Tnyr)-

Oewpolue tydy A |= P xat a € |A| tétoo mov A = pf(my,...,my,a).
Abyw tou 6) e Hpbtaonc 4.2.3, woybet A =a <kVa=kVEk<a, étou
k= f(my,...,myp).

Av loyve 61t A |=a < k, 161 ba loyue A = —pg(ma, ..., My, a), Aoyo Tou
0pLoUo0 TOL P, TEdYUA ASUVATO.

Av méh loyve 61t A = k < a, téte Oa loyve A = —pg(my, ..., my, k), néh
AOY® TOU 0pLGUOY TOL ¢, TOL elval enlong dTomo.

‘Apa woyel A = a = k, dnhadd to {nroduevo.

'Etou n anddeidn tou Oewprjuatog 4.3.3 elvar TAfeng.

H évvola tng avadpouxdtnrog oplleton ol yla 6YECELS GTOUS PUOLXOUS
apthuolc. Tov oploud autd xaw xdmota napadelyuata Ha ddoovue Tdpa.

Optopés 4.3.4 Eotw R C N", n > 1. Aéue du n R elvar (‘mpwroyevic’)
‘avabpouixyi’ avy n yapaxtneiotxy ouvdptnon Cr tyc R elvar (mpwtoyeviic)
avadpouLxr.

TMopadeiypata. o) H oyéon =N 610 N elvor mpotoyevic avadpopixs, agol
1 YOPEXTNELOTX TG GUVAETNOT LoolTon We T ouvdptnon O(|z1—x2|), Tou
elvar tpwtoyevig avadpoulxy (‘Aoxnom).

B) H oyéon diupetétnrag [N elvon mpwtoyevic avadpou, apold n yopaxtn-
pLoTLeh TNS oLVaETNOT teoltan ue T O(rm(z2, 1))

v) H oyéon <N elvar mpwtoyevig avadpouixs), apol 1 YepuxteloTxd tne
ouVdpTNnom Leoltal pe ) O(z1—13).

3) H oyéon pr(z), mou exppdlel “o x elvar mpidtog”, elvar mpomtoyevic ava-
dpouxr), Aol 1 YUeAXTNELOTIXY TNS CLVAETNOT LGOUTAL UE TN

O((I8(z)=2[) + ©(Jz—1]) + B(|lz=0])).

Av €youvue n-uekelc oyéoeg Ry, R2 oto N, unopolue va oploouue véeg,
YENOLLOTOLDYTOS TOUS GUVIEGUOUS we eENG:

“R={<z1,...,xp >EN":< 21, ..., 2y, >¢ Ry}
RiV Ry ={< x1,.c;rn >€ N" :< 21, .., 2, >E Ry f, < 1, ..., T, >E R}
oL OUOLAL YLl TOUS A, —, ¢>. Av tdpa R elvan o n + 1-ueirc oyéon oto N,

opllouue véeg oyéoelc UEOW TV ‘PPAYUEVDY TOGOdEXTOY we e&fc:
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Yy < zR={< x1,...,x, >: yia x84 y < z woydel < x1,...,Tn,y >€ R},

Jy < zR={< x1,...,2y >: undpyeL y < z toyVeL < T1,...,Tn,y >E R}.

Enilong, av R n + 1-yehvic oyéon oto N, opilovue uio cuvdptnon uéow tou
PEAYUEVOL U-TEAECTY WG eENG:

T0 eENdyLoTO ¥ < Z T.T. AV UTAEYEL
py < zR(x1, ... an,y) =4 <TlL--Tn,Y >€ R, T€T0l0 Y
7, aAALC.

‘Opota Sovhedovue ue toug mocodeixteg Vy < z, dJy < z xol TOv TeEAEoTH
py < z.

Ilpétaon 4.3.5 Av Ry, Ry civar (mpwtoyeveic) avabpouixéc oyéoeig, tdte
xat ot oyéoeic =R1, R1V Ra, Ri ARy, Ri — Ra, R <> Ry elvat (npwroyeveic)
avadpouLxEs.

Av n R elvar (mpwtoyeviic) avadpouixij oyéon, téte xar ot oyéoeic Yy <
zR,dy < zR,Vy < zR,Jy < zR xat ot ovvaptijocic py < zR, py < zR elvau
(mpwtoyeveic) avadpouixéc.

Anéden. ‘Aoxnon.

H nponyoluevn npdtacy elvon mohd yerouun yia va Selyvouue 6Tt didpopeg
oyéoelc xaL oLVaPTAoELS elval (TpwToyevelc) avadpoulxéc.
Mopadeiypata. 1) ‘'Eote p: N — N n ouvdptnon pe p(z) = (z + 1)-06t6c
np®tog. H p elvon mpwtoyevic avadpouixy), Sttt oplleton wg

p(0) =2
plz+1) = py < p(a)! + 1p(z) <y Apr(y)).

Yuvifuc ypdgpovue py avtl yia p(x).

2) 'Eotww ( )k : N — N 1 ouvdptnon pe () = 0, av z = 0, xou (x) =
exBéTng Tou TEGTOU Pi GTNY AVIAUGT) TOU T GE YLVOUEVO SUVAUEWY TEMTOY,
av z # 0. H () elvow npotoyevic avadpouixq yia xdfe k € N, agot

(2)x = py < z(plle ApLT Jr).

3) 'Eotw h : N — N 7 cuvdptnon nou opileton wg e€nig:

0, avz =0
Ih(z) = aptbudc drapopeTinidy Tpd-
oV ToL dlapoly Tov T, av z # 0.
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H [h elvan mpwtoyevig avadpouixt|, apol toyleL 1

lh(z) = 2y<. O(Cr(z,v)),

6mou Cr elvar 1 yapaxtnplotixd) cuvdptnon g oyéone pr(y) Aylz Az # 0.
4) 'Eote ~: N? — N n ouvdptnon ‘cuunapdfeons’, n onola opileton g eng
(Yoo un TeTPLUUEVES TWWES TOV T,Y):
av x = 2% . pi* oy =2% .. .p?l, téte x —~y = 2% . .pzk.pz(jrl . .leHH.
Téte n —~ elvar TpwTOYEVH S avadpouixy), apol Loy Vel
z~y = [ljcne) (plh(m)+j)(y)j'

Yuveyllouue ue %xdnoleC TPOTAGELS ATAPALTNTES YL TN GUVEYELAL.
Ilpbtaoy 4.3.6 Kdable avadpouixy oyéon oto N elvar exgppdoiun oto P.
Anédeln. Ipogavic, Aoyw Tou Oewpruatog 4.3.3 X0l TOV 0PLOUMY.

Ilpétaom 4.3.7 'Eotw 6t o1 oyéoeic Ry,..., Ry Stauepilovy 1o N™ xau
Giy-- -,k €lvar n-Béoiec ovvaptioeic oto N (n > 1). Opilovue tpv f :
N" - N wc¢ e&ijc:

g1(x1, ..., xp), avioylet < x1,...,Tn >€ Ry
F(@1, @) = Q0 e e
gk(x1, ... xy), avioyler < x1,...,T, >€ Rg.
Av ot Ry,..., Rk, 91, ..,k ivar (mpwtoyeveic) avadpouixés, téte n f elvau

(rowroyevic) avadpouixy.
Anédeln. Iapatnpolue 6T

flz1,...,zn) = gi(z1,...,20) - Cry(21,...,20) + ...+
ge(x1,. .., xn) - Cry (21, ..., 2p).

H enduevn npdtacn agopd tnv avadeour oto nedlo Tiuwdy, Ty onola ava-
(pEQAUE XL TIELV.

Ipétaon 4.3.8 Av n ouvdptnon h: N" T2 — N, n > 1, elvar (mpwroyeviic)
avadpoutxs xau n ouvdptpon f: N — N opiletar w¢

f(mla"'amnay) :h($1,---,$n,y,f#($1,---,$n,y)),

onov f#(z1,. .., Tn,y) = Hu<yp£(m“'"w"7u), téte ) f elvar (mpwroyevic) ava-
doouxry ouvdptnon.
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Anédeln. Ilapatnpolue 6t

f#(x17...,xn70) =1
f#(l.la ce T,y + 1) = f#(l'l, ey Ty Y) -pi(zlf"'vznay)
P @ a,y) - (py) e £ )

‘Apa, av n h elvan (tpwtoyevic) avadpouixs, téte xau n 7 elvan (tpwtoyeviic)
avadpouxr, ondte xou 1 f elvon (mpwtoyevic) avadpoux.

MMépropa 4.3.1 ‘Eotw Q C N2 (mowtoyeviic) avadpeouixii oyéon xaw R C
Nt g gyéon nov opiletar we e&ijc:

<Z1,...,Tp >ER avw < a:l,...,mn,y,C’ﬁ(a:l,...,mn,y) >€ Q.
Téte n elvar (mpwroyeviic) avadpouix.
Anédeln. Iapatnpolue ot

CR(xla ceey Ty, y) = CQ(l'la -y Ty Y, C?R%(xla <oy Ty, y))
To {nroduevo éneton pe Bdon v nponyoluevn Ipdtaon.

Oa TEAELOGOLUE TNV TAEOVGI TARAYEAPO UE ULXL AVAPOPE GTNV ATOXAAOU-
uevn ‘ouvdptnon Levyapduatog’, 1 omola elvat Ulo Eva-tpog-€éval avtiaTolylo
TV otolyelwy Tou N? ue otouyeto tou N. Mo tétowa ouvdptnon elvor 1 [, ]
nou oplletan we [z,y] = w + z. O apbudc [a,b] avurpoowrelel
Tov apliud Twv onuelny ye cuvtetayuéveg puotxolg aplhuoic tou Beloxovtal
mdvw oug evfelec x+y =n,0<n<a+b—1, xaw oty evbelo v +y =a+b

ue z < a. Ané ta mponyolueva TeoxdTTeL evxola 6T [, | elvan mpwtoyevic
avadpouxh. Eniong emoknfedetar bt n [, | elvon 1-1 xau enl. H avtiotpopn
™me [, ] divetar péow twv e&fic ouvapthoewy (TpoPolfc):

[]1: N = Nuye [z]1 =z avw Ty < 2([z,y] = 2)
[]2: N — N ue [z]2 =y avv Tz < 2([z,y] = 2).

Abyo e [pbdtaonc 4.3.5, ou | |1, [ |2 elvan mpwtoyevel avadpouixée.

4.4 ApiBuntixonoinon

[Mo v’ anodellovue o avtiotpopo Tou Oswpruatog 4.3.3, yeeialduacte TNy
XOBXOTOINGY TOY GLUYTAXTIXGY EVVOLOY UE Puotxolg apliuole Tmou egeldpe o
Godel. O Godel elye v mpwtondpa Wéa v’ avtiotolyioel éva Quoxd aplBud
ot xé4fe cluBoro e T xou xatémy va yenoulonotoet autolg Toug aptiuole
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YLOL VoL OVTIXATACTHCEL EXPRAGELS TTOL ApPOPOLY €val TUTIXO GUCTNUA OTWS TO
P ye exgpdoeig mou agopoly toug puatxols aptbuovs. H déa autn frav Heue-
A&doug onuactag yia Ty anddelén oyt udvVo TV Bewpnudtny Un-tAnedTnTac,
aAAS %ol TOAAGDY GAAwY amoteleoudtwy. H xwdixonolnon urnopel va yivel ue
ddpopoug TpdToUE, Eva antd Toug omoloug exbétovue 6T GLUVEYELL.

Oplopés 4.4.1 a) Ye xdfe ovuforo o e T avriotolyodue éva puoixd
aptOué mov xarovue ‘xwdixé Gadel’ xar ovuforilovue c(o), we elic:

c(v;)) =3" c(=) = 7
c(=)=5 ()=
co(=)=7 (@)= 2
cV) =11 ¢(®) =23
c(() =13 ¢(0)=25
c()) =15

B) Eotw og. ..o wa éxppaony the T4 (Splady uia nerepaouévy axolovbia
ovuBirev e T9*). Kadodue ‘apifué Gadel’ tne og. ..oy, xar ouuBorilovue

e [00...0k], Tov apifué 2¢(00)  3elon) - pz(ak) (6mov p; elvar o (i+1)-
0016¢ mpdtoc aptfudc).
v) ‘Eote o, ..., wa tencpacuévy axolovbia exppdocwy e T, Ka-

Aodue ‘apifud Gadel’ tnc @o,. .., pL, xar ovuforilovue ue [go,. .., ¢, TOV
apifud 210l 3ledl - .p,@o“.

[Mopatnpoldue 6Tl oe SLaQopeTXéc eXPEATELS AVTLOTOLYOVY SLapopeTiXol
aplhuotl Godel, oe dragpopetinég axohoubicg exgppdoewy aviioTolyoly Slopo-
cetixol apliuol Godel xar o aplBudc Godel uiag Exppoaong mou amoteheiton
and éva uévo clufohro elvar dlapopetinde and tov xwdxd Godel Tou cuu-
Bohou autol. Emlong, xdbe apbudc Godel éxgppaong elvo dtapopetinds and
%x80e aptbud Godel axoloubiog exgppdoewy, apol otny avdhuor evde aptbuod
Godel éxgppaong oe YLVOUEVO TROTWY TUEAYOVI®Y TO 2 eUPavileETal OE TEPLTTY
dUvaur, evédd oty avdiuen evog aptbuod Godel axoloublog exppdoewy eugpa-
viletar og dpTia Sovaun. Eniong napatneodue dti, av pag dobel Tuydy guoixdg
n, UTopoUUe va EAEYEouUE anoTeAecuaTixd av o n elvar aplBudéc Godel xd-
Tolag €xppaong 1 axoloublog expedoewy - dev elvan BéBata Ghot oL puotxol

apthuol Godel.
Ilp6taom 4.4.1 O axdlovles oyéoeic xar ovvaptioeis elvar avadpoutxéc:

1) VB(z): o x elvar apibudc Godel éxgpaonc mov anoteleltar and uia
Uovo uetaBAnti
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2) EX(z): o x elvar apiudc Godel éxppaons

3) MP(z,y,z): oz elvar aptbudc Godel éxppaonc mov elvar dueon ouvé-
rewa ue Bdon to MP twy exgpdoewy ue aptbuodc Godel x,y

4) TE(x): o x elvaw apifués Gidel xdrowuv dpov (tne T§)
5) AF(x): o x elvar apiudc Gidel xdrowv atouixod timov (tne T9)
6) FM(x): o x elvar apifudc Gédel xdrowv timov (tne TI)

7) SUB(z,y,u,v): o x eivar aptfudc Godel tnc éxgpaonc mov mpoxuntet
av oty éxgppacn ue aptbué Godel y avtixataotioovue ) uetafAnty
ue aptbuc Godel uw oe dAec tic eAevifcpec eupavioels Tnc ue Tov 6po ue
aptfus Godel v

8) SU(y,u,v) = o aptfudc Gddel tnc éxppaonc mov mpoxUnter av oTny
Exgppaon ue aptbus Godel y avrixataotioovue tn uetafAnty ue aptbué
Godel w oe dMec tic edelbepec cupavioeis s ue TOV 6p0 UE apLbud
Godel v

9) ANT(u,v,w): owu elvar aptbudc Giodel urac uetafAntic nov elvar avti-
xataotdowun ano tov opo ue aptbué Godel v otoy tino ue aptbuc Godel
w

10) LA(z): o x eivaw apibudc Godel xdnowouv aéiduatoc
11) N(z)= o apibudc Gddel tnc dpvnone tnc éxppaons ue aptfud Godel ©

12) C(z,y)= o apibudc Gddel tnc ovvenaywyric twv exgpdocwy ue apib-
uovc Godel x,y

13) NU(y)= o apitbudc Gidel tov ¢npiov y

14) D(u)= o apifuds Gdidel tnc mpéraonc p(u), dnov u elvar o apibudc
Godel xdmowov tinov tnc popyic ¢(xo) (n D xaldeltar ‘Siaydvia’ ou-
vdprom)

15) P(y): oy elvar apibudc Gidel evég and ta aliduata P1 — P7
16) Prf(y): oy elvar aptbudc Gddel uiag tumxic anddeiéne ané to P

17) PF(y,x): oy eivar apiudc Godel uiag tumxijc anédeiénec and to P,
n onola tedetdvel ue éva tino tou omolou apitudc Godel elvar o x.
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Anédeln. Alvouue anddelln uévo yia Ayeg TEpITTOOELS - oL UTOAoLTES elval
OUOLES, oY X0l XATWS SUGXONOTEPES GTIC AETTOUERELES.
1) H VB eivou mpotopyxnh avadpoutxt|, agol oy el

VB(z) aw Jy < z(z =23").
2) H EX elvaw npwtapyxd avadpouxt, agpol toydet

EX(z) aw VB(@)Ve=29ver=2Tve=2"vy=28vg=21°
ve=2"vr=2¥ve=22vy=2Bvy=2%
Viu < zdv < z(z =u ~vAEX(u) N EX(v)).

4) H TE elvar mpwtapyixt| avadpoulxn, agol toyvel

TE(z) aw VB(z)Vz=2BVv3Iu<z(zr=2"Y" ~uATE(u))V
Ju <z < 2[TE(u) ATE(W)A (=22 ~u ~v
Vo =22 ~u ~ ).

6) H FM eivon tpwtapyixf; avadpouxi, agol toyvel

FM(z) aw AF(z)V3z<z(FM(z)Ax =25 ~z)vIz <z
It < (FM(E)ANFM@)Ar =213 ~ 2 ~ 27 ~t ~25)v
Tz <ot <z(FM(z) ANVB(t) Az =21 ~t ~ 2).

Tdpa €yovue 6,1 yperdletan Yo V' anodel&ouue To avtioTpopo 1ou Ocw-
efuatog 4.3.3.

Octhpnua 4.4.1 ‘Eotw ot to P elvar ovvernéc. Kdble ouvdptnon avanapa-
otdowun oto P elvar avadpouixi.

Arnédeln. Acg unobécouue 6Tl To P elval ouvemég xou og Oewprioovue Tu-
yovoa ouvdptnon f : N — N, n > 1, nou elvou avanopactdoun oto P.
'Eoto 6t o tinog ¢pf(x1,...,2Tne1) avanapotd v f oto P. H 3éa g
anddelgng elvon 1 enc:

[o tuydvteg guowolc my, ..., Myy1, av f(my,...,Mmy) = Mpt1, 16 P F
@p(my,...,mps1). 'Ouwe 1 évvola g Tumxrg ouvenaywyng elvon avadpo-
uwer xow €xel aptbunticonombel uéow twv aplundy Godel. 'Apa to yeyovig
6w PE pp(my,...,mMuy1) punopel vo oplotel uéow plag avadpouuxic cuvde-
TNong, medyua mov odnyel oe avadpouxd oploud g f.

[epvdvtag tdhpa 6Tig Aemtouépetes, Bewpolue ) oyéon Q(z1,...,Tnt1,Y)
mou expdlel “o y elvar aplBude Godel prag Tumxig anddedng and to P tng
npbTaong @r(T1, ..., Tng1)”, SNhadr T oyéon

PF(y, SU(...(SU(k, 25" NU(x1)), 2%, NU(x2)), ..., 2" NU(241))),
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émou k eivan o aplbudg Godel tou timou wf(x1, ..., Tpy1).

[Mopatneodue 6t yia TUYOVTIES QUOLXOVUS M, . . . , Myt 1, L,
av ainfedel 6t Q(my, ..., Mpt1,1), o1E f(M1,...,mp) = Myy1.
Hpdyuatt, éotw 6t toydel Q(mi, ..., mpy1,l). Tote éyovue P F op(ma, ... ,mpi1).

Enewdr) o ¢ avanapiotd tnv f oto P, oyouy oL

Propg(m,...,my, f(my,...,mn))
PE 3z, 1pp(ma, ..., My, Tnir)-

‘Apot PFmyy1 = f(ma,...,my) xou cuvendg, Ayw tng Ipdtaong 4.2.2 xau

e undleong étL to P elvan cuvenég, woylel my1 = f(ma, ..., my).
H oyéon Q elvar mpwrtoyevrg avadpouixn, Aoyw tng Hpdtaong 4.4.1. T'a va
oploovue Ty f péow g @ epyalduacte we e€hc: ‘Eotw mq,. .., my, tuyd-

vieg guowxol aplfuol. Téte undpyouv Quowxol My, tétolol Tou o [ elvon
apliubde Godel plag Tumnhc anddedng and to P g npdtaong @ (mi, - .., Mp41).
Ané tov opiopd g Q, Ba woylel 6t Q(my, ..., Mmpt1,1). Xpnowonoldvtag
T ouvdptnon Levyapoduatog, éyouue 6Tt undpyel j € N tétolo mou

<mi, .., mp, [fl1 [l >€ Q@ (%)

H wud e f oto < my,...,my, >, SnhadA o [j]1, unopel va Bpebel av Hew-
pioouue to eAdyLoto j Yo To omolo toylel n (¥) xou xatémy xpotioouue
™y Tpd T cuvteTayuévn Tou (uéow Tng avtioTpogns g ouvdptnong |, ).
"Eyoupe howndy f(my,...,my) = [py(Q(mi,...,mu,[yl1,[y]2))]1 xou cuve-
nodg N f elvan avadpoulxy).

'Auecn GUVETELXL TOU TEONYOVUEVOU BEWPNUATOS XaL TWV 0pLoU®Y Elval TO

Ilépiopa 4.4.1 Ay 10 P elvar ovvenés, t6te xdbe oyéon exppdowun oto P
elvar avadpoutxi.

4.5 Ilp®to Bedpnuo un-tAnedtnrag

Tdpa €yovue oyeddv 6,1l yeelalduaote yia TNV Amodelln Tou evog amd To
duvo Bewpruato ta omola otoyedaue and v apy’ Tou xepalaiov. Ilpdta
Bo dolye éva Paoxd anoTéAeoua, TOU UTHEYE OUCLACTIXA GTNV €QYAGLA TOU
Godel, aAAd Bev avagpepdtay capos.

Ocedpnpa 4.5.1 (Oedpnua otabepol onuelov) [a xdbe tino p(x1) urnde-
xer wa mpétaoy T g T4 téroia mov P 1 < o([7]).
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Anédeln. ‘Onwg eldaue, n Siaydvia cuvdptnon D elvon mpwtoyevig ava-
dpouwxt). Apa, Aoyw tou Oewpruatoc 4.3.3, n D elval avanopaotdolun 6to
P, ag molue yéow tou tinov ¢p(z1,z2). 'Eotw tdpa ¢(z1) tuydv tinoc.
Ocwpovue tov tino Y (x1) : Voo (wp(z1, x2) = ©(22)).

'Eotw m = [¢(x1)] o 7 1 npdtaon Vza(ep(m, v2) — ¢(z2)). Ou Seilovye
6t PET ¢ o([T]).

@) '‘Eotw 61t A P xaw A = 7. Téte A = Vao(pp(m, x2) — o(x2)), dpa
A= pp(m, [1]) = ¢([7]). 'Ouws 0 ¢pp avamapiotd ™ D oto P xou 1oy beL
D(m) = [1]. Apa P op(m, [1]), onéte A |= ¢p(m, [T]), and 6nou éneta

ot A= (7)), dnhadnh to {Intoduevo.

B) 'Eotw tdpa A = P tétowo tou A |= p([7]). Oéhovue vo dellovue bt

A= 7, 3hadh 6t A |= Voo (pp(m, m2) — o(x2)). Ac Bewphioovue a € |A|
této0 tou A = pp(m,a). Enedn A = pp(m, [7]) xu A = lzapp(m, z2),

fo oyter A = a = [7]. Yuvende, Myw (oucwaotind) tou AXS, Ha toylel
A |= p(a), Snhady) to {ntoduevo.

H popen tou npdtou Bewpruatog un-nAnedtntac nou amédeile o Godel
avapepdTay ot uta cuVHXN Tou xavorolovce To P xol ftav Loyuedteen and
™ ouvénewa. Tnv évvola auty Ho oploouue Tdpa.

Oplouég 4.5.1 ‘Eotw T odvolo mpotdocwy tpc T4, Adue 61t 1o T elva
‘w-ovuveréc’ avy yia xdfe tino p(x): av T F —p(n) yia xdbe n € N, téte

Tt Jzp(zx).
Edxoha emaknfetoupe 6t av N = T, 16t 10 T elvon w-ouverée.

Mpétaon 4.5.1 Ay to T C I(T'Y?) eivar w-ouvenée, téte to T elvar ouve-
Téc.

Arnédeln. 'Eotw 6t to T elvon w-ouvenée. T va del&ouue 6t to T elvan
ouverée, apxel vo Bpolue wia mpétaoy tne T{* mou Sev anodevietar TumXd
ané 1o T. Oewpodue tov tno ¢(z) : © # z. Ipogavdg woydel T+ —p(n)
v %8s n € N (Moyw AX5), dpa Tt Jzp(x) (Moyo w-cuvénelag). Buvende
Tto T elvon Guveréc.
IMapatrpnon. Eivar yveotd 6t dev toylel to aviictpogo tng mponyoluevng
[Ipétaonc.

Tdpa unopovue va anodel&ovue To
Ocdhpnua 4.5.2 (IlpdTo Bedpnua un-tAnpdtntag) Yrdeyer npdtaon T tnc
Y téroia mou

a) av to P elvaw ovvenée, 16t P W/ T xou
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B) av to P elvar w-ouvverés, téte P I —r.

Anéden. Hoyéon PF eivon exppdoiun oto P, agob elvar avadpouixn Aoyw
e Hpdtaonc 4.4.1. "Eotw ¢pp(z1,22) tOn0g nou avanapiotd tny PF oto P.
Egapuélovtag 1o Oedpnuo Ltabepod Ynueiou yia tov tono Vo1 -ppr(z1, 22)
éyouue 6L undpyel TpdTaon T Tne T4 tétola ou

Pt 1q < Vei—epr(z1, [7a]) ().

Oa deilouue 6TL Loybouy Ta o), B) Yo TRV TG

o) 'Eotw 61t 1o P elvan ouverée xau P F 7. Téte undpyet plo tutiny anddetln
Tou TG amb o P, ag nodue ue aplbud Godel p. Adyw oplouod tou ppr, Loyl
P F opr(p, [16]). 'Opwg, Aoyw e (*), wyder P F Voi—ppr(z1, [16]),
onéTE ®ATANNYOLUE GE avipacT).

B) 'Eotw 6t 1o P elvar w-cuvenég xar P = —71g. Téte, Moyo tng (), woydet

Pt 3zippr(z1, [1¢]). Adyw w-ouvénelag, énetar 6L UTdpyeL PUOXOS T Té-

tolog mov P i =ppr(n, [1g]). Agob to P eivon ouvenée (llpbtaon 4.5.1),
npoxintel 6t P I 1, dpa, v x4fe puowd apbud n, o n dev elvar apld-
uoég Godel tumixnig anddeling tou T and to P, omdte, yio xdbe puowxd n,
<n,[rg] >¢ PF A4 PF —ppr(n,[1g]). 'Etol duoc xatahfyouue oe avti-
(paom. -

IMopatnefoeis. 1) To mponyoduevo Bedpnuo Sivel xou to eZhg:

Yndpyel. 7 tétolo mou av 1o P elvanr w-ouvenéeg, tote PV 7 xauw P 1/ =7 1),
Omwg Aue addg, n T elvan ‘avaroxplown’ tpdtaon v o P.

2) Av urnobéoouue 61t N |= P (ondte 1o P elva w-ouvenés), téte to mpon-
yoluevo Hedpnua diatundvetar wg e&hg:

Yrdpyel 7 € I(T9Y) tétoio tov N |= 7 xan P I/ 7.

Auté énetar and o yeyovédg 6L N T exppdlel (Uéow tng aptbuntixonoinomne)
“Eyd dev anodetxvioual and to P7.

H unébeorn “to P elvow w-cuvenés” oto ) tou mponyoluevou Bewphuo-
Tog unopel va avixataotabel and Ty undbeon “to P elvar cuvenéc”. Autd
anodelybnxe and tov J. B. Rosser to 1936, o omolog epdpuoce 1o Oebdpnua
Ytabepol Ymueiou yia éva TOTO O TOAUTAOXO amd AUTHY TOL ElSAUE TTELY.

Ocdpnpa 4.5.3 (Rosser) Yrndpyet npdraon mr ¢ Lgq téT012 TOU @V TO P
elvat ovvernég, tote PV 1 xat Pt/ —TR.

Anédeln. 'Eotw 6t to P eivan ouvenég. Egapudlovue to Oedpnuo Ytabe-
poV Ynuelou ylo Tov TUTO

Vailppr(z1,22) — VYas(pn(v2, 3) — Jra(rs < 21 A @pr(T4,23)))],
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o omolog exgpdlel “yia xdbe aplBud Godel zq plog tumxfc anddeine (and to
P) tou tinou pe aptbud Godel o undpyet évag aptbudc Godel x4 < x1 proag
Tunic anddeldng (and to P) g dpvnomng tou tinou ue aptbud Godel 7.
'Etot mpoxintel npbtaon 7 tne 1YY tétola mou

Pt 1R < Vailppr(z1, [TR]) = Vas(en([TR]73) — Ira(z4 < 24
Nppr (24, 23)))] (%)-

Oa dei&ovue 6Tl M TR elvan avamoxplown oto P.

o) ‘Eotw 6t P 7. Téte undpyer guowxde aptbude k nou elvar aptBude
Godel tumixfic anddeigne and to P touv 7r. Enedq P+ opr(k, [Tr]), Moy
e (*) mpoxintel 6t -

P FVr3(on([TR], 73) — F24 < kA ppp(za,73))) (F5).

©étouue | = [-7R], onéte P F pr([Tr],l), dpa, Moyo g (**), P
dz4(zs < ENppr(z4,1)). Luvenoe, )\(')YuTng [Tpbtaong 4.2.4, undpyer m < k
tétolog mtou P+ ppp(m,l). 'Oung vnobéoaue 6t to P elvor ouvenée xou
Pt 1r. Apo Pt/ =7R, ondte yia xdfe guowd aplbud m: P+ —ppp(m,l),
Tpdyua dtoro.

B) 'Eotw 6t P F 7R, ondte

P+ E|:L‘1[<ppp(:v1, [TR—|)AH:Cg((pN([TRL:L‘g)/\V.%q(.%‘Al <z — ﬁcppp(le,xg)))].

Ocewpolue tédpa nonstandard poviého A tov P. Téte vndpyet a € |A| tétolo
oL

A= ppr(a, [Tr]) A Jzs(en ([7r], 73) AVEa(24 < a = —pp(T4,23)))-

Enedd Pt/ Tr, agol P cuvenée, yia xdbe k € N woyler: P —ppr(k, [TR]).

‘Apa A = —ppr(k, [TR]) Yo %80 k € N xou ouvende a # (k) v xdbe
k € N. 'Ouwnc vndpyel puoxds | mou elvan aplbude Godel tumxnic anddetgng
(ané to P) tng —7R, dpa P F opr(l, [TR]) Yo xdmoto [ € N (*).

Téte bpwc A = opr(l, [-Tr]) Yo xdmoo | € N xau tautdypova

A Jrs(en([Tr], 73) AVza(rs < @ = ~ppr(T4,73))) (*F).

Ané v (**) npoxinter 6t A = Vayu(zy < a — —pp(z4, [TR])), TpdyHO
mou avtpdoxet pe Ty (*), agol mpogavie A =1 < a.

'Onwg avapépaue xal 6TNY ELOAYWYT, TO TEOTO Hedpnua un-tAnpdtntoag
oy Vel xou yia dAAa GOVOAR a€lwUdTwy. Yuyxexpuuéva, Loyvel To eEng:

Ocdpnua 4.5.4 ‘Eotw A oivolo npotdoewy e T4 tétoio mov
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1) n dibtpra Ry = {n € N : n eivar o aptfudc Godel xdroiac ¢ € A}
elvar avadpouixy

2) AF0#1

3) xdbe avabpouixij ouvdptnon elvar avanapactdoiun oto A

4) yia xdbe puoxé aplfué k: AFVr(r <k zx0V---Vzxk)
5) yia xdfe puoixd apifué k: AFVa(z <kVk<uz).

Av 10 A elvar ouvverée, téte undoyer T modtaon tne [0 tétoia mov A W T
’ 1

xar AV -,

To Bedpnua autd avagpépetal 6TIS UGLAGTIXES GLYOYXES Tou YeeldlovTaL Yo
v anodelén Tou tpdTou Hewpruatog unrtAneotnrac. 'Eva napdderyuo cuoth-
HaTog aZlmUdTey Yo To onolo loyYouy ol 1)-5) avetépw elvar 1 ‘aptbuntixt
Robinson’ () mou mpotdfnxe and tov R. Robinson to 1950. Ta aiduata tou
Q elvou ta P1 — P6 pali pe to allopa Vo (z1 % 0 — Jro(zy = x4)).

Ac €pfouvpe thHpa oto deltepo Bedpnuo un-tAnpdtnrac. Ocwpolue TNy
npotaoy Conp mou exgpedlet “to P elvon cuvenés”, Snhady tny mpdtaon

=3z IxeTrsIxs(0pr (T3, 21) A opr(Ta, 22) A N (T2, 21)).

'Eotw 7¢ n mpdtacn tou npdtou Hewpruatog un-tAnpdtntag. Emedn n mpd-
Toon auth expedlet “eyd dev anodewxviouat and to P”, n tpbtacn Conp —
TG expedlel “av to P elval cuvenég, tote 1 T dev anodetxvietal and to P,
dnhadA to uépog a) Tou dlov Pewmphiuatosc. 'Ounc 1 anddelln auth, Tou éyLve
OTYN UETAYADGOA, UTOPEL VO UETAYPAPEL WG Wi TuTLxY| amddelln and to P.
Yuunepaivouue Aowndy 6t P+ Conp — 7¢. 'Oung eldaue 6t av to P elvat
ouvenég, tote P If 7. Xuvendg, av to P elval ouvenég, woyvel P I/ Conp,
dnhady| mpoxintel To dedtepo Oedpnua un-thnpdtntac. ‘Onwe xat to mpKhTo,
To deltepo Hedpnua toylel xat yia dAha clvoha adlwudtey - tapadelyuatog
Y8pLy, yia xdfe olivolo npotdoewy A O P yia To onolo to clvoho R4 elvan
avadpoulxd. Luvhfng to deltepo Bedpnua Un-tANnEdTNTAS SLATUTHVETAL KOS

e&ne:

Ocdhpnua 4.5.5 (Aeltepo Bedpnua un-tAnpdtntas) Ia xdfe ‘apxetd
Loyved’ olvolo aliwudtwv A, av to A elvar ouvernés, T0TE 1) OUVETELd TOU
Sev umopel v’ arnodetybel uéoa oto A.

Ynuerdvouue 6tL 0 G. Gentzen anédelle to 1936 6t to P elvon cuvenég, ypnot-
MOTIOLOVTOG Uia Evvola anodeléng SLoapopeTixy amd 0 GUVAON - GUYXEXPLUEVD,
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Bedpnoe anodeilelg mou €youv unxn mou dev elvan Tenepacuévol, aAAd drelpol
apLhuol.

Ytn ouvvéyea Oa mapousidoouue ulo anddelln tou deltepou bewpruatog
un-tAnedTnTag, axolovinvrag ) uébodo twv Hilbert-Bernays, n onola atnpl-
Ceton o7t Ypriom Tou xatnyopiuatog ‘anodeliiudtnTag’, dSnhady Tou xatnyop-
uatog Prov(z) nov opileton wg Jyppr(y, ). To xatnydenua autd ixavomotel
Teelg Paouxés Wtotnteg, Tig e€ng:

Yuvbnxeg arodeiipdtntag twv Hilbert-Bernays I'a tuyoloeg mpotd-
oelg ©, P TN rée.

(HB1) av Pk ¢, téte P+ Prov([¢])
(HB2) Pk Prov(ﬂp = P]) — (Prov([ 1 — TOU(M))
(HB3) P Prov([¢]) — Prov([Prov(]e])]).

An6dely. (HB1) 'Eotw 61t P+ ¢. Téte undpyer k € N nou elvan apliude
Godel tumixfic anddeline touv ¢ and 1o P. Téte P F ppr(k, [¢]), dpo P
Jz190pr (71, [¢]), Snhadh) P = Prov([e]).

(HB2) 'Eotw A tuydy povtého tou P tétoio mou A = Prov([¢ — 1]) xau
A |= Prov([¢]). Téte vndpyouy a,b € |A| tétowa mov

A= ppr(a, [o = 1) Appr(b, [¢]).

Anhad?| ot a,b eivon aplpol Godel (evdeyouévwe nonstandard otoiyela) tu-
TxGOY anodellewy Twy TIMWY ¢ — P xau ¢, avtiotolya. Ag Bewprocovue Tov
aplfuéd ¢ = a ~ b ~ 2/¥1 510 | A|l. Edxola Prénoupe 6Tt autdg elvar aptbude
Godel tumixic anddelgng tov ¢ (amd to P), dpa A = opr(c, [1]). uvende
A |= Prov([11]), 3nhadh woydel to {nroduevo. o

(HB3) Oa §éooupe éva oxito0 Tng anddellng, anopedyoviag Toh) Texvixéc
Aentouépetec. To Paowd onueio elvon 6t n anddeiln tou (HB1) unopel va
Yiver “uéoa oto P”, ondte mpoxdmtel 6t P = ¢ — Prov([¢]). Yuvendx,
Aoyo g (HB1), P+ Prov([¢ — Prov([¢])]). 'Ouwc, ue Bdon v (HB2)

gyovue 6T

P = Prov([p — Prov([¢])]) = (Prov([e]) — va(w))'

"Apa éyouue to {nToduevo.

'Onwg eldoye, 10 TpdTO Hedpnuo UN-TAnedTNTAC ATOSELXVUETOL UE EQPUQ-
uoYh Touv Oewphiuatog Ltabepol Xnueiou yio tov tmo —Prov(zg). Av egop-
uéoouue to OXY yia tov tno Prov(xg), Bo npoxdder uia npdtaon T tétola
mouv P F 17y <> Prov([Th]). 'Apaye n Ty eivow avarmoxplown npdtacy 6to
P funnwe P 71y f P 7y XYto epdnua autd, mou éfece o L. Henkin,
andvinoe o M. Léb to 1955, anodewviovtag mpdta to €ng:
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Ocdpnua 4.5.6 I'a xdbe npdtacy ¢ e T, av P+ Prov([¢]) — ¢, tdte
PF .

AnédelEy. 'Eotw ¢ tuyoloo mpdtaoy e I'?. Eeapudloviac 1o OXY yua
Tov tino Prov(zz) — ¢, naipvouye uto tpbtacy Tz, TETOLY TOL

Pt 1 < (Prov([1p]) = ¢ (1).

'Eotw tdpa 61 P = Prov([¢]) — ¢ (2). And v (1) xou v (HB1)

TEOXUTTEL OTL

P+ Prov([t, — (Prov([1p]) — ¢)]),

onéte, Moyw e (HB2), éyouue

P+ Prov([rty]) = Prov([Prov([T.]) — ¢|) (3).

'Opwe, mdht Aoyw e (HB2),

P F Prov([Prov([1]) = ¢]) = [Prov([Prov([r.])]) = Prov([¢])] (4)-

Ané tic (3), (4) énetan 6T

P+ Prov([tr]) — [Prov([Prov([tr])]) — Prov([¢])] (5).

Ané v (HB3) npoxdnter 6t P = Prov([r]) — Prov([Prov([t])]),

ondte, Moyw e (5) éxouvue P F Prov([rr]) — Prov([¢]) (6). And tc

(2), (6) matpvouue 6t P = Prov([7tr]) — ¢ xou ovvende, AMoyw e (1),

woyver P+ 7. "Apa, Moyw tng (HB1), P = Prov([7r]) xou tehxd P + ¢,
dnhady| to {nrovuevo.

H andvtnon oto epdtnua tou Henkin divetar and to
Ilépwopa 4.5.1 PF 1y xar N | 7q.

An6dely. And tov oploud g T éyovue: P Prov([tu|) — tu. ‘Apa, pe
Bdom to mponyovuevo bedenua, P F 7. Yrdpyel Aowndy puoixdg k mou elval
aptBude Godel Tuminic anddeing tov 7 and to P. Apa < k, [Ty| >€ PF,
onéte N | ppr(k, [Ta]) xou ouvendg N = Prov([Tx]).

M dAAn dueor ouvénela tou Bewpruatog Tou Lob elval to

Ocedpnua 4.5.7 (Aedtepo Bedpnua un-ntAnedtntag) Av to P elval ouve-
nég, tote P Conp.
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Andédeln. 'Eotw 6t 1o P elvan ouvenée. Agod P 0% 1, oydel P/ 0~ 1.
Yuvende, Aoyw tou Oewpruatog 4.5.5, Loyvel

Pt/ Prov([0~1]) - 0=~ 1.

Av loyve P+ =Prov([0 ~ 1]), t61e Ba loyve P+ Prov([0 = 1]) — 0 ~ 1,
agol o tinog ~Prov([0~1]) — (Prov([0~1]) — 0 ~ 1) eivouw hoyxd
allwpa (tpoépyetat and v tavtohoyia —p — (p — ¢)). Luvendg toyvet bt
P/ =Prov([0~1]) (1).

Eneldq PF 0% 1, Moyw e (HB1) énetar 61t P F Prov([0 = 1]). Xuvende
(dec "Aoxnom 86)

Pt Conp — =Prov([0 = 1]) (2).

‘Aueor ovvénewa Ty (1), (2) elvon 6Tt P I Conp.

AYKHYEIY

73. Arnodeilte 1o 4) g llpbtaong 4.2.1 xou 1o 4) e Ilpbdtaong 4.2.3.
74. Anodeilte to Odpnuoa 4.2.1.
75. Anodei&te v [lpdtaon 4.2.5.

76. o) Acifte 6TL Y10 TUYOVTES XheLoTolg bpoug ¢, s Tng T woyler P -t ~ s
nPFt#s.
B) Acifte 6ty %dfe mpbraon ¢ tng [§Y ywpic mocodeixteg Loylet
PFopHh Pk —o.

77. Aeigte 6TLav Ry, Ry elvan n-yelelc oyéoelg oto N nou elvan exgppdoiueg
oto T C H(F?a), t61e xau oL oyéoewg Ry, Ri A Ry, R1 V Ry elvau
exppdoles oto 1.

78. 'Eotw R n-pehiic oxéon oto N, n > 1, xau T C II(T9%). Aci&te 61 n
R etvan exgpdowun oto T avy 1 yapaxtnelotixy tng cuvdptnon Cr elval
avamopactdoun oto 1.

79. Acei&te 6Tl oL axdhovbeg GUVAPTAGELS Elval AVOTUEACTAGLUES O Xdbe
T C I(T9%):
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80.

81.

82.

83.

84.

85.

86.

87.

Zp :N"™ - N ye Zy(x1,...,2,) =0
Cp :N" = N ue C¢(z1,...,2,) = k, 610V k o10bepb puoxde.

AciZte 611 oL e€hc ouvapThoELC elval TpwTapyxéc avadpouxéc: ©, min,
mazx, rm, qt, 6mov O(z) = 1 — O(x), rm(z,y) = vréloino Suaipeorg
Tou T UE Tov Yy xou gt(z,y) = mnhixo Swipeons Tou x ue tov y. Enlong

deigte 6T oL ouvapthioels |z —y|, z¥, z! elvon TpwTapyixéc avadpouiréc.

Arnodeite 6TL xdfe tenepacuévo Ghvoho QUOLXGY elval TEwTaEY X ava-

dpouxd.

"Eotw [v/n] o yeyalitepog axépalog mou eivar < /n xau m(n) to tiibog
TV TEOTLY aplBuoy tou elvar < n. Acite 6TL oL cuvapTicelg elval
[v/n], m(n) elvaw tpwtapyxés avadpoutxés.

‘Eotw R C N", n > 1. Aéue 6m n R elvan ‘apibuntuay’ avy undpyet
tonog (1, ..., T,) e T tétolog mou

R={<my,...,mp > N": N E o(my,...,mp)}.

Acel&te 6Tl xd0e avadpoulxt| oyéon elvor aplbuntixy.

'Eotw 7q 1 mpdtaon nou eldaue 6T0 mpdto Hedpnua un-thnpdtnrag.
Aci&te 6T av to P elvaw ouvenég, téte 10 P + 7g elvar ouvenég, adhd
Ol W-GUVETEG.

AciEte 611 0 oOvoho {[p] @ ¢ mpbtaon tne T tétow mov N = ¢}
dev elval avadpoulxo.

'BEoto o npétacn e T tétowa mou P - Prov([a]). Aei&re 6t P -
Conp — = Prov([—o]).

Ye xdfe wa and tg e€ng mepintdoelg, eqapudlovus To OXE Yo vo
Beolue wia mpbtaon tne T ue ) Intoduevn Wibtnta. Bpeite av 1
npoTaoT auth elvat avaroxpiown oto P, anodeléiun oto P ¥ n dpyno
g elvon amodelliun oto P.

o) M npdraon 71 mov exppdlel 6t P i —7y.

B) M npéraon T2 mov exgpedler P+ =7y,
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