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Summary. Some simple formulae were obtained which enable us to estimate 
evolutionary distances in terms of the number of nucleotide substitutions 
(and, also, the evolutionary rates when the divergence times are known). In 
comparing a pair of nucleotide sequences, we distinguish two types of differ- 
ences; if homologous sites are occupied by different nucleotide bases but 

both are purines or both pyrimidines, the difference is called type I (or "tran- 
sition" type), while, if one of the two is a purine and the other is a pyrimi- 
dine, the difference is called type I1 (or "transversion" type). Letting P and 
Q be respectively the fractions of nucleotide sites showing type I and type II 

differences between two sequences compared, then the evolutionary distance 

per site is K = -- (1/2) In {(1 -- 2P -- Q) ~ z - ~ } .  The evolutionary rate per 
year is then given by k = K/(2T), where T is the time since the divergence of 
the two sequences. If only the third codon positions are compared, the syn- 

onymous component of the evolutionary base substitutions per site is esti- 
mated by K' S = -- (1/2) In (1 -- 2P -- 0.). Also, formulae for standard errors 

were obtained. Some examples were worked out using reported globin se- 
quences to show that synonymous substitutions occur at much higher rates 
than amino acid-altering substitutions in evolution. 

Key words: Molecular evolution - Evolutionary distance estimation - Syn- 
onymous substitution rate 

During the last few years, rapid sequencing of DNA has become feasible, and data 
on nucleotide sequences of various parts of the genome in diverse organisms have 
started to accumulate at an accelerated pace. Each new report on such sequences 
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invites evolutionary considerations through comparative studies. Therefore, it is de- 
sirable if good statistical methods are established for estimating evolutionary distances 
between homologous sequences in terms of the number of nucleotide base substitutions. 

Recently, Miyata and Yasunaga (1980) proposed a new method for this purpose. Theil 
method consists in tracing, through successive one step changes, all the possible paths 
(restricted by the assumption of "the minimum substitution number") for each pair 
of codons compared, giving each step its due weight based on relative acceptance rates 
of amino acid substitutions. Using this method they succeeded in revealing some inter- 
esting properties of synonymous base substitutions. One drawback of their method, 
however, is that it is too tedious. 

The purpose of this note is to derive some simple formulae which enable us to ob- 
tain reliable estimates on the evolutionary distances between two nucleotide sequences 
compared. The present method of estimation is not only handy but also has the merit 
of incorporating the possibility that sometimes "transition" type substitutions may oc- 
cur more frequently than "transversion" type substitutions. 

Let us compare two homologous sequences and suppose that n nucleotide sites are 

involved. In what follows, we express sequences in terms of RNA codes, so that the 
four bases are designated by letters U, C, A and G. 

Now, we fix our attention on one of the n sites, and investigate how the homologous 
sites in two species differentiate from each other in the course of evolution, starting 
from a common ancestor T years back. Since there are 4 possibilities with respect to 
a base occupied at each site, there are 16 combinations of base pairs when the homol- 

ogous sites in two species are compared. These are listed in Table 1. For example, 
UU in the first line represents the case in which homologous sites in the first and sec- 
ond species are both occupied by base U. Similarly, UC in the second line represents 
the case in which homologous sites in the first and second species are occupied by U 

and C. 

Table 1. Types of nucleotide base pairs occupied at homologous sites in two species. Type 
I difference includes four cases in which both are purines or both are pyrimidines (line 2). Type 
II difference consists of eight cases in which one of the bases is a purine and the other is a pyri- 

midine (lines 3 and 4). 

Same UU CC AA GG Total 
(Frequency) (R 1 ) (R 2 ) (R 3 ) (R4) (R) 

Different, 
Type I UC CU AG GA Total 
(Frequency) (P1) (P 1 ) (P2) (P2) (P) 

UA AU UG GU 
Different, 
Type I1 (Q1) (Q1) (Q2) (Q2) Total 

CA AC CG GC (Q) 

(Frequency) (Q3) (Q3) (%) (%) 
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When the homologous sites are occupied by different bases, we shall distinguish two 
types of differences, namely, type I and type II differences. As shown in Table 1, the 
type I difference includes 4 cases in which both are either purines or pyrimidines, and 
the type II difference includes 8 cases in which one is a purine and the other is a pyr- 
imidine. 

Let ~ and ~ be the rates of base substitutions as shown in Fig. 1. In other words, 
c~ is the rate of transit ion type substitutions, and 2/3 is that  of transversion type substi- 
tutions, so that  the total  rate of substitutions per site per unit t ime (year) is k = e + 2/3. 
Note that  ~ and/3 refer to evolutionary rates of mutant  substitutions in the species 
rather than the ordinary mutat ion rates at the level of an individual. To simplify the 
following treatments,  we assume that  these rates are equal for all bases as shown in 
Fig. 1. 

We now define two probabilities denoted by P and (2, where P is the probabil i ty of 

homologous sites showing a type I difference, while (2 is that  of these sites showing a 
type II difference. More detailed specifications of probabilities of individual combina- 
tions of bases are given in Table 1. For example, the probabil i ty of UC (and also CU) 
is denoted by PI" Let T be the time since divergence of the two species (measured in 
years), and denote by P(T) and Q(T) the probabilities of type I and type II differences 
at t ime T. Note that  the probabil i ty of identi ty at homologous sites which we denote 
by R(T) is equal to 1 -- P(T) -- (2(T). 

Then, we can derive the equations for P and (2 at t ime T + AT in terms of P, O~ and 
R at t ime T as follows, where AT stands for the length of a short t ime interval. Consi- 

der a particular base pair of type I, say UC, which occurs with probabil i ty P1 (T + AT) 
(see second line in Table 1). We can distinguish three ways by which UC at t ime T + AT 
is derived from various base pairs at t ime T. 
(i) UC is derived from UC (which occurs with probabil i ty  P$ (T)) when both U and C 
remain unchanged. Since the probabil i ty of occurrence of substitution per site during 

Fig. 1. Scheme of evolutionary base substitutions 
and their rates per unit time 

Pyrimidines (U  .... ~ ' C ) 

Purines (A~ ' G ) 
o( 

a short t ime interval of length AT is (a + 213)AT, the probabil i ty of  no change occurring 
at  both homologous sites is [1 - (~ + 2/3)AT] 2 so that  the contribution coming from 
this class is [1 - (~ + 2/3)AT]2PI(T), which reduces to [1 - 2(~ + 2/3)AT]PI(T) if we 
neglect small terms of the order (AT) 2. We also ignore the rare possibility that CU 
changes to UC by a double change. 
(ii) UC is derived from UU when U in the second species is replaced by C, and from 
CC when C in the first species is replaced by U (see the first line in Table 1). Since UU 
and CC occur with respective frequencies RI (T)  and R2(T), and since each changes to 
UC at the rate (x, the total  contribution coming from this class is eEXT [RI(T)  + R2(T)]. 
We neglect cases in which substitutions occur simultaneously at both sites because such 
probabilities are of the order of (AT) 2. 
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(iii) UC can also be derived from UA, UG, AC and GC (see the third line in Table 1) 

which occur with respective frequencies QI(T) ,  Q2(T), Q3(T) and Q4(T), and each of 
which changes to UC at the rate/3. The con t r ibu t ion  of this class to UC at T + AT is 

/3AT [QI(T)  + Q2(T)  + Q3(T) + Q4(T)] or/3AT • Q(T)/2.  
Combining all these cont r ibut ions  coming from various base pair classes at t ime T, 

we get 

P I ( T  + A T )  = [ 1 - -  (2&+ 4/3) A T ] P I ( T )  + 0 ~ T [ R I ( T ) + R 2 ( T )  ] +/3AT" Q(T)/2 . 

Similarly, for the base pair AG, 

P2(T + AT) = [1 - (2& + 4[3) AT] P2(T) + ¢Z6T[R3(T) + R4(T)  ] +/3AT • Q(T)/2 

Summing these two equations,  and not ing P(T) = 2PI(T)  + 2P2(T) and R(T) = R I ( T )  + 
R2(T) + R3(T) + R4(T)  = 1 -- P(T) -- Q(T), and writing AP(T) -- P(T + AT) - P(T) we 
get 

AP(T)/AT -- 2& - 4(a  +/3) P(T) - 2(a  - /3 )  Q(T) . (1) 

Carrying out  a similar series of  calculations for base pairs of  type  II, we obta in  

AQ(T)/AT = 4/3 - 8/3Q(T) (2) 

From these two fini te  difference equat ions (Eqs. 1 and 2), we obta in  the following set 
of  differential equat ions  

dP(T) 
= 2~ -- 4(& +/3) P(T) -- 2(0t - /3 )  Q(T) 

dT 
(3) 

dQ(T) 
= 4/3 - 8/3Q(T) 

dT 

The solut ion of this set of  equat ions which satisfies the condi t ion  

P(0) -- Q ( 0 ) = 0  , (4) 

i.e., no base differences exist at T = 0, is as follows, 

1 1 1 e-4(&+/3)T + e.8/3 T 
P(T) - 4 2 4- (5) 

Q(T) - 1 1 e_8V Ta 
2 2 

Writing PT and O. T for P(T) and Q(T), we get, f rom these two equations,  

4 (a  + fl)T = -- log e (1 -- 2P T -  QT ) 

and 

8/YI" = - l o g  e ( 1 - 2 Q  T) , 

so that  

4aT = -- log e (1 -- 2P T -- QT ) + (112) log e (1 -- 2Q T) 

Since the rate of  evolut ionary base subst i tut ions  per uni t  t ime is 

k = o e +  2~ , 

(6) 

(7) 

(8) 

(9) 
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the total number of substitutions (including revertant and superimposed changes) per 
site which separate the two species (and therefore involve two branches each with length 
T) is 

K = 2 T k  =2~T +4~T , 

where aT and ~3T are given by Eqs. (8) and (9). Then, omitting the subscript T from 

PT and QT' we obtain 

K = - - l l o g  e { ( 1 - 2 P - Q )  x / 1 - 2 Q )  . (10) 

It is remarkable that, as can be seen from Eqs. (3), at equilibrium 2P -- Q = 1/2, even 
when a :/: 3. 

This equation may be used to estimate the evolutionary distance between two se- 
quences in terms of the number of base substitutions per site that have occurred in the 

course of evolution extending over T years. In this equation, P = n l / n  and Q = n2/n, 

where n I and n 2 are respectively the numbers of sites for which two sequences differ 
from each other with respect to type I ("transition" type) and type II ("transversion" 

type) substitutions and n is the total number of sites compared. 
In the special case of a = J3, Eqs. (5) and (6) reduce to 

PT = QT/2 = (1 - e-8°tT)/4 (11) 

Then, substituting P = Q/2 in (10), we get 

K = - - ~ l o g  e(1 -- X) , (12) 

where X = P + Q = 3Q/2 is the fraction of sites for which two sequences differ from 
each other. This formula is well-known (see Kimura and Ohta 1972), and it was first 
obtained by Jukes and Cantor (1969). However, in actual situations, particularly when 
the third positions of codons are compared, P is often larger than Q, and therefore the 
assumption of a = ~ or P = Q/2 is not always realistic. This is one reason why the new 
formula (10) is better than (12). Eq. (10) also has a desirable property in that as P and 
Q get small, it converges to K = P + Q independent of 0t and/3. 

Since a large fraction of substitutions at the third positions are synonymous, that 
is, they do not cause amino acid changes, it would be interesting to estimate the syn- 
onymous component of the substitution rate at this position. 

As is evident from the standard RNA code table, for a given pair of bases in the first 
and the second codon positions, roughly speaking there are two situations; either the 
third position is completely synonymous (four-fold degeneracy) or synonymy is re- 
stricted within purines or pyrimidines (two-fold degeneracy). These two situations 
occur roughly in equal numbers. Thus, the synonymous component of substitutions 
at the third position which we denote by k S ' may be estimated by 

1 1 
k S ' = ~ - ( a + 2 f l ) + ~ a = a + / 3  . (13) 

Let K S' = 2Tk S' = 2(a +/3)T be the synonymous component of the distance, then, 
we get 

1 
K S ' = - - ~ - l o g  e ( 1 - 2 P - Q )  , (14) 
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if we apply Eq. (7), so that  the synonymous component of substitution rate per unit 
t ime may be estimated from k S' = KS'/(2T). Writing k'nuc(S) rather than k S' to em- 
phasize that this refers to the rate per nucleotide site, we get, using Eq. 14, the follow- 
ing formula. 

1 
k 'nuc(S)  = - ~  log e (1 - 2P - Q) (15) 

The corresponding formula for amino acid-altering substitutions may be obtained by 

knuc(A) = K"/(2T) , (16) 

where K"  is the evolutionary distance computed by applying Eq. (10) to a set of the 
first and second positions of codons (i.e., by excluding the third positions in the se- 
quence comparison). 

We can also derive formulae for the error variances of the estimates K and KS'. Let 
6K, ~P and ~Q be respectively small changes in K, P and Q. Then 

t~K =atSP + b~Q 

where 

a -  

and 

1 - 2 p - Q  

1(1 
b = ~- 1 - 2 P - q  

so that  

OK 2 = E {(SK) 2} = 

(17) 

1) 
÷ 1 -- 2Q ' (18) 

a2E {(~p)2} + 2abE {~P~Q} + b2E {(6Q) 2} , 

where E stands for the expectation operator.  Then noting that the sampling variances 
and the covariance are E ((8p)2}= P(1 - P)/n, E {(~Q)2)= Q(1 - Q)/n and E (8P80,} 
= - PQ/n. The standard error of K is then 

1 IX / | (a2p + b2OD - (aP + bQ) 2 I 
O K (19) 

In a similar manner, we can derive the standard error of K S' which turns out to be as 
follows. 

v/4P + Q - (2P + Q)2 
°K'S - 2(1 - 2 P -  Q) c-n- (20) 

As an example, let us compare the nucleotide sequence of the rabbit/3 globin (Efstra- 
tiadis and Kafatos 1977) with that of chicken 13 globin (Richards et a l  1979). There are 
438 nucleotide sites that can be compared, corresponding to 146 amino acid sites (co- 
dons). Among these sites, we find that there are 58 sites for which these two sequences 
have type I differences, and 63 sites with type II differences. Thus, P = 0.132, Q = 0.144 

and we obtain K = 0.348. Mammals and birds probably diverged during the Carbonifer- 
ous period (see Romer 1968), so we tentatively take T = 300 X 106 years. The evolu- 
t ionary rate per site is then knu c = K/(2T) = 0.58 × 109 per year. This is the overall 
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rate per site, but  it is much more interesting to estimate separately the evolutionary 
rates for the three codon positions. For  the first position, there are 146 nucleotide 
sites compared, and we find P = 15/146 and Q =  21/146, giving K 1 = 0.300, where sub- 
script 1 denotes that  it refers to the first codon position. Similarly, for the second posi- 
tion, we find P = 7/146 and Q =  18/146 so that K 2 = 0.195. Finally, for the third posi- 
tion, P = 36/146 and Q = 24/146, and we get K 3 = 0.635, which is much higher than 
the corresponding estimates for the first and second positions. We can also estimate the 
synonymous component  of the evolutionary distance per third codon position. From 
Eq. (14), this turns out to be K S' = 0.535. 

In Table 2, results of similar calculations are listed for various comparisons involving 
the human/3 (Marotta et al. 1977) and the mouse/3 globin sequences (Konkel et al. 1978), 
in addition to the chicken and rabbit/3-globin sequences. Except for the last two com- 
parisons involving the abnormal, globin like ~-3 gene (Nishioka et al. 1980) it is clear 
that  the relationship K 2 ~ K 1 ~ K3 holds generally; the evolutionary mutant  substitu- 
tions are most  rapid at the third position, and this is followed by the first pos i t ion  and 
then, at the second pos i t ion  the substitutions are the slowest. 

This can be readily interpreted by the neutral theory of molecular evolution (Kimura 
1968; King and Jukes 1969; see also Kimura 1979) as follows. Among the three codon 
positions, base substitutions at the second positions tend to produce more drastic 
changes in the physico-chemical properties of amino acids than those at the first posi- 
tions. Take for example a codon for Pro (CCN). Substitutions for base C at the first 
position of U, A, and G, lead respectively to Ser, Thr and Ala. In terms of Miyata's 
distance (based on polarity and volume differences between an amino acid pair; see 
Miyata et al. 1979), they are 0.56, 0.87 and 0.06 units appart  from Pro, with the average 
distance of about 0.5. On the other hand, the corresponding average distance resulting 
from substitutions for C at the second position of the codon turns out to be about 2.5. 

This means that mutational  changes at the first position have a higher chance of not 
being harmful (i.e., selectively neutral or equivalent) than those at the second position, 
and therefore, have a higher chance of being fixed in the species by random drift (Ki- 
mura and Ohta 1974). This type of reasoning applies more forcibly to the third posi- 
tion (as compared with the first and the second positions), since a majori ty of muta- 
tional changes at this position do not  cause amino acid changes. 

The ratio per site of synonymous to amino acid-altering substitutions as measured 

by 2Ks ' / (K  1 + K2), is 4.17 for the human/3-rabbit/3 comparison (T = 8 X 107 years), 
2.16 for the chicken/3-rabbit/3 comparison (T = 3 X 108 years) but  only 1.41 for the 
rabbit  ~orabbit/3 comparison (T = 5 X 108 years). It looks as if synonymous substitu- 

tions occur more frequently during the later (i.e. more recent) stages of globin evolu- 
tion than its early stages, but  such a tendency is probably more apparent than real. In 
my  opinion, this is due to lower detectabil i ty of synonymous substitutions for more 
remote comparisons; as more and more synonymous substitutions accumulate at the 
third positions of codons, it becomes progressively difficult to detect  all of them. In 
fact, as compared with the first and the second positions, the third position shows 
marked deviation of the base composition from equality (e.g., G 36%, C 30%, U 27%, A 
7% in human/3) so that the present method of estimation may become imprecise for a 
very large value of T. 
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The last two comparisons in Table 2 involve the globin-like ct-~ gene recently se- 
quenced in the mouse (Nishioka et al. 1980). This gene completely lacks two interven- 
ing sequences normally present in all the a and ~ globin genes, and it does not  encode 
globin. In other words, it is inactive in the production of stable mRNA. However, 
from a comparison of this sequence with the normal, adult mouse a globin (a - l )  and the 
rabbit a globin nucleotide sequences, it is evident that  this gene evolved from a normal 
ancestral a globin gene through duplication and subsequent loss of its intervening se- 
quences. This must have occurred after the mouse and the rabbit diverged from their 
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common ancestor some 80 million years ago. This ~-globin-like gene acquired in its 
coding region a number of insertions and deletions of nucleotides. In making sequence 
comparisons, therefore, I chose only those codons of the ~-3 gene which do not  contain 
such changes and which are either identical with or differ only through base substitu- 
tions from the corresponding (homologous) codons of the mouse cz-1 and the rabbit  cx 
genes. 

As seen from the last three lines of Table 2, this unexpressed c~-3 gene evolved at a 
much faster rate than its normal counterpart  (mouse ~-1 gene), particularly with respect 
to the first and the second codon positions. This is easy to understand from the neutral 
theory.  Under a normal situation, each gene is subject to a selective constraint coming 
from the requirement that  the protein which it produces must function normally. Ev- 
olutionary changes are restricted within such a set of base substitutions. However, once 
a gene is freed from this constraint, as is the case for this globin-like ~-3 gene, practi- 
cally all the base substitutions in it become indifferent to Darwinian fitness, and the 
rate of base substitutions should approach the upper limit set by the mutat ion rate 

(This holds only if the neutral theory is valid, but  not  if the majori ty of  base substitu- 
tions are driven by  positive selection; see Kimura 1977). If the rates of synonymous 
substitutions are not  very far from this limit (Kimura 1977) we may expect  that  the 
rates of evolution of  a "dead gene" are roughly equal to those of  synonymous substitu- 
tions. Recently Miyata (personal communication) computed the evolutionary rate of  
a mouse pseudo alpha globin gene ($~  30.5) which was sequenced by Vanin et al. (1980) 
and which appears to be essentially equivalent to the 0~-3 gene. He also obtained a result 
supporting this prediction. 

Finally, it would be interesting to estimate base substitution rates in non-coding re- 
gions such as introns. I use data presented by van Ooyen et al. (1979) who investigated 
similarity between the nucleotide sequences of rabbit and mouse/3-globin genes. They 
list (see their Table 2) separately the numbers of "transit ion" and "transversion" type 
differences between the homologous parts of these sequences. For  the small introns 
excluding 5 gaps that  amount  to 6 nucleotides, P = 27/113, Q =  18/113 and n = 113. 
Using Eqs. 10 and 19, we get K -- 0.60 -+ 0.12. This is not significantly different from 
the substitution rate at the third position K 3 = 0.43 -+ 0.07. The large introns of rabbit  
and mouse/3 globin genes differ considerably in length, being separated from each 
other by 14 gaps (determined by optimization of alignment of the sequences) which 
amount to 109 nucleotides. Excluding these parts, P = 113/557 and Q = 179/557, from 
which we get K = 0.90 -+ 0.07. This value is significantly larger than K 3. It is likely, as 
pointed out  by van Ooyen et al. (1979) that insertions and deletions occur rather fre- 
quently in this part in addit ion to point  mutations, and that  they inflate the estimated 
value of the "nucleotide substitution rate,"  since a majority of these changes may also 
be selectively neutral and subject to random fixation by genetic drift. 
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